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Abstract

We obtain a finite generating set for the level 2 twist subgroup of the mapping class group of
a closed non-orientable surface. The generating set consists of crosscap pushing maps along
non-separating two-sided simple loops and squares of Dehn twists along non-separating two-
sided simple closed curves. We also prove that the level 2 twist subgroup is normally generated
in the mapping class group by a crosscap pushing map along a non-separating two-sided simple
loop for genus g > 5 and g = 3. As an application, we calculate the first homology group of the
level 2 twist subgroup for genus g > 5 and g = 3.

1. Introduction

Let N, be a compact connected non-orientable surface of genus g > 1 with n > 0 bound-
ary components. The surface N, = N, is a connected sum of g real projective planes. The
mapping class group M(N, ) of N, is the group of isotopy classes of self-diffeomorphisms
on N, fixing the boundary pointwise and the rwist subgroup T (N,,) of M(N,,) is the
subgroup of M(N,,,) generated by all Dehn twists along two-sided simple closed curves.
Lickorish [7] proved that 7 (N,) is an index 2 subgroup of M(N,) and the non-trivial ele-
ment of M(Ny)/T (N,) = Z/2Z =: Z, is represented by a “Y-homeomorphism”. We define
a Y-homeomorphism in Section 2. Chillingworth [1] gave an explicit finite generating set
for 7 (N,) and showed that 7 (N,) = Z,. The first homology group H;(G) of a group G
is isomorphic to the abelianization G** of G. The group H(T (Ny)) is trivial for g > 7,
H\(T (N3)) = Zia, Hi(T (N4)) = Zo ®Z and H(T (Ny)) = Z, for g = 5, 6. These results were
shown by Korkmaz [5] for g > 7 and by Stukow [10] for the other cases.

Let X, be a compact connected orientable surface of genus g > 0 with n > 0 boundary
components. The mapping class group M(Z,,) of X, is the group of isotopy classes of
orientation preserving self-diffeomorphisms on X, fixing the boundary pointwise. Let S
be either N, or X,,. For n = 0 or 1, we denote by I',(S) the subgroup of M(S) which
consists of elements acting trivially on H(S;Z;). I'2(S) is called the level 2 mapping class
group of S. For a group G, a normal subgroup H of G and a subset X of H, H is normally
generated in G by X if H is the normal closure of X in G. In particular, for X = {xy,..., x,},
if H is the normal closure of X in G, we also say that H is normally generated in G by
X1,...,%,. In the case of orientable surfaces, Humphries [3] proved that I'»(X,,) is normally
generated in M(Z,,) by the square of the Dehn twist along a non-separating simple closed
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curve forg > 1 and n = 0 or 1. In the case of non-orientable surfaces, Szepietowski [11]
proved that I',(N,) is normally generated in M(N,) by a Y-homeomorphism for g > 2.
Szepietowski [12] also gave an explicit finite generating set for I';(NV,). This generating set
is minimal for g = 3, 4. Hirose and Sato [2] gave a minimal generating set for I';(N,) when

g > 5 and showed that H; (T5(N,)) = 2",

We denote by 75(N,) the subgroup of 7'(N,) which consists of elements acting trivially
on H{(Ny;Z>) and we call T5(N,) the level 2 twist subgroup of M(N,). Recall that 7 (N,) =
Z, and Chillingworth [1] proved that 7 (V) is generated by the Dehn twist along a non-
separating two-sided simple closed curve. 7T,(N,) is a trivial group because Dehn twists
along non-separating two-sided simple closed curves induce nontrivial actions on
Hi(Ny;Zs). Let Aut(H(Ny; Z5), -) be the group of automorphisms on H{(N,; Z,) preserving
the intersection form - on H(N,; Z5). Since the action of M(N,) on H{(N,; Z,) preserves the
intersection form -, there is the natural homomorphism from M(N,) to Aut(H;(Ny; Z>), ).
McCarthy and Pinkall [8] showed that the restriction of the homomorphism to 7'(N,) is
surjective. Thus 75(N,) is finitely generated.

In this paper, we give an explicit finite generating set for 75(N,) (Theorem 3.1). The
generating set consists of “crosscap pushing maps” along non-separating two-sided simple
loops and squares of Dehn twists along non-separating two-sided simple closed curves. We
review the crosscap pushing map in Section 2. We can see the generating set for 75(N,) in
Theorem 3.1 is minimal for g = 3 by Theorem 1.2. We prove Theorem 3.1 in Section 3.
In the last part of Subsection 3.2, we also give the smaller finite generating set for 7>(N,)
(Theorem 3.14). However, the generating set consists of crosscap pushing maps along non-
separating two-sided simple loops, squares of Dehn twists along non-separating two-sided
simple closed curves and squares of Y-homeomorphisms.

By using the finite generating set for 7,(N,) in Theorem 3.1, we prove the following
theorem in Section 4.

Theorem 1.1. Forg = 3 and g > 5, T>(N,) is normally generated in M(N,) by a crosscap
pushing map along a non-separating two-sided simple loop (see Figure 1).

