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Abstract
We prove that there exists a positive integgrdepending only om such that
for every smooth projective-fold of general typeX defined over complex numbers,
ImKy| gives a birational rational map frord into a projective space for every >
vn. This theorem gives an affirmative answer to Severi’'s cdnjec
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1. Introduction

Let X be a smooth projective variety and I&tx be the canonical bundle oX.
X is said to be a general type, if there exists a positive imtegeuch that the pluri-
canonical systemimKy| gives a birational (rational) embedding of. The following
problem is fundamental to study projective varieties of egahtype.

PrROBLEM. Find a positive integer, depending only om such that for every
smooth projectiven-fold X, ImKx| gives a birational rational map frorKX into a pro-
jective space for everyn > v,.

2000 Mathematics Subject Classification. 14J40, 32J18.



724 H. TsuJi

If X is a projective curve of genug 2, it is well known that|3Kx| gives a projec-
tive embedding. In the case that is a smooth projective surface of general type,
E. Bombieri showed thasK | gives a birational rational map from into a projec-
tive space ([3]). But for the case of dik = 3, very little is known about the above
problem.

The main purpose of this article is to prove the followingdtems in full gen-
erality.

Theorem 1.1. There exists a positive integer, which depends only on n such
that for every smooth projective n-fold X of general type ndefiover complex num-
bers |mKy| gives a birational rational map from X into a projective spafor every
m = vp.

Theorem 1.1 is very much related to the theory of minimal nedét has been
conjectured that for every nonuniruled smooth projectigeety X, there exists a pro-
jective variety Xmin such that
1. Xmin is birationally equivalent taX,

2. Xmin has onlyQ-factorial terminal singularities,

3. Kx,, is a nefQ-Cartier divisor.

Xmin is called a minimal model ofX. To construct a minimal model, the minimal
model program (MMP) has been proposed (cf. [15, p.96]). Theima@ahmodel pro-
gram was completed in the case of 3-folds by S. Mori ([19]).

The proof of Theorem 1.1 can be very much simplified, if we essuhe exis-
tence of minimal models for projective varieties of gendygle and has been trieated
in [35]. The proof here is modeled after the proof in [35] byngsthe theory of AZD
originated by the author ([27, 28]).

The major difficulty of the proof of Theorem 1.1 is to find (universa) lower
bound of the positivity of K. In fact Theorem 1.1 is equivalent to the following
theorem.

Theorem 1.2. There exists a positive number, Gvhich depends only on n
such that for every smooth projective n-fold X of generaktgefined over complex
numbers

n(X, Kx) :=nl - mﬁ m~9MX dim HO(X, Ox(mKy)) = C,
holds

We note thaiu(X, Kx) is equal to the intersection numbK§ for a minimal projective
n-fold X of general type. In Theorems 1.1 and 1.2, the numbgrand C,, have not
yet been computed effectively.
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The relation between Theorems 1.1 and 1.2 is as follows. rEned.2 means that
there exists a universal lower bound of the positivity of a@inal bundle of smooth
projective variety of general type with a fixed dimension. @e other hand, for a
smooth projective variety of general type, let us consider the lower bound of
such thatimKy| gives a birational embedding. Such a lower bound dependshen t
positivity of Ky on certain subvarieties which appear as the strata of thatifilhs as
in [31, 1] (cf. Section 3.1).

The positivity of Kx on the subvarieites can be related to the positivity of the
canonical bundles of the smooth models of the subvarieigeshe subadjunction theo-
rem due to Kawamata ([11]). We note that for a smooth projectariety X of general
type there exists a nonempty open subldgtin countable Zariski topology such that
for every x € Up, any subvariety containing is of general type.

The organization of the paper is as follows. In Section 2, eé@ew the basic
techniques to prove Theorems 1.1 and 1.2.

In Section 3, we prove Theorems 1.1 and 1.2 without assuntiagekistence of
minimal models for projective varieties of general type.rédee use the AZD (cf. Sec-
tion 2.2) of Ky instead of minimal models. And we use the subadjunction rdrao
(Theorem 2.24) and the positivity theorem (Theorem 2.3® ttuKawamata.

In Section 4, we discuss the application of Theorems 1.1 ahdalSeveri-litaka's
conjecture.

In this paper all the varieties are defined o¥r

This is the continuation of the paper [35] and is a transinipbf the latter half
of [34].

After the completion of this work (seeat h. Cv/ 0409318), | saw the paper
“Boundedness of pluricanonical maps of varieties of gdrtgpe”, mat h. AG 0504327
written by C. Hacon and J. McKernan. And very recently thedielhg two papers ap-
peared and proved the same result in this paper and [34].

C. Hacon and J. McKernarBoundedness of pluricanonical maps of varieties of gentyaé
Invent. Math.166 (2006), 1-25.

S. Takayama:Pluricanonical systems of varieties of general typevent. Math.165 (2006),
551-587.

Their proofs follow the strategy and the arguments in thipgpaand [34, 35] as they
admitted in their papers. As in this paper, in their proofe trucial tool is the exten-
sion theorem of sections of multi adjoint bundles from théwsuiety to the ambient
variety (cf. Theorems 2.24 and 2.25 below).

The only difference between their proofs and the one in herhat the extension
theorem is from a divisor in their proofs, while in my proofetextension is from a
subvariety of arbitrary codimension. In fact the main irtieat in their articles are
the extension theorems for multi log canonical forms andvary much similar to the
subadjunction theorem in this paper (Theorem 2.25) inolydis proof (they employed
the same argument of Siu). The rest of the papers are edbethia same as [35]
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except that their proofs are written in algebro geometrigyleages.

2. Preliminaries

In this section, we shall summerize the basic analyic tomlprove Theorems 1.1
and 1.2 by transcripting the proof of Theorems 1.1 and 1.2masgy MMP ([35]).

2.1. Multiplier ideal sheaves and singularities of divisos. In this subsection,
we shall review the relation between multiplier ideal stesaand singularities of divi-
sors. Throughout this subsectianwill denote a holomorphic line bundle on a com-
plex manifold M.

DEFINITION 2.1. A singular hermitian metrib on L is given by
h=e"?.ho,

where hg is a C*-hermitian metric onL and ¢ € Lﬁ)C(M) is an arbitrary function on

M. We call ¢ the weight function ofh with respect toho.
The curvature curren®y, of the singular hermitian line bundld.( h) is defined by
O 1= Op, + v/—130¢,

where 39 is taken in the sense of a current. Thé-sheaf £?(L, h) of the singular
hermitian line bundle I(, h) is defined by

L3(L, h)(U) :={o € T(U, On(L)) | h(o, o) € LU},

whereU runs over the open subsets if. In this case there exists an ideal shg#f)
such that

L¥(L, h) = Om(L) ® Z(h)
holds. We callZ(h) the multiplier ideal sheafof (L, h). If we write h as
h=e".ho,

wherehg is @ C® hermitian metric onL and ¢ € L (M) is the weight function, we
see that

Z(h) = L2(Ow, €79)

holds. Forg € Lt (M) we define the multiplier ideal sheaf ¢f by

loc

(@) = L2(Own, €79).
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EXAMPLE 2.2. Letm be a positive integer. Let € I'(X, Ox(mL)) be the global
section. Then

1 ho

= |O,|2/m - (hg‘(o’, G))l/m

is a singular hemitian metric oh, wherehg is an arbitraryC*>-hermitian metric on
L (the righthand side is ovbiously independenthgj. The curvature®y, is given by

2n/—1

on="Y"1o),

where ¢) denotes the current of integration over the divisoroof

DerINITION 2.3. L is said to be pseudoeffective, if there exists a singular her
mitian metrich on L such that the curvature currefi, is a closed positive current.

Also a singular hermitian line bundleL{ h) is said to be pseudoeffective, if the
curvature currenty, is a closed positive current.

Let m be a positive integer anfd;} a finite number of global holomorphic sections
of mL. Let ¢ be aC*>-function onM. Then

h:= e*d’ . #

Zi |0 |2/m
defines a singular hermitian metric an We call such a metriti a singular hermitian
metric onL with algebraic singularities Singular hermitian metrics with algebraic sin-
gularities are particulary easy to handle, because itsiplial ideal sheaf of the metric
can be controlled by taking a resolution of the base schgiy:).

Let D =) & D; be an effectiveQ-divisor on X. Let o; be a section ol0x(D;)

with divisor D; respectively. Then we define

Z(D): =I<Z & log hi (o, Gi))

and call it the multiplier ideal sheaf of the divis@, whereh; denotes a*-hermitian
metric of Ox(D;) respectively. It is clear thaf(D) is independent of the choice of the
hermitian metrics(h;}.

Let us consider the relation betwe&(D) and singularities oD.

DEFINITION 2.4. Let X be a normal variety and = ), diD; an effective
Q-divisor such thatKx + D is Q-Cartier. If ©: Y — X is a log resolution of the pair
(X, D), i.e., u is a composition of successive blowing ups with smooth eenseich
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that Y is smooth and the support df*D is a divisor with normal crossings, then we
can write

Ky +u;'D = pu*(Kx + D)+ F

with F =", e E; for the exceptional divisor§E;}, where;;*D denotes the strict
transform of D. We call F the discrepancy and; € Q the discrepancy coefficient for
E;. We regard—d; as the discrepancy coefficient @F.

