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Abstract

The tremendous resource of solar energy makes solar photovoltaic (PV) generator as
one of the most promising renewable energy sources for system integration. The fast-
growing share of PV in the gross electricity generation delivers significant ecological
and economic benefits to the world’s sustainable development. However, large and
rapid deployment of PV demands effective technology supports to maintain system
power quality. One of the major power quality concerns is voltage stability due to
power flows from grid-connected PV. To sustain voltage stability in power system
under large and random PV integrations, this study focused on voltage regulation with
reactive power injection from PV inverter. Statistical analyses of voltage stability were
initially conducted on power system under various allocation patterns of PV generators.
In addition, several decentralized control schemes of reactive power were applied on
inverter to investigate their control performances. Analysis results showed random
allocation of solar PV may harm voltage stability around the tail part of radial circuit
lines, as well as connecting buses of circuit lines. In addition, control performances of
decentralized control schemes were insufficient without considering whole balance of
system power flow. Based on these analyses, an efficient control method of inverter
reactive power was proposed from a centralized approach, which cared for both
allocations of PV and reactive power injection of inverters. The centralized control
model was derived from PV-enabled power flow equation, which was a linear model
describing the influence of inverter reactive power injection on voltage magnitude
change. Control objective was formulated as an optimization problem, which aimed
to find the best fit of reactive power injection that minimizes system voltage variation.
Sparse optimization method, named constrained least absolute shrinkage and selection
operator (LASSO), was adapted on the formulated optimization problem. LASSO
added `1-norm penalty on reactive power injection, which was expected to shrink the
number of operating inverters for voltage control. Control performances and efforts of
LASSO were investigated in power system under random integration of PV generators.
The estimated solutions of reactive power injection showed that LASSO succeeded in
selecting the least essential PV inverters for voltage regulation with respect to large
and random integration of PV generators, while maintained control performances on
voltage stability.
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Chapter 1

Introduction

1.1 Research background

Power system has a long history of using fossil fuels to produce electric power [1].
As electricity is an essential energy source of modern life, the massive usage of non-
renewable energy for electricity production has brought growing concerns on its harmful
environmental impacts, such as air pollutions and global warming issues. Technologies
promote to use renewable energy sources, such as solar, wind, geothermal, biomass and
hydropower, as alternative choices for electric power generation [2–4]. The integration
of renewable energy sources would deliver significant ecological and economic benefits
to the world’s sustainable development, and even increase electrification of the world’s
most rural areas. Based on the REN21 report, electric power generated from renewables
reached a 24.5% share of global electricity production, and 19.3% share of global
electricity consumption is from renewables [5]. Many countries have even set an
ambitious goal to use 100% renewable energy to supply their power demand [6,7].

Among all types of the renewable energy sources, the tremendous resource of solar
energy attracts incremental interests from business and academic communities, as
well as government policy makers, because of its significant potential for long-term
growth in global power production [8]. The power generation from solar photovoltaic
systems (PV) is estimated to reach 11% of global electric power production by 2050
and reduce 2.3 gigatonnes (Gt) of CO2 emissions per year [8]. For current status,
global production of solar PV only achieves 1.5% [5]. Thus, high integration and rapid
deployment of solar PV is predicted in the existing power system during next few
decades, which will definitely require effective technology supports, in terms of power
quality and system stability [9–12].
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2 Chapter 1. Introduction

One of the major challenges associated with PV integration is to sustain voltage
stability [10–19]. Voltage stability refers to the ability of power system to maintain
voltage profile within permitted operation range, after disturbances such as load
variations [20,21]. Grid-connected PV injects solar power generation to its connected
power consumer, and delivers excess power to the utility grid as a reverse power flow.
Directions of existing power flows are modified in power system with PV, which may
result in voltage exceeding or decreasing beyond permitted operation limit [13–15].
In some cases, PV penetration improves voltage quality of poor voltage area to its
stable state. For other cases, PV integration might cause severe voltage deviation,
which leads to system blackouts and dramatic economic loss. Since growing numbers
of PV generators connect with consumers in distribution system of the power network,
voltage stability of the distribution system becomes major concern in this study.

In conventional distribution system, two types of voltage regulation methods
are often applied to power system [22,23]. One is on-load tap-changing transformer
(OLTC). Take a single circuit line as an example, voltage drops along the circuit line
to deliver power from generator/substation to power consumers. In order to avoid
voltage dropping lower than minimum permitted point, power system raises voltage
at the delivery point with OLTC. The other one is static shunt compensator. Power
is sorted into real and reactive power, the real power denotes energy transfer of power
distribution, the reactive power denotes stored energy, which returns to source in
a cycle. Power system needs to keep power balance of the real and reactive power
between generators and consumers. It is understood that inability of power system
to supply or absorb reactive power would cause voltage collapse [24]. Static shunt
compensator ensures sufficient supply or absorption of reactive power to compensate
reactive power demand from consumer loads. As a result, power system maintains
voltage stability with reactive power regulation.

With small amount of PV integration, conventional voltage regulators are sufficient
for voltage control [16]. For specific assigned PV generators, setting parameters of
OLTC and shunt compensators can be calculated to plan optimal operation of the
power system [25]. For strategically placed grid-connected PV generators, optimization
algorithms have been developed to search optimal size, number and allocation of PV
generators, which are subject to voltage operation limit [26–29]. As PV generators
increasingly integrate with power system, high penetration of PV promotes growth
of power demand from residential consumers. Then, the optimal allocation of PV
becomes unpractical for a power system, as PV allocations are usually customers’
choices [30]. In other words, the high penetration of PV induces randomness in the
siting locations and patterns of PV, and as a consequence, increases vulnerability of
voltage instability. The associated characteristics of voltage deviation raise concerns
in this study.
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Moreover, due to characteristics of PV, high integration of PV generators makes
conventional voltage regulators insufficient to sustain voltage stability [16,19]. Power
generation of PV varies with respect to weather conditions, such as solar radiation
and temperature [31,32]. Since solar movement and weather forecasting technology
is relatively well understood, much of the variation in PV generation is predictable
during long periods of time. However, moving clouds might temporarily cover sunlight
on PV cells, which is less predictable for short periods of time [11]. In consequence,
uncertainty of short-time PV generation influences transient stability of its integrated
power system [18,33]. When the integration of PV increases, conventional voltage
regulators become less effective to control the rapid change induced by PV [16].
Reactive power control of PV inverter was considered an efficient approach to regulate
voltage deviation in such situation, thanks to the characteristics of PV inverter [34–38].
As an essential component in grid-connected PV, PV inverter converts DC power of
PV cells into AC power that compatible for consumer load and utility grid. Meanwhile,
it generates reactive power which is considered an efficient control input to rapidly
regulate voltage deviation. Options of control schemes for inverter were discussed in
several studies [39–42]. Optimization algorithms were developed to compute reactive
power output of inverter, which sustains voltage stability [36,43]. However, these
previous studies have only focused on power system with pre-allocated PV. The
control performance of inverter reactive power still demands investigation for power
system with randomly integrated PV.

As randomness of PV integration challenges the voltage stability of power system,
this study aims to analyze the characteristics of voltage variation and the control
performance of PV inverter with respect to various allocation patterns of PV. With
the associated analysis results, this study also aims to propose a reactive power control
scheme for PV inverter, which is expected to robustly suppress voltage deviation in
power system with random PV integration.

1.2 Research objective and contribution

Since exponentially growing integration of PV shift its allocation scenario from
strategic planning to random siting, the associated voltage stability becomes one of
the major concerns for massive PV penetration. This study aims to investigate the
characteristics of voltage deviation with respect to random allocation of PV, as well
as develop effective voltage control method in this condition.

To begin with this study, statistical and worst-case analyses of voltage stability is
conducted under completely random allocation of PV generators. Radial distribution
system is chosen as objective power system, since the simplicity of its network
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configuration contributes to investigate the characteristics of voltage deviation with
respect to various allocation patterns. The allocation patterns of PV are sorted
as follows: random distribution of one or a few number of PV generators; uniform
distribution of a large number of PV generators. The associated changes in voltage
stability are analyzed with respect to allocation patterns. Moreover, basic control
schemes of reactive power by Seal et al. and Turitsyn et al. [39,40], are applied on
PV inverters, which aims to evaluate the control performance of inverter reactive
power with respect to random allocation of PV generators. Furthermore, k-medoids
clustering method is employed to partition the resulted data of voltage stability related
analysis results [44], which divides similar voltage deviation of various PV allocation
patterns into several clusters, and as a consequence, reduce the analysis pressure of
big data volume.

Voltage stability analyses demonstrated above indicates that severe voltage devia-
tion may occur under random allocation of PV generators [45]. Additionally, basic
control schemes of inverter reactive power are unable to sustain voltage stability
with respect to random allocation of PV [46]. Furthermore, the author wonders if
all grid-connected PV generators have to conduct inverter reactive power control, in
order to ensure voltage stability. According to IEEE standard 1547–interconnection
standard of distributed resources with power system [47], reactive power support from
distributed resources were not allowed concerning operation safety. Even though latest
smart grid interoperability reference–IEEE standard 2030 established permission on
control support from distributed resources [48], efficient control of inverter reactive
power will still benefit the power system under large and random integration of PV,
in terms of operation safety and cost.

