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1. Introduction

1.1. Bodies in a uniform fiow. Suppose an unbounded domain Q in
R? exterior to a bounded obstacle with compact smooth boundary S is occupied
by an ideal gas. Let P be its pressure and V' the velocity. The entropy is
assumed to be constant. Then the compressible Euler equation in a suitable
non-dimensional form is written as

0; P+-(V+V)P+9yPV-V =0,
(1.1) 0, VH+(V-V) VAP YP =0,
<n,V>=0 on S,

Where 98,=0/0t, v is a constant >1, # is the outer unit normal to S. { , > de-
notes the standard inner product in R? and \ is a large parameter propotional
to the inverse of the Mach number (see [5], p. 52). We shall explain the deri-
vation of the above equation in §5 of this paper. Let H"=H"(Q) be the usual
Sobolev space of order m. In our previous works [1], [2], we have already
shown that the solution of the above equation converges to that of the incom-
pressible Euler equation as A—co under the main condition that the initaial
pressure P*(0)=Const. +O(A") and the initial velocity V*(0)eH¥*!, N>4.
The assumption that the initial velocity belongs to L*Q) is rather restrictive,
since it excludes physically important flows which are both solenoidal and irrota-
tional. In fact, if a vector field V' (x)e L*(Q) satisfies div V=0, curl V=0 and
the boundary condition, it must be identically equal to 0. In this article, we
consider the flow constant at infinity as an important example of such a non L?
flow.

Let a constant non zero vector £ R? be fixed, which is the velocity at in-
finity. Take wy(x)EB(Q)=the space of smooth functions with bounded der-
ivatives such that
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divwy,=0 in Q,

{n,wey=0 on S,

[0%(zo(%)—&) | <C<a>™ 7", || =0, 1,
(wo V) wE LHQ),

(1.2)

where C and & are positive constants, <x>=(1-+|x|?)"? and for a multi-index
a=(a,, &, a;), 0“=0%1 052 83, 0,=0/0x;, || =ct;+a,+a.

ExampLEs. For instance, one can take wy(x)=&+Vp(x), where @ solves the
following Neumann problem:

Ap=0 in Q,
(1.3) 8i=—<n,£> on S.
n

Indeed, @(x) is written by a single layer potential on the boundary

1
|x—y|

o(0) = | () —1ds,,

whence |0%(zwy(x)—E)| < C,Kx>~?*71"I, for a constant C,. Note that this w, is a
stationary solution to the incompressible Euler equation.
One can also construct other examples by setting wy(x)=E&-+ curl A(x).

To make (1.1) easier to handle, we transform P into Q:L1 Py,
Then (1.1) is rewritten as v

0, Q+(V-V) Q+(v—1) QV-V =0,
8, V+(V-V) V+A VO = 0.
We set y=2 for the sake of simplicity. We are going to assume that the ini-

tial pressure behaves like Const. +O(A"Y). Thus, we set, without loss of gen-
erality, OQ=1-+p/x. Then we arrive at

8, p-+(V+V) p+pV-VAAV -V =0,
o, V4+(V-v)V+ AVp=0.
Since we consider the velocity close to w, specified by (1.2), we set V=v-4w,
and obtain the following equation
3; p+(v-V) p+pV-v+(w- V) p+AVev =0,
(1.4) 8; v+ (2 V) v+(2+ V) Wo+(Wo* V) v+-AV P = —(wo* V) w,
{v,m»=0 on S.

1.2. Main results. The following assumptions are imposed on the ini-



CompRessiBLE EULER EqQuaTION 401

tial data p}, v5:

(A-1) {(p, v0); N>0} is a bounded set in HY*'(Q)NL'(Q), where N is an
integer >4.

(A-2) The compatibility condition is satisfied up to order N-+1.

(A-3) Psvi—vg in HY(Q) as A—>co, Ps being the projection onto the soleniodal

fields.

Let us remark that for a real uniform flow, one should slightly change the
formulation, which will be discussed in §5.
Let ||+||,, be the norm of H™. Our main results are the following theorems.

