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1. Introduction

This is the last paper in a series of three articles. Recall from part I that
a @) — homology plane is a smooth (affine) connected algebraic surface Vover@
with H;(V;@) = (0) for ¢ > 0 (cf. [13]). In part II, written in collaboration with
A. R. Shastri, we have proved that a smooth projective completion of V' is not a
surface of general type (cf. [5]). In this part III we will complete the proof of the
following result which answers affirmatively a question of M. Miyanishi.

Theorem. A @-homology plane is rational.

It has been observed in part I that to complete the proof of the Theorem, it
suffices to prove the following.

Proposition 1.1. A smooth projective completion of a @-homology plane
cannot be an elliptic surface of Kodaira dimension 1.

We shall continue to use notations and results of part I (cf. [13]). We have the
following consequences of the rationality of singular @-homology planes proved in
part I and our Theorem.

Corollary 1. An algebraic vector bundle on a @-homology plane is a direct
sum of a trivial vector bundle and a line bundle.

So far there are no general known results about arbitrary @-homology 3-folds.
In this connection, we have the following result.

Corollary 2. Let W be a smooth (irreducible) affine 3-fold with H;(W; @) =
(0) fori > 0. If W admits a non-trivial algebraic action of @*, then W is rational.

For proofs of these corollaries, see section 6.
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REMARK 1.1. There is a remarkable example due to J. Winkelmann of a
smooth quasi-projective 4-fold W which is diffeomorphic to @* but which is not
affine (cf. [14]). As mentioned in part I, by a result of T. Fujita any @-homology
plane is affine.

In [4], Z-homology planes which have smooth projective completions which
are elliptic surfaces were considered. The present proof differs considerably from
the proof in [4]. As the proof of the Theorem is quite long and involved we give
here an overview of the main steps in the proof.

Step 1. We assumed that a smooth projective completion X of our homology
plane V is non-rational. Hence X is a simply connected surface with p,(X) =
0. By classification of surfaces, X is then either an elliptic surface of Kodaira
dimension 1 or a surface of general type. We assumed that A = X \ V is a minimal
normal crossing divisor. For this pair (X,A) we applied Kobayashi’s inequality
and deduced an auxiliary inequality which involves various integral invariants of
the exceptional divisor of the blow down to the smooth minimal model of X.

Step 2. In [12] the auxiliary inequality proved in [4] along with a detailed
knowledge of Zariski-Fujita decomposition of Kx + A was used to show that there
are atmost eight possible dual graphs for A, in case X is of general type. For this we
developed a Mathematica program. Representation of Kx as a divisor supported
on A and properties of bark of A were used to deduce this list.

Step 3. In case X is an elliptic surface, we proved that there are exactly two
multiple fibres of multiplicities 2 and 3. Also, there are at least two horizontal
components of A for the elliptic fibration. In this part III, we will show that no
full fibre of the elliptic fibration is contained in A. In [12] a rough list of possible
dual graphs of A was obtained. This is included here as proposition 2.1. In this
part, by a study similar to step 2, we have reduced the number of possibilities for
A to at most 37.

Step 4. Next, we use the rational equivalence nK ~ )" x;D; where D;s are
the irreducible components of A. An interesting observation at this stage is that
the smallest integer n with this property is strictly bigger than 1. Hence we can
construct a cyclic ramified cover f : X — X with Galois group Z/nZ. Since A has
normal crossings X has at most cyclic quotient singularities. We can easily calculate
invariants of the minimal resolution X of X like (K 5)?, Euler characteristic and
x(X' ,O). In part II, we easily get a contradiction to Noether’s formula in case X
is of general type (cf. [5]).

Step 5 In this part ITI, we use the Lefschetz fixed point theorem of Atiyah-
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Singer for the automorphism group Z/nZ of X. Some results of T. Petrie con-
cerning finite cyclic group actions on trees are used to express the right hand side
of the fixed point formula in a computable manner. This gives a contradiction in
almost all of the 37 trees. We complete the proof of the Theorem by giving some
ad hoc arguments to eliminate the remaining trees.

We are thankful to R. R. Simha for showing us an argument which was very
helpful in an earlier version of our proof. We are also thankful to A. R. Shastri for
the discussions we had with him.

1.1. Preliminaries

Unless otherwise stated, all varieties are defined over the field of complex
numbers €. For a smooth projective surface Y, a (—n)-curve C C Y is a smooth
(irreducible) rational curve C' with (C)% = —n.

In this section we will collect together several auxiliary results which will be
used crucially in the proof.

1.1.1. Cyclic quotient singularities

We recall some standard results about resolutions of cyclic quotient singulari-
ties of surfaces due to Jung-Hirzebruch. For this, see [2].

Let f : Y — Z be a finite ramified covering with Z a smooth surface and Y
a normal surface. Assume that the branch locus B C Z is a divisor with normal
crossings. It is well-known that in this case Y has at worst quotient singularities
and they lie over the singularities of B. Suppose that I' is a divisor on Z such
that there is a linear equivalence nI' ~ ¥7a;B; with By, Bs, ..., B, the irreducible
components of B and a; > 0. We assume that n is the smallest integer > 1 (for
I') with this property and f is the corresponding ramified cover. Clearly, we can
assume that a; < n for all 7.

Let p € B be a singular point B, say p € B; N By. Then there exist local
holomorphic coordinates z1, z2 in a neighborhood U of p such that f~1(U) is the
normalization of the surface {w™ = 2{"25?} in a small neighborhood of the origin
in @3. Here, locally near p, B; = {z; = 0}.
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(a) Let d = g.c.d.(n,a1,a2), n = vd, a; = a;.d for i = 1,2. Then f~1(U) is
a disjoint union of d open sets, each isomorphic to the normalization of {w” =
zitz9? )

(b) Now assume that d = 1 and let d; = g.c.d.(n,a;), a; = a;.d;, n =v.d;.da. Let
W be the germ of the surface in @2 defined by

W= {u =y y3*}

Then the map W — f~1(U) given by w = u,z; = y¥2,2p = yJ* is finite and
birational. Therefore the induced map on their normalizations W — f~1(U) is an
isomorphism. In particular, the germs of W and f~1(U) at their singular points
are isomorphic.

(c) Finally, let g.c.d.(n,a;) = g.c.d.(n,a2) = 1. Define the integer ¢, 0 < ¢ < n, by
a1q = —as mod (n), say a1q = rn — as with 0 < r < a;. Then g.c.d.(¢g,n) = 1 and
W is isomorphic to the normalization of the surface {v™ = 2125 ?}.

The minimal resolution of singularity of W has exceptional curve Cy +- - -+ C

with linear dual graph, where (C;)? = —e;, n/q=e; — 62%— and each C; is a
T

€l
smooth rational curve. The proper transform of {z; = 0} meets C; transversally
in one point and no other C; and the proper transform of {z2 = 0} meets C;
transversally in one point and no other C;.

1.1.2. Intersection theory on Y

Since Y has at most quotient singularities, some multiple of every Weil divisor
is Cartier. Therefore for any two irreducible curves (not necessarily distinct) Cy, Cs
on Y, (C;1.C3) makes sense as a rational number. Let the ramification index for
an irreducible component of f~!(B;) be m;. Then f*(B;) = m;B;, where B; is the
reduced inverse image of B; in Y. Then (f*B;)? = nB? = m?(B;)>.

From the local description of the singularities of Y discussed in section 1.1.1,
it follows that Bj; is a disjoint union of irreducible curves, say Biy+Bia+---+ By,
Let p;; be a singular point of Y lying on B;;. Let o : Y — Y be a minimal
resolution of singularities of Y. Then (O'*Bij)2 = B?j. If E;ji, are all the irreducible
curves contracting to points in Bj;j;, then 0*B;; = B;j + XXijxEijk, where B;j
is the proper transform of B;; in Y and the positive rational numbers Aijr are
determined by the conditions (6*B;;.E;jx) = 0 for all k. The dual graph of each
connected component of Uy E;j;i is linear and Bz’-j meets one of the end irreducible
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components for each connected component according to the description above.

Consider again the equation {w™ = 27252}, where B; = {z; = 0} near B;NDBs.
The ramification index of any irreducible component of f~!(B;) lying over B; is
given by n/g.c.d.(n,a;). Using all these observations, we can find out the weighted
dual graph of (o o f)~1(B).

We now recall the ramification formula which relates Ky, the canonical divisor
of Y, Kz, the canonical divisor of Z and the ramification divisor B. It states that

f*(Kz) =Ky + Y _(mi—1)B..

1.1.3. Lefschetz fixed point formula of Atiyah-Singer

We will recall the special case of Lefschetz fixed point formula for compact
complex surfaces with a holomorphic action of a finite cyclic group proved by
Atiyah-Singer (cf. page 567, [1]).

Let Z be a connected compact complex manifold of dimension 2 and G = (g)
a finite cyclic group acting on Z by holomorphic automorphisms. We assume that
the action of G is faithful. Then the fixed point set Z9 is a disjoint union of
isolated fixed points P; and smooth irreducible curves Ay. Denote by 7 the genus
of Ay and let e** be the eigenvalue of g on the normal bundle of Aj. Clearly this
eigenvalue is a primitive n'" root of unity, where n = |G|. The Lefschetz fixed point
formula is the following equality

1 1— ) (1 —e %) — A2 e~k
> (-1)'Tr(glH!(2,0)) = XJ: meZ (L= me) - e—io)k)z :
(1)

Here, T'p, is the tangent space to Z at P;.

1.1.4. Some results of T. Petrie on G-actions on trees

In order to evaluate the right hand side of the fixed point formula for certain
ramified covers of the surface X, we use some useful results of T. Petrie (cf. section
3 and 4, [11]). Let Z be a smooth projective surface and D a connected normal
crossing divisor on Z. Assume that a finite cyclic group G = (g) of automorphisms
of Z acts satisfying the following conditions.



264 R.V.GURJAR AND C.R.PRADEEP

(1) The dual graph of D is a tree of smooth rational curves and there is at least
one irreducible component of D which is pointwise fixed by G.

(2) Each irreducible component of D is stable under G and Z¢ C D.

Let T be the weighted dual graph of D. We will denote the vertices of T' by

the letters u,v,w,.... The weight of a vertex of T is the self-intersection of the
corresponding irreducible component of D. Next we introduce certain polynomials
Ly for k =0,1,2,.... Ly is a polynomial in variables 21, 22, ..., zk—1 with integer

coefficients and are defined inductively as follows.
Lo=0, Ly =1, Lg41 = —2zx L, — Lg—1.

Thus Ly = —z;, L3 = z122 — 1, etc. If T has a branch point, then from the
assumption (2) above we see that the corresponding irreducible component of D is
contained in Z%. Now we fix once for all a vertex b of T such that the corresponding
curve in D is in Z¢. By assumption (1), such a vertex b exists. For vertices u,v in
T, let (u,v) be the linear subtree of T' with end points u and v. We define u < v if
(b, u) has strictly less number of vertices than (b, v).

Define a function L from T to Z as follows.

L(v) = Li(21,- -+, 2k-1),

where bv; ...vg—1v is the linear subtree with end points b and v and z; = v;.v;
is the weight at v;. Hence L(b) = 0. It follows easily from the definitions that if
b<u<wv<wand uv,vw are links in T, then L(w) = —L(u) — wy.L(v), where
w, is the weight at v. In fact, L is defined by this equality and the conditions that
L(b) = 0 and L(b) = 1, where b is any vertex linked to b.

Let |G| = n. We identify g with w := €2™*/™. This fixes an isomorphism between
G and the group of nt* roots of unity. The complex 1-dimensional representation
of G such that an element of G acts by multiplication by its at® power is denoted
by t*.

Let P = JP! be an irreducible curve on Z such that G acts by automorphisms
on P. We do not assume this action to be faithful. If p € P is a fixed point then the
tangent space to P at p is t*(®) for some integer a(p) mod n. Clearly, a(p) = 0 mod n
iff the action of G on P is trivial. If the action on P is not trivial then there are
exactly two fixed points, say p, q. Then we see easily that a(p) = —a(g). For any
vertex u of T let P, denote the irreducible component of D corresponding to u.

Let P = A; be some irreducible component of A. By assumption, P is G-
stable and so G acts on the total space of the normal bundle of P in Z. If p € P
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is a fixed point then the fiber N, of the normal bundle is ¢"(P) for some integer
n(p) mod n. The next result of Petrie is quite useful for our purpose.

Lemma 1.1. Ifp, q are distinct fized points in P then n(q) = n(p)—a(p).(P)2.

Since a fixed point p € A may lie on two curves A;, A;, we write a(p,v;) when
describing the action on T, P,; as te(v4) | Similarly, n(p,v;) is defined. If uv is a
link in T then g¢(u,v) := P, N P, is a fixed point.

Lemma 1.2. In the notations above, we have, n(q(u,v),u) = a(q(u,v),v).
From lemmas 1.1 and 1.2 we get the next result.

Lemma 1.3. Let uv and vw be links in T'. Then

(I(Q(U,UJ),UJ) = a(q(u,v),u) - (P’v)z'a(q(u7 ’U),’U)-

Define a(b) = 0 and for any vertex v # b define a(v) = a(q(u,v),v), where uv

is a link in T and u < v. Since P, C Z€ and for any vertex b linked to b the integer

a(b) describes the action of G on any fiber of the normal bundle to P,, we have

equality a(bl) = a(bQ) for any vertices by, b, linked to b. The next result explains
the role of the function L defined earlier.

Lemma 1.4. For a vertez v € T, a(v) = L(v).a(b), where b is any verter
linked to b. Further, a(b) is a unit mod n.

This result enables us to calculate the integers a(p, v;) for all vertices v;. If the
curve P,, C Z%, then using lemma 1.2 we can find the eigenvalue for the action of
G on the normal bundle of P,,. Similarly, for calculation of the term det (1 — g|7,)
for an isolated fixed point p € A, we need to calculate the eigenvalue for the action
on the fiber N, of the normal bundle to a suitable P, passing through p. This is
done using lemmas 1.1 and 1.2. Thus we are able to calculate the right hand side
of the fixed point formula.

REMARK 1.2. In some applications of (1) in section 5, there is no curve in
A which is pointwise fized by G. Even in this case, lemmas 1.1, 1.2 and 1.3 are
enough for our purpose.
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1.1.5. Fixed point formula revisited

Since each irreducible component of A is rational, 7 = 0 in the notation of
section 1.1.3. Using Hodge theory, we have a conjugate linear isomorphism between
HY(Z,0) and H°(Z,Q). In our case dim Z = 2. Suppose that H!(Z,0) = (0).
Then the left hand side of the fixed point formula becomes 1 + T'r (g|H(Z, Q?)).
The trace term is the sum of the eigenvalues of the action of g on H°(Z,Q?), which
are all suitable nt* roots of unity.