The pair (X, D) is said to have onlyKawamata log terminal singularitie§KLT)
(resp.log canonical singularitieLC)), if d < 1 (resp.< 1) for all i andej > —1
(resp.= —1) for all j for a log resolutionw: Y — X. One can also say thaX(D) is
KLT (resp. LC), orKx +D is KLT (resp. LC), when X, D) has only KLT (resp. LC).
The pair (X, D) is said to be KLT (resp. LC) at a poing € X, if (U, D|y) is KLT
(resp. LC) for some neighbourhodd of xg.

The following proposition is a dictionary between algebrgéometry and the2-method.

Proposition 2.5. Let D be a divisor on a smooth projective variety. Xrhen
(X, D) is KLT, if and only if Z(D) is trivial (= Ox).

The proof is trivial and left to the reader. To locate the opgort of the multiplier
ideal the following notion is useful.

DEFINITION 2.6. A subvarietyW of X is said to be acenter of log canonical
singularitiesfor the pair X, D), if there is a birational morphism from a normal variety
u:Y — X and a prime divisolE on Y with the discrepancy coefficie® < —1 such
that u(E) = W.

The set of all the centers of log canonical singularitiesaaated byCLC(X, D). For

a point xg € X, we defineCLC(X, xq, D) := {W € CLC(X, D) | X0 € W}. We quote
the following proposition to introduce the notion of the mmal center of logcanoical
singularities.

Proposition 2.7 ([12, p.494, Proposition 1.5]).Let X be a normal variety and
D an effectiveQ-Cartier divisor such that K + D is Q-Cartier. Assume that X is
KLT and (X, D) is LC. If Wy, W, € CLC(X, D) and W an irreducible component of
W; N W, then We CLC(X, D). This implies that if(X, D) is LC but not KLT then
there exists the unique minimal element of CKCD). Also if (X, D) is LC but not
KLT at a point ¥ € X, then there exists the unique minimal element of C{L&o, D).

We call these minimal elements tminimal center of LC singularitiesf (X, D) and
the minimal center of LC singularities afX, D) at X, respectively.
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2.2. Analytic Zariski decomposition. To study a pseudoeffective line bundle
we introduce the notion of analytic Zariski decompositioy using analytic Zariski
decompositions, we can handle a pseudoeffective line bural if it were a nef line
bundle.

DEFINITION 2.8. Let M be a compact complex manifold and Iet be a line
bundle onM. A singular hermitian metrich on L is said to be aranalytic Zariski
decomposition(AZD in short), if the followings hold.

1. ®y is a closed positive current,
2. for everym = 0, the natural inclusion

HO(M, Om(mL) ® Z(h™) — HO(M, Om(mL))
is isomorphim.

REMARK 2.9. If an AZD exists on a line bundle on a smooth projective va-
riety M, L is pseudoeffective by the condition 1 above.

Theorem 2.10 ([27, 28]). Let L be a big line bundle on a smooth projective va-
riety M. Then L has an AZD

As for the existence for general pseudoeffective line besidhow we have the follow-
ing theorem.

Theorem 2.11 ([6, Theorem 1.5]). Let X be a smooth projective variety and let
L be a pseudoeffective line bundle on Xhen L has an AZD

Although the proof is in [6], we shall give a proof here, besmuve shall use it after-
ward.

Let hy be a fixedC*-hermitian metric onL. Let E be the set of singular hermit-
ian metric onL defined by

E= {h; h: lowersemicontinuous singular hermitian metric bn

h
Oy, is positive, — > 1}.
ho

Since L is pseudoeffectiveE is honempty. We set

.. h
<o ot

where the infimum is taken pointwise. The supremum of a famwilplurisubharmonic
functions uniformly bounded from above is known to be agduripubharmonic, if we
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modify the supremum on a set of measure O (i.e., if we take fipensemicontinuous
envelope) by the following theorem of P. Lelong.

Theorem 2.12 ([17, p.26, Theorem 5]). Let {¢i}ter be a family of pluri-
subharmonic functions on a domafa which is uniformly bounded from above on ev-
ery compact subset of2. Theny = sup.r ¢+ has a minimum uppersemicontinuous
majorant ¢* which is plurisubharmonic We call v* the uppersemicontinuous enve-
lope of .

REMARK 2.13. In the above theorem the equality= ¢* holds outside of a set
of measure 0 (cf. [17, p.29]).

By Theorem 2.12, we see that is also a singular hermitian metric dn with
®p, > 0. Suppose that there exists a nontrivial secor I'(X, Ox(mL)) for some
m (otherwise the second condition in Definition 2.8 is emptye note that

1
|U|2/m

gives the weight of a singular hermitian metric anwith curvature 2m(¢), where
(o) is the current of integration along the zero setoof By the construction we see
that there exists a positive constansuch that

ho

(*) ch'h"

holds. Hence

o € HY(X, Ox(ML) ® Zoo(hM)
holds. In praticular

o € HO(X, Ox(mL) ® Z(h™)

holds. This means thdt, is an AZD of L. Ol

REMARK 2.14. By the above proof (see)j we have that for the AZDh, con-
structed as above

HO(X, Ox(ML) ® Zoo(hM) = HO(X, Ox(mL))

holds for everym, whereZ,(h(") denotes thd.>°-multiplier ideal sheaf, i.e., for every
open subseV in X,

Zoo(hM)(U) := { f € Ox(U) | | T13(hL /ho)™ € Lig(U)},
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where hg is a C*®-hermitian metric onL.
Entirely the same proof as that of Theorem 2.11, we obtairfdhewing corollary.

Corollary 2.15. Let (L, hg) be a singular hermitian line bundle on a compact
Kahler manifold(X, w). Suppose that

E(L, ho) := {p € LL(X) | ¢ £ 0, On, ++v/—133¢ = 0}

is nonempty Then if we define the functiopp € L} (X) by

loc
ep(X) :=sufde(X) | ¢ € E}  (x € X).

Then h:=e¢? . hg is a singular hermitian metric on L such that
1. ©,=0.
2. HYX, Ox(mL) ® Zoo(h™)) =~ HO(X, Ox(ML) ® Z(h§)) holds for every m 0.

We callh an AZD of (L, hg). This is a slight generalization of the notion of AZD’s
of pseudoeffective line bundles.

REMARK 2.16. In Corollary 2.15,E(L, hg) is nonempty, if there exists a pos-
itive integer mg and o € HO(X, Ox(moL) ® Zs(hg®)) such thathg®(o, o) < 1. In
this case

1
= — log hg®
¢ = - loghg"(o, )
belongs toE(L, hp).

2.3. Thel2-extension theorem. Let M be a complex manifold of dimensiam
and letS be a closed complex submanifold df.

Then we consider a class of continuous functibn M — [—o0, 0) such that
1. v H-o0)D S
2. if Sis k-dimensional around a point, there exists a local coordinate system
(z1, ..., z,) on a neighbourhood ok such thatz.;=---=2z,=00onSNU and

—(n—kl 12| < oo.
ﬁtﬁw(z) (n—-Klog Y |z]?| < oo

j=k+1

The set of such function® will be denoted byt(S)!.

1This condition is used only to define the residue volume foulte shall define the residue volume
forms for more general singular volume forms later. And thkéeesion theorem also holds for the
generalized residue volume forms by the same proof as in Te&prem 4].
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For eachW € #(S), one can associate a positive measdkg,[¥] on S as the
minimum element of the partially ordered set of positive surasdu satisfying

/ fdu > lim 2(n—k)/ f-e™ xrw.y dVu
S M

T =00 von_ok-1

for any nonnegative continuous functioh with suppf € M. Here & denotes the
k-dimensional component &, vy, denotes the volume of the unit sphereRf** and
Xrw,t) denotes the characteristic funciton of the set

R, t)={xeM|-t—1<¥(x) < —t}.

Let M be a complex manifold and le€( hg) be a holomorphic hermitian vector
bundle oveiM. Given a positive measuthgty on M, we shall denoté\?(M, E, hg,dum)
the space of.2 holomorphic sections oE over M with respect tohg andduy. Let S
be a closed complex submanifold & and letdus be a positive measure d& The
measured submanifoldS(dus) is said to be a set of interpolation foE{hg, duwm),
or for the sapceA?(M, E, hg, duw), if there exists a bounded linear operator

|1 A%(S, Els, hg, dus) — A*(M, E, he, dum)

such thatl (f)|s = f for any f € A%(S, E|s, hg, dus). | is called an interpolation
operator. The following theorem is crucial.

Theorem 2.17 ([23, Theorem 4]). Let M be a complex manifold with a contin-
uous volume form dy, let E be a holomorphic vector bundle over M witl°diber
metric hg, let S be a closed complex submanifold of Mt W e #(S) and let Ky
be the canonical bundle of MThen (S, dViu(¥)) is a set of interpolation foE ®
Km, he ® (dVu) ™2, dVy), if the followings are satisfied
1. There exists a closed set X M such that

(a) X is locally negligble with respect to?tholomorphic functionsi.e., for any

local coordinate neighbourhood & M and for any [?-holomorphic function f

on U\ X, there exists a holomorphic functioh on U such thatf|U \ X = f.

(b) M\ X is a Stein manifold which intersects with every componérs. o
2. Op. 2 0in the sense of Nakano
3. ¥ed(9NC>®M\ Y9,

4. e )Y . he has semipositive curvature in the sense of Nakano for every0, §]

for somes$ > 0.