Theorem A. There exist constants T>0 and A>>0 such that for any N> A,
there exists a unique solution p\t), vM(t)E flﬁvC”(I s HY"kQ)), I=[0, T'], of the
k=0

above equation (1.4). Moreover, it satisfies the following uniform estimate
Sup_ (12" @)llx+Io@) 1) <oo -

Theorem B. For 0<t< T, pMt)—0 and v*t)—v=(t) in Hpy: '(Q2) as A—>co.
Furthermore, u™(t)=v"(t)-+w, satisfies the following incompressible Euler equation

0, uw+w-V)u+Vg> =0, n Q, tl,
divu=0, in Q, tel,

n,uwd>=0 on S,

u”(0) = 54w, ,

ue(t)—w,cHY(Q),

where ¢~ =q"(t) € Hiy; ' (Q) is calculated from u>(t).

The above theorems serve as basic steps for the low Mach number expansion
of compressibel fluids (see e.g. [8], p. 19) and also hold in any exterior domain
in R", n>2, by a slight modification of the proof. To fix the idea, however, we
consider the 3-dimensional case in this paper. We also point out that the regu-
larity assumption (A-1) on the initial data can be relaxed so that they are bound-
ed set in H¥Q)N L'(Q). But we adopt this stronger one to economize technical
details.

1.3. Methods of the proof. The proof of Theorem A is almost the same
as in [1], §5. That is, we derive the energy estimate for the linearized equation
of (1.4), from which the non-linear equation (1.4) is solved by iteration. To
prove Theorem B, we study in §3 an asymptotic property as A—>co of the
equation
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0; p+(wo* V) p+AV-2 =10,
(1.5) 0; v+ (e V) v4+-AVp =0,
{v,n)=0 on S,

by utilizing the results obtained in [1] on the spectral properties of the linearized
operator of acoustics (Theorem 3.2). Using Theorem 3.2, we shall prove The-
orem B in §4 by employing the arguments in [2], §3.

1.4. Remaining problems. So for we have studied the equation (1.1)
in an exterior domain, but many problems are left unsolved. For instance it is
not easy to relate the pressure ¢*(¢) to the original p*(¢). Even in the case w,(x)
=0, some geometric assumptions on the boundary (e.g. non trapping conditions)
seem to be necessary. If we consider the non-isentropic fluid, in order to prove
Theorem B, we have to study spectral and scattering problems of the linearized
operator of acoustics with coefficients depending on time, which seems to be a
delicate problem. Theorem A also holds for the interior domain (we take w,=
0). In this case, the incompressible limit (Theorem B) is derived under the ad-
ditional assumption that, roughly, pp=0(1""), div 25=0(A""), and the initial
layer does not appear. But what occurs when we consider the limit A—> oo un-
der our original assumptions? The incompressible limit for the boundary
value problem of the compressible Navier-Stokes equation is also an interesting
problem. For the stationary case, this was studied by [4]. But the non station-
ary problem is yet unsolved. A good explanation of these problems of singular
limits in non-linear equations of fluid is given in [5], Chapter 2.

2. Non-linear compressible Euler equation

In this section, we shall briefly explain the outline of the proof of Theorem
A. Let C7(Q) be the space of smooth functions with compact support in Q
and

Co(Q) = {weCs(Q); divw = 0} .

S(Q) is the closure of C5,(Q) in LAQ)® and G(Q) is the orthogonal comple-
ment of S(Q) in L¥Q). Let P; and Ps be the orthogonal projections onto
G(Q) and S(Q), respectively. Then we have

Lemma 2.1 ([2], Lemma 2.1).
(1) If weS(Q), div w=0 in distribution sense and {n,w>=0 in H~'*(S).
(2) If veG(Q), there exists a o= H},(Q) such that v=Ve.

Let L be the linearized operator of acoustics in L*Q). More precisely, L
is the self-adjoint realization in L*(Q)* of the differential operator
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({0 V
L=_1(tv O ,V=(61,62,63),

with the boundary condition <{n,v>=0 on S (see [1], Definition 1.8). Let T}
and T" be the orthogonal projections onto the null space of L and its orhtogonal
complement, respectively. Then for f=*(p, v),

2.1) Tof =*(0,Psv), Tf=*p,Pesv).

