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Abstract 

Cracks, in general, are considered one of the main factors that influence the structural integrity 

of welded structures such as ships, offshore structures, bridges, constructions, etc. As well, cracks 

are frequently found in complicated residual stress (RS) fields. Further, surface cracks may occur 

in several structural components and take various shapes, for example, cracks in fillet-welded 

joints show long shallow shapes (i.e. semi-elliptical surface cracks). For a reliable prediction of 

fatigue crack propagation life and fracture strength, accurate stress intensity factor (SIF) solutions 

along the crack front are needed. Therefore, in order to obtain accurate SIF solutions for surface 

cracks in welding RS stress fields, the influence of RS field must be included when calculating 

SIF. 

This study is composed of seven chapters, as follows: 

1) Chapter 1 gives a background on RS produced due to welding and their influence on the 

integrity of structures. As well, cracks, their types, and existence of cracks in RS fields 

are addressed. The concept of the SIF and the principle of superposition are also 

reviewed. This chapter also discusses the challenges, faced problems, objectives and 

outlook related to this study.  

2) Chapter 2 addresses a background on the numerical integration methods that used in SIF 

evaluation for 3-D cracks with crack face tractions. In addition, this chapter reviews the 

formulation of the domain integral (DI) method and the interaction integral method 

(IIM) that form the basis of the numerical procedures used in this study.  

3) In chapter 3, the superposition method was numerically validated using different FE 

models and solvers by employing the MSC Marc-DI and WARP3D-IIM. Furthermore, 

the significance and effectiveness of the crack face traction integral (CFT-integral) in 

improving the accuracy of the CFT-solution was discussed. It was found that, when the 

WARP3D-IIM that implements the CFT-integral, the difference between the solutions 

obtained by the external loading and CFT is less than 0.5% at the crack deepest point in 

the case of flat plate model. However, the CFT-integral implemented in WARP3D-IIM 

is valid only for a uniform distributed stress field over the crack face. On the other hand, 

a difference of less than 5% was obtained at the crack deepest point between the 

solutions computed by external loading and crack nodal traction (CNT) for the flat plate 

model and T-butt welded model, when MSC Marc-DI was employed that omits the 

CFT-integral. Based on that, commercial nonlinear FE codes that neglect the CFT-
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integral (e.g. MSC Marc) can be used to give a rough estimation of SIF for engineering 

fracture mechanics problems using traction force analysis under the conditions 

examined in this study.   

4) Chapter 4 introduces a proposed technique in order to evaluate the SIF (ὑ ) for a semi-

elliptical surface cracks in welding RS fields. The proposed technique based on two 

main points: 1) utilizing the CFT-integral implemented in WARP3D-IIM, and 2) using 

a particular crack-block mesh density. The crack-block mesh density showed a 

significant influence on the calculated CFT-solutions along the crack front under 

different loading conditions. It was observed that when the crack-block mesh becomes 

fine enough, the smoothness and accuracy of the CFT-solutions are improved. The 

results of the different numerical examples presented in this chapter showed an excellent 

agreement between the CFT-solutions and those given by external loading along the 

crack front especially at the crack deepest point when the proposed technique was 

employed. A percentage difference of less than 1% was obtained at the crack deepest 

point between the CFT-solution and that given by external loading for all the numerical 

examples studied in this chapter. As well, the proposed technique was validated for a 

butt-welded joint using a calculated welding RS. The SIF solutions calculated by the 

proposed technique gave excellent agreement along the crack front with those obtained 

by the reference solution. Furthermore, the proposed technique was employed to 

calculate SIF for a surface cracked butt-welded joint using real welding RS. The SIF 

solutions calculated by real welding RS showed good agreement with the solution 

obtained by external loading. As well, negative SIF solutions were given when a 

compressive welding RS was used. On the other hand, it was found that simplification 

of welding RS has a clear influence on the calculated SIF. Therefore, actual welding RS 

distribution is highly recommended to be used in order to obtain accurate and realistic 

SIF solutions. Further, for the results obtained by MSC Marc-DI, a percentage 

difference of less than 4% was obtained at the crack deepest point between the CNT-

solutions and those calculated by external loading for the different numerical examples. 

Thus, commercial FE packages that omit the CFT-integral can be utilized to evaluate 

SIF roughly for surface cracks in non-uniform stress fields for engineering problems 

under the conditions examined in this chapter.  

5) Chapter 5 conducts a comprehensive validation study based on the proposed technique 

that discussed in chapter 4. This chapter investigates the influence of the change in 



- 3 - 
 

welding heat input (HI) on welding simulation results and the behavior of SIF and 

fatigue crack propagation (FCP) for a bead-on-plate model. The results showed that the 

change in welding HI has a clear influence on welding penetration, welding distortion 

and welding RS distribution. However, the change in welding HI did not give 

considerable impact on the behavior of SIF and FCP for the applied welding HI cases 

and selected FE model. Based on that, a fundamental study was conducted to understand 

why no clear influence was obtained in the behavior of SIF and FCP when welding HI 

changed. It is observed that when the difference in the applied RS is small, the RS has 

a negligible influence on the behavior of SIF and FCP. However if the difference in the 

applied RS is large, the RS reveals a considerable impact on the behavior of SIF and 

FCP. On the other hand, the results revealed that welding RS has a significant influence 

on the behavior of SIF and FCP when compared with those neglect the influence of 

welding RS. When welding RS included in SIF solutions, SIF magnitude drastically 

increased compared to the case of no welding RS. Therefore, a large reduction in the 

calculated fatigue lives was observed when welding RS taken into account. A reduction 

percentage of 37.8%ï49.3% in fatigue lives was obtained for the applied stress 

amplitude loadings. Moreover, the calculated fatigue lives based on the proposed 

technique that adopted for computing SIF solutions considering welding RS were 

validated with experiments. As well, the accuracy of the calculated fatigue lives were 

verified with simulated data. 

6) In chapter 6, the WARP3D-IIM was modified based on the Cauchy stress tensor 

approach in which the normal and shear stress components (i.e. 6-components of stress) 

can be included in the calculation of the traction forces when a simulated or real RS field 

is applied to the crack face. Based on that, mixed-mode SIFs of complicated welded 

geometries and complex welding RS fields can be calculated accurately. To verify the 

adequacy of the modified WARP3D-IIM, an inclined penny crack in an infinite body 

was examined. Two FE numerical examples were studied using different crack mesh 

softwares (i.e. Zencrack and FEAcrack). To validate the calculated mixed-mode SIFs 

(ὑ , ὑ  and ὑ ) for the inclined penny crack problem, the SIFs obtained by the external 

loading using the WARP3D-IIM was verified firstly with analytical solutions. The 

percentage difference between the SIFs obtained by the external loading and analytical 

equations is less than 0.3% for the Zencrack mesh and less than 0.05% for the FEAcrack 

mesh at the crack deepest point. The superposition method was thereafter employed to 
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evaluate the mixed-mode SIFs based on the modified WARP3D-IIM when a non-

uniform stress field with normal and shear components is applied to the crack face. The 

mixed-mode SIFs calculated by CFT were validated with those given by the external 

loading for the two numerical examples. A percentage difference of less than 1% was 

obtained between the SIFs computed by CFT and those given by the external loading at 

the crack deepest point for the Zencrack mesh. On the other hand, a percentage 

difference of less than 0.5% was obtained at the crack deepest point for the FEAcrack 

mesh. It is observed that the behavior of the CFT-SIFs given by Zencrack mesh is not 

smooth at some locations at and near the crack front. This behavior may be due to the 

geometry of the crack face elements adjacent to the crack front. Therefore, an 

appropriate crack mesh must be employed in order to obtain accurate and smooth SIFs. 

7) Chapter 7 summarizes the conclusions of the main points in this study. This chapter also 

discusses further works that may improve the effectiveness and adequacy of the 

proposed technique. 
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Nomenclature  

Symbols  

ρ Ѝὶϳ  = singularity of stress field 

ὥ = crack depth, mm 

ὥ ὧϳ  = crack depth-to-crack length ratio 

ὥ ὸϳ  = crack depth-to-model thickness ratio 

ὥ  = minimum element size in thickness direction, mm 

ὧ = crack half-length, mm 

ὅ & ά = fatigue crack propagation material constants 

ὅ  = consecutive tensor 

Ὁ = Youngôs modulus, GPa 

Ὁᶻ = effective Youngôs modulus 

Ὂ  = forecast value at time Ὕ 

Ὂ  = forecast value at time Ὕ ρ 

Ὅ ί  = interaction integral at crack front location ί 

Ὅ Ӷ ί  = integral with interacting actual and auxiliary term 

ὐ ί  = J-integral at crack front location ί  

ὐ Ӷ ί  = energy released per unit advance of crack front segment, ὒ  

ὑ  = mode-I stress intensity factor, MPa.mm1/2 

ὑ  = mode-II stress intensity factor, MPa.mm1/2 

ὑ  = mode-III stress intensity factor, MPa.mm1/2 

ὑ  = minimum stress intensity factor for mode-I, MPa.mm1/2 

ὑ  = maximum stress intensity factor for mode-I, MPa.mm1/2 

ὑ  = non-dimensional mode-I stress intensity factor (=ὑ „ “ὥ ὗϳϳ ) 

ὒ  = crack front segment 

ὲ  = normal vector components 

ὖ = applied load/stress, MPa 

ή = weight function  

ὗ = shape parameter for elliptical and semi-elliptical cracks 
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ή  = actual, known series value at time Ὕ 

ὶ = distance from the crack front 

Ὑ = stress ratio 

Ὑᶻ = local stress ratio 

Ὑ  = stress ratio including clamping stress 

ί = node location along the crack front 

Ὓ = surface 

Ὓ  = upper crack face 

Ὓ  = lower crack face 

ὸ = thickness, mm 

Ὕ = time 

Ὕ  = martensitic transformation start temperature, oC 

Ὕ  = stress vector 

ὸ  = crack face traction components 

Ὗ = total strain energy 

Ὗᶻ = stress range ratio 

όᶻ & ύ = longitudinal displacements for duplicate nodes on the crack faces 

ό  = displacement components  

Ὗ , Ὗ  & Ὗ  = displacement in x-, y- and z-directions, respectively 

ὠ = volume 

ὡ = strain energy density 

ɝὑ = stress intensity factor range, MPa.mm1/2 

ɝὑ  = effective stress intensity factor range, MPa.mm1/2 

ɝὑ  = threshold stress intensity factor range, MPa.mm1/2 

  

Greek symbols  

— = angle of inclination for an element far from the crack front with a distance ὶ 

‌ = smoothing constant 

‏  = Kronecker delta 

ɝ„ = stress range 
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ɝ„  = effective stress range 

‐  = strain components  

’ = Poissonôs ratio 

” = material density, g/mm3 

”ᶻ = weld toe radius, mm 

Ɑ = stress tensor 

„ = normal stress, MPa 

„  = loading acting on the model boundary (maximum stress), MPa 

„  = clamping stress 

„  = stress components 

„  = maximum stress 

„  = minimum stress 

„  = yield stress, MPa 

† = shear stress, MPa 

• = parameter angle for the ellipse, deg. 

  

Acronyms  

BOP = bead-on-plate 

CFT = crack face traction 

CMOD = crack mouth opening displacement, mm 

CNT = crack nodal traction 

CTOD = crack tip opening displacement  

DI = domain integral 

FCP = fatigue crack propagation 

FE = finite element 

FEA = finite element analysis 

FEM = finite element method 

HI = heat input, KJ/mm 

IIM = interaction integral method 

LTT = low transformation temperature 

RBE2 = rigid body element  
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RS = residual stress 

SIF = stress intensity factor (mode-I) 

SIFs = stress intensity factors (mode-I, mode-II and mode-III) 

TEP = thermal-elastic-plastic 

VCCM = virtual crack closure method  

  

Superscripts  

aux = auxiliary state 

I = interaction integral 

S = superimposed state 

  

Subscripts 

x, y, z = in x-, y-, z-directions, respectively 

xx, yy, zz = in x-, y-, z-directions, respectively, used for normal stress components 

xy, yz, xz = in xy-, yz-, xz-directions, respectively, used for shear stress components 
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CHAPTER 1 

 

Introduction 

 

1.1  Background  

Welding, nowadays, is one of the most important manufacturing tools used in the construction 

industry including ships, offshore structures, bridges, constructions, etc. Welding offers various 

advantages such as simple set up, low manufacturing cost and high joint efficiency. However, due 

to the non-uniform temperature distributions produced by welding, inevitable residual stress (RS) 

is obtained[1][2]. RS is considered one of the major problems that induced due to welding. Since 

many of welded structures subject to external cyclic loadings, therefore the presence of welding 

RS in these structures can considerably influence the fatigue life[3][4]. Due to the superposition of 

external tensile cyclic loading with welding RS, a reduction in the maximum endurable load of a 

structure occurs especially when welding RS is tensile[5]. This reveals that welding tensile RS is 

generally detrimental to fatigue life where it increases the rate of fatigue crack propagation (FCP). 

On the other hand, there is also the possibility of flaws, e.g. cracks, being created due to welding. 

The presence of a crack in a RS field is highly risky for a structure integrity.  

Due to the high tensile RS as well as stress concentration, welded joints are targets for cracks 

formation. Cracks, in general, are considered one of the main factors that influence the structural 

integrity of welded structures. In service, since welded joints subject to external loading in addition 

to the existence of RS, cracks may easily propagate leading to a premature failure of a structure. 

The type of crack propagation determines the failure type. For example, sudden crack propagation 

leads to brittle fracture; however, gradual crack propagation leads to fatigue, creep or corrosion 

fracture. There are different crack types that form in steel welded joints such as hot cracks, cold 

cracks, fatigue cracks and corrosion cracks. Hot cracks and cold cracks are formed in and around 

the weld. Hot cracks are created during the cooling process while the weld temperature is high. 

However, cold cracks are produced after the weld has cooled down. On the other hand, fatigue 

cracks and corrosion cracks may form in and near the weld. Fatigue cracks, which frequently 

initiate at weld toe and weld root, form due to RS and stress concentration that assist in the 

initiation and then propagation in the presence of external cyclic loadings. Figure 1.1 shows 

different types of cracks that form in welded joints. For further details on the cracks types, causes 

and remedies refer to Refs.[6][7]. 
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Fig. 1.1 Schmatic drawing of typical locations of cracks in welded joints. 