Under these conditionghere exists a positive constant C and an interpolation afuer
from A(S, E® Kuls, h® (dVw) s, dVu[¥]) to A2(M, E® Ky, h® (dVu) 1.dVu)

whose norm does not exceed- € %2, If W is plurisubharmonic the interpolation
operator can be chosen so that its norm is less tB4mnY/2.
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REMARK 2.18. In Theorem 2.17C can be taken independent dt,(hg) (note
that if C depends on K, hg), the statement of Theorem 2.17 does not make sense).
This is the same phenomena that in Ohsawa-Takegoshi extetigorem ([22, p.197,
Theorem]), C is independent of the plurisubharmonic weight function.

The above theorem can be generalized to the case Ehadig) is a singular hermit-
ian line bundle with semipositive curvature current (wel caich a singular hermitian
line bundle E, hg) a pseudoeffective singular hermitian line bundés was remarked
in [23].

Lemma 2.19. Let M, S, ¥, dVy, dVu[V¥], (E, hg) be as inTheorem 2.17.Let
(L, hy) be a pseudoeffective singular hermitian line bundle on ™hen (S, dVu[¥])
is a set of interpolation foKy ® E® L, dVy;' ® he ® hy).

Let A be an ample line bundle on the complex manifdid such that there ex-
ists a sectionr € H(M, Oy (L)) whose zero locuH = {r = 0} contains the all the
singularities of the subvariet$. Let ¥: M\ H — [—o0, 0) such that
1. U (—o0)DS\H,

2. if S\ H is k-dimensional around a poin¢, there exists a local coordinate system
(z, - - -, zy) on a neighbourhood of such thatz,;=---=2z,=00onSNU and

3L\Jj\ll(2) (n—Klog > |zj?| < oo.

j=k+1

Let dVy be a continuous volume form oM. Then we may define a volume form
dWm[¥] on S\ H. We shall extenddV[¥] trivially to a singular volume form orS
and denote it again bgtViy[W]. The following corollary is the immediate consequence
of Theorem 2.17.

Corollary 2.20. Let M be a complex projective manifold with a continuous vol-
ume form d, let E be a holomorphic vector bundle over M witt°dfiber metric
hg, let S be a subvariety of Mlet ¥ be the function as above and letyKbe the
canonical bundle of M Then(S, dVy[W¥]) is a set of interpolation fo(E ® Ky, he ®
(dVm)~2, dV), if the followings are satisfied
1. Op. 2 0in the sense of Nakano
2. UYeC™®M\(SUH)),

3. e M¥ . hg has semipositive curvature in the sense of Nakano for everyo, 5]

for somes > 0.

Under these conditionghere exists a constant C and an interpolation operator from
A%(S,E®Kwls, h® (dVi) s, du[¥]) to A2(M, E® Ky, h® (dVi)~1.dVy) whose
norm does not exceed G~%2. If W is plurisubharmonic the interpolation operator
can be chosen so that its norm is less thzn?/2.
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The above corollary can be also generalized to the case Hhdig) is a singular
hermitian line bundle with semipositive s curvature cutrag was remarked in [23].

2.4. A construction of the function . Here we shall show the standard con-
struction of the functionV in Theorem 2.17. LeM be a smooth projectiva-fold and
let S be ak-dimensional (not necessary smooth) subvarietyvof Let ¢/ = {U, } be a

finite Stein covering ofM and let{ fl(V), cee f,i]y(i)} be a generator of the ideal sheaf
associated withS on U,,. Let {¢,} be a partition of unity which subordinates &6

We set

m(y)
W :=(n—Kk) Z¢V . <Z| fl(y)|2>-
Y =1

Then the residue volume fordV[¥] is defined as in the last subsection. Here the
residue volume formdV[W¥] of a continuous volume forndV on M is not well de-
fined on the singular locus ob. But this is not a difficulty to apply Theorem 2.17
or Lemma 2.19, since there exists a proper Zariski closedetub of X such that
(X —=Y)N Sis smooth (see Corollary 2.20).

2.5. Volume of pseudoeffective line bundles. To measure the positivity of big
line bundles on a projective variety, we shall introduce mio¢ion of volume of a pro-
jective variety with respect to a big line bundle.

DEFINITION 2.21. LetL be a line bundle on a compact complex manifditd
of dimensionn. We define thevolumeof M with respect toL by

w(M, L) :=n! -mﬁ m™" dim HO(M, Oy (mL)).

With respect to a pseudoeffective singular hermitian linedde (for the definition of
pseudoeffective singular hermitian line bundles, see &t part of Section 2.3), we
define the volume as follows.

DEFINITION 2.22. ([29]) Let (, h) be a pseudoeffective singular hermitian line
bundle on a smooth projective variely of dimensionn. We define thevolume of X
with respect to(L, h) by

w(X, (L, h)) :=n!- m@o m~" dim HO(X, Ox(mL) ® Z(h™)).

A pseudoeffective singular hermitian line bundle ) is said to be big, ift(X, (L, h)) >
0 holds.

We may considep(X, (L, h)) as theintersection numbe(L, h)". We also denote
w(X, (L,h) by (L,h)". LetY be a subvariety oiX of dimensiond and letzy: Y — Y
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be a resolution ofy. We definen(Y, (L, h)ly) as
w(Y, (L, ) = (Y, 7L, h)).

The righthand side is independent of the choice of the résolur because of the
remark below. We also denofe(Y, (L, h)|y) by (L, h)d - Y.

REMARK 2.23. Let us use the same notations in Definition 2.22. e — X
be any modification. Then

w(X, (L, h) = (X, (L, h)
holds, since
m(Ox(Kx) ® Z(m*h™) = Ox(Kx) ® Z(h™)
holds for everym and
m@o m~"dim Ho(X, Ox(mL) ® Z(h™))

= mﬁ m~" dim Ho(X, Ox(mL+ D) ® Z(h™))
holds for any Cartier divisoD on X. This last equality can be easily checked,Df
is a smooth irreducible divisor, by using the exact sequence

0= Ox(ML) ® Z(h™) — Ox(ML+ D) ® Z(h™ — Op(mL + D) ® Z(h™) — 0.

For a generalD, the equality follows by expressin® as a difference of two very
ample divisors.

2.6. A subadjunction theorem. Let M be a smooth projective variety and let
(L, h.) be a singular hermitian line bundle dv such that®, =0 on M. We assume
that h, is lowersemicontinuous. This is a technical assumptiorhab & local potential
of the curvature current df, is plurisubharmonic.

Let my be a positive integer. Let € I'(M, Oy (mpL)®Z(h)) be a global section.
Let o be a positive rational numbet 1 and letS be an irreducible subvariety dfl
such that M, «(o)) is LC (log canonical) but not KLT (Kawamata log terminalh o
the generic point ofS and M, (¢ — €)(0)) is KLT on the generic point ofs for every
O0<ex1l We set

Ws=«loghy (o, o).

Suppose that is smooth for simplicity (ifS is not smooth, we just need to take an
embedded resolution to apply Theorems 2.24, 2.25 below).shed assume thas is
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not contained in the singular locus bf , where the singular locus di_. means the
set of points wheré is +co. Let dV be aC*-volume form onM.

Then as in Section 2.3, we may define a (possibly singular)soreaV|[Vs] on
S. This can be viewed as follows. Let: N — M be a log resolution of X, «(o)).
Then as in Section 2.4, we may define the singular volume férahV[ f *Wg] on the
divisorial component off ~1(S) (the volume form is identically O on the components
with discrepancy> —1). The singular volume forndV[Wg] is defined as the fibre
integral of f*dV[f*Wg] (the actual integration takes place only on the components
with discrepancy—1). Let dus be aC*>-volume form onS and lety be the function
on S defined by

dus
dV[vg]

¢ :=log

(dV[W¥s] may be singular on a subvariety & also it may be totally singular of).
Suppose that there exists an Az of (Ky +dL|s, e - (dV-1-h{)|).

Theorem 2.24 ([33, Theorem 5.1]). Let M, S, ¥, hs be as above Suppose that
S is smooth Let d be a positive integer such that=damg. Then every element of
A%(S, Os(m(Ky +dL)), (dV=1-hi)| - hT™, dV[Wg]) extends to an element of

HO(M, Om(M(Ky +dL))).

As we mentioned as above the smoothness assumptidd isrjust to make the state-
ment simpler. And it may be worthwhile to note that the weifiniction ¢ is not
necessary whedV[W¥g] is locally L on S and h, is bounded orS.

Theorem 2.24 follows from Theorem 2.25 below by minor modifiens (cf. [33]).
The main difference is the fact that the residue volume fdif{Ws] may be singular
on S (cf. Corollary 2.20). But this does not affect the proof, cgirin theL2-extension
theorem (Theorem 2.17) we do not need to assume that the atthiMf is compact.
Hence we may remove suitable subvarieties so that we do rext t@ consider the
pole of dV[Wg] on S (but of course the pole ofiV[Wg] affects thel2-conditions).

Theorem 2.25. Let M be a projective manifold with a continuous volume form
dV, let L be a holomorphic line bundle over M with a®CGhermitian metric h with
semipositive curvature®y, , let S be a compact complex submanifold of, Mt
Ws: M — [—00,0) be a continuous function and letyKbe the canonical bundle of M
1. Usef(9NC>®M\ S (As for the definition ofi(S), seeSection 3.2),

2. Oy euwws = 0 for everye € [0, §] for somes > 0.
Then every element of %S, Os(m(Ky + L)) extends to an element of
HO(M, Om(m(Kw + L))).
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For the completeness we shall give a simple proof of Theoreth thence also The-
orem 2.24) under the additional conditions:

ConDITION. 1. Ky +L is big.
2. Bgm(Ky + L)| does not contairss for somem > O.
3. There exists a Zariski open neighbourhdddf the generic point ofSin M such
that m(Ky +L)| gives an embedding df into a projective space for every sufficiently
large m.