T>(Ny) is normally generated in M(Ny) by a crosscap pushing map along a non-
separating two-sided simple loop and the square of the Dehn twist along a non-separating
two-sided simple closed curve whose complement is a connected orientable surface (see
Figure 2).

The x-marks as in Figure 1 and Figure 2 mean Mobius bands attached to boundary compo-
nents in this paper and we call the Mobius band the crosscap. The group which is normally
generated in M(N,) by the square of the Dehn twist along a non-separating two-sided sim-
ple closed curve is a subgroup of 75(N,) clearly. The authors do not know whether 7,(N,)
is generated by squares of Dehn twists along non-separating two-sided simple closed curves
or not.

As an application of Theorem 1.1, we calculate H(75(N,)) for g > 5 in Section 5 and we
obtain the following theorem.

Theorem 1.2. For g = 3 and g > 5, the first homology group of To(N,) is as follows:
Z’®Z, ifg=3,

H{(T2(Ny)) = { Zggy(g)-l ifg>s.
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g—3

Fic. 1. A crosscap pushing map along a non-separating two-sided simple
loop is described by a product of Dehn twists along non-separating two-
sided simple closed curves as in the figure.

FiG.2. A non-separating two-sided simple closed curve on N4 whose com-
plement is a connected orientable surface.

In this proof, we use the five term exact sequence for an extension of a group for g > 5.
The authors do not know the first homology group of 75(Ny).

2. Preliminaries

2.1. Crosscap pushing map. Let S be a compact surface and let ¢ : D’ — intS be a
smooth embedding of the unit disk D’ ¢ C. Put D := e(D’). Let S’ be the surface obtained
from S — intD by the identification of antipodal points of dD. We call the manipulation that
gives S’ from S the blowup of S on D. Note that the image M of the regular neighborhood
of dD in § — intD by the blowup of § on D is a crosscap, where a crosscap is a Mobius
band in the interior of a surface. Conversely, the blowdown of S’ on M is the following
manipulation that gives S from S’. We paste a disk on the boundary obtained by cutting S
along the center line u of M. The blowdown of S’ on M is the inverse manipulation of the
blowup of S on D.

Let xo be a point of N,_; and let e : D" — N,_; be a smooth embedding of a unit
disk D’ c C to N,_; such that the interior of D := e(D’) contains xo. Let M(N,_1, xo) be the
group of isotopy classes of self-diffeomorphisms on N,_; fixing the point xo, where isotopies
also fix xp. Then we have the blowup homomorphism

@+ M(Ny-1, x0) = M(Ny)

that is defined as follows. For h € M(N,_1, xo), we take a representative 4" of 7 which
satisfies either of the following conditions: (a) A’|p is the identity map on D, (b) h'(x) =
e(eT(x)) for x € D. Such h’ is compatible with the blowup of N,_; on D, thus ¢(h) € M(Ny)
is induced and well defined (c.f. [11, Subsection 2.3]).
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The point pushing map
J i mi(Ny-1, x0) = M(Ny-1, x0)

is a homomorphism that is defined as follows. For y € m{(Ny-1, xo), j(y) € M(Ny_1, xp) is
described as the result of pushing the point xo once along y. Note that for x, y € m1(Ny-1),
yx means yx(t) = x(2f) for0 < r < % and yx(1) = y(2t — 1) for % <t £ 1, and for elements
Lf1, [g] of the mapping class group, [f][g] means [f o g].

We define the crosscap pushing map as the composition of homomorphisms:

Y=o jim(Ng-1, %) = M(Ny).

For y € m1(Ny-1, xo), we also call ¥(y) the crosscap pushing map along y. Remark that for
Y. Y € mi(Ny-1, X0), (Y (y') = Y(yy’). The next two lemmas follow from the description
of the point pushing map (see [6, Lemma 2.2, Lemma 2.3]).

Lemma 2.1. For a two-sided simple loop y on N, based at xo, suppose that vy, y» are
two-sided simple closed curves on Ny_y such that yy Uy, is the boundary of the regular
neighborhood N of y in N,_1 whose interior contains D. Then for some orientation of N, we
have

-1 -1
w(')’) = QD(t‘y] t’yz ) = t’ﬂ t‘}72 s
where 1, v, are images of y1, y> to Ny by blowups respectively (see Figure 3).

Let u be a one-sided simple closed curve and let @ be a two-sided simple closed curve
on N, such that ¢ and « intersect transversely at one point. For these simple closed curves
w1 and @, we denote by Y, , a self-diffeomorphism on N, which is described as the result of
pushing the regular neighborhood of i once along . We call Y, , a Y-homeomorphism (or
crosscap slide). By Lemma 3.6 in [11], Y-homeomorphisms are in I'2(N,).

Lemma 2.2. Suppose that vy is a one-sided simple loop on N,_y based at xo such that y
and 0D intersect at antipodal points of dD. Then we have

lp(/}/) = Y,u,?a

where %y is a image of 'y to N, by a blowup and i is a center line of the crosscap obtained
from the regular neighborhood of 0D in N,_; by the blowup of N,_ on D (see Figure 4).