 

Engineering structures generally have complex configurations in which cracks often initiate at 

the locations of high stress concentration[8]. Surface cracks may occur in several structural 

components and take various shapes, for example, surface cracks in fillet welded joints show long 

shallow shapes (i.e. semi-elliptical surface cracks). Surface cracks frequently initiate at the regions 

of stress concentrations such as at the weld toe of welded joints which may cause an early failure 

of the joint[9][10]. In the case of surface cracks that initiate at the weld toe of weld joints, the situation 

is complicated. This is due to the high stress concentration as well as the large RS values at the 

weld toe. Geometrical parameters of fillet welded joints such as the shape of the weld bead and 

weld toe angle not only influence the stress distribution when the weld joint does not include a 

crack, but also will cause a change in the stress intensity factors (SIFs) distribution when a crack 

exists in the weld joint[11]. The evaluation of SIFs is a key step in a structural integrity analysis for 

a damaged structure with fatigue cracks or stress corrosion cracking[12][13]. 
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1.2  The concept of stress intensity factor 

For fracture phenomena, the local stress field close to the crack front is crucial. The stress rises 

to a singularity at the sharp crack front. The SIF defines the intensity of the crack front singularity. 

The intensity of this singularity relies on the magnitude of the relevant structural stresses. Stresses 

close to the crack front increase in proportion to SIF, see Fig. 1.2(a). Furthermore, the conditions 

of the crack front are completely defined based on SIF. For example, if SIF is known, it is possible 

to solve for all components of stress, strain and displacement as a function of ὶ and —, see Fig. 

1.2(b). For example, Eqns. 1.1ï1.5 show how stress components may be calculated based on the 

SIF at a stressed element near the crack front. The SIF is represented mathematically by the 

variable ὑ . The SIF is therefore considered one of the most important concepts in fracture 

mechanics[14][15]. 

 

 

  

Fig. 1.2 Stress near the crack front in an elastic material. (a) stress singularity at the crack front, 

(b) stressed element near the crack front under combined loading with the in-plane stresses on 

this element (note that: z-direction is normal to the page). 
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† ȟ † π (1.5) 

 

where ’ represents Poissonôs ratio. When — π, the shear stress is zero, which means that a pure 

mode-I loading is produced. Based on that and according equations 1.1ï1.5, the stresses in x- and 

y-directions are equal and given as[14]: 

 

„ „
ὑ

Ѝς“ὶ
 (1.6) 

 

From equations 1.1ï1.5, it is clear that each stress component is proportional to a single constant 

(ὑ ). The whole stress distribution at the crack front can be calculated with equations 1.1ï1.5 if 

this single constant ὑ  is known. This constant fully describes the crack front conditions in a linear 

elastic material. For a flat plate with a through-thickness crack, see Fig. 1.3, the SIF (ὑ ) is defined 

as[14]: 

 

ὑ „Ѝ“ὥ (1.7) 

 

where a is the crack half-length. 

 

 

Fig. 1.3 Through-thickness crack in an infinite body subject to a remote tensile stress. 
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Fig. 1.4 Basic singular loading modes of cracks. (a) mode-I, (b) mode-II, (c) mode-III. Note that 

arrows denote remote boundary or crack flank stresses[16]. 

 

The local 3-D stress field at a particular point of the crack front may be separated into 2-D stress 

fields that are superimposed, namely, three loading modes with singular stresses and three loading 

modes with non-singular stresses. The singular loading modes include transverse tensile loading 

(mode-I), in-plane shear loading (mode-II) and out-of-plane shear loading (mode-III), see Fig. 1.4. 

The non-singular loading modes comprise crack-parallel tensile or compressive loading (mode 0I), 

crack-front-parallel tensile or compressive loading (0II) and crack-front shear loading (mode 0III), 

see Fig. 1.5[15]. The three singular loading modes: mode-I, mode-II and mode-III represented by 

ὑ , ὑ  and ὑ , respectively. The mode-related SIFs ὑ , ὑ  and ὑ depend on the magnitude of 

the applied load, the crack length and the geometry of the considered configuration. 
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Fig. 1.5 Basic non-singular loading modes of cracks. (a) mode 0I, (b) mode 0II, (c) mode 0III. 

Note that arrows denote remote boundary stresses[16]. 

 

The SIF cannot only characterize the stress distribution at the crack front by computing the 

stress components, but also can play a significant role in evaluating the FCP rate. The FCP rate 

can be evaluated using the S-N curve technique[17] or using the fracture mechanics approach[14]. 

The key parameter for evaluating FCP rate based on the fracture mechanics approach is the SIF. 

Therefore for a reliable prediction of FCP rate as well as fracture strength, accurate SIF solutions 

along the crack front are needed for cracked components[18][19][20][21]. For welded structures, surface 

cracks frequently initiate at complicated RS fields. Based on that, in real situation, a complex 

welding RS field will arise over the crack face. It is therefore needed to improve the accuracy of 

the calculated SIF solutions by taking the influence of RS into account. Based on that, a powerful 

tool is needed to consider RS in SIF solutions. 

 

1.3  The principle of superposition 

According to the linear elastic fracture mechanics approach, the principle of superposition is 

considered an efficient tool for cracks in RS fields and for crack cohesive force models. The 

concept of the superposition principle is based on that remote loading and crack face traction (CFT), 

that equals to the negative of the stress acting on the crack face when the body is uncracked, applied 

to a cracked body result in the same SIF using the same displacement boundary conditions[14]. In 

other words, stresses acting on the boundary of a cracked body can be replaced with traction forces 

that act over the crack face, where the two loading configurations result in the same SIF solutions. 

The superposition method can be used to evaluate SIF for a crack in a complex stress field, by 

dividing the complex loading configuration into simple cases[11]. The superposition method is only 

used for adding SIF (K-value) for the same loading mode conditions, i.e. mode-I, mode-II or mode-

III[14], as well as this method can only be applied for models with the same displacement boundary 

conditions. 
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The superposition method for a semi-elliptical surface cracked body subjected to a uniform 

remote loading system is shown in Fig. 1.6. Based on the principle of superposition, the stress 

intensity factor, SIF (ὑ ) for the cracked body subjected to remote loading condition, ʎ, (Fig. 

1.6(a)) equals to that (ὑ ) for the cracked body subjected to loading, ʎ, over the crack face (Fig. 

1.6(c)). The SIF (ὑ ) for the body loaded with the remote loading condition (ʎ) and the crack 

faces closing loading ( ʎ) in Fig. 1.6(b) equals zero (i.e. ὑ π), because the crack faces are 

closed and the body behaves as if there is no crack under such conditions, i.e. uncracked body[14]. 

 

 

Fig. 1.6 The principle of superposition. (a) a cracked body subjected to a remote tensile loading 

ů, (b) a geometrically identical uncracked body with the stress field (īů) in the crack plane 

produced by the loading system ů, (c) a geometrically identical cracked body with a crack 

subjected to the stress field (ů). 

 

To validate the solution for each step of the superposition method (see Fig. 1.6), the total strain 

energy ( Ὗ ) for the solutions should satisfy Eq. 1.8. In addition, the crack mouth opening 

displacement (ὅὓὕὈ) of the remote loading solution and that obtained by CFT should satisfy Eq. 

1.9. The subscripts (a), (b) and (c) in Eqns. 1.8 and 1.9 represent the three cases shown in Fig. 1.6. 

 

Ὗ Ὗ Ὗ  (1.8) 

ὅὓὕὈ ὅὓὕὈ  (1.9) 

 

For surface cracks exist in welding RS fields (i.e. nonlinear stress fields), the superposition 

method can be adopted to obtain accurate SIF solutions. However, in case of simple crack 
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problems, they are usually analyzed by applying remote loading configurations. When analyzing 

a crack in a RS field, the influence of the stress field can be considered by applying the RS as 

traction forces over the crack face. The value of traction forces represent the negative of the stress 

field[22].        

 

1.4  Faced problems and challenges  

As mentioned before, in order to improve the accuracy of the SIF for fatigue cracks in welded 

joints the influence of welding RS must be included in the SIF solutions. So that, an important 

term in the SIF calculation methods called the crack face traction integral óCFT-integralô should 

be implemented in the applied numerical integration method. This integral is needed when traction 

forces (i.e. stress fields) are applied to the crack face. However, most of the available commercial 

FE packages do not offer this integral in the implemented numerical integration methods. On the 

other hand, an open source code called WARP3D implements the CFT-integral in its numerical 

integration methods; however, the CFT-integral that implemented in WARP3D is only available 

for analyzing cracks that bear uniform distributed stress field over its surfaces. This means that 

WARP3D in its current version is available for analyzing cracks in simple geometries that offer 

uniform stress field over the crack face. However, in real situation, cracks initiate at complicated 

locations of welded structural components (i.e. complicated geometries). As well, these welded 

structures, in most cases, subject to complex external loading conditions. This leads to a complex 

RS field (i.e. non-uniform RS) to arise over the crack face. However, the WARP3D code in the 

current version is limited only for simple geometries and cannot be employed for such complex 

problems. Based on that, an efficient tool is needed to analyze surface cracks in non-uniform RS 

field in which the influence of this complex RS field can be taken into account when calculating 

SIF.  

On the other hand, some literatures simplify the applied RS field when calculating the SIF. 

Simplification of RS may not give accurate and realistic behavior of the calculated SIF. The most 

appropriate way to obtain accurate and realistic SIF solution resulting from non-uniform RS field 

is to consider the RS field as is (i.e. without simplification) such as RS introduced by experiments 

and simulations (e.g. welding RS). Based on that, a powerful technique is needed to consider the 

actual RS field when computing SIF. 

To achieve this target, WARP3D code is the best option for two reasons: 1) WARP3D code 

offers the CFT-integral and 2) it implements the interaction integral method that provides 

extraction of mixed-modes SIFs. However to benefit from WARP3D code, this code must be 
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modified to overcome the current challenges. Furthermore, a robust technique is needed to be 

established to analyze various cracked welded joints with high accuracy. 

On the other hand, since this study focuses on the evaluation of SIF for fatigue cracks in welding 

RS fields. Therefore, RS fields should be applied to the crack face as traction forces. However, 

preparation of RS field as a traction force file takes long time and tedious. To overcome this 

challenge as well as to improve the accuracy of the prepared traction force file, a technique should 

be developed to map welding RS over the crack face.  

 

1.5 Objectives and structure of this study 

The main objective of this study is to develop a robust technique based on the interaction 

integral method to calculate the SIF in addition to mixed-mode SIFs accurately for fatigue cracks 

in welding RS fields. The proposed technique calculates SIFs with welding RS using the crack 

face traction force analysis. The proposed technique is applicable to a wide range of problems, for 

example, surface cracks in flat plates under different loading conditions, surface cracks in welded 

joints (e.g. butt-welded joints, T-butt welded joints, tubular welded joints, etc.) subject to various 

loading conditions. The proposed technique can also employ the 6-components (i.e. normal and 

shear components) of welding RS generated by real welding and simulations in the calculated SIFs 

solutions. The accuracy of the calculated SIFs using the proposed technique are verified with well-

established reference solutions, therefore more accurate FCP analysis becomes possible. 

Furthermore, large-scale problems can be solved using the proposed technique in short time. 

As well, another objective of this study is to develop a technique to map welding RS fields as 

traction forces over the crack face in short time and accurately.  

 Moreover, this study also discusses the influence of the change in welding heat input (HI) on 

the distribution of welding RS. As well, study the influence of the change of welding HI and 

welding RS on the behavior of SIF and FCP. 

The structure of this study is as follows: 

1) Chapter 1 gives a background on RS produced due to welding and their influence on the 

integrity of structures. As well, cracks, their types, and existence of cracks in a RS field 

are addressed. The concept of the SIF and the principle of superposition are also 

reviewed. This chapter also discusses the challenges, problems, objectives and outlook 

related to this study.  
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2) Chapter 2 addresses a background on the numerical methods that used in SIF evaluation 

for 3-D cracks. In addition, this chapter reviews the formulation of the domain integral 

method and the interaction integral method that form the basis of the numerical 

procedures used in this study.  

3) Chapter 3 discusses the validation of the superposition method using different numerical 

integration methods and FE models. In this chapter, an automatic equivalent nodal load 

calculation system is presented as a step in the validation of the superposition method. 

In addition, an automatic crack mesh generation system is developed for generating a 

weld toe with curvature for a T-butt welded joint with surface crack. On the other hand, 

the effectiveness of including the CFT-integral in the applied numerical integration 

method on the accuracy of CFT-solutions is examined for surface cracks in flat plate 

models.   

4) Chapter 4 introduces the methodology of a proposed technique that used for calculating 

SIF (ὑ ) in a non-uniform stress field as well as investigates the influence of the crack-

block mesh density on the accuracy of the CFT-solutions. Furthermore, the significance 

of the CFT-integral in improving the accuracy of SIF solutions are also discussed. On 

the other hand, numerical examples of different welded joints under different loading 

conditions are examined to demonstrate the adequacy of the proposed technique. As 

well, SIF solutions are evaluated for a surface crack in a butt-welded joint based on real 

welding RS due to conventional and low transformation temperature (LTT) welds. The 

influence of simplifying welding RS on the calculated SIF is also discussed.   

5) Chapter 5 conducts a comprehensive validation study based on the proposed technique 

that discussed in chapter 4. This chapter investigates the influence of the change in 

welding HI on welding simulation results and the behavior of SIF and FCP for a bead-

on-plate model. Different welding HI cases as well as additional case without welding 

are employed. To simulate the welding process, a thermal-elastic-plastic (TEP) finite 

element analysis (FEA) is firstly conducted. The proposed technique is thereafter 

employed to calculate SIF solutions considering welding RS resulting from the applied 

welding HI cases under different constant stress amplitude loadings. The fatigue lives 

are then evaluated based on the calculated SIF solutions and validated with experiments. 

Moreover, this chapter presents a fundamental study that investigates the influence of 

the change in RS on the behavior of SIF and FCP. 
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6) Chapter 6 presents a developed code based on WARP3D-IIM that can be used for 

computing mixed-mode SIFs (ὑ , ὑ  and ὑ ) for fatigue cracks in non-uniform stress 

fields with high accuracy. A numerical FE examples with an inclined penny crack 

embedded in an infinite body are used to validate the developed code based on analytical 

solutions and the superposition method. 