The reason why we put these conditions is that we only needréhes 2.24 and 2.25
under this condition. More precisely we need to considertk Iiit more general case
that h| is a singular hermitian metric with semipositve curvaturterent on M and
dV[¥] is singular onS. But as we have already mentioned above the singularity of
dV[W] does not change the proof. And the singularityhgf will be managed in Re-
mark 2.28 below.

Let us begin the proof of Theorem 2.25 under the above additiconditions. Let
M, S, L be as in Theorem 2.25. Let denote the dimension dfl and letk denote
the dimension ofS. Let hg be a canonical AZD ([28]) ofKy + L|s. By Kodaira’'s
lemma (cf. [14, Appendix]), there exists an effect@edivisor B on M such thatK, +
L — B is ample. By the above conditions, we may taRBesuch that SupfB does
not containS. In fact by the conditions, we see that for an ample line band|
Im(Ky +L)—H| is base point free on the generic point &f Then we may takeB to
be the ¥Ym-times a general member gh(Ky +L)— H|. We shall assume that Supp
does not contairb.

Let a be a positive integer such that
1. A: =a(Ky +L — B) is Cartier,
2. Als—Ksia ample andDs(Als— Ks)® MK* is globally generated for every e S.
Let hy be a canonical AZD oKy + L and lethy be aC*™ hermitian metric onA.
We shall define a sequence of the hermitian metfitzs) (m > 1) inductively by: hg =
ha and

Km:= KM, A+m(Ky + L), dV~2-hp - Ap_g, dV),
1

o

m':"‘!
m

A

whereK (M, A+m(Ky +L),dV~1-h, ~ﬁm,1,dv) is the Bergman kernel oA+m(Ky +
L) with respect to the singular hermitian metdd/ 1 - h, - hy,_; and the volume form
dv, ie,

K(M, A+m(Ky +L), dV 2 hy - fing, dV) = Y16
j

where{&fm)} is a complete orthonormal basis BIP(M, Oy (A+m(Ky +L))®Z(hm-1))
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with respect to the inner product

G ::f &-6"-(dVt.-h.-hpy)-dV
M

whered, 6’ € HO(M, Om(A+m(Ky + L)) ® Z(Am_1)). We use the similar notations
for Bergman kernels hereafter.

Every hy, is a singular hermitian metric oA+ m(Ky + L) with semipositive cur-
vature current by definition.

Lemma 2.26. For every m= 0, there exists a positive constant,Guch that
Amls < Cm - hals - hT
holds

Proof. We shall prove the lemma by induction mm Form =0, the existence of
Cy is trivial by the definition ofhy. Suppose that the inequality holds for some-1 >
0 and a positive constar€,_;. Then by thelL?-extension theorem, Theorem 2.17
implies that there exists a bounded interpolation operateo

lm: A%(S, A+m(Ky +L)ls, @V hy)ls - i -als, dV[Wg))
— AX(M, A+m(Ky +L), dV~*-h)-hp_1, dV)
whose operator norm is bounded from above ®y §~%2, where C is the positive

constant in Theorem 2.17. Hence by the induction assumptiensee that there exists
a bounded interpolation operator:

I AX(S, A+m(Ky +L)s, (@V - hy)ls- (hals-h3™), dV[Ws])
— A(M, A+m(Ky +L), @V-h) - hmog, dV)
whose operator norm is bounded from aboveQy ;- C-5-%2. Let K(S, A+m(Ky +
L)|s, (dV‘l-hL-hA)|5-h’§*1, dV[Wg]) denote the Bergman kernel &+ m(Ky +L)|s
with respect to the singular hermitian metrid\(~ - h_ - ha)s - hg‘*l and the volume

form dV[Wg] (defined ask (M, A+m(Ky + L), dV=1-h_ - hy_1, dV) above). Then
since for everyx € S

Km(X) = sup|&(x)|% 6 € A2(M, A+m(Ky + L), dV™1-h - hyq, dV), 6] = 1},
and

K(S A+m(Ky +L)ls, (dV - hy -ha)ls- T, dV[Wg])(x)
=sup|o(x)[%0 € A%(S, A+m(Ky +L)|s, V™' he -ha)ls-hT ™, dV[ W), o] = 1)
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hold (cf. [16, p.46, Proposition 1.3.16]), we see that thexists a positive consta@@
such that

Kmls = (C-8¥%)1.Cl - K(S A+m(Ku +L)Is, AV 1-h -ha)ls-hT2, dV[wg])
holds onS. Since there exists a positive const&ht such that
dvl.h  £C;-hs
holds, we see that
(1) RmlsZ (C-67¥3)™-Cly - Cr - K(S, A+m(Ky +L)Is, hals - hE, dV[¥s])

holds. By the choice ofA, we see that there exists a positive constagtindependent
of m, although this fact is not used in the proof) such that

() K(S, A+m(Ky +L)|s, hals- hT, dV[Wg]) = Cs- (hals-hD)™

holds. This can be verified as follows. Sinéé¢s — Ks is ample, we see that there
exists aC*-hermitian metricha;s on Als such that the hermitian metrigV[W¥s]-ha/s
on Als — Kg has strictly positive curvature everywhere 8n

Let x be a point onM and {oa 4} @ basis ofH(S, Os(Als — Ks) ® MX*1). Then
in Theorem 2.17 (see also Lemma 2.19), takihgo be

k

Wy = log Z dV[Wg] - has(ong, oag),

and (, hg) to be
(Als — Ks+m(Kw + L)|s, dV[W¥g] - hass - hg),
by Theorem 2.17 and Lemma 2.19, we have a bounded interpolaperator:
i A%(x, A+m(Kn +L)Ix, hass-hElx, 8x) — A(S, A+m(Kw +L), hass-hg, dV[¥s]),

wheredy is the Dirac measure at. We note that by the definition of, and the fact
that Os(Als — Ks) ® M1 is globally generated, log, has singularity only ak and
the operator norm of théy,  is less than or equal t@ - k¥2 by Theorem 2.17, where
C is the positive constant in Theorem 2.17. Hence we see that

K(S, A+ m(KM + L)|S, hA/S . hm, dV[\ps]) 2 C71 k2. (hA/S . hg)il

holds by the basic property of Bergman kernels (cf. [16, pP®position 1.3.16]). We
note thatha,s is quasi-isometric tdals, i.e., there exists a positive constabi s > 1
such that

Cas-has<hals<Cas-has
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holds onS. Then this implies that
K(S, A+m(Ky +L)|s, hals-hg, dV[Wg]) = Cr%5-C k™¥2. (hals- )™

holds onS. This is the desired estimate) (with Cs=C,g-C™ - k=%2,
Combining ¢) and ¢), we see that

Kmls = (C-8¥%)7t.C 1, -Cit-Cs- (hals-hD)?
holds onS. Then by the definition oh,,, we see that
Amls < (C-6%%)-Cy-Cg- Cmet - hals - WY
holds. Hence we complete the proof of Lemma 2.26 by inductiorm. [

By the definition of A, we may consider the metriba as a singular hermitian
metric ha on a(Ky +L). Also we may consideh, as a singular hermitian metric on
hm on @+ m)(Ky +L). Then by Lemma 2.26, we have the following lemma.

Lemma 2.27. Let hy be the AZD of K + L as above For every m=> 0, there
exist a positive constant,Cdepending on m and a positive constant C independent of
m such that

h&M|s < C/, - Amls £ C™hals - hT

hold.
By Lemma 2.27, we see that
1) hw < (CL)Y@M ., Y@ pm/@dm)

holds.
Let us fix an arbitrary nonnegative intederrhen sincehg is an AZD of Ky +L|s,

(Z(RAILE™ e

m=1

is an increasing sequence of ideal sheavesSocontained inZ(hy). Let ¢, p be a
weight functions oh{ @™ andf,[{@*™ with respect to (the powers o§V—1-h, |s
respectively. By Holder’s inequality we see that for a hotophic function f on an
open setV in S

1/p 1/q
/e*¢~e*p~|f|2de51§ (/ ep¢-|f|2desl) (/ eq"~|f|2dV[\I's]>
\Y \Y \Y
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— 1 m _ b
p:= <1+I><1+a>’ q_—p_l.

e P (dv - hfs)*t = hgt

holds, where

Since

holds, this implies that there exists a positive integgrdepending orl such that
T(RA™ W) 2 7(hE?)
holds. Hence by (1), we see that
Z(hmls) 2 Z(hs?)
holds onS. We note that sincéis is an AZD of Ky +L)|s,
AZ(S, (1 +1)(Km+L)[s, h$t dV[Wg]) ~ A(S, (1 +1)(Km+L)|s, dV-hi |s-h, dV[Wg])

holds. Using this equality, by Theorem 2.17 (and Lemma 2id%ection 2.3, we see
that every element of

AZ(S, (I +1)(Km + L)Is, dV 1 h[s- hg, dV[¥g])
can be extended to an element of
AZ(M, (I +1)(Ky + L), dV71-he -hy, dV).
Sincel is an arbitrary nonnegative integer, we complete the prédfh@orem 2.25.]

REMARK 2.28. The above proof also works for the case thatis a singular
hermitian metric with semipositive curvature current, i& vassume the following con-
ditions:

1. (Kw+L,dV~t.h)is big.