To maintain voltage stability efficiently with respect to random allocation of PV,
the author proposes to care for the importance of allocation of both PV generators
and reactive power of PV inverters. A constrained linear relation between voltage
magnitude change and reactive power change of PV inverter is derived from linearizing
power flow equations with power integration from PV [26,49]. With the constrained
linear model, control objective is formulated as to optimize the reactive power injection
that minimizes voltage variation. In order to select the least essential inverters
to increase the control efficiency, sparse optimization technique is adapted on the
optimization problem. This sparse optimization method is named as constrained
least absolute shrinkage and selection operator (LASSO) [50,51], which adds a `1-
norm penalty and prior constraint on its regression coefficients–the reactive power
change in this study. The `1-norm penalty contributes to shrink some estimates of
the reactive power change towards zero and select fewer PV inverters to interpret
the strongest feature of the provided model [52,53]. The prior constraint represents
physical limitation of PV inverter. Same optimization problem is also solved with
standard constrained least-square method. The resulting sparsity and effectiveness
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of the constrained LASSO method are compared with the corresponding results
from standard constrained least-square method, which indicates that the constrained
LASSO approach succeeds in selecting least essential inverters to inject reactive power,
without sacrificing control performance [54].

1.3 Dissertation overview

Overview of the manuscript is demonstrated below:

Chapter 2 briefly introduces grid-connected photovoltaic system, which includes
the explanation of its main components and their respective feature. As two most
important components of the grid-connected PV system, PV cell and inverter are
described in detail in this chapter.

Chapter 3 demonstrates two types of power networks that are utilized in this study.
One is radial distribution system. The other one is meshed distribution system. Radial
distribution system is employed to conduct the statistical and worst-case analysis of
voltage stability. Meshed distribution system is used to adapt the proposed efficient
controller of inverter reactive power. In addition, power flow equations with PV
power are introduced for both power systems, which contributes to compute voltage
magnitudes in power system. Based on the power flow equations, reactive power
control of PV inverter is introduced, where the benefits of using inverter reactive
power are also explained.

Chapter 4 describes the study results on statistical and worst-case analyses of
voltage stability, in power system under random distribution of PV generators. Several
basic control schemes on inverter reactive power are induced here, which are applied on
PV inverters to investigate their control performance with respect to various allocation
patterns of PV. IEEE 33-bus power system is taken as benchmark example to conduct
the investigation. Analysis results of voltage stability are demonstrated with respect
to one or fewer number of PV generators integration, and uniform distribution of
PV generators. In addition, clustering method is utilized in the analyses. Related
study results were published in conference proceeding [45] and journal paper [46]
respectively.

Chapter 5 proposes an efficient reactive power control scheme for voltage regulation
in power system with high and random PV integration. Constrained linear relation
between reactive power change and voltage magnitude change is derived from power
flow equations. Control problem is formulated as to optimize the reactive power
injection of PV inverter. Sparse optimization technique, named constrained LASSO
method, is adapted on this control problem. Same problem is also solved with
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standard constrained least-square optimization method, which contributes to compare
the performance of the proposed controller. IEEE 39-bus and 57-bus benchmark power
systems are chosen to conduct the analysis. Related study results were published in
journal paper [54].

Chapter 6 summarizes the research objective and contributions of this study, as
well as concludes the analysis results including statistical analysis of voltage stability
under random PV integration and control performances of proposed inverter reactive
power control scheme. Future works of this study are also discussed in this chapter.



Chapter 2

Grid-connected photovoltaic system

This chapter briefly introduces grid-connected PV, which includes features and
characteristics of its components. Grid-connected photovoltaic system supplies solar
power generation to its connected electricity consumer, and delivers excess power to
utility grid [4]. A grid-connected PV system usually consists of an arrangement of
several components, which includes PV cells, PV inverter(s), power conditioning unit,
grid connection equipment and optional additional battery [4,32,55,56]. Figure 2.1
shows a typical configuration of grid-connected PV, which illustrates the connections
of each component and the power flow from PV cells to consumer and utility grid.

Figure 2.1: Typical configuration of grid-connected PV system

7



8 Chapter 2. Grid-connected photovoltaic system

The associated features of each component are explained below:

• PV cells: Absorb sunlight to produce electrical power.
• PV inverter(s): Convert the generated electrical current from DC to AC.
• Power conditioning unit: Manage and improve power quality; PV inverter(s)

are usually implemented in it.
• Grid connection equipment: Connect PV system with utility grid.

Solar radiation from sunlight triggers the PV cells to produce electric power, which
is a DC power. The generated DC power injects into the power conditioning unit,
where PV inverter(s) convert DC power to AC power, rest of the components in
the unit collectively prepare compatible AC power to supply the consumer’s power
demand, and delivers excess power through the grid connection equipment into the
utility grid.

PV cells and inverter(s) serve as the principal components for a grid-connected
PV system, detail description of which are addressed in the following section.

2.1 PV cell model and characteristics

A PV cell converts energy of light into electrical power, which is the basic electrical
unit to construct PV panels for commercial and residential applications. The power
output of it primarily depends on solar radiation and cell temperature [31], and its
performance could be explained with a well-known equivalent circuit of PV cell shown
in Figure 2.2 [32,57,58]. This circuit could represent either an individual PV cell or
a series of PV cells. PV cell is modeled as a current source in parallel with a diode
and shunt resistance, the combined current of these components flows into a series
resistance before delivering power generation into its connected consumer.

At given solar radiation and cell temperature, current (I)-voltage (V ) relation in
this circuit is expressed as:

I = IL − ID − Ish

= IL − I0

[
exp(

V + IRsh

a
)− 1

]
− V + IRs

Rsh

(2.1)

The parameters appear in Equation (2.1) represent: light current IL, diode current
ID and its reverse saturation current I0, shunt resistance Rsh and its corresponding
current Ish, series resistance Rs. Current I flowing through the series resistance and



2.1. PV cell model and characteristics 9

Figure 2.2: Equivalent circuit of PV cell

the respective voltage output V . In addition, a is called modified ideality factor, which
is defined as:

a :=
NsnIkTc

q
(2.2)

where Ns is the number of PV cells, nI is ideality factor of diode to measure closeness
the diode following the ideal diode equation, k is Boltzmann’s constant (1.381 ×
10−23J/K) that defines the relation between average kinetic energy of each molecule
and absolute temperature in a gas, Tc is cell absolute temperature, q is electron charge
(1.602× 10−19coulombs).
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Figure 2.3: I−V curves of PV
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The parameters for computing the I−V characteristics in Equation (2.1) are
obtained from manufacturers and other known PV characteristics. Output of light
current IL depends on solar radiation G and cell temperature Tc. With the manufacture
parameters from [57], G and Tc impacts on the I−V characteristics of PV, Figure 2.3
shows I−V characteristics in four different situations.

Power output of a PV cell is usually computed as:

Ppv = IV (2.3)
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Figure 2.4: I−V and Ppv−V curves of PV

With the manufacture parameters from [57], an example of the I−V and Ppv−V
curves is shown in Figure 2.4. Since nonlinear I−V characteristics of PV varies with
respect to atmospheric conditions, PV generator is usually equipped with maximum
power point tracking (MPPT) controller to optimize its power conversion efficiency,
and match the PV generation with the characteristics of the consumer load [4,59].
Although atmospheric conditions challenge the regulation techniques of the existing
power system when integrating PV with it, for current stage of this research, power
generation from PV is only considered as a constant and given value.
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2.2 PV inverter

The DC power generated from PV flows into PV inverter to be converted to
AC power, where it prepares the real power generation of PV compatible for grid
connection and consumer charge. Meanwhile, PV inverter can generate reactive
power in this process. The relation between real and reactive power in PV inverter is
illustrated with Figure 2.5 [34,60].

Figure 2.5: Mathematical model of PV inverter

In Figure 2.5, Spv denotes apparent power of the PV inverter, which is determined
by physical characteristics of inverter components. Ppv is real power generated by
PV cells. Qpv is reactive power generated by PV inverter. Ppv is marked with black
bullet. The associated reactive power capability of inverter is marked with red dash
line on vertical axis. Mathematical expression of the PV inverter is given as:

|Qpv| ≤
√

(Spv)2 − (Ppv)2 = Qmax (2.4)

where the reactive power capability of inverter is constrained by its apparent power
capability Spv. Let |Qmax| be limitation of reactive power capability of PV inverter.



Chapter 3

Power flow and reactive power
control of PV inverter

Power system is an interconnected network system which conducts generation,
transmission, distribution and consumption of the electrical power. To ensure power
quality of a system, power flow computes voltage magnitude and phase angle to
determine the best operation of the network and plan future expansion of the power
system. This study concentrates on distribution system of the power network to
investigate voltage stability and inverter control method in power system with random
PV integration. Two types of distribution networks are employed: one is radial
distribution system, the other is meshed distribution system. When PV generation
injects into power system, voltage magnitude and its phase angle at each bus is
determined by solving the power flow equations. From the analyses of power flows,
reactive power of PV inverter turns out to be a controllable input for voltage regulation,
which is briefly described in the final section.

3.1 Power flow of radial distribution system

Radial distribution system is considered the simplest and cheapest power system.
For a group of consumers, this system is featured with only one source of power
generation and a tree-like network configuration, where consumer households radially
distributed from power station and no looped network exists in it [61]. This type of
power network is usually constructed in rural area with sparsely distributed consumers.
Although a single error in one circuit line may interrupt the power quality of the
whole system, the simplicity of the network contributes to analyze the characteristics

12
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of voltage deviation and control performance of inverter reactive power, in power
system with random PV integration.