7 1
v
¥
—_—
/ /
<&
i %

Fic.3. A crosscap pushing map along two-sided simple loop .

Remark that the image of a crosscap pushing map is contained in I';(N,). By Lemma 2.1,
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Fic. 4. A crosscap pushing map along one-sided simple loop y (Y-
homeomorphism Y, 5).

if v is a two-sided simple loop on N,, then (y) is an element of 75(N,). We remark that
Y-homeomorphisms are not in 7 (N,) (see [7]).

2.2. Notation of the surface N,. Let ¢; : D! — X, fori = 1, 2,..., g be smooth
embeddings of unit disks D} C C to a 2-sphere Xy such that D; := ¢;(D;) and D; are disjoint
for distinct 1 <i,j < g,andletx; € Xy fori =1, 2,..., g be g points of Xy such that x; is
contained in the interior of D; as the left-hand side of Figure 5. Then N, is diffeomorphic to
the surface obtained from Xy by the blowups on Dy, ..., D,. We describe the identification of
0D; by the x-mark as the right-hand side of Figure 5. We call the crosscap which is obtained
from the regular neighborhood of dD; in X, by the blowup of Xy on D; the i-th crosscap.

We denote by N;Ii)l the surface obtained from X, by the blowups on D; for every i # k.

N;k_)l is diffeomorphic to N,_;. Let x;,; be a simple loop on N, based at x; for i # k as

Figure 6. Then the fundamental group m(N;k_)l) = nl(N;k_)l, xy) of N;k_)l has the following
presentation.

(k) \ _ 2 2 2 2 _
ﬂl(Ng—l) = <xk;1, oo Xik=15 Xik+1s + + + s Xkyg | xk;l e Xk;k_lxk;k+1 .. 'xk;g = 1>

FiG.5. The embedded disks Dy, D,, ..., D, on X, and the surface N,.

2.3. Notations of mapping classes. Let iy : nl(N;'i)l) — M(N,) be the crosscap push-
ing map obtained from the blowup of N;k_)l on D; and let 711(N;k_)1)Jr be the subgroup of
T (N;k_)l) generated by two-sided simple loops on Nék_)l based at x;. By Lemma 2.1, we have
wk(m(N;k_)l)Jr) C T2(Ny). We define non-separating two-sided simple loops ay; ; and Sy.; ; on
N;]i)l based at x; as in Figure 7 for distinct 1 < i < j < gand 1 < k < g. We also define
Q.ji = Qi j and By, = P, for distinct 1 < i < j < gand 1 < k < g. We have the
following equations:
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=

i E—1 D k+1 J

F16.6. The simple loop x;;; for 1 <i <k —1and x;,; fork+1 < j<gon
N;]i)l based at xy.

Upsij = XksiXksj fori<j<kor j<k<ior k<i<}]

Bri,j = Xk jXk:i fori<j<kor j<k<ior k<i<]

Denote the crosscap pushing maps ay.; j := Yi(@ri,j) and by j := ¥ (By.i ;). Remark that ay; ;
and by ; are contained in the image of | (V) Let i be the self-diffeomorphism on N,
which is the rotation of N, such that n sends the i-th crosscap to the (i + 1)-st crosscap for
1 <i < g -1 and the g-th crosscap to the 1-st crosscap as Figure 8. Then we have ay; ; =

N tar gt joer Y and b j = 1 byt joirin” €D for each distinet 1 < i, j,k < g.

oo j B j
k i Jj k i j
i ko 7 ko
i J k i J k

Fi6.7. Two-sided simple loops ay;; ; and Sy, ; on N;]i)l based at xy.

For distinct iy, o, ..., i, € {1,2,..., g}, we define a simple closed curve «;, ;, . ;, on Ny as
in Figure 9. The arrow on the side of the simple closed curve «;, ;. ; in Figure 9 indicates
the direction of the Dehn twist 7,, . along @;,;,...;, if n is even. We set the notations of

Dehn twists and Y-homeomorphisms as follows:

Tij = la, forl<i<j<g,
Tijki = lagu forg>4and1 <i<j<k<l<g,
Yij = Yoo, = Wi(xi.j) for distinct 1 <i,j<g.

Note that Tfj and Tfj’k’l are elements of 75(N,), Y; ; is an element of I';(N,) but ¥; ; is not an
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FiG.8. The self-diffeomorphism 77 on N,,.

element of 75(N,). We remark that ay,; ; = b} . = Tfj for any distinct i, j, k € {1,2,3} when

kii,j
g=3.
gé Oé?:],?:Q,...,in
1 71 19 in g

.....

3. Finite generating set for 7>(N,)
In this section, we prove the main theorem in this paper. The main theorem is as follows:
Theorem 3.1. For g > 3, T5(N,) is generated by the following elements:
(1) ariiv1, Priivts Gek—14+1, Prk-1441 for 1l <k <g, 1 <i<gandi+k- 1,k
(11) arpa, bk;1’4, a3 fOl’ k= 2, 3and4 <1< i when i is Odd,
(iii) le,j,k,l for2 < j<k<l<gwheng>4,

where the indices are considered modulo g.

