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PREFACE 


This七� hesisis a s七� udyof compu七� alこ� iona1comp1exi七� y in 

various one-and七� wodimensiona1七� apeau七� oma七� a. Here， we叩� 

consider how七� hecomputationa1 powers of七� heseau七� oma七� aare 

charac七� erizedby an amoun七� ofmemoど� y (七 apecomp1exi七� y) or 

some 0七� herre1a七� edmeasures. 

This study is mo七� iva七� edby七� he七� heoど� Yof a 七� ape-bounded 

(onedimensiona1) Turing machine pど� oposedby S七� earnset a1. 四� 

工� nchap七� er1， we survey七� his七� heory and give a genera1 

in'lこど oduc七� ion七� 0 七� hes七� udiesof compu七� a七� iona1comp工� exi七� y in 

aulこ� oma七� atheoど� y. 

Qne of七� hemain purposes of七� hisstudy is七� o in七� roduce

七� heno七� ionof compu七己主七� iona1comp1exity 七� o 七� hefie1d of 七� wo-

dimensiona1 informa七� ionpど� ocessing. So far，七� herehave been 

severa1 (bu七� no七� many)reseaど� ches which dea工� wi七� h 七� he七� wo-

dimensiona工� informa七� ionprocessing， such as pa七七� ernrecogni-

七� ion，� from七� heviewpoin七� ofau七� oma七� a 七� heory. Howeveど，� 

wo-dimen-'1二 Yof '1ニiona1comp1exi 七a七udiesof compu七ics七ema七sys

siona工� pa七七� ernpど� ocessinghave not been made at a11. 工� n 

ingmachine is どwo-dimensiona1Tu'1ニ apebounded四七a，er2七chap

proposed七� o forma1ize七� heno七� ionof七� apecomp1exi七� y for七� he

目七� wodimensiona工� case，� and i七� saccep七� abili七� iesof a se七� of 

pa'lこ七 ernsare inves七� iga七� ed. Heど� e， 七� hehierarchy 七� heoど� em， 七� he

七� heoremconcernin守七�  he工� owerbounds on七� apecomp工� exi七� y，� and 

some 0七� herbasic properlニ� iesaど� ederived. 

エ� n chap七� er3， various七� wo-dimensiona1七� apeau七� oma七� a are 
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considered. is shown ha heaccepabili iesof all hese工七 七 七七 七 七 七� 

derived from hehierarchy iheoremof twodimensionalTuring 七 ニ� 

n chapter 4 several auomaiaof apecomplexity log n工 七 七こ， ， 

which accep one-dimensionallanguages are invesigaed.七 七 七， 

The class of apecomplexiY log n is very ineresting because七 七 七 ，� 

hereare many concreemodels in ihisclass and hus heir七 七 七 七こ ， 

ionsare intuiive. Furhermore hisclass is closely 七 七 七 七 ，七compua

relaed oa kind of mul dimensional We new七 七 七エ叩 七 七 七 工apeauomaon. y 

define an nboundedmuli onand a muli-erautoma叩 七 七 七 七coun由� 

dimensional rebound au and sudyhow heirlanguage 七 七 七 七omaon，� 

abiliiesfom a subhierarchy in heclass of七 七 ど 七 七accep ape 

n chapier5 several classes of ransducersare efined工 弓七ニ ， ，� 

and heircompuingabiliiesof number-heoreticfuncions七 七 七 七 七� 

are invesigaed. A ape-boundedTuring ansducer a mul七 七 七 七ど 七土問，� 

head ransducer a mul ransducer and some her七 七工叩 七 七 七couner 0， ，� 

models are proposed. Here we also sudyhow heircompuiing七 七 ニ， 
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au七oma七acan be measuどedby七he七ape complexity. Thus七he 

rela七ionsof accep七abili七iesamong七hemcan be systematically 

明� 

machine. 

complexi七Y log n. 

abili七iesvary wi七h 七heauxiliary memory. 
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CHAPTER 1 

工NTRODUCT工ON 

1.1 Compu七atニ土ona1Comp1exi tこY 

Since Turing [57] gave his answeど七o 七hepどob工em "Wha1二� 

kind of 工ogica1woどk can we effec七ive工y peどform?"，many 

どesearchershave been rnaking七heireffor七sto inves七iga七e

七heprob1em "How comp1ica七edis i七 七operform a given 1ogica1 

work?" . The concep1こ� of "computa1こiona工� comp1exi1こy" is a 

foどma工iza七ion of such "difficu1七Y of工ogica1works". 

工n 七hes七udyof compu七a七iona1comp1exi 1ニy，七he "comp1exi七Y 

measuどe" p1ays a very impoど七an七� ro1e. Borodin proposeさ� 

(in [1]) 七ha七七hecomp1exity measures can be ca七egorized 

in七0 七woc1asses， i.e. 七hes1ニa七icmeasures and七hedynamic 

measures. For examp1e，七hesize of a proすramor a machine 

is inc1uded in七he s七a七ic measures. The amoun1二� ofresources 

(e. g. 七heどunningtime or七heamoun1ニ� ofauxi1iary memory) 

requiどedin七hecompu七a七ionis regarded as七hedynamic measure. 

工f some programming 1anguage or machine mode1 is given， 

we can define a concどetecomp1exi七ymeasure for i七� The 

concep七sof七imeand七apecomp1exi七iesof a Turing machine 

エ



defined by Har七manise七� a1. [工 2，47] are such concre七emeasures 

{七 heyare bo七h dynamic measures). However， even if a program-

ming 1anguage or a machine mode1 is no七� exp1ici七工� ygiven， 

some abs七rac七� measures of comp1exエ七� ycan a工sobe defined. 

B工法n [3，4] proposed 七hesize measure and the ど� esourcemeasure 

which are independent of machine mode工s by an axioma七� ic 

me七hod，� and deど� ivedsevera1 in七eres七� ingpど� opeど� ties.

工nthe七heoryof au七omata，� there a工sohave been many 

researches on七hecompu七ingabi1i七� iesof various kinds of 

au七oma七a. Tha七� is七o say， "Wha七� kindof machine can do wha七� 

kind of 10gica1 woど� k?11 Foど� examp1e，� it is we11 known七ha七七�  he 

c1asses of fini七e-sta七e au七oma七a，� nonde七eど� minis七� icpushdown 

automa七a，� nonde七erminis七� ic1inear-bounded au七oma七a，� and Tuど� ing 

ニ，hought七This can be archy".どmachines form the "Chomsky hie

in some sense， as 七hehieraど� chyof 七hes七ruc七Uど三五工� comp1exi七y 

of au七oma七a. Bu七，� genera工1y，七� heses七ruc七uど� a1differences 

come fど� omthe res七ric七� ionson accessibi1i七Yof 七heauxi1iary 

memory. Thus， such struc七ura1dエfferencesof au七omataare 

c工ose1yど� e1a七ed七0 七he resource measure (especia1工y 七o

七heamoun七� ofmemory) . 

l .2 Tape Comp1exi七y of Turing Machine 

The concep七� of IItこape comp1exity" is veど� yconvenientこ七� 0 

chaど� ac七erizevarious types of au七oma七a from七hes七andpoin七� of 

memoど� yrequiremen七� s. This a1so faci1i七ates七hesys七ema七� ica1 
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inves七iga七ionof七hecompu七ingabi1i七iesof various c工asses of 

au七omaiニa. S七earns，� Hariニmanis and Lewis [47] in七roducedan 

L(n) 七apebounded (onedimensiona1) Turing machine 七o forma工ー叩 山� 

ize七heno七ionof七apecomp1exi七y，and 1ニheyinves七iga七edi七S 

compu1ニingabi1i七Y・� La七er，� some resu1七s were refined or new1y 

hedefini-七we give，Here.8]，エ7[工andU11man 七added by Hopcrof

七ionof 七heL(n) 七apeboundedone.dimensiona1 Turing machine， ・剛� 叩� 

and survey some proper七� iesof i七.� 

1.2.1 Tape-Bouぬく� iedOne-Dimensiona1 Turing Machine 

Consider a Turing machine (accep七or) T i1工us七ra七edin 

Fig.1.1. 

ぼlei1j I.
I.
a21. I . I lI . I an/$1 

FINITE-STATεCONTROL 


Fig. 1.1 A one-dimensiona1 Turing machine. 

T consists of an inpu七七�  ape，� a 1ニwo-wayread-on1y inpu七� head，� 

a s1ニorage七ape，� a 七wo叩・.waystOre五守� e 1ニapehead， and a fini七e-

s1ニa七e con七ro1. The inpu七七�  apeis a one.dimensiona1 finiiニe-同� 

1eng七h 七ape，� and is divided in七o squares in which inpu七� 
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symbols are wri七七� en. Special boど� der symbols c and 宇� are 

a七七� ached七0 七he lef七� and 七herigh七� side ends of 七heinpuiこ

七ape. The inpu七� headcan move freely in boiニh direc七� ions，� 

bu七� i七� cannotgo beyond the boど� der symbols. The s七0ど� age

七ape is a one-“dimensional semiinfinite七apeand divided 四� 

into sguaど� es. A boどdeど� symbol c is aiこ七� ached to the lef七� 

side end of iiこ.工� ni七� ially，� a special blank symbol 善� is 

wriiこ七� enin eveどy sguaど� eof the s七� orage 七ape. The s七orage

七apehead can ど� ead0ど� wri七� e the s七0どとま� ge七� apesymbols， moving 

freely in七woways. The s七a七� e of iニhefini七e町� s七a七e con七� rol 

is called an internal state 0ど� simply a state. Depending 

on the presen七� in七eど� na工� s七a七e and七hesymbolsど� eadby七he 

inpu七� head and 七he s七0どageセapehead， 七hefini七� e-s七三五七� e 

con七rolde七ermines 七hes七oragetape symbol to be wど� i七七� en，� 

ipeことoragei七hes七head and 七heinpuこctionsof iどをきthe move di

head， and七henex七� interna工� s七a七e. 

Foど� mally a deterministic one-dimensional Turing machine 

(abbreviated七o lTM) is a 9-七up工e 

cgo'，o， 2:， ，(K=T F)，卒，葬，f ， 

where， K is a nonempty fini七e seiこ� of s七� a七es，L: and f aど� e 

nonempty fini七� e se七� s of inpu七� symbolsand s七0ど� age七apesymbols 

respec七� ively，� go E K is an ini七� ial siことま七� e，� c is a 工ef七� border 

symbol of七he inpu七七�  apeand七hes七orage七ape (2:円{や }=o，rn 
{c }=O) ，手� isa ど� igh七� bordersymbol of七heinpu七七�  ape (2: n{事}

都� O)，毒� is a blank symbol of七hes七orage七� ape (rn{普 }=O)， 

and FCK is a se七� of final sta七es. o is a mapping from a 

subse七� ofKx(2: U{や，� $})x(f U{φ，善})� in七o Kx (rU{と })XfL，R，H}2， 
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wheどe {L，R，H} is七he set of move direc七ions of七heinput head 

。ど七� hes七orage七ape head. T hal七s foど 七 �  heelemer沈� ofKxO:U 

{や，字 }}x(rU{c，非}}� on which 0 is no七� defined. 

is 2: sof 七heelemen七ing (sequence) of 七どe s七A fini 

cal工eda word on 2:. The se七� 

脅� 

ed七is deno 2: dson どhewo工 七ofal

by l:. And七he se七� ofall 七hewords excep七七�  henull wordε 

ム肯�  

(i.e. 七hewoどd of leng七h 0) is denotこedby l:'. (Thus，l: = 

{ε}.)U+2: 

÷Le七� usgive T a word w EL' wi七h border symbols c and事.� 

Assume 七ha七� T begins i七smovemen七sfどom the ini七ia工� s七a七e qo 

se七七� ingthe inpu七� headand 七he s七orage七apehead a七七�  he

工eftside ends. 工f T eventually halts in a final sta七e，七� hen 

we say 七ha七� T accepts 七heword w. 工fT ha工七� s in a s七a七e other 

七han七he final s七a七es，� we say 七hat T rejects W. 工f T does 

no七� hal七，� T nei七heraccep七snoど� rejec七s.} The se七� ofal工七�  he 

woど� ds accepted by T is called a language accep七edby T. 

Le七� L(n} be a func七ionfrom N in七oR+， where N and R+
+' 

are七hesets of na1こuralnumbers and nonnega七ivereal numbeど� s，� 

respec七ive工y. If T scans no moど� e 七han [L(n)] squares ([x] 

means 七hegrea1ニes七� in七egeど� less七han or equal to x) of七he 

stoどage七ape foど� eveどy input word of len守1ニhn， T is said 

to be a determinis主ic L(n) tape-bounded one-dimensional 

Turin~子 machine. The function L{n) is called a tape function， 

and T is said七o have tape complexity L(n}. We deno七e 七he 

class of de七erminis七icL(n} 七ape-boundedone-dimensional 

Turing machine by工TM(L句)).� And 工 e七 ~[lTM(L(n))] deno七e

七he class of (one-dimensional) languages accep七edby工TM(L (n) ) . 

5 



The iニape funciニion L(n) is said tニobe constructible， if 

there exisiニs some T 6 1TM (L (n)) which uses exac七工� Y [L (n) ) ] 

squares of七hes七orage七apeand even七ua1工y ha1七� s，� foど� some 

inpu七� wordof 工eng七� h n， for every n. 

工� .2.2 80me Proper七� iesof 1TM (L (n) ) 

There are七hreeimpoど七� an七七�  heoremsconcerning 工TM(L (n) ) • 

They are tニhe七� apereduc七� ion七heorem，七� hehierarchy七heoど� em，� 

and 七he七heoremof iニhe10w起きど� bounds on 七� apegrow七h. 

Firs七， 七he七� apeど� educ七� ion七heoremis as fo工工� ows. 

Theoど� em1.工� (8七earns，� Haど七� manis and Lewis [47]) 

Le七� L(n) be a 七� apefunc七� ionof 工TM. Then， for any 

cons七とまれ七� c>O， 

乙� [lTM(L(n))] = .;c[工 TM(c •L (n) ) ] . 

This theorem means七ha七� a cons七an七� fac七orof a 七ape 

funciニiondoes not affec七七� he1anguage accepiニabi1iiニY of 1TM(L(n}). 

This proper七y comes from the fac七七�  ha七 七�  hereis no resiニric七� ion

七0 七henumber of s七0ど� age七� ape symbo1s. 

The hieど� archy七heoど� emasseど七� S 七� heexis七� enceof infini七� e 

hierarchy of 1anguage accep七abi1i七� ies among 1TM(L(n)). This 

七heoremis par七� i七� ionedin七0 七wo cases. The firs七� caseis 

七ha七七� he七� apefunc七� ion L(n} grows a七� 1eas七� propor七� iona工七� o 

10g n. In七hiscase， iニhediagona1iza七� ionaど� gumeniニ� is 

app1ied七� o prove七his. 
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for some increasing sequence of na七� 113falI1111nbexs{ni}.Then， 

七� hereexis七� sa 工� anguage L such七� ha七� LE ce[工TM(L
2
(n))] bu七� 

? 

Theorem 1.2 (8七草2!arns，� Har七� manis and Lewis [47]) 

Le七� L
1
(n) and L

2
(n) be cons七ど� uc七� ib工e 七� ape func七� ionsof 

工� TM. 8uppose七� ha七� 

m
∞
 

1

fo someinceasingsequence of naura1numbesfni} andど ど 七 ど ，� 

for some constan1 k>O. Then hereexis sa 1anguage L，七 七こ� 

L.[iIsuch ha Lt cit[lTM(L....(n))] bu L 1TM(L、{ぉ)) ].七 七 七2 .......L干.� ~~~.'~1 

The second case is ha he apefunciongrows more七 七 七 七 七� 

slow han10g n. Hopcroft anf U11man [17] proved his工 七 七y

using henoionof he ransiionmarix". The fo10wing工七 七 七 七 七 七11

heorema1so hodsfo henondeerministicTuring machine工七 ど七 七 ， 
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de七� erminis七� iccase. 

Theorem 1.3 (Hopcrof七� andU1工man [17]) 

Le七� L
1
(n) and L

2
(n) be cons七� ruc1こib1e tape func七� ionsof 

工� TM. 8uppose七� ha七� 
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L華ot[1守M{九� (n)) ] . 

Combining Theorem 1.2 and 1.3，we can see七hatif七wo 

cons七ruc七ib工e 七ape functions L
1
(n) and L

2
(n) satisfies 

L、(n) 
1iminf 一二一一…=� O.
n-+∞� L2{n)v， 

七hen七hereexis七s a 1anguage L which is accep七edby some 

1TM (L
2
(n)) bu七� no七� accepiこed by any 1TM(L

1
(n)). Since七here 

are various cons七ruciニib1e七apefunc七ions，七hereexis七san 

infini七ehierarchy of 1an守uageaccep七abi1i七iesamong工TM. 

However，七henexiニ� tニheorems七a七es七ha七七hereexists no 

construc七ib1etape func七ionwhich grows more s工ow1y七han

七he order of 10g 10g n. Thus no hierarchy of工anguage 

accep七abi工i七y exis七sbe工ow七heiニapecomp1exi七y 10g 10g n. 

Theorem 1.4 (Hopcrof七� and U11man [17]) 

Le七� L{n) be a cons七ruc七ib1e七ape func七ion of 1TM. 工f

工imsupL{n) =∞，七hen 
n-+∞ 

1imsup ，L(n) 
n-+∞ 

工七� isknown七ha七七here is a cons七ruc七ib1e七apefunc七ion 

which increases in propor七ion七o 10g 10g n [10，28J. てrhus，� 

indeed，七he order of 10g 10g n is七he10wer bound of 1ニape 

grow七h. 
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1.3 S七� andpoin七� ofThis Research 

In七� his七� hesis，� we sセ� udy七� hecompu七� in守� abili七� iesof 

various kinds of au七� oma七� a from七� hes七� andpoin七� ofcomputa七� iona工� 

complexi七� y. We mainly pay a七七� entionto the no七� ionof 七� ape 

complexity and some other complexiiニymeasures related to it. 

And we inves七� iga七� e how七� hecompu七� ingabiliセiesof auセoma七� aaど� e 

characterized by七� hesemeasures. 

The prob工emof computこationalcomplexi七y also arises in 

七� he七wodimensionalinformation pど� ocessing. Blum and Hewi七七岬� 

[5] firs七� proposedtwo-dimensional七� apeau七� oma七� a，� and inves-

t二igatedtheir pat二七� eど� n recogni七� ionabili七� ies. Since 七� hen，

七� here have been several reserches in七� hisfield， bu七� each 

of七� heseresearches was七� heone which deals wi七� hmerely 

par七� iculとまど 七wo-dimensionalau七� omata. 

The concept of tape complexi七� y is also applicable七0

七� hecase of七wodimensionalpa七� teど� npど� ocessing，� and i七� plays叩� 

an impor七� an七� ro工� e 七� ounify 七� heau七� omaセa町七� heoreticappど� oaches 

in tこhis field. Here， we propose a 七� apebounded七wo-dimensional開� 

Turing machine. 工七� wil工� be seen (in chap七� er3) 七� hatvaど� ious

七wo-dimensional七� apeaui二omataare characterized by七� heno七� ion 

of七� apecomplexi七� y. Thus， many pど� oper七� iesofセheseautoma七� a 

can be uniformly and sys七� ematicallydeど� ivedfrom the geneど� al

七heoryof tape-bounded iこwodimensionalTuど� ingmachine. 四� 

The七� ape-bounded七wo-dimensionalTuど� ingmachine is 

consideど� ed七� obe a na七� uど� alexpansion of七� heone削� -dimensional 

case. So， some ど� esultscan be deど� ived in a simil.:支ど manner as 
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in七he one-dimensiona1 case. Howeveど，七herea1so exis七� 

many pどoperlニiespecu1iaど七o 七he七wo-dimensiona工� case. For 

examp1e， we sha11 see七ha七七heproper七y conceどれing七he 

10weど� boundson tニapegrow七h ヱsquite d工fferent二� from七he 

onedimensiona工� case.開� 

As seen in七hepどevious sec七ion，七he sys七ema七ic s七udy 

of 1angua守e acceptニabi工i七iesof one-dimensiona1七apeaUlニoma七a 

from七hes七andpoin七� of七apecomp1exi七y have a1ready been 

ou七1inedby severa1 reseaどchers. Recenlニ1y，very pどecise 

inves七iga七ions of 1anguageとlccep七abi1i七iesofau七omataof 

七apecomp工exi七y 10g n are being made. The七apecomp1exi七y 

10g n is very in七eres七ing，� because i七� is，� in some sense， 

七he "crilニica1" 七apecomp工exi七y. 工七� is based on 七he faclニ

七hal二七he七apecomp工exHニy 10g n is a necessary and sufficien七� 

amounlニ� ofmemory七okeep七hecoordinalニeson七he inpu七七ape. 

There are various concどe七emode1s of au七oma七a of七his comp工exi七y，� 

and some of 1ニhem are new1y defined here. Fur七hermore，� 

i七� wiエヱ� be seen七hal二七heseaUlニomatニa are c工ose1yre1atニed七o 

叩some c1ass of mu工七� i-d工mensエona1fin工te stニa七e au七omatニa. In 

chap七er 4， we consider七hede七ai工edどe1alニionsamong七hese 

au七oma七a，� and inves七iga七e seveどa1subhieどarchies of acceplニa-

bi工Hニies in七hec1ass of七apecomp1exi七y 10g n. 

80 far moslニ� of七heresearches concerning 1ニhe七ape comp工exi七y 

were七heones which had inveslニiga七ed七heacceptabi工ities 

of au七oma1ニa. 工n 1ニhe 1asiニ� chap七erof七his1こhesis，� we intニroduce 

a 1
こと 四lpeboundedTuring 1ニransducerand some 0七heど� mode1s，each 

of which compu七es a recursive funclニion. Here，we consider 

10 




how七hecompu七ingabi1i七Y of recursive func七ions is chan五C七erized 

by an amoun七 ofauxi1iary memory. 
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CHAPTER 2 

TWOD工M日� NS工ONALTUR工NGMACH工NE申� 

Recen七工� y，� tニhere have been severa1 a七七� emptニstニo stニudy七� wo明� 

dimensiona1 informa七� ionprocessing， such as pa七七� ernrecogni-

tニion，� from t of au七� omata七� heory. dimen-叩・wo七A七andpoin七he sニ� 

siona1 Turing machine is consideど� edas one of七� hemost 

convenien七� ma七� hema七� ica1mode1 foど七�  his purpose. In tニhis 

chap七� er，� a de七� erminis七� icL(m，n) 七� apebounded七wodimensiona1叩 叩� 

Turing machine and itニsvarian七� saど� e iniニroduced七� o forma1iぉ� e 

memoど� y 1imi七� edcomputニa七� ions in iニwo-dimensiona工� informaiニion 

processing・ 工七� isa Turing machine which uses no moど� e 七� han 

L(m，n) squares of the s七� 0ど� ageiニape for every tニwo-dimensiona1 

inpu七� of size mxn. Thus七� hefunc七� ionL(m，n) is regarded 

as one of 七� hemeasuど� esof compu七� a七エ� ona1comp1exiiニy connec七� ed 

wit二hmemoryど� equiど� emen七� s. Henceforth a 七� wo-dimensiona工� 

Turing machine is七� rea七� edas an accep七� orof a se七� of七� wo叩� 

dimensiona工� pa七七� eど� ns，� which is ca11ed a "tニwodimensiona1叩� 

ヱanguage"by an ana工ogyof 七� he one-dimensiona1 forma工� 1an-峨� 

guage tニheory. 工� nwhatニ� fo11ows，� geneど� a1proper七� iesof their 

1anguage accep七� abi1i-tニ iesaど� e inves七� igaセ� ed. 
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2.1 Definiセions 

We consider a determinis七ictwodimensionalTuring叩� 

machine (accep七or) T i工工� ustra七edin Fig.2.1. 
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Fig. 2.工 A 1こwo-dimensiona1Turing machine. 

The defini七ions conceどれ� ing七he七wo-dimensiona1Turing 

machine are ana1ogous 1こo those of the one-dimensiona1 Tuど土� ng 

machine，excep七七�  ha七七�  hedimension of七heinpu七� tapeis 

differen七.� 

T consis1ニs of a rec七ang1eshaped inpu七七�  ape，a read-叩.�  

on1y input head，•a s1ニorage七ape，� a s七orage七apehead， and 

a fini七e-s1二a七e con七ro工� Theinpu七七�  apeis divided into 
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mxn squとえど� es and surrounded by specia1 border symbo1s. (m 

and n are arbi七rarynatこura工� numbers.) An inpu七� symbo1 is 

wri七七� enin each square of t二he七ape. The inpu七� head can 

move fど� ee1yin fouど� diど� ec七ions (north， sou七h，� eas七，� an母� 

wes七)� on七heinpu七七� ape，� but二� neverfa1工s off. The s七orage

七ape is a semi-infini七eone-dimensiona1 tこapeand divided 

in七o squares in which s七0ど� agetこapesymbo工sare written. 