7) Chapter 7 summarizes the conclusions of the main points in this study. This chapter also 

discusses further works that may improve the effectiveness and adequacy of the 

proposed technique. 
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CHAPTER 2 

 

Theoretical background on SIFs evaluation methods  

 

2.1 Background 

Different methods, nowadays, are employed for calculating SIFs. For instance, the weight 

function method[14][18] and finite element method (FEM) are widely utilized in computing SIFs. 

Although the weight function method can be used for calculating SIF resulting from RS; however, 

most weight functions were developed for simple geometries or require some correction. As well, 

some weight functions have very complicated forms that make the calculation process complex 

due to the complex integral equations involved in these functions[18]. On the other hand, the FEM 

is more powerful tool for complicated geometries and loading conditions as well as it is effective 

for computing linear and nonlinear fracture mechanics parameters. For linear analyses, SIF (ὑ ) is 

calculated from the energy release rate based on the J-integral[23][24][25]. For nonlinear analyses, the 

deformation intensity along the crack front is determined by the crack tip opening displacement 

(CTOD) and/or a pointwise value of the J-integral[26]. FEM has been successfully employed in 

fracture analysis for welded joints[27][28][29]. Due to the rapid development of computers as well as 

the implementation of fracture mechanics analysis routines in the commercial FE codes, this 

method is getting more robust and popular. One of the most important factors that make the FEM 

is more powerful than weight function method in evaluating the influence of RS on SIF is that 

FEM is considered effective tool for analyzing complicated welded components[18].  

There are different methods available for evaluating the SIF by FEM, for example, the J-integral 

method, the interaction integral method (IIM), the virtual crack closure method (VCCM) and the 

crack tip displacements extrapolation method. The J-integral, VCCM and displacement 

extrapolation methods are widely employed in the commercial FE packages. On the other hand, 

the IIM is used for extracting the mixed-mode SIFs that is suitable for calculating SIFs resulting 

from welding RS for complicated welded structural components. In this research, the domain 

integral (DI) and the IIM that are based on the J-integral were employed where they have been 

widely used for evaluating SIFs. The following sections will give more details on the DI and IIM. 
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2.2 The domain integral for 3-D cracks with surface tractions  

The DI method was employed for calculating the J-integral[23], and has been considered a 

powerful numerical method for its path-independence in homogenous materials. This method is 

highly versatile where it can be applied to both quasistatic and dynamic problems with elastic, 

plastic, or viscoplastic material response, in addition to thermal loading. Furthermore, the DI 

formulation is very effective and relatively simple to implement numerically[14].  Using the DI 

method, a crack front contour integral is expressed as a domain/volume integral over a finite 

domain surrounding the crack front[30]. Shih et al.[31][32] developed a domain integral expression to 

estimate the J-integral along a 3-D crack front that includes a surface integral for a crack face that 

bears traction forces. Further, Moran and Shih[33] derived the crack tip flux integrals (i.e. J-integral) 

and their associated domain representations from momentum and energy balance. The general 

formula of the J-integral requires that the contour surrounding the crack front be very small[14].  

Dodds and Vargas[34] developed computational procedures for non-vanishing, finite-sized 

contours in order to evaluate the J-integral numerically in the context of FEA. Their developments 

have proceeded along two lines with the corresponding introduction of óDomain Integralô 

(integrals over element volumes) and óContour Integralô (line integrals and area integrals) methods. 

Moreover, Nikishkov and Atluri[35] introduced an equivalent DI method with numerical algorithms 

to calculate fracture mechanics parameters for an arbitrary 3-D crack. Kumar and Raju[36], as well, 

developed a general formulation of the equivalent DI method for 3-D mixed-mode fracture 

problems in cracked solids.     

The J-integral at location ί (see Fig. 2.1) along a 3-D crack front has the general formula[31]: 

 

ὐ ί ÌÉÍ
ᴼ

ὡ‏ „ ό ȟ ὲ Ὠɜ (2.1) 

 

where ὡ is strain energy density, ‏  denotes the Kronecker delta, „  is stress components, and 

ό  represents displacement components. The contour ɜ, with normal vector components ὲ , exists 

in X1ïX2 plane in the local coordinate system, and it starts from the lower crack face and ends at 

the upper crack face as shown in Fig. 2.1.  

Shih et al.[31] formulated Eq. 2.1 into two main parts: 1) volume integral and 2) surface integral; 

to be suitable for numerical analysis in case of 3-D cracks. They formulated the energy relaesed 

per unit advance of crack front segement ὒ , ὐ Ӷ ί , as follows: 
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ὐ Ӷ ί „ ό ȟ ὡ‏ ήȟ Ὠὠ „ ό ȟ ὡ‏
ȟ

ήὨὠ ὸ ό ȟ ήὨὛ (2.2) 

 

where ὸ  are crack face traction components. Surfaces Ὓ ȟ Ὓ ȟ Ὓ ȟ Ὓ ȟ Ὓ  and Ὓ  (see Fig. 2.1) form 

volume ὠ, and surface Ὓ  shrinks to the crack front (i.e. ὶ ᴼ π). The weight function ή, varies 

smoothly within volume ὠ. Equation 2.2 requires that ή π at Ὓ ȟ Ὓ  and Ὓ  and equals 1.0 at 

location ί on Ὓ [31], see Fig. 2.2. On the other hand, the third integral in Eq. 2.2, ᷿ ὸ ό ȟ ήὨὛ, 

represents the CFT-integral. 

The second and third integrals in Eq. 2.2 are ignored for elastic, homogenous materials under 

quasistatic, isothermal loading in case of body forces, thermal strain, and crack face traction are 

absent in which Eq. 2.2 gives the identical (volume) domain integral expressions for J[31][37]. The 

third integral, i.e. the CFT-integral, is omitted in most commercial nonlinear FE codes (e.g. MSC 

Marc). 

 

 

Fig. 2.1 Finite volume for use in DI formulation at crack front location ί that extends over the 

length ὒ . 
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Fig. 2.2 Variation of weight function, ή, over volume at crack front. 

 

Shih et al.[31] derived the approximate formula of the J-integral by assuming that the energy 

release rate varies slowly over ὒ : 

 

ὐ ί
ὐ Ӷ ί

᷿ ή ί Ὠί
 (2.3) 

 

The SIFs are valid only for linear-elastic analyses, and assume pure mode-I, mode-II or mode-

III loading conditions. The SIFs for the three mode conditions (ὑ , ὑ  or ὑ ) can be calculated 

using the J-integral, ὐ ί , in Eq. 2.3 as follows[26]: 

 

ὑ ὐ ί Ὁᶻ, ὑ ὐ ί Ὁᶻ and ὑ  (2.4) 

 

where Ὁᶻ Ὁ for plane stress condition (i.e. SIF at the crack mouth) and Ὁᶻ Ὁ ρ ’ϳ  for 

plane strain condition (i.e. SIF at the element corner nodes at the crack front except at the crack 

mouth. As well, Ὁ represents Youngôs modulus and ’ denotes Poissonôs ratio. For more details on 

the DI method, refer to Refs.[26][31]. 

 

2.3 The interaction integral method for 3-D cracks with surface tractions  

Recently, the IIM has emerged an accurate and powerful approach to evaluate the SIFs in 

mixed-mode fracture mechanics problems. To extract the mixed-mode SIFs, an interaction energy 
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integral method[38][39] was derived based on the DI method by combining two admissible states 

(the actual fields and known auxiliary fields). Yau et al.[39] initially developed an IIM to solve 2-

D mixed-mode crack problem in an isotropic homogenous material. Wang et al.[40] adopted this 

method to conduct the SIF evaluations of anistropic material. Then, Nakamura and Parks[41] 

extended the IIM to 3-D problems. The DI approach was thereafter applied to calculate the mixed-

mode SIFs by Nikishkov and Atluri[35], Shivakumar and Raju[36] and Raju and Shivakumar[42]. The 

IIM, thereafter, was develobed by Matos et al.[43] to extract the components of the comples SIFs 

(ὑ  and ὑ ). Nakamura[44] applied this method to calculate the mixed-mode SIFs along straight, 

three-dimensional interface cracks. Gosz and his coworkers[44][45], then, developed an IIM to 

extract the mixed-mode SIFs along planar interface cracks and non-planar crack tips in 3-Ds. 

Walters et al.[37] developed an interaction integral procedures for 3-D curved cracks that include 

crack face tractions. The IIM has emerged a robust method and the most accurate and readily 

approach to calculate mixed-mode SIFs[37].  

The IIM has been employed for evaluating the fracture parameters in a wide range of 

appliactions as well as for different materials. Qian et al.[46] calculated the mixed-mode SIFs for 

tubular K-joints with weld toe cracks. Rao and Rahman[47] developed an interaction integral 

method for analysis of cracks in orthotropic functionally graded matrials. Kim and Paulino[48][49][50] 

developed approaches and formulations based on the IIM for evaluating the mixed-mode SIFs, T-

stresses and crack initiation angle in functionally graded matrials. Further, Johnson and Qu[51] 

provided an IIM for computing mixed-mode SIFs for curved bimaterials interface cracks in non-

uniform temperature fields. In addition, the IIM was employed for evaluating the mixed-mode 

SIFs for complex interfacial fracture problems of nonhomogenous materials[52][53][54]. Furthermore, 

Daimon and Okada[55] evaluated the mixed-mode SIFs by the IIM for quadratic tetrahedral FE 

with correction terms. Moreover, the IIM with the DI approach was employed for problems of 

cracks in anistropic material and of interface cracks. Further, Sukumar et al.[56] and Moes et al.[57] 

adopted the IIM and the DI method to compute the J-integral and  the SIFs by the X-FEM.  

The IIM provides two solutions. The first one gives actual fields (e.g. displacement, stress, and 

strain) of an equilibrium state for a boundary value problem. The other solution provides auxiliary 

fields that include desired quantities, such as, SIFs or T-stresses[49][58] by another selected 

equilibrium state. A linear combination of actual equilibrium fields with auxiliary fields forms a 

third equilibrium state called superimposed state. The calculation of the J-integral for this 

superimposed state leads to a conservation integral, composed of interacting actual and auxiliary 
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terms, that permits direct calculation of SIF[26]. The energy released per unit advance of crack 

segment for the superimposed state, ὐ Ӷ , is calculated as follows[37]:  

 

ὐ Ӷ ί „ „ ό ȟ ό ȟ ὡ ‏ ήȟ Ὠὠ

„ „ ό ȟ ό ȟ ὡ ‏
ȟ

ήὨὠ

ὸ ὸ ό ȟ ό ȟ ήὨὛ 

(2.5) 

 

The superscript óὛô represents the superimposed state. For linear-elastic material, the strain 

energy density for the superimposed state, ὡ , is[37]: 

 

ὡ  
ρ

ς
„ „ ‐ ‐ ὡ ὡ ὡ  (2.6) 

 

where ὡ is the strain energy density for the actual state, ὡ  denotes the strain energy density 

for the auxiliary state and ὡ  represents the strain energy density for the interaction integral that 

is given by[37]:   

 

ὡ
ρ

ς
„ ‐ „ ‐  (2.7) 

 

The ὐ Ӷ  is divided into three terms as[37]: 

 

ὐ Ӷ ί ὐ Ӷ ί ὐ Ӷ ί Ὅ Ӷ ί  (2.8) 

 

where ὐ Ӷ ί  represents the DI for the actual state and equals Eq. 2.2; ὐ Ӷ ί , is the DI for the 

auxiliary state; and Ὅ Ӷ ί  is an integral with interacting actual and auxiliary term, defined as[37]: 
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Ὅ Ӷ ί „ ό ȟ „ ό ȟ

ρ

ς
„ ‐ „ ‐ ‏ ήȟ Ὠὠ

„ ό ȟ „ ό ȟ

ρ

ς
„ ‐ „ ‐ ‏

ȟ
ήὨὠ

ὸ ό ȟ ὸ ό ȟ ήὨὛ 

(2.9) 

 

For straight cracks, the second integral in Eq. 2.9 vanishes for quasistatic, isothermal loading 

of homogenous materials in the absence of body forces. The third integral also vanishes for crack 

faces without traction forces[37].  

The IIM developed by Walters et al.[37] assumed that the same constitutive tensor, ὅ , couples 

actual and auxiliary stress and strain components as following: 

 

„ ὅ ‐  and „ ὅ ‐  (2.10) 

 

The constitutive tensor becomes the same for the 3-D actual fields and for the 2-D auxiliary 

fields by preparing appropriate definitions of auxiliary strain components. Thus, useful 

relationships can be obtained based on Eq. 2.10, as follows[37]: 

 

„ ‐ ὅ ‐ ‐ ὅ ‐ ‐ „ ‐  (2.11) 

 

Equation 2.11 enables simplification of the stress-strain terms in the first and second integrals 

of Eq. 2.9. Furthermore, Eq. 2.11 leads to the cancellation of two additional terms[37]: 

 

„ ό ȟ „ ȟ ‐ „ ό ȟ ὅ ȟ ‐ ‐ ὅ ‐ ȟ ‐

„ ό ȟ ὅ ‐ ‐ ȟ „ ό ȟ „ ‐ ȟ π 
(2.12) 

 

It was observed by Nahta and Moran[59] that the 2-D plane-strain auxiliary fields given by 

Williamsôs solution[60] do not satisfy the equilibrium and compatibility of strain-displacement 

when defined in curvlinear coordinates. Based on that, Walters et al. defined the following 

relationships[37]: 
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„ ό ȟ ‐ ȟ π and „ ȟ π (2.13) 

 

The third integral in Eq. 2.9 simplifies with the assumption that the auxiliary state has no applied 

tractions over the crack face, because the auxiliary fields correspond to an arbitrary specified 

equilibrium state. Based on the preceding arguments, Eq. 2.9 can be written in the following 

form[37]:  

 

Ὅ Ӷ ί „ ό ȟ „ ό ȟ „ ‐ ‏ ήȟ Ὠὠ

„ ό ȟ ‐ ȟ „ ȟ ό ȟ ήὨὠ ὸ ό ȟ ήὨὛ 

(2.14) 

 

where Ὅ Ӷ ί  is the domain for the interaction integral. The third integral in Eq. 2.14, 

᷿ ὸ ό ȟ ήὨὛ, represents the CFT-integral. This integral has a significant contribution to the 

accuracy of the calculated SIFs. As for the other quantities in the CFT-integral, they do not rely 

on the finite element solution of the boundary value problem[37]. 