We remark that the number of generators in Theorem 3.1 is %(g3 +6g% +5g—6)forg >4
odd, (g + 6g% — g — 6) for g > 4 even and 3 for g = 3.

3.1. Finite generating set for 7 l(N;]i> 1)+. First, we have the following lemma:
Lemma 3.2. Forg > 2, 7T1(N;k_)1)+ is an index 2 subgroup of 771(N;k_)1 )

Proof. Note that ﬂ](N;k_)l) is generated by Xi1,. .., Xigk—1, Xkskrls- -5 Xkyg- 1 g = 2,
7T1(N;k_)1) is isomorphic to Z, which is generated by a one-sided simple loop. Hence

ﬂl(N;k_)l )™ is trivial and we obtain this lemma when g = 2.
We assume that g > 3. For i # k, we have

-1
Xei = Xpep—1 * Xhk—1Xksi

. k . _ . k
Since Xgp—1Xki = Prik-1 € m(N;_)l)*, the equivalence classes of x;.; and xk,}(_l in nl(N;_)l) /

7r1(N‘((]k_)l)Jr are the same. We also have
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_ 1 2
Kek=1 = Xpk—1 " Xesk—1-

1
k-1
nl(N;k_)] )/ 7r1(N‘((]k_)l)Jr are the same. Thus ﬂl(N;k_)l) /711(N;k_)1)Jr is generated by the equivalence

class [xgx—1] whose order is 2 and we have completed the proof of Lemma 3.2. m|

. k . _ .
Since x,%_k_l € ﬂl(N;_)l)+, the equivalence classes of xp4-1 and x_ n

N;k_)l is diffeomorphic to the surface on the left-hand side (resp. right-hand side) of Fig-
ure 10 when g — 1 = 2h + 1 (resp. g — 1 = 2h + 2). We take a diffeomorphism which
sends xy; for i # k and x; as in Figure 6 to x;; for i # k and x; as in Figure 10 and identify

N{(]k_)] with the surface in Figure 10 by the diffeomorphism. Denote by py : ]\732 - N;k_)] the
orientation double covering of N;]‘_)l as in Figure 11. Then Hy, := (pk)*(m(]@‘_j 1)) 1s an index
2 subgroup of nl(N;]i)l). Note that when g — 1 = 2h + 1, 7r1(]§3(_j ,) 1s generated by y; for
1 <i<4h,and wheng—1=2h+2, 711(1;;7‘_71) is generated by yy.; for 1 <i < 4h+2, where

Yr:i 18 two-sided simple loops on N;k_)l based at the lift x; of x; as in Figure 11. We have the
following Lemma.

g—1=2h+2

g—1=2h+1

—8

Fic. 10. N{(]k_)l is diffeomorphic to the surface on the left-hand side (resp.
right-hand side) of the figure when g — 1 = 2h + 1 (resp. g — 1 = 2h + 2).
We regard the above surface on the left-hand side as the surface identified
antipodal points of the boundary component, and the above surface on the
right-hand side as the surface attached their boundary components along the
orientation of the boundary.

Lemma3.3. Forg—1>1land1 <k <y,

Hy = 7T1(N;]<_)1)+-

Proof. Note that 7r1(N;k_)1)Jr is an index 2 subgroup of m(N;k_)l) by Lemma 3.2. It is
sufficient for proof of Lemma 3.3 to prove H; C 711(N‘;/{_)1)Jr because the index of Hj in
m(NY)) is

2= [m(NY) - Hil = [m(N,2) - m(No D 1 (N2 < Hi
=2-[m(NY)* : Hy]
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ifHk C 7T1(N2k_)1)+.

We define subsets of nl(N;]i)l)J' as follows:

A = X X Xk X1 | 1< j<g—1, j#k—1,k},
B = XXt X1 %k | 1 < j<g—1, j#k—1,k},

c { {x,z;,} ifk#1,

(Xt ifk=1
nl(N;k_)l) is generated by yi,;. Fori < 2h wheng—1 = 2h + 1 (resp. i < 2h + 1 when
g — 1 =2h+ 2), we can check that

Xkop(i+ 1) Xkp(i) if 2 <i<2hand g — 1=2h+ 1,
N Xiesg Xk:g—1 ifi=landg—-1=2h+1,
(Pr)-(ei) - = Xep(ie)Xiepy F2<i<2h+landg—1=2h+2,
XiesgXkg—1 ifi=landg—-1=2h+2,

and (px).(yx;) is an element of A, where p is the order reversing bijection from {1, 2, ..., 2k}
(resp. {1,2,...,2h+ 1} to{1,2,...,9— 1} —{k}. Sinceifg— 1 =2h+1andg—1 = 2h" +2,
we have

5 .

_ xk;l lfk :lt 1’

(P)«Wi2ne1) = { xi;z ifk=1,
5 .