The radial distribution system can be simplified as one line circuit shown in Figure
3.1. Assume there are n buses here, let I denote the set of bus indices. As mentioned
above, only one energy source exists in the circuit, like a substation of the power
system, set its bus index to 1. Complex power from bus 1, P1 + iQ1, flows into its
adjacent bus along this circuit line, until it reaches the end of the circuit at bus n.
Let bus index j be an arbitrary power consumer along the distribution line. Complex
power delivered from bus j to bus j + 1 is expressed as Pj + iQj, where Pj and Qj

are real and reactive power respectively. With the same principle, power distributed
between two adjacent buses could be expressed as shown in Figure 3.1. Since bus n is
the end of the circuit, there will be no power distributed from it, Pn + iQn is zero.
Additionally, when consumer charges power Pd, j+1 + iQd, j+1 from bus j + 1, bus j + 1
extracts it from power of the upper stream Pj + iQj.

Figure 3.1: Single line radial distribution circuit

According to Ohm’s law, power flow equations of the radial distribution system
are formulated below [62,63]:

Pj+1 = Pj − rj
P 2
j +Q2

j

|Vj|2
− Pd, j+1

Qj+1 = Qj − xj
P 2
j +Q2

j

|Vj|2
−Qd, j+1

V 2
j+1 = V 2

j − 2(rjPj + xjQj) + (r2
j + x2

j)
P 2
j +Q2

j

V 2
j

(3.1)

where j ∈ I; Vj is voltage magnitude at bus j, rj + ixj is complex impedance of circuit
line between bus j and j + 1. This power flow method is originally utilized to analyze
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capacitor placement and sizing in radial distribution system, the computation above
is simple when it comes to adjusting the injection of reactive power [62–64].

3.2 Power flow of meshed distribution system

Meshed distribution system is the most complex and expensive power system.
Multiple sources of power generation supply consumer households in an interconnected
network system, where one consumer bus could be supplied with multiple generators
simultaneously [61]. This system is often built in downtown area with high load
demand, since the complex network structure adds more reliability to the power
system.

Meshed distribution power system could be considered as multiple radial circuit
lines like Figure 3.1 interconnected with each other. The power flow equations of this
system are formulated to balance power injection at each bus. Figure 3.2 shows an
illustration of nodal power injection. For each nodal bus, the nodal power injections
(P, Q) are equal to the net power of extraction from consumers (Pd, Qd) and injection
from generators (Pg, Qg).

Figure 3.2: Illustration of nodal power injection

Assume a meshed power system consists of n buses and m generators. Let the set
of bus indices be {1, · · · , n}, buses are sorted into three types:

• Reference bus: One generator bus is chosen as reference bus for power flow
study. Let Iref denote the set of bus index.
• Generator buses: Power generators are installed at these buses, where real power
generation and voltage magnitude are assumed constant and given. Let Ig
denote the set of bus indices, which includes (m− 1) buses.
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• Consumer buses: Electrical power are demanded at these buses, where real and
reactive power are determined constant value at the operating point. Let Id
denote the set of bus indices (the subscript "d" stands for "demand".), which
has (n−m) buses.

The power flow equations are formulated as [65]:[
∆P
∆Q

]
=

[
P (Θ, V ) + Pd − Pg
Q(Θ, V ) +Qd −Qg

]
= 0 (3.2)

Pf (Θ, V ) = Vf

n∑
t=1

Vt(Gft cos θft +Bft sin θft), ∀f ∈ Id ∪ Ig (3.2a)

Qc(Θ, V ) = Vc

n∑
t=1

Vt(Gct sin θct −Bct cos θct), ∀c ∈ Id (3.2b)

In Equation (3.2), V is vector of voltage magnitudes; Θ is vector of voltage phase
angles; P , Q are vectors of real and reactive power injections of nodal buses; Pg,
Qg are vectors of real and reactive power generation at generator buses; Pd, Qd are
vectors of real and reactive power demand at consumer buses. The equations of nodal
power balance can be further expanded as Equation (3.2a) and Equation (3.2b); Pf ,
Qc are the real power and reactive power balance at bus f , s; Gft, Gct, Bft, and
Bct are real and imaginary parts of element in bus admittance matrix; θft, θst are
differences of voltage angles between the two index buses. Equation (3.2) solves all
unknown voltage magnitudes and angles in the meshed power system. Note Equation
(3.2) generally solve power flow problems in all types of power systems. Matpower
software is employed to solve the power flow equations in this study [66].

3.3 Integration of PV power

When PV generators integrates with power system, power generation of PV injects
into the PV-enabled consumer buses to compensate the power demand of consumer,
then excess power of PV is delivered into the utility grid. These processes can be
reflected on power flow equations by modifying the power demand of PV-enabled
consumer buses.
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For radial distribution system, PV-enabled power flow equations are described as:

Pj+1 = Pj − rj
P 2
j +Q2

j

|Vj|2
− (Pd, j+1 − Ppv, j+1) (3.3a)

Qj+1 = Qj − xj
P 2
j +Q2

j

|Vj|2
− (Qd, j+1 −Qpv, j+1) (3.3b)

V 2
j+1 = V 2

j − 2(rjPj + xjQj) + (r2
j + x2

j)
P 2
j +Q2

j

V 2
j

(3.3c)

where Ppv, j+1 and Qpv, j+1 are real and reactive power generation of PV at bus j + 1
respectively. If PV doesn’t exist at bus j + 1, set them to zero.

For meshed distribution system, PV-enabled power flow equations are given as:[
∆P
∆Q

]
=

[
P (Θ, V ) + (Pd − Ppv)− Pg
Q(Θ, V ) + (Qd −Qpv)−Qg

]
= 0 (3.4)

where Ppv and Qpv are vectors of real and reactive power from PV generators respec-
tively.

Equation (3.3) and Equation (3.4) compute voltage deviates with respect to the
power integration of PV. As real power generation of PV is considered constant and
given in this study, reactive power of PV becomes the only controllable variable for
voltage regulation.

3.4 Reactive power control of PV inverter

Historically, static shunt compensators and OLTCs have been used to maintain
voltage stability of power systems. However, these voltage regulators are not fast
enough to suppress transient voltage deviation induced by PV [16,36]. As shown in
Table 3.1, reactive power of PV appears to be the only adjustable variable in power
flow equations, which potentially suits for voltage regulation of PV-enabled power
system.

Several studies have proposed to utilize reactive power of PV for voltage regulation
[34–43]. Reactive power control of PV inverter has been considered a fast and cost
efficient approach to ensure voltage stability: First, PV inverter is capable to cope
with the rapid change of PV generation; Second, PV inverter is implemented in PV
generator; As PV generator is deployed near power consumers, which enables inverter
to deliver reactive power in short distance. In consequence, reactive power control
of PV inverter costs less transportation losses; Third, PV inverter is allocated along
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with PV generator in a decentralized rule, which will save land space and installation
cost, rather than assigning extra regulators for voltage control.

Table 3.1: Parameters and variables in power flow equations

Parameters Description Feature

Radial distribution system

Pj Net real power injection from bus j Pn = 0

Qj Net reactive power injection from bus j Qn = 0

rj + ixj Impedance of circuit line j Given

Pd, j+1 Real power demand at bus j + 1 Given

Qd, j+1 Reactive power demand at bus j + 1 Given

Ppv, j+1 PV real power at bus j + 1 Given

Vj Voltage magnitude at bus j, V1 = 1p.u. Solve

Qpv, j+1 PV reactive power at bus j + 1 Adjustable

Meshed distribution system

P Vector of nodal net real power injection P = Pg − (Pd − Ppv)

Q Vector of nodal net reactive power injection Q = Qg−(Qd−Qpv)

Y = G+ iB Elements of system admittances
(buses and branches)

Given

Pg Vector of generator real power Given

Vg Vector of generator voltage magnitudes Given

Pd Vector of consumer real power demand Given

Qd Vector of consumer reactive power demand Given

Ppv Vector of PV real power Given

Θ Vector of voltage phase angles Solve

Vd Vector of consumer voltage magnitudes Solve

Qpv Vector of PV reactive power Adjustable
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Let H denote indices set of PV-enabled buses, k be an arbitrary index of PV-
enabled buses, [Va, Vb] be permitted operation range of voltage. Control strategy of
inverter reactive power can be formulated as follows:

Objective: Vj ∈ [Va, Vb], j ∈ I

Input: Qpv, k ∈ {|Qpv, k| ≤
√

(Spv, k)2 − (Ppv, k)2 = Qmax, k}, k ∈ H
(3.5)

Equation (3.5) indicates that the control strategy of inverter reactive power is
to adjust control input Qpv, k, in order to regulate voltage magnitude of each bus
Vj within [Va, Vb]. Several studies have designed control input Qpv, k as function of
voltage state to maintain voltage stability [39–42]. Other studies have developed
optimization algorithms to compute control input Qpv, k, in favor of voltage stability
[36,43]. Previous studies mainly focused on the power system with pre-assigned PV
generators. The author wonders how these control strategies of previous studies
would perform with respect to random PV allocation? how to efficiently determine
the control input Qpv, k in power system like this? The following chapters of this
manuscript aim to answer these questions, and propose efficient control scheme for
PV inverter to ensure voltage stability in this condition.



Chapter 4

Statistical analysis of voltage stability

With the knowledge on power flow study and inverter reactive power control, statis-
tical and worst-case analyses of voltage stability are conducted on radial distribution
system. PV generators are randomly integrated with the power network: random
distribution of fixed number of PV; uniform distribution of a large number of PV.
Besides, several basic controllers of inverter reactive power are applied on PV. The
analyses on voltage stability are conducted under situations with or without inverter
controls, which aim to investigate the challenges as well as benefits of reactive power
control, with respect to large and random PV integration.