For g=%(q, w), we define the differential operator A(g) by

e e () e
Then, letting F=*(0, —(wy+ V) w), one can rewrite (1.4) as
(2.3) 0; f+A(f) f+(woV) f+iALf = F .

The linearized equation for (2.3) is

24) 0; f+A(8) [+ (wo V) fHiALf = G

The treatment of the equation (2.4) is essentially the same as the one given
in [1], §5. We split the solution f of (2.4) into two parts: f=I,f+Tf. The
part Ty f satisfies the linearized incompressible Euler equation

0, Tof+T0A(g) Tof+To(wo V) T'o f
=ToG-ToA(g) T f—To(w-V)Tf,

which can be studied separately by the method of Agemi [3], p.p. 180, 181. To
obtain the regularity of T'f, we use the following coerciveness estimate ([1],
Lemma 1.12): Let f&D(L). Then for any m>0, there exists a constant C,,>0
such that

(2.3) [IT fllmts < Ca(IITFUI LT 1) -

Invoking these two facts, one can prove the following energy estimate. Let
| 'f (t)”Xm be defined by

m-1 (1
26) 1 @lam = S (5 00 FOlls (1),

and N be an integer>3. Let

lloll @7 = 33 118 w0ollzeca) -
lol<wv

For an interval I=[0,T], we set
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7 = sup [|g ())lx7+llwol| 57 -

Then there exists a constant C>0 independent of A, 7, ¥ and a non-negative,
non-decreasing function C(+) such that for the solution f(¢) of (2.4)

@7 WOl C eI O)lznt | IGExn dot— GO

holds if A>C(7) 6™, 1<m<N, t&I (see [1], Lemma 5.5).

Once we have established the energy estimate (2.7), Theorem A readily
follows by the standard method of iteration.

3. An asymptotic property for the linearized equation

We study in this section an asymptotic property as A— oo of the equation

3.1) 8 f+(wo- V) fHirLf =0 in Q

with the boundary condition {v,n>=0. It is easy to see by (2.7) and the as-
sumption div w,=0 that (3.1) generates a unitary group which we denote by
U\(2).

Let ¢,(x) be the solution of the differential equation

(3.2) L p() = wlp(), pifx) =x€Q.

Then one can easily show the following lemma.

Lemma 3.1. (1) o,(x) defines a volume preserving 1-parameter group of
diffeomorphism in Q.
(2) For any T>0, there is a constant C>0 such that

C x> <LpX)>< C<xd, xEQ, 8| <T .

(3) Let dp,(x) be the differential of @,. Then for any T>0 there exists a con-
stant C>0 such that

ldp(x)—L| <C|t|[<x>7' 7%, x€Q, |t T,
I, being the 3 X 3 identity matrix.
We define a unitary gorup ®(t) by
(3-3) (@) f) () = flpdx), fEL(Q).

The following theorem reduces the asymptotic properties of U,(£)T to
those of e™#*T".

Theorem 3.2. U,(#)T'—®(—t) e T —0 strongly in LQ) as A—>oo for
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any teR'.

Proof. Let f(#)=U,(t) f and g(t)=D(t) f(¢). Since f(¢) satisfies (3.1), g(z) is
the solution of the equation

(34) 0,g+iL(1)g =10,2(0) =71,
where L(¢) is obtained from L by the change of variables. Letting M(#)=L(#)—
L= IZ:E M(t, x) 9, we have by Lemma 3.1
(3:5) | Mt )| < Cle[<a>™™, [¢] <T.
Let V,(t, s) be the evolution operator for (3.4). Obviously
(3.6) Vi(t,0) = @(t) Uy(2) .
Integrating the relation
% Vi(t, §) e = inVi(2, 5) M(s) e™E
we have

(3.7) Vi(t, )T —e ™ T — —ix S' Vi(t, s) M(s) e T'ds .

