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An Example of a Null-Boundary Riemann Surface

By Zenjiro KURAMOCHI

We have proved that the Green’s function is not” uniquely deter-
mined, when its pole is at an ideal boundary point of a null-boundary
Riemann surface. M. Heins introduced® the notion of the minimal
function due to R. S. Martin® and constructed a boundary point of
“dimension of preassigned number and conjectured that there would
exist a boundary point of dimension infinity. We show by an example
that his conjecture holds good.

1) Example. We denote by G the domain bounded by straight
lines L,, L, and the semi-circle C such that

L:1<]2|< e, arg 2=0, L,:1<|2|< o, argz==
C:|z|=1 0<£argz<=.

On G we define a sequence of slits such that

It 2"14]z[42‘—%, argz:—;—: 1=23,4,...

I4: 27 Llz| £ 20— g, arg =T :i=3,4,5,

It 27 2| 22— g, argz = i=n+l, nt2, ..
n=1, 2, 3,

Let G! and G*? be the same examplars with the same boundary and
connect G' with G* by identifying L,, L, and {I%} of them, to con-

1) Z. Kuramochi: Potential theory and its applications, I, Osaka Math. J. 3 (1951),
123-174.

2) M. Heins: Riemann surfaces of infinite genus, Annals of Math. 55 (1952), 296-
317.

3) R.S. Martin: Minimal positive harmonic functions, Trans. Amer. Math. Soc. 19
(1941), 137-172.
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struct the symmetric surface with respect to L,+L,+ {I%}. We denote
such a Riemann surface by F'; then F has only one compact relative
bonudary lying on C and is of infinite genus and further has it one ideal
boundary point at 2=co, and it is clear that F has a null ideal boundary.

Fig. 1.

2) Let B, be the subsurface of F with projection on the part

<argz = g0

7T

T <argz < 2,7% Then B, has boundary on |z|=1, 5

21»=
and
71. %—1 4 +n. 7 T
vi1=|2]=2 argr =5, 1 1<(2|< 27 arg 2=
and

Ji: 2 >z| = 2t-86,, argz=»f;1: 8l =

o ci=n+1,n+2, ...

1
o *

i 2 42, n+3, ..

ntl = D+ *

+ 7T
Jian: 28 >2|=2-8},,, argz =gu:

. . _7£ .
We transform B, by the mapping w = =+ (ze 2")%", where + corresponds
to the mapping of upper or lower exemplars respectively, then B, is
mapped onto the w-plane slits *J?, - J! lying on argw=0, or arg w==

and having the boundary on |w|=1, and ~J}, *J},

Jhr (2= Z|w[L2%: a=2",
Tt (28 Z|w]| <L 2.
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Then we have

T 2e-Blwsze, Fn<Hi<ia
Ji 2e—Faslels2e, Zavtsiasgan.

Denote by o' (w) the harmonic measure of *J! with respect to the
domain |w|>>1. Then we have by elementary calculation the follow-
ing inequality

1—aw
a—uw
a’—1 ’
S —a

log
wf(w) = —
log

a = (2.

On the other hand, denote by U}(p) the harmonic function on F in
2.1w+2(1+1) 2

the part |z[<qf: "__<

|z]_«yj, anargzgz,.ﬂ and U 2(p)=0, when |z|=¢q}, n=argz> 2n 1

or 2,, > arg z > 0 and further U}(p) =0, when |z|=1. Since U,{(p/) >0,

we define U,(p) by a uniformly convergent subsequence {U}(p)};
then it is clear U,(p) <log|z|. On the other hand, let V](p) be
a harmonic function such that VJ(p) is harmonic in B,n{|z|<«%},

, such that Uj(p) = log|z|, when

Vo(p) = logl|z| on 45N B, Vi(p) =0 on 2¢—§i <|z]|<2f, argz=2%?: or
and 2‘—8,’,+1glz[£2‘ argz=gﬁ and on J}, *J! and consider
V*(z) = log |2]|— Z log 2te™¢( tﬁlog 2'»~%z), where o'(?2) (0 %2))
is the harmonic measure of the boundary of B, lying on {J:}, {Ji.1}.
Then we have V*(z) <0, zeZ {1;,1;,,}. Consider o*¥(z): |2/|=q1,

3z . x 2Ja 4 O+
arg z,= gnsi, L€ the value of o'lw) atw=2¢e"% r:r= ;»—.

2
Then we have
I+a7
log ¥ gy
o (2;) = ;

os (52 ¢)

llog 2a? 1 (log 2) (1+ia)
<2 <. 2 , <lria g
a? icxlog2— log 2 + i*nlog 2 2i'n

log g&)

Thus
ﬁlog2‘w;‘(z)+210g2‘w;‘(z) at z,(j=mn, n+l, ...)

i=n
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i1+ia) i(l1+ia)

<1g2<§ S ;- n+1> by < by < 4o

where k, is a finite constant, from which follows the unboundedness
of V*¥(z) at 2,(j=1,2,...), and hence U,(p) = V]}(p) = V*(p) yields
the non-constancy of U,(p).