4.1 Basic control schemes

To begin with the analyses, several basic control schemes on inverter reactive
power are introduced here. According to Seal et al. [39] and Turitsyn et al. [40],
autonomous control mode of inverter reactive power injection can be managed based
on the capability of inverter, and locally observed system voltage. In other word,
reactive power injection of PV inverter can be designed as a function of local system
voltage or power demand of consumers, that constrained by the power capability of
inverter. The basic control modes of inverter are expected to sustain voltage stability
with respect to large and random PV integration.

4.1.1 Direct compensation

In the radial distribution system, a very direct way to suppress the voltage variation
is to minimize the difference of voltage magnitude between adjacent buses along circuit

19
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lines [40]. Equation (3.3c) hints that Vj+1 ≈ Vj will be realized when its left term
equals to zero. As (P 2

j + Q2
j)/V

2
j is a considerably small value compared with Pj

and Qj, it can be approximated as zero. Then, to reduce voltage variation between
adjacent buses, the following requirement should be met:

rjPj + xjQj = 0, j ∈ I (4.1)

Note that rj and xj are resistance and reactance of circuit lines respectively, the ratio
of rj/xj is usually constant. Based on this constraint, substitute Equation (4.1) for
Equation (3.3a) and Equation (3.3b), which leads to:

Qpv, j+1 =
rj
xj

(Pd, j+1 − Ppv, j+1) +Qd, j+1, j and j + 1 ∈ I (4.2)

As mentioned in Section 2.2, Qpv, j+1 is constrained by the capability of inverter
as Equation (2.4). Thus, when the computed result of Equation (4.2) exceeds its
limitation, set Qpv, j+1 = ±Qmax.

4.1.2 Function design of inverter control mode

Another basic approach is to directly design control functions of reactive power
injection with respect to local voltage state [39]. Several control schemes proposed by
Seal et al. and Turisyn et al. are introduced below [39,40]:

Piecewise affine feedback

Figure 4.1: Piecewise affine feedback
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In Seal’s proposal [39], reactive power injection of inverter can be managed in
several pre-designed control modes. One prototype configuration of the control mode
is shown in Figure 4.1, where reactive power of Qpv, k and local voltage Vk are in a
linear relation until Qpv, k reaches its power capability. The associated control function
is described as:

Qpv, k =



Qmax, if Vk ≤ Vl

Qmax

Vk − Vref

Vl − Vref

, if Vl < Vk < Vref

0, if Vk = Vref .

−Qmax

Vk − Vref

Vu − Vref

, if Vref < Vk < Vu

−Qmax, if Vk ≥ Vu

, k ∈ H (4.3)

Where Vl, Ll, Lu and Vu are constant parameters that determines the timing of
switching control input Qpv, k; k denotes the index of PV-enabled bus. This control
scheme is named as piecewise affine feedback.

Smoothed switching

Figure 4.2: Smoothed switching

Turitsyn et al. simplifies the previous control function into a sigmoid function [40],
which leads to:

Qpv, k = Qmax(1− 2

1 + exp(−4(Vk − Vref)/δ)
), k ∈ H (4.4)
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This control scheme is named as smoothed switching here. Vref denotes reference
voltage. δ is a parameter that defines the shape of the curve. Vref = 1p.u. and δ = 0.04
is chosen to resemble control schemes of piecewise affine feedback, which is shown in
Figure 4.2.

Smoothed switching with binding boundary

Figure 4.3: Smoothed switching with binding boundary

Smoothed switching (S-S) with binding boundary method is a modification of
smoothed switching method by this study, where it changes the reference voltage Vref

in previous method to two separate value, Vref, l and Vref, u Figure 4.3. The resulted
control function is described as:

Qpv, k =


Qmax(1−

2

1 + exp(−4(Vk − Vref, l)/δ)
), if Vk ≤ Vref, l

0, if Vref, l < Vk < Vref, u

Qmax(1−
2

1 + exp(−4(Vk − Vref, u)/δ)
), if Vk ≥ Vref, u

,

k ∈ H (4.5)

Control modes of inverter reactive power in Section 4.1 are designed as decentralized
controllers for voltage regulation, which change control input Qpv based on minimal
local information at the connected consumer bus. The purpose of designing these
methods is to maintain voltage stability autonomously by grid-connected PV when
large number of PV generators randomly integrated with power system.
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4.2 Description of benchmark power system

IEEE 33-bus distribution power system is chosen as benchmark example. which
is a typical radial distribution power system used in studies of voltage regulation
[64,67]. Due to the simple tree-like network configuration, it is easier to capture the
characteristics of voltage deviation with respect to various allocation patterns of PV,
as well as evaluate the effectiveness of reactive power control. In the 33-bus power
system, generator bus 1 supplies 32 consumer buses, and 32 branches exists in it [67].
The network configuration of this system is shown in Figure 4.4, base voltage and
power are 12.6kV and 100MVA respectively. Table 4.1 lists power demand and branch
impedance data of 33-bus power system.

Figure 4.4: Network configuration of IEEE 33-bus power system

Table 4.1: Bus and branch data in 33-bus power system

Bus data Branch data

Bus Pd (kW) Qd (kVAr) From To r (Ω) x (Ω)

1 0 0 1 2 0.0922 0.0470
2 100 60 2 3 0.4930 0.2511
3 90 40 3 4 0.3660 0.1864
4 120 80 4 5 0.3811 0.1941
5 60 30 5 6 0.8190 0.7070
6 60 20 6 7 0.1872 0.6188

(Continued on next page)
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Table 4.1: (Continued)

Bus data Branch data

Bus Pd (kW) Qd (kVAr) From To r (Ω) x (Ω)

7 200 100 7 8 0.7114 0.2351
8 200 100 8 9 1.0300 0.7400
9 60 20 9 10 1.0440 0.7400
10 60 20 10 11 0.1966 0.0650
11 45 30 11 12 0.3744 0.1238
12 60 35 12 13 1.4680 1.1550
13 60 35 13 14 0.5416 0.7129
14 120 80 14 15 0.5910 0.5260
15 60 10 15 16 0.7463 0.5450
16 60 20 16 17 1.2890 1.7210
17 60 20 17 18 0.7320 0.5740
18 90 40 2 19 0.1640 0.1565
19 90 40 19 20 1.5042 1.3554
20 90 40 20 21 0.4095 0.4784
21 90 40 21 22 0.7089 0.9373
22 90 40 3 23 0.4512 0.3083
23 90 50 23 24 0.8980 0.7091
24 420 200 24 25 0.8960 0.7011
25 420 200 6 26 0.2030 0.1034
26 60 25 26 27 0.2842 0.1447
27 60 25 27 28 1.0590 0.9337
28 60 20 28 29 0.8042 0.7006
29 120 70 29 30 0.5075 0.2585
30 200 600 30 31 0.9744 0.9630
31 150 70 31 32 0.3105 0.3619
32 210 100 32 33 0.3410 0.5302
33 60 40

With Equation (3.1), Figure 4.5a shows the solved power flow of 33-bus power
system. Bus 1 delivers real and reactive power to each consumer which are shown
with red and black bar respectively. Blue and yellow bar shows the power demand at
each consumer bus. In the absence of PV generator, voltage profile is shown in Figure
4.5b. The permitted range of voltage is from 0.9p.u. to 1.1p.u., voltage of each bus
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stay in the permitted range without PV power. Voltage drops along each circuit line,
as energy losses between adjacent buses.
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Figure 4.5: IEEE 33-bus radial distribution system

4.3 Analyses on voltage stability

Voltage stability due to PV integration is analyzed on the 33-bus power system in
two cases: one case is random distribution of fixed number of PV generators; The
other case is uniform distribution of a large number of PV generators. Moreover, basic
control schemes are applied on PV, in order to investigate the control performance of
decentralized reactive power control under random PV integration. Assume apparent
power generation of PV Spv = 1.1Ppv, while the total active power generation of PV
is 50% of total consumer active power demand. Active power generation of single
PV is determined as: For the fixed number of PV generators case, number of PV is
changed from 1 to 6; For the large number of PV generators case, active power and
apparent power of PV are Ppv = 2kW and Spv = 2.2kVA [60]. According to Equation
(2.4), the allowable reactive power output is bounded in the range |Qpv| ≤ 0.45Ppv.

The parameter settings of each controller are listed in Table 4.2. Direct com-
pensation method aims to minimize the difference of voltage magnitude from its
upper stream bus. Piecewise Affine Feedback control and Smoothed Switching control
method both set reference voltage to 1 p.u., and PV-enabled buses adjust the output
of reactive power while bus voltage below/above this value. Smoothed Switching with
Binding Boundary control method changes the reference voltage to upper and lower
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permitted voltage in power system, and generates reactive power only when voltage
at PV-enabled buses beyond the bounding of voltage.

Table 4.2: Parameter Settings in Controllers

Control Scenario Character/Parameter

Direct Compensation Qpv, k =
rk

xk
(Pd, j − Ppv, j) +Qd, k,

k (To bus) ∈ H, j (From bus) ∈ D

Piecewise Affine Feedback Vref = 1, Vl = 0.97, Vu = 1.05

Smoothed Switching (S-S) Vref = 1, δ = 0.04

S-S with Binding Boundary Vref, l = 0.97, Vref, u = 1.05, δ = 0.04

4.3.1 Random allocation of few PV generators

In this case, PV generator is allocated according to the following rules.: First,
fix the net power generation from PV as 50% of net power demand; Second, divide
the net power generation of PV by a pre-set number of PV generators; Third, apply
inverter reactive power control schemes to evaluate voltage deviation with respect to
various PV allocation patterns.