The s七orage七apehead can ど� eador wri七e 七hes七orとえ� ge七ape 

symbo工s，� moving on七he七apein七woways. A specia1 b工ank 

symbo1 is wri七七� enin eveど� y square of 七hes七oragetape， 

when T starセs七omove. 

Forma11y a de念� erministic とwo-dimensional Turing machine 

(abbど� evia七ed七o 2TM) is a 9tこup工e叫� 

T = (K， L:， f， o，司。，� B， c，号， F)， 

where Iく� isa nonemp七y finite se七� of s七a七es，� L: and f are 

nonempty fini七e se七sof input二� symbo工sand storage tこape 

symbo1s， qoe装工�  san ini七ia1s七a七e，� B is a border symbo工� 

of七heinpu七七� ape (L: n{B}=詳)，� c and善� area border symbo1 

and a b1ank symbo1 of 七he s七orage七ape (f η{令，普}出詳)，� and 

FCK is a se七� of fina1 s七抗� es. o is a mapping from a subse七� 

of Kx (L: U {B} ) x (f U {や，非}) in七o Kx (f U {宇 })x{N，S，E，W，H}X{L，R，H}，� 

wheど� e {N，S，ぉ，� W，H} and {L，R，H} are七he se七sof move direc七ions 

of t二heinpu七� head and 七hes七orage七ape head. T ha工七� s for 七he 

e1emen七� ofKX(L: U{B})X(fU{C，非}}� on which o is no七� defined. 

A ど� ec七三支� ngu1ararray of the e1emen七sof L: is said 七obe 

a.two-dimensional word on L: (or simp1y a word on L:， if no 

confusion occurs). A se七� ofa11七he七wo-dimensiona1words 
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on ~ 
2十

is denoted by ~w'. 
2+

(~~' does no七� contain a word of 

size OxO.) 

2+
Assurne 七ha七� a woどく1w E ~~' wi七h surrounding border 

syrnbo1s is given to T as an inpu七七�  ape. And suppose 七ha七� 

T s七arts in the initia1 s七a七eqO，se七七� ingthe inpu七� head a七

七henor七h-wes七� coどれ� erof tこheinput 1ニapeand 七he s七orage七ape 

head a七七�  he工ef七� sideend of七he s1二orage七ape. We say七ha1ニ� 

T accepts 七he七wo-dirnensiona1word w，if T even1こua工工� y ha1七s 

in a fina1 s1ニa七e. And we say七ha七てr rejects w，if T ha1七s 

in a s七a七e 0七heど七�  han七he fina1 s七ates. The se七� ofa11七he 

words accep七edby守� is ca11ed a two-dimensional language 

(0ど� syrnp1y a lanタuage，when no confusion occuど� s) accep七ed 

by T. 

Le七� L(rn，n) be a func七ionfど� orn N~ 
2 

into R. .工  f T scans÷ 
no rnore七han [L(rn，n)] squares of the s七orageセape for eveど� y 

inpu七� of size rnxn，T is said七o be an L(m，n) tapebounded四� 

two'dimensional Turing machine. L(rn，n) is ca11ed a tape幽� 

function and we say七hatT has tape complexity of L(rn，n) . 

The c1ass of L(rn，n) 七ape-boundedtwo-dirnensiona工� Turing 

rnachines and 1ニhec1ass of七wodirnensiona11anguages accep七ed叩� 

by七hernaど� e deno七ed by 2TM(L(rn，ω) and i:[2TM(L(rn，n))]， 

respec七ive1y. 

We say七ha七七�  he七apefunc七ionL(rn，n) is constructible， 

if 七heど� e exis七s sorne T E 2TM(L(rn，n)) which uses exaclニ工� y 

[L{rn，n)] squaどesof the s七0どage七apeand even七ua工1yha1七s 

for sorne inpu七� ofrnxn，foど� everyrn and n. 

A computational configuIaむion of T is a cornbina七ion‘
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。f t二hein七� ernals七� atニe，七� heposi七� ionof the inpu七� head，

七� hecon七を:m七� sof 1こhe s七� 0ど� age七� ape，� and 七� heposi七� ionof 七� he 

alnumber 七0"1こ he，七n))，fT is a 2TM(L(m工apehead. 七storage

of computa七� iona工� configuど&七� ions for an input of size mxn 

is a七� mos1こ� s.mono[L(m，n)]・七
[L(m，n)] 

， where s and t aど� e 七� he 

numbeど� s of in七� ernal s七� a七� esand s七� orage七� apesymbo工� s. A 

storaタ� e state of T is a combina七� ionof七� hein七� erna工� s七� a七� e，

七� hecon七� ents of 1ニhe s七� orage七� apeand the posi七� ionof the 

orage七alnumber of s"1ニ 0七he七，yど工Similaapehead. 七ageど0七s

s七� a七� es for an input of size mxn is at mos七� 8・� [L(m，n)]・

七� [L(m，n)] 

Nex七，� we define a 七� wo-dimensionalTuど� ingmachine whose 

inpu七� sare res七� ricted七� 0 七	 heones of specia工� shapes. Le七立� l 

Zゃ
and Q， 2 be func七� ions from Z::-. in七� oN， which pick up ver七� ical 

and horizon七� al sidelengths from a 七� wodimensionalword on z::叩� 

(i. e. 見工� (w) and え� 2(w) are ver七� icaland horizontal sideleng七� hs 

of七� he word w respec七� ively). Let f be an injec七� ion from N 

in七� oN
2， which is called a shape func念� ion. We consider a 

2+

set of words Lf' defined by the shape func七� ionf. 

2+ ~ ~2ゃコ
zf 詰� {w!wEZ::""'，ゴ j f(j) (m，n)， Q， l(w);:::m，ぇ� 2(w)=n}. 


2+

We call j an index of we Lf" such 七� ha七� f (j )ロ (m，n)， 見工� (w)思� m，� 

and Q， 2(w)=n・� The class of 2TM whose inputs aど� e res七ど� ic七� ed七� 0 

2+ . ~___f
f is deno七� edby 2TM~. Le七� L(j) be a function from N in七� 0
 

f

E主+'� and le七� T be any 2TM~. 工 f T uses no more七� han [L (j ) ] 

squares of i七� s s七� orage七� apefor eve玄� y inpu七� wi七� h 七� heindex 

f
j， we say T is an L(j) 七� ape-bounded 2TM~. (So， f mus七� be 

an injectニion・� Theclass of L(j) 七� apebounded 2TM
f 

is由� 
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f
deno七� edby 2TM~(L(j)). Genera11y， a 七� ape function L(j) for 

2TMf is a func七� ionof七� he index j. Bu七� as a specia1 case 


of 2TMf(L(j))， if f is an injection such七� ha七� f(j)=(j，� f'(j)) 


(or f (j ) =(f' (j)， j) for some injec七� ionf' N -+ N，七� henL (j) 

becomes a func七� ionof a ver七� ica1 (or hori沼� on七� a1) side工� en守七� h 

of an inpu七� 80，� in such acase， w~ expresstこhe七� ape.furi. c七� ion 

by L(m) (or L(n)) when no confusion occurs. Especia1工� y，� if 

s N -+ N2 be a shape func七� ion such tha七� s(j ) (j， then )， j= 

つ+ r _ ~ 2+
z;{wlwE2::""， 見工� (w)吋� 2(w)} is七� he set of aエヱセ� he squareshaped出 叩� 

words on 2::. The c1ass of 2TM whoseエ� nputsare restこricted七。� 

S
square-shaped words is deno七� edby 2TM~. The c1ass of L(m) 

七� apebounded 2TM~
S 

， which uses a七 Zて~st [L(m)] squares of 即� 

七� hes七� orage七� apefor every inpu七。�  f size mxn， is deno七� edby 


2TMS(L(m)) . 


Fina11y， we define a c1ass of 2TM wi七� hone inpu七� symbo工.� 

Le七� z工� ={a}. The c1ass of 2TM whose inpu七� sare restric七� ed
 

2ゃ� 1 _ ~ ~_..1

tこo (2::工)~' is denoted by 2TM~. And 2TM~(L(m ， n)) deno七� es

七� hec1ass of 2TM which uses a七� mos七� [L(m，n)] squares of七� he 

S七� orage七� apefor an inpu七� ofsize mxn， for every m and n. 

R ート2，~___f~..ls，，f ___" 工8imi工� ar1y，� 2TM~~ and 2TM~~ deno七� e 2TM on (2)and 2TMS 
l'f 

2ゃ� 
on (2:: 1';'， respec七� ive1y. 

2.2 C10sure Proper七� iesUnder Boo1ean Operations 

工� n 七� hissec七� ion，� we inves七� iga七� e some c10sure proper七� ies 

of七� he c1ass of 1anguages accep七� edby 2TM under Boo1ean 
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opera"lニ ions. 

Firs七，� we consider comp1emen"lニ a七� ion. 

Theorem 2.1 Le七� L(m，� n) be a 七� apefunc七� ionof 2守� M.

工� fc'L(m，n) 三� 10gmn 
十

for some cons七� an七� c>工，七� hen七� hec1ass 

。f 1anguages oe[2TM(L(m，n))] is c10sed under comp1ementaは� on. 

Proof. Le七てr
1 

be any 2TM(L(m，� n)). We cons七� ruc七� 

T
2
E2TM(L(m，n)) which accep七� s of the language 七hecomp1emen"1ニ 

accep七� edby T工，� in七� hefo11owing way. 

Le"l二 sand t be七� henumbeど� s of in七� erna工� s七� a七� esand s七� orage 

ogmn)/ (工T
2 

marks ニ，Firs1ive1y.七sof T
1 

respec工tape symbo

]c[ squares of七� hes七� 0ど� age1ニape by coun七� ing七� he七� 0七	 a1number 

] c [ of squaど� esof the inpu七七�  apewi七� h a nurnber of base 2J~L (]x[ 

Then T2o x). "1ニ hanor equa1 七er七eger grea七eastin工he七means

begins七� o simula七� eT工� S七� epby s七� ep. 工� n 七� hissirnu1a七� ion，� 

if守� 1hal七� s in an accep七� ing (fina1) s1ニa七� e，七� henT
2 

ha1七� S 

in a rejec七� ings七� a七� e. Conversely， if T
1 

ha1七� s in a rejec七� ing 

s七三五七� e，� 1ニhenT
2 

ha11ニ� s in an accep七� ingsta七� e. At the same 

七� ime，� in order 1ニ� o check whe1ニ� her T loops or no七，� T2 coun七� S
1 


]c[+工
七� henurnber of s七� epsof T

1 
wi七� h a nurnber of base r (r=2J-L ・s七)� 

by using七� he01ニ� her七� rackof七� he s七� orage1ニ� ape. To do七� his，� T2 

uses (log mn)/]c[ squares of the storage "1ニ apeduring七� heperiod 

T
1 

is using七� hes七� orage七� ape less七� han (log rnn)/]c[ squares. 

十 工� nwhaiこ� fo11ows，� we assume七� ha七七� he base of 10gari七� hrn
 

is always 2. 
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Bu七� ifT
1 

has used moど� e 七� han (log mn)/]c[ s守� uares，� T
2 

coun七� s 

it by using七� he squaど� es which T
1 

has used so far. 工� f 七� he 

numbers of squares which T
1 

has used for an given inpu七� of 

size mxn is i/.， (m，n))， then七� he七� 0七� a工� numberof compu七� a七� iona1 

i
configura七� ions of T

1 
is smni/.， iニ・� Thus， if T工� doesno七� ha工� tニ

in 1ess 七	 hansmni/.，七
ぇ
ベト工� s七� eps，� we can conc1ude T工� is 工� oopinヲ*� 

] c [ゃ1 . ^ . i/.，えSince r=2J ~ L'  ~s七， smní/.，七 <r~ ho工� ds if i/.，>(エ og mn) /]c[. Simi1ar1y 

え� (logmn) /] c [ え七く� r¥-'-'-'，=， .......，/ J '- ho1ds if i/.，三(工 og mn)/]c[. Thus in ei七� heど
L 

case， T	 can check wheiニher T 100ps 0ど� no七，� and T
2 

accep七� s
2 1 


七� he inpu七� if T
1 

100ps. 


Obvious1y， T
2 

accep七� S 七� hecomp1emen七� of七� he 1anguage 


accepiニedby T1 • This comp1e七� es 七� he proof. (Q.E.D.) 


when七� he七� ape func七� ionL(m，� n) grows moど� e slow1y七� han 

the ordeど� of 10g mn， i七� remains open whetheど乙�  [2TM(L(m，n))] 

is c工� osedundeど� comp1emen七� a七� ion. 

Now， we consider七� heopera七� ion of iniニersec七� ionbe七� ween 

tニwo1angua守� es in七� he same c1ass of tape comp工� exi七� y. 

Theorem 2.2 Le七� L(m，n) be a 七� ape func七� ion of 2TM. 

If L
1
， L

2 
E ~[2TM(L(m ， n))] ，七hen (L1n L

2
) E ol[2TM(L(m，n))]. 

?ど oof. Le七� T
1 

and T
2 

be 2TM(L(m，n)) which accep七� L
1 

and L
2 

respec七� ive1y. We cons七ど� uc七� T' G 2TM(L(m，n)) which 

accep七� s (L
1丹� L

2
) as fo1工� ows. Assume an inpu七� w is given 

七� o T'・� T' firstニ� simu工� a七� esT
1 

wi七� h w. If T
1 

ha1七� sand accep七� s 

w，七� hen T' begins t二o simu1aiニe T
2 

wi七� h w. T' accep七� sw if 
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and on工Y if bo七h T
1 

and T
2 

(Q.E.D.) ニ・� s H七accep 

From Theorem 2.1， 2.2 and de Moどgan警s 1aw，七henex七

七heoどemcan be ob七三dned. 

Theorem 2.3 Le七� L(m，n) be a tこape func七ion of 2TM such 

七ha七 c'L(m，n) 三 10gmn ho1ds for some cons七antこ c>l. Then 

乙[2TM(L(m，n))] forms a Boo1ean a1gebra. 

f
Conceどnin守� 2TM.....，七hesepどoper七ies can a工sobe shown 

in the same way as in Theorem 2.工 and 2.2. So we can ob七ain

七he nex七� coro11aどy. 

Coroエエaどy 2.4 Let二� f N 仰が� N~
2 

be a shape func七ion，� 
f

and 1e七 L(j) be a 七ape func七ionof 2TM...... Suppose 七ha七

七heどe exis七s some cons七an七 c三工� such七ha七 c'L(j) と 10gmn 

2+

ho1ds for every input w E L:f"wheどe j is 七he index of w and 

f
f(j)=(m，n). Then c;:e[2TM.....(L(j))] foどms a Boo1ean a1gebどa. 

Nex七，� we consider the c10suどe proper七ies of ~ [2TM
1
(L(m， 

n))] undeど七hese opeどa七ions， i.e. 七he case 七ha七七he number 

of 七he inpu七� symbo1s is res七rictこed tこo one. Firs七，� i七� is 

shown七ha七必�  [2TM(L(m，n))] is c10sed undeど� comp1emen七此�  ion，� 

even if 七he condition is somewha七� weaker七han七he case of 

Theorem 2.1. Bu七� Hこ� S七i11 remains open whe七her ot:.[2TM
1
(L(m， 

n))] is c10sed under comp1emen七at二ion when L(m，n) grows more 

slow工Y 七hanbotこh 七he 0どders of 10g m and 工ogn. 
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Theorern 2.5 Le七� L(rn，n) be a 七apefunc七ion of 2TM1 

such七ha七� c.L(rn，n) と工ogrn (or， c"L(rn，n) ~ 10g n) ho1ds for 

every rn and n，for sorne constan七� C三1.� Then ct[2TM1(L (rn，n))] 

is c10sed under cornp1ernen七aセion. 

To prove七his七heorern，we show七henex七� 1ernrna. 

Lernrna 2.6 Let L(rn，n) be a 七ape func七ion of 2TM
1 

such 

七ha七� c"L(rn，n) 三工og rn (or， c"L(rn，n) 三� 10g n) ho工ds foど� every 

rn and n， foど� sorne cons七an七 c~l ・ Then ， for every TェE2TM工(L(rn， 

エ ， n)) which accep七s 七he sarne ロ)) ，七hereexis七s T2E2TM~(L(rn

工anguageas T工� andnever 100ps foど� anyinput. 

Proof. We consideど� on1y七hecase of c'L(rn，n) と� 10守� rn. 

Firs七，� we cons七ruc七fo110wing T 事 ε2TÞ1~ 
l
(L (rn，n)) fどornT工・� Assurne

l 

an i地� 1比� w of size rnxn is given七o Ti. Ti firs七� wri七es七he 

nurnber rn，using (log rn)/]c[ squares of七hes七orage tape. This 

can be done by coun七ing七hever七ica1side1eng七h of w wi七h 

] c [ 
a nurnber of base 2J-L. Hereafter，七hei時抗�  headof Ti rnoves 

on1y on the firs七どowof w. Ti then begins七o sirnu1ate T
1 

s七epby s七ep in七he fo110wing rnanner. The horizon七a工rnove-

rnen七sof the inpt比� head of T
1 

is sirnu1a七edby七hatof Ti. 

But， its vertica1 rnovernen七s is sirnu1a七edby keeping i七S 

veど七ica工� cooどdina七e in七	hes七orage七ape of Ti. Ti does 位山�  

] c [事using a nurnber of base 2J~L. And Ti uses七he0七her七rack 

of七he s七0どage七ape七o si郎� 1a七e 七hes七ora伊七apeof T工・� Ti 

accep七sthe inpu七� w，� if and on工Y if T工� ha1七s in an accep七ing 
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sta七� e. Apparent1y Ti accepts七� he same工� a勾� uageas T
1
. 

Now， we cons七ruciニ T~ which simu1ates T~ and ha1七� seven2 yy......._.. ...，.........""............"""'--....， ""1 


if Ti工� oops. This can be shown in a simi1ar 紛れれ紅�  as in 


由七� heonedimensiona工� case (Hartmanis and Berman [15]). If 

an inpu七� w of size mxn is given七� oT
2
， T

2 
begins to simu1a七� e 

Ti， and accepts w if and on1y if Ti accep七� si七� Sim叫� ta問� ous1y，� 

T
2 

checks whether Ti 100ps or no七，� in the fo110wi吋� way. Le七� 

s and t be七� he numbers of in1こ� erna1 states and七� hes1こ� orage

七� a却� pesYれ仙II勾叩� 

squares of the s七� oragetape which Ti ac七� ua工� 1y uses for七� he 

input w. Then the七� 0七� a1 number of s七� orage S七� atesof Ti 

is s~t~. Ti can 100p on1y if the i呼� 1比� headis rr 

t七:he firs七� row of 七� he irれ� 1pUえ七� Thereare 七� wosii二� ua七� ionswhen 

Ti loops，� i.e.，(工)� Ti reads the 1ef七� orthe right border 


symbo1 of七� heinpu七七�  ape infini七� e工� y many七� imes，� or (2) 


Ti does not read the border symbo1 in七� he 100p. To check 

whetheど七�  hecase (工 isoccurring， T
2 

coun七� S 七� henumber of 

times七� ha七� Tihave read七� heborder symbo1， using the 。七� her 

tこま?とミ� ckof the s七� orage七� apewi七� h a number of base r， where 

r需� 2s七.工 �  f七� hisnumber exceeds七� hemaximum number which 

T2 can cou討� byusi均七�  he storage七� apeof七� he 1e吋七�  T1Ti 

has used so far， 七� henT
2 

can conc工吋� e 七� ha七� Ti is 100pi的-

Because，� Ti canno七� readthe工� eftor七� he right border symbo1 

~ ，. ~ 
more than s~t~ (く r~) 七imes wi七� hout100ping. 羽� ext，� i二� ocheck 

七� he case (2)， T
2 

coun七� S 七� henumber of s七� eps since the time 

Ti has read a border sy始。工� 1as七� 1y，� usi勾七�  heother七� rack 

of七� he storage t二� ape with a number of base r. If七� hisnumber 
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exceeds t二hemaximum number 七ha七� T
2

can coun七� byusing七he 

squares Ti has used so ~ar ，七 he same s七orages七a七emus七� have 

appeaどedin七his period. And if tニheposi七ionsof tニheinpu七� 

head are a工80 七he same，we can conclude Ti is loopi吋・� To 

check this，九四cords七hes七0どages七a七e of Ti a七七ha七� mome川，� 

and con 七inues the simula 七ion of Ti. Fur七her釘鉛れmo

七ocoun七七herela七iveposi七ionof七he inpu七� hea弓� of Ti' wi七h 

a number of base r. 工f 七hehead posi七ionbecomes七hesame 

when Ti nex七� eば� eどS 七hesame s七0どages七a七e as T
2 

is keepi時，� 

and if Ti have ∞七時ada bordeど� symbolin七hisperiod，then 

T2 ha工七sand rejec七sw. 0七herwiseTi will read a border 

symbo工� a七� some七ime，� so T
2 

con七inues七o simula七e i七.� 

Thus T
2 

accep七S 七he same language as T工� and always ha工七s 

for every inpu七.� (Q.E.D.) 

pどoof of Theorem 2.5. Le七� T
1 

be an aどbi七どary2TM工{L(m， 

ぉ)) .工n a similaど� way as in Lemma 2.5，we can cons七ruc七� 

Ti E 2Tf.1
1
(L (m，n)) which accep凶� ani時� 1比� w if and only if T

1 

どejec七s i七� or loops. (Q.E.D.) 

The following七heoremcan be proved in tニhe same way 


as in Theorem 2.2. 


Theorem 2.7 Le七� L(m，n) be a 七apefunc七ion of 2TM
1
. 

工
工f Ll' L

2 
E ~[2TM.(L(m ， n))) ，七hen (L1nL2) E-a[2TM.(L(m，n))). 
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FどornTheorern 2.6 and 2.7， i七� is seen 七ha七乙[2TM工(L(rn，n))]
 

foどrns a Boo工eana1守ebra undeど� a 工i七七1eweakeど� conditニion


七han in Theoどern 2.3. 


Theorern 2.8 Letニ� L(rn，n) be a 七ape func七ion of 2TM
1 

such七ha七� c-L(rn，n) ? 10g rn (0ど� c.L(rn，n) 三工0守 n) h01ds for 

eveどy rn and n，for sorne cons七an七� Cと1.� Then ..i[2TM
1
(L(rn，n))] 

foどrns a Bo01ean a1gebra. 

工f
As foど 2TM~ .L (L(j)) ，七he nex七� cor011ary can be deどived 

1ikewise. 

2

Cor011ary 2.9 Let二� f N ~ N-be a shape func七ion 

1f 
and 工e七 L(j) be a たape func七ionof 2TM--. Suppose 七ha七七here 

exis七s sorne cons七an七� c;と1 such七ha七 c.L(j) と� 10g rn (or c.L(j) 

2"ト� 
> 10守� n) h01ds for every inpu七� w e{a}f w" here j i s 七he index 

1f
of w and f り)=(rn，n). Then ..t[2TM..L.L (L (j) ) ] forrns a Bo01ean 

a1gebra. 

2.3 Tape Reduc七ion Theorern 

工n sectニion 2.3-2.5，we wi11 consider how七he 1angua守e 

accep七abi1i七ies of 2TM are chaどac七erized by七he 七ape func七ion 

L(rn，n). In other words，七he雪ues七ion is "Whatニ rnakes 2TM(L(rn， 

n)) accep七� new 1an守uages if L(rn，n) is varied?" To answer 

七his，we wi11 show七he 七ape reductニion七heorernand七he hierarchy 

七heorern of 2TM. 

24 




工n iこhis sec七ion，some condi七ionswhich do no七� change

七he 工anguage accep七abi1i七y of 2TM aどe investiga七ed. 

The nex七七heoremshows tha七七he 1angu.:主雪e acceptabi1i七y 

is not affec七ed by adding a cons七an七� to the 七ape function. 

Theorem 2.10 Let L(m，n) be a 七ape func七ion of 2TM. 

Then for any cons七an七� c>O，。ご[2 TM (L (m，n) )] ==必[2TM仏� (m，n) +c) ] • 

pどoof. Le七� T
1 

be any 2TM(L(m，n)+c). We wi工工� cons七ruc七� 

T E 2TM(L{m，n)) which accepts 七he same 1anguage as T
1

0 T
2 2 


can easi1y do七hisby simu工atニing 七he 工ef七mos七� ]c[ squares 


of 七he s七0どage tape of T
1 

in 七he fini七e-s七a七e con七ど01 of T
2・
 

Thus ue[2TM (L (m，n) )] ::Jぷ[2TM(L(m，n)何日�  And a-[2TM(L(m，n))] 


C ci.[2TM{L{m，n)+c)] is obvious，so cl[2TM仏� (m，n))]位。乙[2TM
 

(L(m，n)+c)] is conc1uded. (Q.E.D.) 


Apparen七工y 七his 七heorema1so ho1ds for 2TM
1
(L(m，n))， 

1f2TM.(L(j)) and 2TM..(L(j)). 