2. Bgm(Ky +L,dV~t. h)|, does not contairs for somem > 0.

3. There exists a Zariski open neighbourhdddf the generic point ofSin M such
that Im(Ky + L, dV™1 . h))|. gives an embedding dfl into a projective space for
every sufficiently largem.

Here Im(Ky + L, dV~1 . hy )|, denotes the linear systefid®(M, Oy(m(Ky + L)) ®
Zo(hM)I. In this case we need to take an AZi3 of the singular hermitian line bun-
dle (Ky + L,dV™t.hy)ls. Noting Remarks 2.14 and 2.16, by Corollary 2.15 there
exists an AZDhs of (Ky +L,dV™1.h)|s.
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REMARK 2.29. The full proofs of Theorems 2.24 and 2.25 can be obdasima-
ilar line as the above proof. But they require more detailstineates. One may ob-
tain a simple proof by the parallel argument to that of [24placing the use of the
Ohsawa-Takegoshi extension theorem by the use of Theorem Zhe proof presented
here is similar to the argument in [25]. Anyway the proof isngdetely parallel to the
proof of the invariance of plurigenera.

2.7. Positivity result. The following positivity theorem is the key to the proof
of Theorems 1.1 and 1.2.

Theorem 2.30 ([11, p.894, Theorem 2]). Let f: X — B be a surjective mor-
phism of smooth projective varieties with connected fibdtet P=3"P; and Q=
Y, Q be normal crossing divisors on X and B respectivslych that f1(Q) c P
and f is smooth over BQ. Let D=} d; P; be aQ-divisor on X where ¢ may be
positive zero or negativewhich satisfies the following conditians
1. D =D"+D such that f SuppD") — B is surjective and smooth over \BQ,
and f(SuppD?)) C Q. An irreducible component of 'D(resp D) is called horizonta
(resp vertical).

2. dj <1forallj.

3. The natural homomorphisi®g — f.Ox([—D1) is surjective at the generic point
of B.

4. Kx+D ~q f*(Kg+L) for someQ-divisor L on B

Let
f*Q| :Zw” Pj
j
— djtw; —1
d =" i f(p)=Q
wyj
& =maxd;; f(P)=Q}
AI:Z8|Q|
|
M: =L - A.
Then M is nef

REMARK 2.31. In Theorem 2.30, the conditiord; < 1 is irrelevant for every
D; with f(Dj) C Q by a trivial reason. In fact in this case, if we replaBe by
D':=D—-af*Q and replace. by L' := L —aQ for a sufficiently large positive rational
numbere, D’ =3 d;D; satisfies the conditiond; < 1 for all j.

Here the meaning of the divisax may be difficult to understand. So | would like
to give an geometric interpretation &f. Let X, P, Q, D, B, A be as above. LedV
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be aC*>-volume form onX. Let oj be a global section 0Ox(P;) with divisor P;.
Let ||lojll denote the hermitian norm af; with respect to aC*-hermitian metric on
Ox(Pj) respectively. Let us consider the singular volume form

o av
T Nl 12

on X. Then by taking the fiber integral a2 with respect tof: X — B, we obtain a
singular volume formfx/B Q2 on B, where the fiber integrafx/B Q is defined by the

property that for any open sét in B,

[(2)=f e

holds. We note that the condition 2 in Theorem 2.30 assuras fif, © is contin-
uous on a nonempty Zariski open subset Bf Also by the condition 4 in Theo-
rem 2.30, computing the differentialf, we see thakkx + D is numerically f -trivial
and (fX/B 52)7l is a C%-hermitian metric on théQ-line bundle Kg + A. Thus the di-

visor A corresponds exactly to singularities (poles and degdoesjtof the singular
volume form f, 5 € on B.

3. Proofs of Theorems 1.1 and 1.2

In this section we shall prove Theorems 1.1 and 1.2 simubiaslg. The proof is
almost parallel to the one assuming MMP ([35]), if we replace thinimal model by
an AZD (analytic Zariski decomposition) of the canonicalelibundle.

3.1. Construction of a filtration. Let X be a smooth projective-fold of gen-
eral type. Leth be an AZD ofKx constructed as in Section 2.2. We may assume that
h is lowersemicontinuous by Theorem 2.12. This is a techrésalumption so that a
local potential of the curvature current bf is plurisubharmonic. This is used to re-
strict h to a subvariety ofX (if we only assume that the local potential is only locally
integrable, the restriction is not well defined). We set

X?={xe X | x ¢ BsimKx| and @k, is a biholomorphism

on a neighbourhood of for somem = 1}.
We set
wo = (Kx, h)" = u(X, (Kx, h)) = u(X, Kx).

For the notationsKx, h)", u(X, (Kx, h)) and u(X, Kx) see Definitions 2.22 and 2.21.
The last equality holds, since is an AZD of Kx. We note that for everx € X°,
Z(hM)y >~ Ox x holds for everym = 0 (cf. [28] or [6, Theorem 1.5]).
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Let x, X" be distinct points onX°. In this subsection we shall prove the following
porposition.

Proposition 3.1. Let x and X be distinct points on X Then there exists a fil-
tration:
/

X=XgDX1D- DX DXs1=X OF X

of X by a strictly decreasing sequence of subvarietg!*3 for some r (depending
on x and X), effectiveQ-divisors

Do, ..., Dr
which are Q-lineraly equivalent to K and invariants

ag, o1, - .., o € QF,

nN=ng>ny>--->n (n=dimX;, i=0,...,r)
and

noy, M1y -+ oy Mr (/J/i :M(Xir(KthNXi)! [ :0,...,r)

with the estimates

N

N

n;
N i

where$ is a fixed positive number less thdyin and«; is defined inductively by

A

Qi +6 (O0=i=r),

o = inf:a >0

=
(X, > (oj — &)D; +aDi> is KLT at neither x nor &,
=0

where gg, ..., g1 are small positive rational numbers which can be taken aabit
ily small. Here each filter X (1 <i <r) is the minimal center of log canonical
singularities of (X, Y\ 25(e; — €)Dj + 05_1Dj_1) at x or X (if i =1, we consider

Y=gl —&j)Dj = 0).

eo, - - -, & —1 Will be specified during the construction of the filtration.e\Wahall begin
the contruction.

Lemma 3.2. We set

My = My - My,
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where My, My denote the maximal ideal sheaves of the points’ xespectively Let
¢ be positive number strictly less thdn Then

HO(X, Ox(mKx) ® T(h™)- M[g,m—wm/vﬂ) ~0
holds for every sufficiently large .m

Proof. First we note that since, x’ € X°, h is bounded from above at and x’
by the construction oh (cf. Theorem 2.11). In particuld@(h™), = Ox x andZ(h™)y =
Ox x hold for everym = 0. Let us consider the exact sequence:

0— H°<X, Ox(MKx) ® Z(h™) - Mrmu—e)m/m) — HO(X, Ox(mKx) ® Z(h™)

X, X'

e HO(X, Ox(MKx) ® Z(h™) ® Ox/MfVWlff)m/W)_

X, X'
We note that

n! - fim m™"dim HO(X, Ox(MKx) ® Z(h™) = uo

m—o00

holds by the definition ofu.
On the other hand, we see that

n! - mm m~"dim HO<X, Ox(m Kx) ®_’Z’(hm) ® OX/MJ;\”X//%(lfs)m/{‘/i'|>

= po(1—#)" < po

hold, sinceZ(hM)x = Ox x andZ(hM)y = Ox x hold for everym = 0.
By the above inequalities and the exact sequence, we canipletproof of Lem-
ma 3.2. Ul

Let ¢ be a positive number less than 1 as in Lemma 3.2. Let us takdfiaiently
large positive integemg such that

H0<X’ Ox(moKx) ® I(hmo) . M)[’%N_O(l—s)mo/'\“/ﬁw) 20
as in Lemma 3.2 and let
0p € H0<X, Ox (MoK x) ® Z(h™) . M(W(lfs)mo/{‘fz])

X, X!

be a general nonzero element. We set

1
Dy = —
0T e (00)
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and

1
"o = oo
(see Example 2.2 in Section 2.1 for the meaning (8d|%™). We define the positive
numberag by

oo ;= inf{a > 0| (X, «Dy) is KLT at neitherx nor x'},

where KLT is short for of Kawamata log terminal (cf. Definiti®.4).
Let u: Y — X be a log resolution of X, D) and forae > O let

Ky + i, H(@D) = w*(Kx +aD) + F(a),

where F(«) denotes the discrepancy depending aan Then g is the infimum of«a
such that the discrepandy(«) has a component whose coefficient is less than or equal
to —1. Hence by the constructioiy is a rational number.

Since (Y7L, 1z?) ™" is not locally integrable aroun® e C", by the definition of
Do, we see that

nv/2

S ———

N )

holds. About the relation between the KLT conditions and rthdtiplier ideal sheaves,
please see Section 2.1.

Let 5 be the fixed positive number as above and let us make 0 sufficiently
small so that

n/2
ap = +
NaZ)

holds. Then one of the following two cases occurs.

Case 1. For every sufficiently small positive numbgr (X, (e — 2)Do) is KLT
at bothx and x'.

Case 2. For every sufficiently small positive numbgr (X, (oo — 2)Do) is KLT
at exactly one ofx or x/, sayx.

We define the next straturK; by

)

X3 := the minimal center of log canonical singularities o, (@oDo)

at x (cf. Section 2.1).

If X; is a point, we stop the construction of the filtration. Suppdisat X; is not
a point.
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Case 1 divides into the following two cases.