For all potential siting locations of PV, voltage variation forms an error-bar of
deviation range at each bus. Figure 4.6a shows the voltage deviation when there is 1
PV generator integrated with power system. The black bullets in this figure represents
the voltage profile in the absence of PV. Error-bars of voltage variation are shown
in different color with respect to with/without control cases. The blue dashed lines
represent the permitted voltage operating limitation.

The characteristics of voltage deviation in Figure 4.6 are as follows: First, consumer
buses along longer circuit lines tend to have larger voltage deviation than those along
shorter circuit lines. Second, severe voltage rise occurs without reactive power control.
Decentralized reactive power control schemes only suppress voltage deviation in certain
extend. Third, the error-bars of voltage deviation with control schemes result in the
same range due to the limitation of inverter reactive power capability.

Frequency of voltage deviation with respect to various PV allocation patterns is
plotted with color-bars in Figure 4.6. Darkness of color represents the frequency of
voltage deviations, where frequency means the occurrence of situation. Figure 4.6b
shows the color-bar in no control case, where severe voltage deviation occurs at the
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tail parts of circuit lines than other controller cases. Voltage deviations are suppressed
in the other cases with reactive power control. For all the with/without control cases,
voltage deviation frequently occurs at connecting buses between lateral circuit lines
and the upper stream of the feeder circuit line, (bus 19, 23, and bus 2, bus 3), which
are considered vulnerable locations of voltage fluctuation. In addition, significant
voltage deviation occurs along the tail part of the main feeder circuit line (bus 6− 18).
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(c) Direct compensation control
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(d) Piecewise feedback Affine

Figure 4.6: 1 PV: Voltage variation and its deviation with respect to PV allocation

Random allocation of few PV generators is also conducted with 6 PV generators.
The net real power generation of PV is set the same as 50% of net real power demand.
Combination of PV allocation patterns grows dramatically, the associated voltage
deviation results are shown in Figure 4.7. As power generation of single PV in
6 PV case is smaller than the 1 PV case, voltage deviation ranges are shortened
comparing with those in the 1 PV generator case. However, decentralized reactive
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(e) Smoothed switching
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(f) S-S with binding boundary control

Figure 4.6: (Continued)

power control schemes are still insufficient to suppress voltage deviation with respect
to all combination of PV allocation patterns. Color-bar figures in Figure 4.7 shows
the same tendency as the 1 PV case, where the connecting buses of circuit lines have
high frequency of voltage deviations.
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Figure 4.7: 6 PV: Voltage variation and its deviation with respect to PV allocation

Power loss in each controller is also estimated for the 1 and 6 PV cases. Energy
loss along the circuit line is calculated with the following equation:
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(c) Direct compensation control (d) Piecewise feedback Affine

(e) Smoothed switching (f) S-S with binding boundary control

Figure 4.7: (Continued)

n∑
j=1

rj
(P 2

j +Q2
j)

V 2
j

(4.6)

Power loss with respect to PV allocation patterns in each control scheme is
demonstrated with histograms shown in Figure 4.8. Frequency axis shown in Fig. 4.8
means the occurrence of situation. Smoothed switching with binding boundary case
has better results compared to other controllers. Also, the smoothed switching with
binding boundary method results in large range of changes in power loss with respect
to PV allocation patterns in 6 PV case of Figure 4.8b.
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Figure 4.8: Power losses along circuit line

From the general evaluation of five controllers, inverter reactive power control
shows effectiveness in voltage regulation during large and random PV penetration,
though the reactive power capability of inverter limits the control performance of
the controllers. From the voltage stability point of view, control performance is
insufficient, when managing reactive power injection of inverter based on the local
voltage information. Moreover, more PV generators with the same

4.3.2 Uniform distribution of numerous PV generators

Other than integrating few number of PV generators, net PV generation is uni-
formly distributed among all consumer buses in this case: First, set power generation
of one PV as 2kW, apparent power of PV as 2.2kVA. Second, fixed the net real power
generation of PV as 50% of consumer real power demand; Third, divide the net power
generation of PV by 2kW into large number of PV generators; Fourth, uniformly
distribute these PV generators among consumer buses. This process demonstrated
above is sampling for 105 times, which aims to investigate voltage variation with
respect to PV allocation patterns.

The associated deviation range of voltage is shown in Figure 4.9a. Voltage rises
at each bus for all sampling of PV distribution, rather than varying in a large range.
In addition, control performances differs with respect to controllers. The piecewise
affine feedback and smoothed switching with binding boundary controllers show better
control performance than the other two controllers. However, control performance
of basic control schemes are still insufficient in the case of uniform distribution of
PV generators. The frequencies of voltage deviations with respect to random PV



4.4. Clustering analysis 31

integration are shown in Figure 4.9, where inverter controllers are able to change the
voltage variation frequencies slightly with different control parameters.
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Figure 4.9: Uniform distribution of numerous PV generators

4.4 Clustering analysis

When large number of PV generators randomly integrate with power system,
combination of all possible PV allocation patterns formulates large data set that
becomes difficult or even impossible to analyze. To reduce the computational load,
Pregelj et al. has used k-Means clustering method to investigate the voltage profiles
under various load conditions and uncertain power output of distributed generators
[68]. However, k-Means method represents each partitioned cluster with a mean value
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(e) Smoothed switching (f) S-S with binding boundary control

Figure 4.9: (Continued)

of its members, which is not suitable to analyze representative allocation pattern of
PV generators in each partitioned cluster. This study considers to choose k-Medoids
clustering method to investigate the large data set of voltage profiles under various PV
allocation patterns, which contributes to select representative PV allocation pattern
for members in one cluster [44].

4.4.1 Clustering method

Assume there is a data set X, k-Medoids clustering algorithm divides X into a
pre-determined number of clusters, and selects one representative point of each cluster
among X. The representative point of each cluster is called medoid. Let η be the set
of medoids for all clusters, Iη be the set of indices of medoids in X. Besides medoid of
each cluster, membership of a point included in a cluster is expressed with equation
below:

µij =

{
1, if d(xi, xj) = minq∈Iηd(xi, xq)

0, otherwise
(4.7)

where µij denotes the membership of point xi with respect to each medoid xq in η.
When xi lies close enough to its medoid, uij is set to 1, otherwise, uij is set to 0.
Quality of the clustering with a pre-determined number of clusters is evaluated by
the following cost function:
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J(Θ, U) =
∑

i∈IX−Θ

∑
j∈IΘ

µijd(xi, xj) (4.8)

Minimize the cost function Equation (4.8) to obtain the optimal set of medoids η,
and their members. Similar voltage profiles with respect to various PV allocation
patterns are partitioned into each cluster. These analysis technique is well suitable
for analysis of large data set of power flows, under large and random PV allocations.

4.4.2 Results of clustering

Random allocation of 6 PV generators is chosen to demonstrate the analysis results
with k-Medoids clustering method.The number of clusters is pre-determined as 1000.
X is set as voltage profiles with respect to all combination of PV allocations. Each
cluster collects similar voltage profiles under various PV allocation patterns. Then, X
is reduced into 1000 small groups of data, which simplifies the analysis PV allocation
patterns with respect to voltage deviation. Voltage profiles in direct compensation
method are taken as example to show the analysis process of clustering method, the
associated clustering results are shown in Figure 4.10.
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Figure 4.10: Clustering analysis of sample case: Direct compensation control
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The number of points in each cluster is shown in Figure 4.10a. Two clusters are
chosen from the 1000 clusters to analyze the variation range of voltage and the PV
allocation patterns. The two clusters are index number 992 and 721, where index
number of cluster No. 992 indicate the worst voltage deviation at bus 18, and holds a
number of 211 points of voltage profiles. On the other hand, index number of cluster
No. 721 has the largest number of members, 2403. The points of voltage profiles
in each cluster is a subset of X, which formulate variation range of voltage in each
cluster. Voltage variation ranges of cluster No. 992 and 721 are shown in Figure
4.10b, where the green square and red circle denote voltage profile of medoid No. 992
and 721 respectively, and their associated PV allocation patterns are shown with
upward and downward triangles. In Figure 4.10b, cluster No. 992 with small group of
members result in larger voltage variation range than that of cluster No. 721. As only
a small number of the PV allocation patterns results in severe voltage deviation, which
would simplify the analysis of severe voltage fluctuation due to certain PV allocation
patterns. The comparison of PV siting frequency in each cluster is plotted in Figure
4.10c. For cluster No. 721, PV generators tend to uniformly distributed among circuit
lines. However, PV allocation patterns of cluster No. 992 tend to concentrate on
the tail part of feeder circuit line, which result in severe voltage deviation at bus
18. Through the process demonstrated above, the PV allocation patterns would be
investigated for each cluster. The analysis results of voltage stability with respect
to PV allocation patterns, indicate that certain dangerous PV siting patterns might
harm voltage stability severely even with same PV generation.
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4.5 Summary

Statistical analyses of voltage stability are conducted in power system under large
and random PV allocations. Decentralized reactive power control schemes are applied
on PV inverters. Allocation patterns of PV are sorted into cases: one is random
distribution of small number of PV generators, the other is uniform distribution of
large number of PV generators. Radial distribution system of IEEE 33-bus power
system is chosen as benchmark example to investigate the voltage stability with respect
to various PV allocation patterns and inverter controllers. The associated analysis
results show that severe voltage deviation commonly occurs around the tail part of
circuit lines. In addition, the connecting parts of system tend to be vulnerable buses of
voltage stability with respect to PV integration. Furthermore, decentralized inverter
controllers are insufficient to suppress voltage deviation with respect to various PV
allocation patterns. When data set of voltage profiles grow with respect to the increase
of PV allocation patterns, k-Medoids clustering method is considered to partition the
data set of voltage variation. k-Medoids method selects representative point of each
cluster from the original data set and contributes to investigate PV allocation patterns
with similar voltage deviations. Voltage profiles due to random PV integration from
the direct compensation method are utilized to demonstrate the clustering results.
Two clusters in the clustering analysis are chosen to compare the characteristics of
voltage variation and PV allocation patterns in each cluster. High voltage deviation
occurs when assignment of PV generators concentrate on the tail part of feeder circuit
line. Although the clustering analyses of sample cases indicate that the k-Medoids
clustering method partitions the data set of voltage profiles with respect to random
PV integration successfully, the optimal number of clusters for a data set is left for
further investigation.