2

Coro11ary 2.工工� Le七� f N + N- be a shape function 

and 1e七� L(m，n) and L(j) be セape func七ions of 2TM
1 

and 2TM
f 

1f
(or 2TM~~). Then for any cons七an七� c>O，

。 1
(L(m，� ~乙[2TM1 (L(m ， n) 十c) ]，C， [2すM n))]


it [ f
(L (j ) ) ] 

f
(L ( j ) +c) J，
2TM .;t[2TM


1f 工王
.i[2TM..(L(j))] = .;(，[2TM.......(L(j)+c)]. 


The next theorem is 七he 七ape reduc七ion七heorem for 2TM. 
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工七� can be pどoved in a simi1aど� way as in 七he one dimensiona1叩� 

case (Theorem 1.1). 


Theorem 2.12 (Tape Reduciこion Theorem) Le七� L(m，n) be 

，c>O七an七for any cons，Thenionof 2TM. 七tpe funcことa t 

cf， [2 TM (L (m，n) ) ]出 ot[ 2 TM ( c-L (m ，n) ) ] • 

Proof. For an arbi七どaryT， E 2TM(L(m，n))， we wi工l
l 

consiこruc七� T
2
e2TM(c.L(m，n)+1) which accep七S 七he same 1an守uage 

as T
1 

in tこhe fo11owing way. 工f the number of 七he s七0どとtge

七ape symbo1s of T
1 

is 七，七hen七ha七� ofT
2 

is 七
]工 /c[

T
2 

uses 

each square of 七he s七orage 1こape 七0 どecord 七he con七en七s of 

each b1ock， which is made up by punc七ua七ing 七he s七orage 七ape 

of T
1 

every ]c[ squares. By 七his，T
2 

can easi1y simu1a七e 

T
2 

using a七� mos七� (L(m，n)/]l/c[)+l squares of the s七orage 

tape foど every エロpu七 of si怠e mxn. Fur七heどmore， fどomTheorem 

2.10， L[2TM(L(m，n))] C ..i[2TM(c-L(m，n))] is concエuded.

之� [2TM(L(m，n))] :J oC[2TM(c-L(m，n))] can be shown 1ikewise， 

and this comp1e七es the proof. (Q.E.D.) 

Coどollaどy 2.工3 Le七 f N + N~ 
2 

be a shape func七ion，� 

and 1e七� L(m，n) and L(j) be 七ape func七ions of 2TM
1 

and 2TM
f 

1f(or 2TM~~). Then for any cons七an七� c>O，

ct:， [2TM工(L(m，n) ) ]獄。と[2TM工(c-L(m，n))]，� 

]，り)) (c.LoC[2TM
f
(L(j))] = oC.[2TM

f 

.，，_ ， fヱ� ， ， 1> r ~__.1f 
.;e， [2TM~~ (L(j))] 出。([2TM~ (c -L (j ) ) ] •~ 
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2.4 Hieraど� chyTheorem of 2TM 

Nex七，� we derive七hecondi七ion七ha七� Pどoducesa difference 

of 1angua守e accep七abi1i七y，be七ween七wo、七� apecomp1exi七yc1asses. 

This七heoremis ca11ed七hehierarchy iニheorem，� because i七� canbe 

seen 七ha七七�  hereexis七san infinite hierarchy among 2TM fどom 

i七.� Firs七� wewi11 show七hehierarchy七heorem of 2TM(L(m，n)) 

wi七h 七wo or more inpu七� symbo1s. 工七� s proof is par七iiニioned 

in七oi二hど� ee 1emmas (Lemma 2.14， 2.16 and 2.18). 


Defini七ion. An infini七e sequence of paiど� sof na七ura1 

numbers {(m~ ， n~)} is ca11ed a regular sequence if (m~ ， n~)エエ--1 エ，

ヂ� (m..:，n..:) for a工1iヂj. 
J' J 

2+ ，~. ，2+

pefini七ionWe  say七ha七� amapping h E~' ~ (E') 

h(u)
is a homomorphism， if h(u.v)=h{u)・h(v) and h(~) t;，ho1d 

a1七hehorizon七means子 )(orU.Vwhere 十，� v eZ 2，lU工for a
v 

(ver七ica1) conca七enationof two words u and v. No七e 七ha七七�  he 

horizon七a1 (veど七� ica工)� conca七enaiニionis defined on1y if 七he 

ver七ica1 (horizon七a工)� side工engiニhsof七he七wowords are七he 

same. 

工n Lemma 2.14， we firs七� consideど七�  he case such 七ha七

七he七apefunction L(m，n) 守rowsa七� 1eas七� propoど七� iona1七0

エogm 十工� og n for some infinite set of (m，n). 

Lemma 2.14 Le七� L，� (m，n) and L~(m ， n) be consセruc七ib1e
2 
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tニape func七ion of 2TM. Suppose七ha七� 

L、(m.:，n.:) 
lim ムムム::0 (2‘工)
Z二三� L2{rrli，ni} v 

i
m n )

一

一og
・1

…
・，圃1
一
ム
ザ 1

L

m一
、一・

2
一一1

〉

・一一れ νA 
(2.2) 


守
1
0ム 申

1


foど� some ど� egular sequence {(m.，n，)} and for some cons七an七� 
l' 1 


k>O. Then，七� here exists a language L such七ha七� LE乙� [2TM 

(L
2
(m，n))] bu七� L要。乙� [2TM(L工� (m，n))]. 

Proof. This lemma can be proved using tニhediagona工叩� 

iza七ion七echnic. We will cons七ruc七� TE 2TM(L2(m，n)) which 

accep七S 七he language L noiニ� accep七edby any 2TM(L1(m，n)). 

Le七� T' be a 2TM which cons七ruc七S 七he1ニape func七ionL
2
(m，n). 

工f 七hese七� of inpu1ニ� symbols of T' is E'， 1ニhen七ha七� ofT is 

E=E管� x{O，工}.� 
1 

2+ ，~ . ， 2+ 
2

r _ 1 ，2ゃ
1

Le七� h ! (E'x{O，l})L' + (E，)L. and h ! (E'x{O，l}) 

{O，l}2や� be homomorphisms such七ha七� h1 ( (a，i) ) =a ，，.も{、 1
1
・&、凸，

1

s
J

っa

N

d

b

h
 

M=i for all a EE' and i E {O，エ}.� Le七� α{O，l}2+ + 
h
anea

 

+ n
 

叩、・1IY
 

compu七able七01ニalrecursive mapping which sa七isfies 七hefollow-

ing condi七ion. For every j eN，七� hereexis七七� woin七eヲexs aj and 

b..:， and foど� every (m，n) 七ha七� sa七isfies m>a..: or n>b..:， there 
3 


2+

exis七s a word u E. {O，l} L' of si ze mxn such七ha七� α(u)=j.� For 

example，七� hebinary number which is ob七ainedby rep工acing 

tニheword u in a row sa七isfies 七hiscondi七ion. Now， suppose 

2+

an inpu七� wordw E. E~' is given七o T. T firs1二� simula七esT' 

wi七h 1二heinpu七� h工� (w)，� unti工� T' hal七s. (工 f T' does n01ニ� hal七，� 

T also does no七.)� Hencefoど七� h，� if T is ready 七o use more 

squaどes of七he s七orage 七ape七han T' has used， 1ニhenT ha11二S 

and rejec七s 七heinpu七.� Nex七，� T compu七回� α(h2(w)) an江戸句坐そ一一一� 
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e
 



to sirnu1a七� eα(h2(w))-th2TM (which is deno七� ed by Tα(h (W))) 
2 

wi七� h 七� heinpu七� w. Assurne tオ� lat w is a word of size rn.xn‘ 
エエ�  

foど� sufficient工y 1aど� ge i， and h
1
(w) rnakes T' use exactこ1y 

[L(rn~ ，n.: )] squares of七� he s七� oragetape. 工� f T (h2(w) ) 

a 2TM(L工� (rn，n))，� T can sirnu1a七� e i七� wi七� hin[L2(mi，rli}]squares 

of七� he s七� 0ど� age七� ape. Because，� T IleG4S C -Ll(mi，rli}sqllaど� es 

to sirnu工� a七� eT " ，.. I where c> 0 i s a cons七� an七� dependingα(h
2
(w) ) ， 

on the nurnbeど� ofthe s七� orage tape syrnbo1s of T (h
2
(w) ) ， 

and frorn Eq. (2.1)， c.L工� {mi，ni) く� L2{mi，11i}210工ds foど� suffi-

cien七工� y 1arge i ・� Fur七� herrnore，� T can decide whe七� herTα(h (w) ) 
2 

ha工� tsor no七� The七� otこと足工� nurnber of cornpu七� a七� iona1configuど� a-

七� ionsof T " is a七� rnostα(h (w) ) 
2 

) ] ，:n，(rn.:，[L 

xi 1smini{L工� {mi，ni)]七� 

where s andセ� aど� e 七� henurnbeど� s of statニesand storage七� ape 

syrnbo1s of T (h
2
(w))・ 

T coun七� s 七� he nurnber of s七� epsof 

using heothe rackof the storage apewih七 ど七 七 七
}

ru
u

w

e油

。
ムz

T

a
‘れα

 μ

(

判
u

/
/

1
4 k

 
宅
�
 h
u
 

Frorn Eq. (2.1) and (2.2)，q
La

 
s
 
e
 x礎

工irn エ 噌
i+∞� 

( 2 J ..... l ) 

[L')(rn.: ，n
l~2[¥ /k]工

.J..I 

司…-

T

l

h

e
u

s

 

s

s

 

g---
5
ム

手

ム

勺
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1

1七ム

ヤ
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/
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-
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1

J

 

f
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ム
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4
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q
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---叩+ャ
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'

ヱ・1
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q
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e
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1
1
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e
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o
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1
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S' f

e

 

T

S

 

h

T

 

f

t

C

 

w

a

 

}

n

 

g

-
E

z' 
七

℃七

h

h
a

a

 

1

+

L

七
�
 

n

d
o

e

 
七

o

'

h

u

 

x

a

 
n
 

8
 ，

、
�
 

4

Y

2

 

t

Tα{}12(W))is loopinq.Taccep七� sw if and on工Y if Tα(h (w)) 

a word w E L:_. of size rn~ xn.! which sa七� is笠� iesα(h (w) ) =j (for 

2 
rejec七� s w or 100ps. 

Let L be七� he 1anguage accep七� ed by T. Now suppose七� ha七

七� he j -th 2TM， T j E 2TM (L
1
(rn，n)) accep七� s L. 工� f we qive Tj 

2+ 
1. 1. 2

，，
� 

内
ノ
嗣
�
 

1
1
4

up
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i 1a吋� e enogh)，七� hen a contradiction occurs. Thus L ~ .，t:.[2TM 

(L
1
(m，n))]. (Q.E.D.) 

Nex七，� we consider七hecase七ha七七�  he七apefunc七ionL(m，n) 

grows more slow1y七hanbo七h tこhe orders of 10g m and 10g n 

foど� someinfiniiこe se七� of (m，n) . 

As a pre工iminary，we define (T，i)-equiva1en七� chunks.
 

The no七ion of a chunk was in七roducedby B工umand Hewi七七� [5] 


to investiga七e 七he1anguage accep七abi1i七iesof七wo-dimen
叩� 

siona1 fini七e時� S七a七e automa七a. Here， we expan戎七�  hisno七ion 

for七hetこwo-dimensiona1Turing machines. 

おefini七ion. A chunk is a square-shaped word wi七hou七� 

x
border symbo1s. Let CE deno七e a set of a工1 the chunks on E 

of side1eng七h x. Le七 C ，C ecx be七.wochunk s ， and工e七� Tbe 1'......2 '"'2:
c 

a 2TM七ha七� hass s七a七esand t s七orage七apesymbo工s. Now， 

we assume七ha七� T uses a七� mostこえ� squaresof七he storage七ape. 

Then七he七0七a1number of七hes七orage s七a七esof T is a七� mos七� 

si七
見

Therefore， T has 4xs立七
見� 

ways 七o en七er a chunk of 

side1engiニh x. For each case of 4xs見七
見� 

en七eど� ingways， T can 

え
choose i七sbehaviour a七� mosiこ� in (4xsえ七十� s+l) ways， which 

are 4xsQ，七見 waysof going ou七� ofthe chunk， s ways of ha1iこing 

in七he chunk and 1 way of 100ping. Two chunks c
1 

and c
2 

of 

七he same size are said七obe (T，Q，)-equivalent， if T chooses 

1こhesame behaviours七o c
1 

and c
2 

foど� a11七heways of en七ering. 

80， T canno七� dis七inguish (T，え)-e弓uエva1en七� chunks if T uses 

a七� mos七Q，� squares of七he s七orage七ape. The七0七a1number of 
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( 叩  )-equiva1en何� c1asses of C~ is a七� mos七� (4xs見七9.+s+工)4XS9.t9. 

Now，七� hefo110wing 1emma can be ob七ained. 

Lemma 2.15 Le七� T be an arbi七rary2TM. 工法七� { (x
i
'ぇi}}
 

be a sequence of pairs of nonne守&七� ivein七egers七ha七� sa1ニisfies
 

m
∞
 

nu 
(2.3)
……

mx
 

X. 
ヱand 1杭 {D~} (D~ C~~) be a sequence of sets of chunks 七ha七

嶋� z 、1
 

sa1ニisfies
 

2 

X， 

1Dil三� rl{2.5} 
  

(I ofe工emen七S


・工
	  

I nUIfo >1. means theD~ 出位七 七ピconsansomeど
エ� 

∞
 

sufficien11y1arge i exisof Then for hereI 七，七y〉� eve・ ど ニ，i

一一

七wodifferen七� chunks c~ ， c~ E D~ which are (T ，見‘}聞を~quiva1ent. 
l' 1 工� 

Proof. Le七� sand七� be七henumbers of in七erna1 s七a七es 

and s1ニorage七ape symbo1s of T， respec七ive1y. The七o七a1 
g; 
~number of (T，見・}由� equiva1encec1asses is a七� mos七� (gi+s+1)

工
見.

おおwhere g~ 4x~s 9.~ 七
工� 

Now，we deno七e 
1 1 工

g~ 

4
L
 

{守 i÷s÷工)� 
~ 

…・� V
A一
1

冊

9
N
 

-ziOαJ

・エ一
	  

一一一
�
 

一一・1
+
 

1
・十工

・1

'
エ
+

1
十
エ
�
 

(2.4) 


2 

x. 

l 
r 

By Eq.(2.3) and (2.4)，we can derive 1im f~ = o. So， from 
ヱ-+00 ・ι� 

Eq. (2.5)，1二he fo1工owin守� inequa1i七y ho1ds foど� sufficien1ニ1y 
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1ar雪� e i. 

2 
x. 

1Dil三� r 1 > 

q

a

αJ 
S
 

zr

a
l
 、

宅
ふ十+・1

 

，
ま‘、� 

Thus，七� hereaど� e 七� wodiffeど� en七� chunks c~ ， c~ E D~ which are エ� 1- 1 

(T，見� i)-equiva1ent. (Q.お.D. ) 

From Lemma 2.15， 1ニhenex七� 1emmacan be ob七� ained. 

Lemma 2.16 Le七� L
1
(m，n) and L

2
(m，n) be constructib1e 

tニape functions of 2TM. Suppose 1二� ha七

工a工� {mi，r1i) 
エ+im = 0 ( 2.6 ) 
+∞ L2(m

i
，ni) 

lim L2(m.，ni) = co ( 2 • 7 ) 
1-+∞ エ �  

L2(mi，rli} L2(mi，ai } 

立� 12.
< k and 

10g n
i 

く� k (2.8) 
L 

for some regu1ar sequence {(m~ ，n;)} and some cons七� an七� k>O.
エエ�  

Then there exis七� s a 1anguage L such七� ha七� LE L[2TM(L
2
(m，川口� 

b¥比� L ~ ot' [2TM(L
1
(m，n))]. 

Proof. We cons七� ruc七� T1 E 2TM (L2(m，n)) which accep1ニ� S 

the 工� anguage L notニ� acceptedby any 2TM(L
1
(m，n)). Le七� T' 

be a 七� wo・-dimensiona1Turinぢ� machinewhich cons七� ruc七� s the 

七� apefunc七� ionL
2
(m， n) .工  f the se七� of input symbo1s of T' 

is L.:'， 1ニ� hen七� hatof T1 is L.:需工 x{O，� l}. Let h， and h~ be事

工 '

七� he same mappings as in Lemma 2.14. Suppose an inputュ� word 

2+
w E L.:-' of size mxn is given七� oT工・� First二� T

1
simu1a七� est二� he 
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movemen七� s of T' wi七� h 七� heinpu七� h
1
(w) un七� il i七� hal七� s. Le七� 

i be七� henumber of squares of七� hes七� orage七� ape which T' has 

used. 工� n general <[L
2
(m，n)]， bu七 克宏之� [L

2
(m，n)] holds for 

an sui七� ab工e inpu七� ofsi忽� emxn. Now we consェdertwo chunks 

一[え� /k] l叩� w and w of sidelengtこh x… 2L~/"J a七七�  henoど七� h-wes七� corner 
a s 


of w (Fig.2.2). 


w.七on an inpu
告

and w D ，̂ Two chunks w Fig. 2.2 


工� fw is七� 00 srnall tこ0 七� ake七� hesechunks，七� hen T
1 

rejec七� s 

w and halts. Bu七，� f rom Eq. (2. 8)， i f (rn，n)需� (mi'Eli }for 

sorne i， these 七� wochunks can be always tことま� ken on w. Nex七，� 

T examines whe七� her h (wα)芯� h2(w ) or no七. 守工� caneasily 
1 2 s 

do七� his，� using立� squaresof七� he s七� 0ど� age七� ape七� o keep七� hecoor町� 

dina七� e of each poirは� of七� hese chunks. If h~(w_.)=h~(wn)' T2α2¥"s" 工� 

accepts w. 

Le七� L be七� he language accepiこedby T
1
. Now we suppose 

七� ha七七�  hereexis七� sMξ2TM(L
1
(rn，n)) which acceptこs L. Le七� 

{ (xi'ぇ� i}}be a sequence of pairs of nonneqa七� ive in七� egers 

such 七� ha七� 
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[[L咋 (m~ ， n~) ]/k]-l 
x. = 2 耐~品，


エ


見� i 信[工� 41{mi ，rli)1. 

Le七� v. be a woど� d on Lを� of size m，� xn. which makes T' use 
エ エエ�  

exac七� ly [L ゥ (m~ ， n~)] squares of七� hes七� ora守� e tニape. Le七� v. 
L. エ1.'- 1.0. 

and v be七wo chunks of size x. 七� aken on v. atニ七� he same 
is ヱ工�  

posi七� ion as in Fig.2.2. Le七� {Pi}be a sequence of se七� sof 

chunks such 七� ha七� 

x. 
，_}. 1位、h (c)εC l{clc・出� ，~ '- "1 


Since {(x~ ，克~)} and {D~} sa七� is fy Eq. (2. 3) -(2.5) ，七� hereaど� e

工工 工� ~ 

tニwodifferen七� (M，見� i} equiva1en七� chunks c~ IC~ eD~ for i 叩� 

1.' 1.- 1. 


lar守� e enough. Now， we consider tニwowoど� ds w~ ，wi E L 
2+ 

七� ha七

エ1.�  

x~ 

sa七� isfyfol工owingcondi七� ions. Le七� w!_，w!f'l 

ヱ0.'エt5. 
_， wi， 

1.0.'
，wi丹� 

1. t5 
E C""~ 
- L 

be chunks on w andw! tニakena七七� hesame posi tニionas v.. 
工

除

工� 

w. and w! are七� he same words excep七七� hepor七� ionsw， and
ヱ〈ヱ� 

wふ� Theysa七� isfyh1(wi}=h1(wi}=vi， h2(wis)=h2(wis)=h2(ci}' 

w. 出c~ I wl~， =cl Therefore w~ E L and wl eL. Bu七� on七� he
ヱ0.� 1. ' 1.0. 1. 1. - 1. r 


o七� heど� hand，� w~_ and wl_ are (M，え� ;}-equivalen七，� so M cannotニ

工� α エ〈 主主�  

dis七� inguish w~ and w1. This is a con七� radic七� ion. Thus 
工 l 

L f/. o!. [2TM(L工� (m，n))] is conc1uded. (Q.E.D.) 

Final1y， we wi11 prove a simi1ar 1emma for七� hecase 

七� ha七� tニhe七� apefunction L(m，n) grows more rapid1y七� han七� he 

order of 10g m and more slow1y七� han七� heorder of 10守れ�  (or 

vice versa) for some infinite setニ� of (m，n). This can be 

v h日Q，)，(or (Tence工)V-equiva，ぇionof (T七heno七proved by using 

equiva1ence} which is somewhatニ� similar tニo (T，見) ・ 四 �  equiva1ence. 
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Defini七ion. 同時，� ybe a 吋� ofa11 the words of 

size xxy on L (witこhou七� boどdeど� symbo工s). Le七� 12V (or u
h
) deno七e

七hewoどd u Ew~'y with bordeど� symbo1sa七七he七opand七he 

bo七七� om (or， a七� the どigh七� and 七he 1eft) edges. U 
v 

(u
h
) is 

ca工工� eda ver主ical (horizontal) block. Let T be a 2TM wi七h 

S 均七esand七杭orage tape symbo1s，and 1et u 'u EW~'Y
1 2 

be七wo words on L. T can en七er or go ou七� of七he ver七ica1 

v v
b10ck 吋� 0ど� u 七hrough七heiど� righ七� or 1eft ed守es. 80 T has

2

2xsえ七i ways t:o enセeror go ou七� of 七hem，� if T uses a七� most 

見� squaどesof七he s七orとl.ge 七ape. u
1 

and u
2 

are said七obe 

V(T ， ~)V叩 equívalent ， if T's behaviouど� S 七o u: and u:'" aどe 七he
l 

same for a11 tこheways of en七ering. (8ince the no七ionof 

(T，え)h_equiva1ence is simi工&ど七0 七his，� we on1y men七ionaboutこ附� 

(T ， ~)V叫equiva1ence in七hefollowing.) 

Lemma 2.工7 Le七� T be an arbitこrとミど� Y 2TM. Le七� {(Xi'Yi'ぇi}} 

be a sequence of七rip1e七sof nonnega七ive in七egers七ha七� 

sa七isfies

え.
司1.
-…一- (2.9)Zエcc 10g yi 

::::口1im y~ (2.10)
1.-+∞ 4 

> k (2.11) 


for some cons七an七� k>O. Le七{叩�  (IJiEwjidi)be a sequence 

of se七s of words七ha七� sa七isfies 

X.V. 

iむil 
1.~ヱ 

> r (2.12) 
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for some consiニaniニ� r>l. Then，for every sufficieniニ1y1arge i， 

(Twhich are i)v-，ぇ� tニhereare七wodifferen七� words u~ ， ul Eむ・� 
l' 1 ヱ� 

equiva1en七.� 

V
Proof. The iニ0七a1 number of (T，見， )叩 equiva1encec1asses 

工� 

Xi，Yi. 
of Wr;~ -~ is aiニ� mos七� 

.， gi
(g・十� s+l) ~，

1 

見土� 
where g~= 2x~s~~ 七 

J1 1 1 
From 

Eq. (2.9)叩� (2.1工)，� we can deri ve 

+

X

S

4

4

d
 

Y

9-
1、，，1--ー

や
α・
エ
一
ど

，
�
 

おお� O.
・1
+

1
+
工

m
∞
 

，，目、
吋
ぷ
�
 

ム-

l 

ヤ
金工� 

・1・叩y
q

q
 

a

enough. 50七hatiニhereare iニwodifferen七� (T，え奇� )v-equiva1en七� 

words u~ ， u1 E W"~ ~ for such i. (Q.E.D.)ェ ic "r; 

、.，�
 1

ぷム

..Xi' Y i 

Lemma 2.18 Le七� L，(m，n) and L~(m ， n) be cons七ruciニib工e2¥U'I 

七apefunc七ions of 2TM. 5uppose七ha七� 

x-
l

x
 

9
・-エむ.

1
ム+s

ぷ
ふhc

 


'
l

1
ムEFrom

 

Q
4

〉一一
〉 ds

 

or
 


arge
，
 

4・
2
2

一・1
 

・エ一・一�
 1

ー
ム
一
刊
4

一
�
 

L m
m
M

L m n

エim L 門 (m~ ，n睡)� = co (2.工4)
i-+∞L.'  1 ・� 1 

L2{11li，zli) L2(mi，ni) 
10g m

i 
> k

1 
and 

エoqni
< k

2 
(2.15 ) 

L2(mi，ni} 
or 

10g m~
エ� 

く]屯� 
2 

and 
工ogn

i 

for some regu1ar sequence {(m ‘， n~)} and some cons七an七S
エ工

むく� 2k2くk1く工� Then七hereexisiニsa 工anguage L such 七ha七� 

L E L[2TM(L2
(m，n))] bu七� L • ~[2TM(L1(m ， n))]. 

nu

= 0 (2.13)
・1
+
 

1
4

ェ・ ∞
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Proof‘� We cons七ruct T 吃 2TM(L~(m ， n)) which resemb1es 
¥.&.Uf2~.L"""'\.J.J""'"2 

2+
T
1 

in Lemma 2.16. Suppose a word w 6 (~警 x{O ， l})~' of size 

mxn is given七o T_. T_ firs七� simu1a七esiニhemovements of T' 2' ~2 


(in Lemma 2.16) with七heinpuiニ� h
1
(w) uniニi工� i七� ha1iニs. Le七え 
  

be iニhe number of squares of七he s七orage七ape七ha七� T' has used. 