Case 1.1. X; passes through botkh and x'.

CAse 1.2. X; passes through only one af and x’, say x.

First we shall consider Case 1.1. We define the positive numbéeby

u1 = (X1, (Kx, h)lx,).

Then sincex, X’ € X°, w1 is positive.

For the later purpose, we shall modifyy so that X; is the only center of log
canonical singularities ofX, gDo) at X. Let us take an effectiv€-divisor G such
that Ky — G is ample by Kodaira’s lemma (cf. [14, Appendix]). By the ddfon of
X°, we may assume that the support@®fcontains neithex nor x’. In fact this can be
verified as follows. LetH be an arbitrary ample divisor oK. Then by the definition
of X°, |bKx — H] is base point free ax and x’ for every sufficiently largeb. Fix
such ab and take a membeB’ of |bKx — H| which contains neithek nor x’. Then
we may takeG to beb™1G'.

Let a be a positive integer such that:= a(Kx —G) is a very ample Cartier divisor
such thatOx(A) ® Zx, is globally generated. Lepy, ..., pe € HO(X, Ox(A) ® Zx,)
be a set of generators @x(A) ® Zx, on X. Then if we replacehg by

1
1 )
(lool2(X5y 1 12) 7™
it has the desired property. If we takay very large (in comparison witla), we can

make the newy, arbitrary close to the originakg. Hence we may assume that the
estimate

nv/2
Olog f+3

= Yo

still holds after the modification. Let us set

ng = dim X1.
The proof of the following lemma is identical to that of Lemr8&.

Lemma 3.3. Let¢’ be a positive rational number less thdn Let X, X be dis-
tinct regular points of X N X°. Then for every sufficiently large positive integer m

HO (X, Ox,(MKy) ® T(hMx,) - I Y2 1) 70

holds
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Let x31, Xo be two distinct regular points oK; N X°. Let m; be a positive integer
such that

HO(Xa, Ox (MKx) ® T(NM™ ) - MY ¥2) 20
as in Lemma 3.3 and let
01y, %, € H0<X1, Ox (M Kx) ® T(™[x,) - ML%MG_S ym/ g/§'|>

be a nonzero element.

We shall extend the singular hermitian metridd, , . |¥™ of Kx|x, to a singular
hermitian metric onKx with semipositive curvature current after a modification.

As before by Kodaira’'s lemma ([14, Appendix]) there is areefive Q-divisor G
such thatkKx — G is ample. By the definition oX°, we may assume that the support
of G contains neithex nor x’ as before. Let; be a sufficiently large positive integer
which will be specified later such that

L= |1(Kx — G)

is Cartier. Leth,, be aC®-hermitian metric onL; with strictly positive curvature.
Let ¢ be a nonzero section i (X, Ox(L1)). We set

h
v =g - log e
0

Let dV be aC®>-volume form onX. We note that the residue volume fordV[W]

on X; may have poles along some proper subvarietieX4in By takingl; sufficiently
large and takingr properly, we may assume thht,(z, ) - dV[W¥] is nonsingular on
X1 in the sense that the pullback of it to a nonsingular modelXgfis a bounded
form. Then by applying Lemma 2.19 f&= X;, ¥ = «aglog(h/hg),

(E, he) = ((T1 +ag])Kx, ht*eel),
and
(L, hy) = ((my = Teg] — 2)Kx + Ly, KMol @ hy ),

we see that
Ol ® T € HO(XL Ox, (M Kx + L1) @ Z(h™|x,) - ML%TI(PE m/ «1/51)

extends to a section

O1xx € HO(X, Ox((my +11)Kx)).
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We note that even thougthV[¥] may be singular ornX;, we may apply Lemma 2.19,
because there exists a proper Zariski closed suBseif X such that the restric-
tion of dV[W¥] to (X — B) N X; is smooth. Of course the singularity afV[¥] af-
fects the L2-condition. But this has already been managed by the bounedsdof
h,(z, 7) - dV[W].

Taking |1 sufficiently large, we may and do assume that there existsighimeur-
hood Uy, x, Of {X1, X2} such that the divisorof x, x,) iS sSmooth onUy, 4, \ Xi. This
can be verified as follows. Let us take sufficiently large so thaty(L,) ®M§+1 is
globally generated for every € X. Let us fixy and let{&s, ..., &n} be a set of basis
of H(X, Ox(L1) ® M}™). Then

n/(n+1)
hL __ hl/(n+l) < 1 )
ny = ML : N
' Yl 1512

is a singular hermitian metric of; with strictly positive curvature current. Since
OX(L1)®M';,*1 is globally generated, we see th@ /Z(h., y) has isolated support at
y. By Nadel’s vanishing theorem [20, p.561], this impliesttfar everyy e X°\ Xy,

HY(X, Ox(MKx + L1) ® Z(hg® - h™ ") @ M) =0

holds. Hence for every € X°\ X;, we may modify theL?-extension ofo;, . ®
so that the extension has any prescribed valug, af we takel; is sufficiently large.
We may takel; to be independent off € X° \ X;. Then by Bertini's theorem we
may find a neighbourhootly, x, of {X1, X2} such that the divisorof , x,) iS sSmooth
on Uy, x, \ X1.

We set

1
Di(x1, X2) := m(ﬁl,xl,xg)-

Let Xireg denote the set of regular points 0. We may construct the divisors
{D1(x1, X2)} as an algebraic family overXgreg x Xireg) \ Ax, where Ay, denotes
the diagonal ofX; x X;. This construction is possible, since we may take in-
dependent ok, x; € Xy,eg Letting x; and x, tend tox and x’ respectively, we ob-
tain aQ-divisor D; on X which is (my +1;)~!-times a divisor of a global holomorphic
section

o1 € HY(X, Ox((my +11)Kx)).

By the construction, we may and do assume that there existsghbourhoodJy - of
{x, X'} such that §1) is smooth onUy x \ Xi.

Let &g be a positive rational number withy < og. And we define the positive
numbersa1 (X1, X2) and «; by

a1(Xq, X2) ;= inf{a > 0 (ag — €9) Do + @D1(X1, X2) is KLT at neitherx; nor x,}
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and
ap = infla > 0] (g — £0) Do + @Dy is KLT at neitherx nor x’}

respectively. For every positive numbgr (oo — £0) Do+ (@1 — A)D1 is KLT at x or x/,
say X. Then we shall define the proper subvariety of X; by

X := the minimal center of log canonical singularities of

(X, (o — €0) Do + a1 D1) at x.

We shall estimatey;. We note thatm; is independent of; in the extension of
Ol ®T-

Lemma 3.4. Let § be the fixed positive number as aboihen we may as-
sume that

N

ni Y
Y1

+4

A

ﬁ

o1

holds if we takee’, I1/m; and &g sufficiently small
To prove Lemma 3.3, we need the following elementary lemma.

Lemma 3.5 ([31, p.12, Lemma 6]). Let a b be positive numbersThen

1 anrl r{b r2n1—1
2 _ .2n;/a-2b 3
T dro=r; —% drs
o (rZ+r2) o (1+rd)

holds where

2
I’3 = m
M
Proof of Lemma 3.3. First suppose thatx’ are nonsingular pointoon X;. Then
we may setx; = X, Xz = X/, i.e.,, we do not need the limiting process to define the
divisor D;. Let (z, ..., z,) be a local coordinate system on a neighbourhbodf x
in X such that

UNnXi={geU|z,+(q)=---=2,(q) =0}

We setry = (3L, 41 |21|2)1/2 andry = (3% 1z |2)l/2. Fix an arbitraryC>-hermitian
metric hx on Kx. Then there exists a positive constéhtsuch that

() o)l < C(rl2 + rzzf”m(l—a’)ml/"%/ﬂ)
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holds on a neighbourhood of, where| || denotes the norm with respect h.’;?l”l.
We note that there exists a positive intedérsuch that

looll 2= O(r ™)

holds on a neighbourhood of the generic pointlof X;, where|| | denotes the norm
with respect toh}°. Let us apply Lemma 3.4 by taking

Then by Lemma 3.4 and the estimatg, (we see that for every

ny

b .
g [ /(1 — e)my/ V2]

llo1]l produces a singularity greater than equatl%?i/a_b, if we average the singularity
in terms of the volume form irey, ..., z, direction. Hence by Proposition 2.5, we
have the inequality:

+ M1&g.

my + 1, n, /2
ay
my ) wua(l-¢)

Taking €, I1/m; and gy sufficiently small, we obtain that

ny v2
a1 < ! f +46
V1

holds. O

If x or X’ is a singular point onX;, we need the following lemma.

Lemma 3.6. Let ¢ be a plurisubharmonic function oA" x A. Let ¢ (t € A)
be the restriction ofp on A" x {t}. Assume that & does not belong to ﬂE(A”, 0)
for any te A*.

Then €% is not locally integrable at Q= A".

Lemma 3.5 is an immediate consequence of tReextension theorem [22, p.20, The-
orem]. Using Lemma 3.5 and Lemma 3.4, lettikg— x and x; — X/, we see that

ay £ liminf  ay(xg, X2)
X1—> X, Xg—> X’

holds.
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Next we consider Case 2. The remaining case Case 1.2 will bsidared later.
In Case 2, for every sufficiently small positive number (X, (eo— A)Do) is KLT at x
and not KLT atx’. In Case 1.2, instead of Lemma 3.2, we use the following mpl
lemma. We defineX; as before.

In this case, instead of Lemma 3.2, we use the following stmf@mma.