0
In view of (3.6), we have only to show that the right-hand side of (3.7) tends to
0 strongly in L*) as »—>oco. Using (3.5), we have for t>0

1B S: Vi(t, s) M(s) e~ T fds|
(3.8) < S; M (s) e T f | ds
<o 3 [[ slicap=r 0, e v lds
Here we note the following facts: For any p(\)€ C5(R'— {0}),

(3.9) (IKx>™* e (L) <y ~*|| < Ci o1+ [ £]) 7

for any s5,€>0, where ||+|| denotes the operator norm in L*€Q) and C,, is a
constant independent of ¢,

(3.10) x>0 0; (L) <x>'e B(LA(Q); LA(Q)) forany seR!,

where for Banach spaces X and Y, B(X; Y) denotes the totality of bounded
operators from X to Y,

Granting (3.9) and (3.10) for the moment, we continue the proof of Theorem
3.2. Take o(\), ¥+(A)€ C7(R'— {0} ) such that y»(A\)=1 on supp @. Let fE
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o(Q2). Then, since p(L)=+y(L) (L), we have
<x>—1—! aj e—isAL ¢(L)f

— <x>—1-! 6j ‘I"(L) <x>1+!.<x>-1—! e-isAL ¢(L)f

Invoking (3.8), (3.9) and (3.10) we have
‘ s
I So Vi(t, $) M(s) e o (L) fds||
<C S' s (1-Hns)™"2 ds |
0

which tends to 0 as A—>oco. To complete the proof, we have only to note that
the set {p(L) f; p= C5(R'—{0}), f€ C5(Q)} is dense in TL¥Q).

It remains to prove (3.9) and (3.10). (3.9) follows from [1], Theorem 3.3.
To prove (3.10) we introduce a function space H™* by

H™ = {f; |flfas = 3 I 0" flfisa<oo} -
Then by [1], Corollary 1.13,
o(L)e B(H*®; H™" forany m>0.
[1], Lemma 4.4 implies that
o(LyeB(H"*; H**) forany s€R'.
By an interpolation, we have
o(L)e B(H**; H"™*) forany m>0,seR',
which proves (3.10).

4. Proof of Theorem B

For the solution p*(z), v*(¢) of (2.3), we set f*(#)=*(p*(¢), v*(¢)) and rewrite
(2.3) into the integral equation

) = B fi={ U= AP 1 ds+ || Uige—s) Fas,
fo="(phd).
We begin by showing

4.1)

Step 1. For >0, T f*(#)—0 weakly in L*Q) as A—>oco.
Taking the inner product of (4.1) with g& L*Q), we have
t
(T, 8) = (1%, U~ Te)— [ (A 1, Us—1) Tg) a5

(4.2) ,
+$0 (F, Uy(s—1t) T'g) ds .
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We show for t—s>0, (A(f*) f*, U,(s—t) Tg)—0 as A—>oco. In fact, by Theorem
3.2,

(A(f)f? Us—1) Tg) = (A(fY) f*, D(t—s) 47" Tg)+-0(1)
= ((s—1) A(f) f* €47 Tg)+o(1).

We split A(f*) f* into two parts, A,(f*) f*+ 4, f*, where

AN =@ V) PPV b (24 V) ),
Ay f* =40, (v*+ V) w,) -

By Theorem A, {4,(f*) f*}x>a is a bounded set in L(Q2). Lemma 3.1 implies
that &(t) is isometric in LYQ). Therefore

(4.3) [(D(s—2) A (f) 2, €479 Tg) | <Clle*¢ ™™ Tgl| e

for a constant C independent of A. Lemma 3.1 also implies that {x)>'** ®(¢)
{x>~'"* is a bounded operator in L*Q). Hence again using Theorem A and
the third condition in (1.2), we have

l (q> (S—t) Azf)‘; ei(t—s)AL l"g) |
SCIKw>™17* 49N Tgl| 2

Now we assume that g=g¢(L) h, where o= C7(R'—{0}) and 2= C7(Q2). Such
g's are dense in T'L(Q). Then in view of (4.3) and (4.4) we have for a con-
stant C>0

[(@(s—2) A(f") f*, 47 Tg]
S C(le=ME @ (L) Al ooy +IKa> 717" 47N @ (L) hl| 20) -

The first term of the right-hand side tends to 0 as A— oo by virtue of [1], Lemma
4.8 and so does the second term by (3.9). Similarly, all the rerms of the right-
hand side of (4.2) are shown to converge to 0 as A—>oco. To treat the third term,
we approximate F by a function of compact support and apply the same argu-
ments as above.