3) Next we consider the Dirichlet integral of U,(p) on F. In
B,_, and B,,, and we denote by R%*! and R7*!, the ring-domains
contained in F— B, with projection such that

—1

T e S |e—pit = 2 sm2n+2. 0<argz—pit < =

Bn
Ryt ’ <|z—p7}"| < 27 sin 2,,+3. 0<Largz—pi' < =

respectively where
‘ : 2 &7
Pyt argz =gumi, |2|= <2’ —72’->

Py argz =g, |2|= <2—§;>.
Then we have
27 sing%
M7-! = module of R} =log 5 = (j'n+j—n—2)log 2+ log = =
2 2nj4
(7'n +j +n— 2)1log 2 and
Mr*t = module of R}*' = (' + 1) +j — n — 3) log 2.

We denote by wi(p) the harmonic function such that

w} (p) is harmonic in (F — B,) |ZI< 21: 4 20t
A i1
wi (p)=0: |z]= 2—(2z + 27, ze (GA(F — B} : C,=|z|= +2_2
T

wi(p)=1log2:27 -3 <|z2|<27, argz = gn-1! j=mnn+1,

' wi(p)=log2: 2/ —§,,|z|L27, argz=*g7,-—:j=n+1;n+2,

Then
Dy 5, (Ui(p)) < Dyp_,, (Wi(D))

and further @:(p) is a continuous function such that



An cxample of a null-boundary Riemann surface 87

i
@a(p) =log2?: |z —pil< 5 o Z2€EB, i j=mn, ..

(3
8n-l»l

wa(p) =1log 27: |z —pin|<-%", 2€Bu,ij=n+1, ...

In R} and R7*' and @i(p) is harmonic and

wh(p) =log 27 : |z—p|=_82z,
wi(p)=0 [z—p]:sin%f;’

- J “ St
wi(p)=1log2’: |z —p} IZ_T’
Bp) =0 i |z =Py =2 singr,

?Z}z(p):o : pEF——B,,——(;R';“l_*_?Rq}H).

Then by Dirichlet principle

27)2 log 27)2
Dy, wiip)) < Diatip) = 31U oR 2"+ S UREL | 4,
F- Bn J F] A
for every ¢, where A < co.
Thus
DF—B”(Un(p)) gtgo (U’i‘(p)) Ss lo)o < 00,
F—Bpy F-B,

4) Since F has a null-boundary, D,(U,(p)) = o, because if
D (Uyn(p)) < oo, it follows U,(p) =0, whence
Dsn(Un(p)) = o
Since DB"(Um(p)) < o, if ma=n ’

all U,(p) are linearly independent.

We show in reality that 1°) U,(p) are all minimal functions, and
2°) each B, has only one minimal function.

We denote by B7% the ring-domain 27 <|z|< 297 — 8]+, Zif;,g

argz < % contained in B,, and denote by max U,,(p) the maximum

when p is on B,nC,: C;= {|z]|=1¢]}. If there exists at least a Jordan
curve Jin B7 starting from p,, which is on C;, and reaching at least one

boundary component of the ring 27 <|z| <27+ —§)*1, 2,, <argz< 2,, 5
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and if we denote by (p) the harmonic measure of J with respect to
this ring, then there exists a constant K depending only on the module
of this ring such that

Min U (p) = Ko(p) Max U (p) > K Max Upew(p)°

pecs becy

5) According to R. S. Martin’s theorem any positive harmonic
function can be expressed uniquely by a linear form of minimal func-

tions, thus
U= S Vdu,

therefore there exists at least a function V such that KU,= V: K< ce.

a) V is unbounded on |z|=¢«’ in B,.

Proof. If V(p) <M<, we define V}(V% p)) such that Vi(p)(V3i(p))
is harmonic in |z|<y’, V=0 (Vi=M): peC,nB, and Vi=Vi=V:
peC,n(F—B,), and take V'(p), V?(p) from the uniformly convergent
sequences {Vj}, {V3}. Then 0< Vi — V)< Mo, p), where w,(p) is
the harmonic measure of C;n B, with respect to domain of F contained
in |2|<+’. Since F has a null-boundary, we have V!(p)= V?(p).
On the other hand, let U,(p) be the harmonic function in |z|< ¢’
such that Uy(p)=0:pecC,nB,, U,(p)=U(p): peC,n(F - B,), and
let U*(p) be a harmonic function obtained by taking a uniformly
convergent subsequence from {U,(p)}. We construct ring-domains
contained in B, such that

Rr S <|z—pi<2singe., O<(argz—p) <=
Fig. 1.

Ry™: 8 <z — pitt| < 2singurs, 0 (argz —pitY) <=
where

1 1
1" =5 <2‘— gam) » arg Py = 257»[:3 )

1 2
27| = g (2= gwem)» arg st =15,
and define a continuous function as in the case (3). Then we have
Dy (Ui(p) < oo, and Dy(Ux(p)) < o .

This implies that U#¥(p)=0. By assumption V< U, V<M in B,,
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we have
V=V'=V? V< U,(p), and it follow that V= U*(p)= V=0, there-
fore V is not bounded on C’~ B, and by (4) V(z) is not bounded on the

. . 3z
sequence {z;}: |z;|=¢ arg Z=1on .

b) V(p) is invariant by generalized extremisation.”