_ xk;l lfk :lt 1’

(P)«Wiow+2) = { xi;z ifk=1,

(Pr)«Wron+1) and (pr).(yr2w+2) are elements of C respectively (see Figure 12). Finally, for
i>2h+2wheng—1=2h+1 (resp. i > 2h + 3 when g = 2h + 2), we can also check that

X' (i) X! (i+1) if2h+2<i<4h-1and g— 1=2h+1,

(pa(ge) = 4 Wit Afi=dhandg=1=2h+1,
Pi)«Wii) = X' () Xkpr(ivl)y H2h+3<i<4h+1landg—1=2h+2,
Xi,g—1Xksg ifi=4h+2andg—-1=2h+2,

and (pr)« (i) = X)) Xk i+ 1) 18 an element of B, where p” is the order preserving bijection
from {2h+2,2h +3,...,4h} (resp. {2h+3,2h +4,...,4h+2}) to {1,2,...,9— 1} — {k} (see
Figure 13). We obtain this lemma. O

By the proof of Lemma 3.3, we have the following proposition.

Proposition 3.4. For g > 2, 7r1(N‘((]k_)1)Jr is generated by the following elements:
(1) Xksioe1 Xy XhsiXhsie s Kbkt 1 Xkk—1, Xkk—1Xkk+1 for 1 i< g—Tlandi#k—1,k,
(2) xI, whenk =1,
3) xi,l when?2 <k <g.
We remark that xpi+1 Xk = Brii+l> XkiXki+l = Qksii+l> Xk 1 Xkk—1 = Chik—1 e+ 15 Xhsk—1 Xhoke+1
k
= Brk-14+1 and Y7 = Yii. Let G be the subgroup of 75(N,) generated by U'Zzlwk(m(N;_)l)Jf).
The next corollary follows from Proposition 3.4 immediately.
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g — 1=2h+1 Yk:2h+3

Yk:ah—1

q— 1=2h+2 yk:ﬂl\l 3 yk;f{a 5

Yk:dh+1

Yk:dh+2

|
W_J Yk:2h+1
h

Fic.11. The total space N;k_)l of the orientation double covering p; of N;k_)l

and two-sided simple loops yy.; on N;k_)l based at x.

g—1=2h+1 g—1=2h+2

Fic.12. The representative of x,%; , Whenk # 1 or x,%;z when k = 1.

Corollary 3.5. For g > 2, G is generated by the following elements:
() @riist, briist, Qrg-1xs1, bra-ras1 forl <k <g 1 <i<g-landi+k—1,k
(i) Y7; when2 < j<g,
where the indices are considered modulo g.
The simple loop x,%; , and xi;z are separating loops. By the next proposition, 7 (N;k_)l)+ is
generated by finitely many two-sided non-separating simple loops.
Proposition 3.6. Forg > 2, 711(N;k_)1)Jr is generated by the following elements:

(1) Xkt 1 Xisio XhsiXhsin 1o Xk 1 Xkik—15 Xkck—1Xpkr1 for 1 <i < gandi# k—1,k,
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g—1=2h+1

g—1=2h+2

F16.13. The representative of xi, Xy, j+1 and Xgj—1Xgx+1 for j # k—1,k.

(2) XpoXka whenk =1and g —1 is even,
(3) Xp1Xka whenk =2,3 and g — 1 is even,
(4) xp1xk3 whend <k < gandg—1is even,

where the indices are considered modulo g.

Proof. When ¢g — 1 is odd, since we have

2 _ -1 -1 -1 -1
X = X12X153 - XXy - X4 X5 -0 Xg-1%159 * X159X1:2
and
Xo = Xpq Xk - X X h  XpaXpg e ol ol oxx
k1l — AIAK2 T Apo A3 " Ak3AkG4 kig—1"ksg * Mgkl

for 2 < k < g, this proposition is clear.
When ¢g — 1 is even, we use the relation

2 2 2 2 _
Xt - o X1 Xk 1 -+ Xy = 1
For k = 1, we have
2
X1 = X1;2X154 - X4 X155 - X1;9X1;2 * X1;2X1;3 © X1;3X1;2-

By a similar argument, we also have following equations:

2 _ e
Xy = X2j1X04 0 Xoi4Xps X2:gX0;1 * X2;1X2;3 * X2;3X2;1 1fk =2,
2 _ e
) X5 = X3;1X3:4 * X34X3;5 000 X3;9X3;1 * X3,1X3;2 - X3pX3;1 if k=3,
Xiq = ’
kil 2 _
xk;l = X1 X3 * X3 Xkd =00 KXk—1Xkek+1 °°°
Xreg Xl * Xi 1 Xa2 * Xa2 Xk 1 if4<k< g.
We obtain this proposition. m|

We remark that X1 Xky = Brilgs XkgXkil = Qiilgs X12X14 = @124, X1 Xka = Proa for
k = 2,3 and xp.1x13 = @13 for 4 < k < g. By the above remarks, we have the following
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corollary.

Corollary 3.7. For g > 2, G is generated by the following elements:
(1) akeijists Oieiivls Ak—1k+1, Dik—14+1 for 1 <k <g, 1 <i<gandi+ k- 1,k
(1) a4, brra, ar3 fork=2,3 and 4 <1< g when g is odd,

where the indices are considered modulo g.

