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1. Introduction

Let P be an irreducible recurrent transition function on a denumerable space
S with strictly positive invariant measure «. For a kernel 4, a function f and a

measure g on S, we define Af(x)=>] A(x, )(¥), pA(x)=2] p(¥)A(y, %), p-f=
>3 p(@)f(y) and pu-1=33 u(y). Akernel 4 on Sis called a weak potential kernel
y y

if Af is bounded and satisfies (P—I)Af =f for all null charge f. A left (right)
equilibrium potential for a weak potential kernel 4 and a set E is the potential
v=pA (g=Af) satisfying u=0(f=0)on S—E, p-1=1 (a- f=1)and v=constant
X a(g=constant) on E. The constant is denoted by C(E) (C*(E)) and is called
the left (right) capacity of the set E with respect to (a, A). Its charge u(f) is
called the left (right) equilibrium charge. 'The existence of the equilibrium charge
and various properties concerning its capacity were discussed in [3], [5] and [6].

In this paper we shall be concerned with the probablistic representation of
the equilibrium charge and its capacity for some weak potential kernel. The
argument depends on the notion of the approximate chain introduced by Hunt
[2]. For a given transient transition function Q on S, a random chain (X, q, b)
on a o-finite measure space (Q, B, P) is called an approximate Q-chain if for every
finite set E, (X, a, b) is reduced to a Q-chain by the hitting time o of (X, a, b)
for E and satisfies P[oz=—c0]=0. As was remarked by Hunt, this definition is
equivalent to his original definition. In the following the approximate chains
are denoted by (X, a, b) and distinguished only by the measure P. Particularly
if a(ow) =0 a.e. and P[X,=z]=1I(x, z) then we shall use P, in place of P.
Moreover the hitting time of (X, a, b) for a finite set E is denoted by op. It is
known that for any QO-excessive measure %, there corresponds an approximate
O-chain on (Q, B, P) satisfying n(x)=E[ > )I ) (Xn(w))] where I is

a(DHSHSH(@
the indicator function of the set £ and E'is the expectation with respect to P.
We shall call (X, a, b) (P) the approximate (-chain (measure) canonically
assoctated with ». It was shown by T. Watanabe [4] that the transient capacity,
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in the sense of Kemeny and Snell [3], of a finite set E is equal to P[og<<0]
where P is the measure canonically associated with . We shall derive a similar
representation in the recurrent case. From the representation, similar result to
[3] concerning the capacity and the equilibrium potential for a wide class of weak
potential kernels follows easily.

2. Probablistic representation of the capacity

In the following E denotes a finite subset of .S and ¢ a fixed state of S, and
for simplicity we shall assume that a(c)=1. Define .P(x, y)=P(x, y)—I(x, c)

P(c, y), “P(x, y)=P(x, y)—P(x, c)I(c, y), .G(x, y):g (%, y) and °G(x, y)=
) °P"(x, y). Since c is accessible from x by the Markov chain with transition
n=0

function P, it follows that .G(x, ¢)=1. Also by Derman-Harris relation ([5]) °G
(¢, x)=a(x). The weak potential kernel A4 is represented as

(2.1) A(x, y) = —.G(x, y)+h(x) a(y)+=(y)+1(c, y)
= —G(x, y)+(h(x)+1(x, c))a(y)+=(y),

where & and 7 are a function and a measure on S respectively. As is shown
in the proposition 2.1, the equilibrium potential is uniquely determined. But
for the existence it is necessary to restrict the kernel 4 as follows.

In this paper, following [3], we shall restrict to the case that the kernel A4 is
representable as (2.1) by h and = satisfying (i) h(c)=n(c)=0, (i) =(-)+I(c, *)
is a P-excessive measure and (iit) h(+)+1(-, c) is a “P-excessive function.

Proposition 2.1. Left (right) equilibrium potential and hence left (right)
capacity with respect to (a, A) is uniquely determined.