2. Analysis of the auxiliary inequality

Our aim in this section is to prove the following.

Proposition 2.1. Let V be a @-homology plane with ®(V) = 2, and let
(X,A) be a smooth projetive completion of V with A as MNC divisor and let
k(X) = 1. Then the dual graph T of A necessarily falls into one of the cases listed
in the following table where T;s and Weight Set are as described in Table 1 of [13].
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Table 3
SL.No. | B2 | Lemma | Weight Set Subtree 0
1 10 | 2.11 -3-3 2
2 10 | 2.11 -4-3 3
3 10 | 2.11 -3-3-3 3
4 11 | 2.15 -5,-3 3
4 -1 -3
5 11 | 2.10 -4,-3-3-3,-1 @ @ 3
I-3
4 -1 -4
6 11 | 2.10 -4,-4,-3,-1 @ @ 3
I-3
2 -1 -5
7 12 | 2.10 -5,-4,-3-1 @ 3
I-4
2 -1 -5
8 12 | 2.10 -5,-5,-1 @ 3
I-s
2 -1 -7
9 13 | 2.10 -7,-3,-3,-1 ._I_.@ 3
-3

267

Lemma 2.1. If A does not contain any (—1)-curve then there is no fibre F of
¢ contained in A and exactly one component from each fibre of ¢ is not contained
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in A.

Proof. If possible let F' denote a fibre of ¢ contained in A and F"' the image
of F under 7. Absence of (—1)-curves in A implies that F' =~ F". Also, let H
(resp. H") be a horizontal component in A (resp. A"). The fact that A is simply
connected implies that F is also simply connected. Hence F' cannot be of the type
mly, b > 0. The fact that A is a MNC .curve free of (—1)-curves implies that F'
cannot be of the type II, III or IV.

The fact that A is simply connected implies that F'+H is also simply connected
and hence H" intersects F"' at exactly one point. Since A is a MNC curve and
does not contain any (—1)-curve, this intersection is a transverse intersection. But
then (F".H'") > 6 implies that F"' has a component of multiplicity at least 6 and
hence equal to 6. Thus F" cannot be of the type If, b > 0,III* or IV*. Thus we
assume that F'' and hence F is of the type II*.

By lemma 4.3 of [13], we know that there are at least two horizontal com-
ponents in A. Therefore 85 > 2 + bo(F) = 11 and hence £ \ A # 0. Since A
is free from (—1)-curves, by lemma 3.2 of [13], it follows that e; + ¢ > 1. Also
we observe that the maximal twigs of F' remain as maximal twigs in A and hence
v = bk(A) < —2. Since A > 2 this contradicts (17) of [13]. This proves that A
does not contain any fibre of ¢.

Let {F;}%_, be the singular fibres of ¢. Since A contains at least two horizontal
components

b2(A) < D ((b2(Fi) = 1) + 2 < rk(Pic(X)) = ba(A).

Hence the equality holds everywhere. Thus, exactly one component from each fibre
is missing from A. This completes the proof of the lemma. ®

Following lemma, proved in [4] is helpful in our study.

Lemma 2.2. Suppose F" is a fibre of ¢" contained in A" and is not of type
IT*. Assume that
(a) there is at most one point x € F" which is worse than an ordinary double
point singularity of A" and
(b) if = exists, then F" is of type mly, II, III or IV with x € F" being the
singularity of F" and at most one horizontal component of A" passes through x.
Then by (A") > 2.
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Proof. First assume that z exists. By lemma 4.3 of [13] we see that there
exists a horizontal component H" not passing through z. If F is of type ml;,
then m = 2 or 3, 6|(F".H") and hence F'"" N H" consists of at least two points.
Since by (mly) = 1, we have by (A") > by(F" UH") > 2. If F is of type II, II]
or IV, then it follows that F' N H" consists of at least six points and hence
by(A") > by (F" U H") > 5.

Next assume that = does not exist. Then F' is of type mI;, (m=2 or 3,
b>1), I, IIT* or IV*. Hence for every component C of F”, the multiplicity of
C, p(C) <4, F'"N H} consists of points which are all ordinary double points of
A". Hence it follows that by (F" U H}') > 1 for each horizontal component of A”.
Hence by (A") > b (F" U H{ U HY) > 2. This completes the proof of the lemma. &

By (18) of [13] we know that
O=A+74+0+e+u+rz+2ry <4.

Since each parameter appearing in the above is non-negative we exhaust all possi-
bilities by explicitly considering all possible values for these parameters. Also by
lemma 4.3 of [13] we know that A contains at least two horizontal components and
A>2

Lemma 2.3.The case A =2, r4 =1 does not occur.

Proof. Since e; =r3 =0 =0 we have £ C A. Let {Do} = R4. Since r3 =0
we see that we reach X" after contracting Dy. Since A has four maximal twigs it
is easy to see that ¥ < —1 and hence this case does not occur. '

Lemma 2.4. The case A = 4 does not occur.

Proof. If A = 4, we see that § =4 and (3, = 8y = 10. But then v = bk(A) >
—1. Since there are at least two horizontal components in A, possible weight set
for A are the following:

(a) {-3,-3,-3,-3,-2,..., -2}
(b) {-4,-3,-3,-2,...,-2}
(c) {-5,-3,-2,...,—2}or

(d) {—4,-4,-2,...,-2}

Since A has at least three tips, in each of these cases we see that in the worst
case the weight set of the tips are {-3, -3, -3}, {—4,-3,-3}, {-5,-3,—-2} and
{—4, -4, —2} respectively. In all cases except in the case of {—4, -3,-3,-2,...,-2},
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we see that v < —1. In case the weight set is {—4,-3,-3,-2,...,—2} if A has
four (or more) tips or if A has a (—2)-tip, we see that v < —1. Hence we need
to consider only ten vertex trees with exactly three tips and whose weight set of
the tips is {—4, —3, —3}. If every maximal twig has at least two components, then
v < —% - % - % < —1 and hence not possible. Hence at least one of the maximal
twigs contain exactly one irreducible component. Such trees arise from partitions of
9 into exactly three parts with at least one of the summands equal to 1. Following

are such partitions:

9 = 1+1+7
1+2+6
1+34+5

= 14+4+4

Since A is free from (—1)-curves, trees corresponding to the partitions 1+1+7
and 14246 are negative definite and hence cannot occur. Following are the trees
corresponding to the remaining partitions.

1 2 3 45 6 7 8 9 1 2 3 45 6 7 8 9
110 110
1) (2)

Tree 1: If w; = —4, wy = -3 and wyo = —3,thenv = —% - 3 - 1 = 38 < ]
and hence this combination cannot occur.

If wy = -3, wg = —3 and wy9 = —4, then the tree is negative definite and hence
this combination cannot occur.

If w, = -3, w9=—4andw10=—3,thenu:—15—l—%—%:—%<—1and

hence this combination cannot occur.

Tree 2: If w; = —4, wy = —3 and wyo = —3,thenv = -4 -3 -1 = 1T < 1
and hence this combination cannot occur.
Ifw; = -3, wg = -3 and wig = —4, then v = —g - % — % = —g—é < —1 and hence

this combination cannot occur.

This completes the proof of the lemma. [
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2.1. The case e; #0:

In this section we prove that e; = 0. We start with the following lemma.
Lemma 2.5. Ife; # 0, we have 6 < 3.

Proof. By (18) of [13], we know that § < 4. If possible let § = 4. But then by
(17) of [13] we have v > —1. Since e; # 0, we know that there exits a component
Ly ¢ £ \ A. By lemma 3.4(b) of [13] we see that Ly C R3 and hence r3 # 0. By
lemma 4.3 of [13] we see that A > 2 and hence we have A = 2,e; = 1 and r3 = 1.
Let Dy, Dy and D3 be the three components of A such that (Lg.D;) =1, i = 1,2,3.

First we note that if one of (D;)? = —2 for i = 1,2,3 - say (D3)? = —2 — then
(D1)?%, (D2)? < —3. We need to contract ¢;(Dj3) after contracting Ly. Observe
that if (D3.D1) = (D3.Ds) = 0, then the fact that A is connected implies that D3
intersects some other component of A. But then D3 € R3, which is a contradiction
as R3 = {Lo}. If (D3.D;) = (Ds.D3) = 1, then after contracting ¢;(Ds3), we see
that both D and Dy are singular curves. This is a contradiction to the fact that
T =Y m; —2ne = 0. Thus we may assume that (D3.D;) = 1 and (D3.D;) = 0.
But then clearly u # 0 which is a contradiction.

Thus (D;)? < -3 for i = 1,2,3. In this case we reach X" after blowing down
Lo. Thus n; = 1 and ny = 0 which implies that 8 = 85 + n; + ny = 11. Since
all the irreducible components of D" are non-singular rational curves and A = 2,
we see that D" consists of exactly two (—3)-curves and nine (—2)-curves. Clearly,
(D;)? = (D")? —1fori=1,2,3.

If DY, DY and DY are all (—2)-curves, then A consists of five (—3)-curves and
six (—2)-curves. Since A has at least three tips, by lemma 2.3 of [13], we have
v < —1. Hence at least one of DY, i =1,2,3 is a (—3)-curve.

1)

Let ezactly one of DY, i =1,2,3 be a (—3)-curve. Then the weight set of A
is {-4,-3,-3,-3,-2,...,—2}. If A has four (or more) maximal twigs, then by
lemma 2.3 of [13], we have v < —1. Thus A has exactly three maximal twigs. If
one of the tips has weight (-2), then it is easy to see that v < —1. Also for the
same reason all three tips cannot be (—3)-tips. Thus we need to consider all the
eleven vertex trees with exactly three maximal twigs and the weight set of the tips
{—4,-3,-3}. Let the three maximal twigs be denoted by M;, M> and M3. If all
the three maximal twigs have at least two irreducible components each, we see that
they are the following (or twigs with bark less than these): [3,3], [3,2] and [4,2] or
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[3,2], [3,2] and [4,3]. In the former case v < —3 — 2 — 2 = -2 < 1. In the
latter case v < —2 — 2 — 3 = —5% < 1. Hence these cases cannot occur. Thus
we see that at least one of the maximal twigs — say M; — consists of exactly one
component.

If possible let M; be [4] twig. Now if both M, and M3 have at least two components
each, then v < —2 — 2 — £ = —i‘—é < —1 which is a contradiction. Hence one of
them - say M, - has exactly one component. But then, since A is free from (—1)-
curves we easily see that this tree has no positive eigen value. Thus M; cannot be
a [4] twig.

If possible let M; be a [3] twig. If both M, and M3 have at least two irreducible
components each, then M, and M3 have twigs of the form [4,3] and [3,2] (resp) or

[4,2] and [3,3] (resp). In the former case v < —f—% —2 = —188 < —1. In the latter
case twigs have to be either [3], [4,2,2] and [3,3] in which casev < -1 - 3 -3 =
—222 < —1or (3], [4,2] and [3,3,2] in which case v < -1 — 2 — & = 214 < ],

Hence one of My or M3 has exactly one component. Thus we need to consider a
eleven-vertex tree with exactly three tips, two of which contain only one component
each and the weight of tips are —4, -3 and —3. But then, absence of (—1)-curve in
A implies that this tree does not have any positive eigen value and hence this case
cannot occur.

Let two of DY, Dy, Dy be (—3)-curves. Then the weight set of A is seen to
be {—4,-4,-3,-2,...,—2}. If A has four maximal twigs, by lemma 2.3 of [13]
we see that v < —1. Thus we may assume that A has three maximal twigs. Such
trees arise from partitions of 10 into exactly three parts:

100 = 1+1+8
1+2+7
1+3+6
1+4+5
24246
24+3+5
2+4+4

= 3+3+4

The trees corresponding to the partitions 1+1+8 and 14+2+7 are clearly seen to
be negative definite or ¥ < —1 and hence cannot occur. Trees corresponding to
the partitions 2+4+4 and 3+3+4 contain a fibre of ¢ contradicting lemma, 2.1 or
v < —1. Hence we need to consider the following four trees.
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9 8 7 6 5 4 1 3 10 11 8§ 7 6 5 4 1 3 9 10 11
L, s
1) (2)
9 8 7 6 5 4 1 3 11 7 6 5 4 1 3 10 11
2 2
3) (4)
10 9
Tree 1: Clearly if wy = —4, the tree has no positive eigen value. If ws = —3, then
wy = wi1 = —4. But then we see that K = —38p, — 48p, _ 208, _ 3P,
%D 214D6 164 D7 114 DS _ élng _ 174 D10 _ 1D11 and ( ) — 47311 and

hence this tree cannot occur.
Tree 2: If wy = wy; = —4 and wg = —3 then K = 142D1 - 2D, - 24Dy

31
Wop, 8p,BDs— 0D, - X Dg— 8Dy~ 8Dy~ 2Dy, and (K)? = —1&2.
Hence this case cannot occur. If wy = wg = —4 and wy; = -3, then K =
—16D, - 8D, -8D;-8D,-2D;— 8 Dg— 8D, — L Ds— 84Dy - 8 D1o- £Dy,
and (K)? = —32. Hence this case cannot occur. If wy = —3 and ws = wy; = —4,
then K = — 382D 145D2_302D3_317D4_252D_187D_122D7_ ';Ds_
22D, — U2 DlO - 2Dy and (K)? = 3583?’. Hence this case cannot occur.

Tree 3: If 'll)g = w0 = —4 and wy; = —3 then K = %Dl + —73—4D2 + %D;; +
12D, + 8 D5 + $Ds + 4 D7 + 3 Ds + 3Dy + ¥ D1 + £ Dy and (K)* = 23.

Hence this case cannot occur. If wg = —3 and w9 = wy; = —4 then K =
—59D; — 34Dy —34D3 —50D4 —41D5 — 32Dg — 23D7 — 14Dg — 5Dg — 9D1o — 9D,
and (K)? = —41. Thus this tree cannot occur.

