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In [1], M. Auslander and O. Goldman introduced the notion of a
Galois extension of a commutative ring. Galois theory for separable
extension of a commutative ring has been developed by S. U. Chase,
D. K. Harrison and A. Rosenberg in [3]. The author, in [6] and [7],
generalized the notion of a Galois extension of a commutative ring to
the case of non commutative ring, and developed the Galois theory for
separable algebra over a commutative ring. We call here an algebra
Λ over a commutative ring R a Galois algebra if Λ is a Galois extension
of R. The study of Galois algebra over a commutative ring has been
done by F. R. DeMeyer in [4] and [5], and Y. Takeuchi in [11]. In
this note we investigate the structure of such Galois algebra over a
commutative ring.

In §2 we prove that if Λ is a Galois algebra over a commutative
ring R with group G and if C is the center of Λ then Λ is a direct sum
of C-submodule Jσ of Λ with σ^G where Jσ.= {a<=A\σ(x)a = ax for every
Λ: in Λ}. Using this fact, we give shorter proofs of the results of
F. DeMeyer in [4] and [5] and Y. Takeuchi in [11]. In §3 we prove
that if Λ is a Galois algebra over R with group G then, for each σ in
G, cσ=JσJ(T-ι is an idempotent ideal of the center of Λ which is generated
by an idempotent element. As corollary to this theorem, we reduce the
following Harrison-DeMeyer's theorems. If Λ is a Galois algebra over
R with group G and if the center C of Λ is indecomposable then Λ is
a Galois algebra over C and C is a Galois algebra over R. If Λ is a
Galois algebra over R with cyclic group G, then Λ is commutative.

The author wishes to gives hearty thanks to Professor H. Nagao
and Prefessor M. Harad for helpful discussion and their advice.

Throughout this note we assume that every ring has an identity
element.

1. Definitions and Preliminary results.

Let Λ be a ring, G a finite group of ring automorphisms of Λ, and
let Δ = Δ(Λ, G)=Σ0Λί7 σ be the crossed product of Λ and G with trivial
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factor set, i.e. {Uσ} is a Λ-free basis of Δ and U(TUΎ=Uσry Uσ\ = σ(\)Uσ

for λeΛ. We let ΛG denote the totality of elements of Λ which are
left invariant by G. For λ in Λ, we let \, (or λ/) denote the right
(or left) multiplication by λ on Λ and Γr (or Γ/) denote the totality of
λ, (or λ/) with λ e Γ . In [6] we generalized the notion of Galois ex-
tension defined first by M. Auslander and O. Goldman [1] to the non
commutative case. Our definition of Galois extension is as follows. A
ring Λ is called a Galois extension of a ring Γ relative to G, if the
following conditions are satisfied

I. Γ = ΛG,
II. Δ is finitely generated projective ΓV-module.

III. δ : Δ(Λ, G)-^HomΓr(Λ, Λ) is and isomorphism where δ is defined
by S(\Uσ) = \rσ for λeΛ.

If Λ is an algebra over a commutative ring /?, and if Λ is a Galois
extension of R relative to G, then we call Λ a Galois algebra over R
with group G. If Λ is a Galois algebra over R with Group G, and if
R is the center of Λ, then we call Λ central Galois algebra over R with
group G. In [3], Chase, Harrison and Rosenberg gave another definition
of Galois extension for the case of commutative ring which is equivalent
to the definition by Auslander and Goldman [1]. We consider the
following Deffinition the case of non commutative ring Λ is called
a Galois extension of Γ with group G, if the following conditions are
satisfied

Γ. Γ-Tr(Λ), where T r ( * ) = Σ σ(x) for #€ΞΛ,
0 e<?

IF. there exist xί9 x2, •••, xs and yly y29 •••,ys in Λ such that for σ e G

1, if σ = 1

., _U1
0, if σ Φ 1 .

In [7], we have seen that if Λ is an algebra over R then "Galois ex-
tension Λ of /?" in our sense and that in their sense are equivalent.

Now, let Λ be an arbitrary ring, and C the center of Λ. We gener-
alize the argument for Jσ in [10], § 3. For any ring automorphism σ of
Λ, let Jσ.=={a^A\σ(x)a = ax for every jtreΛ}. Then Jσ is a C-submodule
of Λ and we may show easily the following properties. If σ and r are
ring automorphisms of Λ, then

1) ΛΛc/^,
2) τ(Λ)=/τβτ-ι,

3) /σΛ = Λ/σ is a two sided ideal of Λ,
4) for the identity mapping 1 of Λ, Jλ = C.