By calculating the value of Ὅ Ӷ ί  from Eq. 2.14, the interaction integral calculation at location ί 

(see Fig. 2.1) over a 3-D crack front follows Eq. 2.3 as[37]:  

 

Ὅ ί
Ὅ Ӷ ί

᷿ ή ί Ὠί
 (2.15) 

 

To extract the SIFs at crack front location ί for the three modes, an expression for the energy 

release rate in terms of mixed-mode SIFs ὑ , ὑ  and ὑ  is given[14]: 

 

ὐ ί
ὑ ὑ

Ὁᶻ

ρ ’

Ὁ
ὑ  (2.16) 

 

Equation 2.16 assumes self-similar crack growth. Where Ὁᶻ conditions are defined previously 

for Eq. 2.4 and ί refers to location of a node at crack front. In case of the superimposed state, Eq. 

2.16 takes the form[37]: 
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ὐ ί
ρ

Ὁᶻ
ὑ ὑ ὑ ὑ

ρ ’

Ὁ
ὑ ὑ

ὐ ί ὐ ί Ὅ ί  

(2.17) 

 

where Ὅ ί  defined as[37]: 

 

Ὅ ί
ρ

Ὁᶻ
ςὑ ὑ ςὑ ὑ

ρ ’

Ὁ
ςὑ ὑ  (2.18) 

 

By selecting appropriate values for the auxiliary modes of SIFs (ὑ , ὑ  and ὑ ) in Eq. 

2.18, relationships between ὑ , ὑ , ὑ  and Ὅ ί  can be obtained[37]: 

 

ὑ
ᶻ

Ὅ ί , ὑ
ᶻ

Ὅ ί , and ὑ ‘Ὅ ί  (2.19) 

 

where ‘ Ὁ ς ρ ’ϳ . The selection ὑ ρȢπ, ὑ ὑ πȢπ, the selection ὑ

ρȢπ, ὑ ὑ πȢπ, and the selection ὑ ρȢπ, ὑ ὑ πȢπ in Eq. 2.18 give the 

relationships in Eq. 2.19. To obtain ὑ , ὑ  and ὑ  from Eq. 2.19, the value of Ὅ ί  in Eq. 2.15 is 

applied. For more details on the IIM and the exact integration of the CFT-integral for elements 

incident on the crack front, refer to Refs.[26][37]. 
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CHAPTER 3 

 

Numerical validation of the superposition method  

 

To evaluate the SIF accurately for surface cracks in welded structural components, the influence 

of welding RS must be included in the SIF solutions. An efficient tool is needed to consider 

welding RS in the computed SIF. The superposition method has emerged as a powerful tool that 

offers solutions of SIF due to the application of external loading configurations as well as traction 

forces over the crack face. One of the advantages of this method is that the solutions obtained by 

the crack face tractions (i.e. CFT-solution) can be validated with those calculated by external 

loading (see Fig. 1.6(a) and Fig. 1.6(c)). Therefore, the main goal of this chapter is to verify the 

superposition method for different FE models using different numerical integration methods. On 

the other hand, most of commercial nonlinear FE codes, such as MSC Marc solver, do not take the 

CFT-integral into account. Therefore, another objective of this chapter is to examine the 

significance of the CFT-integral on the accuracy of SIF obtained by different numerical integral 

methods using the crack face traction analysis force technique. 

 

3.1 Numerical analysis procedures 

3.1.1 Definition of FE models 

In this study, the SIF (ὑ ) was evaluated for a surface cracked flat plate model and T-butt welded 

model. The surface cracked bodies used in this study are shown in Figs. 3.1 and 3.2. The cracked 

T-butt welded body (Fig. 3.2) consists of a one-sided weld with a radiused weld toe as used by 

Bowness and Lee[61]. Two cases were employed for each cracked body (Figs. 3.1 and 3.2) in order 

to examine the accuracy of the numerical solutions, i.e. the DI and IIM, for CFT cases based on 

the superposition method. The dimensions of surface cracks, crack aspect ratios, and crack depth 

ratios for each case are shown in Table 3.1, where a is the crack depth, c is the crack half-length, 

and t is the model thickness.  

The FE models corresponding to Figs. 3.1 and 3.2 are shown in Figs. 3.3 and 3.4, respectively. 

Since the cracked bodies are symmetric about the longitudinal axis, one-half symmetric models 

were used in this study; for the flat plate and T-butt welded joint. The arrows in Figs. 3.3 and 3.4 

show the applied boundary conditions to prevent the rigid body motion. The crack face FE mesh 

for the flat plate model and T-butt welded model is shown in Fig. 3.5. The flat plate model 
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generated using FEAcrack software[62]. The T-butt welded model generated in two steps: 1) create 

the crack-block mesh using Zencrack software[63], and 2) generate the global model that consists 

of a flat plate with an attachment using Patran software. The crack-block mesh then tied to the 

global model using glue contact option that available in MSC Marc solver. For the T-butt welded 

model, a FORTRAN program was developed to automatically create the radiused-welded toe. 

  

 

Fig. 3.1 Surface cracked flat plate body. 

 

 

Fig. 3.2 Surface cracked T-butt welded body. (Note: ɟ* is the radius of weld toe). 
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Table 3.1 Crack dimensions and aspect ratios for the flat plate and T-butt welded FE models. 

Model type Analysis case a (mm) c (mm) a/c a/t 

Flat plate 
Case 1 3.6 6.1 0.59 0.12 

Case 2 5.8 12.6 0.46 0.19 

T-butt joint 
Case 1 2.0 2.0 1.00 0.09 

Case 2 4.0 4.0 1.00 0.18 

 

 

Fig. 3.3 Typical one-half symmetric FE mesh with boundary conditions of the flat plate. 

 

 

Fig. 3.4 Typical one-half symmetric FE mesh with boundary conditions of the T-butt welded 

joint. 
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Fig. 3.5 Crack face FE mesh. (a) flat plate model and (b) T-butt welded model. 

 

The FE mesh of the cracked models was generated using 20-noded isoparametric hexahedral 

brick elements. Along the crack front, the 20-noded hexahedral elements are collapsed to quarter-

point wedge elements, which are used to simulate the ρ Ѝὶϳ  singularity of the stress field close to 

the crack front. The Youngôs modulus and Poissonôs ratio used in the analyses are 210 GPa and 

0.3, respectively. The rigid body motion of the FE models was prevented by applying the minimum 

displacement constraints, as shown in Figs. 3.3 and 3.4. 

 

3.1.2 The superposition method procedures  

In this study, the linear elastic fracture mechanics approach was performed. The cracked models, 

for the flat plate and T-butt welded joint, subjected to a uniaxial uniform remote tensile loading in 

the longitudinal direction. The superposition method was implemented through three steps (see 

Fig. 1.6): 

1) calculation of SIF (ὑ -value) by applying uniform external tensile loading (see Fig. 1.6(a)) 

to the cracked flat plate model and T-butt welded model. the calculated SIF solution in this 

step called ñexternal loading solutionò, 

2) stress field that arises over the crack face calculated by applying the same external tensile 

loading configuration to a geometrically identical uncracked model (Fig. 1.6(b)); and 

3) calculated stress field in step 2 is applied as traction forces over the crack face with an 

opposite sign in order to calculate the SIF solutions (ὑ -value) for a geometrically identical 

cracked model (Fig. 1.6(c)). The calculated SIF solution in this step called ñCFT-solutionò. 

(b) 
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To implement the superposition method, two solvers were utilized, a commercial nonlinear FE 

solver that progresses the DI method using MSC Marc and neglects the CFT-integral. The other is 

an open source research solver that progresses the IIM using WARP3D and includes the CFT-

integral. The two solvers were applied to firstly verify the superposition method and thereafter to 

evaluate the accuracy of SIF solutions obtained by traction forces over the crack face. The SIF 

calculated by external loading solution, for the flat plate model and T-butt welded model, were 

validated through well-established results. The accuracy of the superposition method was verified 

by comparing the SIF solution obtained by CFT with those given by external loading solution. 

Further details on the procedures and results are given in the following sections. The structure of 

the applied numerical analyses is shown in Fig. 3.6. 

In order to examine the significance and effectiveness of the CFT-integral (see Eqns. 2.2 and 

2.14) on the accuracy of the SIF solutions obtained by CFT, this study is divided into two parts: 

1) evaluation of SIF using face tractions without considering the CFT-integral; and 

2) evaluation of SIF using face tractions with considering the CFT-integral. 

 

 

Fig. 3.6 Structure of the applied numerical analyses. 
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3.2 Evaluation of SIF using face tractions without considering the CFT-integral 

In this section, the SIF was evaluated for surface cracks in a flat plate model and T-butt welded 

model using the superposition method. The SIF (ὑ -value) evaluated based on the DI method 

employing the crack option of MSC Marc solver. As mentioned before, MSC Marc solver does 

not provide the CFT-integral in the DI solution. Therefore, the CFT-integral is neglected in the 

SIF solutions. The SIF calculated by external loading for the case of flat plate model was verified 

with the solutions given by Newman-Raju[64][65][66] for surface cracked plates subjected to uniform 

tension. For the case of T-butt welded model, the SIF solution that given by external loading was 

validated with different reference solutions. As mentioned section 1.3, the superposition method 

cannot be implemented for models with different displacement boundary conditions. Therefore, 

the three steps of the superposition method, mentioned in section 3.1.2 and shown in Fig. 1.6, 

performed using the same displacement boundary conditions. 

 

3.2.1 Flat plate model 

It is known for simple geometries, such as flat plates, when external tensile loading is applied 

to an uncracked flat plate model, a uniform distributed stress field will arise over the crack face. 

To apply the induced stress field as traction forces over the crack face, the stress field should be 

properly processed. In order to reduce the man-hours needed to prepare the equivalent nodal force 

for each node over the crack face, i.e. crack nodal traction (CNT), a FORTRAN program was 

developed to process the generated stress field and gives the required equivalent nodal forces over 

the crack face nodes. The processed stress field was then applied to the crack face nodes as CNT 

for the same cracked model that was used for external loading solution except with an opposite 

sign. The CNT tries to open the crack (Fig. 1.6(c)) as in the case of external tensile loading, which 

is applied to a cracked body (Fig. 1.6(a)). Based on that, the SIF solution (i.e. CNT-solution) was 

calculated by taking into account the influence of the stress field using MSC Marc DI method (i.e. 

MSC Marc-DI).  

The accuracy of the numerical DI method for the CNT-cases was examined, by comparing the 

SIF solution obtained by CNT with those given by external loading. To validate the solution for 

each step of the superposition method (see Fig. 1.6), Eq. 1.8 that examines the total strain energy, 

Ὗ  and Eq. 1.9 that examines the crack mouth opening displacement, ὅὓὕὈ  for the external 

loading solution and the CNT-solution should be satisfied. Where Ὗ is given in N.mm and ὅὓὕὈ 

is given in mm. The solutions for the superposition method steps were verified for the flat plate 



- 41 - 
 

cases through Tables 3.2 and 3.3; note that ύ and ύ  are the longitudinal displacements for two 

duplicate nodes on the crack faces. 

 

Table 3.2 Validation of the solutions of the superposition method steps obtained by the DI 

method using the total strain energy, Ὗ and ὅὓὕὈ for the flat plate model (case 1). 

Ὗ  Ὗ  Ὗ  Ὗ Ὗ  
% difference between Ὗ  and 

Ὗ Ὗ  

1.79E+00 1.79E+00 3.33E-04 1.79E+00 0.0004 

Case ύ  (mm) ύ  (mm) ὅὓὕὈ 
% difference between 

ὅὓὕὈ  and ὅὓὕὈ  

Fig. 1.6(a) 1.16E-03 1.22E-03 6.74E-05 
0.0027 

Fig. 1.6(c) -3.41E-05 3.33E-05 6.74E-05 

 

Table 3.3 Validation of the solutions of the superposition method steps obtained by the DI 

method using the total strain energy, Ὗ and ὅὓὕὈ for the flat plate model (case 2). 

Ὗ  Ὗ  Ὗ  Ὗ Ὗ  
% difference between Ὗ  and 

Ὗ Ὗ  

1.79E+00   1.79E+00 1.98E-03 1.79E+00 0.0003 

Case ύ  (mm) ύ  (mm) ὅὓὕὈ 
% difference between 

ὅὓὕὈ  and ὅὓὕὈ  

Fig. 1.6(a) 1.13E-03  1.25E-03 1.21E-04 
0.0008 

Fig. 1.6(c) -6.24E-05  5.82E-05 1.21E-04 

 

The distribution of the normalized SIF solutions for mode-I (ὑ ) that calculated by the external 

loading and that obtained by CNT for the flat plate model is shown in Fig. 3.7. The external loading 

solutions were firstly verified with Newman-Raju solutions[64][65][66]. A good matching was 

obtained between the external loading solutions and those obtained by Newman-Raju. Note that, 

the crack mouth and the crack deepest point are represented at ς• “ϳ π  and ς• “ϳ ρ , 

respectively. The computed SIF  is normalized based on a standard normalization formula for 

elliptical cracks as shown in Eq. 3.1[37].  

 

ὑ
ὑ

„ “ὥ ὗϳ
 (3.1) 
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where „  is the external uniform tensile stress and ὗ is a complete elliptic integral of the second 

kind equal to ὰ τὧϳ , where ὰ is the arc length of the ellipse. Most of the SIF solutions for elliptical 

and semi-elliptical cracks are written in terms of a flaw shape parameter ὗ that takes the following 

approximate expression, which for ὥ ὧϳ ρ[14]: 

 

ὗ ρ ρȢτφτ
ὥ

ὧ

Ȣ

 (3.2) 

 

Moreover, good agreement was obtained between the external loading solution and that given 

by CNT as shown in Fig. 3.7. It is clear, from Fig. 3.7, that there is difference between the external 

loading solution and that computed by CNT. This difference is due to the absence of the CFT-

integral in the applied DI method, where the CFT-integral in the CNT-solution is omitted from Eq. 