Chapter 5

Efficient reactive power control using
sparse optimization

The basic control schemes demonstrated in Chapter 4 were induced as decentralized
controllers in the radial distribution system, the performance of voltage regulation
varied with respect to different PV allocation patterns. To overcome this drawback, an
efficient reactive power control method is proposed with the aid of sparse optimization
technique. To be clear, this sparse optimization technique is applied on the meshed
power system, as it is a general representative of power system. First, nonlinear
power flow equations of power system is linearized. Under the current operating
point, the relation between voltage magnitude change and inverter reactive power
change is derived from the linearized power flow equations in Section 5.1. Then, the
voltage regulation problem is formulated as to minimize the regulation error subject
to the constraint of inverter power capability, where two types of penalty functions are
analyzed: one is a standard constrained least-square method demonstrated in Section
5.2, the other is called constrained least absolute shrinkage and selection operator
(LASSO) introduced in section 5.3, the constrained LASSO method contributes to
select essential PV inverters for voltage regulation. The effectiveness of the proposal
on voltage regulation is analyzed on 39-bus and 57-bus power systems in Section 5.4.

5.1 Linearized model

A linear relation between voltage magnitude change and reactive power change is
derived from the nonlinear power flow equations in Equation (3.2). Take its gradient
at the operating point to realize the linearization, which gives [69]:

37
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[
∆P
∆Q

]
= −J ·

[
∆Θ
∆V

]
(5.1)

where J is Jacobian matrix, and composed of partial derivatives of Equation (3.2)
with respect to vector of voltage angle Θ and voltage magnitude V as follows:

J =

[
J11 J12

J21 J22

]
:=

[
∂∆P
∂Θ

∂∆Q
∂Θ

∂∆P
∂V

∂∆Q
∂V

]
(5.2)

At the current operating point, real power demand of consumer buses, real power
generation of PV, and real power generation of generator buses are assumed to be
unchanged, which gives the following constraint:

∆Pf = 0, ∀f ∈ Id ∪ Ig (5.3)

Substitute Equation (5.2) and Equation (5.3) for Equation (5.1), the relation
between reactive power change and voltage magnitude change is derived [49]:

∆Q = [J21J
−1
11 J12 − J22]∆V

= JR∆V
(5.4)

where JR = [J21J
−1
11 J12 − J22].

In addition, reactive power demand of non-PV integrated consumer buses remains
its demand at the operating point, thus, their reactive power changes would also be
zero. The constraint is described as:

∆Ql = 0, ∀l ∈ Id ∩H (5.5)

Rearrange the sequence of Equation (5.4) by non-PV and PV-enabled consumer
buses respectively, and reformulate it as [26]:[

0
∆QPV

]
=

[
B11 B12

B21 B22

]
·
[

∆VL

∆VPV

]
= B ·

[
∆VL

∆VPV

]
(5.6)

where ∆VL and ∆VPV denote vectors of voltage magnitude change at non-PV and
PV-enabled consumer buses respectively; ∆QPV is vector of reactive power change at
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PV-enabled consumer buses; matrix JR is reformulated into matrix B. With Equation
(5.6), relation between ∆QPV and ∆VPV is obtained:

∆QPV = (B22 −B21B
−1
11 B12)∆VPV

= BR∆VPV

(5.7)

where BR = [B22 −B21B
−1
11 B12]. So voltage change can be expressed as:

∆VPV = B−1
R ∆QPV (5.8)

Note the dimensions of vectors with subscript of block capital PV are different from
that of lower case pv, as the dimensions of their representing vectors are different.
Based on Equation (5.8), control problem is formulated in Section 5.2 and 5.3.

5.2 Constrained least-square method

To suppress voltage change to a pre-designed response ∆VPV, optimal reactive
power change can be calculated with the linear model of Equation (5.8) using con-
strained least-square method, which searches the best fit of reactive power change
∆QPV, that minimizes the sum of the squared residuals of Equation (5.8). As the
∆QPV is constrained by inverter power capability, the optimization problem is formu-
lated with a constrained least-square method:

min
∆QPV

1

2
‖ ∆VPV −B−1

R ∆QPV ‖2
2

subject to: |∆QPV, k| ≤
√
S2

pv − P 2
pv, k, ∀k ∈ H

(5.9)

where Spv denotes the inverter apparent power capability, Ppv, k is the real power
generation from PV at k-th bus.

However, the author wonders if the solution to the constrained leas-square method
can be shrunk further. For example, reduce the solutions with all non-zero entries to
only a few representative ones. The idea motivates the author add `1-norm penalty
to ∆QPV, and adopt the constrained LASSO method to formulate the optimization
problem.
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5.3 Constrained least absolute shrinkage and selec-
tion operator method

A linear least-square regression problem is often described as:

min
x

1

2
‖ C −Dx ‖2

2 (5.10)

where x denotes a vector of regression coefficients, D is a pre-designed matrix of
predictor variables, and C is a vector of response variables. Let x̂ be the solution of
Equation (5.10), which leads to:

x̂ = (DTD)−1DTC (5.11)

The least absolute shrinkage and selection operator (LASSO) adds a `1-norm
penalty to its regression coefficients as ‖ x ‖1, which leads to equation [52,53]:

min
x

1

2
‖ C −Dx ‖2

2 +ρ ‖ x ‖1 (5.12)

Figure 5.1: Illustration of LASSO

Take two dimension of x as an example, Figure 5.1 shows an illustration of LASSO
optimization. Assume x only have two parameters, which consists of x1 and x2. The
summed square of residuals with respect to an estimate has elliptical contour that
centering at x̂ [70], which is plotted with blue lines. Constant tuning parameter ρ
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and `1-norm penalty in Equation (5.12) gives constraint |x1|+ |x2| ≤ t, where t is a
constant tuning parameter that can be expressed with ρ. Region of this constraint is
illustrated with pink diamond shape in Figure 5.1. Solution of LASSO is the first point
on contour line that hits with the constraint region. As diamond shape has corners, if
the solution happens to be at the corner like Figure 5.1, then one of the coefficient
estimates equals to zero. When the dimension of x is larger than 2, corners of the
constraint region will increase. Therefore, there will be more chance of coefficient
estimates equal to zero. The `1-norm penalty on x contributes to shrink some of the
estimated coefficients towards zero.

The LASSO method works in the desired feature of the formulated optimization
problem. Apply the LASSO method on the linearized model, which obtains:

min
∆QPV

1

2
‖ ∆VPV −B−1

R ∆QPV ‖2
2 +β ‖ ∆QPV ‖1 (5.13)

Since reactive power capability is limited by Equation (2.4), the LASSO should
subject to the constraint as in Equation (5.9). Constrained LASSO method developed
by [50,51] allows prior constraints to be added on the regression coefficients, which
would suit the optimization problem here. The formulation is demonstrated below:

min
∆QPV

1

2
‖ ∆VPV −B−1

R ∆QPV ‖2
2 +β ‖ ∆QPV ‖1

subject to: |∆QPV, k| ≤
√
S2

pv − P 2
pv, k, ∀k ∈ H

(5.14)

where β is the tuning parameter to determine the shrinkage on ∆QPV and control
the essential required number of PV inverters to regulate voltage deviation. The
effectiveness of the constrained LASSO method on voltage regulation in PV integrated
power systems is analyzed under various power generation and allocation patterns of
PV.

5.4 Benchmark analysis of the proposed method

As mentioned previously, two power systems are taken as benchmark examples to
analyze the performance of the optimization techniques, which are IEEE 39-bus and
57-bus power systems. The 39-bus power system is a general representative of New
England power system, with 10 generator buses, 29 consumer buses, and 46 branches
[71]. The 57-bus power system represents a portion of American power system during
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1960’s, with 7 generator buses, 50 consumer buses, and 80 branches [72]. Both total
and individual consumer demand of 39-bus power system are larger than 57-bus power
system. Performances of the control schemes on both power systems are expected
not influenced by their different network configurations and initial system parameters.
The comparison of the analysis results turns out in similar tendencies of effects on
voltage regulation. Thus, one of the two system is mainly chosen to demonstrated
the results, where 39-bus power system is used here. The network configuration of
this system is shown in Figure 5.2, base voltage and power are 345kV and 100MVA
respectively.. The consumer demand of each bus and branch data are listed in Table
5.1, the generator data is listed in Table 5.2. As the shunt elements of buses are zero,
which are not listed here. In the absence of PV generators, power flow is calculated
with Equation (3.2), the associated power flow data and voltage profile are plotted in
Figure 5.3a and Figure 5.3b. Buses from 1 to 29 are consumer buses, where the blue
and yellow bars indicate real and reactive power demand respectively. Buses from 30
to 39 are generator buses, red and black bars are real and reactive power generation.
Voltage profile would change while PV generators connected with the power system,
and their impacts are analyzed in the following sections.