Tree 4; Ifw8 = wg =—4 and wy; = —3,then K = 2D, + 28D, + 22D+ 2D, +
D5 + De + D7 + — Dg ;ng + == 164 D10 + D11 and ( ) = 33 hence this

case cannot occur. If wg = wy; = —4 and we = —3 then K = %Dl 4+ %DQ +
D3+ 11D4+ 8D5+ 5D6+ Dy + _1D3+ 15D9+ D10 D11 and (K)2 = —%.
Thus thls case cannot occur If ’UJg =-3 and Wy = Wy = —4 then K = 1743ng +

D2 + D3 + 119D4 + D5 + Dﬁ + D7 + 23D8 + 23Dg + D1o + %Dn
and (K ) = Z.. Hence thls case cannot occur.

This proves the lemma. [ )

Since A > 2 and # < 3 we have to deal with the case A = 2,e; = 1. Next
lemma asserts that this case cannot occur.
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Lemma 2.6.The case A =2, e; =1 does not occur.

Proof. Let {Lo} = &1\ A. Clearly (Ly)? = —1 and Ly € Ry. Since 0 = 0,
by lemma 3.2 of [13], we see that £, C A’ and no <1 and b;(A") = 1.

Suppose ny = 1. Let & = {E}}, (E})? = —1. Since Ej is a component of A’
we see that there is exactly one component A} of A’ such that (E{.A}) = 2 and
(E1.A%) =0, j # 1. Also, E] has to intersect A} at two distinct points. Thus, on
X' all components of A" are smooth except for A} which has a node at 73 (E]) =z
and all other singularities of A” are ordinary double points. Consider the fibre F'
containing Ly. By lemma 3.2 of [13] and lemma 2.1, it follows that F'\ Ly C A
and the fibre F"' of ¢ through z is contained in A”. Since no other component
!

of A" passes through z, we conclude that F,, = AY. But then by lemma 2.2, we
conclude that by (A") > 2 which is absurd. Thus ny = 0.

Now, we have A’ to be a NC curve, by (A") = 1, by(A") = 11. Again by lemma
2.1, we see that the fibre F" through z of ¢'(= ¢") is contained in A'(= A").
Since b1 (A") = 1, by lemma 2.2 we conclude that F" is of the type II*. Let the
two horizontal components be H/', ¢ = 1,2. Since (K".H]') = 1, we see that
(F".H!") = 6, i = 1,2. Using the facts that A’ is a NC curve and b;(A') =1
we easily deduce that one of the horizontal components — say Hj' - meets Aj
transeversely at one point, where Ay is the component of F with multiplicity
1(A§) = 6. The other horizontal component HY will intersect two (not necessarily
distinct) components A, AY of F" such that u(A}) + u(AY) = 6 (Note that if
HJ intersects the component with multiplicity 6, then v < —2) . Following eight
are all such configurations. We let the unnumbered vertex denote a (—2)-curve.
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If n; > 1, it is easily seen that ¥ < —2 and hence we consider the case n; = 1 only.
But again in this case it is easy to see that A corresponding to each of the above
configuration has either v < —2 or (K)? of the corresponding surface is not equal
to —1. This completes the proof of the lemma. ®

Thus we have shown that e; = 0.
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2.2. The case r3 #0

In this section we study the cases when r3 # 0. Since e; = 0 by (18) of [13]
we have
A+T74+0+u+r3 <4

Since A > 2, we have r3 < 2. First we eliminate the case r3 = 2.
Lemma 2.7.The case A = 2, r3 = 2 does not occur.

Proof. In this case # = 4 and hence v > —1. Since e; = 0 = 0 we see that
& C A. Let {Dy,D2} = Rz and without loss of generality we may assume that
(D;)? = —1. We study this under the following two exhaustive cases: D; N Dy = {)
and Dy N Dy # 0.

D1 N Dy =0: Let D; j, 1 <j <3 be the components of A such that (D;.D; ;) =1
for i = 1,2. Note that for a fixed i, D; ;s are distinct. Clearly (D1)? = (D2)? =
—1. Also, for any fibre F" and horizontal component H" of ¢" we know that
(F".H") = 6. From this it is easy to see that 7(}_ D, ;) does not contain any fibre
of ¢. Maximal sequence of contractions at each D; is as follows:

b1 b2 ¢3
ﬂH_" _ >K —_— f —_ < (2)

Thus we have 2 < n; <4 and 0 < ny < 2. Also if ny > 0, then n; > 2 and
if no = 2, then n; = 4. In any case we observe that A has at least four maximal
twigs and if n; > 2 then A has at least one (—2)-tip. We exhaust the possibilities
in this case by explicitly considering the possible values for (ni,n2) and showing
that v < —1.

(n1,n2) = (2,0): In this case if both the horizontal components are tips they have
to be either (—4)-tips or (—3)-tips. Also since there are at least four tips, T has at
least two more tips. Weights of these tips cannot be less than (—3). Hence v < —1.

n1 = 3: Irrespective of the value of ne, we already have a (—2)-tip. Without loss
of generality we may assume that this (—2)-tip is adjacent to D;. If A has five (or
more) tips it is easy to see that v < —1. Hence we consider only those trees with
exactly four maximal twigs. Since there are exactly two horizontal components,
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the weights of the tips of the two maximal twigs branching at D, cannot be both
less than or equal to —4. Now it is easy to see that v < —1.

ny = 4: In this case irrespective of the value of no we see that there are at least
two (—2)-tips in A and hence v < —1.

Thus we have shown that D; and D, are not disjoint.

D; N Dy # (: Without loss of generality we have (D;)? = —1 and (D)% = -2.
Then we have the following sequence of contractions:

D2 D3 D4 ¢2 ° ¢1 (Da)
Dy | | J) $1 2 #2 0 ¢1(Da)
\j\ I ¢2 0 ¢1(Ds)
Ds

If (p2 01 (Ds))? = —1, it does not intersect any other component of ¢20¢; (D)
other than ¢y o ¢1(D3) and ¢o o ¢1(D4). Hence we have [2,2] as a maximal twig
in D. Note that 7 = 0 implies that m.; < 2 for all ¢,7. But then £ = 0. Now it is
easily seen that v < —1.

Thus (@2 o ¢1(Ds))? # —1. Since o = 0, by lemma 3.2 of [13] we have &, = S
is a disjoint union of (—1)-curves. If & # 0, clearly (D3})? or (D})? equals —1.
In either case we see that u = 1 and hence not possible. Hence £& = 0. But
then all components of A" are smooth. Also 32 = 12. The weight set of A" is
{-3,-3,-2,...,—2}. At least one of Dj or D} is a (—3)-curve for otherwise we
see that D§ + DY is a fibre F" of ¢ and (F"".H") # 6 for any horizontal component
H" in A". If (D§)? = (D})? = -3 and (D¥)? = —2 we have the subtree (1) in
A. If (D})? = (DY)? = —3 and (D})? = —2 we have the the subtree (2) in A. If
(D})? = (D¥)? = -2 and (D})? = —3 we have the subtree (3) in A.

s B i s DU -2l -
I:-5 I:-4 I:-4
(1) 2 - (3)

In case of (1) and (2) it is easy to see that ¥ < —1 and hence these cases do
not occur. In case (3), we observe that among the components not in the subtree
there is exactly one (—3)-curve. In this case if tree has four (or more) maximal
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twigs then clearly » < —1. Hence we need to consider only trees with exactly three
maximal twigs. In case of three maximal twigs, we see that if it has a (—2)-tip,
then v < -2 — 1 — 2 < —1. If there are two (—3)-tips then v < -2 — 2 — 2 = —1
and hence not poss1ble. Thus we are left with the following tree:

12 11 10 9 8 7 6 5 4 1 3

IZ

For this tree we have w; = —1, ws = —4, w3 = =5, w5 = wig = —3 and w; = -2

for j #1,2,3,5,12. It is easy to see that K = ‘;},f;Dl + 101D2 + 22 D3+ 20D, +

101D5+101D6+101D7+101D8+101D9 101D10 101D11 1o D12 which implies

that (K)? = —222 which is a contradiction. Hence this tree cannot occur.

This completes the proof of the lemma. o

Thus we have r3 = 1 and hence

A+717+0+u<3, A>2
Lemma 2.8. We have 7+ 0 +u = 0.

Proof. Clearly we have 7+ 0 +u < 1. If 7 = 1 we see that ¢ = v = 0 and
ny # 0. Since o = 0, we see that £ C A and hence we have the following sequence
of contractions on X to reach X":

Dy D, Ds

HE s Fre

"
3

But then 7 = 0 which is a contradiction.

Now, if u = 1 exactly as above we have the following sequence of contractions
from X to X":
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¢1 ¢2
W - K

" "
D4 D3

Dy Dy Ds

If (K".DY) = 0 then (D4)? = 0. But then D} is a fibre of ¢" and hence (D§.H") =
6 for every horizontal component H" in A”. But as seen above, for all components
C" of A" which intersect D}, we have (C"”.Dj) < 2. Hence (K".Dj) = 1. Then we
have (D3)? = —7. Also (D4)? = —4 or —3 depending on whether it is a horizontal
component or not. Also Dj is a tip. Now, we see that if (—7) is a tip, then we
have at least a [3,2] twig. Hence v < —1 — -2- - l < —1. If (=7) is not a tip the we
have one more (—2)-tip and hence v < —1. ThlS proves that u = 0.

Now, we are left with the case o0 = 1. If possible let £ ¢ A. Then by lemma
3.2(c)(i) of [13] we see that & \ A’ = {E'} and S is disjoint union of (-1)-curves.
Since u = 0, E' intersects exactly one component D] of A’. Since 7 = 0 we have
(E'.A") = 2. This contradicts lemma 3.4(b) of [13]. Hence we see that £ C A.
Then clearly £ = {Do, D1} and & = {D}, D}} where (D4)? = —2, (D4.D3) =
(Dy.D)y = 1. Also since u = 0, Dy is a tip of A. But then » < —1 which is a
contradiction. This completes the proof of the lemma. [

Lemma 2.9.The case A = 3 does not occur.

Proof. In this case § = 4 and hence by (17) of [13] » > —1. Since e; = ¢ =0,
we have £ C A. Then the maximal sequence of contractions is as follows:

e e

1"

3

For any fibre F" of ¢" contained in A" we need to have (F".H") = 6 for any
horizontal component H" in A”. This shows that Dy + D1 + Dy + D3 does not
contain a full fibre of ¢. But then as in lemma 4.4 of [13] we see that the weight
set W = {(Dy)?,(D1)?%,(D2)?,(D3)?} is one of the following:

(@) W={-1,(D{)* - ,(D3)* - 1,~a - 3}.
(b) W ={-1,-2,(DY)? — 2,—a — 4} and D; is an isolated tip in A.
(c) W ={-1,-2,-3,—a— 6} and D; is an isolated tip.
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Here a = (K".D%).

In all these cases if there are four (or more) tips clearly v < —1 and hence not
possible. In case of three tips it is easy to see that either v = bk(A) < —1 or the
tree has negative definite intersection form and hence not possible. '

Lemma 2.10. If A = 2 possibilities for A arise from the case (5), (6), (7),
(8) or (9) of the table 3.

Proof. Since e; = 0 = 0, we see that £ C D. Clearly the following is the
maximal sequence of contractions:

D, D, D3

Dy
1 2 Dj 3
Do . - . (2)
D

"
3

For any fibre F' of ¢ and any horizontal component H in A we know that (F.H) = 6.
From this we easily see that Do + D, + D2 + D3 does not contain a full fibre of ¢.

(n1,n2) = (1,0): Clearly B2 = 11. One of D}, D} or Dj is a horizontal component.
If exactly one of them is a horizontal component then we are in the case (5) of the
table 3. If two of them are horizontal components then we are in the case (6) of
the Table.

(n1,m2) = (2,0): Clearly 8 = 12. One of Dj or Dj is a horizontal component. If
exactly one of them is a horizontal component then we are in the case (7) of the
table 3. If both of them are horizontal components then we are in the case (8) of
the table 3.

(n1,n2) = (2,1): Clearly 8, = 13. Then Dj is a horizontal component and we are
in the case (9) of the table 3. [ )

This completes the analysis in case r3 # 0.

2.3. The case r3 =0

In this case we have

A+74+0+u<4, A>2

Lemma 2.11. If o0 = 0 possibilities for A arise from the cases (1), (2) or (3)



@-HoMoLOGY PLANES ARE RATIONAL-III 281

of the table 3.

Proof. Note that if o = 0, then £ = 0. Hence (X,A) = (X",A"”). Thus
B2 = 10. By lemma 2.4 we see that A < 3. If A = 2, we are in the case (1) of the
table 3. If A = 3 depending on whether A has two or three horizontal components
we are in the case (2) or (3) of the table 3. [

In view of this lemma and the fact that
A+7+o04+u<4, A>2.

we are left with the following possibilities:

1.0 =2, 7 = u = 0. This is studied in lemma 2.12 below.
2.0 =1, 7 =1, u=0. This is studied in lemma 2.13 below.
3.0 =1, =0, u=1. This is studied in lemma 2.14 below.
4.0 =1, 7 = u = 0. This is studied in lemma 2.15 below.

Lemma 2.12. The case A = 2, 0 = 2 does not occur.

Proof. By lemma 3.4(b) of [13] we see that £ = 0. Also since £ # 0,
we see that €2 \ A # 0. Let E' € & \ A and (E')? = —1. Since 7 = u = 0, we
see that E' intersects A at exactly two distinct points transversally contradicting
lemma 3.4(b) of [13]. Hence this case does not occur. )

Lemma 2.13. The case A\ =2, 0 =1, 7 =1 does not occur.

Proof. Since e; = r3 = r4 = 0, we see that & = 0. By lemma 3.2 of
[13] we see that £ = & = {E'} ¢ A. Since 7 = 1 and u = 0 we see that E’
intersects exactly one component of A — say Dy and (E’.D;) = 3. Clearly Dy is
a horizontal component and hence (K".DY) = 1. But then the weight set of A is
{-6,-3,-2,...,—2}. Clearly then v < —1 and hence this case does not occur. #

Lemma 2.14. The case A =2, 0 =u =1 does not occur.

Proof. Since e; = r3 = r4 = 0, we see that £&; = 0. Thus by lemma 3.2 of
[13] we have &€ = & = {E'} ¢ A. Since 7 = 0 there exists a component D; in A
such that (E'.D;) = 2. Since u = 1, there exists a component Ds in A such that
(E'.Ds) = 1.
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If (K".DY) = 0, then DY is a fibre of ¢". Let its multiplicity be m. Let H}’
and HJ be the two horizontal components in A”. Since A is a MNC curve free of
(—1)-curves, we see that it is not possible for both H{' and Hj to intersect D{' such
that (mD;.H}') = (mD;.H}) = 6. This is a contradiction. Hence (K".DY) # 0.