2.2. The percentage difference between the SIF given by the external loading solution and that 

obtained by the CNT at the crack deepest point (at ς• “ϳ ρ) is 4.4% for case 1 and 4.6% for 

case 2. 

 

3.2.2 T-butt welded model 

For the T-butt welded model, the two meshes (i.e. global mesh and crack-block mesh) were 

connected using the glue contact option that is offered by MSC Marc analysis code. The employed 

glue contact for the applied analyses does not have a significant influence on the calculated SIF. 

Due to the geometrical parameters of the T-butt welded model (e.g. weld bead shape), a non- 

uniform stress field is introduced over the crack face when an external tensile loading is applied 

to the uncracked modelôs boundaries. The evaluation of SIF using the CNT technique for the T-

butt welded model follows the same procedures that utilized in case of the flat plate model (refer 

to section 3.2.1). In the same way, the total strain energies and the crack mouth opening 

displacements for the superposition method steps were verified based on Eqns. 1.8 and 1.9. Tables 

3.4 and 3.5 show the validation of the solutions for the superposition method steps. Where όᶻ and 

όᶻ  represent the longitudinal displacements for two duplicate nodes on the crack faces. 
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Fig. 3.7 Distribution of the normalized SIF (ὑ ) along the crack front given by the external 

loading and CNT for the flat plate model using MSC Marc-DI (CFT-integral is neglected). (a) 

case 1, and (b) case 2. 
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Table 3.4 Validation of the solutions of the superposition method steps obtained by the DI 

method using the total strain energy, Ὗ and ὅὓὕὈ for the T-butt welded model (case 1). 

Ὗ  Ὗ  Ὗ  Ὗ Ὗ  
% difference between Ὗ  and 

Ὗ Ὗ  

1.28E+04 1.28E+04 1.54E+00 1.28E+03 0.0003 

Case όᶻ (mm) όᶻ  (mm) ὅὓὕὈ 
% difference between 

ὅὓὕὈ  and ὅὓὕὈ  

Fig. 1.6(a) 5.49E-02 6.15E-02 6.63E-03 
1.953 

Fig. 1.6(c) -2.77E-03 4.00E-03 6.77E-03 

 

Table 3.5 Validation of the solutions of the superposition method steps obtained by the DI 

method using the total strain energy, Ὗ and ὅὓὕὈ for the T-butt welded model (case 2). 

Ὗ  Ὗ  Ὗ  Ὗ Ὗ  
% difference between Ὗ  and 

Ὗ Ὗ  

1.28E+04 1.28E+04 1.03E+01 1.28E+04 0.0049 

Case όᶻ (mm) όᶻ  (mm) ὅὓὕὈ 
% difference between 

ὅὓὕὈ  and ὅὓὕὈ  

Fig. 1.6(a) 5.28E-02 6.43E-02 1.15E-02 
0.2757 

Fig. 1.6(c) -4.91E-03  6.55E-03 1.15E-02 

 

The distribution of the normalized SIF solutions (ὑ ) given by the external loading and CNT 

for the T-butt welded model is shown in Fig. 3.8. The external loading solution was validated with 

two analytical solutions, namely, Bowness and Lee[61] and the British standard[67] as well as it was 

verified with that computed by Tanaka et al.[68]. An excellent agreement was achieved between the 

external loading solution and that given by Tanaka et al. along the crack front. On the other hand, 

the two analytical solutions gave very good agreement with the external loading solution at the 

crack deepest point (at ς• “ϳ ρ). However, a clear difference in the calculated SIF was observed 

between the external loading solution and that given by Bowness and Lee[61] at the crack mouth 

(at ς• “ϳ π). The reason of this difference may be due the restraining effect of the attachment 

that reduced the singularity from ὶ Ȣ  to about  ὶ Ȣ [61]. However, in this study, the focus is given 

to the SIF at the crack deepest point in which the two analytical solutions gave a very good 

matching with the solution obtained by the external loading.  

As discussed in the case of the flat plate model, a difference between the external loading 

solution and that obtained by CNT was observed for the two cases of the T-butt welded model. 
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The cause of this difference is again due to the omission of the CFT-integral in the applied DI 

method. Although the CFT-integral is not included in the CNT-solutions, the results in Fig. 3.8 

show good matching between the CNT-solutions and those obtained by external loading. The 

percentage difference between the SIF obtained by the CNT and that given by the external loading 

at the crack deepest point (at ς• “ϳ ρ) is 4.1% for case 1 and 4.3% for case 2. 

 

 

 

Fig. 3.8 Distribution of the normalized SIF (ὑ ) along the crack front given by the external 

loading and CNT for the T-butt welded model using MSC Marc-DI (CFT-integral is neglected). 

(a) case 1, and (b) case 2. 
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3.2.3 Discussion 

As shown in Tables 3.2ï3.5, the difference between the total strain energies (i.e. Ὗ  and 

Ὗ Ὗ ) and the difference between the crack mouth opening displacements (i.e. ὅὓὕὈ  

and ὅὓὕὈ ) for the solutions are negligible and satisfy Eqns. 1.8 and 1.9. This reveals the 

accuracy of the numerically implemented superposition method for each step (see Fig. 1.6).  

On the other hand, it was observed that the solutions given by the CNT are underestimated 

compared to those given by the external loading as shown in Figs. 3.7 and 3.8. It is known that the 

CFT-integral is needed when considering crack nodal traction forces in the DI method[11][37]. 

However, although the CFT-integral is not included in the MSC Marc-DI method, the results 

obtained by the numerical analyses for the flat plate model and T-butt welded model gave 

reasonable accuracy when using the DI method available in the commercial FE code, MSC Marc. 

It was found that the difference between the two solutions (i.e. external loading solution and CNT-

solution) of the flat plate model and T-butt welded model at the crack deepest point is less than 

5%, even when the CFT-integral is not considered in the CNT-solutions. This shows that the 

commercial nonlinear FE codes that neglect the CFT-integral can be applied for rough estimation 

of SIF for surface cracks in stress fields for engineering problems under the conditions examined 

in this study. 

 

3.3 Evaluation of SIF using face tractions with considering the CFT-integral 

In this part, the SIF (ὑ -value) was evaluated for surface cracks in the flat plate model using the 

superposition method in which the CFT-integral is considered. The IIM was used to evaluate the 

SIF using the WARP3D analysis code[26]. The WARP3D is an open source research code for 

nonlinear FEA of large-scale, 3-D solids and structures subjected to static and dynamic loads. 

Although the CFT-integral is implemented in the IIM; however, it is only available for a uniform 

distributed stress field over the crack face. Therefore, in this section, the numerical analysis was 

performed only for the flat plate model. The same two cases of the flat plate model that given in 

Table 3.1 were used in this section. The numerical analyses applied the same displacement 

boundary conditions and the same external tensile loading configuration as conducted in section 

3.2.1. 

The external loading solutions (ὑ -values) given by WARP3D interaction integral method 

(WARP3D-IIM) were verified with the solutions obtained by Newman-Raju[64][65][66]. Because the 

generated stress field over the crack face of the uncracked model is uniform, so the applied external 
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loading will be used directly with an inverse sign as traction forces over the crack face. The 

effectiveness of the CFT-integral on the accuracy of the CFT-solution was verified by comparing 

the CFT-solution with that computed by external loading. Once again, Eqns. 1.8 and 1.9 were used 

to examine the solutions of the superposition method steps. Tables 3.6 and 3.7 show the validation 

of the solutions obtained by the superposition method using the total strain energy and the 

ὅὓὕὈ. It is clear that the difference between the total strain energies and the difference between 

the crack mouth opening displacements, in Tables 3.6 and 3.7 are negligible which demonstrate 

the accuracy of the solutions given by the superposition method. 

 

Table 3.6 Validation of the solutions of the superposition method steps obtained by the IIM 

using the total strain energy, Ὗ and ὅὓὕὈ for the flat plate model (case 1). 

Ὗ  Ὗ  Ὗ  Ὗ Ὗ  
% difference between Ὗ  and 

Ὗ Ὗ  

1.79E+00  1.79E+00 3.33E-04 1.79E+00 5.05E-06 

Case ύ  (mm) ύ  (mm) ὅὓὕὈ 
% difference between 

ὅὓὕὈ  and ὅὓὕὈ  

Fig. 1.6(a) 1.16E-03  1.22E-03 6.75E-05 
0.0178 

Fig. 1.6(c) -3.41E-05  3.34E-05 6.75E-05 

 

Table 3.7 Validation of the solutions of the superposition method steps obtained by the IIM 

using the total strain energy, Ὗ and ὅὓὕὈ for the flat plate model (case 2). 

Ὗ  Ὗ  Ὗ  Ὗ Ὗ  
% difference between Ὗ  and 

Ὗ Ὗ  

1.79E+00  1.79E+00 1.98E-03 1.79E+00 7.90E-05 

Case ύ  (mm) ύ  (mm) ὅὓὕὈ 
% difference between 

ὅὓὕὈ  and ὅὓὕὈ  

Fig. 1.6(a) 1.13E-03  1.25E-03 1.21E-04 
0.0149 

Fig. 1.6(c) -6.26E-05  5.84E-05 1.21E-04 

 

Figure 3.9 shows the distribution of the normalized SIF (ὑ ) calculated by external loading 

and that obtained by CFT for the flat plate model. The external loading solutions were verified 

with those obtained by Newman-Raju.  A very good matching was obtained between the solutions 

obtained by external loading and Newman-Raju. On the other hand, an excellent agreement 

between the external loading solution and that given by CFT along the crack front was obtained 
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when the CFT-integral is included in the CFT-solution, except at the crack mouth. The difference 

obtained at the crack mouth between the solutions computed by CFT and external loading may be 

due to the influence of the FE modeling. As the SIF at the crack mouth strongly depends on the 

FE modeling and the applied SIF evaluation method. 

 

 

 

Fig. 3.9 Distribution of the normalized SIF (ὑ ) along the crack front given by the external 

loading and CFT for the flat plate model using WARP3D-IIM (CFT-integral is considered). (a) 

case 1, and (b) case 2. 
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solutions obtained by CFT. The two solutions become almost identical along the crack front, 

except at the crack mouth. Further, the percentage difference at the crack deepest point (at ς• “ϳ

ρ) between the SIF given by the CFT and that calculated by the external loading is 0.39% for case 

1 and 0.28% for case 2. 

To confirm the effectiveness of the CFT-integral in improving the accuracy of the CFT-solution, 

comparisons of the computed SIF are plotted with and without considering the CFT-integral, as 

shown in Fig. 3.10. For the sake of comparison, the external loading solutions that given by the DI 

method and IIM are used in Fig. 3.10 as references. It is found that the CFT-integral significantly 

improves the accuracy of the solutions obtained by CFT. For example, the CFT-integral increases 

the accuracy of the SIF given by the CFT for the two cases of the flat plate model by 5ï6.5% along 

the crack front (except SIF at the crack mouth) when compared with the solutions that ignored this 

integral (i.e. CNT-solutions).  

In this study, the superposition method is examined only using tensile loading system for the 

flat plate model and T-butt welded model. However, it is necessary to calculate SIF for surface 

cracks in non-uniform stress fields based on the superposition method as well as considering the 

CFT-integral. Therefore, a proposed technique based on the CFT-integral implemented in 

WARP3D-IIM is introduced in chapter 4. 

 

3.4 Summary 

In this chapter, the superposition method was validated numerically using different FE models as 

well as different numerical integration methods and FE solvers. Furthermore, the significance and 

effectiveness of the CFT-integral in improving the accuracy of the CFT-solution was discussed. It 

was found that the difference between the solutions obtained by the external loading and CFT is 

less than 0.5% at the crack deepest point for the flat plate model. On the other hand, a difference 

of less than 5% was obtained at the crack deepest point between the solutions computed by external 

loading and CNT for the flat plate model and T-butt welded model, where the CFT-integral is 

omitted in MSC Marc-DI solution. Based on that, commercial nonlinear FE codes that neglect the 

CFT-integral (e.g. MSC Marc) can be used for rough estimation of SIF for surface cracks in stress 

fields for engineering fracture mechanics problems under the conditions examined in this study. 
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Fig. 3.10 Comparison of the normalized SIF (ὑ ) along the crack front shows the effectiveness 

of the CFT-integral in improving the accuracy of the SIF calculated by CFT for flat plate model. 

(a) case 1, and (b) case 2. 
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CHAPTER 4 

 

Proposed technique for surface cracks in non-uniform stress fields  

 

4.1 Introduction 

To consider the RS field in SIF solutions, it is necessary to incorporate the CFT-integral in the 

applied numerical integration method. The WARP3D-IIM as well as a commercial FE code (i.e. 

MSC Marc), that neglects the CFT-integral, using the DI method were utilized to evaluate the SIF 

solutions along the crack front for 3-D surface cracks in flat plate models under external loading 

and crack face/nodal tractions[69][70]. Gadallah et al.[69][70] also applied the MSC Marc-DI to 

calculate the SIF for a surface crack in a T-butt welded model. The calculated SIF solutions showed 

that the CFT-integral must be included in the SIF evaluation methods for cracks in non-uniform 

stress fields in order to obtain accurate SIF solutions. However, the CFT-integral that implemented 

in WARP3D code is valid only for uniform distributed tractions over the crack face. This means 

that this CFT-integral is limited to simple cracked geometries that introduce uniform stress fields 

over the crack face. For complicated geometries, e.g. welded joints, the crack face bears non-

uniform stress fields; due to external loading conditions and induced welding RS. It is therefore 

necessary to include the non-uniform stress field when calculating SIF to obtain accurate solutions. 

An efficient technique is needed to evaluate the SIF for surface cracks in welding RS fields that 

represent non-uniform stress field. For this reason, a technique that is based on utilizing the CFT-

integral implemented in the WARP3D-IIM for models with a particular crack-block mesh density 

is proposed. 3-D flat plate models with different crack-block mesh densities are employed under 

different loading conditions to examine the accuracy, conditions and easiness to use of the 

proposed technique as well as to establish good procedures of applications using this technique. 