3.2. Proof of Main-Theorem. First, we obtain a finite generating set for 7,(N,) by the
Reidemeister-Schreier method. We use the following minimal generating set for I'2(V,)
given by Hirose and Sato [2] when g > 5 and Szepietowski [12] when g = 3,4 to apply
the Reidemeister-Schreier method. See for instance [4] to recall the Reidemeister-Schreier
method.

Theorem 3.8. [2, 12] For g > 3, I'2(N,) is generated by the following elements:
() Yijforl<i<g-1,1<j<gandi# ]
(2) le,j,k’l for2 < j<k<I<gwheng>4.
Proposition 3.9. For g > 3, To(N,) is generated by the following elements:
(1) Yi;Y1a, ijfor 1<i<g-L1<j<gandi# ]
2) Y17 Y12 Tt iy for2 < j<k<l<gwheng > 4.

Proof. Note that 75(N,) is the intersection of I';(N,) and 7 (N,). Hence we have the
isomorphisms

[2(Ng)/(T2(Ng) N T (Ng)) = (Na(Ng)T (Ng))/ T (Ng) = Zo[Y12].

We remark that I'y(N,)T (N,) = M(N,) and the last isomorphism is given by Lickorish [7].
Thus 7,(N,) is an index 2 subgroup of I'2(N,).

Set U := {Y, 1} and X as the generating set for I';(N,) in Theorem 3.8, where 1 means
the identity element. Then U is a Schreier transversal for 75(N,) in I',(N,). For x € I'x(N,),
define X as the element of U such that [x] = [x] in ['2(N,)/T2(N,). By the Reidemeister-
Schreier method, for g > 4, 7>(N,) is generated by

B ={wu 'wu|weX*, ue U, wu ¢ U)
e —— | —1
=YY, YiYiaYE Y ll<i<g-1,1<j<g i#j)
— —1
UATZ, e Ti Y12 i T2 j<k<l<g)
=Y Yo, Y)Y 1 1<i<g-1,1<j<g, i#j}
VYT Yo T 12 j <k <1< g),

where X* := X U {x! | x € X} and note that equivalence classes of Y-homeomorphisms
in T'2(N,)/T2(N,) is nontrivial. Since Yl‘éY;—'jl = (ijl Y12)"! and Y;J.l Yio = Ylsz Y Y12, we
have the following generating set for 75(N,):

B ={Y Y12, Y |1<i<g-1,1<j<g, i#j)
U {YiéTf’j’k’lY1,2, le’j,k’l |12<j<k<lI<g).

By a similar discussion, 7,(N3) is generated by
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B ={Y; Y15, Y| 1<i<2, 1</<3,i# j.

We obtain this proposition. |

Let G be the group generated by the elements of type (i), (ii) and (iii) in Theorem 3.1.
Then G is a subgroup of 7,(N,) clearly and it is sufficient for the proof of Theorem 3.1 to
prove B’ C G, where B’ is the generating set for 75(N,) in the proof of Proposition 3.9.
By Corollary 3.7, we have zﬁk(m(Ng‘_)l)*) c Gforany 1 < k < g. Thus ij = w,-(xl.z;j) €
Wi (N;’zl)Jf) C G. We complete the proof of Theorem 3.1 if ¥; ;¥ and Y éTij’k’lY 1.2 are
in G.

Lemma 3.10. For g > 4, Yl_,éle,j,k,lyl,z €.

. —172 _ —172 : :

Proof. Since YOIy 12 = S YOI Y1218 a Dehn twist along the two-

sided simple closed curve as in Figure 14. Then we have ajg(a1ok) = Y| é(aq,z,k,z)
) _ 1 . . L

and Yl’zal;z,jal;k,,(aq,j,k,l) = Yl’z(al,j,k,l) for 3 < j < g and the local orientation of the

regular neighborhood of ajy(@124s) (resp. Y| 2ary jary (@i jxy)) and Yl‘é(am,k,l) (resp.

Yo é(aq, k1)) are different. Therefore we have
—172 _ -2 -1
YT xY 12 =aiaiT i@
~172 _y2, 2 -1 -1 2 .
YT Y12 =Yaai jai Ty @@, Yip for3 < j<g.

By Corollary 3.7, ajx, a1, € »,l/l(ﬂl(Nél_)l)Jr) C G. We obtain this lemma. O

FiG. 14. The upper side of the figure is the simple closed curve Y L é(a’lyz,k,])
on N, and the lower side of the figure is the simple closed curve Y L %(aq’ )
onN,for3<j<g.

Szepietowski [11, Lemma 3.1] showed that for any non-separating two-sided simple
closed curve vy, t% is a product of two Y-homeomorphisms. In particular, we have the fol-
lowing lemma.

Lemma 3.11 ([11]). Fordistinct1 <i,j<g,

2 . .
T fori<j,

Yy, =y, Y7l =
LR { T2 forj<i.
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Lemma 3.12. For distinct 1 < i, j < g, Tfj €.