Now, let (K".DY) = 1. Then (D{)? = —1 and hence (D;)*> = —5. Then
depending on whether D is a horizontal component or not, the weight set of A
is {-5,—-4,-2,...,—2} or {-5,-3,-3,-2,...,—2}. In the former case clearly
v < —1 and hence not possible. In case the weight is {-5,-3,-3,-2,...,-2}
and if there are four (or more) tips then v < —1 and hence we need to consider
only trees with three maximal twigs. If there is a (—2)-tip in any such tree, then
v < —1 and hence there are no (—2)-tips. Further, if there are two [3, 2] twigs then
v < 2(—2) — 1 = -1 and hence one of the maximal twigs is the twig [3]. Clearly
such trees correspond to partitions of 10 into exactly three parts with one of the
summands equal to 1. We have considered such partitions in lemma 2.5. Trees
corresponding to the partitions 1+1+8 and 14-2+7 are negative definite and hence
cannot occur. Trees corresponding to the other two partitions are listed as tree

number (1) and (2) in the lemma 2.5.

Tree 1: If wg = —3 and wy; = —5, then v = bk(A) = —%g < —1 and hence not

possible. If wg = —5 and w;; = —3 then v = —% < —1 and hence not possible.

-~

Tree 2: If wg = —5 and wy; = —3 then bk(A) = —147 < —1 and hence this case

cannot occur. If wg = —3 and wy; = —5 then bk(A) —% < —1 this case cannot

occur. A

s

Lemma 2.15. If o0 = 1 possibilities for A arise from the case J of the table

Proof. Since A =2 and ¢ = 1 we have e; = r3 = 0 and hence £ = ). Since
o =1, we have & = {E'} ¢ A’. Thus > = 11. Since 7 = u = 0 we see that E’
intersects exactly one component of A —say D; — at two distinct points. As before
it is easy to see that D{ cannot be a fibre of ¢"”. Hence (K".DY) = 1. But then
the weight set of A is {—5,—-3,—2,...,—2}. This is the case 4 mentioned in the
table 3. '

Since we have exhausted all possible values for the parameters appearing in
the expression for 6, we have completed the proof of proposition 2.1.
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3. Listing of Trees

Case 1. In this case we have § = 2. If T has seven (or more) maximal twigs,
then the tips are at worst 2 x (3], 5 x [2]. But then bk(T) < 2(—3) + 5(—3) =
—13 < -3 which contradicts (17) of [13]. Thus 7' has at most six maximal twigs.
Using the list in [6] we list all these trees. They are the trees numbered 1-88 in the
list given below.

Case 2. In this case we have § = 3. If T has five (or more) maximal twigs,
then the tips are at worst [4], [3], 3 x [2]. But then bk(T) < —2 < —2 which
contradicts (17) of [13]. Thus T has at most four maximal twigs. These are the
trees numbered 59-88 in the list given below.

Case 3. In this case we have § = 3. If T has six (or more) maximal twigs,
then the tips are at worst 3 x [3], 3 x [2]. But then bk(T) < —2 < —2 which
contradicts (17) of [13]. Thus T has at most five maximal twigs. If T has exactly
five maximal twigs and if it has three (or more) [2] tips then, bk(T) < — £ < -2
which again contradicts (17) of [13]. Hence T has exactly three [3] tips and two
[2] tips. We observe that if one of the maximal twigs has at least two irreducible
components, then bk(T) < —3L < —2 which contradicts (17) of [13]. Hence, in this
case each maximal twig is a tip. These are trees numbered 32, 57 and 58 in the list
below. Trees with at most four maximal twigs are listed as numbers 59-88 in the
list below.

Case 4. In this case we have § = 3. If T has five (or more) maximal twigs, then
the tips are at worst [5], [3] and 3x[2]. But then bk(T) < 3(-1)-3-1 =-51 < -2
which contradicts (17) of [13]. Thus we need to consider eleven vertex trees with
at most four maximal twigs. First, we construct those with exactly four maximal
twigs. These arise from partitions of integers 4 to 10 into at exactly four parts.
Partition of 4 into exactly four parts correspond to tree number (38) in the list of
eleven vertex trees given below. The intersection form of this tree for all possibilities
of weights is negative definite. To see this we use the singular fibre I; of a minimal
elliptic fibration. The intersection form on I} is negative semi-definite and on any
proper subset of I}’ it is negative-definite. Since in our case at least one vertex has
weight less than (—2), we see that the intersection form is negative definite. This
contradicts lemma 3.3(d) of [13]. Thus this tree does not arise. Partition of 5 gives
rise to the tree number (39). Two partitions of 6 into exactly four parts are:

6 = 3+1+1+1
= 2+42+1+41
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These give rise to trees numbered (40), (42) and (50). Three partitions of 7 into
exactly four parts are:

7T = 4+1+1+1
= 3+2+1+1
= 2+2+2+1

These give rise to the trees numbered (37), (41), (49) and (51). Five partitions of
8 into exactly four parts are :

8 = 5+1+4+1+1
= 442+1+1
= 3+3+1+1

3+2+2+1
= 242+4+2+2

These give rise to the trees numbered (34), (35), (36), (46), (47), (55), (56) and
(62). Six partitions of 9 into exactly four parts are:

9 = 6+1+1+1
= 5+2+1+1
4+3+1+1
44+2+2+1
3+3+2+1

= 34+2+242

These give rise to the trees numbered (31), (32), (33), (43), (44), (45), (52), (53),
(54), (59) and (60). There are nine partitions of 10 into exactly four parts and
the nine trees corresponding to these are listed as trees numbered (89) to (97) in
the list below. Trees with exactly three maximal twigs arise from partition of 10
into exactly three parts. There are eight such partitions and they give rise to trees
numbered (81) to (88) in the list below.

Case 5. In this case we have § = 3. If T has six (or more) maximal twigs, then
the tips are at worst [4], [3], [3] and 3 x [2]. But then bk(T) < —22 < —2 which
contradicts (17) of [13]. Hence T has at most five maximal twigs.

Consider trees with exactly five tips. Clearly at least two of them are [2] tips.
If at least three of them are [2] tips, the other two can be at worst [4] and (3] tips.
But then bk(T) < —22 < —2 contradicting (17) of [13]. Hence T has exactly two
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[2] tips. Among the other three all of them may be [3] tips or two of them [3] tips
and one [4] tip. In any case two of the tips are adjacent to the [1] vertex. Thus
we get the required tree by attaching G7 (seven vertex tree) to the vertex A in the
following configuration:

A

T

Since the resulting tree has exactly five tips, Gy may have at most three
connected components. If G; has three connected components, all of them have to
be linear twigs. These arise from partitions of 7 into exactly three parts:

7 = 5+41+1
44241

= 3+3+1
= 3+2+2

It is easy to see that bk(T) < ~2 in all these cases. Let G7 have exactly two
connected components. These arise from partition of 7 into exactly two parts:

7 = 6+1

= 5+2

= 443
Using the list in [6] we construct these trees. Trees corresponding to 6+1 are
numbered (1) to (6) in the list. Trees corresponding to 5+2 are numbered (7) to

(10) below and those corresponding to 4+3 are numbered (11) to (13) below. If
G is connected we need to consider trees numbered (14) to (30) below.

Now, we consider trees with exactly four tips. These arise by attaching (not
necessarily connected) seven vertex tree to the tips of the following configuration:

These correspond to partitions of 7 into at most three parts. They are

7 = 74040
= 6+1+0
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= 5+2+0
5+1+1
44340
4+2+1
3+3+1
= 3+2+2

7404-0: These are obtained by attaching G7 to the vertex A in the following con-
figuration:
A

e d

Clearly, G7 has at most two connected components. If it does have two connected
components, both are linear twigs and they correspond to trees numbered (31) to
(33) below. If G is connected, then we have trees numbered (34) to (42) below.

6+140: These are obtained by attaching Gg to the vertex A in the following con-
figuration:

As above, G¢ has at most two connected components. If G¢ has exactly two
connected components, they correspond to trees numbered (43) to (45). If Gg is
connected, we have trees numbered (46) to (51) below. -

5+42+0: These are obtained by attaching G5 to the vertex A to one of the following
configurations:

In case (a), clearly G5 is a linear twig and thus the corresponding tree is numbered
(52) below. In case (b), G5 has at most two connected components. If it has
exactly two connected components we need to consider trees numbered (53) and
(54) and if G5 is connected, we need to consider trees numbered (55) to (58).
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54+141: These are obtained by attaching G5 to the vertex A in the following con-
figuration: -

By considerations similar to the above we need to consider trees numbered
(59) to (64).

44+3+0: These are obtained by attaching G4 to the vertex A in one of the following
configurations:

P i

(a) (b) (©)

A

In these cases we have trees numbered (65) to (70) below.

4+4-2+41: These are obtained by attaching G4 to the vertex A in one of the following
configurations:

(a) (b)
These are trees numbered (71) to (75) below.

3+341: These are obtained by attaching G5 to the vertex A in the following con-
figuration:

S

(a) (b

~
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These are the trees numbered (76) and (77).

3+2+2: These are obtained by attaching G3 to the vertex A in one of the following
configurations:

(a) (b)
These are the trees numbered (78) to (80) below.

Now, consider trees with exactly three maximal twigs. These correspond to
partition of 7 into at most three parts:

7 = 74040
6+1+0
5+2+0
5+14+1
44340
4+2+1

= 3+3+1
= 34+2+2

These are numbered (81) to (88) below.

Case 6. In this case we have # = 3. If T has six (or more) maximal twigs, then
they are at worst 2 x [4] and 4 x [2]. But then bk(T) < —2 < —2 contradicting
(17) of [13]. Hence T has at most five maximal twigs. First consider the trees with
exactly five maximal twigs. Then they are at worst 2 x [4] and 3 x [2] which implies
that bk(T") < —2. But then, clearly the five tips are actually the ones listed above
and they are all maximal twigs. Thus 77 and T3 are empty. In the listing of trees
for case 5, we have listed all the eleven vertex trees with five maximal twigs. We see
that among them, there are exactly five trees which have only one component in
each of its maximal twigs. Such trees are numbered (3), (14), (24), (28) and (30) in
the list of eleven vertex trees given below. Observe that among these tree numbers
(14), (24), (28) and (30) contain a fibre and (F"".H") < 6 which is a contradiction
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and hence they do not occur. Thus we need to consider only tree number (3) in the
list below. Now, let us consider trees with exactly four maximal twigs. We note
that not all four tips can be [2] tips as otherwise bk(T') < —2 contradicting (17) of
[13]. Hence at least one of T1, T> and T3 is necessarily empty. In case 5 we have
listed all eleven vertex trees with exactly four maximal twigs. Among these, the
only trees which can occur in this case are numbered (31) to (58) and (65) to (70).
Among these tree (42) has a fibre and (F".H") < 6 which is a contradiction and
hence cannot occur. Among the remaining trees (43) to (47), (49), (51) to (56),
(58) and (65) to (70) have bk(T) < —2 and hence cannot occur. Thus we are left
with trees (31) to (41), (48), (50) and (57). Trees with 3 tips are numbered (81)
to (88), as in case 5.

Case 7. In this case we have § = 3. If T has five (or more) tips they are at
worst [5], [3] and 3 x [2]. But then bk(T) < —8% < —2 contradicting (17) of [13].
Hence T has at most four maximal twigs. First we construct the possible four tip
trees arising in this case. Let the four maximal twigs be denoted by My, My, M3
and My. These must necessarily be the following (or twigs with bark less than
these): My = [2], M2 = [n x 2], M3 =[m x 2,5] and My = [3,] X 2] where n > 1
and I, m > 0. We see that bk(M7) = —1, bk(M>) n bk(Ms) = —4mEl and

= Tayi im+5
bk(Ms) = —5tL. Ifm > 2, then bk(T) < -3 -1 -2 -1 = —T < —2 which

2013 137 3
contradicts (17) of [13]. Thus m < 1.
Let m = 1. If n > 2, we have bk(T) < -3 -2 -3 -1 =31 < -2
which contradicts (17) of [13]. Thus n = 1. Now, if | > 4, we have bk(T) <
-3 —-1-2-35 =-18 < 2 which contradicts (17) of [13]. Thus if m = 1, then

n =1 and ! < 3. These are trees numbered (1) to (4) given in the list of twelve
vertex trees.

Let m = 0. Trees in this case are obtained by attaching Gg to the vertex A in
the following configuration: A

oy d

These are numbered (5) to (20) in the list below. Trees with three tips are
numbered (21) to (25).

Case 8. In this case we have § = 3. If T has five (or more) maximal twigs,
then they are at worst [5] and 4 x [2]. But then bk(T') < —2 which contradicts (17)
of [13]. Hence T has at most four maximal twigs. Let T have four tips. Observe
that all four of them cannot be [2] tips as otherwise we have bk(T) < —2 which is
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a contradiction to (17) of [13]. Thus the required trees are obtained by attaching
Gs to the vertex A in the following configuration:

e

These are listed as trees numbered (5) to (20) in the list below. Among these,
clearly trees numbered (17) to (20) contain a fibre of ¢ and (F"'.H") < 6 which is a
contradiction. Also for trees numbered (5) to (11), (13) and (16) have bk(T) < —2
contradicting (17) of [13]. Thus we need to consider trees numbered (12), (14) and
(15) only. Trees with exactly three tips are listed as trees numbered (21) to (25).

Case 9. In this case we have § = 3. If T has five (or more) maximal twigs,
then they are at worst 3 x [2] and 2 x [3]. But then bk(T") < —2 contradicting (17)
of [13]. Hence T has at most four tips. These are obtained by attaching Gy to the
vertex A in the following configuration:

A
These are numbered (1) to (20) in the list of thirteen vertex trees in the list
given below. The lone three tip tree is listed as tree number (21) in the list.