Le七� y=2
[え /1匂]-工� 

工fn>2y，七� henwe consider two subwords wα 
制

and w of size mxy a七七�  he 1ef七� side of w (Fig.2.3). 

s 

E 

W 

on an input w. Fig. 2.3 Two subwords wαand w 
s 

(wα)=2sw if hニand accepi (wα}~h2(wß}'2h2examines whether てむ� 

h2(w s)' Le七� L be i二he 1anguage accep七edby T
2・� Nowwe suppose 

七ha七七�  hereexis七sMε2TM(L
1
(m，n)} which accep七s L. Le七� 

{{Xi，yi，ii}}be a sequence such七ha七� 

x. 知立1.，
エ工' 
  

[[L勺 (m~ ， n~ ) ] /k勺]叩工
 
yiZ2M-4-

見ー出 L 、 (m~ ，n.! ) • 

.1' l' 工� 

makesT' use 七ha七Xn.!-，be a word of size m 
エエ�  

2"'ト6 (~')~'
Le七 v~ 

exac七1y [L (m，ni)] squares of七hes1ニ0ど� agetape，and 1e七� 1riα
2 i

and v. be七wo subwords of size x.xv. on v.. Sinceロー=� lulハ� 

工6 ヱー‘工工 工� e 

U ewfi，yi，h1(u}=v}，and {{x，y ，i)}sa七isfy (2.9ト� (2.12)， 
ム ム ェα エヱ工�  
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v
there are 七wodifferen七� (M，え� :)V-equiva工をきれ七� subwords u.: ，u1

エ ヱエ�  

eui for i larqe enol29h.From七� hesefac七� s，� we can rnake 

七wowords wi eL and w;4L which camo七� bedis七� i時叫�  shedby M， 

in a sirni1ar way as in Lernrna 2.16. And七his conc1udes L手� 

..e[2TM (L 1 (rn，n) ) ]ー (Q.日.D . ) 

?ど orn Lernrna 2.14， 2.16， and 2.18， we can ob七� ain七henex七� 

hierarchy七heorern，� where 七here is no res七� riction on a growth 

of 七he七� ape func七� ion. 

Theorern 2.19 (Hierarchy Theorern of 2TM) Le七� L
1
(rn，n) 

and L
2
(rn，n) be cons七ruc七� ib1e tape func七� ions of 2TM. Suppose 

七ha七� 

L
 

'
m

E

a

，，
� 
も
�
 

，，
� 

、、L

ー
ム
…
司

・1
…・

}

j
m n

一
1

'
;
 
n

・1 = 一
4
4
 

一ぬ
∞
 

1irn L勺 (rn~ n~) 活=町， 

m
l
 

∞&ム句、

・1
+

1+


1
十
 

for sorne regu1ar sequence {(rn~ ， n~)}. Then there exis七� s a 
1" 1 

1anguage L such七� ha七� LE L [ 2 TM ( L 2 (rn，n) )] b u七� L f. ."e[2TM 

(L
1 
(rn，n) ) ] . 

Proof. Le七 a.=L今 (rn~ ， n~)/( 工0守 rn~ + 10g n{)， b~ 口L 2 (rni ，
L. エヱ エ� 

ni)/109 EE1.， C ・出�  L勺� (rn.;，n.;)/logn.;. 工f 七hereexis七� s sorne 
L. エヱ エ� 

k>O such七ha七� a.>k ho1ds for infini七e1yrnany i， we can app1y ェ� 

Lernrna 2.14 by taking a suitab1e subsequence of {(rni，n
i
)}. 

工� f 七hereexis七� s no such k，七� hen (工 /a.:)=(l/b.:)+(工� /c.:) > K 
エ� 

ho1ds for infini七� e1y rnany i， for any K>O. Therefore， at 

工eas七� one of 七he fo工工� owing inequa工� i七� ho1ds for approprea七e 

0

L
…
�
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K_>O， K~> 工 K~>2K~. for infini七e1y many ヱ.O/'UI ~"l/" ..I..， .L¥.2，""".，L"1' 

(l/bi) > KO and (工 /ci) > KO 


{工 /bi) く� K工� and {工 /c
i
) > K

2 


(l/b
i
) > K

2 
and (l/ci) く� Kエ
 

For each case，Lemma 2.16 or 2.18 can be app工iedby 七akin守� 

a suitab工e subsequence of {{mi ，ni}}.This completes t:he 

proof. (Q.E.D.) 

f
The hierarchy 七heoどem for 2TM~(L(j)) can a1so be proved 

1ikewise. 

2 
Coro11ary 2.20 Le七� f N ~ N- be a shape func七ion，� 

and 工e七� L
1
(j) and L

2
(j) be cons七どuc七ib工e セape func七ions 

of 2TMf.Supposethat: 

ハ
υ一一

L ・1
一
・
工

，
�
 

1
2
4
T
1
J

ー
ム
…
内m

 
一L
 

J
h
 

・
ヱ
+∞

 

1÷
エ
�
 for some incどeasing seヨuence of na七ura1 numbeどS{ji )， aE14 

L
2
(ji) is unbounded吻� Then there is a 工anguage L such七ha七� 

L E ~[2TMf(L2(j))] bu七� L 4c:t:[2TM
f
(L

1
(j))]・

工f 七wo constどuctこib1e 七ape func七ions L工(m，n) and L
2
(m，n) 

are given，七he re1ation between el.[2TM (L (m，n) )] and ot[2TM
1 

(L (m，n))] mus七� be one of 七he fo11owings. 
2

(1) .;t[抑制 L 
1
(m，n))] = oe.[2 TM (L 2 (m，n) ) ] 

(2 ) ct [ 2 TM ( L 1 (m，n)片手  tlJ2TM(L
2 

n) ) ] ぬ，( 

勺2(m2T54(L4iト£]ωn) ) ，(mよ，[2TM(Lo!( 3) n))]，� 

(4) .;([ 2TM (九 (m，n))] ~ ciC.[2TM(L
2
(m，n))] 
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(A~ B means that七he se七s A and B are incomparab1e，i.e 

Act:B and A::tB.) Now，we consid計七he necessary and sufficient 

condi七ions foど七hem. 

Lemma 2.21 Let L，(m，n) and L~(m ， n) be cons七ruc七ib1e2 ¥.1.1.'1 


七ape func七ions of 2TM. Then，on1y one of the fo11owing 

s七a七emen七s must be 七どue. 

(A) There exist some constan七S C1>0. c!>O. c~>O and c~>Ol'V，....l'v' ....2 


七ha七� sa七isfy 七he fo11owing condi七ions.
 

L，(m，n) く� c.....L"(m，n) 十� c! (2.16) 

口 2 ~2\.'" 


L")(m，n) 三� c，oL，(m n) + c~ ......，，"''' 1¥ "'-' 1 
 I -1 
 (2.17) 


(B) There exis七� some cons七an七s c....>O and c~>O ， and some2' -2
v ~..~ 

regu1ar sequence {(m~ ， n~}} 七ha七 sa七isfy 七he fo11owing 
l ヱ� 

condi七ions. 

c+n)，...，..，，(m，，� n)，..，，(m，L .!，-2c"oL-2 ~2 


L，(m~ ，n~ )+工
 
1 ・ 1i'~= 0 
~m =υ (2.19)

i-+∞ L吋 (m~ ， n~)

.1.' ~エ 

(C) There exist some cons七an七s c
l
，>O and c~>O ， and some 

regu1aど� sequence {(mi，n
i
}} 七ha七� sa七isfy 七he fo11owing 

condi七ions. 

警L....(m，n} ~ c，oL，(m，n) + c (2.20)

~ '-1 工
 

L" (m~ ，n!)+1
2 '.'i"'i 

1im 

1，.LUi1.I."'"i 
= (2.2工}


i→∞� L，(m! ，n!) 

(D) There exis七� some regu1aど� sequences {(m! ， n~)} and
エ l
 

{{mi，ni)} 七ha七日七is 七he fo11owing condi七ions.
 

L ， (m~ ， n~}+l 
1im 

1'''i' ヱ� 
O (2.22)


・ゅ∞� L~ (m!，n!)
2 エ l
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く� (2.18) 




L吋� (mJ，nJ)+l
1・ ぷエエヱ立=�  (2.23)
i+∞� L，(ml，nJ)1""i'~'i 

Proof. Obvious1y，七hese s七a七emen七s are mulニua11y 

exc1usive. We consider 七he case 七ha七七he s七a七emen七� (λis 

...，henL七七exis > c ・L，(m，工f no such c， and c雪工 工.&-12 (m，n)¥""U' n)
un七rue.

+c' ho1ds for any c>O and c'>O，foど� infini七e1y many (m，n). 

So，七hereexis七s some regu1ar sequence {(m.，n.)} such 七ha七
エ~ 

L，(m~ ， n~) 
，(m.:

n.: ) 
エ

，(m.: 
l

...， 

よlエ訂1i
i+∞ L2 '''i ヱ� 

n.:) =∞.
G 
 and 1im L内

i→∞L.' ~.エ 

Thus 七he s七三五七emen七� (B) becomes 七rue. Simi1aど工y，� if no such 

c and c2exis七，七hen 七he s七atement (C) becomes 七rue.
2 

...，cFur七hermoどe，� if no such c" エ� and c~ exis七，七he s七a七emen七
"'2

c~ ，
"'1' "'2 

(0) ho1ds. According1y，we can conc1ude 七ha七 on1yone of 

七hese s七a七emen七s muslニ� be 七rue. (Q.E.O.) 

Theorem 2.22 
 2...，n) and L，(m，L七Le (m，n) be cons七どuc七ib1e¥.l.LL， 

七ape func七ions of 2TM， and (A)， (B)， (C) and (0) be 七he 

s七al二emenlニs in Lemma 2.21. 

(1) [2TM(L。乙
1
(m，n))] dζ[2四� (L

2
(m，n))]，� if and on1y if (A) 

ho1ds. 

(2 ) oc [ 2 TM ( L 1 (m，n) )] ~ o乙[2TM(L
2
(m，n))]，� if and on1y if (別 

ho工ds. 

(3 ) ~[2TM(L1(m ， n))] ~ oC[2TM(L
2
(m，n))]， if and on1y if (C) 

ho1ds. 

(4) ，L[2TM仏� (m，n) 日午øC[2TM(L~(m ， n))] ， if and on1y if (0) 4Jo(..， L"".1. .'. ¥.1...12 ¥ "u， 

ho1ds. 
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Proof. Firs七，� we show七ha七� (A)，� (B)， (C) and (D) are 

necessary condi七ions for 七hese cases. 

(1)工 f (A) ho1ds， then， from Theorem 2.10， 2.12 and 


Eq. (2.16)， L[2TM(L工(rn，n))]壬c:t:[2TM (c
2・L2

(rn，川十c2)]= o乙[2TM
 

(L
2
(rn，n))]. 5irni1ar1y， frorn Eq.(2.17)， .;C[2TM(L

2
(rn，n))]C 。ζ
 

[2刊� (L (rn，n) ) ). Thus， ~ [2TM (L (m，n) )] = of.[2TM (L (m，n) ) ] •

1 1 2 


(2) Frorn Eq.(2.18)， ci'[2TM(L (rn，n))] C oC[2TM{L {rn，n))).
1 2


And，fron Theorern 2.19 and Eq. (2.19)，there exists a 1an守uage
 

L such 七ha七 LE .t:[ n) )) b u t L ~ n))] •2 TM { L 2 (rn， Oζ[2TM(九 (rn，� 

Thus，ぷ�  [2TM(L (rn，n))] ~ oC[2TM{L (rn，n))].
1 2 


(3) 工七� can be shown in a sirni1ar rnanner as in (2). 


(4) Frorn Theorern 2.19 and Eq. (2.22)，七here existニs 

a 1anguage L such tha t L E ciぐ[2TM(L
2
(rn，n)}) b凶� L4Q([2TM 

(L
1
(rn，n))]. Bu七，� frorn Eq. (2.23)，七here a1so exis七s a 

1a吋 uage L' such 七ha七 L'E .t:[2測� (L
1
(rn，n))] bu七 V 手J::..[2TM 

(L
2
(rn，n))]・ Thus， r:L， [2TM (L，(rn，川)]江.;C[2TM (L

2
(rn，n) ) ] •

' 工 事�  

Now， i七 canbe easi工y seen 七ha七� (A)， (B)， (C ) and (D ) 

are a工so sufficien七� condi七ions for 七hese cases. For ins七ance，� 

frorn Lernrna 2.21， if (A) is fa1se，七hen (B)， (C) or (D) rnus七� 

be 七rue. 50， L， [2TM(L (rn，n))) = oC[2TM(L (rn，n))] does not 
1 2


ho1d. Thus (A) becornes a sufficien七� condi七ion in (1). 


5irni1ar1y， (B)， (C) and (D) a1so becorne sufficien七� condi七ions.
 

This cornp1e七es iこhe proof. {号 .E.D.)
 

2

coro11ary 2.23 Le七� f 箆+N- be a shape funciニion，� 

and 1e七� L
1
(j) and L

2
(j) be cons七ruc七ib1e 七ape func七ions of 

f
2TM
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f 


1 "'1 "'2
~， ~， 

L1(j) ヰ� c
2・L2(j) 十� Ci 

f f 

>O， c2
l 

L[ ci，[2TM (L (j))] 2TM (L if and on1y if(工 = ))]，り.L .L

1 2

hereexis C1>O. c!>O. and c!>Oc~>O七 七 七 七� Ssomecons an

ha salisfy he fo11owing condi ions.七 七 七 七ニ� 

三L (j) L (j) + ci工0c2 1 

乙(2) L[2TM (L (j))] [2TM (L (j))] if and on1y if~ Q ，.L 

21

hee exis >O and some inceasing七 七 七 七somecons ans cど ， ど
2

sequence of na numbers {j.;} ha isfy he fo1owing工 工1七 七 七 七u a saど ニ� 

condi ions.七� 

・)ふj (j)L L + 2工(� cc 22

1im 0 	

s {j.;} hasequence of na a1num satisfy he fo owin工工れl.b 七 七七 七 守eu どど� 

，ーム� 

L，(j.;)+工� 
占占�  ;;:: 

i-+∞� L2(ji) 

.「 

f
(3) 	 ~ [2TM~ (九(j))]平 ~[2TM.L (L2(j))] ， if and on1y if 

七hereexis七� someconsta叫� s c
1
>O， ci>O， and sorne i凶 陀� easinx

l 


condi七� ions.


C十、1
0


(4) 	 L [2TMf(L
1け))] sぷ� [2TM

f
(L

2
(j))]，� if and ∞� 1y臼

七� heど� e exis七� some increasing sequences of na七� ura1numbeど� S 

{ji} and {ji} 七h批判七�  isfy七he fo11owi匂� condれ� ions.

判	 ALl(ji)+工
 

132L2(ji)υ 


‘� L2(j;}+1 
一一	 .….E二三� L工� (ji) v 

喝よL

l

I
1J

一

+
一
}一4

4

1
J

、

c
i
T
3

一一

1
ム

〈
一
一
{
一
�
 

内ぷ� 

盆
『
・i1
d、2

i

+

 ・-∞
�
 

L

l

}

L

 
4
2
J
7
tm …FLM 

-Ez--
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1
2.5 Hierarchy Theorem of 2TM

The hierarchy七� heoremob七� ainedin七� he previous sec七� ion 

ho工� dsonly for七� hecase of 2TM wi七� h 七woor more inpu七� symbols. 

In七� his sec七� ion，� we consider七� he case of one inpu七� symboエ.� 

The hierarchy tニheoremof 2TM~
l 

can be proved by using七� he fac七

山此�  ζ[2TM工� (L(m，n))] is closed under complemen七試�  ionwhen 

L (m，n) grows atニ� leas七� propor七� iona工七�  o log m or log n. Thus， 

i七� alsoremains open when L(m，n) grows more slowly七� hanbo1ニh 

tニheorders of log m and log n. The proof of七� his七� heoremis 

based on七� hemetニhodof Har七� manisand Berman [工 5]. 

Theorem 2.24 (Hierarchy Theorem of 2TM1) Le七� Ll(m，n) 

and L2(m，n) be cons七� ruc七� ible tape func七� ionsof 2TM1， and 

L1(m，n) satisfies c'L1(m，n) 三� log m (or c'L工� (m，n)ζ 工ogn) 

for every m and n， and for some cons七� an七� c>l. Suppose七� ha七� 

L内 (m 毛， n~) is unbounded and 
L.' 1.' エ� 

・
1申
・

1
…

・1
…・一
1
 

1
4
一

円

�

 

L m n
m一∞
 

・1
+

ーム・� 
1 L m

 
nJ

h
 

一… nu 
(2.24) 

for some recursive工� y enumerab工� e re守� u工ar sequence {(mi ，ni)}. 

Then七� hereexis七� s a 工� anguage L such七� ha七� LE .L [2TM1(L2(m，n))] 

bu七� L4£� [2TMl(Llh，n))1・� 

Le七や (i) 口max{x~lx~=[L~(m4 ， n4)] ， SinceProof. jl.n j-L.....2 'U'j '.'j 

{{ZEli，ni}}is a recursively enumerable sequence andL2(mi ，ni) 

is a cons七� ruc七� ible七� ape func七� ionof 2TM~
l 
，ゆ N → N becomes 

a mono七� onenondecreasing七� O七� alrecursive func七� ion. Le七1t� 

N -+ N be a func七� iondefine設� as follows. Le七千� (j) be t二he 
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number of七� ape squares used七o compu七� e や� (j) by some Turing 

machine. (80， ~(j) depends on iニheTuring machine which_ 

compu七esゆ� (j) • ) 

(ゆ(1) ロバ)

中(j+工=�  min{や(i)I ゆ (j)+~(j) く 中� (i)，� i出工，� 2，・・・� } 

Thus 中� (j) becomes a mono七oneincreasing七0七alrecursive 

func七� ion，� and中� (j)=や (i-!) foど� some increasing sequence of 
3 


natura工� numbers {i
3
鑑}.� Nex七，� we define g N + N from中‘
 

g(x) = max{klゆ� (k)刊� (k) < x} 


Consider七� hepariニial mapping gA A + N， wheど� G
 

詰 司A 口� {xlヨi，x [L (m.!，n.! ) ] } • 
e ・L.ヱ'エ 
  

gA is 七hesame mapping as g， excep七七�  ha七七�  he domain is 


res七ric七ed七� oA.) 工七� is easily seen 七ha七� g" is a suど� jec七� ion.
A 

Because， for all ψ(j+工)� e A (j=l，2，・・・ ) ， 

j.=+l)}く中け(k)叫(k)中max{kl == 工))(j+中gA(

We can see七ha七七�  hereexis七� sa one-dimensional one四七� ape 

Tuど� ing machine M which compu七es g(x) in七hefollowing manner. 

工� fx is守� iven as a unary numbeど，� then M wri七� esg(x) in a 

binary number using a七� most x squares of七he七� ape. M can 

do 七hisby compuiこing中(� 1) ， 中(� 2) ，・・.� consecutively‘ Each 七� ime 

(k)+~(k)中M compares whether )， ，・・・2，(k=l(k)中es七M compu

> x. 工f M is ready iこo use more七han x squares of七� he七� ape 

in the compu七a七� ionof中� (k)，� M can conclude 中 (k}+~(k) > x 

a七� thismoment.) 工� f M finds七hat k̂  is七� hefirs七� k 七ha七
O 

satisfies ゆ� (k)十事� (k) > x， M answers g(x)詔� kO 1and wri七� es i七叩� 

in binary. Now， le七� h N →� N be a surjection which sa七� isfies

七� hefollowing condi tion. For every ye N there exisセI 
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infini七e1ymany x such七ha七� h(x) =y. And h (x) can be compuiニed 

by some one-dimensiona1 one-七apeTurin守� machinewi七hin 

[log n] squares of七he七ape，� if x is given in binary. For 

examp1e， i七� iseasi1y seen七ha七� 

h (x) 思� x 削除�  ax{21. 12エ<x，� i=O，l，・・・� } 

sa七� isfies七heabove condi七ions. 

Now， we construc七� TE 2TM~
l 
(L

2
(m，n)) which diagona1izes 
la11 2TM1(Lェ(m，n))・� AssumeT'E 2TM.(L (m，n)) cons七ruc七S 七he

1e七� usgive T a word w E{a}~' 'of size mxn. Firs七� T simulaiこes 

2

七ape func七ion L
2
(m，n). (T' a1ways ha1七s for any inpuiこ.)� Now， 

2+十� 

T' and marks x squaど� esof iこhes七orage 七ape， n)]，(mヱコe x=[どwhe . 


Then T simu工at二es七heonedimensiona1one-七apeTuring machine 時� 

M tこo compu七e g(x) wi七hin x squares of 1ニhe s七0ど� age七ape. 

Nex七，� T compu七	esh(g(x))， and七henbegins七o simu1a七e iニhe 

l
h(g(x))叩七� h 2TM.， say T....f_ ，，¥¥' with 七heinpu七� w witニhinx ， "'~.1 *h(ヲ� (x)) f ， 

SqUe主ど esof of 七he s七orage七ape. T accep七� s w if T h(g(x)) 

(T100ps 七si七(x)) accep(守sw if Th七and T rejecこ，ejectsitど� 

if Th(g(x)) 工oops).工  f T is ready to use more七hanx squares 

during七he simu1a七ionof Th(g(x)) ， 七hen T rejec七� s w. But， 

l
from Eq. (2.24)， if T....f~fu\ ¥ is a 2TM.(L， (m，n)) and (m，n)=， ~- *h(g(x)) ~..， - -*~ '-1 

(m~ ， n~) for some sufficien1ニ1y 1arge i， T can simu工a七e T h(g(x)) 

wi七hin x squares. 

曹、
� 
2
4

，

T

r

b

 

a

we may a1so assume， wi1ニhou七� 10ssof genera1i七y，� Tj hal七S 

foど� anyinpu七� Since gA is a suど� jec七� ion，七� heど� e exist infi叩� 

口ni七e工ymany x E A such七ha七� h(g(x)) j. Thus，七� herea1so 
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Let L be七he 1angua宮� e accep七edby T. A
r

S

O
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m

L
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吋

‘七n
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a
 

ch 
2TM工� (L

1
(m，n))， tこhe j-七h 2TM工，� accep七� sL ・ 4

 



2+exis七� infini七� e1y many i such七� ha七� aninpuiこ� wE {a}..... of size 

m，� xn. makes T simu1aiニe T. wi七� h w. For sufficien七工� y 1arge 
1 

such i， T can make an opposi七� e answer iニo T~
〕

， and七� hiscauses 

工� 
an con七� radiction. Thus L f$ci. [2TM.L (L

1
(m，n))]. (Q.E.D.) 

2
Coro11ary 2.25 Leiこ� f N + N-be a shape funciニion. 

1fLeiこ� L1(j) and L
2
(j) be cons七� ruc七� ib1e七� ape func七� ionsof 2TM........， 


and L1(j) sa七� isfiescoL1(j) と工� ogm (0ど� C.L1(j) と工� ogn) 

2+for every inpu七� w ~ {a}.....， and for some cons七aniニ c~l ， where 

j is七� he index of w and f(j) (m，n). Suppose七� ha七� L
2
(ji) is 需� 

unbounded and 

L

m
 

・吋，� 

∞
 

・1
41
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for some recursive1y enumerab1e increasing sequence of na七� urと:tl� 

numbers {j i }.Then七� hereexis七� s a 1anguage L such七� ha七� LE 

1f，_ ..1 _r~_..lf
oe[2TM.....~(L2(j))] bu七� L ~ ~[2TM""'~(L1(j))]. 

2.6 Lower Bounds on Tape Growiこh

工� n 七� his section， we consider 10wer bounds on tape grow七� h 

of 2TM. As we have seen in Theorem 1.4，七� hereexis七� s a non-

七� rivia1 10wer bound 10g工� ogn， in 1こheone-dimensiona1 case. 

Bu七，� we wi11 show iこha七七�  here is no such 10wer bound，� in七� he

七� wodimensiona1 case. Ac七� ua11y，� i七� wi11 be seen 七� hatany 叩� 

tニ0七� a1recursive func七� ioncanno七� be a 工� owerbound of cons1こruc七土叩� 

b1e七� apefunciこions. 
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1f
We firs七� consider七hecase of 2TM~~. Foど七�  hispurpose 

we show the next 1emma. 