Proof. We discuss by a similar argument in proof of Lemma 3.5 in [12]. Let y; be the
two-sided simple loop on N;'El fori = 3,...,g9 as in Figure 15. Then we have le,2 =
Uy(vg) - - Wa(ya)3(y3) (see Figure 15). Since y; € nl(N;’EI)*, each y;(y;) is an element of G
by Corollary 3.7. Hence we have 77, € G.

We denote by o ; the self-diffeomorphism on N, which is obtained by the transposition
of the i-th crosscap and the j-th crosscap as in Figure 16. o7 ; is called the crosscap trans-
position (c.f. [9]). For 1 <i < j <g,put f; j; € M(N,) as follows:

f]’z = 1,
fl’j =0jo1,j 1034023 for3 < ] <g,
fi,j = o_i—l.i"'0_2,30_1,2f1,j for2 <i< ] <g.

Then T7; = fi,Ti,f} = fijbgOvo)fi} - fijbaya) [} - fir3(y3)f; ;. Since the action of
o;;j on N, preserves the set of i-th crosscaps for 1 < i < g, fi (%) ff/l is an element of

Ui (m(N;k_';)) for some k’. By Corollary 3.7, we have f; jyi(yi) fl‘]] € G and we obtain this

lemma. o
1 2 3 4 g
3
- o> ©-®
Y4
« (@ ®

FiG. 15. T12,2 is a product of crosscap pushing maps along y3,vs,...,v,.

Fi.16. The crosscap transposition o ;.
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Finally, by the following proposition, we complete the proof of Theorem 3.1.
Proposition 3.13. For distinct 1 <1, j,k,l < g, Yi;Y;; € G.

Proof. Y} ;Y; ; is the following product of elements of G.
(a) case (k,I) = (i, j):

YeiYij = Y2

By Corollary 3.7, the right-hand side is an element of G.
(b) case (k, 1) = (j, 0):

Lem3ll

YYi, = Yj%i . Y;}Y (a) - T+2

By Lemma 3.12, the right-hand side is an element of G.
(c)casek=iand !l # j:

Cor. 3.7

YiiYi = wilai(xi)) = yilai) = aijy € G.
(d)casek #iand [ = j
YiiYij=YeYei- Y Yl - YieYij = (©)- (b)- () € G.
(e)case k = jand [ # i

Lem 3.11 4o Lem.3.12

YiYi =YY Y Y, ()T G.
(fycase k # jand [ = i:
- Lem.3.11 .4 Lem. 3.12
YiiYij= Yk,iYi,kl YYo= Tl-jk2 (c) € G

(g) case {k, [} N {i, j} is empty:
YirYij =YY, YV - YagYij=(0)- (@) (d) € G.

We have completed this proposition. m|

By a similar discussion in Subsection 3.2 and Corollary 3.5, we obtain the following
theorem.

Theorem 3.14. For g > 3, To(N,) is generated by following elements:
() @riist, briist, Qrg-1as1, brr-rar1 forl <k <g 1<i<g-landi+k-1,k
(i) Y7, for2<j<g,

(iii) le,j,k,l for2 < j<k<l<gwheng>4,

where the indices are considered modulo g.

Since the number of generators in Theorem 3.14 is é(g3 +6g°>—7g—12) for g > 4 and 3 for
g = 3, the number of generators in Theorem 3.14 is smaller than the number of generators
in Theorem 3.1. On the other hand, by Theorem 1.2, the dimension of the first homology
group Hi(T2(Ny)) of To(N,) is (g) + (g) —1=4(g’ —g—06) for g > 4. The difference of them
is g> — g — 1. The authors do not know the minimal number of generators for T>(N,) when
g=>4.
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4. Normal generating set for 7,(N,)
The next lemma is a generalization of the argument in the proof of Lemma 3.5 in [12].

Lemma 4.1. Let y be a non-separating two-sided simple closed curve on N, such that
Ny — v is a non-orientable surface. Then t% is a product of crosscap pushing maps along
two-sided non-separating simple loops such that their crosscap pushing maps are conjugate
to arpz in M(Ny).

Proof of Theorem 1.1. By Theorem 3.1, 75(N,) is generated by (I) crosscap pushing maps
along non-separating two-sided simple loops and (II) Tﬁj’k’l for2 < j<k<Il<g. When
g =3, To(N,) is generated by T12,2’ T12’3, T22’3. Recall Tfj = a,:;},j when g = 3. Since N, — «;
is non-orientable for g > 3, ay;;; is conjugate to ay.» y in M(N,). Hence Theorem 1.1 is
clear when g = 3.

Assume g > 4. For a non-separating two-sided simple loop ¢ on N;’i)l based at xi, by
Lemma 2.1, there exist non-separating two-sided simple closed curves ¢; and ¢, such that
U(c) =t t;zl, where ¢ and c¢; are images of boundary components of regular neighborhood
of ¢ in N;k_)l to N, by a blowup. Then the surface obtained by cutting N, along ¢; and c¢;
is diffeomorphic to a disjoint sum of N,_3, and N;,. Thus mapping classes of type (I) is
conjugate to a;; 3 in M(N,). We obtain Theorem 1.1 for g = 4.