The influence of the crack-block mesh density on the calculated SIF solutions due to the 

application of non-uniform tractions over the crack face is also discussed. The effectiveness of the 

proposed technique is then validated for different 3-D numerical examples of welded joints under 

different loading conditions. To examine the adequacy of the proposed technique and the 

significance of the CFT-integral on the accuracy of SIF solutions, MSC Marc-DI that neglects the 

CFT-integral is also adopted. Moreover, the proposed technique is validated for a surface cracked 

butt-welded joint using a calculated welding RS. After verifying the proposed technique with 
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different numerical examples, it is then employed to evaluate the SIF for a surface cracked butt-

welded joint based on real welding RS.  

 

4.2 The proposed technique methodology  

The proposed technique[71][72] based on two main points: 1) utilizing the CFT-integral 

implemented in WARP3D-IIM, and 2) using a particular crack-block mesh density. Therefore, the 

first part of this section (sections 4.2.1ï4.2.3) is dedicated to examine the influence of the crack-

block mesh density on the accuracy of the calculated SIF solutions. The CFT-solutions for each 

crack-block are then examined with those given by external loading configurations. The second 

part of this section (section 3.2.4) discusses the significance of the CFT-integral on the accuracy 

of the CFT-solutions based on the proposed technique. 

 

4.2.1 Applied crack-block meshes 

The crack-block mesh density was examined using three crack-blocks with different mesh 

densities, namely, coarse mesh, intermediate mesh and fine mesh. The three crack-blocks have the 

same size. The crack-block mesh was verified properly and the selected crack-block size was 

examined appropriately based on trial and error for evaluating the SIF. The FE meshes of the 

applied crack-blocks are shown in Fig. 4.1. The reason why one-half symmetric FE meshes are 

used is that all the numerical examples presented in this chapter are symmetric about the 

longitudinal axis. Only the FE model used in section 4.4 utilized full cracked FE mesh because 

real welding RS was used. The crack face FE mesh and crack front of the crack-blocks are shown 

in Fig. 4.2. The crack-blocks are generated with semi-elliptical surface crack. The surface crack 

has the same aspect ratios for the three crack-blocks as a/c = 0.5 and a/t = 0.225. An aspect ratio 

(a1/a) between the smallest element length (a1) through the crack depth and the crack depth is 

given in Table 4.1 to show the variance of the crack-block mesh densities especially over the crack 

face. As well, the limit of element aspect ratio is to make the element size as small as possible to 

minimize the difference between the element center and the center of the element face; more details 

are mentioned in section 4.2.3. Further details of the FE crack-block meshes are given in Table 

4.1. The FE meshes of the crack-blocks generated using 20-noded isoparametric hexahedral brick 

elements. Along the crack front, the 20-noded hexahedral elements are collapsed to quarter-point 

wedge elements, which are used to simulate the ρ Ѝὶϳ  singularity of the stress field close to the 

crack front. 
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Fig. 4.1 Typical one-half symmetric FE meshes of the crack-blocks. (a) coarse crack-block 

mesh, (b) intermediate crack-block mesh, (c) fine crack-block mesh. (Note: all dimensions in 

mm). 

 

 

Fig. 4.2 Crack face FE mesh and crack front of the crack-blocks. (a) coarse crack-block mesh, 

(b) intermediate crack-block mesh, (c) fine crack-block mesh. 

 

Table 4.1 Details of the applied crack-block meshesa). 

Crack-block 

mesh 
a1/a 

Total 

number of 

elements 

Number of 

elements along 

the crack front 

Number of 

elements over 

the crack face 

Total number of 

nodes along the 

crack front 

Coarse 0.167 224 4 16 9 

Intermediate 0.083 992 8 64 17 

Fine 0.042 7936 16 256 33 

a) All data mentioned in this table are for one-half FE crack-block mesh. 

 

4.2.2 FE model definition 

For the sake of simplicity, in order to examine the influence of the crack-block mesh density 

on the accuracy of the calculated SIF solutions, a flat plate model was employed. The geometry of 
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the surface cracked flat plate body is shown in Fig. 4.3. The flat plate body consists of two main 

parts, namely, the crack-block and global body. The flat plate FE model generated in two steps: 1) 

create the FE mesh of the crack-block and 2) generate the global mesh. The global mesh generated 

using 20-noded hexahedral elements. The crack-block mesh then connected to the global mesh 

using the mesh-tying option offered by WARP3D code. Figure 4.4 shows a close-up view of the 

tied faces between the crack-block mesh and the global mesh for the different crack-block meshes. 

The mesh-tying technique makes possible to transit from fine crack-block mesh to coarser global 

mesh. The constraints produced by mesh-tying define two or more geometrically identical surfaces, 

as the independent surface which represents the coarse surface and the dependent surface which 

represents the more refined surface. By selecting the more refined surface as the dependent surface, 

the possibility of unconnected independent elements is avoided as well as ensures full tying 

between the independent and dependent surfaces[46]. 
 

 

Fig. 4.3 Geometry of the surface cracked flat plate body. 

 

One example of the FE flat plate models that corresponds to Fig. 4.3 and employs the fine crack-

block mesh as well as the applied boundary conditions is shown in Fig. 4.5. To introduce non-

uniform stress field over the crack face, two separate external loading configurations were 

employed as bending loading and combined loading as shown in Fig. 4.5(b). The bending loading 

condition was applied as distributed bending loads at the nodes of the model boundary (yïz plane). 

The combined loading condition consists of tension load and bending load, in which the tension 

load was applied as uniform distributed stress over the element faces of the model boundary (yïz 

plane). Since the cracked body is symmetric about the x-z plane, one-half model was used in the 
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analysis. The arrows in Fig. 4.5(a) show the applied boundary conditions that prevent the rigid 

body motion of the model. The Young's modulus and Poisson's ratio adopted in the analyses are 

210 GPa and 0.3, respectively. 

 

 

Fig. 4.4 Close-up view of the connected crack-block mesh to global mesh using the mesh-tying 

technique. (a) coarse crack-block mesh, (b) intermediate crack-block mesh, (c) fine crack-block 

mesh. 

 

 

Fig. 4.5 FE flat plate model using fine crack-block mesh and the boundary conditions. 

 

The superposition method was applied in order to validate the calculated CFT-solutions for 

each crack-block with those given by external loading. To implement the superposition method, 

the WARP3D code was employed. This code offers two SIF evaluation techniques, namely, the 

DI method and the IIM. In this study, the WARP3D-IIM was utilized. The CFT-integral was 

included in the CFT-solutions for the different crack-block meshes. The implementation procedure 



- 56 - 
 

of the superposition method mentioned in section 3.1.2 and summarized again in this section as 

follows (based on Fig. 1.6): 

1) calculation of SIF solutions (ὑ -values) using external loading configuration (Fig. 1.6(a)). 

The calculated SIF solution in this step called ñexternal loading solutionò, 

2) stress field that arises over the crack face calculated by applying the same external loading 

configuration to a geometrically identical uncracked model (Fig. 1.6(b)). Further details on 

how the calculated stress field is extracted are explained in section 4.2.4; and 

3) calculated stress field in step 2 is applied as tractions over the crack face with an opposite 

sign in order to calculate the SIF solutions for a geometrically identical cracked model (Fig. 

1.6(c)). The calculated SIF solution in this step called ñCFT-solutionò. 

 

4.2.3 Analysis results  

The stress distribution through thickness at the model mid-length (i.e. at the crack location) for 

the two loading conditions is plotted in Fig. 4.6. The results shown in Fig. 4.6 are obtained by the 

FE flat plate model using fine crack-block mesh, Fig. 4.5(a) that represents an example of the 

applied FE flat plate models. Figure 4.6 shows a non-uniform stress distribution at the location of 

the crack which is used as non-uniform tractions over the crack face. On the other hand, the 

solution for each step of the superposition method was verified using Eqns. 1.8 and 1.9. Moreover, 

Fig. 4.7 shows the percentage difference between Ὗ  and Ὗ Ὗ  as well as the percentage 

difference between ὅὓὕὈ  and ὅὓὕὈ  for each crack-block mesh density. It is observed that, 

from Fig. 4.7, by increasing the mesh density of the crack-block the percentage difference of the 

terms of Eqns. 1.8 and 1.9 decreases. This means that, the accuracy of the calculated CFT-solution 

improves as discussed later.   

 

 

Fig. 4.6 Uncracked stress distribution through thickness at the model mid-length for a flat plate 

model using fine crack-block mesh under different loading conditions. 
 



- 57 - 
 

 

Fig. 4.7 Validation of the solutions for the superposition method steps using WARP3D-IIM. (a) 

bending loading condition and (b) combined loading condition. 

 

The SIF solutions computed by external loading (bending loading/combined loading) were 

validated with those obtained by Newman-Raju[65], as shown in Figs. 4.8(a) and 4.9(a). Note that, 

the crack mouth and crack deepest point are represented at ς• “ϳ π and ς• “ϳ ρ , 

respectively. From the results shown in Figs. 4.8(a) and 4.9(a), it was observed that external 

loading solutions obtained by the different crack-block meshes under bending and combined 

loading conditions show no big difference along the crack front. Only the smoothness of the SIF 

solution becomes more accurate when the density of the crack-block mesh be fine enough.  

The influence of the crack-block mesh density on the CFT-solutions was then examined by 

comparing the CFT-solutions with those given by external loading for each loading condition, as 

shown in Figs. 4.8(bïd) and 4.9(bïd). It was noticed that the density of the crack-block mesh has 

a considerable influence in improving the accuracy of the calculated CFT-solutions. For example, 

the fine crack-block mesh gave an excellent matching between the CFT-solution and external 

loading solution along the crack front, as shown in Figs. 4.8(d) and 4.9(d). As well, a difference 

of less than 1% was obtained at the crack deepest point between the CFT-solution and that given 

by external loading for the two loading conditions. On the other hand, the coarse and intermediate 

crack-block meshes showed a clear difference in the obtained CFT-solutions with those given by 

external loading along the crack front, especially for the coarse crack-block mesh (see Figs. 4.8(b) 

and 4.9(b)). 

The results shown in Figs. 4.8 and 4.9 reveal that the density of the crack-block mesh plays a 

significant role in improving the accuracy of the calculated CFT-solution. Where the stress field 

that arises over the crack face calculated at the center of each element over the crack face; and then 

applied as tractions to the center of each element face over the crack face. Therefore by reducing 

the size of crack-block elements (i.e. increase crack mesh density), the difference that results from 
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applying the stress calculated at element center to the element face center becomes small and can 

be neglected. Based on that, considerable improvement in the accuracy of the CFT-solutions that 

obtained by flat plate model using fine crack-block mesh was observed (Figs. 4.8(d) and 4.9(d)). 

 

 

Fig. 4.8 Influence of the crack-block mesh density on the calculated SIF for a flat plate model 

under bending loading. (a) validation of external loading solutions, (b) coarse crack-block mesh, 

(c) intermediate crack-block mesh; (d) fine crack-block mesh. 

 

4.2.4 Validation of the proposed technique 

In section 4.2.3, excellent CFT-solutions were obtained when the fine crack-block mesh was 

adopted. To examine the effectiveness of the crack-block mesh density as well as the CFT-integral 

(i.e. the proposed technique) on the accuracy of the CFT-solutions in depth, the MSC Marc-DI, 

that represents a commercial FE code, was employed. The MSC Marc solver does not provide the 

CFT-integral in the DI solution. The same flat plate model with fine crack-block mesh that used 

in section 4.2.3 was utilized in this section. The same loading conditions that were applied in 

section 4.2.3 were also adopted in this section. However, in case of MSC Marc, the bending 

loading condition was applied as moments enforced on reference nodes using the Rigid Body 

Elements (RBE2) option. RBE2 is a type of rigid body elements, and a tying relation can be 

constructed between a reference node and tied nodes. The RBE2 option was used in Ref.[68]. The 

reference nodes located at the center of the model boundary (yïz plane) and the other nodes on yï
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z plane are tied nodes, see Fig. 4.10(a). For the combined loading condition, a bending load using 

the same procedure described for the bending loading condition as well as a uniform stress that 

used as tension load were applied to the model boundary. The loading conditions are shown in Fig. 

4.10(b). The crack-block mesh connected to the global mesh using the glue contact option that is 

available in MSC Marc solver. The glue contact option suppresses all relative motions between 

bodies through tying or boundary conditions applying them to all displacement degrees of freedom 

of the nodes in contact. The same displacement boundary conditions that applied in section 4.2.3 

were used in the MSC Marc-DI analyses. 

 

 

Fig. 4.9 Influence of the crack-block mesh density on the calculated SIF for a flat plate model 

under combined loading. (a) validation of remote loading solutions, (b) coarse crack-block 

mesh, (c) intermediate crack-block mesh; (d) fine crack-block mesh. 

 

The superposition method was implemented also using the MSC Marc-DI following the same 

steps mentioned in section 4.2.2. For WARP3D code, the stress field that arises over the crack face 

due to the application of external loading to the uncracked model was calculated as stress at the 

element center for each element over the crack face. The calculated stress field was then used as 

tractions over the crack face with an opposite sign. However, for MSC Marc solver, the stress field 

was computed as equivalent nodal forces over the crack face nodes. So in case of MSC Marc solver, 
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the stress field was processed using the same FORTRAN program developed in section 3.2.1. The 

processed stress field was then applied to the crack face nodes as CNT with an opposite sign. Based 

on that, SIF was calculated using MSC Marc-DI including the influence of stress field. 

 

 

Fig. 4.10 FE flat plate model and the applied loading conditions. 

 

The SIF calculated by external loading using MSC Marc-DI was validated with those obtained 

by Newman-Raju[65] and WARP3D-IIM for the two loading conditions, as shown in Fig. 4.11. 

Figure 4.11 also shows a comparison between the CFT-solutions and external loading solutions 

calculated by WARP3D-IIM as well as a comparison between the CNT-solutions and external 

loading solutions obtained by MSC Marc-DI. A difference between the solutions given by MSC 

Marc-DI along the crack front was observed. This difference is due to the absence of the CFT-

integral in the DI solutions, as mentioned previously in section 3.2.1. On the other hand, it is clear 

that when the CFT-integral is included in the IIM, an excellent agreement along the crack front 

was obtained between the CFT-solutions and those given by external loading (WARP3D-IIM). 

For example, the percentage difference between the CFT-solution and that obtained by external 

loading (WARP3D-IIM) at the crack deepest point (at ς• “ ρϳ ) is 0.16% for the bending 

loading and 0.83% for the combined loading. However, the percentage difference between the 

CNT-solution and that obtained by external loading (MSC Marc-DI) at the crack deepest point is 

2.95% for the bending loading and 3.65% for the combined loading. 