Lemma 2.26 Letゆ� N -+ N be an aど� bitrarymono七one 

nondecreasing function七hatこ� sa七isfies 1imゆ(n) =∞ And 
γ、ω 争� co 

1e七中� andηbe the fo1工owingfunc1こions.

中� (x) min{nlゃ(n+1)>x}口� 

(x)>n} ゆmin{xl ;::: η(n) 

Then，ゆ� (n) 器� η(n). 

Pど� oof. Since中� (n) is a monotone nondecreasing function 

such七hatkとまや{ロ}口∞，� for every nO E N 七hereexis七� n1，n2t 

N which sa七isfy n1~nO三n2 and ゆ� (n
1
-工}くや� (n

1
)抗争 (n

o
);:::争� (n

2
)く

争� (n2
十� 1). (For the sake of convenience， we assumeや� (0)=0.) 

Thus， foど� every n' such 七ha七� n工ご~n' ~n2' 

中(中� (n')) = min{nl中� (n+1)>中� (n智)}出 n
2

中(中� (n工由工)) min{nl中� (n+工)>や{ロ工吋 1)} 出� n工司工‘出� 

And since W(x) becomes monotone nondecreasing， 

min{xl中� (x)乙no} 手中� (n
o
). 

According1y，� η(n ) ;:::や (n ). (Q.E.D.)
o o 

The fo11owing theorem sta七es 七ha七� for an arbi七ど� aryslow 

mono七onenondecどeasing七o七a1どecursive functionや� (j)，七� heどe 

exis七sa 七apefunc七ion L(j} which is cons七ruc七edby some 

工f
2TM~~ and gど� owsmore slow1y七hanや(j) . 

Theorem 2.27 Le七 f N +N2be a reC11ど� siveshape 
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func七ion (i.e. an effec七ive1ycompu七ab工e shape func七ion) 

such 七ha七 lj空~up(min(f1(j) ，ち� (j))) =∞， wheどe f1 and f2 
aどe 

func七ionsfどomN in七o N which sa七isfyf(j)需� (f工(j)，f
2
(j)). 

Le七中� N + N be any mono七onenondecreasing七0七a1recursive 

function such七ha七� 1irnや(j) 認∞  Thentheどeexis七sa rnonotone 
J+∞ 

nondecreasing七ape function L(j) which is construc七edby sorne 

1f
Tε2TM~~(L(j)) and sa七isfiesL(j)く中� (j) and +irn L(j) = ∞ 

ョ→∞� 

Proof. First，1e七中� N N be 仰が� 

(j+1)>x}.ゆmin{j! == (x)中� 

As 争(j) is a cornputab1e七0七a1func七ionand 1irn中(j) 出∞，� 
J+∞ 

中(x) is a1so a cornpu七ab工ernono七onenondecreasエng七0七a1func七ion 

and 1irn中(x) ==∞ Nex七� 1e七� f' and f be func七ions frorn N in七。� 
x+∞ 

N defined as fol1ows. 

f' (j) = rnin ( f 1 (j) ，f 2 (j ) ) 

f ( j) =rnax { f' (i)! <三 j} 

Since f
1 

and f
2 

are cornputab1e and rnin(f1(j) ，f
2
(j)) is 

unbounded，七hesefunc七ionsare a1so cornpu七ab1eand unbounded. 

By七heway， i七� isknown七hata 七wo-coun七erau七ornaton十� is 

univeどsa1，� and ac七ua11y，� a 七.wocounterautorna七oncan simu1a七e叩� 

a ]屯山 coun七erautこoma七on by coding k coun七ers with a number 
k x~
TTp~ .L， where x~ is七hecontent of七hei-出� coun七exandpi 
i==l品占�  

is 1ニhei田七h prime (Minsky [29]). Thus we can cons1ニどuc七� a 

七wo-coun七erau七orna七onM which cornputes七he func七ionf(や(x)) 

十� A two-coun七erauiこornatonconsis七s of a fini七e叩� S七a七econ七ど01 

and七wocoun七erseach of which can coun七� anonnega七iveintegeど.� 
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in七he fo110wing manner. Le七� c
1

and c
2 

be iニwocounteど� sof 


M， and 1e七� Ic 1 I and I c 2 I deno七e 七henumbers七heycoun七.
 

M begins the compu七a七ior¥of f(中(x)) from Ic11拡� 2
x，� I c21 =0， 


and ha1ts with IC11=2xx3f(ゆ(x))，� IC
2
1=0・� Now，we cons七ruc七
 

山a somewha七� diffeど� en七 七� wocouniこをきど� automa七onM' from M. M' 

is an au七oma七on七ha七� compu七es f(中(l)) ， 王{中� (2)) ，・・・� and never 

ha工七� s. Le七� ciand cibe two coun七ersof M'・� M' s七ar七s i七s 

computation from Icil位。，� !Ci| 0・� Firs七� se七七� i勾� Icil 2工� M'口 出� 

And M' finishes (1)).(中.fes七eM and compu七o simula七ins守be 

七hesimu1a七ionof M， resu1ti的叫七h Icil=21x3f(中{工))� ICil=o・� 

Nex七，� M' makes Icil=2~
2 

， and七henstarts七o simu1a七e M again 

七o compu七e f(中(2) ). M' repea七s セhispど� ocedureinfiniセe1y 

many七imes. The x叩� th series of M' is a sequence of movemen七s 

of M'， b句� unwith Icil=2
x
， Ic21泣� 0，� and finished with Icil=2x吐，� 

ICil=o，and f(中� (x)) is compu七ed in this period. Le七� a(x) be 

七he max工mum numbeど� 1 and ~..~ c~coun七edby c~ -2 in the x-七h series 

of M'. We design M' so七ha七� both counters counts a(x) in 

七hispeど� iod. Obvious工y，a(x)>f(手(x)) for a1工� x.

エ£� Now，we consideど七�  he fo1工owing 2TM~~ ， T. Suppose an inpu七
 

2+ 

w 6{a}i' of size f工(j)xf2 (j) is given七o T. T simu1a七es七he 

movemen七s of M series by series，as far as min(王工� (j)，f
2
(j))事� 

〉ミミ� (x). T can do 七hisby simu1a七in守� the 七wocounters of M' 


by七heposi七ionof七heinpu七� head of T. Eveど� Y tニime M' finishes 


one series of movemen七s，T marks a new square of七he storage 


七ape. Le七� L(j) be the七apefunc七ioncons七ruc七ed by T. Then 


from Lemma 2.26， 


f'(j)}-lミ二= min{xla(x) L(j) 
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く� min{xla(x)三王(j ) } 叩� l 


三� min{xlf(中� (x))三 f(j) }叩 l
 

< min{xl中� (x)汁} - 1 


指令� (j) 叩1.
 

Thus L(j)くや� (j) is conc1uded. Fur七heど� moど� e L(j) is monotone 

nondecreasing and +im L(j) =∞， because f' (j) is an unbounded 
J-+∞ 

monotone nondecreasing to七a1 recursive function. (Q.E.D.) 

Apparen七� 1y the shape func七� ion s(j) (j，j) is a recursive 出� 

mappinヲ� so七ha七七�  henext coro11aど� y can be ob七� ained. 

Coro工1ary 2.28 Le七中� N -+ N be any monotone nondecreas叩� 

C回ing七ota1 recursive function such七ha七� 1imゆ� (m) Then， 
m仰が� 00 

七hereexis七� sa mono七onenondecreasing七ape function L(m) 

lswhich is consiニructedby some T E 2TM..L..;;> (L (m)) and sa七isfies 

L (m) <令 (m) and工imL(m) =∞ 
m却炉∞� 

Forゆ� which is no七� amono七� onenondecreasing func七� ion，� 

we can derive七he.nextcoど� ollary. 

勺
4

門
�
 
J
h
 

G
J
 

Le七� f N -+ N~
2 

be a recursive shape ど-ムームc
 
o
 
r
 
o
 

a
 
y
 where f and ∞， (j)))=f2，(j)工511p{min{f型1i七ha七ionsuch七func

13 
f
2 

are func七� ions from N into N 七ha七� sa七� isfyf(j)=(f
1
(j) ，f

2
(j)). 

Leiニ や� N -+ N be any 七0七とま工� recuど� sive func1ニionsuch 七hat 

七ape func七� ionL (j) which is constructed by some T E 2TM (L (j) ) 

l~msup や (j) 口∞ Then there exists a monotone nondecreasir可� 
J-+∞ 

ヱf

∞
 

..L..L 

m 一一
『

and satisfies 工iminf(L(j)/中(j ) ) nυ ・1
4叩�

 

1
ム・吋� 

.，可 La
 
n
 

-G ∞2
4
 J-+∞ J
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C
 

Proof. Le七中� (j) = max{中(k) I 三j}. 中(j) becomes a 
〆‘、

.「， onenondecreasing funcionand saisfies (ji) 七 七 七 やmono
-
1
 

we apply Theorem 2.27 j ). Bu here by couning he七 や( 七， 七 七o ， 

number of serieses of M' on the s apein a binary 七 七orage

number T can cons he apefuncionL(j) such ha七 七七 七 七 七 七ruc， 

J
 

for some incどeasingseョuenceof na七11ralnumbexs{ji}. Now， 

A
U
r
-

1
4
4
J

i

+

}

 

m
 

1
E so 七ha七 L~minf 

Nex七，� we consider七hecase of 2TM~ 
l 

where七heshape of 

∞
'・・1


・4

・
�
 

くL L (j) 沼∞�  Bu七� L(j.; ) ~log (や (j.;)) holds 
l'

{

O

O

3

r

n

 

l
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u
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e

d

q

d

e

(

s
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u

f)

e

}

n
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e

 

n
H)

c

 

φ

'

e c
 

、
�
 
σ4

・
�
 
z

t

l

子品� 
(L (j) /中(j ) )詰 ois 

J-+∞ 

(Q.E.D.) 

七heinpu七� is no七� res七ど� ic七ed. 

2

Defini七ion. A func七ion中� N--+N of iこwo variables is 

said七obe monotone nondecreasing， if や(m，n)三中� (m'，n') holds 

for every (m，n) and (m' ，n') such 七ha1ニ� mくm' and nくれき.� 

守onenondecreasin七N be a mono-+ N
2

七争Leem2.30 どTheo

七0七alどecursive function such七ha七� lim中(n，n) ∞� Then，� 
n-+∞ 


七hereexis七s a mono七onenondecどeasing七apefunc七ionL(m，n) 


1

which is cons七ruciニedby some T E 2TM..L (L (m，n)) and sa七isfies 

L(m，n)くや� (m，n) and lim L(m除，� n~) = ∞ for any sequence of 
i-+∞ エエ�  

paiどsof na七uralnumbers {(m~ ， n~)} such七ha七工� imm. ぉ∞�  and 
l' l' i-+∞ 

ム1mn. =∞
i-+∞ l 

Proof. 工法七や，� (m)獄中� (m，m). Then， from Corollary 2.28， 


七hereexis七sa mono七onenondecreasin守七ape funciニionL' (m) 


〈
�
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lsIT ，which is cons七ruc七edby some T'ε2TM...."" (L' (m)) and sa七isfies 

LI (m)くや� '(m) and 1im L' (m) 00. Now，we consider T" E 2TM
1 

m-+∞ 

which is precise1y七he same as T' excep七七ha七七heinputs are 

no七� restric七ed to square-shaped ones. From Theorem 2.27， 
2+it is easi1y seen 七ha七� if an inp¥ユセ� w E {a}"" of size mxn is 

2十
given to T"，T" ac七sas if an inpu七� w'E {a}:' of size min{m，n)

S 

xmin{m，n) is given，セhus T" uses L写� (min{m，n)) squares of七he 

S七orage七ape. 80七he tape func七ionL{m，n) cons七ruc七edby T" 

is as fo11ows. 

(if m三n) 
L{m，n) = ~ 

~ L'{n) (if m>n) 

Thus if m~n ， L{m，n) = L' (m) くや� '(m) =ゆ (m，m) 三ゆ� (m，n). 工n

セhecase of m>n，L{m，n) くや� (m，n) ho1ds as we1工� Fuど七hermore，

-
-
s
 

t

u
e
 

O

∞
r

(Q.E.D.) 

From above七heorems，it is known 七ha七� anarbi七rari工Y 

slow七apefunc七ioncan be cons七ruc七edin七herange of七ota工� 

recursive func七ions by 2TM (even if七henumber of inpu七� symbo1s 

is on1y one). These resu1七sand the hierarchy theorem assures 

七ha七七heどe exis七sa dense hierarchy of 1anguage accep七abi1i-

七ieseven be10w an arbitrari1y sma11七apecomp1exi七y. 工tこ� 

con七ras七ss七riking1ywi七h 七he fact七hat，in七heone-dimensiona工� 

case，there exis七sno c1ass of七apecomp1exity between the 

c1ass of fini七G叩� S七ateau七oma七aand七hec1ass of tape comp1exity 
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Bu七，� of couど� se，七� hereare many non-compu七� ab1efunc七� ions 

which grow moど	 e s1ow1y七� hanany cons七� ruc七� ib工e 七� apefunc七� ion. 

-1，
For examp1e， B -(n) min{mIB(m)三n} is such a func七� ion，� where出� 

B (m) is七� hebusy beaver functニion defined by Rado [41]. 


Because B(m) gど� owsmore rapid1y 七� hanany recursive func七� ion.
 

2.7 Some S1ow1y Growing Tape Func七� ions 

As we have seen in tニhe previous sec七工� on，� Theorem 2.27 


and 2.30 guaど� an七� ee七hatニ七� hereexis七� san arbi七ど� ari1ys10w 


cons七� ruc七� ib1e 七apefunc七� ionin七� he case of 2TM. Butニ七� hese


七� heoremsdo notニ� giveconcre七e examp1es of s10w工y growing 


cons七� ruc七� ib1e七� apefunc七� ions. 工n 七his seciニion，� some examp1es 


of very s10w cons七ructib1e七apefunc七� ions are shown. 1n 


whai二� fo11ows，� we especia11y consider七hecase of 2TMs. 


2+

Le七� W，� {O，1}:' be a se七� ofsquare shapedwords on {O，1}
叩� 

よ� S 

defined as fo工1ows. Le七� w(i，j) deno七� esiニhe inpu七� symbo1a七

七� he (i，j) square (i.e. 七� he square aiニ七� hei-th row of七� he申� 

叩jthco1umn ) of w E W
1・工 �  f w is a word of size mxm， then 

w(i，j) =工千手  (iE11̂  j E12)V (iE工� 2^jE1ジ，
 
1 ~ 2 ~r ， r， I ~k
r=max{kI2凡.L 	，，， ・・・-，2，{2-'-l…2工..Lm}-・・・，2~，工，={工，..Lwhere 1 L - I .lLl J ， - L. 	 ，" - - 2.L}， <m}.- -	 J ， -.1UQ..l¥，. ls'¥. ! 枇  

We can see七� ha七� 2T54sneeds no square of七� hes七� orage七ape七0 

acceptニ� W
1・� 

Le次郎�  a 2.31 W工� E <i[2TM
s
(む)]・ 
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s pど� oof. We cons七� ructM
1
E 2TM~(O) which accep七� s W

1 
in 

七加剖�  10wi珂� rnanner. Assurne an inpu七� w e-{O，工� };+isqiven 

七� oM1 

Pl Y Y2 Y3 Y41 

卜¥� >> 1>> 軒� 111薪X1 J見� iY [!f 
/yN 1/1 A1I111I1/1 1111I 

X2 k 1/1N-. LY 1tL1 1111..11J1L1 LtlJJt111W 
11J 1才同;� iAI1T TT1/i -T7r.T1Tl 
出!メ !ス 11 |ヌ 1/ 

J1 X ?¥ 1/ / 

X3 lk 111出� 11'1-. IY111 M 111m 
ν IXk / 
j号� 1/ 「¥� V 111 

11111 1;;ギ� N 
1V 11/ Vは� 
1J f / |¥ 
A1/1 1 11 ψ ¥ 呼� 

11% / ト¥� 

X4Ik 111 111111制� 111111 111!立m 
11 IV 大� iP2 

Fi号.� 2.4 Recognit二� ionof w E: w
1 

by M1・

{工 M
1 

firs七� scansw， row by row and co1urnn by co1urnn 

七� o check whe"tニ her七� hesquares in which七� he "tニ ape syrnbo1s 1's 

are wri七七� en forrn cross s七� ripes. 

(2) Nex七，� M
1 

checks whe七� her七� henurnbers of ver七� ica1

エ� ines (i.e. ver七� ica1s七� re七� chesof syrnbo1 

1ines are equa1， and七� heyare in七� he syrnrnetrica1 posiiニ.t� ons 

(i.e. a ver七� ica1 1ine 工� ies in 七� hei司七� h co1urnn ~ a horizon脚"�  

tニ� a1 1ine 1ies in iニ� he i-七� h ど� ow). M1 can do t二� hisby rnoving 

七� heinpu"tニ headfrorn七� henoriニ� h-wes七� corner七� 0 七� he sou七� h叩� wes七� 

corner (frorn P1七� o P2 in Fig.2.4) 七� ornake sure七� haiニ� every 
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ver七ica1 1ine in七eど� sec七� ssome horizon七a1 1ine on七hediagona1 

工ineof七he七ape. 

(3) 	 Fina1工y，M
1 

checks wheiニhera horizon七a1 1ine 1ies 

kon1y a七� every 2"-討1 row (k=工，� 2，・・・� ). Assume 七haiニM
1

has 

a1ready asceど七� ained七ha七七�  hisproperty ho1ds for iニhe エー� s1ニー� 

叩2
1

tニh row. M， now checks wheiオlera hoど� izon七a11ine工iesaiニ
l 

七he2i+1一七� h row bu七� does no1ニ� 1ie be七.ween七he 2 叩七� h and 七he 

2
i+工

時七� h row， in 七hefo11owing way. Le七� x~ and y;; be 七he 
l 

l
(2.....，工}時� squareand七he (1，2.....)-square respec七iveヱy. M

1 
firs1二� 

brings七he inpu七� head from x. 七oy;;， and tニhenmoves i七� fどom 
1 ""1 

l エ向上
yi七o x

i
+
1 

a10n守� a 1ine of a s工ope2. 工七� isa1ニ七� he (2.....，2 品)叩� i 

square 七ha七� M
1

firs1ニ� finds a veど七� ica工� 1ine on 七heway from 

yi七o xi+1' M1
七henexamines 七ha七� a horizon七a工� 1ine 1ies 

ー� )-squareand 

xi+1・� S七ar七ingfrom七hepoin七� x1'M工� repea七S 七hispどocedure 

un七i1M
1 

reads a border symbo1 of 七hebo七七� omedge. 

M
1 

can accep七� W by accep七ing七heword w if and on1y if
1 

i七� sa七isfies七hecondi七ions examined in (1)一� (3). (Q.E.D.) 

(k) 骨 *

Le七� 1og'Ho/  m，� exp m and 10g m be 1ニhe func七ions from 

(NU {O}) in七o (NU{O}) which are defined as fo11ows. 

{工)
[工 og m] 

(m=O) 

(m>工}� 

1oq(k+工)og' 'm 10g(工) (log(k)m) 

(2) 
官� 

exp 0 =エ
官� 

*exPE11 exp (m+工=�  2 

骨*�  

(3) 10g m ロ� min{xlexp-x > m} 

1
atLXi十� l' bu1ニ� doesno七� 1iebe七ween七he (2.....，2

叩よ1，，� 
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_ _ _ _ 

(k)_ ，__*_ __-" ，__(工)脅Theセape func七ions 工og\'~/m ， 10g m， and 10g\~J 10g 

be cons'tこど uctedby some 2TM~
S 

with 七woinpu七� symbo1s. 

Theorem 2.32 Let L:={O，工}.� Theど� e exist T
k
e 2TMs 

I 1')m""s ，.. 脅，~_..s__(k) _¥
{工 og¥nl  m)，T 6 2TM'"(log m)， and T' e2TM'"(log¥..1..
 

__(工}/ 10守� m) which 


(k) ま{工}肯
construc七七�  he七� apefunc七� ions 工0守� m，� 10守� m，� and 10g\~'10g m 

respec七� ive1y. (k=公工，� 2，・・・� } 

S 

2 
E 2TM'"(0) which behaves ，.，M 

as fo1工ows. Assume七ha七� weW
1 

is given七� oM
2・工�  fM

2 
begins 

i七� smovemen七s se七七� ing七heinpu'tニ heada七七�  he (x，l)-square 

{工}
of w，七� heni七� ha1七� sa七七� he (log\~/x ， 工}岬 square. M

2 
can be 


easi1y made up， if we no七ice七hat七heどe are 10守� 
(1)

x hori忽� onta1
 

1ines aboveセhex-七h row of w. Moving upwords squaど� eby square 


fどom七he (x，工)叩� square，� M
2 

shif七� S 七heinput head by one square 


七0 七herigh七� wheneveど� M
2

mee七� sa hoど� izon七a1 1ine. Thus M

2 


(1)

can reach七he (l ， log\~/x) 四 square. Then M

2 
moves七heinpu七� 

head七0 七he sou七h-wes七� diどec七iona10ng a 工ine of a slope 1， 

{工}and ha工七� sa七七� he (log\~Jx ， l) 叩 squaどe. 

(k)
Tk e2Tr.f-'(log\'~' m) which cons七ど� uc七� s'tこhe七apefunc七ion 

Proof. Firs七，� we cons七ど� uc七� 

エog'
(k)_ f.-. ， 1 2+


{o，l}S 
_， _....__ .c: __ 

m ac七� s as fo工10ws.
'T .c: ~， _. .... .. 
工fan inputw e of size zIlxn


_ 
. 


is given， T
k 

firs七� simu1a七es M
1 

in Lemma 2.31 to examine 

whether w EW 
1・� If W$W

1
，九� immediate1yha1ts場 日 �  0七� herwise，� 

T
k 

brings七heinpu七� head七o the (m，l)-squaどe，� and simu1a七� es 

M ， k 七� imesover aヲain. By 七his，� the エロ� put head of T
k 

comes 

(k)
七o the (log，n'm，l)叩� square. Then T

k 
moves 七heinpu七� head

七o the (工， l)-squarea工ong七he firs'tこ co1umn. By movin守七�  he 
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_ _ _ _ 

head，� T
k 

can七heinpu1:こ h七ywi工apehead synchronous七orage七S 

(k)エog''''msquares of七� he s七� orage七� ape. 

S 会� (1) 
We can a1so make up T E 2TMs(log -m) and T' E 2TMs(log曹

合 {工)合
工og

世

m) which cons七ruc七七�  he七� apefunc七ヱ
z

ons 10g m and 10g 工ogm， 

1:ニsimu1ain a simi工arway as in T1•• T firs七k. es t<1
1

七� o check 

1
.

1 2 

七he (m，l)叩� S弓� uare. T simu1a七es M
2 

a守� ain and again un七i工守

世� 

whe七herw E W 工� fwE W ，七� hen T begins七� o simu1a七� e M from 

comes七� 0 七� he (1，工)叩� square. T can mark工og m squares of the 

ions 1:こa工hesimu七imesof七henumber of七ing七apeby coun七igeとor七s 

of M
2 

in an unary number. Simi1ar1y， T' can cons七ruc七七�  hetape 

(工)，-~-*func七� ion 10g 工ogm in the same way as T， excep七� t二ha七� T' 

counts 七� his number in binary. (Q.E.D.) 

From Coro11ary 2.23，七� hehierarchy of工anguage accep七� a-

y c1asses can be derived. 1:二apecomp1exi七hese七amongbi1i七� ies

meorem 2.33 ol[2TMs何日早�  ol[ 2TMs(log(工)工 oJm)]

年£� {2TMS{loJm)]年J:..[2TMs(log (k+工� )m)] ~ of[2TMs{log(k)m)]・� 

(k出� 1，2，・・・� ) 

Proof. We on工y consider七here1ation be七ween a.[2TMs 

rnuS n ，.， k+1 ) _ ¥1 .P r
{工ogAI~/m)] and ~[2TM~{ 工og

(k) 
， n'm)]. The other re工ationscan -'" 

be proved工ikewise. Le七� {mi}be an increasinqsequence o£ 

脅� 

-
1
一一

4
2

一

1
4
 

∞
 

エ
m~ 1:二ha七numbers such 

o--

q

J

o

 

出� 

q m
 

= 
i + exp k. Then，na七� uどとu 

)
一
一

+
一・、一

ー、� K
7

1

 

m
Kj

'

1
4

・
エ
+

可ム・� 1-
m o.
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(k+工)_� _ ，__(k)
And 工� og''''-'m ~ log''''m holds， thus from Coro工工� ary2.23， 

rl [2TMs(工 og(k+l)m)] ~ c!: [2TMs(10g(k)ωis concluded. 

(Q.E.D.) 