Lemma 3.7. Let ¢’ be a positive number less thahand let x be a smooth
point on X. Then for a sufficiently large s 1,

HO(X1, Ox, (MKx) ® T(N™],) - ML VA=) g
holds

Let us take a general nonzero element in

HO(X1, Ox, (MK x) ® T(h™ |x,) - My, ¥20-ImT),

for a sufficiently largem;. Using Lemma 3.6, let; be as in Lemma 3.3 and lat
be a general nonzero section H°(X, Ox(L1)), where L, is the line bundle as in
Lemma 3.3. By Lemma 3.3, we may extengy, ® r to a section

o1x € HO(X, Ox((my +11)Kx)).

As in Case 1.1, takingdy sufficiently large, we may assume that there exists a neigh-
bourhoodUy, of x; such that §1,,) is smooth on aJy, \ X;. We set

1
Di(xq) = m (01,%,)-

Let Xy reg denote the regular locus of;. We may construct the divisorD;(x;)} as
an algebraic family oveX; reg Letting x; tend tox, we obtain aQ-divisor D; on X

which is (m; +1;)~2-times a divisor of a global holomorphic section
o1 € HO(X, Ox((my +11)Kx)).

By the construction, we may and do assume that there exiseighbourhoodUy of
x such that §;) is smooth onUy \ X;. Let &g be a sufficiently small positive rational
number witheg < o such that §o — o) Do is not KLT at x’ (this is possible because
we are considering Case 2).

And we define the positive numbees(x;) and «; by

Oll(Xl) =infla > 0| (Olo — 80) Do +OlD1(X1) is not KLT at Xq}.
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and
ay = infla > 0| (g — €0) Do + oDy is KLT at neitherx nor x’}

respectively. The definition ofr; is the same as in Case 1.1. But we note that
(g — 0)Dg is already not KLT atx’. We shall estimater;. The proof of the fol-
lowing lemma is similar to that of Lemma 3.3.

Lemma 3.8. Let § be the fixed positive number as abov&hen we may as-
sume that
ng
paas

+4

o1 S

holds if we takee’, I1/my and g sufficiently small

This estimate is better than Lemma 3.3. Then we may define ribggep subvarietyX,
of X; as the minimal center of log canonical singularities ¥f («¢o — g0)Do + a1 D1)
at x or X’ as we have defineX;.

Lastly in Case 1.2 the construction of the filtration redute<ase 2 as follows.
In Case 1.2,X; does not pass througti. Hence in this case the minimal center of LC
singularities X] at x’ does not pass througk. One may reduce Case 1.2 to Case 2,
by “strengthening” the singularity oDy along X; as follows.

Let &y be a sufficiently large positive integer such that

HO(X, Ox(a1Kx) ®Ix'1) 7z 0.

Let " be a general nonzero section BI°(X, Ox(aiKx) ® Ix;). We note that there
exists an effective)-divisor G on X such thatKx — G is ample andk is not contained
in SuppG as we have seen before. Hence if we takesufficiently large, we may
assume that the divisot’) does not contairx. In this case instead efy, we shall use
o§®71/, taking a positive integee large. LetDj = (moe+a1) (o ®1’). Let us define
a positive rational numbedsy for (X, Dg) similar to «g. Then by the construction of
=/, then the minimal center of LC singularities oX(«(Dg) at x is X; and (X, aDg)
is not LC atx’. Also we can makex, arbitrary close toxo by taking e sufficiently
large. Hence we may assume thet satisfies the same estimate:

as ag. And we may continue the construction of the filtration. Instlvay we can
reduce Case 1.2 to Case 2.

In any case we construct the next stratdm as the minimal center of log canon-
ical singularities of K, (ag — €0)Do + @1 D7) at x. If X5 is a point, then we stop the
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construction of the filtration. 1X; is not a point, we continue exactly the same pro-
cedure replacing; by X,. And we continue the procedure as long as the new center
of log canonical singularitiesXs, X2, ...) is not a point. As a result, for any distinct
pointsx, x” € X°, inductively we construct a strictly decreasing sequerfcaubvarieties

/

X=XgDX1D---DX DXps1 =X O X

and invariants:

aOI all LERREES | al’l
€0y €15+« 4 Er—1,
nN>ny>--->n (n=dmX;, i=1,...,r),
and
Bos H1, -+ e (i 2= (X5, (Kx, h)lx))
depending on small positive rational numbess ..., &1, large positive integers
Mg, My, ..., My, positive integers 04y, |4, ..., I,
oi € HO(X, Ox((mi +1))Kx)) (i =0,...,r),
1
i = i i=0,...,1),
e )
etc.

By Nadel's vanishing theorem ([20, p.561]) we have the folfgy lemma.

Lemma 3.9. For every positive integer n» 1+Zi’:O ai, ®mk, Separates x and
x’. And we may assume that

n; V2

A

+4

i
holds for every0 <i <r.

Proof. Fori =0,1,...,r, leth; be the singular hermitian metric dAx defined by

L oy [/ mH)

where we have sdf = 0. Using Kodaira’s lemma ([14, Appendix]), let us take an
effective Q-divisor G on X such thatKx — G is ample as before. As before we may
assume that Supp contains neithex nor x’. Let hy be aC>™-hermitian metric on
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the Q-line bundleKx — G with strictly positive curvature. LeG = )", g«Gk be the ir-
reducible decomposition d& aand letog, be a global holomorphic section dx(Gy)
with divisor Gx. Then

, 1
hg :=hg - <l_[ |UGk|ng>

k

is a singular hermitian metric oKy with strictly positive curvature current.
Let m be a positive integer such that > 1 + Z{:O aj as above. Letg be a
positive number such that

r—1
egg<m—1-— (Z(ai —si)+ozr>.
i=0

We set

r—1
Bi=) (i —&)+ar +ec.

i=0
r-1
hy x = <1—[ h?‘_£‘> . h<rxr .hM-1-6 . thG.
i=0

Then we see thaf(hy x) defines a subscheme of with isolated support around or
x" by the definition of the invariant&y;}’'s and the fact that Supp contains neithex
nor x’. By the construction the curvature curred , is strictly positive onX. Then
by Nadel's vanishing theorem ([20, p.561]) we see that

HY(X, Ox(MKx) @ Z(hyx)) = 0
holds. Hence
HO(X, Ox(MKx)) = HO(X, Ox(MKx) ® Ox/Z(hyx))

is surjective. Since by the construction bf ., SuppQOx/Z(hxx)) contains bothx
and x’ and is isolated at least at one »for x’. Hence by the above surjection, there
exists a sectionr € HO(X, Ox(mKx)) such that

o(X) #0, o(X)=0
or
oc(x)=0, o(X)#0

holds. This implies thatb,m,; separatex and x’. The proof of the last statement is
similar to that of Lemma 3.3. ([
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3.2. Estimate of the degree. To relateuo and the degree of pluricanonical im-
ages ofX, we need the following lemma.

Lemma 3.10. If ®nk, is a birational rational map onto its imagehen
deg®miy((X) = po - m"
holds
Proof. Letp: X — X be the resolution of the base locus [aiKx| and let
P IMKx| = [Pm| + Fm
be the decomposition into the free paR,| and the fixed componerf,. We have
deg®imk,((X) = Py
holds. Then by the ring structure &(X, Kx), we have an injection
HO(X, Og(vPm)) — HO(X, Ox(mvKx) ® Z(h™))

for every v > 1, since the righthand side is isomorphic EP(X, Ox(mvKx)) by the
definition of an AZD. We note that sinc®x(vPy) is globally generated orX, for
everyv = 1 we have the injection

Ox(vPm) = P*(Ox(MvKx) ® Z(™)).
Hence there exists a natural homomorphism
HO(X, Ox(vPm)) = HO(X, Ox(mvKx) ® Z(h™))
for everyv = 1. This homomorphism is clearly injective. This implies ttha
o Z m™" - (X, Pr)
holds by the definition ofwg. Since Py, is nef and big onX, we see that
(X, Pm) = Pp

holds. Hence

1\

—Nn n
m" - Py

Ho
holds. This implies that
deg®miy((X) = po - m"
holds. O
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3.3. Use of the subadjunction theorem. Let

!

X=XoDX1D--+DX DXs1=X Or X
be the filtration of X as in Section 3.1.

Lemma 3.11. Let W, be a nonsingular model of X For every W,

s ) -

holds where ij = (Kx, h)" - X;j as in Sectior3.1 (we note thatu(W;, Kw;) depends
only on X).

Proof. Let us set
j—-1
ﬂj = Ej-1 + Z(O{i — Si).
i=0

Let D; denote the divisomi‘l(ai) and we set

j-1

D: =) (& —&)Di +&j_1Dj_1.
i=1

Let 7: Y — X be a log resolution of X, D) which factors through an embedded res-
olution w : W; — X; of X;. By the modification as in Section 3.1, we may assume
that there exists a unique irreducible componEntof the exceptional divisor with dis-
crepancy—1 which dominatesX;. Let

i Fj— W,
be the natural morphism induced by the construction. We set
7*(Kx + D)|f, = Kg, +G.

We may assume that the support®@fis a divisor with normal crossings. Then all the
coefficients of the horizontal compone@” of G with respect torrj are less than 1
becauseF; is the unique exceptional divisor with discrepaney.