It was observed that when the CFT-integral is included in the WARP3D-IIM, the accuracy of 

the SIF calculated by CFT is considerably improved when compared with that obtained by CNT 

using the MSC Marc-DI. Additionally, the percentage difference between the solutions at the crack 

deepest point under different loading conditions was found to be less than 1% when the WARP3D-

IIM as well as a fine crack-block mesh density were utilized (i.e. the proposed technique). 
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Fig. 4.11 Distribution of the normalized SIF along the crack front calculated by the MSC Marc-

DI and WARP3D-IIM for a flat plate model with fine crack-block mesh. (a) bending loading 

condition, (b) combined loading condition. 

 

From the results shown in sections 4.2.3 and 4.2.4, the SIF calculated by CFT using the 

WARP3D-IIM is highly influenced by the crack-block mesh density. As well, when the CFT-

integral is included in the WARP3D-IIM the accuracy of the CFT-solutions is considerably 

improved. This shows that the proposed technique can be employed to evaluate the SIF for surface 

cracks in non-uniform stress fields for complicated FE models. Based on that, the fine crack-block 

mesh was adopted to be used in sections 4.3 and 4.4 that examine the proposed technique for 

different welded joints. 

 

4.3 Numerical examples of welded joints 

Welded joints are widely used in the field of shipbuilding and offshore structures. For surface 

cracks at weld toes of butt or T-butt welded joints, the situation is very complicated when 

compared with flat plates. The influence of the geometry of the welded joint becomes also 

complicated. Owing to geometrical parameters such as the shape of the weld bead and weld toe 

angle, a stress concentration and therefore large values of RS are induced at weld toes. This leads 

to a very complicated distribution of the RS that caused by service loading. Thus, a non-uniform 

stress field arises over the crack face. It is therefore necessary to include the influence of this non-

uniform stress field in the calculated SIF to obtain accurate solutions. As well, such welded joints 

are good examples to examine the effectiveness of the proposed technique.  

In this section, two welded joints, namely, butt-welded joint and T-butt welded joint were 

employed based on the superposition method. In addition, the proposed technique was examined 

for a butt-welded joint based on calculated welding RS. 
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4.3.1 Butt-welded model 

4.3.1.1 FE model definition 

The geometry of the surface cracked butt-welded joint is shown in Fig. 4.12. The FE model 

corresponding to the butt-welded joint is shown in Fig. 4.13. Symmetry about the x-axis permits 

use of a one-half model. The crack-block mesh and global mesh generated by the same procedures 

mentioned in sections 4.2.1 and 4.2.2. The crack-block generated with a fine mesh and has a semi-

elliptical surface crack with aspect ratios of a/c = 0.39 and a/t = 0.175. The crack-block mesh was 

connected to the global mesh using the mesh-tying option that available in WARP3D code, and 

using the glue contact option that offered by MSC Marc solver. Three loading conditions were 

utilized for the MSC Marc and WARP3D analyses, as shown in Fig. 4.14. The loading conditions 

assigned in this section follow the same procedures that described in sections 4.2.2 and 4.2.4. Due 

to the geometry of the butt-welded joint (e.g. weld toe) as well as the applied loading condition, a 

non-uniform stress field was introduced over the crack face. Young's modulus and Poisson's ratio 

employed in the analyses have values of 210 GPa and 0.3 respectively, which represent typical 

properties for steel materials. The rigid body motion of the models was prevented by applying the 

minimum displacement constraints, as shown in Fig. 4.13. The superposition method was applied 

using the WARP3D-IIM and MSC Marc-DI, following the steps mentioned in section 4.2.2, to 

evaluate the SIF solutions under the different loading conditions. 

 

 

Fig. 4.12 Geometry of the surface cracked butt-welded joint. 
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Fig. 4.13 Typical one-half symmetric FE butt-welded model with the boundary conditions. 

 

 

Fig. 4.14 Applied loading conditions for the butt-welded model. 
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4.3.1.2 Analysis results  

To show the effectiveness of the proposed technique for the butt-welded model, the stress 

distribution through thickness at the weld toe induced by the different loading conditions for the 

uncracked model is plotted in Fig. 4.15. Figure 4.15 illustrates that the surface stress increases 

(singular stress) due to the effect of the geometry of the weld bead (i.e. weld toe) as well as a 

reduction in the stress is introduced through the thickness. This means that the crack face subjected 

to a non-uniform stress field. 

Since the accuracy of the SIF solutions obtained by CFT (WARP3D-IIM) and CNT (MSC 

Marc-DI) are validated through comparisons with those given by external loading; hence, the 

external loading solutions must be first verified for each loading condition. The external loading 

solutions were calculated by three different numerical integration methods, namely, MSC Marc-

DI, WARP3D-IIM, in addition to WARP3D domain integral method (WARP3D-DI) for each 

loading condition. Figure 4.16 shows the validation of the external loading solutions computed by 

the different SIF evaluation methods. An excellent agreement among the three solutions for the 

three loading conditions was obtained along the crack front except at the crack mouth (at 

ς• “ πϳ ). The reason why WARP3D-IIM gave a larger ὑ -value at the crack mouth location is 

because the IIM implements a simplified assumption that does not include the stress singularity at 

notches (notches due to model geometry). Thus in order to make simple comparisons between the 

external loading solutions and those given by CFT and CNT, the SIF at the crack mouth location 

for the three loading conditions was omitted. 

To show the significance of the CFT-integral on the accuracy of the calculated SIF, the SIF 

solutions given by CNT and CFT were compared with those obtained by external loading for the 

different loading conditions, as shown in Fig. 4.17. The CFT-solutions showed an excellent 

matching with those obtained by external loading (WARP3D-IIM) along the crack front especially 

at the crack deepest point (at ς• “ ρϳ ) for the different loading conditions. On the other hand, a 

fairly good agreement between the CNT-solutions and external loading solutions (MSC Marc-DI) 

was obtained for the different loading conditions. The difference between the CNT-solutions and 

those given by external loading along the crack front obtained due to the absence of the CFT-

integral in MSC Marc-DI method. The percentage difference between the CNT-solutions and those 

given by external loading (MSC Marc-DI) at the crack deepest point for the tensile, bending and 

combined loading conditions are 3.47%, 2.65% and 3.23%, respectively. However, when the CFT-

integral is included in the CFT-solutions, the percentage difference between the CFT-solutions and 

those computed by external loading (WARP3D-IIM) at the crack deepest point for the tensile, 
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bending and combined loading conditions are decreased significantly to be 0.16%, 0.89% and 

0.14%, respectively. It is clear that the CFT-integral considerably improves the accuracy of the 

CFT-solutions where a percentage difference of less than 1% was obtained between the solutions 

(CFT and external loading solutions) at the crack deepest point. 

 

 

Fig. 4.15 Uncracked stress distribution through thickness at the weld toe for a butt-welded model 

under different loading conditions. 

 

4.3.2 T-butt welded model 

4.3.2.1 FE model definition 

In the field of shipbuilding and offshore structures, the stiffened welded panels that mainly 

consist of many T-butt welded joints are widely used. SIF was evaluated for a semi-elliptical 

surface cracked T-butt welded joint using different SIF evaluation methods[68][73]. It is therefore 

necessary to examine the adequacy of the proposed technique for such welded joints.  

The geometry of the surface cracked T-butt welded joint was presented in chapter 3 and is 

shown again in this section in Fig. 4.18. The cracked T-butt welded joint consists of a one-sided 

weld with a radiused weld toe as used by Bowness and Lee[61]. The FE model of the cracked T-

butt welded joint is shown in Fig. 4.19. A FORTRAN program was developed to automatically 
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Fig. 4.16 Validation of external loading solutions obtained by different SIF evaluation methods 

for a butt-welded model subjected to: (a) tensile loading condition, (b) bending loading 

condition; and (c) combined loading condition. 

 

generate the radiused weld toe. The crack-block and global meshes generated by the same 

procedures introduced in sections 4.2.1 and 4.2.2. The crack-block generated using a fine mesh 

and has a semi-elliptical surface crack with aspect ratios of a/c = 0.33 and a/t = 0.09. The crack-

block mesh linked with the global mesh by the glue contact option offered by MSC Marc solver, 

and by the mesh-tying option that is available in WARP3D code. The same loading conditions that 

employed in section 4.3.1 were applied to the T-butt welded model (see Fig. 4.20). One-half FE 

model was employed in the analysis because of the symmetry about the x- axis. Young's modulus 

of 210 GPa and Poisson's ratio of 0.3 were assigned in the analyses. Minimum displacement 

constraints were applied to prevent the rigid body motion, as shown in Fig. 4.19. 
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Fig. 4.17 Distribution of the normalized SIF along the crack front calculated by the MSC Marc-

DI and WARP3D-IIM for a butt-welded model. (a) tensile loading condition, (b) bending 

loading condition, (c) combined loading condition. (Note: SIF at the crack mouth location, at 

ς• “ πϳ , was omitted). 

 

 

Fig. 4.18 Geometry of the surface cracked T-butt welded joint. 
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Fig. 4.19 Typical one-half symmetric FE T-butt welded model with the boundary conditions. 

 

 

Fig. 4.20 Applied loading conditions for the T-butt welded model. 
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4.3.2.2 Analysis results  

The uncracked stress distribution through thickness at the weld toe for the different applied 

loading conditions is shown in Fig. 4.21. Due to the influence of the weld toe, the stress at the 

upper surface of the main plate of the T-butt welded model noticeably increases (singular stress). 

This singular stress forms a non-uniform stress field over the crack face. On the other hand, through 

the thickness of the main plate at the weld toe a reduction in the stress was obtained as reported by 

Bowness and Lee[74]. 

 

 

Fig. 4.21 Uncracked stress distribution through thickness at the weld toe for a T-butt welded 

model under different loading conditions. 

 

The superposition method was then used to evaluate the SIF solutions due to the application of 

the CFT and CNT. The solutions given by external loading were first verified to be a reliable 

reference for those obtained due to the application of CFT and CNT. The external loading solution 

for each loading condition was calculated using the same SIF evaluation methods that employed 

in section 4.3.1. The external loading solutions were then validated for each loading condition, as 

shown in Fig. 4.22. A very good matching among the three solutions was obtained along the crack 

front for each loading condition, excluding the SIF at the crack mouth (at ς• “ϳ π). The 

difference obtained at the crack mouth is due to the same reason mentioned in section 4.3.1.2 in 

addition to the restraining effect of the attachment that reduced the singularity from ὶ Ȣ to about 

ὶ Ȣ , as discussed by Bowness and Lee[61]. Thus, the IIM results were in error at the crack mouth 
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location because this technique is based on the initial assumption of a ὶ Ȣ singularity. 

Consequently, stress singularities obtained due to the mentioned reasons were superposed and gave 

this difference between the IIM and DI solutions at the crack mouth location. Based on that, the 

SIF at the crack mouth was omitted when the CFT-solutions and CNT-solutions compared with 

those calculated by external loading. 

 

 

Fig. 4.22 Validation of external loading solutions obtained by different SIF evaluation methods 

for a T-butt welded model subjected to: (a) tensile loading condition, (b) bending loading 

condition; and (c) combined loading condition. 

 

In order to demonstrate the significance of the CFT-integral on the accuracy of the calculated 

SIF, comparisons between the SIF solutions obtained by CFT and CNT and those given by external 

loading (MSC Marc-DI and WARP3D-IIM) under different loading conditions are plotted in Fig. 

4.23. An excellent agreement was obtained between the CFT-solutions and those calculated by 

external loading (WARP3D-IIM) along the crack front for each loading condition particularly at 

the crack deepest point (at ς• “ϳ ρ). On the other hand, a fairly good matching was observed 

between the CNT-solutions and those given by external loading (MSC Marc-DI). Since the CFT-

integral is not included in the CNT-solutions, a difference between the CNT-solutions and those 

calculated by external loading (MSC Marc-DI) was noticed along the crack front. To clearly show 

the significance of the CFT-integral on the accuracy of the computed SIF, the percentage 
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difference between the solutions calculated by MSC Marc-DI as well as those computed by 

WARP3D-IIM at the crack deepest point was examined. For example, the percentage difference 

obtained at the crack deepest point between the solutions given by CNT and those calculated by 

external loading (MSC Marc-DI) for the tensile, bending and combined loading conditions is 

3.67%, 3.32% and 3.45%, respectively. However, by considering the CFT-integral in the CFT-

solutions, the percentage difference between the CFT-solutions and those given by external 

loading (WARP3D-IIM) at the crack deepest point for the tensile, bending and combined loading 

conditions is considerably decreased to be 0.19%, 0.28% and 0.06%, respectively. As it is clear 

when the CFT-integral is considered in the solutions, a percentage difference of less than 1% was 

obtained at the crack deepest point. 

 

 

Fig. 4.23 Distribution of the normalized SIF along the crack front calculated by the MSC Marc-

DI and WARP3D-IIM for a T-butt welded model. (a) tensile loading condition, (b) bending 

loading condition, (c) combined loading condition. (Note: SIF at the crack mouth location, at 

ς• “ϳ π, was omitted). 

 

4.3.3 Butt-welded model including welding RS 

In sections 4.3.1 and 4.3.2, the non-uniform stress field was introduced based on the model 

geometry and applied loading conditions. In this section, a problem that includes a welding RS 

was examined. For this purpose, a butt welded joint with a semi-elliptical surface crack was 
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utilized as shown in Fig. 4.24(a). The FE models used in this section followed the same procedures 

that mentioned in section 4.2.2 and shown in Fig. 4.5. Two cases were studied in this section using 

different crack aspect ratios as a/t = a/c = 0.2 and a/t = a/c = 0.6. Shiratori et al.[75] formulated an 

equation to calculate the welding RS for a butt welded joint, as follows: 

 

„

„
σ

ώ

ὧ

ω

ς

ώ

ὧ
ρȟ                   π ώ ὧ (4.1) 

 

 

Fig. 24 Details of the butt-welded joint. (a) geometry of the surface cracked butt-welded joint, 

and (b) distribution of the calculated welding RS. 