For a central separable algebra Λ over C, using the result in Rosenberg
and Zelinsky [10], we have
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Lemma 1. Let A be a central separable algebra over C and σ a ring
automorphism of Λ which leaves C element wise fixed. Then we have

2)
3) σ is an inner automorphism of Λ // and only if there is an element

x in /r such that xC=Jσ (cf. Lemma in 5 in [10]),
4) if C is a semi-local ring then σ is an inner automorphism of Λ.

Proof. 1). By Theorem 3. 1 in [1], the homomorphism g:
C

defined by g(\®a) = \a for λ e Λ and # e / σ , is an isomorphism as
C-module. Therefore, we have Λ/σ = Λ. 2). cσ=j(fjσ-ι is an ideal of C,
and cσΛ=/r/r-ιΛ:=/σ.Λ = Λ. Since Λ is central separable, cσ = cσΛnC = C.
3) is calear by 1). 4). We suppose that C is semi-local. Let px, p2, ••• , p,
be the maximal ideals of C. We first show that there is an element x
in Jσ such that x^$Jσ for every maximal ideal pf of C. Since /σ/σ-ι = C,
we have $$2 — \>i.l\>i+1 ••• $Jσ<t$J<r for ί = l, 2, ••• , r. For each /, there
is an element xi in 7r such that

xt GΞ ̂ 2 — pί-^ί+i — tv/σ and ^

Put Λr = Σ Λ ί Then x is contained in 7^, but is not contained in
i=l

for every p l β Now, we shall show xC=Jσ. Since, by Proposition 4 in
[10], 7<r is a finitely generated projective and rank one C-module, we
have [TrΦC/J), : C/t>,] = l for every £,. Since xC<t$Jff, Jσ = xC + \>Jσ for

σ
i = l , 2, ••• ,r. By Nakayama's Lemma, we have Jσ=xC. By 3), this
completes the proof.

2. Structure theorem.

Proposition 1. // Λ is a Galois extension of Y relative to G, then

where FΛ(Γ) is the commutor ring of Γ in Λ.

Proof. From our definition of Galois extension, we may identify
Δ = Δ(Λ, G)=Σ®ΛZ7σ and Homr (Λ, Λ) by the isomorphism δ. Then we

σ €Ξ# r

may denote Δ(Λ, G)=Σ®Λ/σ. It follows that VΔ(Λ)= VHomr CΛ A)(Λ/) =
σe^ r

HomΛ / Γ r(Λ, Λ) = ( VΛ(Γ))y. On the other hand, an easy computation shows

VΔ(Λ)=ΓΣ®Λ-ιϋrcr = (Σ®7r-ι)r. Therefore, we have VA(Γ) = Σ θ / r .
σe^r σe^ί σeίί

From this proposition we have immediately
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Theorem 1. Let Λ be a Galois algebra over a commutative ring R
with group G. Then we have Λ =

Proposition 2. Let A be a Galois algebra over R with group G, G
the center of Λ, and let cσ=/σΛΓΊC for each σ in G. Then ĉ  is an ideal
of C and ĉ Λ =/σΛ. For σ, τ in G, we have the following properties

1) c<r=0 if and only if / σ = 0,

3) /σ/σ-l=/σ-l/σ = Cσ, thβrβfOrβ Cσ = Cσ-l,

4) c σ / σ -/ σ ,

5 ) c σ

2 = c , ,
6) c ^ C // <zwd 0w/y // σ leaves each element of the center C in-

variant, i.e. cτ|C = l,
7) if σ\C = l or r\C = l then J9Jv=J9r.

Proof. Let Λ be a Galois algebra over R with group G. Then Λ
is separable over R (cf. Proposition 4 in [6]), therefore Λ is central
separable over C and C is separable over R. From the central separa-
bility of Λ, we obtain cσA=JσA for c^CnΛA. Since Λ = Σ θ / o w e

σ e<?

have c^Λ^ΣΦ^Λ and / 0 Λ=Σ/J Γ τ Since /< Γ/τc/ ( Γ T and c^Λ^/^Λ, we
τe<? re^

have ΛΛ = Σ θ/σ /T and c,/^ =/,/,. . Similarly, cτ/στ - / σ / τ . In paticular,
τe#

taking r^cr ' 1 or τ = l, we have /(r/<Γ-ι = c<r = cβ.-ι or cσjσ=jσ, and cσ

2 =
t<rJtrJ(r-1=J<rJσ-1 = to If ̂ Γ is an automorphism of the central separable
algebra Λ over C which leaves C element wise fixed, then by Lemma 1
we have \Jσ = A, therefore ttr = CΓ\A.Jσ = C. Conversely, if ĉ  — C, then
by definition of / σ we have (σ(x) — x)a=Q for every x in C and amjσ.
Since t(T=J(ΓJσ-ιy (σ(x) — x)C = (σ(x) — x)cσ. = Q f° r every Λ: in C. Therefore
σ(*) = * for every x C. If σ|C = l then by 6) and 2) ΛΛ-c,/,,-/^.