TEN-VERTEX TREES WITH EXACTLY SIX MAXIMAL TWIGS:

3 8
9 10
58 3.6 1
12346 1 2\5/ 8 9 10 6
9
4 7 7
M () 3)
6 6 1 2 4 6 9 10
9 9
1 2 4 5 1 2 3 5
I 10 " § 10 3 5178
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3@ 6 9 10
4 7 3e S5e 7 9

1 2 346 910 1 2 35 8 910
5 7 8 4 6 1
(28) (29)
2 9 7
3
1 7 1 2 45 6 (810
8
6 10 3 9
(30) <3 (32)
i 6 7
1 23 5 6 |8 10 12 4 5 179 10 1 23 4 6 (810
4 9 3 8 5 9
(33) (34) (35)
7 6

5
1 2 4 168 9 10 1 2 3 6 |[8 10 123509 10
4 9
3 7 . ;
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1 2 4 6 9 10

(39)
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&) (58)

TEN-VERTEX TREES WITH EXACTLY FOUR MAXIMAL TWIGS:

1
123 45 6 810
9

12 4 58 910

6
123 45 (7910
8

(60)

I 2 3 |58 9 10

(63)

5

123 4168910
1

(6D

1 2 4 5 6 9 10
3I 17
8
(67)
1 2 45 7 89 10
3I 6I
(70)
1 2 3 5 6 910
1 [7
8

(73)



(W]
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12 478 910

(73

3

(76)

10

295
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TEN-VERTEX TREES WITH EXACTLY THREE MAXIMAL TWIGS:
1234567810 1234567910 123 456 8910

Lx I § I 7
(82) 83 (84)

123456 910 123 45 8910 1 2 3 4 8

1234578910 I

(88)

ELEVEN-VERTEX TREES:

1456789 1 45 67 1456789
*10011 IIO I
()

I 456789 145 6789

T TT Tm”

31 45 6 7 8 301 4 5 6 7 31 45 6 7 8
2I ‘9I11 2181 {10 2I 09 Iu
I 9 11 I
10 10

(8)

31 4 5 6 7 8
2 » 1 2I SIII 2I 8 I11
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31 45 6 7 8

o—I—o -—o—0—0
2IOA‘)II (13)

L

(16)

TW

1 4

5
T I
22) 1

10

67 8 9

25)

1 4567189

456189
T
(14
45 67
T,
17
6 7
T ’
(20) 10

T

23)

10

314 56 (18 9

zI 1
(26)

31456789

301 45 6
2I 9
10

(15)

31456789

31 45671789

1 4 5 6 7 (810

e

(24
9
8
3 1 4 5 |6 7
2I 10
11

(€X)]

1 456789

TTT TTT” THTT

314567 8 910
S

20 oll

4 56 178 9

TIIOHH_.

(32)

Syt

¢

(33)
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3145678910

LT

(34)

4567890
2I In
()

J L4567 891

TW

03 145678
.- o e v o

2 ol

@)

03 14567384

(40)

03 1456789

®

10
031456789

ll I
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1 456789

Tm
(3)

3456789100

TR

1456789
93 1 456 78

’- S0

145678
1031456789

L

(50)
093 145678
26 ol

(03)

31 4 5 6 7 8

(36) 11

JL A4S 6789100
2I Ill
()
1456789

8 3 1

[ ] IfohQ——O
20 99
{10

(45) 11

1031456789

RPN

)

145678

9 83 14 5 67

IIO
1l
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093145678

LT

0931456738

L

03 145678
TTFH
Q)

03 1 456 738
2 1

9e
(64)

09 831 4567
—- S

) il
(07

09 8314567

RPN

9 8 3 1 4 5 6

*—0- -’—I——." -0—@
24 IIO
70 11

(73)

9 83 14 5 67
2 1

031 456 78

.- ~—I—f ——0—9
20 ell

90
(59)

4
T TH
"@"

03145678

'/‘IO*_I_‘HH‘—.

9 8 73 1 45 6

2 ¢ 10
(68) Ill

0\314_5678

0931456738

NP ARA

.- Q—I—gt——&—o
2¢ IIO
8e o1l

(60)
03 1 456 78

9e
(63)

10

93 14 5678
:>»—I—¢0—H—0
11 2

09 83 14567

e

093 1 45 67

20 el

)
(72)

0931 45 67

Hp

) )

299
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(76)
1 4 5 6

>--o—o
ze el
iy
8

79)

31456789510
oo—I—oo—o—o—Hﬂ
1

L)

Ly 3145678

1

mi 9

ty

31

._H.TH

(38)

12 3

4

I

6
S 17T9 101
8
o1
5
4 [79 10 1
8
94

R.V.GURJAR AND C.R.PRADEEP

3 1

./'T

4 5 6 17
-9

W
0 9 3 1 4 5 6
——o- - - -
ZII Iu
iy
(80)
nHu3y 14567389
A
®)
1103

2
90

14 5678
4

12

T 456789 101

O—Ij- S = RS
@

1456789
Q—I——00+F0—0
100
(84

45617
e

9 31
2I
ooy

7

12 345 6 (81011

Ny b

(96) 10
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4

5
69 10 11

7
8

on

TWELVE-VERTEX TREES:

3145678910

U

3456789100

PR
@4

31 456 7 8 9
- ——0—0—0
zI 0 10
{”

12

3145678900
2I [n
12
(10)

3L 456789 100

T
(13)

3145678910

M

3y r 45678910

1 12
@
JL4s 618901

3 1 4 5 6 7 8
--e—e—o—o
2I'9
10
11

12 (8)

31 4 5 6
ZI 10
11

12¢ (11)

7 8 9

3L 4567891001

Tk
(14)

3145678910

3145678910

0)

3145678910
R e O

2 In
1
(6)
31456789 W01

FI;‘. I 12 0

JL 456789101

L

31456789 101

T
(13)

31456178910

2I {u 2I Ell 2I In
2 1 2
(16) (17 (18)

301



302

31456789 101
2 "
(19

D31 4567489
00—I—0H—0—H—+—0
!
()
D03 1456789

1

)
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31 4 5 6 7 8 9

; 3]4567891{)1112
2 10
11

o) e il
DI RIS T 4567890
HO—I—QO—H—C—Q—.
@)
RI0Y 3145678
I—O—HO—I—‘
%)

THIRTEEN-VERTEX TREES:

Y14

I 01
11
12
3@

10 irn

3L 456789101
e e S

31 45 67 8 910

JL4AS 6189010

T{ n
B

Frasersynnn

byl

T W

31 4 5 6 7 8 9

2 10

; lz %

b ® 9
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Y145 Fyonn SLESeT 800 3l 56789]0]1]2

T I T " Y

(1) (1)
BEERRRER I 3145 ERNR ANERREER IR
1o " B
B (1) (15
3145 6 7 8 910 FL4 56789 101 310456789 10U

21 11
1 I2 1 2 1

(16) ! (I7) o8 iy "

P4 618900 314567891 Frasereynunn
'-I-‘ HH
]
’ i

4. Reduction of possibilities for A

In this section, we reduce the possibilities for A to at most 37. This is done by
explicitly computing the representation of canonical divisor in terms of irreducible
components of A. We have developed a Mathematica program kay.m to carry out
the necessary computations. We also use (15) of part I which may be stated as

—bk(A) < 5— 8.

Further, we make use of lemma 2.1 which states that there is no fibre of ¢ contained
in A, if A is free of (—1)-curves.

In case 1 computation of (K)? eliminates all but the trees listed in the table
below with the following conventions. Column number 1 gives the tree number.
Column 2 gives the two irreducible components whose self-intersection numbers are
equal to —3. All the other components of A have self-intersection number equal to
—2. Column 3 lists the vector (z;) where the canonical divisor K = ) z;D;. In
the column 4, the fibre of ¢ contained in A (if any) is listed. Since we have already



304 R.V.GURJAR AND C.R.PRADEEP

seen that there can be no fibre of ¢ contained in A, we need to further study only
those trees for which the column 4 is blank.
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Tree No. | Dj, Dy, K Fibre
1 Dy, Ds | 1(0,0,0,0,0,2,1,1,1,1) | ¥¢° D;
2 -~ | Dy, Dg | 1(0,0,1,1,2,1,1,0,0,0) | 37 D;
4 Dg, Dg | 3(1,2,1,2,2,0,2,0,1,1) | 3, ¢ Ds
6 Ds, Dy | %(1,2,1,2,0,2,1,1,0,0) [ 3,510 D
8 D4, Ds | £(1,2,1,0,2,1,1,0,0,0) | 3,4 5610 Ds
11 Dg, Do | £(1,1,1,1,2,0,0,1,0,0) | 3,676 10 D
12 Dy, D7 | $(0,1,1,1,2,2,0,2,1,1) | 3., Di
13 Dy, D7 | 3(0,0,1,2,1,2,0,2,1,1) | 3, 57 Ds
15 Dy, Dy | 4(0,0,1,1,1,1,2,1,0,0) | 35 D;
16 D3, D7 | $(0,0,0,1,2,1,0,2,1,1) | 3. 55, Di
17 Dy, Dg | (1,1,1,0,2,0,0,2,1,1) | 3., 67D
19 Ds, D7 | $(1,2,1,2,0,2,0,2,1,1) | 3,57 Di
20 Ds, D7 | $(1,2,1,2,0,0,0,2,1,1) | 3,567 Di
21 Ds, Dy | 3(1,2,1,2,0,1,2,1,0,0) | 3,560 Ds
23 Ds, D7 | (1,2,1,2,0,2,0,2,1,1) | ¥,.s ; D;
24 Dg, D7 | 3(1,2,1,2,2,0,0,2,1,1) | 3,6, D
26 Ds, D7 | (1,2,1,2,0,2,0,2,1,1) | 3,5, Ds

305
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Tree No. | Dj, Dy K Remark
29 Dy, Dg 1(1,2,3,0,4,0,2,3,2,1) Yiza6 Di
31 D1, Ds 1(0,0,0,3,2,1,2,2,1,1) 2D,
35 Dy, Dy 1(1,2,3,4,2,3,0,2,0,1) > is1.0 Di
38 Dy, Ds 1(2,4,6,-1,9,1,12,6,8,4)
39 Dy, Dy 3(-1,0,0,1,3,6,4,2,4,2)
43 Ds, Ds 1(1,2,0,3,0,4,2,3,2,1) > izss Di
45 D¢, Dy 1(1,2,3,2,1,0,2,1,0,0) > iz6.9,10 Di
50 Dy, Dy 1(0,0,2,1,3,2,1,2,0,1) > iz1.29Di
50 Dg, Dy £(6,12,18,9,15,10,5,2,-2,1)
53 Dy, Dg $(1,2,3,0,4,2,3,0,2,1) >ivasDi
56 Dy, Dg 1(-1,4,2,7,10,1,12,6,8,4)
58 Dy, Dy 1(0,2,1,3,4,2,3,2,0,1) > iz1.0 Di
71 Dy, D; 1(0,2,1,3,4,2,0,3,2,1) > iz17 Di
72 D7, Dyo £(4,8,12,6,10,8,1,5,2, 1)
77 | D1, D3 1(0,2,0,4,3,2,1,3,2,1) iz13 Di
78 Dy, Ds 3(-1,0,1,6,3,8,4,6,4,2)
79 Dg, Dy | 3(6,12,18,9,15,10,5,2, -2, —1)
87 Dy, Dyo | $(3,6,9,12,15,10,5,8,1,-1)
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In case 2 computation of (K)? eliminates all but the trees listed in the table
below with the conventions similar to the above one. Column 2 gives the two
irreducible components whose self-intersection numbers are equal to —4 and —3
respectively. In the column 4 is given the value of bk(A) if it is less than -2 or a
fibre of ¢ supported on A. Since we have already seen that bk(A) > —2 and A
contains no fibre of ¢, we see that we need to further study only those trees for
which the column 4 is blank.

Tree No. Dj, Dk K bk(T)
63 Dy, Dy 1(1,2,3,0,4,2,0,3,2,1) Yivar Di
75 D¢, Ds 1(5,10,5,10,2,-1,8,6,4,2) —1u

79 Dy, Dy | 1(7,14,21,4,24,16,8,11,-2,-1) | -2
79 De, D7 | %(8,16,24,12,20,1,-2,15,10,5) | —33;
80 Dy, Dy 1(-1,4,9,2,1,12,6,9,6,3) —29

87 Dy, D7 | %(4,8,12,16,20,11,2,13,6,—1)

In case 3 computation of (K)? eliminates all but the trees listed in the table
below with the conventions similar to the above one. Column 2 gives the three
irreducible components whose self-intersection numbers are equal to —3. We need
to further study only those trees for which the column 4 is blank.

Tree No. | Dj, Dy, Dy K bk(T)
64 D1, D3, D4 1(-1,0,1,0,3,6,4,2,4,2) 43
7 Dy, Dg, D7 $(1,6,3,8,4,0,-1,6,4,2)

79 Dg, Dy, Dio | 5(8,16,24,12,20,3,-2,13,6,~1)

In case 4 computation of (K)? eliminates all but the trees listed in the table
below with the above conventions. Column number 1 gives the tree number. Col-
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umn 2 gives the two irreducible components whose self-intersection numbers are
equal to —5 and —3 respectively. In the column 4 is given the value of bk(A) if
it is less than -2 or a fibre of ¢ supported on A. Since we have already seen that
bk(A) > —2 and A contains no fibre of ¢, we see that this case does not occur.