2.8 Concluding Remarks 

In七� hischapter， a 七� ape-bounded七� wo-dimensionalTuring 


machine was introduced， and its basic proper七� ieswere inves七l…
 

gated. 日� specia工� ly，� two impor七� anttheoど� emswere pど� ovedhere. 


They are 七� hehierarchy七� heorem (Theorem 2.工� 9) and the七� heorem
 

concerning the lower bounds on七� apegrow七� h (Theorem 2.27). 


These theorems asser七七�  ha七七 �  hereexislこsa dense hierarchy 


of accep七� abi工� ities among 2TM. 


Here， we defined七� he七� ape function L(m，n) as a function 

of七� hehorizon七� aland ver七� ical side工� eng七� hsof七� heinpu七，� 

ra七� her七� han a func七� ionof七� he area of it. Because， no七� 

only 七� he former defini七� ionimplies tこhe la七七� erone， bu七� 

a工� sowe can charac七� erize even a class of七� wodimensional申� 

セ� apeau七� oma七� a Wl七� h non-isolこropエ� c computaセエ� onalpowers such 


as parallel-sequen七� ialarど� ayau七� omaton (Rosenfeld and Milgram 


[44]) by七� hisdefini七� ion (this is discussed in chap七� er 3). 


Fur七� hermore，� by considering七� he shape func七� ionf :N+N2， 


we can easi工� y and uniformely inves七� i守� a七� e 七� heacceplこabilities
 

of 2TM on七� heres七� ric七� edinpu七七�  apes.
 

The model of 2TM defined here has、� onlyone one-dimen叩� 

sional sセ� orage 1こape. However， when we consider七� hetape 
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cornp工exity，七� henurnber or 1ニhedirnension of the s1ニorage七ape 

does no七� affec七七�  heaccep七ability of 2TM. Ac七uaエエ� y，七� he

。七� herrnode工ssuch as ones wi七hrnu11ニistoどage七apes 0ど� a 

rnul七idirnensiona工� s七orage1ニapecan be sirnu工a七edby七he叩� 

original rnodel，because七henurnber of s七oragetape syrnbo工s 

is arbitどary. 80， this rnodel seerns七obeどeasonable. Bu七，� 

if we consider 1ニhetirne cornp工exi七Y of 2TM，七� henurnbeど� or

七hedirnension of 七he s七orage1こapewiエエ� becorne irnpoど七� an七.

工n sec1ニion2.7， sorne exarnples of very s工owlygrowing 

cons七ruciニib工etape func七ions were shown. The func七ion

(1)，__*
log 工ogrn was七heslowes七七�  apefunc七ionin七heseexarnples. 

Of course， fどornCoro工工� aどY 2.28， we can consiこど� uc七� a 七ape

{工)，---*func七ionwhich grows rnore slowly七hanlog 工ogrn. But， iiニs 

concre七e exarnple (an examp工e of a fami工iarfunc七ion) is no七� 

known. 
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CHAPTER 3 

SEVERAL TWO-D工MENSIONAL TAPE AむTOMATA

工n 七heprevious chap七er，� we in七どoduceda 七wo-dimensiona工� 

Turing machine as a mathema七ica1mode1 of七wodimensiona1明� 

informa七ion processing. Bu七，七here are s1こi1工� manyother 

mode1s of七wo-・dimensiona11こapeau七oma七a. The no七ionof 

tape comp1exity is，in some sense，a specia1 measure of 

compu七a七iona1comp1exi七y，� so七hatこ� wecannot a1ways charac七er叩� 

ize any au七oma七onby i七� However，� in七he七wodimensiona1叩� 

case，七hereexis七� manyautomata which are characterized by 

means of七apecomp1exity ・工n 七hischapter，工anguage accep七a山� 

bi1iセies of severa1 such automata are inves七iga七edsys七em叩� 

a七ica11yfrom七hes七andpoin七� of七apecomp1exi七y. 

3.1 Definitこions

工n 七his sec七ionwe define severa1七wodimensiona1七ape叩� 

au七omata. They aどe a 七wo-dimensiona1 finite S七a七e au1こoma七on，叩� 

a 七wodimensiona1mu1ti叩� headau七oma七on，� a 七wo-dimensiona1叩� 

mu1七i叩� markerautomaton，a two-dimensiona工� 1inear-bounded 
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au七oma七on，� a paど� a11e1町� sequen七� ia1aど� ray au~ニ oma1ニ on ， and some 

vaど� ian七sof a paど� a11e1-sequeniニia1array au七omaton. These 

au七� oma七a a1so have rec七an守� 1e-shaped.inpu七� s，� and weどegard

七hemas accep~ニ ors of iニwo-dimensiona1 1anguages. 

蜘3.1.1 TwoDimensiona1 Fini七e-S七a七eAu七oma1ニon (2FSA) 

A iニwo-dimensiona1 fini七e-s七a七e au七omaiニon [5) consisiニS 

of a ど� ec七an守� 1e-shapedinpu七七�  ape (which is七he same as in 2TM) ， 

叩a four-way readon1y inpuiニ� head， and a fini七e四� S七主主七� econ七ど� 01. 

Forma11y a deterministic two-dimensional finite叩� state 

automaton is defined as a 6間七� up1e 

M = O，句。，� F)，，B2:，，(K 

y七is a nonemp 2:，es七a七ofs 七e se七y fini七where K is a nonemp

fini七e seiニ� ofinpu七� symb01s，qoeK is an inHニia1s七� ai二e，� 

B is a boど� deど� symb01of七heinpu七七�  ape，� and FC K i s a seiニ� 

U{B})2:Kx(of七o is a mapping from a subsees.七a七of fina1 s

in七o KX{N，S，E，W，H}，where {N，S，E，W，H} is a se七� ofmove 

diどec七ionsof七he inpu七� head. M ha1七� sfoど 七 �  hee1emen七� of 

defined.七on which o is noU{B})2:X(豆� 

The c1ass of deiニerminisiニic七wo-dimensiona1 fini七e-s七a七e 

au七oma七a is deno七ed by 2FSA. The no七ionof七heaccep七ance 

(of a word or a 1anguage) is similaど七�  0 七hecase of 2TM， 

so i七� sdefini七� ionis omi七七� edhere. 

3.1.2 Two四Dimensiona1Mu1七i四日� eadAu七� oma七on (2M.HA) 
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A 七� wo-dimensiona1mu1七� i叩� headau七� oma七� on [23] consis七� s 

of a どをき� C七とま� ngu1arinpu七 七� ape，� a fini七� enumber of fouど叩� way 

e con1:ニ e sta皿七and a fini，heads七readon1yinpu 1.0七ど明� 

Forma11y a deterministic two叩� dimθnsional multi-head 

automaton is a 7-tup1e 

M (K，� E， 0， k， qo' B， F)，掠� 

where K， E，qo' B， and F are七� he same as in 2FSA， k is the numbeど� 

of inpu七� heads，� and 0 is a mapping from a subse七� of哀� x(EU{B})k 

k 
ofKxO:U{B}} 七M ha1ts for the e1emen}fi.，日� W，E，S，oKx{N七in 

on which o is no七� defined. Note that each input head canno七� 

sense七� he 0七� herheads even if七� hey are on the same square. 

edby 七headautomata is deno・附erministickセThe c1ass of de 

2MHA(k}， and U
00 

2MHA(k} is de∞七�  edby 2MHA. 
k=工� 

叩	 向3.1.3 TwoDimensiona1 Mu1七� iMarkerAutoma七� on (2MMA) 

甲	 剛� 23] is a ，[5on七omaこauiどkeどwodimensiona1multi-ma	1:ニ A 

2FSA wiiニh a finiiニenumber of markers which can be placed 

on iこheinpu七七 �  ape. 

Forma11y a determinis主� ic two dimensional multi marker柑	 仙� 

automaton is a 7叩七� uple 

，	F)，B，qO，k，o2:， ，(K=M 

and F are i，qo' B2:， ，where K こhesame as in 2FSA， and k is 

七� he number of markers. Bu七，� K mus七� bea diど� ec七� produc七� of 

some finiセ� e se七� K and {O，1，・・・，� k} (i.e. K=K'x{O，エ，・・・，� k} } ，き� 

k}，工，・・・，{oegeri E沈The ir'. E Kand qO= (qu' k) for some qo 

maens七� henumber of markers possessed by七� hefini七� e町� 
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contro1 of M. 0 is a mapping from a subset of KxO:U{B})x{O，l} 

in七o KX{N，S，E，W，H}x{O，l}. 0 and 1 mean the absence and七he 

ex~s七ence of a marker on七he tape square 七hat担� is scanning. 

Fur七hermore，� 8 must sa七� isfy七hefollowing condi七� ions. suppose 

，y)，d，j)よ，((q=x)，a，i)(弓~，8 ( 

}，l，{Oy E，x2::，E，k}，・・・，l，e {Oj，i，，some qjlどfo qz;ex' a d E 

{N，S，ぉ，W，H}.

(工}工  f (x=O and y=O) or (x=l anさ� y=l)，七� heni=j. 

位(2)工  fx出� oand y出� 1，� then i-1 j. 

(3)工  fx口� 1and yロ� 0，七� heni+1=j. 

The c1ass of deterministic七wodimensiona1k叩� marker叩� 

au七omatais deno七edby 2削� A(k)，� and U 2MMA(k) is deno七ed 
k=l 

by 2MMA. 

3.1.4 Two-Dimensiona工� Linear-BoundedAu七omaton (2LBA) 

A 七wo-dimensiona1 1inearbounded au七oma七on [2，61] consists 叩� 

of a rec七angu1aど� input七ape，� a fini七e-s七� a七econ七rol，� and a 

fourwayread/wri七e head which can free1y read or wri七e a 四� 

七apesymbo1 on the inpu七七�  ape (Fig.3.1). 

Forma11y a deterministic two-dimensional linear-bounded 

automaton (2LBA) is defined as a 7-七しlp1e 

，B，qO2:，，(K=M f， o， F)， 

is 2: ~f，in2FSA 出hesame七and F are，qo' B2::，，where K 

a fini七e se七� of tape symbo1s， and 8 is a mapping from a 

subse七� of Kx(f U{B}) into KX(f U{B})x{N，S，E，W，H}. 
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Fig. 3.1 A twodimensiona11inearbounded叩 同� 

au七oma七on. 

3.1.5 Para11e1Sequen七ia1Aど� rayAu七oma七on (PSA)町� 

A para工1e1-sequen七ia工� arど� ayau七oma七on [44] consis1こS 

of a rec七an守u1arinpu七七�  apeand a scanner which can move 

veど� tica1工y on the tape in two ways (Fig.3.2). The inpu七

七apeis divided into mxn squaど� es，and border symbo1s are 

at七ached七0 七henorth and the sou七h edges of i七� The scanner 

is a horizon七a1 array of n iden七icalfinite-s七&七� e automa七a 

1 _2H(each of which is ca11ed a cell) c~ ， C ，・・・，� C". (Hence 

七he number of cel1s depends on七he size of an inpu七� The 

i時七� h ce工1 c1 is posi七ioneda七七�  hei一七� h co1umn of七he七ape，

七hus ci 
can read七he七apesquares of七heヱ-th co1umn. C1 
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i-ltransi七siiニs s七a七e depending on七hepresen七� S七a七esof c~ ~ 

i ~i+l ~i 
c~ ， c-.-and七heinpu七� symbol 七ha七 C~ is reading. And C 

de七ermines the shifiこ� direc七ionof七hescanner depending on 

iiこs sta1こe. 

. . BB 5 

aユユ� a12 a1n 

. aー-a21 a22 2n 

(1  (2  . Cれ� SCANNER 
. 

.a a . 主総� 1m1 m2 

.B B B
一

4・

INPUT TAPE 

Fig. 3.2 A parallel-sequen七ialarray au七oma七on. 

Formally a deterministic parallel-sequential array 

automaむon (PSA) is an 8-tこuple 

M = (Q，E， 0，入，� qo' B，e，F)， 

where Q is a nonemp七y fini七e se七� ofs七a七esof each cell， 

i.: is a nonemp七y fini七e se七� ofinput symbols，qOe Q is an 

ini七ial s七a七e of each cell，B is a border symbol of七he 

input七ape，e is an edge S七ate symbo工� for the edge cells叫� 

c1 and C
n

ぬ円切�  }=O)，and FCQ is a se七� of final s七抗�  es.

占� is a mapping from (Qリ{e})x (Q-F)x (QU{e})x(i.:U{B}) in七o Q. 
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The edge ce11 C
1 (or Cn) 七ど� ansits i七� s s七� a七� e as if 七� here is 

a ce1工� of sセとミセ� e e to the 1efセ� (or ど� igh七)� of i七. 入� isa 

mapping from (Q-F) inセ� o {N，S，H}， where {N，S，H} is a set of 

shif七� direc七� ionsof七� he scanner. One step of movemen1こS 

of M is advanced in七� he f01工owing.manner 工)� app1y 0七� o a11 

セ� he ce11s simu工七� aneous1y，� and then (2) app1y λ 七� 0 セ� hece工� 1c1. 

2+
Suppose an inpu七 WE L:~' of size mxn is given七� oM， and 

M s七� ar七� s iセ� smovemen七� s setセ� ing七� hescanner a七七�  hefirs七� row 

wi七� ha11七� hece11s in qo・� Wesay七� ha七� M accepts w， if the ce11 

c工� ha1七� s in a fina1 sta七� e. 

3.1. 6 Mu1t二 i-ScannerPara11e1-Sequenセ� ia1Array Auiこoma七� on 

(MPSA) 

We now pど� oposea mu1七� i山� scannerpara11e1-sequen七� ia1array 

と11ユ七� omatonas a vaど� ian七� of PSA. 工� tこ� consis七� sof a ど� ec七� angu1aど� 

inpu七� tape，� a fini七� e町� sta1こe con七� r01，� and a finite number of 

scanneど� s (S1' 52'・・・，� Sk) each of which can move veど� tica11yon 

tニhe七� apein two ways (Fig.3.3). 工� f 七� he si忽� eof七� heinpu七� is 

mxn，七� hen each scanner 5. consists of n ide凶� ica1 ce11s (C;.，
エ� 

c手，・・・，� c千).� Each ce11 in S~ 
1 

acセ� s in 七� he same way as in P5A. 

The fini七� e-s七� a七� e contこど� 01 determines i七� snex七� s1こa七� e and 七� he 

shif七� direc七� ionsof tこhescanners depending on iiニspresen七� 

S七� a七� e and七� hepreseniニ� S七� a七� esof七� he1ef七� mos七� ce11sof七� he 

scanners. 
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Fig・� 3.3 A mu1七i・耐�  scannerpara11e1-sequen七ia1 

array au七oma七on. 

Forma工工� y a de亡。� rministic mulとi scannerparallel-sequential叩� 

array automaton エS a 12-七up1e 

M 一一� (P， Q， L:，占，� 6'， 入， k， Po' qo' B，e，F) ， 

where p 1S a nonemp七y finite se七� of sta七es of the fini七e-

s七a七e con七ro1，Q 1S a nonemp七y finite se七� of S七a七esof each 

ce工1，� 2 1S a nonemp七y fini七e se七� of inpu七� symbo1s，k 1S 七he 

number of scanners，POe P 1S an ini七ia工� s七a七e of 七hefini七e-

state con七ど0工，� qoe Q 1S an ini七ia1 S七a七e of each ce11，B 1S 

a boど� dersymbo1 of 七heinpuセ 七ape，e エS an edge-s七a七e symbo1 

Z
Z
《

υのSk 
V
4

for 七he ど� igh七mos七� ce11 1n each scanneど� (Qn{e}=O)，FCこp 1S 

a setこ� of fina1 S七a七es (of 七hefini七e叩� S七a七e con七ro1). S 1S 
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2
a mapping from Q"'x (Q U {e}) x 0:U {日}) in七oQ，which de七ermines

七henex七� S七a七eof each ce11 except七he 1ef七mostニ� ce1工s. さ'� 

is a mapping from PXQx(QU{e})xO::U{B}) in七o Q， which is 

app1ied七0 七he1ef七mos七� ce11s. 入� is a mapping fどoma subse七� 

k
of pXQ" inセo pX{N，S，H}s. One step of movemen七sof M is 

advanced by app1ying 占� and6' セo a11 tこhe ce11s simu1七aneous1y 

and七hen 入七� o 七hefini七e-s七a七econ七ど� 01. 

The c1ass of determinis七ick-scanneど� para工1e工-sequen七ia工� 

Suppose an inputこ W 毛 L~' of size mxn is given七oM， and 

array au七OI間七� a is 

by MPSA. 

deno七ed by MPSA(幻，� 

α3 

and U MPSA(k) is denoted 
k=l 

2+ 

M s七ar七s i'tこ smovementこs from 七he ini七ia1s七三五七� e PO' se七七� ing 

a工工七� hescanners a七七� hefiどS七� rowand a11 tこhe ce11s in qo 

If七hefini七e昨� sta七e contこro1even七ua1工y ha1七s in a fina1 s七a七e，� 

w is said七o be accep七edby M. 

3.1.7 Or七hogona1Mu1ti-Scanner Paど� a11e工=Sequen七ia工� Array 

Automa七on (OMPSA) 

Fina11y we define an or七hogona1mu1七i叩� scannerpaど� a1工e1-

sequen七ia1array au七oma七onas ano七hervaどian七� of PSA. 工七� 

consistこsof a rec七angu1arinpuセ� tape，� a fini七e-S七atecon七ro1，“� 

and a fini七e number of ver七ica1scanneど� s and)，.Sn，(Sn""'V1' ， ~Vk 

hoどizon七a1 scanners (SH工，・・・，� SHQ，) (Fig. 3.4). The ver七ica1 

(or horizon七a1) scanner can move ver七ica1工y (or horizon七a1工y) 

on the inputこ七� ape in two ways. 
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Fig. 3.4 An or七� hogona1mu1七� i由� scanner 

para11e1sequentia1array au七� oma七� on・叩� 

Forma11y a deterministic orthogoneま� 1 multi-scanner parallel-

sequential array au主� omaton is a 13ー七� up1e 

M = (P， Q， L:， さ，� 6'，入� k，見� 'po' qo' B， e， F)， 

where， P， Q， L:， PO' qo' B， e， and F are七� hesame as in MPSA， 

and k and 見� are七� henumbers of七� hevertica1 and horizon七� a1 

scanners respec七� ive1y. 8 is a mapping from Q
2
x(QU{e})x 

(L:り� {B}) in七� oQ， which de七� ermines七� henex七� sta七� e of each ce1工� 

excep七七�  he1eftこmos七� ce11s (in the ver七� ica1 scanners) and七� he

七� opmos七� ce11s (in the horizon七� a1scanners)・� 8' is a mappエ� ng 

from PxQx(QU{ in七� oQ， which de七� erminesぜ� lenex七e})x(L: U{日})
 

S七� a七� esof七� he 1ef七� mostand七� hetopmos七� ce11s.λisa mappエ� ng
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k..~~ .r.. ~ ..1kfrom a subse七� of pXQnXQ~ in七� o PX{N ， S ， H}~x{E ， W ， H}Ñ ， where 

{N，S，H} and {E，W，H} aど� e the sets of move directions of ver七� ica工� 

and horizon七� a1 scanners respec七� ive1y. 

The c1ass of determinisl二ic orlニhogona1mu工七� i-scanner 

para11e1 sequenlニia1array au七� oma七� awil二h k vertica1 and え時� 

horizon七� a1 scanners is denoted by OMPSA(k，え)，� and 

u 00

UO
口

MPSA(k ，~) is deno七� edby OMPSA. 
k=l え� =1 

Especia11y， OMPSA(l，l) is ca11ed a deterministic orthogonal 

two・・・・・・・� .scanner parallel四� sequential array automaton， and denoiニed 

by 02PSA (Fig.3.5). 
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Fig. 3.5 An or七� hogona1七wo scanner叩� 

para工� 1e1-sequen七� ia1 array au七� oma七� on. 
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3.2 Language Accep七abi1i七ies and Tape Comp1exi七ies 

Now we inves七iga七e 七he 1anguage accep七abi工i七ies of 七he 

au1ニoma七a defined in 七he previous sec七ion from七he viewpoint 

of 七he 七ape comp1exi 1ニy. 

As for 2FSA， i七 is easi1y seen 七ha七七henex七� theorem 

ho1ds. 

Theoどem 3.1 t:[2FSA] 位。乙[2T1-1(c)] • (c constニan七)� 

Nex七，� we consideど七he 1anguage accep七abi1i七ies of 2MHA 

and 2MMA. The fo11owing 七heorem shows 七he re1a七ion be七ween 

2MHA(k) and 2MMA(k). 

Theorem 3.2十� oe:[ t: A(k) ] に� oC[2MHA (k十日� J•2MHA ( k)] C J2間� 

(k=怠工，� 2，・・・� } 

Proof. ~J2MHA (k)] C 2M}也 (k)] can be easi1y derived. .，tr 

Because，every H怠2MHA(k) can be simu1ated by some M e 2MMA (k) 

by p1acing k markers a七七heposi七ions of k heads of H. 

Converse1y， for every M I E 2MMA (k) ，七here exists some 

担 I e2MHA(kや1) which simu1a七es M I • Le七 (u~ ，v~) and (u，_.， vi' V i ¥....kゃ� 1，vk+工J 

represen七七he coordina tニes of 七he i-七h maどker and七he inpu七

十 工barraand Me1son [23] proved a simi1ar 七heorem，where 

every head of 2MHA can sense each 0七her. Bu七 in七his case， 

i七� canno七� sense each 0七her. 
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head of M' どespec七ive1y (i=l，2，・・・，� k) ‘ Simi1arヱy，エ� et (xi'Yi) 

どepresen七 七hecoordinate of 1ニhe i-th head of H' (i=l，2，・・・，� 

kゅ� 1). The head of M' is simu1a七edby 七he {k+工}四七� h head of 

日響� (i.e. H' shifts the (k+工)ー� thhead so as七ob 
]屯+工' 

Yk+工)=(uk+工，� Vk+工)). The abso1u七e va工ueof七here1a七iveposi七ion 

of七hei叩tこhmarker七0 七hehead of M' is kept by the i-七h head 

of H (i=l，2，・・・，� k) (i‘e. H' shif七s i七sheads so as to become 警� 

(Xi'Yi)=(luk+1-uil+1，!vk+1-vi!+1))， and i七sdirec七ion (i.e. 

sign(uk+工山� 12i) and siqrl(vk+l叩Vi)} is ltep七� in 七hefini七e-s七a七e 

由contど01. So， if七he i叩七� h head of H' is a七七� he (1，1) square，� 

H' knows 七ha七七� he head of M' is reading七hei叩七� hmarkeど� or 

M' is ho1ding i七� inthe fini七e-s七a七e con七ro1 (H' a1so remem-

bers七he maどkers七ha七� M'is ho1din守，� in the fini七e-s七a七e 

con七ど� 01). Thus， H' can simu1a七eM' s七epby s七ep，� and accep七s

七heinpu七� ifand on工Y if M' accep七s i七.� (Q.E.D.) 

Now， the re1a七ionamong 2MHA， 2MMA， and 2TM(10g mn) 

is shown. 

Theorem 3.3 ci[2MHA] = cl.[2MMA] 部t:[2TM(10gmn)] 

Proof. .;t:[2MHA] = ~[2Ml1在A] is easi1y seen from Theorem 

3.2. So we prove ζ[2MHA] L[ 2 TM ( 10g mn)] .諸� 

For any M E 2MHA， we wi1工� cons七ruc七� Te2TM(log mn) which 

accep七S 七hesame 1an守uageas M. 工fan inpu七� w of size mXn is 

given to T， T firs七� marks [log mn] squares of七hestorage七ape 

by counting 1こhe七0七a1number of squaど� esof w in binary. The 

73 




fini七� e叩� S七� a七� e con七� rol of M is simula七� edby七� ha七� ofT. 工� fM 

has k heads， T divides七� hes七� orage七� apein七� o k 七� racksand 

keeps七� hecoordina七� e of each head of M in each七� rackwi七� h a 

binary number. By iニhis，� T can simulaiニeM s七� epby s七� ep，� and 

i七� canaccep七七� hesame la同� uage as M. Thus， oC[2MHA] C 

ci.，[2TM (log mn)]. 

Nex七，� for any T' E 2TM (log mn)， M' E 2MHA which simulaiニes

てr' is cons七� ruc七� edin七� he following way. Suppose七� hes七� 0ど� age 

tニape of T' consis七� s of k binary 七ど� acks (i.e. T' has a七� mos七� 

2
k 

s七� orage iニape symbols). Thus we can七� hink 七� ha七七�  hei 1ニh白� 

七� rack (i==1，2，・・・，� k) con七� ainsa binary number x~
l'
(O<x

1
・く

口� 

mn-l)， 

where the lef七mos七� bi七� isregarded as七� he leasiニ� significan七� 

bi1ニ M' ど� emembeど� s iニhenumber x~
エ� 

by七� heposiiニionof七� he

i-七� h head on 七� heinpu七� The (J屯や工 )-thhead and 七� he (kゃ� 2)ー七� h 

head of M are used tニo keep七� heposi七� ionsof七� heinpu七� head警� 

and iニhestorage 七� apehead of T'. 工� f -tニ he (k+2)時七� h head shows 

七� ha七七� he s七� orage七� apehead of T' is a七七� hej叩七� h square (j=l， 

2，・・・，� [log mn])， M' divides each x~
エ

by 2， j 七� imes，� in order 

七� oknow七� he七� apesymbol七� ha七七� hes七� orage七� apehead is reading. 