Assume g > 5. Simple closed curves «; jx; satisfy the condition of Lemma 4.1. Therefore
Tij’k’l is a product of crosscap pushing maps along non-separating two-sided simple loops
and such crosscap pushing maps are conjugate to a3 in M(N,). We have completed the
proof of Theorem 1.1. |

5. First homology group of 7,(N,)

By the argument in the proof of Proposition 3.9, for g > 2, we have the following exact
sequence:

(5.1 1 — To(Ny) — Ta(Ny) — Zr — 0,

where Z, is generated by the equivalence class of a Y-homeomorphism.

The level 2 principal congruence subgroup I',(n) of GL(n,Z) is the kernel of the natural
surjection GL(n,Z) -» GL(n,Z,). Szepietowski [12, Corollary 4.2] showed that there exists
an isomorphism 8 : I';3(N3) — I2(2) which is induced by the action of I';(N3) on the free
part of H{(N3;Z). Since the determinant of the action of a Dehn twist on the free part of
H{(Ns;2) is 1, we have the following commutative diagram of exact sequences:

(5.2) 1

T>(N3) I(N3) ——Zy —— 1

9|T2(N3)l O Gl O l

| —=SLR.2)[2] —=Tp2) £ ~7, — > 1,

where SL(n, 2)[2] := I';(n) NSL(n, Z) is the level 2 principal congruence subgroup of the in-
tegral special linear group SL(n, Z). By the commutative diagram (5.2), 7,(N3) is isomorphic
to SL(2,2)[2].

Proof of Theorem 1.2. For g = 3, the first homology group H(72(NN3)) is isomorphic
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to H(SL(2,Z)[2]) by the commutative diagram (5.2). The restriction of the natural surjec-
tion from SL(2,7Z) to the projective special linear group PSL(2,7Z) to SL(n,Z)[2] gives the
following commutative diagram of exact sequences:

(5.3) 1 —— Zy[-E] SL(2,Z) —— PSL(2,Z) —— 1

O

1 — Z[-E] — SL(2,Z)[2] —— PSL(2,Z2)[2] — 1,

where E is the identity matrix and PSL(n,Z)[2] := SL(n,2)/{xE} is the level 2 principal
congruence subgroup of PSL(2,2Z). Since PSL(2,7)[2] is isomorphic to the free group F»
of rank 2 and —F commutes with all matrices, the exact sequence in the lower row of Dia-
gram (5.3) is split and SL(2, Z)[2] is isomorphic to F, & Z,. Thus H;(T3(N3)) is isomorphic
to0 2’ ®Z,.

For g > 2, the exact sequence (5.1) induces the five term exact sequence between these
groups:

H>(I'y(Ny)) — Ha(Zy) — H(T2(Ny))z, — Hi(I'2(Ny)) — Hi(Zy) — 0,
where
H(Ty(Ny))z, := Hi(To(N)/{fm —m | m € H|(Ta(N,)), [ € Zy).

For m € H\(To(Ny)) and f € Z,, fm := [F'm' f~ 1 e H\(T>2(Ny)) for some representative
m’ € To(N,) and f’ € I'z(Ny). Since Hy(Zy) = H,(RP*) = 0 and H,(Z,) = Z, we have the
short exact sequence:

0 — Hi(T2(Ng))z, — Hi(T2(Ny)) — Z, — 0.

Since Hirose and Sato [2] showed that H;(I'2(N,)) = Zgg)+(g), it is sufficient for the proof of
Theorem 1.2 when g > 5 to prove that the action of Z, = I'»(N,)/T>(N,) on the set of the
first homology classes of generators for 7,(N,) is trivial.

By Theorem 1.1, 75(N,) is generated by crosscap pushing maps along non-separating
two-sided simple loops for g > 5. Let y/(y) = t,, t;; be a crosscap pushing map along a non-
separating two-sided simple loop y, where y; and y, are images of boundary components
of the regular neighborhood of y in N,_; to N, by a blowup. The surface S obtained by
cutting N, along y; and y, is diffeomorphic to a disjoint sum of N,_3, and N;,. Since
g—3>5-3 =2, we can define a Y-homeomorphism Y on the component of S. The Y-
homeomorphism is not a product of Dehn twists. Hence [Y] is the nontrivial element in Z,
and clearly Yy(y)Y~' = y(y) in [(Ny), i.e. [Yy(y)Y N =[y(y)lin H 1(T2(Ny)). Therefore
the action of Z, on H(7,(N,)) is trivial and we have completed the proof of Theorem 1.2.

O

RemARK 5.1. When g = 3, we have the exact sequence
0 — H(T2(N3))z, — HI(T2(N3)) — Z, — 0

by the argument in the proof of Theorem 1.2. Since H (I2(N3)) = H (I»(2)) = Z‘z‘, we
showed that the action of Z, = I'2(N3)/T2(N3) on H{(7T,(N3)) is not trivial by Theorem 1.2
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when g = 3.
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