Proof. Let g,=Af, and g,=Af, be two equilibrium potentials of the set
E. 'Then, since f,—f, is a null charge supported in E and g,—g,—constant on
E, f=f, follows at once from the semi-reinforced maximum principle [4]".
The uniqueness of the left equilibrium potential follows similarly.

Corollary. If S is the set of all integers of dimension 1 or 2 and if P(x, y)=
P(0, y—x), A(x, y)=A(0, y—x) for all x, y in S then C(E+x)=C(E), where
E+x={y+x; yeE}

Proof. Let u be the left equilibrium charge of the set E. Under the
condition of the corollary, « is equal to 1 from [6] and hence for any ye E

1) Semi-reinforced maximum principle: For every real number m and null chargé f, if
Af<mon {f >0} then Af<m—f~ on S.
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C(E) = nA(y) = 3 n(s+a—x)A(z+x, y-+)
= 3 m(2)A(z, y-+a),

where p,(2)=u(z—x). Since the measure pu, is supported in E+4x and p,-1=1,
the right hand side of the above equality is equal to C(E-+x).

Now we shall construct the equilibrium charge with respect to (a, 4).
Since 7(+)+1(c,*) and « are .P-excessive, there are the approximate ,P-chains
canonically associated with them. Let P* and P® be the measure canonically
associated with them, respectively. Define

. P X, = x; op<oo] if xek
pE(x) = { i i

0 otherwise
and pj% similarly.
Proposition 2.2. For any xS

(2.2) =(x)+1(c, ) Zuk .G(x) and a(x) =p% G(x).
In particular, if x€ E then

(23) w(0)+1(c, ) = p G() and ax) = p G).

Proof. From the definition of P~, for any x=.S
n(®)+1(c, x) = E*[ 23 I;(Xu(w))]

(M)W

ZE 2 I (Xa()] = pE G(x).

v (@ISA<he)
where E~ is the expectation with respect to P*”. In particular when x€ E, the
equality holds.

Proposition 2.3. For any finite set E, 0<pu%-1=<1 and 0<p®-1<1.
In particular, if cEE then pg-1=pg-1=1.

Proof. If ceE, by letting x=c in (2.3) we obtain the equalities. In the
general case, take a finite set F containing E U{c}. It then follows that u%-1=<
pre1=1and p%- Su%-1=1. The strict positivity of uz-1 follows from

O<a(x)=(pg-1) .G(x, x) for xE.

Set K(E) = (1—pg-1)[ug-1, vs(x) = K(B) p(x) and C(E) = (ve+u5)-
h—K(E).

Theorem 2.1. The measure pp+vy is the left equilibrium charge and C(E)
is the left capacity of E with respect to (o, A4).

Proof. Obviously pz+vg is a measure supported in E and satisfying
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(pgtve)-1=1. If xE then

(pEtve)A(x) = —vg G(*)+[(nztve)-Hla(x)
= [—K(E)+(pE+vE)-hla(x) = C(E) a(*),
by (2.3).

Next, we shall construct the right equilibrium charge with respect to (a, 4).
Since h("x)=h(x)+I(x, c) is a *P-excessive function, °P* defined by °P¥(x, y)=
°P(x, y)I'(y)[F (x) if B'(x)>0, =0 otherwise, is also a transient transition function
on S. Let P2 be the measure defining the Markov chain starting at x with

transition function °P¥, e}(x) be the escape probability of the Markov chain
from the set E, that is,

P [X,&E for all n=1] if xeE

0 otherwise

ebo) - |

and 7F be the last exit time of the approximate chain (X, a, b) from E, that is,

sup {n; X,E} if X,€E for some n
TE(Q)) =

Define P} and e} as above for A’'=1.

— oo otherwise.

Proposition 2.2’. For any xS
(2.4) h'(x)=°Gfg(x) and 1=°Gep(x)
In particular, if x€ E then
(2.5) K (x) = °Gfg(x) and 1 = “Gep(x),
where f(x)=H(x)ex(x).

Proof. Since PAtE>—o0]=°G" ely(x) from [2] and E is a transient
set with respect to P2, we have 1= °G" ely(x) for x&S. From this, (2.4) follows
at once. (2.5) follows similarly.