Let dV be aC™-volume form on theX. Let ¥ be the function defined by

j—1
Y= Iog(hf‘i . |gj_1|26171/m171 . l_[ |oi |2(ai gi)/mi>_

i=0
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Then the residue Rejs{n*(e*“’ -dV)) of x*(e"¥-dV) to F; is a singular volume form
with algebraic singularities corresponding to the divi§ar Since every coefficient of
G" is less than 1, there exists a nonempty Zariski open SLW?et)f W; such that

Res, (7*(e™" - dV)) is integrable onr; *(WY).
Then the pullback of the residugV[¥] of e ¥ - dV (to X;) to W, is given by
the fiber integral of the above singular volume form Ejees*(e—‘l‘ -dV)) on Fj, i.e,

o *dV[¥] :/ Reg; (r*(e Y - dV))
Fi/W

holds. By Theorem 2.30, we see th&tg +G) —7rj*(KWj + A) is nef, whereA is the

Q-divisor defined as in Theorem 2.30. We note that + G is Q-linear equivalent to

(1 +Bj)m*Kx by the construction. Hence we see that (B *Kx — (Kw, + A) is

nef and

) w(Wj, Kw,) = (Wi, (1+8))a"(Kxlx,) — A)

holds.

Let e be a positive integer such that- A is an integral divisor. Lebe.n be a
meromorphic section 0Oy, (e- A) with divisor e- A. Then we may consider theth
root o, of oea as a multivalued meromorphic section of teline bundle Oy, (A)
with divisor A. Let hy be aC>-hermitian metric on the&Q-line bundleOy, (4), i.e.,
ha is the e-th root of a C*-hermitian metric on the line bundl®w,(e- A). Then
ha(oa, oa) is @ single valued funtion oftV;.

Let us recall the interpretation of the divisdr in Section 3.7. LetdW, be a
C®-volume form onW;. We note that in the above definition of the functign we
have usedh’i instead ofdV—*i. Hence we see that there exists a positive constant
such that

C) w*dV[‘If]=/ Reg (7*(e™¥ -dV)) gc.w. w

Fi /W, ha(oa, oa)
hold.

We may assume that; is not an integer without loss of generality. In fact this
can be satisfied, if we perturdy, ..., &j_1 or oo, ..., oj_1. And passing to the Imit,
the general case follows. This condition is to assure thqualty [1 +8;] > 1+ ;
and this inequality corresponds to the conditiah> amg in Theorem 2.24. We note
that for every positive integan, every global holomorphic section afi Ky is bounded
with respect toh™. Then since the curvature curreéX, is semipositive in the sense
of current, applying Theorem 2.24 (see also Remark 2.28 Herselfcontainedness),
we have the interpolation:

A (Wi, m([1+ B8 1) *Kx, @*(dV - hAiT. i) o d V[ W])
= H(X, Ox(m(T1+ B 1)Kx)),
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where ¢ is the weight function as in Theorem 2.24 defined by

dViy,

¢ =109 VY]

and h;j is an AZD of ((1 +[Bj1)KxIXj, e - (dV~1-hl#iT)X;). By (3), we see that
(4) o (e -dV1-hilx) £ C-haloa, oa) - ¥ (dV Ty )

holds. We note that\ may not be effective. Hence a priori the eIementA?f(Wj,
m([1 +B;T)@*Kx, w*(dV" . hifi] -hrj“l), w*dV[V]) may have pole along the de-
generate locus (zero locus) af*dV[W]. But this cannot occur by the existence of
the extension and the birational invariance of plurigenéka in the remark below, we
also may reduce the proof to the case thats effective.

Since (1 +8j)@*(Kx|x;) — (Kw, + A) is nef by Theorem 2.30 (This is nothing
but the main part of the proof of Kawamata's subadjuncticeotbm [11, Theorem 1].
Then the proof of [11, Theorem 1] follows from the observattbatz, A is effective),
by using Theorem 2.30 (the condition 3 in Theorem 2.30 isfieerias in [11]), noting
the equalitydV[W] = e ¢-dWy,, the inequalities (2), (4) and the existence of the above
interpolation imply that

w(Wj, Kw,) S njt - lim m™ dim ImageH°(X, Ox(m(1 +8j1)Kx))
= HO(X;, Ox,(M(T1+ B 1K)}
holds. Here we have used the fact that for any pseudoefeclivisors M;, M, on
a smooth projective variety¥ such thatM; — M, is pseudoeffective, the inequality:
w(V, M1) Z u(V, My) holds (the proof is trivial and left to the reader).
Since every element oH%(X, Ox(m([1 + B;1)Kx)) is bounded onX with re-
spect toh™*4i1) (cf. Remark 2.14). In particular the restriction of an elemef

HO(X, Ox(m(1 +B;1)Kx)) to X; is bounded with respect ta™(2*i0|, . Hence by
the existence of the above interpolation, we have that

(5) /.L(W], KW]) g M(XJI (|—1+ﬂj-|)KXl h(lﬁgl])'XJ)

holds. This is the only point where Theorem 2.24 is used.
By the trivial inequality

we have that

-1 nj
M(Wj, ij) < (’71-'-20“—‘) (Kx, h)" X

i=0
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holds by the definition of Kx, h)" - X;. This is the desired inequality, sinqe; =
(Kx, )" - X; holds by the definition of;. ]

REMARK 3.12. In the above proof, the divisax on W; may not be effective.
But it is clear thatw, A is effective (cf. the proof of [11, Theorem 1]). If we replace
X;j by W; and X by the the ambient space of the embedded resolutiorV; — X;j,
we may reduce the above proof to the case Kats already smooth. In this case we
may assume thah is effective.

Now we shall complete the proofs of Theorems 1.1 and 1.2.

Suppose that Theorem 1.2 holds for every projective vadetif general type of
dimension< n, i.e., there exist positive constanf€(k) (k < n)} such that for every
smooth projectivek-fold Y of general type

n(Y, Ky) =2 C(k)

holds. LetX be a smooth projective variety of general type of dimensiorLet Uy be
a nonempty open subset of with respect tocountable Zariski topologguch that for
everyx € Ug there exist no subvarieties of nongeneral type contairin@uch a setg
surely exists, since there exists no dominant family of auleties of nongeneral type
in X. In fact if such a dominant family exists, then this contcaslithe assumption
that X is of general type. Then ifx( x’) € (Ug x Up) \ Ax, the stratumX; as in
Section 3.1 is of general type for evelyby the definition ofUs. By Lemma 3.10
and the definition ofC(n;), we see that

cor=([[s-£)])"

holds for W;. Since

@) o < ﬁﬂﬂs

holds for every G2 i <r by Lemma 3.8, combining (5) and (6), we see that

i-1n .
1 <(2+> van, - C(n;)~Y/m
n /MJ nj l/L

i=0 !

holds for everyj = 1.
Using the above inequality inductively, we obtain the fallog lemma.
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Lemma 3.13. Suppose thaj.o < 1 holds Then there exists a positive constant
C depending only on n such that for every x) € (Up x Ug) \ Ax the corresponding
invariants {uo, . .., ur} and {ny, ..., n;} depending onx, x’) (r may also depend on
(x, x')) satisfies the inequality

2+’7;ZO %—‘ = { ”(I:J«OJ-

We note that{ni, ..., n} is a strictly decreasing sequence and this sequence has only
finitely many possibilities. By Lemmas 3.8 and 3.11 we sed tha

|

ImKyx| separates points ddg. Hence|mKx| gives a birational embedding of.
Then by Lemma 3.9, ifug < 1 holds,

deng‘me‘(X) é c"
holds. Also
dim HO(X, Ox(MKx)) £ n+ 1+ deg®mi,(X)

holds by the semipositivity of thé\-genus ([7]). Hence we have that ify < 1,
dim HO(X, Ox(mKx)) < n+1+C"

holds.

Since C is a positive constant depending only on combining the above two
inequalities, we have that there exists a positive const{n) depending only om
such that

mo = C(n)

holds.

More precisely we argue as follows. Lt be the union of the irreducible com-
ponents of the Hilbert scheme of projective spaces of dimans n + C" and the
degree< C". By the general theory of Hilbert schemes ([8, exposé 221])con-
sists of finitely many irreducible components. p be the Zariski open subset &
which parametrizes irreducible subvarieties. Then theist® a finite stratification of
Ho by Zariski locally closed subsets such that on each strathere exists a simul-
taneous resolution of the universal family on the stratune Mgte that the volume of
the canonical bundle of the resolution is constant on eaetush by [32, 21]. Hence
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there exists a positive consta@{(n) depending only om such that
n(X, Kx) 2 C(n)

holds for every projective-fold X of general type by the degree bound as above. This
completes the proof of Theorem 1.2. O

Now let us prove Theorem 1.1. Then by Lemmas 3.8 and 3.11, wdhsd there
exists a positive integer, depending only om such that for every projective-fold X
of general type,|mKx| gives a birational embedding into a projective space foreve
m = v,. This completes the proof of Theorem 1.1. L]

4. The Severi-litaka conjecture

Let X be a smooth projective variety. We set
SevX) :={(f, [Y]D | f: X — Y dominant rational map an¥ is of general typg

where [Y] denotes the birational class of. By Theorem 1.1 and [18, p.117, Propo-
sition 6.5] we obtain the following theorem.

Theorem 4.1. Sev(X) is finite

REMARK 4.2. In the case of dif = 1, Theorem 4.1 is known as Severi’s the-
orem. In the case of dif =2, Theorem 4.1 has already been known by K. Maehara
([28]). In the case of dinY = 3, Theorem 4.1 has recently proved by T. Bandman and
G. Dethloff ([2]).
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