Tree No.|D;, Dy, D, K Remarks
32 |D,, Dg 7(18,-3,9,30,22,14,6,-2,-1,20,10) [ >,y 7 50 Di
32 |Dy, Dy 1(6,3,3,6,5,4,3,2,1,1,-1) —52
54 |Dg, Dy +(28,5,21,30,12, -6, -3,14,7,20,10) |-
54 |Dig, D1 1(16,8,12,12,9,6,3,8,4,-1,-2) | ¥, 671011 Ds
59 |Dio, Do +£(21,4,8,30,24,18,12,6,2,-5,15) |-

60 |D7, Dy |%(21,-4,10,36,27,18,9,~2,~1,24,12)| ¥, 5 1 5 o D
86 |Dy, Ds 1(24,11,18,19,14,9,4,-1,-2,12,6) Y ;.59 Di

86 | D11, Dy 1(24,13,15,20,16,12,8,4,2,6,-3) |X, 011

In case 5 computation of (K)? eliminates all but the trees listed in the table
below with the conventions similar to the above. Column number 1 gives the tree
number. Column 2 gives the four irreducible components whose self-intersection
numbers are equal to —4, —3, —3 and —3 respectively. (D1)? = —1 and all the
other components of D have self-intersection number equal to —2. We need to
further study only those trees for which the column 4 is blank.
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Tree No. | Dj, Dy, Dy, Dp, K bk(T)
4 Dy, D3, Dy, Dy #5(28,2,6,10,7,4,3,2,1,5,-2) -1
7 D,, D3, Dy, Dg +(42,3,9,15,8,-3,-2,-1,10,5,4) | —52
12 Ds, D3, Dy, Ds 1(22,2,5,8,3,-2,-1,6,4,2,-1) | -1
21 D3, D3, D4, Dyg 1(6,0,1,2,3,4,3,2,1,0,2) -
93 | Da, Ds, Ds, D 1(6,0,1,2,3,0,0,2,1,2,1) ~1a
27 D4’ D27 D37 D5 %("17_17_17_17]-,6737472,4’2) _%
29 D2a D3, D4, Dll %(6a0a172,37473721172)0) _%

31 Dy, D3, Dy, D7 | £(38,4,9,14,8,2,—4,-3,-2,-1,7)
34 Dy, D3, D4, Dg $(30,3,7,11,12,7,2,-3,-2,—1,6)

36 Dy, D3, Dy, Dy 11—0(28,2,6, 10,12,5,-2,-1,9,6,3)

37 Dy, Ds, Dy, Dy 1(22,2,5,8,9,10,6,2,-2,-1,5)

40 D,, D3, Dy, Dyo 1(14,1,3,5,6,7,8,5,2,—1,4)

43 D, D3, Dy, De | £(44,4,12,14,5,—4,-3,-2,-1,6,7) | —22
43 D,, D3, Dy, Dig £(16,1,3,6,5,4,3,2,1,-1,3)

45 Ds, D,, Dy, Dg £(23,5,2,8,3,-2,-1,1,6,4,2) -3

47 D3, Dy, Dy, D1y +(29,6,2,10,12,9,6,3,1,5,-2)

49 D3, D, Dy, Dy £(23,5,2,8,9,10,6,2,-2,1,5)
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Tree No. | Dj, Dy, Di, Dy, K bk(T)
50 Ds, D3, Dy, Dy 1(22,2,6,7,6,5,4,1,-2,3,2)
50 Dy, D3, Dy, Do £(16,1,3,6,8,10,12,8,4,—1,6)
55 D3, Dy, Dy, Dy +(32,7,3,11,12,7,2,-3,2,1,6)
57 Dy, Ds, Dy, Dy 1(10,1,3,3,2,1,0,-1,2,1,0)
57 Dy, D3, Dy, Dy 1(12,1,3,4,4,4,4,2,1,-1,2)
65 D4, Da, D3, Ds | 75(46,11,18,4,-4,-3,-2,-1,9,12,6) | — 2
66 Dy, Dy, D3, Dy 1(17,4,6,2,1,0,-1,-2,6,3,3)
67 D3, Dy, Dy, Dy £(41,9,4,14,8,2,-4,3,2,1,7) Lo
72 D4, Dy, Ds, D +(51,14,15,6,2,-2,-6,7,10,5,3) | —33I
77 D4, Do, D3, Dy; +(47,12,14,4,3,2,1,6,7,5, —4) —5
80 Dy, Dy, D3, Dg $(10,3,3,1,0,-1,2,1,2,1,0) -
82 Dy, D3, Dy, Dy 1(34,4,10,11,8,5,2, 1, -4, -2,5)
82 D, D3, Dy, Dy £(28,3,8,9,7,5,3,1,-1,3,4)
84 Dy, D3, Dy, Dy L(36,4,10,11,8,5,2, —1,-4,2,5)
85 Dy, D3, Dy, Dy 1(38,4,12,11,6,1,-4,-2,9,6,3)
85 Dy, D3, Dy, Dyy +(32,3,9,10,8,6,4,2,5,1, —3)
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Tree No. | D;, Dy, Dy, D K bk(T)

86 D4; Do, D37 D, 11_3(48a 14, 1556727 _2)_6>_3’ 7, 10,5)
87 D2, D37 D4a D7 %3(40747 12,1136’17_472’9’693)

87 Dy, D3, Dy, Dg 1(13,1,4,4,3,2,1,-1,3,2,1)

In case 6, the only tree for which (K)? = —1 is tree number (36) with (D;)? =
—1, (D2)? = (D3)? = —4, (D4)? = =3 and (D;)? = —2for all 5 < j < 11. In
this case K = 2D; + Dy + 2D5 + 3Dg + D7 + $Ds + 3Dg + D1g + 3 D11. But we
see that ., 5 Dy’ is a fibre — say, F" — of ¢". But then it is easy to see that for
either of the horizontal components Dy or Dj we have (F".DY) = 2. This is a
contradiction as we need to have (F".H") > 6 for any horizontal component H"
of ¢". Hence this case cannot occur.

In case 7, computation of (K)? eliminates all but the trees listed in the table
below with the conventions similar to the above. Column number 1 gives the
tree number. Column 2 gives the irreducible component whose self-intersection
number is equal to —3. (D;)? = -1, (D3)? = —5, (D4)? = —4 and all the other
components of A have self-intersection number equal to —2. We need to further
study only those trees for which the column 4 is blank.

Tree No. | D; K Remarks
1 Do 1(30,15,2,6,8,10,7,4,1,-2,1,5)
3 Dy, 1(18,9,1,4,6,8,10,12,8,4, —1,6) -2

10 Ds %(42321a3,97 1277727 _37_27_1)—874) -2
13 DlO %(287 147276787 10777471a _27—15)

18 D12 %(673%0,17273,47372717270) 4111 Dl

In case 8, computation of (K)? eliminates all the trees, as for any possible tree
we have (K)? # —2.



312 R.V.GURJAR AND C.R.PRADEEP

In case 9, there are exactly two trees for which (K)% = —3. One is tree number
(13) with following weights: (D1)? = —1, (D3)? = (D11)? = -3, (D4)? = =7 and
(Dj)? = =2 for all j # 1,3,4,11. For this tree, we have 4K = 22D; + 11D, +
6D3+ Dy+5Ds5 +9Dg + 7Dy + 5Dg + 3Dg + D1g — D11 + 6D15 + 3D;13. The other
tree is tree number 17 with the following weights: (D1)? = —1, (D3)? = (D11)? =
-3, (D4)? = =7 and (D;)? = -2 for all j # 1,3,4,11. For this tree, we have
2K =2D1+ Dy —Dy+ Ds+3Dg+5D7+TDg+9Dg +5D10 + D11 +6D12 + 3D;3.

This exhausts all the nine cases listed in Table 3. Upshot of these computations
is that we are left with precisely the following 37 trees.
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Sl. no.| B3| Tree no. Weight set K

1 |10| 38 wy = wg = —3 5(2,4,6,-1,9,1,12,6,8,4)

2 |10] 39 wy =wy = —3 $(-1,0,0,1,3,6,4,2,4,2)

3 |10| 50 wg = wy = —3 £(6,12,18,9,15,10,5,2,-2,1)

4 |10| 56 wy =wg = —3 1(-1,4,2,7,10,1,12,6,8,4)

5 |10] 72 wr =wyo = —3 £(4,8,12,6,10,8,1,5,2, 1)

6 |10| 78 wy =wz = —3 $(-1,0,1,6,3,8,4,6,4,2)

7 |10 79 wg = wy = —3 1(6,12,18,9,15,10,5,2, -2, -1)

8 |10 87 wy = wyo = —3 1(3,6,9,12,15,10,5,8,1, —1)

9 [10| 87 |wiwo=-4,wr=-3| £(4,8,12,16,20,11,2,13,6,—1)

10 (10| 77 |wy =ws=wr= -3 1(1,6,3,8,4,0,—-1,6,4,2)

11 10| 79 |we=wr=wio=-3| 1(8,16,24,12,20,3,-2,13,6,-1)

12 (11| 31 wy = -4, wy = —1 |£(38,4,9,14,8,2,-4,-3,-2,-1,7)
w3 =Wy = wy = —3

13 (11| 34 wy = —4, w; = -1 | 3(30,3,7,11,12,7,2,-3, -2, —1,6)
W3 = W4 = Wg = -3

14 |11 36 wy = —4, wy = -1 | £(28,2,6,10,12,5,-2,-1,9,6,3)
w3 =wy = wy = —3

15 (11| 37 wy = —4, w; = -1 | £(22,2,5,8,9,10,6,2,-2,-1,5)
w3 = Wy = Wy = —3

16 |11 40 wy = —4, w; = —1 1(14,1,3,5,6,7,8,5,2,-1,4)
w3=w4=w10=—3

17 |11 43 wy = —4, w; = —1 5(16,1,3,6,5,4,3,2,1,-1,3)
w3 = Wy = Wi = —3

18 [11] 47 ws =—4, w; =-1| +(29,6,2,10,12,9,6,3,1,5,—2)
We = Wy = Wy = —3

19 |11 49 wy = —4, w; = —1 1(23,5,2,8,9,10,6,2,-2,1,5)
Wy = Wy = W9 = —3

20 |11 50 wy = —4, w; = —1 1(22,2,6,7,6,5,4,1,-2,3,2)

’U)3:’UJ4=U)9=——3
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Sl. no.| B | Tree no. Weight set K

21 |11 50 we = —4, wp = —1 %(16,1,3,6,8, 10,12,8,4,-1,6)
w3=w4=w10=—3

22 |11 55 wy = —4, w; = -1 ﬁ(32,7, 3,11,12,7,2,-3,2,1,6)
Wy = Wy = wg = —3

23 |11 57 we = —4, wy = —1 %(10,1,3,3,2,1,0,~1,2,1,0)
w3 = wg = wg = —3

24 |11 57 we = —4, wy = —1 %(12,1,3, 4,4/4,4,2,1,-1,2)
W3 = wWq = Wi = —3

25 |11 66 wyg = —4, wy = -1 é(17, 4,6,2,1,0,—-1,-2,6,3,3)
Wy = w3 = wg = —3

26 (11 82 wy = —4, w; = —1 %(34,4,10,11,8,5,2,—1,—4,—2, 5)
W3 = Wy = W9 = -3

27 11 82 we = —4, wy = —1 é(28,3,8,9,7,5,3,1, -1,-3,4)
w3 = wg = w0 = —3

28 |11 84 wy = —4, wy = -1 113(36’4’ 10,11,8,5,2,—1,—4,2,5)
w3 = wy4 = wg = —3

29 |11| 85 wy =—4, w; = -1 | 5(38,4,12,11,6,1,—4,-2,9,6,3)
w3 =wyg = wy = —3

30 |11 85 wy = —4, wy = -1 %(32,3,9,10,8,6, 4,2,5,1,-3)
w3 = w4 = w1 = —3

31 |11 86 wg = —4, w; = -1 %(48, 14,15,6,2, -2, —-6,-3,7,10,5)
we = w3z = w7 = —3

32 |11 87 we = —4, w; = —1 %(40, 4,12,11,6,1,—-4,2,9,6,3)
w3 = wy = wy = —3

33 |11 87 we = —4, wy = -1 i(13,1,4,4,3,2,1, -1,3,2,1)
w3 = wg = wg = —3

34 |12 1 w; = —1, wg= -3 %(30, 15,2,6,8,10,7,4,1,-2,1,5)
Wy = —4, w3 = -5

35 |12 13 w; = =1, wyo=-3 é(28, 14,2,6,8,10,7,4,1,-2,-1,5)
Wy = —4, w3 = -5

36 (13 13 w; = =1, wyg = -7 %(22,11,6,1,5,9,7,5,4,1,—1,6, 3)

w3 =Wy = —3
37 |13 17 w; = -1, wy = -7 %(2,1,0,—1,1,3,5,7, 9,5,1,6,3)

w3 = w11 = -3
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5. Completion of the proof of the Theorem

In this section, we complete the proof of proposition 1.1 by eliminating the 37
trees listed at the end of the section 4. We shall study the 37 trees individually.

Tree 1: For this tree, we observe that D1+ D+ D3+ D5+ D7+ Dg+ Dg+ D1
is free from horizontal components of the elliptic fibration ¢ : X — IP' and hence
it is a part of a (singular) fibre of ¢. Only way this can happen is that the above
components are a part of a fibre F' (whose MNC-model) is of the type ITI*. But then,
in F, we see that Dy is of multiplicity 6. Also we know that there are two multiple
fibres 2P; and 3P,. Now consider the restriction of ¢ to Dg. Clearly ¢ : Dg — IP!
is a degree 6 map and the points of intersection of D¢ with the components of
fibres are ramification points with appropriate ramification indices. Note that the
ramification indices on Dg due to 3P, are either (3,3) or (6) - i.e., P> intersects
Dg at two distinct points transversally so that the ramification indices are (3,3) or
P, intersects Dg tangentially exactly at one point so that the ramification index is
equal to 6. Similarly ramification indices due to 2P; are either (2,2,2), (4,2) or
(6). Further, ramification index due to F' is equal to (6). Now, Riemann-Hurewitz
formula for ¢ : Dg — IP' gives

29(Ds) 2= 6(29(IP") = 2) + ) _(ei — 1)
where e;s are the ramification indices. The L.h.s. in the above equation is equal to

—2 whereas r.h.s. is at least equal to 0. This contradiction shows that this tree
cannot occur.

Tree 2: Consider the 3-fold ramified cover f : X — X given by
3K ~—D1+ D4y +3D5 +6Dg + 4D7 + 2Dg + 4Dg + 2Dy.

MNC-model of the inverse image of A after resolution of singularities is as follows:

D3'1 [75,1
i Dy Ds .

D3 2 Ds 2
D33 Ds,3

We have (D2)? = —4, (Dg)?> = —1 and all the other irreducilbe components are (-
2)-curves. We observe that after contracting Dg we have three (—1)-curves passing
through a point. But then X is a rational surface. This is a contradiction as X
dominates X, which is a non-rational surface. Hence tree 2 does not occur.
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Tree 3: Consider the 8-fold ramified cover given by
8K ~ 6D1 + 12D5 + 18 D3 + 9D4 + 15D5 + 10Dg + 5D7 + 2Dg — 2Dg + D1g.
MNC-model of the inverse image of A after resolution of singularities is as follows:

D2,1 El ba Es D5 E5 Ds E7

Es [ E, I Es

D2,2

We have, (Es)? = (Ex)? = (Eo)? = (Br)? = =3, (Ds)2 = —1, (Bs)? = —4
and all the other irreducible components are (—2)-curves. It can be seen that
K =12D3 + 11E;3 + 22D5 + 7E4 + 6E5 + 4D + Eg + E7 + - - - which implies that
(K)? = 10. We have e(X) = 21. Thus x(X) = 31 which is a contradiction. Hence
this tree cannot occur.