This procedure can be done by some addi七� ional heads of Mき.�  

And M' can al七� er七� hej-七� hbi七� of x~ェ� by adding (or sub七� rac七� ing)

2
j-l 

七� o (from) x~. By七� his，M' can simulate T and ot:[2MHA]き� 

1 

:J L.[2TM (log mn)] is concluded. (Q.E.D.) 

As foど� 2LBA，七� hefollowing七� heoremcan be ob七� ained. 

Theoど� em3.4 cl[2LBA] = oeJ2TM (mn) ] . 
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Proof. For any M E: 2LBA，we can cons七ructT E: 2TM (mn) 

which simulates M. Suppose an input w of size mxn is given to 

T. Scanning w row byど� ow，� T converts iセ� intoan one-dimensional 

strin守� ofinput symbols with punctua七ions (this punctua七ion 

means iこheend of a row) ， and wri七es i七� in the storage七ape. 

Then T s七ar七� s七� o simulate M on the s七� oragetape. 工f M rewri七es

七he七� apesymbol and shiflニS 七he input head one square七0 七he 

east (or wes七)，� T also rewrites七hes1こorage tape symbol and 

shif七� s the s七orage七apehead one square七� o the righ七� (or lef七). 

主� f M shifts七he input head七0 七he sou七h (or nor七h)，� T must 

shif七七�  hestoど� age 七ape head m squares七0 七heど� igh七� (orleft). 

To do七his，� T coun七s1こhenumber m by moving七heinpu七� head 

along七hefirst column of七he input. By this， T can simu工a1こe 

M step by s七ep，� and accepts w if and onlyヱf M accep七� s iセ.� 

Conversely， foど� anyT' E 2n1(工 ogmn)， there is some M'巳� 

2LBA 七halこ� simulatesT'. 工n each square of七heinpu七 七 �  ape 

of M'， a combined symbol of七heinpu七� symboland七hestorage 

七ape symbol of T' is wど� ii二七� en. Fur七heど� more， 七heposi 1こions 

of 1こheinpu七� headand 1二hes七� orage1こapehead are a工somarked 

on i七� Thus，� M' can easily simula1二e T on1こhemxn squaど� es事� 

of七heinpu七七�  ape. (Q.E.D.) 

Nex七，� we inves七� iga七e 七he工anguageacceptabi工i七� iesof 

PSA， MPSA， OMPSA， and 02PSA. 

Theoど� em3.5 J:[PSA] =之  [2TM(ぉ)] . 
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Proof. Fiど� S七，� for any M E. PSA， T E. 2TM (n) which simu1a七es 

M is consiこど� uc七� edin 七� hefo11owing way. T recoど� ds七� hein七� erna1 

S七a七� esof n ce工ls of M using n squaど� esof七� hes七� orage七� ape. 

And T ど� emembers 七heposi七� ionof七� he scanneど� byp1acing七� he 

inpu七� headin iニherow wheど� e 七� hescanner is posi七� ioned. 工n 

ordeど七�  o simu工aiこeone s七� epof M， T reads 七heinpu七� symbo工s 

of iニherow七ha七� M is scanning one by one， and rewri七� es七� he 

in七� erna1 s七� aiこesof 七hece11s of M wri七七� enin the s七� orage七� ape 

according七� o 1ニhe七ransiiニion ru1e of M. T can accep七 七 �  hesame 

1anguage as M by accep七� ing七he inpu七� if and on1y if 七� he工ef七ー� 

mos七� ce1工� of M becomes a fina1 s七� a七� e. 

Nex七，� for any T'吃� 2TM(n)， M' E. PSA which accepiこsiこhe 

same 1an守� uage as T' is constど� uc七� ed. The con七� en七� s of n squaど� es 

of 七he s七� orage七� ape of T' are remembeど� edby in七� erna工� s七� ates 

of n ce11s of M The posi七� ionof七� hes七� orage七� apehead is き� 

a1so remembeど� edby七hece11 a七 七 �  hecorresponding posi七� ion. 

The posi七� ionof七heinpu七� headofす� is simu1a七� ed as fo1工ows.

工� f七� heinpu七� headis a七七�  he (i，j)-square，七� henM' p1aces 

七� he scanner in 七� hei叩七� h row and makes 七� he j叩七� h ce11 CJ be 

in a specia工� s七a七� e. The fini七� e-s七� a七� e con七� ro工� of T' is simu-

工
1a七edby七� he 1eftコnos七� ce11C...... 工� n 0ど� der七� o advance one s七� ep 

of movemen七� sof T'， the七woce1工s，� which aど� e in七� hecorre四� 

sponding posi七� ions七0 七� he inpu七� headand七hes七0ど� age七� ape 

head，ど� ead七heinpu七� symbo1and七he s七� orage七� apesymbo1， 

l
and send these informa七� ionsiこ0 七hece11 C~. By七� hese infor-

maiこions，� clde七� ermines七� henex七� movemen七� ofT'， and sends 

back七� heinformaiこionsof七� hemove direc七� ionsof 七� heheads 
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and 七� hesセ� orage tこapesymbol iこo be rewri七七� en七� o 七� hese七� wocells. 

Thus M' can simula七� eT' s七� epby step， and can accep七七�  he same 

language as T'. (Q.E.D.) 

Theorem 3.6 

Proof. Fiど� S七，� we prove J.う[MPSA] C ぷ� [2TM{n+工 ogm)]. 

For any M t MPSA， Te. 2TM (n +エ og m) which simulates M is con時� 

stど� uc七� edin七� he fol工owing way. Suppose七� ha七� M has k scanners. 

Using n + [log m] squares of七� hes七� orage七� ape，� T simula七� es

七� he k scanner of M. The storage七� apeof T is divided in七� o k 

tracks. T records七� hein七� Gど� na工� s七� a七� es of n cells of the 

i四七� h scanner S~ using 七� hefiど� S七� n squares of 七� hei四七� h 七� rack 
l 

of 七� he s七� oarge七� ape. 主七� also records the posi七� ionof Si 

wi七� h a binary number using七� heremaining [log m] squares. 

The fini七� e-s七� atecon七� rol of M is simula七� edby七� ha七� ofT. 

For each S i，� T bど� ings七� he inpu七� head七� 0 七� heど� owwhere Si is 

scanning， and iこhen，ど� eading七� heinput symbol of七� hisrow 

one by one， T rewriiこes七� hes七� a七� eof each cell of Si on七� he 

storage七� ape. Then T simulates the fini七� e-s七� atecon七� rolof 

M andど� ewri七� es七� he binary numbers which represen七七� heposi-

七� ionsof七� he scanners. By above， T can simula七� eM s七� epby 

S七� ep，� and i七� accepts七� he input if and only if M accep七� s i七.� 

Nex七� cl[MPSA] ::> .;t[ 2TM (n + log m)] is shown. For any 

T' E 2TM (n + log m)， M 6 MPSA which simula七� es T' is cons七� ruc七� edI 

as fol工� ows. Suppose七� ha七七�  hes七� orage七� ape of T consis七� sof を� 

k binary tracks. M' uses (k+3) scanners (Sエ，・・・，� Sk+3) 七� 0 
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sirnu1a七� e 七heinpu七� head，� s七0ど� age七� apehead and七he s1こorage

七� apeof T'， and a1so uses sorne addi七� iona1scanners for working・� 

The scanner Sl is used七o sirnu工a七e 七hefiど� S七� n squares of 

七� hes七orとl.ge七� apeand the s七� orage七� ape head. Each ce1工� ofSl 

rnernoど� izes七he七� ape syrnbo1 of each square， and七hece11七ha1こ� 

corresponds <to七heposi七� ionof七he s七� orage七� apehead becornes 

a specia1 s七� a七� e. The scanners S2'・・・，� Sk+工� sirnu1a七e 七he 

rernaining [log rn] squares of七hestorage七� ape，� and七hescanner 

sk+2is used七o keep七heposi七� ionof七he s七� orage七� apehead 

wh"en i七� is readin守� one of 七hese [log rn] squares. ま七� can be 

done in a sirni1ar way as in Theorern 3.3 using sorne addi七� iona1 

working scanners. Narne1y， each of S2'・・・，� Sk+1rernernbers 

七hebinary nurnbeど� con七� ainedin each binary七� rackof七� he 

[log rn] squares， by i七� sveど七� ica1posi七� ion. The scanner Sk+3 

is used to sirnu1a七e 七heinpu七� headof T'. 工f 七� heinpu七� head 

is a七七�  he (i，j)叩� square，七� hen Sk+3 is p工aceda七七�  hei叩七� h ど� ow，� 

and 七he j時七� h ce11 of Sk+3 becornes a specia1 s七ミミ七� e. By 

above， M' can sirnu1a七� eT' s七epby s七ep，� and accep七� S 七� he sarne 

ヱanguage as T'. (Q.E.D.) 

The fo1工owing七heorernshows 七ha七� bo七hOMPSA and 02PSA 

have 七� apecornp1exi七y rn+n. Thus 七he 1anguage accep七三五� bi1i七y 

of OMPSA(k，兄� isno七� en1argedeven if七he nurnbers k and t 

aど� e increased. 

Theorern 3.7 ~[OMPSA] = ';c[02PSA] .tJ2TM(紛 れ )] . 訪� 
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Proof. 乱� rs七� wewill show c!.[ 2TM (m切)]� C ct)[02PS λ] . 

Le1ニ� Tbe an arbi1ニ� rary2TM(m+n). 'V']e cons七� ruc七� ME02PSA which 

simula七� esT. Le1ニ S.~ and S.. be ver七� icaland horizon1ニ� a工� scannersV ~H 

of M. M must memorize 七� he symbols wri七七� enin 七� hemや� n squares 

of 1ニhe s1ニorage七� apeand七� heposi1ニ ionof七� he s七� orage七� apehead 

of T. They can be archieved using 1ニ� hem+n cel工� sof Sv and SH・� 

And七� heposi七� ionof七� heinpu七� head of T is simula七� edby SV' 

(Thus， M need n01ニ� moveSH a1ニ� all.) By above， M can simula七� e 

T s七� epby s七� ep，� and can accep七七� hesame工� anguageas T. 

到� ex七，� we will show ct[OMPSA] C oe: [2TM(m+n)]. In a 

similar manner as in Theorem 3.6， we can derive .;t [OMPSA) C 

ot[2TM(n + log m + m + log n)]. 約 七 �  e 七� ha七� (nゃ� logm ゃ� m + 

エ� ogn) く� 2 (m+n) holds for every m三工� andn三工� Thus，� from 

七� he七� ape reduction theorem (Theorem 2.工� 2)，o"e: [OMPSA] C ~ 

[2TM(m+n)] is ob七� ained. 

Now， ot': [02PSA] C ot': [OMPSA] is obvious， so 七ha七 ~[02PSA]

部。乙� [OMPSA] = oC [2TM(肘� n)] is concluded. (Q.E.D.) 

We have seen七� ha七� severa工� classes of七� wo-dimensiona工七� ape 

au七� oma七� a are charact二� erizedby 1ニ� henotion of七� apecomplexity. 

Thus， app工� ying七� hehierarchy七� heorem of 2TM to七� hem，� we can 

sys七� ema七� icallyderive 1ニ� here工� a七� ionsof 工� anguageaccep七� abili1ニ� ies 

amongiニ� heseclasses of au七� oma七� a. 

Theorem 3.8 

ぷ� [2FSA] C O'C [PSA] c: ぷ� [MPSA]c .;t [OMPSA] = ..t: [02PSA] c: ct: [2LBA] ， 
十 ベー� 

£� [2mlEζ[2MHA] 信 ~[2雌]年ct:[即位] ， 
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clJP叫 £� [2刷出s oC[2M削・�  

ci.[2臼� A] 
U十� 

ct:[O門PSA]= ~[02PSAJ 
U十� 

òG[~1PSAJ 

Ut. -'田治
ぷ乙� [PSAJ栴� ot[2間� AJ ti2開MAJ誌� 

ゆ-r(ぷ� 
o!.[2FSAJ 

Fig‘� 3.6 The re1a七� ions of 1anguage 

accep七� abi1i七� ies of severa1 au七� oma七� a 

wi七� h rectニangu工ar inpu七七�  apes. 

Proof. We prove on1y 七治�  cases of (1) ぷ� [MPSA]三� 
ions批herre1七The 0~ζ[2MHA].[PSA]ct;[02PSA] and (2) 。ご

:? 
can be proved 1ikewise. 

( 1) From Theorem 3.6 and 3. 7， .t[MPSA] = oe:.[2TM何十�  

10g m)] and L[02PSA] 需ぷ�  [2TM(m怜)] .日  is easi工y seen 

七� ha七七�  he七� ape func七� ions (n + 10g m) and (m+n) are botニh 

cons七� ruc七� ib工e. Le七{�  (m 誕， n~)} be a regu工ar sequence such 
エ l

七haiニ m~ 出土， n.=l. Then 
~ ~ 

(Z1i 十� 10gmi )十 1

∞
 

・1
4サ・ヱ�

 
句
�
 i m

 

結� 

立し� + n. 
~ ~ 

o.
 

Fur七� hermore，� (n + 10g m) < (m十� n) ho1ds for every m~l ， n~と1.
 

Thus， from Theorem 2.22， oC.[2TM何十工�  ogm)] ♀OC，[ 2TM (m+n) ] 


80 



ho1ds， and this 1eads ~[MPSA] ♀òC[02PSA] . 

(2) From Theorem 3.3 and 3.5， .，t: [PSA] = a[2TM(n)] 

an改� ct' [2MHA] ct:[ 2TM(工 ogmn)]. Apparen七工� y，� the 七� ape func七� ions認� 

n and 10g mn are bo七� h cons七� ruc七� ib工� e. Now，工� e七� {(111i，ni)}be 

a regu工� arsequence such tこ ha七 m~=i ， n~=l. Then，
エエ�  

n
m oqJ n

On the 0七� herhand， 1e七� {(mJ，nJ)} be ano七� herreguエ� arsequence 
エエ�  

such 七� ha七� m'-工，� n!=i，七� hen 
1 1 

10g mlnl +工

m
エ 工 �  

一
司
工

一一一
∞
 

∞
 

工
一

÷
一-エ一 n

u
•一一・エム叩� 

τム・工 mi

・1
+

・14

・
�
 

= O.

n:' エ1

Thus， from Theorem 2・九� cl[PSA] ~ζ[2MHA] is conc1uded. 

(Q.E.D. ) 

3.3 Language Accep七� abi1i七� ieson Restric七� ed工� npu七� s

工� n 七� he previous sec七� ion，� we inves七� i守&七� edthe 1anguage 

accep七� abi1i七� ies of severa1 tこ.wodimensiona1七� apeautoma七� a叩� 

wi七� h rec七� angu1arinpu七� s whose shapes are no七� res七� ric七� ed七� 0 

specia1 ones. 工� n 七� his sec七� ion，� we consider tこhecase七� ha七

七� he shapes of inpu七� sare res七� ric七� ed. 工� tこ� wi工工� be seen 七� ha七

七� heau七� oma七� awi七� hnon-isotニ� ropiccompu七� a七� iona工� powers (s uch 

as PSA or ]¥1PSA) vary their 1anguage accep七� abi1i七� iesdepend叩� 

ing on七� heshapes of input二� s. These proper七� iescan a工� sobe 

deri ved systニ� ema七� ica11yby considering七� he七� apecomp1exi七� ies 

of such automa七� a and the shape func七� ion. 
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Firs七，� we show七� he following lemma. 

Lemma 3.9 Le七� L(m，n) be any七� ape func七� ion of 2TM， and 

エe七� f : N →� N
2 

and g N + N
2 

be any shape func七� ions such 

2十� 2+
七� ha七し�  C L:""". Then 

主- g 

]，け)) ) (L(g
g

f[2TM.l，=(L(f(j)))]fζ[2TM

where ど� [2TM
g
(吋� (j)))] {S!S=(S'nI;~+)， s' E a[2TM

g 
出� 

(L(g(j)))]}. 

Pど� oof. Foど
f 

which accep七� s )，(L (f (j) ) 2TM~Eanygi ven T f 

a language S， we consider T~ E 2TM
g
(L(g(j))). T~ is precisely g- g"J 'J '"  

2+
七� he same as T

f 
excep七七�  ha七� i七� s inpu七� s are ex七� endedtO29. 

Thus， if S' is 七� helanguage accep七� edby T~ ， 七� hen apparen七工� y 
…ー

ド� (STzi十)� holds. So ae:[2TMf(L(f(j)))] 巴
q

~f[2TMg(L(g(j)))] 

is concluded. 

Conversely， for any given T..... E 2TM
g
(L (g (j) ))， which accepts 

q 

a language S'， we consider T
f 
E 2TM~ 

f 
(L (f (j))) .守  f is also 

precisely七� he same as T~ except七� ha"tこ its inpu七� s are res七� ric七� ed 
q 

七∞O z i+¥S T 七� 向� 均 柳狩� pa悶悶ltl加� uppose 七� ha七� 
f 

ac叫℃出S the工叫�  uge S， 1 aP 此叫七� 

供制(何S nL:当苧:?÷勺). Thus ot:.[2TM
f
(L(f(j)))] :J ど� [2TM

g
(L(g(j)))]・撃� 

(Q.E.D.) 

Now， le七品�  be some class of 七.wo-diI附
 

2

and le七� f N + N- be a shape func七� ion. The class of 

automata ;l whose inpu切� a時間�  S社� icted セ021+isdeは� ed 

byJ4f(e.q*2F3Af，� psd，� e七� c.). Then七� he similar le翻� a forヌt 

can be derived in the same way as in Lemma 3.9. 
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L恥errれ滋部渓潔ima 

2 __2 
七� apeautomatこa，� and 1e七� f N + N- and g N →� N-be any shape 

2+，.-~2+
func七� ions such七� hatzcz .Then，f -= ~g 

cl-[;4.f]出a:f[J45] ， 

where ど[sIg] = {S!S=(Sき� η21+)，� s'5d乙[;Lg]}. 

The nex七七�  heoど� emmeans 七� ha七� if some c1ass of automa七� a 

~ is equiva1ent (in 1anguge acceptabi1i七� y) 七� o 2 TM (L (m，n) ) 

on E2¥ 七� henメ� is a1so equiva1ent七� o 2TM(L(m，n)) on七� he

ど� estric七� edinpulこs. 

Theorem 3.11 Le七y4..� be a c工assof 七wo吋� imensiona1 

tape au七� oma七� a. 工� f tニhereexistニs some tape funcセ� ionL(m，n) 

of 2TM such七� ha七� 

J:[JJ.] = ci [ 2TM (L (m，n) ) ] ， 

そこhen for any shape func七� ionf N → N2， 

.;C[込町=之 [2TMf(L (f (j ) ) ) ]・

主盟主ム� From Lemma 3.9 and 3.10， ~[メflzdζf[見] 
f 

the shape ，eど(Heり)))].(L(f.l.2TMoC[=n))]，[2TM(L(mミど� = 

funclこion g is regaど� ded as some bijection.) {む .E.D.) 

Now， as a specia1 case， we consider 七� he shape function 

s(j)=(j，j)， i.e. 七hecase of squaど� e四� shapedinpu七� s. 

Theorem 3.12 

2 TM s ( c) ] 口c!.[ ]
S[2FSA。と� 
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m)] 守(10
S

[2TM出。乙]
S

[2MHA。乙� 

ot:.[2MMA
S
] cl[2TM

s
(log m)] 

2
)](m

s
[2TMcl. ;:: ]

S
[2LBAcl， 

ぷ[PSAs] 出ct:[2TM 
s
(m) ] 

(m) ] 2TM
sc:l，[ ;:: [MPSλs].t:， 

。t[OMPSA
s
] 諸� ζ[2TM

s
(m)]


.，([02PSAS] =ζ[2TM
S
(m) ] 


Proof. We on1y prove the re1ation ~[MPSAS] = 

;t;， [2TM
s
(m) ]. The 0七her re1a七ions can a工sobe derived in a 

simi1ar way. 

[2TMof. ;:: ] 

三� L[2TM
s
( 2m) ]. And from 七he tape reduction theorem (Coro工1ary 

S... ..b r __....8
2• 13)， oc.[MP SA ~ ]出 ~[2TM~(m)] is conc1uded. (Q.E.D.) 

From Coro11ary 2.23 and Theorem 3.12，七he re1a七ions of 

1angu呼� ac均七abi1ities among 七he悶� au七oma匂� on z?are 

easily derived. 

Theorem 3.1~ ct[2FSA
s
]平ct'[2MHAs] df[2MMAS155出� 

口ど� [PSAs] L[MPSA
S
] ;::ζ[OMPSA

S
] ;::ζ[02PSA

S
]年o(，[2LBA

S
]・� 

Nex七，� we consider 七he shape function 七(j )泣 (j，[1 og j]). 

The fo1工owing 七heorem shows 1ニhe re工a七ions of 工anguage accep七a-

2+ 
bi工i七ies among these au七omata on E七・� 

Theorem 3.13 
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From Theorem 3.6 and 3.11，。ぢ� [MPSAS s
(ぬ+ 10g m)] 



L[2FSA七]ぉ� ~[2TM七 (c) ] 


;e[2MHAt] = 。ζ[2TM七(log m)] 


OC [2MMAt] = 6乙[2TM七(log m)] 


;c[2LBA七=，.G[2TM七(m 10g m)] 


之� [PSA七- 0乙[2TM七(logm)] 


ζ[MPSA七]宮.t:，[2TM七(logm) ] 


.;[[OMPSA七=cC[2TM七(m)] 


ζ[02PSA七]認。ζ[2TM七(m)] 


Theorem 3.15 L [2FSA七]手� L[2MHA七]詰 CJ:，[ 2ID仏七 = �  

oe[PSA七]言。ζ[MPSA七15Ed510MPSA七=ot:[02PSA
t
]♀，;l[2LBA七1・� 

oe[2日AS
]

しj十
ぷ� [PSAS

] = L[開PSA勺=~[開PSAS] = ~[02PSA勺 
U~ 

0ご[2MHA勺怨� ci[2附� AS]
 

U十
 
[2FSA。乙 S

]

ぷ� [2し出七〕� 

U十� 
c:t:[OMPSA勺認oG[02PSA勺� 

U十� 
:L.[2MHA七]=ム乙 [2閉� A勺ぉ� oi[PSA勺=ぷ� [MPSA勺� 

U十
之� [2FSAl-] 

Fig. 3.7 The re1a七ions of 1anguage accep七-

2~ト 2+ 

t 2: and2:;'a on 七oma七ies of severa1 au七abi1i 
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For七he 0七hershape func七ions，� iこhere1a七ionamong七hese 

au七oma七a can a1so be derived in七hesame way as above. 

Fina11y， we consider七here1aiニionof 1anguage accep七a-

bi1iiニies forヲiven七woshape func七� ions. 

be some c1asses of two.4...， and;J，工法七Theorem 3.16 四1 .......2 

dimensiona1七apeau七oma切(;d1 and メ� 2may be 2TM{L(m，n)))， 
2+_ _2+ 

and 1e七� fand g be shape func七ions七ha七 m 七isfy E;'C E f .::叩剛 

加� ppose七ha七七� here凶ぬ�  a 1anguage 8 such均七�  8E t:J託
q 

i] 
but 8手ぷ� [4~]. Then 世間�  e 叫� sts some 1anguage 8' such 

七h抗� 8' E: iJAi]bu七� 8'手òé'[え~] . 

区担と�  From Lemma 3・9 and 3・凡�  ~r .，4 i] = ど� [Ail 

ar吋� clLs4.~]君ど [si ~]， so 8 E.どLsLi]and 8 iどは�  21・� 

Thus七hereexis七s some 8'εL [.sli]七ha七 四 七 �  isfi間� S(S'nzi勺.口� 

8uch 8' canno七� bethe e1ement of t:L~. ~]， because 	 8 手ど [sl~].
{包 .E.D.) 

Theorem 3.17 Le七;J，� and ~.... be some c1asses of七wo叩

2 

dimensiona1七apeau七oma七a，� and 1eiニ� fand守� beshape functions 

2+_ _2+ 
七ha七� sa七isfy E;'CE:'. 8uppose七hatf ;:::~g 

cC[>ii]C t: rヌ(~]，

七hen 

ζ{えi154Idil・� 

Proof. prom Lemma 3J  aZ143.15，cdi12dIA115 

ど凶� ;l=之� {di1・� (Q.E.D.) 
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3.4 Conc1uding Remarks 


工n iニhischap七� er，� severa1七wo-dimensiona1七� apeau七� oma七� a 

were in七� roducedand七heir1anguage accep七abi1i七� ieswere 

inves七� iga七� ed. 工七� was shown七� ha七七�  heaccep七� abi1i七� iesa11 iこhese 

au七oma七� acan be measured by means of七� heiニapecomp1exi七y. 