Figure 5.2: Network configuration of IEEE 39-bus power system
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Table 5.1: Bus and branch data in 39-bus power system

Bus data Branch data

Bus Pd (MW) Qd (MVAr) From To r (Ω) x (Ω)

1 97.6 44.2 1 2 0.0035 0.0411
2 0 0 1 39 0.001 0.025
3 322 2.4 2 3 0.0013 0.0151
4 500 184 2 25 0.007 0.0086
5 0 0 2 30 0 0.0181
6 0 0 3 4 0.0013 0.0213
7 233.8 84 3 18 0.0011 0.0133
8 522 176.6 4 5 0.0008 0.0128
9 6.5 -66.6 4 14 0.0008 0.0129
10 0 0 5 6 0.0002 0.0026
11 0 0 5 8 0.0008 0.0112
12 8.53 88 6 7 0.0006 0.0092
13 0 0 6 11 0.0007 0.0082
14 0 0 6 31 0 0.025
15 320 153 7 8 0.0004 0.0046
16 329 32.3 8 9 0.0023 0.0363
17 0 0 9 39 0.001 0.025
18 158 30 10 11 0.0004 0.0043
19 0 0 10 32 0 0.02
20 680 103 12 11 0.0016 0.0435
21 274 115 12 13 0.0016 0.0435
22 0 0 13 14 0.0009 0.0101
23 247.5 84.6 14 15 0.0018 0.0217
24 308.6 -92.2 15 16 0.0009 0.0094
25 224 47.2 16 17 0.0007 0.0089
26 139 17 16 19 0.0016 0.0195
27 281 75.5 16 21 0.0008 0.0135
28 206 27.6 16 24 0.0003 0.0059
29 283.5 26.9 17 18 0.0007 0.0082
30 0 0 17 27 0.0013 0.0173
31 9.2 4.6 19 20 0.0007 0.0138
32 0 0 19 33 0.0007 0.0142
33 0 0 20 34 0.0009 0.018
34 0 0 21 22 0.0008 0.014

(Continued on next page)
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Table 5.1: (Continued)

Bus data Branch data

Bus Pg (MW) Qg (MVAr) From To r (p.u.) x (p.u.)

35 0 0 22 23 0.0006 0.0096
36 0 0 22 35 0 0.0143
37 0 0 23 24 0.0022 0.035
38 0 0 23 36 0.0005 0.0272
39 1104 250 25 26 0.0032 0.0323

25 37 0.0006 0.0232
26 27 0.0014 0.0147
26 28 0.0043 0.0474
26 29 0.0057 0.0625
28 29 0.0014 0.0151
29 38 0.0008 0.0156

Table 5.2: Generator data in 39-bus power system

Bus Pg (MW) Vg (p.u.) Bus Pg (MW) Vg (p.u.)

30 250 1.0499 31 677.871 0.982
32 650 0.9841 33 632 0.9972
34 508 1.0123 35 650 1.0494
36 560 1.0636 37 540 1.0275
38 830 1.0265 39 1000 1.03

5.4.1 Performance evaluation indices

Three indices are introduced–MSE, VSM and RP to evaluate the performance
of the proposed control schemes. MSE stands for the mean square error of voltage
regulation, which measures the precision of voltage control; VSM denotes the gross
voltage stability margin that indicates the capability of power injection from PV; RP
calculates the net absolute reactive power generation, which is for the control cost
of inverter reactive power. The detail explanation of each indicator is demonstrated
below:
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Figure 5.3: IEEE 39-bus power system

Mean Square Error of Voltage Regulation

The value of MSE measures the achievement of voltage regulation, Vref denotes
the vector of reference voltage, let Vpv be the resulting voltage with voltage regulation.
MSE is computed as:

MSE =
1

n

n∑
j=1

(Vpv, j − Vref, j)
2 (5.15)

Performance of voltage regulation improves when the value of MSE decreases.

Voltage Stability Margin with Continuation Power Flow Method

The voltage stability margin is calculated with the assist of continuation power
flow method. The continuation power flow, CPF for short, computes power flow
solutions with respect to continuous power change [73,74], which solves the voltage
stability limit (also named critical point) with respect to base (or initial) point and
target (or operating) point of power flow. Let X := (Θ, V ), g(X) be the power flow
at the base point, the CPF can be described as:

f(X,λ) = g(X)− λb = 0 (5.16)

where λ is a continuous parameter that features the continuous change of power in
CPF; b is a vector of power transfer from the base point. PV generation changes the
initial power injection of the bus, b can be composed as:
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b =

[
Ptarget − Pbase

Qtarget −Qbase

]
=

[
Pg − (Pd − Ppv)− (Pg − Pd)
Qg − (Qd −Qpv)− (Qg −Qd)

]
=

[
Ppv

Qpv

]
(5.17)

where Pbase, Qbase and Ptarget, Qtarget are the vectors of initial power injection and PV-
enabled power injection. With the power transfer rate b, critical point is computed by
varying λ. The V -λ relation can be illustrated with a nose curve of voltage magnitude
in Figure 5.4.

Figure 5.4: Nose curve of voltage magnitude at a bus

In this study, voltage stability margin of one bus is designed as the relative distance
of λ between critical point and operating point. Let λcp and λop be the value of λ at
critical point and operating point respectively in Figure 5.4, VSM is as follows:

VSM = λcp − λop (5.18)

clearly from Equation (5.18), voltage stability improves when VSM increases.

Net Absolute Reactive Power Generation

Finally, the control cost is measured with the net absolute reactive power output
from PV inverters, RP for short, which is computed as:
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RP =
K∑
k=1

|Qpv, k|, k ∈ H (5.19)

The decrease of RP is expected by using the constrained LASSO compared to the
constrained least-square method, which indicates the the sparsity of the optimizing
solution. This will be verified in the following description.

5.4.2 Analysis results

Analysis on the effectiveness of voltage regulation schemes was conducted by
comparing differences among three cases in PV-enabled power system (without any
reactive power control, with constrained least-square method and with constrained
LASSO method). In addition, PV allocation are assigned in two patterns: one is to
uniformly distribute PV generation to all the consumers, the other is to distribute
PV generation proportional to the consumer demands. Note that, in the following
analyses, the reference voltage Vref is set as the voltage profile in the absence of PV
generators.

Uniform Distribution of PV Generators

In this case, the nodal PV generation at one consumer bus is determined as follows:
First, the total real power generation from PV is fixed as a portion of the total real
power demand of consumer buses. Second, the total generation of PV is divided into
small pieces, set the amount of a PV piece as 0.2 p.u.. Third, PV pieces is randomly
assigned to consumer buses, under the rule of uniform probabilistic distribution.
Finally, analyze the impacts of PV integration with the evaluation indices, and vary
the share ratio of total PV generation from 5% to 45% to capture tendencies of
changes in power system.

Under the distribution rule of PV generators demonstrated above, constrained
least-square and LASSO method are applied in the 39-bus power system. The power
generation of PV at each consumer bus, and the reactive power output in each
controller can be expressed with a bar diagram, which contributes to roughly illustrate
the difference in the two optimized solutions. Examples of PV power distribution and
the resulting voltage profile are shown in Figure 5.5 in two cases, where the total PV
generation is 10% and 30% of total real power demand respectively. In the figure of
PV generation, the blue bars denotes the real power from PV, green bars represent
the reactive power output from PV with constrained least-square method, and the
magenta bars shows the reactive power output from PV with constrained LASSO
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(a) Power distribution of PV in 10% case
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(b) Voltage profile of 10% case
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(c) Power distribution of PV in 30% case
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(d) Voltage profile of 30% case

Figure 5.5: PV power generation and voltage profile under uniform distribution of
PV generators in 39-bus power system

method. In the figure of voltage profile, the colors are used to demonstrated the
resulting voltage. Figure 5.7a and Figure 5.7b shows the power distribution of PV
and the resulting voltage profile respectively. As the amount of PV generation was
relatively low, voltage deviated slightly. The constrained LASSO controller selected
only 3 PV inverters for voltage regulation, rather than choosing almost all PV inverters
as the constrained least-square method. The same tendency occurs in the 30% case
shown in Figure 5.7c and Figure 5.7d. Since the amount of PV generation increased,
voltage severely deviated from the reference voltage at some buses. However, the
constrained LASSO method succeeded in suppressing voltage variation with fewer
reactive power than the other controller.
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(a) Average MSE of voltage
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(b) Average VSM