Tree 4: As in the case of tree 1, we see that the degree 6 map ¢ : Dg — IP!
violates the Riemann-Hurewitz formula. Hence this tree does not occur.

Tree 5: Consider the 5-fold ramified cover f : X — X given by
5K ~ 4Dy +8Ds 4+ 12D3 + 6D4 + 10D5 + 8 Dg + D7 + 5Dg + 2Dg — D1g.

MNC-model of the inverse image of A after resolution of singularities is as follows:

El ﬁ3 Ds Ds Ds

Eq E3

Ey

We have (E1)2 = -3, (ﬁ3)2 = (bs)z = -1, (D5)2 = -10, (ﬁ8)2 = —7 and
all the other irreducible components are (—2)-curves. It can be seen that K ~
5E; +16D3+2Ds +12Dg + Dg + - - - and hence (f{)2 = —2. In particular, p, (X') >
0. Observe that each .D]‘ and FE; is a rational curve and U]_~7j U E; supports an
ample divisor. Hence the image of these irreducible components in the Albanese
of X generate the Albanese torus of X. Then Albanese of X is trivial and hence
q(X) = 0. Further, we know that 1 = e(V) = e(X \ A) where e(—) denotes the
topological Euler characteristic. Hence e(X\ A) = 5. Therefore e(X) = 5+e(A) =
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5+ (1+8) = 14. But then x(X) = x(X,03) = £ ((K)*+e(X) = £(-2+14) =1
whence p,(X) = 0. This contradiction shows that this tree does not occur.

Tree 6: Consider the 3-fold ramified cover f : X — X given by
3K ~—-D{+ D3+ 6Dy + 3D5 + 8D¢ + 4D7 + 6Dg + 4Dg + 2D1y.

MNC-model of the inverse image of A after resolution of singularities is as follows:

Do Dy Dg Dg
/l\ L),

D5.1 ﬁ5,2 DS,S

We have (D)% = (Dg)? = —4, (D4)? = =5, (Dg)? = —1 and all the other
irreducible components are (—2)-curves. It can be seen that K = 2Dy + 10Dg +
2Dg + - - - and hence (K)? = 0. Also e(X) = 12. But then x(X) = 1 which implies
that p,(X) = 0 and this is a contradiction. Thus this tree cannot occur.

Tree 7: Consider the 7-fold ramified cover f : X — X given by
TK ~ 6D + 12D + 18D3 + 9D4 + 15D5 + 10Dg + 5D7 + 2Dg — 2Dg — D1g.
MNC-model of the inverse image of A after resolution of singularities is as follows:

E; E, Ds Eq4 E5 Eg Ds Ey Ejo Ey; E;;

g - - ®- ®- - ®- o d

E3 E;
Es
We have (Eg)? = —3, (E12)? = —4 and all the other irreducible components are

(—2)-curves. It can be seen that K = 12FEg + E1a + - - - and hence (K)? = 14. Also
e(X) = 22 which implies that x(X) = 3. In particular, pg(X) = 2. Now, we apply
Lefschetz fixed point formula, (1) to the smooth surface X which has a Z /7Z-action.
To compute r.h.s. of (1), we observe that we have at least two fixed curves, D3 and
Ds. Also, since each E; is a stable curve, we see that E; N E;, 1 <i# j <12 are
all isolated fixed points whenever this intersection is non-empty. There are seven
such points. In addition to these, there are four more isolated fixed points one
each on Ey, E3, Eg and E15. We shall denote these four points by g1, g3, gz and gi2
(respectively).
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We choose Ds as the starting vertex b as in section 1.1.4. Using the definition
of L-function given in section 1.1.4, we compute L(v;) for all the vertices. We
have L(Ds) = 0, L(E;) = L(E4) = L(Es) = 1, L(Ey) = L(Bs) = 2, L(Ee) =
3aL(D5) =0, L(E7) = L(EQ) = 4, L(EB) = L(Ey) = 1, L(Ell) = 5 and
L(Elz) =2.

Let 1 denote e?™/7. By a suitable representation of the cyclic group Z/7Z,
which is identified with the group of seventh roots unity, we denote the eigen value
for the group action on the normal bundle of D3 by w.

Let p1 = EyNE,. By lemma 1.4, a(p1, Ey) = L(El).a(B) where we can choose
B to be E,. Let a := a(b). The eigen value of the action of g (which corresponds
to n) is w = n®. Then a(p1, E1) = 2a. Hence a(q1,E;) = —2a = 5a mod 7. By
lemma 1.1, n(qy, E1) = n(p1, E1) —a(p1, B1).(E1)? = a(p1, Bz) — a(py, B1).(Ey)? =
—a(E2 N D3, Ey) — a(py, E1).(E1)? = —a — 2a(—2) = 3a.

Hence the contribution to the r.h.s. of (1) due to ¢ is equal to m
Similarly we compute the eigen values at all the other ten isolated fixed points. In
particular, n(gs, E3) = 2a, n(gs, Es) = 5a and n(qi12, F12) = 3a. Now, we compute
the contributions of the fixed curves D3 and Dj to the r.h.s. of (1). Observe that
by lemmji 1.2, n(q(Es, Ds),Ds) = a(q(Eg,ﬁ3),E22 =a ar}d n(q(Fe, Ds),Ds) =

a(g (EG,DS) E6) = 4a Thus the contribution of D3 and D5 to the r.h. s of (1)
equals (—1—5 and (—4—5 respectlvely Then the r.h.s. of (1) equals —175 +

14+w™

by + oo T e e e e e i w2>(1 ) =
0.7225 —12.1962. Since p,(X) = 2, we see that Lh.s. of (1) is equal to 1 + w* —|-w
for 1 <I,m < 7. But we see that the imaginary part of this is greater than —2.
This contradiction shows that this tree cannot occur.

Tree 8: Consider the 4-fold ramified cover f : X — X given by
4K ~ 3D; + 6Dy +9D3 + 12Dy + 15D5 + 10Dg + 5D7 + 8 Dg + Dg — D.

MNC-model of the inverse image of A after resolution of singularities is as follows:

D4 D5 Ds E2
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We have (D;)? = —5, (Ds5)? = —1, (Dg)? = —7 and all the other irreducible
components are (—2)-curves. It can be seen that K = 3D+ 18D5 + 2Dg + - - - and
hence (K)? = 1. Also e(X) = 11 which implies that x(X) = 1 whence p,(X) = 0
and this is a contradiction. Hence this tree does not occur.

Tree 9: Consider the 5-fold ramified cover f : X — X given by
5K ~ 4D + 8Dy + 12D3 + 16Dy + 20D5 + 11Dg + 2D7 + 13Dg + 6Dg — D.

The inverse image of A after resolution of singularities is as follows:

-1 -2 -3 -1 -5 -1 -3 -2 -1 -10 -1 -2 -3 -1
Dy D, Ds Dy Ds Ds by

Ds9-1

y —2

$-3

Doe—1

-5

Do ®-1

where D denotes the proper transform of D;. Blowing down all the (—1)-curves
successively we see that there are two adjacent (—1)-curves and this contradiction

shows that this tree cannot occur.
Tree 10: Consider the 3-fold ramified cover f : X — X given by
3K ~ Dy +6Ds+3D3s+8D4y+4Ds — D7 + 6Dg + 4Dg + 2D1y.

MNC-model of the inverse image of A after resolution of singularities is as follows:
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Ds 1

Dxbz D,y Dg
./ Ey

D33

We see that (Ds)? = =5, (D4)? = —1, (Dg)? = —7, (Ds)? = —4 and all the other
irreducible components are (—2)-curves. It can be seen that K ~ 2D, + 10D, +
2Dg + --- and hence (K)? = 0. Also e(X) = 12. But then x(X) = 1 whence

Pg(X) = 0 and this is a contradiction. This shows that this tree does not occur.
Tree 11: Consider the 3-fold ramified cover f : X — X given by
3(3K) ~ 8Dy + 16D5 + 24D3 + 12D4 + 20D5 + 3D¢ — 2D7 + 13Dg + 6Dy — D1o.

MNC-model of the inverse image of A after resolution of singularities is as follows:

We see that (D3)? = (Dg)? = —4, (Ds)? = —1, (D)2 = —8 and all the other irre-
ducible components are (—2)-curves. It can be seen that K~ 19—2(ﬁ4,1D4,2D4,3) +
2Dy + (8 +2)Ds + D6 + $Dg + - - - and hence (K)? = 0. Also e(X) = 12. But

then x(X) = 1. We see that Lefschetz’s fixed point formula gives a contradiction
for this tree and hence it cannot occur.

Tree 12: Consider the 11-fold ramified cover f: X — X given by
11K ~ 38D +4D3+9D3 4+ 14Dy + 8D5 + 2Dg —4D7 — 3Dg — 2Dg — D1g + 7D11.

MNC-model of the inverse image of A after resolution of singularities is as follows:
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E; E; D, Es E; Dy Eg E1o Epn
¢ E3 Eg
o E,
"

We see that (E7)2 = —6, (D4)? = —1, (Eg)? = —7 and all the other components
are (—2)-curves. It can be seen that K ~ 48D, + 28FE¢ + 8F7 + 24D, + 3E, +
2F11 + Ey; + -+ and hence (K)? = 23. Also e(X) = 25 and hence x(X) = 4.
We see that Lefschetz’s fixed point formula gives a contradiction for this tree and

hence it cannot occur.
Tree 13: Consider the 3-fold ramified cover f : X — X given by
3(3K) ~ 30D +3Dy+7D3+11D4+12D5+7Dg+2D7 —3Dg —2Dg — D1g 4+ 6D11.

MNC-model of the inverse image of A after resolution of singularities is as follows:

- We see that (Dg’l)z = (ﬁ2,2)2 = (ﬁ2’3)2 = —4, (D1)2 = —1, (D8)2 = —5, (D5)2 =
—3 and all the other irreducible components are (—2)-curves. It can be seen that
K~ %(1:)4,1 + Dy + E4,3)~+ %ﬁl - %f)g + §D5~+ %(bll,l + D112+ D11 3) and
hence (K)? = —1. Also ¢(X) = 13 and hence x(X) = 1. We see that Lefschetz’s
fixed point formula gives a contradiction for this tree and hence it cannot occur.

Tree 14: As in the case of tree 1, we see that the degree 6 map ¢ : Dy — IP!
violates the Riemann-Hurewitz formula. Hence this tree does not occur.

Tree 15: Consider the 7-fold ramified cover f : X — X given by
TK ~ 22Dy + 2Dy +5D3 +8D4 + 9D5 + 10Dg + 6 D7 + 2Dg — 2Dg — D19 + 5D1;.

MNC-model of the inverse image of A after resolution of singularities is as follows:
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E; Dy o R D4 . E.14 . D¢ E.21
¢ E> ¥ Ev6
E3 E17
e E, » E18
» B9
® Ex

We see that (E1)? = (E14)? = (E2)? = —3 and all the other irreducible compo-
nents are (—2)-curves. It can be seen that K = 9E, + 6Ey4 + Es + --- which
implies that (K)2 = 16. Also e(X) = 32. Thus x(X) = 4. We see that Lefschetz’s
fixed point formula gives a contradiction for this tree-and hence it cannot occur.

Tree 16: Consider the 5-fold ramified cover f : X — X given by
5K ~14D1 + D3 4+ 3D3 + 5Dy + 6Ds + 7Dg + 8D7 + 5Dg + 2Dg — D19 + 4D1;.

MNC-model of the inverse image of A after resolution of singularities is as follows:

El E2 f)1 D4 E4 D7 ﬁg
!Ea IE5
We see that (D1)* = (D7)* = —1, (Es)* = —4, (Da)’ = ~12, (Es)* = =3, (Dy)?
—7 and all the other components are (—2)-curves. It can be seen that K ~
18D1 +4E3 + Dy +4E4 +12D7 4+ Dg + - - - and hence (K)? = —3. Also e(X) = 15.

Thus x(X) = 1 whence py(X) = 0 which is a contradiction. Hence this tree does
not occur.

Tree 17: In this case we consider the 3-fold cover given by
3(2K) ~ 16Dy + D3 + 3D3 + 6Dy + 5D5 + 4Dg + 3D7 + 2Dg + Dy — D1 + 3Dy,

MNC-model of the inverse image of A after resolution of singularities is as follows:
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D111 D11,2D11,3

We see that (D)2 = —1, (Ds)? = —8, (D4)? = —7 and all the other components
are (—2)-curves. It can be seen that K ~ 10D, + %Eg + Dy + -+ which implies
that (K)2 = —2. Also e(X) = 14. But then x(X) = 1. We see that Lefschetz’s
fixed point formula gives a contradiction for this tree and hence it cannot occur.

Tree 18: As in the case of tree 1, we see that the degree 6 map ¢ : D3 — IP*
violates the Riemann-Hurewitz formula. Hence this tree does not occur.

Tree 19: Consider the 2-fold ramified cover f : X — X given by
2(4K) ~ 23D1+5D5+2D3+8D4+9D5+ 10Dg + 6D7 + 2Dg — 2Dg + D19 + 5D11.

MNC-model of the inverse image of A after resolution of singularities is as follows:
D, E, D, Ds4 Ds D72 Ds2 Doy

Ds » D7,1

’ﬁs,l

4 [79,1

We see that (D1)2 = =1, (D3)? = =7, (Dg1)? = (Dg2)? = =3, (D4)? = -5 and
all the other components are (—2)-curves. It can be seen that K = (22+ 1)D; +
2D5 + Dy — 2(Do,1 + Dy 2) + - - - which implies that (K)? = -3. Also e(X) = 15.
Thus x(X) = 1 We see that Lefschetz’s fixed point formula gives a contradiction
for this tree and hence it cannot occur.

Tree 20: Consider the 7-fold ramified cover f : X — X given by
7K ~ 22D + 2Dy 4+ 6D3 + 7Dy + 6D5 + 5Dg + 4D7 + Dg — 2Dg + 3D19 + 2D1;.

MNC-model of the inverse image of A after resolution of singularities is as follows:
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E, D, Dy Es Es D, Es Eq E1o E1

[ E2 E7

We see that (F;)? = =5, (D;1)? = —1, (D4)? = —17 and all the other components
are (—2)-curves. It can be seen that K = 5E; + 28D; + D4 + - -- which implies
that (K)2 = 2. Also e(X) = 22. Thus x(X) = 2. We see that Lefschetz’s fixed
point formula gives a contradiction for this tree and hence it cannot occur.