Let V(p)be harmonic in Fn {|z|< ¢}, V(p)=V(p):p € C,nB, V ,(p)=
0: peCyn(F — B,): From the unboundedness of V(p) on {2z} and
from V(p) < U(p), we can prove as (2) and (3), that there exists a
harmonic function V*(p) from {V,(p)}, such that

Dy s (VX(p)) < oo, V*(p)== const.

Since |V,(p) — V(p)|<2U(p) on argz= 725,, or argz:%, Vip) =
Vip): p€C,nB,, and hence we have by the same manner used in (2)
(3), Dx(V*(p)— V(p)) < oo, therefore V*(p) = V(p){ V*(p) is obtained by
generalized extremisation from V (p)} and thus, since U(p) = V(p) =0,
it follows that V(p) is invariant by generalized exteremisation with
respect to B,.
c) There is only one manimal function smaller than U (p).
Since V*(p)==0, if there are two functions V,(p) = V,(p) such
that V,(p) < U(p), then there are two constants K,, K, such that
lim Max V, (p)=K, log |z]|: i=1,2,
J .

pecy

but from (4) there exist constants K,, K,, such that

Vl(p) gK:;Vz(p) Vl(p)>K4V2(p) > pecj'

.V,
Put Min VZQ =K,, 2eCnB,.
Then
ImK, =K, K< o,
! :
because

max V,(z) = K1 log |z|: z€¢B,,
min V,(z) =K’ log |2]|: z2€B,,

therefore there exists a subsequence

4) We such operation generalized extremisation for convenience. This is certainly
different from the extremisation.
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limK,=K
i
and
0 Vi(e) — K[V,(2g) =¢,V,(z): lim¢&;=0: zeC;nB,,
2
thus
Vi.2) — KV, [(2) < &V,,(2) < &Slog |z2]: S< oo
11m V.2 — K.V, (2)=0,
which implies that
V,(Z) ESS KVz(Z) N

thus V,,,(p) is a minimal function, and if we compare U(p) with V,(p)
by {U.(p), V,,.(p)} we have U(p) < K"V,(p), K” being constant, thus
U(p) is a minimal function and we see that on our example there
exist exactly enumrable infinity of minimal functions.

6) Positive harmonic function in the neighbourhood of an ideal boundary

point.

Let F be a null-boundary Riemann surface with a compact relative
boundary ', and p~ be an ideal boundary point.

We denote by G p,p~) (i =1, 2, ...), the positive mmzmal Sunction
with a pole at p= and denote by GY the domain E[G' = N7 and by C}¥~ the
niveau curve E[G*= N]. Then ZG” is an open set with a compact

boundary.

Proof. If G} € p,: limp, = 1;"" and if G(p, p,) is the Green’s func-
J oo
(P, %)

tion with its pole at p,, then smce £ >0, peC}¥, we have by
Green’s formula
1 oG p. p> »
N= Gl 1) = 5o | Glo, 5 2CL 27 g
~M
€

2n = S g@z ds = S aG(Z p“’) ds
on
Ty Ty

5)

and
Dan(F”—I)N)(G(Z, PN D (G(z pm) =27,
Fa(F-Dy)

for sufficiently larrge m(n). Let m and n — . We have
Drucr-nyy(G(z, p=)) < 27N.

It follows that
9G(z, ™) 45 — 0, and S 9G(z, 7) g5 — 27
T on on

TN CF =Dy T,

lim

N=00
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Let V,(p=) be a neighbourhood with compact boundaries such that

>y ds == Then since N> 22 S G(p,pjy) — aGt(ﬁ’ 27 s

Ct ﬁVM Ci f‘iVM
there exists at least one point ¢, on C” (CE¥ANV,(p) for every

b, €GY such that lim Gg,, p°) < 2N for every M, whence hm G(p, ;)
Q}GCM

(lim G’(p, p=)) is free from the minimal functions G p, p""). If G¥ =
S1GY is not compact, there exists a sequence 7,, 7,, ..., ¥;€G”, and
(2

b

there exists at least one general Green’s function G(p, r~), but G(p, )
must be expressed by a linear form of G'(p, p~), G*(p, p~) ---, which
contradicts the preceding assertion.

Since at any point p there exists a constant k(p) such that
U(p)<k(p) for any positive harmonic function U (p) satisfying
217[ S ou ds=1, Up) =0, we have G, DG,y -, _Z?T}Nizp‘”.

I, Per, i=1

If wys(p) denotes the harmonic measure of the boundary G, with
respect to the domain F — G,, then anm(p) is a monotonously
ds <o, then 311;1 (D) =

. . . aco
increasing function. Hence if an Ownx(P

r
o*(p) is harmonic and lim o*(p) = . Then as a special case we have

P>DPo

Corollary. If p..” is finite dimensional, then the solution of Evans’s®
problem exists.

(Received Magch 16, 1954)

6) See 2).
7) See 1) and 2).