Proposition 2.3'. For any finite set E, 0<a-fz<1 and 0<a-e;<1.
In particular, if cEE then a-fr=oa-ep=1.

The proof is similar to the proposition 2.3 by noting P}7E> —oco]< P
[tF> — oo] for ECF.

Set K¥(E)=(1—a-fg)|a-ex, ge(x)=K*(E)er(x) and C*(E)==-(fc+gr)
—K*(E).

Theorem 2.1'. The function frp-+gg is the right equilibrium charge and
C*(E) is the right capacity of E with respect to (a, A).
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The proof is similar to the theorem 2.1.
Proposition 2.4. u%-l1=a-epand pg-h=a-fs.

Proof. Let .PZ(x, y) (“P%(x, y)) be the probability of the Markov chain
starting at x, with transition function .P (°P) and returning to E at y if x& E and
y&E, =0 otherwise. From (2.3) we obtain that px(x)=(z+1(c, +)) (I— PE)
(®)=n(I— PE)(x)+1(c, x) and pp(x)=a(l— PE)(x). Similarly fg(x)
=(I— PE)W (x)=(I— PE)h(x)+1(x, ¢) and egp(x)=(I—°PE)1(x) follow from
(2.5). Since ,PE(x, y)=°PE(x, y) for x=4c and y 3¢, the proposition follows.

Theorem 2.2. For any finite set E, C(E)=C*(E).

Proof. From (2.3) and (2.5)

7 fe = (1% :G) fe—f&(c)
= pg (“Gfe)+/e() (ne- 1—1)—pk(c)a-fe
= pph+fe(c) (ng 1—1)+ pE()(1—a-fg).
Since fg(c)(pEe1—1)=pE(c)(1—a+fg)=0 from proposition 2.3 and proposition
2.3, m-fg=p%h holds. Similarly pg-l=n-ep+ui(c) and a-fe=ph h+fg
(c) hold. Then by the definition of the capacity
C(E) = ugh+vg-h—K(E) = uz-h
+K(E) (@-fs—1—f5(0) = ubeh—KEK*E)a-eh
—K(E)fg(c) = pg-h—K(E)K*(E)a -e.
Similarly C*(E)=mn-fg—K*(E)K(E)p%-1. Hence from proposition 2.4, C(E)
=C*(E) follows.

Theorem 2.3. C(E) = E*[h(X, !

D~ Pofs,< ool 0= o] Pe[rF=—c].

Proof. Obviously ur-h = E"[W(X,,)]. If c&E then

1—pgl , _ 1 .
et werh—1) = —Zg 7 (1—up-1) (1—a-fs)
1

- _P“[O'E< o0]

Generally C(E) is not necessarily non-negative, but if ¢ E then C(E) is
non-negative since in this case the second term of the left hand side in theorem
2.3isequalto0. From this fact and the corollary to the proposition 2.1, it follows
that C(E) is always non-negative when P is a random walk, that is, if S, P and 4
satisfy the condition of the corollary to the proposition 2.1.

P o= 0] PA7E = —oco].

Theorem 2.4. C(E) is a non-negative, monotone increasing and alternating
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set function on the class of finite subsets of S containing c.

Proof. For every finite set E containing ¢, C(E)=E"[IX,p5)]= gk
Since A’ is a “P-excessive function, the inequality

CHEU Fh,+ (.‘HE N Fh/ § CHEhI+ CHFh/
holds [1]. Hence
cHEUFh—I_cHEthécHEh—l_cHFh!

where “Hy and _Hy are the réduite defined by °P and P respectively. The
above inequality combined with the equality uz=p% Hg (ECF), shows that

C(E UFH‘C(E ﬂF) = M;:UF(CHEUFh+cHEth)
é.U'E‘UF(cHEh—I_cHFh) = C(E)+C(F)-

Also, since “Hpk' <k’ and hence Hyh=<h, it follows that
C(E) = pp Heh=pfr-h = C(F)
for ECF.

RemARK. For the monotony of C(E), it is not necessary to assume that
each set E contains c.
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