Tree 21: Consider the 3-fold ramified cover f : X — X given by
3(2K) ~ 16D, + Dy +3D3+6D4+8Ds+10Dg+ 12D7 +8Dg +4Dg — D19 +6D11.

MNC-model of the inverse image of A after resolution of singularities is as follows:

D111

D- E, Ey D, Dy D7A 2

D113

q
L
[w]
o
-— 4

We see that (D)2 = —1, (D3)? = —8, (D4)? = —7 and all the other components
are (—2)-curves. It can be seen that K = (L3 + 2)D1 + £D3 + Dy + - - which
implies that (K)2 = —2. Also e(X) = 14. Thus x(X) = 1. We see that Lefschetz’s
fixed point formula gives a contradiction for this tree and hence it cannot occur.

Tree 22: Consider the 11-fold ramified cover f : X — X given by
11K ~ 32D+ 7Dy +3D3 + 11Dy + 12D5 + 7Dg + 2D7 — 3Dg +2Dg + D1 + 6D1;.

MNC-model of the inverse image of A after resolution of singularities is as follows:

E, E> 3 Dy Ds E7 Eg Ey

E; D,
] Ey4 Eg
E;
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We see that (E3)? = —4, (D)% = (Ds)? = —1, (D4)? = —33, (B7)? = —3 and all
the other components are (—2)-curves. It can be seen that K = 12E3+42D1+ D4+
22D5 + 9E; + - - - which implies that (K)? = 0. Also e(X) = 24. Thus x(X) = 2.
We see that Lefschetz’s fixed point formula gives a contradiction for this tree and
hence it cannot occur.

Tree 23: Consider the 3-fold ramified cover f : X — X given by
3K ~ 10D1 + D2 + 3D3 + 3D4 + 2D5 + .D6 - Dg + 2D9 + DlO-

MNC-model of the inverse image of A after resolution of singularities is as follows:

D111

We see that (D3)? = (D4)? = =7, (D1)? = —1 and (D7)? = —3. It can be seen
that K = D3 + 12D; 4+ D4 + - - - which implies that (K)? = —2. Also e(X) = 14.
Thus x(X) = 1 whence p,(X) = 0 which is a contradiction and hence this tree
does not occur.

Tree 24: Consider the 4-fold ramified cover f : X — X given by
4K ~ 12Dy + Dy +3D3 +4D4 + 4D5 4+ 4Dg + 4D7 + 2Dg + Dg — D1g + 2D13.

MNC-model of the inverse image of A after resolution of singularities is as follows:
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D72

We see that (D4 ;)2 = (D42)? = (D4 3)? = (Da4)? = —3 and all the other compo-
nents are (—2)-curves. It can be seen that K~ ﬁ4,1 +D4,2 +D4,3 +1~?4,4 +- .- which
implies that (K)2 = 4. Also e(X) = 20. Thus x(X) = 2. We see that Lefschetz’s
fixed point formula gives a contradiction for this tree and hence it cannot occur.

Tree 25: Consider the 5-fold ramified cover f : X — X given by
5K ~ 17Dy +4D5 + 6D3 + 2Dy + Ds — D7 — 2Dg + 6Dg + 3D1¢ + 3Dq;.

MNC-model of the inverse image of A after resolution of singularities is as follows:
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We see that (Eg)? = —3, (Dg)?> = —5 and all the other components are (—2)-
curves. It can be seen that K = 21D, + 3Dg + 10Eg + - - - and hence (K’)2 = 10.
Also e(X) = 26. This implies that x(X) = 3. We see that Lefschetz’s fixed point
formula gives a contradiction for this tree and hence it cannot occur.

Tree 26: Consider the 9-fold ramified cover f : X — X given by
9K ~ 34Dy +4D2 +10D3 + 11D4 + 8D5 + 5Dg + 2D7 — Dg — 4Dg — 2D19 + 5D1; .

MNC-model of the inverse image of A after resolution of singularities is as follows:

E; E; D, Ey Es Eg E; Eg Ey

*— —9- \ g — - *— L

E3

(E1)? = =3, (D1)? = -1, (E3)? = —4, (E4)? = —7 and all the other components
are (—2)-curves. It can be seen that K ~ 8E;+42D,+10E3+6E,+- - - which implies
that (K)2 = 16. Also e(X) = 20 and hence x(X) = 3. We see that Lefschetz’s
fixed point formula gives a contradiction for this tree and hence it cannot occur.

Tree 27: Consider the 8-fold ramified cover f : X — X given by
8K ~ 28D1 4+ 3Dy +8D3 +9D4 + 7D5 + 5D¢ + 3D7 + Dg — Dy — 3D1o + 4D11.

MNC-model of the inverse image of A after resolution of singularities is as follows:
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DS,I
D3,2 Dl E; Eo Es3

D3,3

Ds,4

We see that (D3 ;)2 = —5 for j = 1,2,3,4, (D1)? = —1, (E1)? = -3 and all the
other components are (—2)-curves. It can be seen that K = 153,1 + Dg,g + 133,3 +
D34 + 8D; + 3E; + --- which implies that (K)? = 7. Also e(X) = 17. Thus
X(X' ) = 2. We see that Lefschetz’s fixed point formula gives a contradiction for
this tree and hence it cannot occur.

Tree 28: Consider the 11-fold ramified cover f : X — X given by
11K ~ 36D1 +4Dy +10D3 +11D4 +8D5 + 5Dg + 2D7 — Dg —4Dg +2D10 + 5D1;.
MNC-model of the inverse image of A after resolution of singularities is as follows:

El E2 f)] D4

E3

E4

We see that (E;)2 = —4, (D1)? = —1, (E3)? = -3, (D4)? = —24 and all the other
components are (—2)-curves. It can be seen that K = 6E; +26E,+46D; + 18E3 +
9E4 + D4 + - -- which implies that (K)2 = 6. Also e(X) = 18. Thus x(X) = 2.
We see that Lefschetz’s fixed point formula gives a contradiction for this tree and
hence it cannot occur.

Tree 29: Consider the 11-fold ramified cover f : X — X given by
11K ~ 38D, +4D3 +12D3+ 11Dy + 6 D5 + Dg — 4D7 — 2Dg +9Dg + 6 D1g + 3D1;.

MNC-model of the inverse image of A after resolution of singularities is as follows:
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» E3

IL E4

b E5

We see that (E;)2 = —5, (D1)2 = —1, (D4)? = —25 and all the other components
are (—2)-curves. It can be seen that K = 10E; + 48D + D4 + - - - which implies
that (K)2 = 5. Also e(X) = 19. Thus x(X) = 2. We see that Lefschetz’s fixed
point formula gives a contradiction for this tree and hence it cannot occur.

Tree 30: Consider the 10-fold ramified cover f : X — X given by
10K ~ 32D; +3D3+9D3 4+ 10D4 4+ 8D5 + 6 D¢ + 4D7 + 2Dg + 5Dg + D19 — 3D;;.

MNC-model of the inverse image of A after resolution of singularities is as follows:
Dg El fh ﬁ«l,l

E> I :54,2

We see that (D)2 = —3, (D1)? = —1, (D41)? = (D42)? = —11, (E1)? = -3 and
(E3)? = —2. It can be seen that K = 20D +(Dy,1 + Dy 2)+2Dg+7E; +10E; which
implies that (K)2 = 7. Also e(X) = 17. Thus x(X) = 2. We see that Lefschetz’s
fixed point formula gives a contradiction for this tree and hence it cannot occur.

Tree 31: Consider the 13-fold ramified cover f : X = X given by
13K ~ 48D, +14D5+15D3+6D4+2D5—2Dg —6D7 —3Dg+7Dg+10D19+ 5D11.

MNC-model of the inverse image of A after resolution of singularities is as follows:
E; E, Dy E; Eg Eq Eio En

¢ Es
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We see that (E;)? = —4, (Eg)? = -3, (F11)? = —4 and all the other components
are (—2)-curves. It can be seen that K = 8E; + 60D; + 16Es + E1; + - - - which
implies that (K)? = 34. Also e(X) = 26. Thus x(X) = 5. We see that Lefschetz’s
fixed point formula gives a contradiction for this tree and hence it cannot occur.

Tree 32: Consider the 13-fold ramified cover f: X — X given by
13K ~ 40D, + 4Dy +12D3+ 11Dy +6D5 + Dg — 4D7 +2Dg + 9Dg +6D19 + 3D11.
MNC-model of the inverse image of A after resolution of singularities is as follows:

E; D, Es Es E7
— 4

e FEy

We see that (E1)? = —9, (D)2 = —1, (E4)? = -3, (E5)? = —6 and all the other
components are (—2)-curves. It can be seen that K =5F,+52D,+TE4+9Es5 +- - -
which implies that (K)? = 26. Also e(X) = 22. Thus x(X) = 4. We see that
Lefschetz’s fixed point formula gives a contradiction for this tree and hence it
cannot occur.

Tree 33: Consider the 4-fold ramified cover f : X — X given by
4K ~ 13Dy + Dy +4D3 + 4Dy + 3Ds + 2Dg + D7 — Dg + 3Dg + 2D1¢ + D1;3.

MNC-model of the inverse image of A after resolution of singularities is as follows:
E, D, E, Es E,4 D, Dy

Ds

We see that (.D2)2 = —2, (E1)2 = —3, (D1)2 = —1, (D3)2 = (D4)2 = —9 and all

the other components are (—2)-curves. It can be seen that K =16D; + D3+ D4+
E; --- and hence (K)? = —1. Also e(X) = 13. This implies that x(X) = 1 whence
pg(X) = 0 and this is a contradiction. Thus this tree does not occur.

Tree 34: Consider the 7-fold ramified cover f : X — X given by
7K ~ 30D1+15D3+2D3+6D4+8D5+10Dg+7D7+4Dg+ Dg—2D19+ D11 +5D13.

MNC-model of the inverse image of A after resolution of singularities is as follows:
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We see that (Ei)? = (E12)? = -3, (E11)? = —4, (Dg)? = -1, (D7)? = -9 and
all the other components are (—2)-curves. It can be seen that K = 36D, + 8Fo +
3E1; + 6E15 + 16Dg + D7 - - - and hence (K’)2 =11. Also e(X') = 25. This implies

that x(X) = 3. We see that Lefschetz’s fixed point formula gives a contradiction
for this tree and hence it cannot occur.

Tree 35: Consider the 6-fold ramified cover f : X — X given by
6K ~ 28D1+14D3+2D3+6D4+8D5+10Dg+7D7+4Dg+ Dg—2D19— D11 +5D5.

MNC-model of the inverse image of A after resolution of singularities is as follows:
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D3 E; D11 Dasn E3 Dg Eq Dyo D1z Eg Dg 2

Ez 4 E7 E5

4 E10
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We see that (D1,1)? = (D1,2)? = =1, (D41)? = (D42)? = —11, (E1)? = (Ee)? =
—3 and all the other irreducible components are (—2)-curves. It can be seen that
K =16(D1,1+D12)+(Dy1+Dy2)+3(Ds3 1+ D3 2) +6(E1 + Eg)+- - - which implies
that (K)2 = —2. Also e(X) = 26. But then x(X) = 2. We see that Lefschetz’s
fixed point formula gives a contradiction for this tree and hence it cannot occur.

Tree 36: Consider the 4-fold ramified cover f : X — X given by
4K ~ 22D1+11D34+6D3+D4s+5D5+9D¢+7D7+5Dg+3Dg+D1g—D11+6D12+3D13.

MNC-model of the inverse image of A after resolution of singularities is as follows:

D31 E D, Es D, Ds Eg Dg E11 Egs
E> E1o
D3,2 Dlz

We see that (D4)? = (E11)? = —3 and all the other components are (—2)-curves.
Tt can be seen that K = 4D, + 5Ey; + --- which implies that (K)2 = 9. Also
e(X) = 27. But then x(X) = 3. We see that Lefschetz’s fixed point formula gives
a contradiction for this tree and hence it cannot occur.

Tree 37: Consider the 2-fold ramified cover f : X — X given by
2K ~2D1+4+ Dy~ Dy+ D5+ 3Dg+5D7+ TDg+9Dg + 5D19 + D11 +6D13 4+ 3Dq3.

MNC-model of the inverse image of A after resolution of singularities is as follows:
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* D1y

Here we see that (D;)? = —1, (D31)? = (D32)? = (D12)? = =3, (D4)? = —4 and
all the other components are (—2)-curves. It can be seen that K~Dy+3Dyy+--
and hence (K)2 = 2. Also e(X) = 22. But then x(X) = 2. We see that Lefschetz’s
fixed point formula gives a contradiction for this tree and hence it cannot occur.

This completes the proof of our main Theorem.

6. Proofs of the Corollaries

Proof of Corollary 1 (cf. Introduction). Let V be a -homology plane. By our
main result V is rational. M. P. Murthy has shown that on a smooth affine rational
surface any algebraic vector bundle splits as a direct sum of a trivial bundle and a
line bundle (cf. [10]).

Proof of Corollary 2. Let W be a smooth affine 3-fold with trivial reduced
rational homology and with a non-trivial action of @*. Let V := W//@* be
the normal affine variety corresponding to the ring of invariants I'(W)%" and let
m : W — V be the quotient morphism. The rationality of W is proved by first
proving the rationality of V and then analysing the fibers of .

Let S := W% be the fixed point set. By IIL.10 of [3], S # ¢.

Case 1. dim V = 0.

In this case Luna has proved that W = @3 and @* acts linearly on W (cf. section
3, corollary 2, [9]).

Case 2. dim V = 1.

Any fiber F of m has dimension 2. It is well-known that F' contains a unique closed
orbit, say Op, and any other orbit contained in F' has exactly one point in its
closure which lies in Op. It follows that O is a single point. Thus any closed
orbit in W is a point. In this situation Kraft and G.Schwarz have proved that
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W = @ xV (cf. [8]). Hence V also has trivial reduced rational homology. By our
main result V' is rational and hence so is W.

Case 3. dim V = 2.

Theorem B of [7] proves that V is a (possibly singular) @)-homology plane. By the
main result in part I and the main result in parts ILIII, we know that V is rational.

If a general fiber of 7 is a closed orbit, then for a Zariski open subset U C V,
7~ Y(U) 2 U x @*. Hence W is rational.
Suppose that a general fiber of 7 is not a closed orbit. Then a general fiber is
isomorphic to @. The fixed point set S is a section of m over a Zariski open subset
of V. Again, W — S has a Zariski open subset which is a trivial ¢*-bundle over a
Zariski open subset of V. Hence W is rational.
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