From Theorem 1 and Proposition 2, we obtain easily the following

Corollary 1. If A is a central Galois algebra over C with group G,

then Λ=Σ®/r> Λ/τ=Λτ βwrf P,=/«r/«r-i = C /or *wry σ ί» G.

Corollary 2. (De Meyer and Takeuchi) // Λ is Λ central Galois
algebra over C with group G, and if every element σ of G is an inner
automorphism of Λ associated with a unit uσ in Λ, then Jσ = Cuσ and

Proposition 3. Let Λ be a Galois algebra over R with group G, C
the center of Λ, and H={σ<=G\σ(x) = x for every x in C}. Then Λ is a
central Galois algebra over C with group H if and only ifjr = 0 for every T
in G such that τ&H, and then C is a Galois algebra over R with group G/H.
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Proof. Let Λ be Galois algebra over R with G. Then Λ = Σ θ / α .
σe#

If Λ is acentral Galois algebra over C with group H, then AH=C and
C is a Galois extension of R with group G/H (cf . proof of Theorem 3. 1
in [3], or Theorem 1 in [11]). If Λ is a central Galois algebra over
C with group if, then, by Theorem 1, Λ = Σ ® Λ , therefore Jr = 0 for

σ^S

τ<£H. Conversely, if / τ = 0 for every τ&H> then Λ = Σ ® Λ Since by
σ-e.ff

Theorem 3 in [6] Λ is a Galois extension of AH relative to H> by
Proposition 1 we have FΛ(ΛH)=]Γ]ΘΛ. therefore Λ=F Λ (Λ / f ), and Λ"

σ ej?

c C . Since CcΛ^, we have ΛH=C, thus Λ is a central Galois algebra
over. C. This completes the proof.

Proposition 4. Let K be a Galois algebra over R with group G, and
let N(σ] = {τ(=G\τσ = σr} for each σ e G , then we have the following
statements

1) for ΛΦO and / τ , Jσ=Jr if and only if σ=τ,
2) each element of N(<r} induces an automorpxism of C-module Jσ ,

and J//O.ΦO then r is contained in N(σ) if and only if τ(/ 0 .)=/ ( r ,
3) for σ Φ l ί'w G tfwrf # /« /o , // T(ΛΓ)=Λ: /(9r

4) for σ Φ l ^wrf /or every x in / σ , Σ τ(x) = Q,
τe^cσ)

5) /or σ Φ l in G and for every x in Jσy TΓ(ΛΓ)=O.

Proof. 1) and 2) are clear. To prove 3), let τ19τ29 9τr be the
right coset representatives of G modulo N(σ). If x in / , satisfies T(Λ:) = x

for every r in N(σ\ then we put ^ ^ Σ 7 " ^ ^ ) - Since v(y) = Σ ^ T i(^) = r

ί = l i

Σ τ « ( ^ ) = J ' f° r every i; in G, 3; is contained in ΛG=7?, and therefore
t

y*Ξjι = C. On the other hand, τί(x)ςΞτi(J(Γ}=Jr.(Γr.-ι*Jl, and by 2) τ,(/ σ)Φ
T/ί/o.) if ίΦy. Since Λ is a direct sum of /„, for σ^G, we have rt-(^) = 0
ί = l, 2, « ,r, and therefore jc = 0. 4) is easily proved by 3). Now, for

every element x in /, , TΓ(ΛΓ)= Σ σ W = Σ τ «( Σ v(x)) = Q, therefore we
- _ v σ e β , =ι ve^Vcσ)

have 5).
Using this proposition we have

Proposition 5. Let A. be a Galois algebra over R with group G, C
the center of Λ, and let H={σ<EΞG\σ C = l}. Then the order \H\ of H
is a unit in R.