Figure 5.6: Uniform distribution of PV generators in 39-bus power system

Let us go into a more detailed analysis. The share ratio of the net PV generation
amount to the consumer demands was scanned, ranging from 5% to 45%. For each
choice of the share ratio, random distributions were repeated 5 times. The averages of
the corresponding indices (MSE, VSM and RP) over five trials are shown in Figure 5.6.
The average MSE of voltage in Figure 5.6a shows that voltage magnitude varies severely
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Figure 5.6: (Continued)

with respect to the increase of PV power integration when no voltage regulation is
applied to the PV inverters. Meanwhile, the constrained least-square method and
constrained LASSO method control voltage deviation effectively compared with the
no control case. The average VSM in Figure 5.6b shows that the voltage stability
of the 39-bus power system decreases with respect to the growth of PV generation,
although the PV inverter reactive power control with the constrained least-square and
constrained LASSO method results in the improvement of system voltage stability
compared with the no control case. In addition, the results in Figure 5.6a,b explain
that the constrained least-square method and constrained LASSO method show very
similar effectiveness on voltage regulation. However, the net absolute reactive power
generation from PV, with respect to the increasing PV power generation plotted
in Figure 5.6c, shows that voltage regulation with the constrained LASSO method
results in less reactive power generation from PV inverters than with the constrained
least-square method. In other words, the constrained LASSO method succeeds in
selecting the minimum required number of PV inverters to control voltage variation,
while maintaining the same effectiveness on voltage regulation as the constrained
least-square method.
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(a) Power distribution of PV in 10% case
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(b) Voltage profile of 10% case
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(c) Power distribution of PV in 30% case
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(d) Voltage profile of 30% case

Figure 5.7: PV power generation and voltage profile under on-demand distribution of
PV generators in 39-bus power system

On-Demand Distribution of PV Generators

As opposed to the previous case, the non-uniform, weighted distribution of PV
generators is considered in this case, which means that PV generators are only assigned
to consumer buses with real power demand. In this case, the real power generation
of PV at each bus is proportional to the consumer real power demand at the bus,
where the PV/demand ratio is equal at each PV-enabled bus. The share ratio also
ranges from 5% to 45%. The case is named as on-demand distribution of PV power
generators here. Examples of 10% and 30% are shown in Figure 5.7. When power
generation of PV is low as 10% of consumer demand, small voltage deviation occurs
at each bus, minimal reactive power injections are required. However, when power
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generation of PV rises to 30% of local consumer demand, the precision of voltage
control differs between constrained least-square and LASSO method.
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Figure 5.8: On-demand distribution of PV power generators in 39-bus power system

The corresponding indices (MSE and RP) are shown in Figure 5.8. The net absolute
reactive power generation from PV results in smaller value with the constrained LASSO
method than with the constrained least-square method in Figure 5.8c. The constrained
LASSO method shrinks the amount of inverter reactive power generation in the case
of the on-demand distribution of PV generators. However, MSE of voltage varies
severely with respect to the increase of PV real power generation in Figure 5.8a. The
main reason is the validity of the linearization technique employed while formulating
the control schemes. The linearization of power flow Equation (3.2) induces computing
error to the voltage regulation process, and the reactive power constraint shown in
Equation (5.5) accumulates this error when the number of PV-enabled buses declines.
In the 39-bus power system, the number of PV-enabled consumer buses decreases
in the on-demand case, since there is no power demand at some of the consumer
buses. Consequently, the potential voltage regulation points of PV inverters became
fewer, which impacted the precision of voltage regulation (MSE) to a certain extent.
However, the authors consider that proper reference voltage design may suppress the
computing error and improve the performance of MSE; a comprehensive study on this
topic is left for future work.

The power loss of constrained least-square and LASSO are also plotted in Figure
5.9, which showed the power losses in both controllers are nearly identical to each other,
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(b) VSM

5 10 15 20 25 30 35 40 45

Share of PV generation (%)

0

1

2

3

4

5

6

7

8

9

10

R
P 

(p
.u

.)

Constrained least square
Constrained LASSO

(c) RP

Figure 5.8: (Continued)

and the uniform distribution case results in less power losses than the on-demand
distribution case.

Besides the 39-bus power system, IEEE 57-bus power system is also taken as
benchmark example to evaluate the control performance of the proposed control
method. Power flow data and voltage profile are shown in Figure 5.10 in the absence
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(a) Uniform distribution of PV generators
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(b) On-demand distribution of PV generators

Figure 5.9: Power losses in IEEE 39-bus power system

of PV generators. Same analyses demonstrated above are conducted on the 57-bus
power system.
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Figure 5.10: IEEE 57-bus power system

In the case of uniform distribution of PV generators, net power generation of PV
is scanned from 10% to 70% of net consumer real power demand. The associated
analysis results of least-square method and LASSO method are shown in Figure 5.11.
Average MSE in Figure 5.11a of the two methods result in nearly same value as zero,
which means both methods suppress voltage deviation towards the reference voltage.
Average VSM in both methods decrease with respect to the increase of net power
generation from PV. Although control performances of both methods are nearly the
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Figure 5.11: Uniform distribution of PV generators in 57-bus power system

same, control cost, average RP shown in Figure 5.11c, in LASSO method is constantly
lower than that in the least-square method.

In the case of on-demand distribution of PV generators, power generation from
each PV is scanned from 10% to 70% of local consumer real power demand. Precision
of voltage regulation shown in Figure 5.12a diverges with respect to the increase of
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Figure 5.11: (Continued)

10 15 20 25 30 35 40 45 50 55 60 65 70

Share of PV generation (%)

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

2.2

M
S

E
 o

f 
vo

lt
ag

e

x 10-3

No control with PV
Constrained least square
Constrained LASSO

(a) MSE of voltage

Figure 5.12: On-demand distribution of PV generators in 57-bus power system

PV generation. Same tendencies occurs with VSM. Control cost of RP in Figure
5.12c indicate that LASSO constantly solve the control problem with lower inverter
reactive power injection. Although control performances worsen in the on-demand
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Figure 5.12: (Continued)

case, the least-square and LASSO method result in the same performances on voltage
regulation, which hint that proper design of reference voltage or control model may
improve their control performances. The power losses in the 57-bus power system
are shown in Figure 5.13, where the power losses in the uniform distribution case are
higher than the on-demand distribution case. The different tendency of power losses
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in 39-bus and 57-bus power system indicates the configuration of power networks,
power flow data and integration patterns of PV all impact on the power losses of
PV-enabled power system.
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(a) Uniform distribution of PV generators
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Figure 5.13: Power losses in IEEE 57-bus power system

5.5 Summary

In this chapter, an efficient control scheme of inverter reactive power is proposed
for power system with high and random PV generation. A constrained linear model is
derived from power flow equations of meshed power system, which describes voltage
magnitude change and PV inverter reactive power change subject to constraint of
inverter capability. Control problem is formulated as to optimize the best fit of inverter
reactive power that minimizing voltage variation. Constrained LASSO method is
adopted on the control problem. The constrained LASSO method modifies the
standard least-square method by adding a `1-norm penalty on the reactive power
change, which contributes to shrink the estimated solution of reactive power injection
towards zero. The application of constrained LASSO method aims to select the least
essential PV inverters for voltage regulation, without sacrificing performance of voltage
control. For comparison, control problem is also solved with standard least-square
method. The associated results of constrained least-square and LASSO are evaluated
with three indices: net absolute reactive power generation of PV inverters (RP), voltage
stability margin (VSM) and mean square error of voltage magnitude (MSE). IEEE
39-bus and 57-bus power systems are taken as benchmark examples for evaluating
the proposed control method. The analysis results show that the constrained LASSO
approach succeeds in obtaining sparse solutions for distributed reactive power control,
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which enables to select the minimum required number of inverters for voltage regulation
without losing control performance. To further improve voltage regulation quality,
the proper design of the reference voltage in the control schemes, comparison of other
types of local control schemes for inverters are left for future research. Also, the
ultimate goal of voltage regulation with inverter reactive power is considered to convert
the centralized control scheme into decentralized control scheme, which enables the
control performance of centralized control based on local consumer information.



Chapter 6

Conclusion

The massive promotion of PV generators brings benefits as well as technical
challenges in the existing power system. One of the major concerns is voltage stability
when large number of PV generators randomly connects with power system. Reactive
power control of PV inverter has been considered a fast and efficient approach for
rapid PV deployment. This work aims to investigate voltage stability of power system
under large and random PV allocation and inverter control, as well as to propose
effective reactive power control scheme to sustain voltage stability.

Statistical and worst-case analysis of voltage stability were conducted in radial
distribution system. Two cases of PV allocation patterns were designed: random
distribution of fixed number of PV generators; uniform distribution of large number
of PV generators. Basic control schemes of inverter reactive power were applied on
PV. Analyses results showed that allocation patterns of PV influences the changes of
voltage profiles; Severe deviation of nodal voltages often occurs at the tail part of a
circuit line. In addition, the upper stream of lateral circuit lines that near the system
generator, turns out to be sensitive to the PV integration. As voltage profiles at these
parts are usually higher than the tail part in the absence of PV, power generation from
PV easily rises the voltage beyond its upper operating limit. Furthermore, inverter
reactive power control regulates voltage deviation in certain extent. However, The
voltage stability may be spoiled under certain PV allocation patterns.

The analyses results shown above motivated the author to conduct the inverter
reactive power control from a centralized control approach, which cares for the
allocations of both PV generators and reactive power injection of inverters. A
constrained linear model between voltage magnitude change and reactive power
change was derived from power flow equations of PV-enabled power system. The
control problem was formulated as two types of optimization problem: One is standard
constrained least-square method, which aims to find the best fit of reactive power

60
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output with respect to an objective voltage change. The other is named as constrained
LASSO method that adds a `1-norm penalty to its regression coefficients. The `1-
norm penalty contributed to select the least essential inverters for voltage regulation,
meanwhile, sustained its control efforts as that of the constrained least-square method.
Meshed network power system was taken to conduct the analysis on control effects of
constrained LASSO method. Constrained LASSO optimization technique succeeded
in suppressing voltage deviation towards reference voltage, with essential PV inverters.
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