(44)

(4.5)

Once we have proved Step 1, one can follow the arguments of [2] § 3, with
no essential change. Indeed, by [2] Lemma 3.1, we have

Step 2. For t>0, Tf*£)—0 in H{; (1) as A—>oo.

Applying the Rellich and the Ascoli-Arzela theorems and also an inter-
polation theorem, we have

Step 3. There exists a subsequence {\,} such that T, f*(¢) is convergent
in C(Z; HIZ'(@).
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Step 4. Let () be the limit of T, f*(t). Step 2 and Step 3 imply that
=40, v=(t), v=()eCI; HI' (DY), sup [lo= (#)l|y-y<<oo. Furthermore,

multiplying (2.3) by T’y and letting A=2X, tend to infinity, we can easily show

0; v°+Ps(v™+ V) V" +Pg(w,* V) v+ Pg(v™+ V) w,
(4.6) = —Ps(w,* V) wy ,

v°(0) = Psvg = o5 .
It israther easy to show that the above equation (4.6) has a unique solution
which shows that f(#) itself converges to (0, v=(¢)) in Hi,;'({2) as A—co without
passing to a subsequence.

Finally, letting #~(¢)=v~(t)+w, and introducing ¢~(¢) satisfying Vq~(¢)=
—Py(u=(2)- V) u=(t), we have
0, u"+(u”-V)u"+vg~ =0,

divu=0.

We have thus completed the proof of Therorem B.

5. Derivation of the equation (1.1)

We discuss in this section the derivation of the equation (1.1). Usually, the
compressible Euler equation is written as

{ 9, p+div(pr) =0,
p(@, VH+(V-V) )+VP =0,

where p denotes the density, V' the velocity and P the pressure. If the en-
tropy is assumed to be constant, the equation of state becomes

(5.1)

(5.2) p=AP" y>1,

A being a positive constant.

First we look for a stationary solution to the incompressible Euler equation.
Let £=(1,0,0) and w,(x)=E-+Ve(x), where ¢ satisfies (1.3). We introduce a
large parameter A and set wy(x)=A""wy(x). Then, A™! can be regarded as the
speed at infinity of the flow wg(x). Let

(5.3) Py(x) = Po—% lws(x)1?,
where P, is a positive constant. Noting that curl wj(x)=0 and hence (w}:V)
w3=—;— V | wi(x) | %, we have

(5-4) (wp+ V) wo+VP; =0,
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which shows that (Pj, w}) is 2 stationary solution to the incompressible Euler
equation.
The sound speed at infinity is

("
dP
The Mach number is defined by (the flow speed)/(the sound speed). If we

adopt the speeds at infinity, the Mach unmber at infinity M., is
M. = N Aly) 2 Py 24 0(\7?).

— (v/4)" PY*7 1O

P=Py-A"%/2

This shows that A™! is propotional to M., modulo MZ2.

The problem is now evident. How the solution of (5.1) behaves when the
intial data is slightly perturbed around (P5, wp)? To see this, we replace V' by
A~V in (5.1) to get

8, PN (V-V) P4 yPV-V =0,

5
(5) A8, VANV V) V+AT'PYYP=0.

To study the behavior of the solution of (5.5), it is convenient to put P=P,+
p/n. Then we have

{ 8 pA AN V-V) p+¥PV-V =0,

(5-6) 8, VAN (V-V) V+ A P yp =0,

If we let A— oo in (5.6), we merely obtain the linearized equation of acoustics

{agp_’—'yPoV'V: 0,

5.7
(57 0, V+A P Vp=0.

Therefore, to observe the more detailed behavior, we further make a change of
variable z—At in (5.5) and obtain

o, P . V=
(5.8) { t P+(V-V)P+9PV-V =0,

0, V+(V-V) VA AP PTV'YP =0.

This is just the equation (1.1).

In summary, what we have shown in this article is that, if the initial data
for (5.1) is sufficiently close to (Pj, ws), the solution Pt x), V(t, x) of (5.1)
exists in a time interval (0, A7), T being independent of large A, and furhter,
if we set VA(\t, x)=N\""uM¢, x), )¢, x) is approximated by the solution of the
incompressible Euler equation.
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