Proof. By 5) in Proposition 4, Tr(/ r)=0 for σΦl in G. Therefore
= Tr(ΣΛ)=ΣTr(/ σ ) = Tr(/1)=Tr(C), and /? = Tr(C). Then there
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is an element a in C such that Tr(0) = l. Let G = σ1H+ ••• +σrH be
the right decomposition of G modulo if. We have Tr (a) = Σ σ(d) =

σ e #

\H\(Σσi(a}) = l. However, Σ ^(a) is contained in ΛG = #. Therefore
ί = l ί = l

I H\ is a unit in R.

Corollary 3. (De Meyer and Takeuchi) Let Λ be a central Galois
algebra over C with group G. Then the order \G\ of G is a unit in C.

Corollary 4. Let Λ be a central Galois algebra over C with group R.
Then A is a strongly separable algebra over C in the sense of [9].

Proof. By Theorem 1 in [9], Λ is a strongly separable algebra
over C if and only if Λ/pΛ is a strongly separable algebra over
for every maximal ideal p of Cυ. For a maximal ideal £ of C,
is a central simple algebra with minimum condition over C/p, and
[Λ/t>Λ: C/t>] = [Λ(8)Cp: Cp]= |G | . Therefore the degree of the central

C

simple algebra Λ/pΛ is a unit in C/p. Thus the degree of Λ/pΛ is
prime to the characteristic of C/p. By definition of strongly separbility
in [8], Λ/pΛ is a strongly separable algebra over C/J> for every maximal
ideal p of C, which complets the proof.

3. Main theorem.

Proposition 6. Let Λ be a Galois algebra over R with group G, C
the center of Λ, and cσ the ideal defined in Proposition 2 for each
Then we have the following statemements

J-/ Cσ Cτ Cσ Cσ T CTC(j.T ,

2) cσ.ccσ* /or tf?ry integer i, therefore ĉ ΦO implies Ĉ  ΦO,
3) for r e G, τ(cτ) = c-,τ-ι,
4) /0r#={σeΞG|<7|C = l}, if σ=τ (mod#)

Proof. 1) and 3) are clear by Proposition 2, and 2) and 4) are easily
proved by 1).

Lemma 2. Let C be a commutative algebra over Ry and c an ideal
of C such that c is idempotent and finitely generated over R. Then c is
generated by an idempotent element iu C.2)

r r

Proof. Let ^=^Rx{. Since c idempotent, c2 = c = Σ c # * Then, we

1) Let Λ be a central separable algebra over C. Then Λ is strongly separable over C
if and only if Λ/$Λ is strongly separable over C/p for every maximal ideal p of C. (Cf.
proof of Theorem 1 in [9].)

2) This lemma suggested to me by M. Harada, I express here my thanks to him,
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have xi=^aίjxj with some ai} in c. Let be the deteriminant of the
3

matrix £"— (#, y), where E is the unit matrix. Then, we can easily see
that d=\ — e with some e in c and xd = Q for every x in c. Therefore,
we have e2 = e and ex = x for every c, thus t = eC.

From this lemma, we have the following main theorem

Theorem 2. Let A be a Galois algebra over R with group G, C, the
center of Λ. Then c(Γ=J(ΓJ<r-ι is generated by an idempotent element e^
in C for each σ in G.

As a corollary of Theorem 2, we have

Theorem 3. (Harrison, De Meyer) Let Λ be a Galois algebra over
R with group G, and let C be the center of Λ. // C is indecomposable,
then Λ is a central Galois algebra over C with group H, and C is a Galois
algebra over R with group G/H> where H={σ^G σ|C = l}.

Proof. Since the idempotent elements in C are only 0 and 1, for
each σ e G , by Theorem 2, cσ is either 0 or C. Therefore, if τ$JF/ then
/ τ = 0. By Proposition 3, the proof is completed.

Proposition 7. Let Λ be a Galois algebra over R with group G, and
let a(T = {x^C\xt<τ = Q} Then we have the following statements',

1) ασ. = ασ-ιZ)ασ.ί for any integer ι,
2) aσλ = {x^Λ\xJσ = 0}>
3) α»ΓΛn/r = α σ / τ ,
4) for x^J<r, x = Q if and only if xj(r = 0 (or xcσ = 0).
5) if x^Jσ and xJffi=Q for some integer i, then x=0.

Proof. 1) and 2) are clear by 4) in Proposition 6. Since Λ =
σ e#

we have ( v Λ ^ Σ Φ β o /Tί therefore aσ.AΓiJτ = a(ΓJτ. In particular, taking
τe#

σ = τ, we have α̂ Λ Γ\ Jσ

 = Oσ /σ = Q0.c0.yσ.=0, which proves 4). 5) is clear
by 1).