 

The distribution of the calculated welding RS using Eq. 4.1 is shown in Fig. 4.24(b). The 

welding RS was calculated at the center of each element over the crack face. To calculate the RS 

(„ ), a maximum stress („ ) of 300 MPa was utilized. The calculated welding RS was then applied 

as tractions over the crack face using the proposed technique in order to calculate the SIF solutions. 

Due to the symmetry of the cracked body about the x-axis, one-half symmetric FE models were 

used in the analyses. Young's modulus of 206 GPa and Poisson's ratio of 0.3 were assigned in the 

analyses. 

The applied welding RS field over the crack face opened the crack and the SIF was calculated 

using the proposed technique. Fig. 4.25 shows a comparison between the solutions given by the 

proposed technique and those obtained by Shiratori et al.[75] for a semi-elliptical surface crack in a 

welding RS field. An excellent agreement obtained between the solutions along the crack front for 

the different crack aspect ratios. The difference obtained between the solutions for the problem 

with crack aspect ratios of a/t = a/c = 0.2 may be due to two reasons. The first reason is the applied 

crack mesh density. Shiratori et al. used a coarse crack block mesh in their work; however, in the 

present proposed technique a fine crack mesh density was employed. The other reason is the 
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applied SIF estimation method. Shiratoriôs solution based on direct method using the displacement 

extrapolation method. however, the solution calculated by the proposed technique based on the 

IIM that considered a robust and effective method for evaluating SIF. Therefore, by employing the 

IIM that includes the CFT-integral using a fine crack mesh, an SIF solution with high accuracy 

can be obtained. Although a slight difference was observed between the proposed solution and that 

given by Shiratori, the matching between the solutions is very good, in general. Further, the 

excellent agreement between the solutions, shown in Fig. 4.25, demonstrates the adequacy of the 

proposed technique as well as supports the proposed technique to be applied for surface cracks in 

a real welding RS field. 

 

 

Fig. 4.25 Validation of the proposed technique solution with Shiratori's solution for a semi-

elliptical surface crack in a welding RS field. 

 

4.3.4 Discussion 

For the butt and T-butt welded models discussed in sections 4.3.1 and 4.3.2, the solutions 

obtained by the CNT for the different loading conditions were observed to be less than those given 

by external loading (MSC-MARC-DI). To obtain CNT-solutions with a high accuracy, the CFT-

integral is needed to be implemented in the DI method[22][37]. However, although the CFT-integral 

is not taken into account in the MSC Marc-DI, the results given by MSC Marc-DI showed a good 

accuracy. It was found that, for the different loading conditions, the percentage difference between 

the CNT-solutions and those calculated by external loading (MSC Marc-DI) at the crack deepest 

point was less than 4% for the two welded models even when the CFT-integral is not considered 

in the CNT-solutions. This shows that commercial FE packages that neglect the CFT-integral, such 

as MSC Marc, can be used to roughly estimate SIF for surface cracks in non-uniform stress fields 

for engineering problems under the conditions examined in this study. 
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On the other hand, from the presented numerical examples, it was noticed that the 

implementation of the numerical analyses using the proposed technique is not time consuming and 

simple for application. This implies that the proposed technique can be readily used for more 

complicated welded joints. It was also observed that the non-uniform stress distributions shown in 

Figs. 15, 21 and 24(b) demonstrate that the proposed technique is effective when a local stress 

concentration is applied to the crack face. The excellent accuracy (i.e. percentage difference < 1% 

between external loading solutions given by WARP3D-IIM and CFT-solutions at the crack deepest 

point) supports the adequacy of the proposed technique for the butt and T-butt welded joints. As 

well, the excellent agreement obtained between the proposed technique solution and Shiratori's 

solution suggests that the proposed technique can be used to evaluate the SIF for a surface crack 

in a real welding RS field. 

 

4.4 Evaluation of SIF based on real welding RS 

4.4.1 Introduction 

In this section, the proposed technique was employed to evaluate SIF solutions for a semi-

elliptical surface crack based on real welding RS. The welding RS used in this section was 

measured by the contour method that gives a 2-D map of RS distribution on the cutting surface. 

Gadallah et al.[76] measured welding RS produced due to the application of conventional and low 

transformation temperature (LTT) welds using the contour method. The 2-D maps of the 

longitudinal welding RS are shown in Fig. 4.26. In their work, Gadallah et al. used two different 

LTT wires. The first wire (LTT-1), see Fig. 4.26(b), has a martensitic transformation start 

temperature (Ὕ ) of 200ï250 oC. The other LTT wire (LTT-2), see Fig. 4.26(c), has a Ὕ  of 150ï

200 oC. The welding RS measured by Gadallah et al. was employed in order to evaluate SIF based 

on real welding RS. The 2-D RS maps shown in Fig. 4.26 was taken at the cutting plane. From the 

2-D RS map shown in Fig. 4.26(a), a tensile RS was introduced at the middle of the specimen 

including the welding zone and heat affected zone while a compressive stress was obtained at the 

specimen edges. This 2-D RS map represents a typical example of a welding RS distribution. On 

the other hand, the 2-D RS maps presented in Fig. 4.26(b) and 4.26(c) give a compressive RS in 

the welding zone that reveals the effectiveness of the LTT wires in reducing the tensile RS and 

introducing compressive RS. By placing a surface crack in this welding RS field, SIF can be 

evaluated in which the influence of the RS field is included in the SIF solutions by using the 

proposed technique. 
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4.4.2 FE model definition  

The geometry of the butt welded joint used by Gadallah et al.[76] is shown in Fig. 4.27(a). The 

FE butt-welded model generated using the same dimensions of the welded joint in which a surface 

crack placed at the same location of the cutting plane, as shown in Fig. 4.27(b). The same 

procedures mentioned in sections 4.2.1 and 4.2.2 were followed when the FE model was generated. 

The crack-block generated using a fine mesh with a semi-elliptical surface crack with aspect ratios 

of a/c = 0.3 and a/t = 0.15. The crack-block then connected to the global mesh by the mesh tying 

option that available in WARP3D code. The surface crack placed at the welding zone (see Fig. 

4.27(c)) in which the RS due to welding was applied to the crack face. Young's modulus, Poisson's 

ratio, and maximum stress („ ) employed in the analyses have values of 206 GPa, 0.291, and 300 

MPa respectively, which represent typical properties for steel materials. The material properties 

used in the analyses are the same as those utilized by Gadallah et al.[76]. The rigid body motion of 

the FE cracked model was prevented by applying the minimum displacement constraints, as shown 

in Fig. 4.27(b). 

 

 

Fig. 4.26 Measured welding RS 2-D maps using the contour method[76]. (a) conventional weld 

wire, (b) LTT-1 weld wire, and (c) LTT-2 weld wire. 
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For the calculated welding RS, as discussed in section 4.3.3, the RS gave a smooth distribution 

over the crack face. However, for the case of real welding RS a dispersion of the RS distribution 

was obtained especially at the welding zone as shown in Fig. 4.26. To examine the influence of 

simplifying welding RS on the behavior of SIF, two cases for each weld wire were employed to 

evaluate SIF solutions based on: 1) actual welding RS, and 2) simplified welding RS. The 

technique used for simplifying the actual welding RS is discussed in more details in section 4.4.3. 

As well, to examine the SIF solutions obtained based on welding RS, SIF using mechanical loading 

(i.e. without welding RS) was calculated. 

 

4.4.3 Welding RS data processing 

There are numerous methods that used for simplifying (i.e. smoothing) data such as moving 

averages, weighted moving averages, centered moving averages and exponential smoothing. In  

 

 

Fig. 4.27 Surface cracked butt-welded joint. (a) geometry of the butt welded joint used by 

Gadallah et al.[76], (b) FE butt-welded model with the boundary conditions, and (c) location of 

the surface crack in the welded joint. (Note: Fig. 4.27(c) taken at the cutting plane). 
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this study the exponential smoothing method was employed. The exponential smoothing methods 

are the most widely used forecasting methods due to its simplicity, its reasonable accuracy, its 

computational efficiency, and the ease of adjusting its responsiveness to changes in the process 

being forecast[77]. Exponential smoothing uses a simple average calculation to assign exponentially 

decreasing weights starting with the most recent observations. The simplest method of exponential 

smoothing is called the simple exponential smoothing that is appropriate for a series of data that 

moves randomly above and below a constant mean. The formal equation that used for the simple 

exponential smoothing takes the form of[77]: 

 

Ὂ ‌ή ρ ‌ Ὂ ȟ                     Ὕ π (4.2) 

 

where ή  is the actual, known series value at the time T ; Ὂ  is the forecast value of the variable Q 

at the time T ; Ὂ  is the forecast value at the time T + 1; ‌ is the smoothing constant. In this 

study, a smoothing constant of 0.1 was utilized. 

Since the simple exponential smoothing method is used for smoothing data with no trend and 

no seasonal pattern[77], the welding RS was only simplified for the dispersed regions (i.e. at the 

middle of the specimen), as shown in Figs. 4.28ï4.30. Figures 4.28ï4.30 show a comparison 

between the actual and simplified welding RS for the conventional weld wire, LTT-1 weld wire 

and LTT-2 weld wire, respectively. Each figure in Figs. 4.28ï4.30 represents two RS line plots 

through the specimen thickness; one at the welding surface and the other at 3 mm from the welding 

surface. It is clear from Figs. 4.28ï4.30 that the simple exponential smoothing method well 

simplified the actual welding RS at the middle region of the specimen. 

 

 

Fig. 4.28 Comparison of actual and simplified welding RS produced by conventional weld wire: 

(a) at welding surface and (b) at 3 mm from the welding surface. 
 



- 78 - 
 

 

Fig. 4.29 Comparison of actual and simplified welding RS produced by LTT-1 weld wire: (a) at 

welding surface and (b) at 3 mm from the welding surface. 

 

 

Fig. 4.30 Comparison of actual and simplified welding RS produced by LTT-2 weld wire: (a) at 

welding surface and (b) at 3 mm from the welding surface. 

 

The actual welding RS, shown in Figs. 4.28ï4.30, obtained by using the contour method at the 

cutting surface nodes[76]. However, in the proposed technique, the welding RS field should be 

applied to the center of each element face over the crack face not at nodes. Since the element size 

that faces the cutting surface is small enough (~0.1 mm) as well as the mesh of the cutting surface 

has a uniform element shape[76], thus stress can be directly calculated at the center of each element 

face over the cutting surface by taking the average of the stresses at corner nodes of each element 

face. Based on that, the actual and simplified welding RS were calculated at the center of each 

element face over the cutting surface by using the actual and simplified welding RS at nodes, 

respectively. 

The welding RS (actual and simplified) at each element face over the region of the cutting 

surface, that corresponds to the crack face, was applied to each element face over the crack face. 

The distribution of welding RS over the crack face using the actual and simplified RS for each 
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weld wire is shown in Figs. 4.31ï4.33. It is clear from Figs. 4.31(a), 4.32(a) and 4.33(a) how the 

actual welding RS is randomly distributed over the crack face. However, Figs. 4.31(b), 4.32(b) 

and 4.33(b) give a simplified RS distribution over the crack face. The RS distributions shown in 

Figs. 4.31ï4.33 reveal the adequacy of the simple exponential smoothing method in simplifying 

the actual RS in the dispersed regions. Figures 4.31ï4.33 also reveal that the RS increases towards 

the crack front. The actual and simplified welding RS distributions shown in Figs. 4.31ï4.33 were 

then utilized to evaluate the SIF based on the proposed technique, as discussed in section 4.4.4.  

 

 

Fig.4.31 Welding RS distribution over the crack face produced by conventional weld wire. (a) 

actual welding RS, and (b) simplified welding RS. 

 

4.4.4 Results and discussion 

Although the adequacy of the proposed technique was validated in section 4.3.3 by using the 

calculated welding RS; however, it is needed to verify the distribution of the calculated SIF 

solutions when a real welding RS is employed. Thus, SIF was calculated without considering 

welding RS (i.e. external mechanical loading applied at the model boundary) for the conventional 

weld wire case using the same FE butt welded model with the same displacement boundary 

conditions as shown in Fig. 4.27(b). The SIF was calculated under external mechanical loading in 

order to evaluate the deviation (i.e. accuracy) of the SIF solution obtained by welding RS as 



- 80 - 
 

tractions over the crack face. The same procedures that applied in section 4.3 in order to obtain 

SIF under external loading were followed in this section to calculate the SIF due to mechanical 

loading. The mechanical loading has a value of 300 MPa (maximum stress,„ ); and applied as 

uniform external tensile loading at the model boundary. On the other hand, the proposed technique 

was employed to evaluate SIF solutions based on the real welding RS (actual and simplified) for 

the different weld wires. 

 

 

Fig.4.32 Welding RS distribution over the crack face produced by LTT-1 weld wire. (a) actual 

welding RS, and (b) simplified welding RS. 

 

The distributions of SIF solutions of the conventional weld wire along the crack front that 

obtained by the actual and simplified welding RS as well as mechanical loading (i.e. without 

welding RS) are shown in Fig. 4.34. Note that the crack mouth is represented at ς• “ϳ  0 and 2 

while the crack deepest point is represented at ς• “ϳ ρ. The SIF solutions obtained by welding 

RS show a reasonable agreement with the solution given by mechanical loading. It is clear from 

Fig. 4.34 that a large SIF was obtained at the crack deepest point and small one was given at the 

crack mouth locations. As it is observed from Fig. 4.26(a), the tensile RS increases when move 
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away from the welding surface towards the specimen thickness direction (in the region of the crack 

face). The same trend was also noticed in Fig. 4.31. And since the surface crack placed at the weld 

line (see Fig. 4.27(c)), so it is clear that the RS field that applied to the region close to the crack 

front (crack deepest point) is larger than that applied to the crack mouth locations (see Fig. 4.31). 

Based on that, the distributions of the SIF solutions obtained by welding RS, shown in Fig. 4.34, 

agree well with the distribution of the measured RS stress. In other words, a small SIF was given 

at the crack mouth locations; however, a large one was obtained at the crack deepest point and this 

matches well with the distribution of welding RS (Fig. 4.31). As well, the distribution of the SIF 

solution given by the mechanical loading followed the same behavior of the SIF solutions obtained 

by the welding RS. 

 

 

Fig.4.33 Welding RS distribution over the crack face produced by LTT-2 weld wire. (a) actual 

welding RS, and (b) simplified welding RS. 

 

 

 








































































































