For a Galois algera with abelian group, we have the following pro-
position with a weaker assumption than Theorem 3.

Proposition 8. Let Λ be a Galois algebra over R with abelian group G.
Then Λ is a strongly separable algebra over R. If R is indecomposable,
then Λ is a central Galois algebra over the center C and the center C is
a Galois algebra over R.

Proof. We prove first the second part. Since G is abelian, for every
T in G, τ(c0.)

 = Cτxrτ-ι = c(r. If cσΦθ, then there is a non zero idempotent
element e^ in C sych that c ^ ^ C , and for every r in G, τ(e^) = e^,
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Therefore, e9 is contained in ΛG = R. It must be eσ = l. Thereforec cσ = C.
By Proposition 3, this completes the proof of the second part. By
Theorem 1 in [9] and the second part of this proposition, we can prove
the first part; for every maximal ideal p of R, Λ(g)/fy, is strongly

R

separable over #p, therefore Λ is strongly seprarable over R3\

Proposition 9. Let A. be a Galois algebra over R with group G. If
A is a strongly separable algebra over R, then we have the following
statements

1) for each σ-eG, σ | / r = l, i.e. σ(x) = x for all x in / σ ,
2) for each integer i, if a^Jσ and b^Jσi then ab = ba.

Proof. If Λ is a strongly separable algebra over /?, then by Pro-
position 1 in [9], Λ = Cφ[Λ, Λ] where C is the center of Λ and [Λ, Λ]
is a C-submodule of Λ generated by xy—yx for every x, y in Λ. For
any x, y in Jσ and z in Jσ-ι, it follows that σ(x)yz=yxz = xzy. Since zy
andyz are in /,/,-! =/0.-i/ r = c0.cC, we have zy-yz^[A, Λ]flC = 0, and
therefore zy=yz. Thus σ(x)yz = xyz, and (σ(x) — x)yz = 0. Therefore,
(σ(x) — x)jtrjσ-ι = (σ(x) — x)cσ = 09 and hence σ(x) = x. Thus we have 1).
By 1), we obtain the statement 2); for every α^Jσ and b^J^i, αb =
σi(ά)b = bα.

We now obtain the following Harrison- De Meyers, Theorem.

Theorem 4. (Harrison-De Meyer) Let Λ be α Galois algebra over R
with cyclic group G. Then Λ is commutative.

Proof. Since G is abelian, by Proposition 8, Λ is strongly separable
over R. Now, suppose Λ is non commutative. Let G = (σ). Since
Λ = Σ θ Λ ί , there is/^ φO. Let & = min(/>0|/ σ ί φO). If kjfi then, by 1)

(
in Proposition 6, c ^ ί = cσ.*cσί-«* = 0 where n is an integer such that
0<i-nk<k. Therefore, \ikXi then J<7iJσk=JσkJ(Γi = 0. If k\iy i.e. i = kr,
then by 2) in Proposition 9, ab = ba for every a^Jσk and b^Jσkr=Jσi.
Thus /σfcΦθ is contained in the center C=J19 this is a contradiction.
Therefore Λ is commutative.

Now, let Λ be a Galois algebra over 7? with group G, and C the
center of Λ. Then for each σ-eG, there is an idempotent element eσ

such that eσC = cσ. Let e(T=^aibiy a^Jσy i, e/ σ -ι . Then we have
ί-i

r

Proposition 10. Under the above assumption, ef

σ=^ bfii is an element
in ĉ  , and satisfies the following conditions

3) By Theorem 1 in f 9], if Λ is a separable algebra over R, then Λ is strongly separable
over R if and only if Λ(&RR$ is strongly separable over 7?p for every maximal ideal p of R,
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1) σ(x} = e'σx for every
2) e'σ

z = eσ and e'σC = cσ, therefore σ2\Jσ = l.

Proof. Since σ(x)^Jσ for every x^Jσ, we have σ(x) = eσσ(x) =

= e'σx for #<= /σ. Now, e?= Σ b^b^aj

= Σ ( « Λ ) ^ =Σl«Λ ( M / ) = Σ l « « ( M ^ = ^ = eσ. It follows that e'«C = t
ij ij ij

and σ\x) = σ(σ(x)) = e'σσ(x) = e'σ
2x=e(Γx = x for all x in / σ .

OSAKA GAKUGEI DAIGAKU
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