Thus七heirre1a七� ionswere derived from iニhehierarchy iこheorem 

of 2TM(L(m，n)). 

Since the iニapefunction L(m，n) is a funciこionof七� hehori-

ion七heno七� こ，heinpui七hsof ヲ七hevertica1 side1en七a1and 七zon

of七hetape comp工exi七� y is a1so app1icab1e七o七� heau七� omatawi七h 

nonisotropic compu七� a七� iona1powers (such as PSA or MPSA). And 

七� hus，� i七� iseasi1y seen how七heacceptabi1i七� iesof such au七oma七a 

vary depending on七� he shape of the inpu七� Forexamp1e， on 

七hese七� of七he (unres七� ricted) rectan写� u1arinpu七七� apes，� 02PSA 

is s七ど� ic七� 1ymore poweど� fu1七� hanMPSA， and MPSA is s七� rict1y 

more powerfu1七han PSA (Theorem 3.8). Buiニ� i七� was shown七ha七� 

02PSA， MPSA and PSA are a1工� equiva1en七� on七he se七� ofsquare叩� 

shaped inpuiこ七� apes (Theorem 3.12) . 工七� is in七erestin守七�  haiこ

七� heseど� esu1七� sweど� e ob七� ainedfrom七heconsidera七� ionof七hetape 

comp1exi七Y・� 
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CHAPTER 4 

AUTOMATA OF TAPE COMPLEX工TY log n 

So far we have inves七igated several c工assesof au七oma七a 

which accep七七wodimensional languages. Here，we consider 叩� 

some other classes of automa1こawhich acceptこ one-dimensiona工

工anguages and have tape complexi七Y log n. 

The c工ass of automatこa of 七apecomplexi七y 工ogn has 

various in七eres七ingaspec七s. First，we can give several 

concre1こe (or easily imagエnable) models of au七oma七a of七ape 

comp工exity log n (e.g. a multi時� headautこomatこon，a mul七i-

marker au七omaton，an n叩� boundedcoun七erautoma七on，a multi叩� 

dimensional rebound au七oma七on，e七c.). They can be considered 

司as fini七G sta七e au七oma七a with some simp工e auxi工iarymemories. 

Thus 七heir computations are in七ui七iveand easy七obe under-

stood. Conversely，i七� seems very hard for us七o imagine a 

language七hatcannot be accep七edbyセheseau七omata，wi七hout 

using matこhema七ica工七echnics such as coding or diagonaliza七ion. 

Au七omataof tape complexi七y 工og n are also closely rela七ed

七omul七i-dimensiona工七apeau七omata. Foど，� the七apecomplexity 

log n is a necessary and sufficientニ� amoun七� ofmemory七o keep 

coordina七eson the multidimensionalhyper-cubic七apeof 叩� 
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side1eng七h n. A mu1七i dimensiona1rebound au七oma七onis 司� 

proposed in order七o inves七igaiニe 七his re1a七ion. It is a 

fini七e-s七a七e automa七onwi七h a hyper叩cubic inpu七七�  ape，� and 

an inpu七� S七ringis wri七七� ena10ng one of 七heedges of 七his

七ape. Though-(ニherebound au七oma七onis a sor七� ofmu1七i-dimen山� 

siona1七apeau七oma七on，� i七� accep七s a one-dimensiona1 1anguage. 

Language accep七abi1i七iesof mu1七i-headauiニomataand 

mu1七i-markerau七omatahave been s七udiedby many researchers 

[5，14，19，22，25，30，42，43，48，49]， and various resu1七shave 

been ob七ained. One of七heimpor七an七� resu1七sis七ha七七� here 

exis七san infini七e subhierarchy of 1anguage accep七abi1i七ies 

among iニhem，� where七henumber of heads or markers is considered 

as a comp1exi七ymeasure. 

工n this chap七er，� an n-bounded coun七erau七oma七onand a 

mu1七i-dimensiona1rebound au七oma七onis new1y defined， and 

七heir 1anguage accepiニabi1i七iesare inves七iga七edin七hecom-

parison wi七h 0七herau七omaiニaof 七apecomp1exi七Y 10g n. A11 

tニheseau七oma七a are assumed iこobe de七erminis七icand七heir 

inpu七� headsmoves in七woways. (The inpu七� headof七hemu1七i叩� 

dimensiona1 rebound au七oma七onmoves in many ways.) 

4.1 Defini七ions

工n iニhissec七ion，we give defini七ions of a mu1七i-七rack 

10g n iニapeboundedTuring machine， a mu1七エ叩� headau七oma七on，山� 

山a mu1七imarkerau七oma七on，� a mu1七i時� coun七erau七oma七on，� an 
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n-bounded mu1七� i・-coun七� erau七� oma七� on (七 heseau七� oma七� a have one由� 

dimensiona1 inpu七七�  apes)，� and a mu1七� i-dimensiona工� rebound 

autニ� oma七� on. 

4.工� .1 51u1七� i時� Track 10g n TapeBounded OneDimensiona1 Turing 叩 叩� 

Machine (lTM(log n， k)) 

The 10g n 七� ape-boundedone-dimensiona1 Tuど� ingmachine 

is 七� hesame one discussed in sec七� ion 1.2. Bu七，� in 0ど� der七� o 

inves七� iga七� e 七� hede七� ai1edre1a七� ions tニo 七� he0七� herautニ� oma七� a of 

七� apecomp工� exi七� Y 10g n， we adopt二七� henumber of binary七� racks 

of七� hestニ� 0ど� age七� apeas a measure of compu七� a七� iona1comp1exitニy. 

FINIγE-STATE CONTROし� 

STORAGE丁� APE 
O . .降 # # 

. . O # # 
~ l・� 

4・� . . . 
~jkT悶� α

調.� . . . . 

010 . . 11 tf: 1+t= 

Fig. 4.1 A k-track工� ogn 七� ape-bounded 

one-dimensiona1てruringmachine. 
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A de主� erministic k-track log n 主� ape-bounded one-dimen四� 

sional Turing machine (abbrevia七� ed七� o 1TM(log n， k)} consis七� S 

of a fini七� e-s七� a七� e con七� ro工，� a readon1y input head， a storage 叩� 

七� apehead， a onedimensiona1 input七� ape，� and a semi-infinite 叫� 

S七� orage七� apewhich is divided in七o k binary tracks (Fig.4.1). 

k
(Thus， i七� has 2'''' s七� orage七� ape symbo1s excep七七�  heborder symboエ� 

and 七heb1ank symbo1.) 工七� does no七� use more 七� han [log n] 

squares of七� hestorage七� apefor any inpu七� of 1ength n. No七� e 
α3 

七ha七日�  M(工ogn) ロ U 1TM(工ogn， k). The notion of the accepト� 

k口工� 
ance (of a word or a 1anguage) is七he same as in 1TM(L(n)}. 

4.1.2 One-Dimensiona1 Mu1七� i-HeadAu七omaton 

A deterministic one-dimensional k-head automaton (abbre-

via七� ed七o 1MHA(k}) consis七� s of a one-dimensiona1 inpu七七�  ape，� 

k 七wowayread-on工y inpu七� heads，� and a fini七� e時� sta七e con七� ro1.叩� 

工七� isessen七� ia11y七� he same as 2MHA(k) excep七七� ha七� ilニsinpu七� 

is onedimensiona1. (No七� e tha七� theinpu七� headscannot sense 四� 

each 0七� her.) U 
な3

1MHA(k} is de∞� ted by 1MHA. 
k=工� 

4.1. 3 One-Dimensiona1 Mu1七i叩� MarkerAu七� oma七on (工 MMA) 

A deterministic one-dimensional k marker automaton 叩� 

(abbrevia七� ed七o 工MMA(J屯)} is a1so ana工ogous七� o 2惚仏�  (k)，� and 

i七� consis七� sof a one-dimensiona工� inpulこ� tape，� a 七wo-同� wayread-

on1y inputこ� head，� k markers， and a finilニe由� S七a七e con七� ro工.
担� 3 

U 1MMA(k) is deno七edby 1MMA. 
k=工� 

9工



4.1. 4 OneDimensiona1 Mu1七� i-CountニerAu七� omaton (lMCA) 叩� 

A one-dimensiona1 k-coun七erau七� oma七� onconsis七� sof a 

one叩� dimensiona1input tニape，� a twowayreadon1yinpu七� head，叩 叫� 

k countニers，� and a fini七� e叩� S七� a1ニecon七� ro工� (Fig.4.2). 

FI NITE-STATと-
CONTROL 

X 

X
れ� 

X 

k COUNTERS 
Fig. 4.2 A k-coun七eど� au七oma七on. 

Each of 1ニhesecounters can coun七� anynonnega七� ivein七e守� er 

The finite-sta七� econ七ど� 01can sense whe七� heど七�  hecon七� entof 

each coun七� eri5 zeど� oor no七� Thusthe coun七� ercan be regarded 

as a pushdown memory wi七� hone pushdown symbo1. 

Forma11y a deterministic one-dimensional k counter山� 

automaton is defined as a 9申七� up1e 

M = (K， L， r， k， 0， qo' {や，卒}， ZO，� F)，� 
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where K is a nonemp七y fini七e set of interna1 s七a七es，� L: is 

a nonemp七y fini七e se七� ofinpu七� symbo工s，� r is a se七� ofcounter 

symbo1s (r={x，zo})' k is七henumber of coun七ers，� qo t K is an 

ini七ia1 s七ate，� c and $ are border symbo工sof七he input七ape

( {九字} nL:=O} Zo is a bo七七� omsymbo工� ofthe counter， and PC:KI 

is a se1こ� of fina1 s七aセes‘� 6 is a mapping from a subse七� of 

k r_ ~~ i r. ~ i k
KX(L:U{や，� $}}xr

s 
into KX{L，R，H}x{+l，O，-工

~ 
}s，� where L， R， and H 

are shif七� directionsof iこheinpu七� heads，� and +1， 0， and -1 

mean七hea1セera七ionsof the conten七� of each counter. The 

C工assof de七erministick叩� coun七erautoma七a is deno七e司� by 
C詰

出 品 川 ， �  andkUzl lMCMU is dem七edby 1MCA. 

Suppose七ha七� aninpu七� s七27inqw eE + wi七h boど� der symbo1s 

(i.e.，と� w$ ) lS glven七o M. M firs七� se七sthe inpu七� heada七

七he1eft side end， and makes a工工七� hecounters emp七y. Then 

M begins i七� scompuセationfrom七heini七ia1 s1ニate qO' We say 

七ha七七�  hewor司� w is accep七edby M， if M eventua工1yha工七� s in a 

fina工� s七a七e. 

4.工� .5 One-Dimensiona1 n-・BoundedMu工七� i-Coun七erAu七oma七on

{工 BCA} 

Nex七，� an n-bounded mu1ticoun七erau七oma七onis proposed. 叩� 

11ニ� resemb1es七o 1MCA excep七七�  ha七� eachcoun七ercan coun七� a 

number up to n， where n is 七he 1eng七h of the inputニ� These 

counters are ca1工edn-bounded coun七ers (abbrevia七ed七o nbc). 

The fini七e四� S七atニecon七ro工� cansense whe七her七hecon七entof 

each coun七eris 0 or n or no七� (Pig.4.3). 
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n 

--̂¥ 

CONγROL 

x 
x 
x 

is a 9-1uplek-counter au omaton主 ニ� 

FIN1T庄一5TA'γE� 

.・・ 
x n 

n同� BOUNDED 
COUNγER5 司区~

九)ー「� γ一---'� 
k 

Fig. 4.3 An n-bounded k-counter au七oma1こon. 

Forma工工� y a deterministic one叩� dimensional n bounded叩� 

，F)ZO'{や，$}，qo'，さ，k，fl:，，(K== M 

wheど� eK，� L， r， k， qo' {や，卒} お� 0' and F are the same as inI

lMCA(k) .さ  isa mapping fど� oma subse七� ofKx(l: U{c，字� })x(fU 
k{f})"" iniニoKX{L，R，H}x{ゃ工，� 0，叩� l}'....，� where f means 七haiニ七� he 

coun七Gど� isful工� (i.e. counting七henumbeど� n). The class 

of determinis七icn甲� boundedk叩� counterauiニomaiニais deno七edby 
00 
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1BCA can be regarded as a res七� ric七� edc1ass of 工MHA. 

For， i七� is easi1y seen七� ha七工� BCA(k) is equiva工� en七七�  o 1MHA(k+工}� 

such 七� ha1こ� i七� sinpu七� heads， excep七� on1y one hee支社� canno七� 

read七� heinpu七� syrnbo1s (i.e. セheycan sense on1y七� heborder 

symbo1s) • 

4.工� .6 .r.1u1七� i-Dimensiona1Rebound Automa七� on 

Fina11y we give七� hedefini七� ionof mu1ti-dimensiona1 

rebound au七� omaton.This is a kind of mu1七� idimensiona1叩� 

七� apeau七� oma七� onbut accep七� s a onedimensiona工� 1anguage.叩� 

A J (abbど� eviated七� o RA (k) ) 屯叩� dimensiona1 ど� eboundau七oma七on 

consis七� s of a k-dimensiona1 hypercubic inpu七七� ape，� a ど� ead-

on1y input head， and a fini七� e-s七a七� e con七� ro工.

工� f a woど� dw =
 ...，a，a1-2".a_ on L:-n (a~ E L:， 工<iくれ� n=ぉ� 1，2，・・・
\~i 

，
 『

.

.
 

is given， a k-dimensiona工� inpu七 七 �  ape for RA(k) is defined 

ふ
�
 

as fo11ows. Le七� us consider a k叩� dimensiona1hypercubic 

七� ape of side1eng七� h n+2. 工七� is divided in七� o (n+2)k uni七� 

hypercubes. 主� n each unit hypeど� cube，� an inpu七� symbo1 (L:)， 

a b工anksymbo1 (非)， or a bordeど� syrnbo1 (B) is wど� i七七� en. 

The cooど� dinaセ� e of each uni七� hypercubeis ど� epesen七� edby 

(j工，� j2'・・・，� jk)' where jえ=0，1，・・・，� nゃ工 (え需工， 2，・・・，� k). Then 

the inpu七回�  peis defined as a mappi均七�  {0，1，'.・， n+工� }k 

-+(L: U{葬，� B}) which sa七� isfy 
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Fig.4.4 shows an inpu七七�  ape for双� A(2) and i七� s coordina七� es，� 

and Fig.4.5 shows an inpu七七�  ape for RA(3) (border symbo1s 

are omi七七� edin Fig.4.5). 

The inpu七� head can move free1y in 七� his hypercubic 

七� ape，� but never fa11s off. No七� e 七� ha七� RZ¥(ヱ is iden七� ica1 七� 0 

a (usua1) 七� wo-way fini七� e-s七� ateau七� oma七� onwi七� h a one-dimensiona1 

エnpu七七� ape. 

Forma11y a determinisと� ic k dimensional rθbound automaton叩� 

is defined as a 7叩七� up1e 

M = (K， E， k，占，� qo' {葬， F)， }， B 

where K is a nonemp七� y fini七� e set of in七� erna1 sta七� es，� E is a 

nonemp七� y fini七� e se七� of inpu七� symbo工� s，� k is the dimension of 

七� he inpu七 七� ape，� qoe K is an ini七� ia1 s七� a七� e，普� and B とまど� e a 

b1ank symbo1 and a border symbo1， and FC:K is a set of fina1 

s七� a七� es. 0 is a mapping from a subse七� ofKx(E U{挙， B}) in七� 0 

KX{十工，� 0，ーエ� }k，� where +1，0，-1 are shif七� direc七� ions of 七� he inpu七� 

head a10ng each axis of the inpu七七�  ape. 

Now， 1elこ� us give M a k-dimensiona1 hypercubic inpu七� 

tape， in which a word w EE十� iswri七� ten・� Suppose M begins 

i七� s compu七� a七� ion from the ini七� ia1 s七� a七� e 弓� o a七七�  he (1，1，・・・，� 1)ー� 

square. 工� f M ha1七� s in a fina1 s七� a七� e，� w is said to be accepted 

by M. 

RA can be a1so regardededby RA.∞七RA(k) is deU 
。。� 

k=l 
as some res七� ric七� ed c1ass of 1BCA. Because， we can easi1y 

see 七� ha七� RA(k) is equiva1ent 七� o1BCA(k1)wi1こ h 七� he res七ど� iction時� 

七� ha七� i七� canread七� he input symbo1 on1y when a11 七� hecoun七� ers 

are emp七� y. 
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Fig. 4.4 An inpu七� tape for RA(2) 

and i七� s cooど� dinates.

壮|立!立� 
#tt tt 

壮� Ittltt 

Fig. 4.5 An inpu七七�  ape for RA(3) . 
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4.1. 7 Some No七� ations 

Severa1 c1asses of au七� omatこa of tape comp1exi七Y 10g n 

have been defined above. Le七� ciJ"l] deno七� e a c1ass of one町� 

dimensiona1 1anguages accep七edby JIl， where え� issome c1ass 

(Notec.).七e]， RA (k) ，[oe.g . e . 恰(oma七of these au 1BCA] oc[ 
七ha七� a11七hese c1asses of 1anguages are onedimensiona工� ones，時� 

though RA has mu1tこi-dimensiona1 inputセapes.) 

Le七.J.工� deno七e a re杭� rictedc1ass of ;l whose i坤� u七� 

symbo1 is on1y one (i.e. it has con七� en七工� essinpu七� s). And 

1 . 1'>. Jl
the c1ass of 1a均四�  gesaccep七edbyえ� isdeno七� edby oe[A九.� 

Le七� Lo'1:1， L2， and ~3 be the c1asses of七� he七ype 0 

(recuど� sive1yenumerab1e)， the type 1 (context-sensitive)， 

七he type 2 (con七ex七幽� fど� ee)，� and 七� he type 3 (regu1ar) 1anguaす� es，� 

respec出向・�  And1et cl，~， Li，J.こ;，� and £� ;der成。�  these

出� sses of 1問問eson one i勾� ut symbo1・� (No初出計£;出� 

ot:;. (pari幼� [39])) 

4.2 Re1aセionsof Language Acceptabi1ities 

工n 七hissec七� ion，� we inves七� iga七e 七here1a七� ions of 1anguage 

acceptabi1i七� iesamong iニheseauiこomalこa.

and 1BCA(k) ，1MMA(k)，ionsamong 1MHA(k)七the re1a七，Firs 

are considered. 

Theoど� em4.1 
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L[工MHA(k)] C 0乙[工部1A(k)] C cll1BCA (k)] C eG[1MHAは}] . 

(k叩� 1，2，・・・� ) 

Pどoof. 1MMA(k) can easi1y simu1a七e 1MHA(k) by p1acing 

k markers a七七he posれ� ions of k heads. Thus ρ1MHA (k) ]巴

.;(，[1MMA (k) ] • 

can be derived in a simi1ar [lBCA(k}]a(乙C[lMMA(k)]。乙

way as in Theorem 3.2. Because，1BCA(k) can simu1a七e 1Mr1A (k) 

by remembering the どe1a七ive posi七ionof each markeど七0 七he 

input head wi七h each nbc. 

J:， [lBCA (k)] C 。ε[lMHA(加工)] is a1so obvious，because 

k nbcきs of 1話CA(k) can be easily simula七edby k heads of 

1MHA (k+1) • (Q.E.D.) 

?どom七his，we can see 七ha七� 1MHA(k}， 1MMA(k) ， and 1BCA(k} 

form a tota1 order wi七h どespec七七�  0 七heir 1anguage accepiこabi1i叩

七ies. Name1y， 

OC[工MHA(工)] J:， [lMMA(工}lE£[lBCA(1)lE43[1MHA(2)lE 

t:J工問1A( 2)] C 1BCA ( 2)] C 1MHA { 3}] C.;c[ J: [ 

工n the case of one inpu七� symbo1，七he nex七七heoremho1ds. 

Theorem 4.2 

1"" .....___11.，t[lMHA
1
{k)] C ot:[lMHA

1
(k)] C ot[lBCA (k)] 出ot:[工MHA工(k)]・ 

{k出� 1，2，・・・� } 

Proof. ぷ� [lMHA
1

仏� 1(k)] C 1BCA
1
(k)] C(k)] C i:[1ill oc [ 

cl[lMHA
1
(k+工� }J can be derived in 七he same way as in Theoどem 
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1" " --.. ~ .~ _ ___ _ 1
4.1. And ct[lBCA.J.. (k)] :::> ae[lMHA.J.. (k+1)] is a1so proved frorn 

1
七� he fac七七�  ha七� eachhead of 1MHA~(k令1) on七� hecon七� en七� 1ess 

inpu七� can be subs七� i七� u七� edby each nbc or七� 31ehead oflBCAl{k)・� 

(Q.E.D.) 

Nex七，� we consider七� here1a七� ionbe七� ween1BCA(k) and RA(k) . 

Theorern 4.3 ~，.[ RA(k+工)]� c ciJ 1BCA (k) ] • 

Proof. 工七� isobvious frorn七� he fac七七�  halニ� RA(k今� 1) is 

equiva1en七七�  o sorne res七� ric七� ed c1ass of 1BCA(k). (Q.E.D.) 

Theorern 4.4 ci[RA1(k+1)] = oC[lBCA1(k)]. 

エProof. ~[RA1(k+1)] C ~[lBCA1(k)] is easi1y seen as 

in Theorern 4.3. Converse1y，七� he inpu七� head and k nbc's of 

1BCA1(k) are sirnu1a七� edby七� heposi七� ionof七� he inpulニ� headon 

七� he (k十工}山� dirnensiona1 con七� en七工� esshypercubic 七� apeof RA
1
(k) ， 

because七� he inpu七� is content1ess. Thus CJ.と [RA1(k+1)] :::> 

。ε[lBCA1は)] a1so ho1ds. (Q.E.D.) 

Nex七，� the re1a七� ion between 1BCA(k) and 1TM(工� ogn， k) 

is inves七� iga七� ed. 工� n 七� he two-dirnensiona1 case，七� he equiva1ence 

of 2MHA， 2MMA， and 2TM(10g rn) has a1ready been shown in Theorern 

3.3. In七� he七wo-dirnensiona1case，七� 00，七� heequiva1ence of 

1M廷� A，� 1MMA， 1BCA， and 1TM(log n) wi11 be shown. Bu七� wenow 

derive七� he very precise re1aセ� ionbe七� ween 1BCA and 1TM(工ogn) ， 
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in七� hefo110wing七wo七� heorems. 

Theorem 4.5 oC[lBCA(k)] c L.J 1TM(log n， k+2)]. 

(k=1，2，・・・� ) 

Proof. Foど� any given M e:工� BCA(k)，� we can consiニど� uctT E 

1TM(10g n， k+2) which simu1a七� es M as fo110ws. 

+
工� fan inpuiニ� wE E' of 1englニh n is given， T firs七� wriiニes 

tニhe number n in七� he (k+1)-'Iニ h 七� rackof七� hes七� 0ど� age七� apein 

binaど� y，� whe:t;e 七� he1ef七� mos七� squaど� e con七� ains七� he 1. s.b. (leas'lニ 

significan七� bi七)� of n. A七七� he same七� ime，� T marks the [log n]山� 

ing'lニThese can be done by counrack.'1ニ h一七h square of the (k+2)七� 

heニaneous1ymarking in i'1ニand simu1，n binaryェhe 1ength of wニf

(k+2)叩七� h 七ど� ackof iニhesquaど� ewhere iニhemo怒七� signif ican'lニ 工� 

in ニhe (k+工)� -iニh track is wri七七� en. 

Then T begins to simu工� a七� eM s七� epby s七� ep. The fini iニe-

S七� a七� e coniニど� 01and 七� heinpuiニ� head of M are sエmu1a'l二 edby 七� hose 

of T. Each nbc of M is simu1a七� edby each 七ど� ackof 七� hestorage 

七� ape of T. Name1y， 七� hecon七� en七� of 七� he i町七� h nbc (i=1，2，・・・，� k) 

apein binary so '1ニ orage七he s七rackof七h七hei-七is recorded in

七� ha七 七�  he1ef七� mos七� squarecon七� ains the 1. s.b. 工� n order i二O 

check whether 七� heconten七� of 七� he i叩七� h coun七� eris 0 or no七，� 

T examines whe七� heど� a1工七� he [log n] squaど� esof七� hei-七� h 七� rack 

con七� ain O's. Simi1ar1y， to check wheiニherthe con'lニ en七� of七� he 

i-i二h coun七� eris n， T examines whe七� her七� hecon七� en七� sof七� he 

i-l二h 七� rackand 七� he (k+1)ー七� h 七� rackis 七� he same. T examines 

on1y [log n] squaど� es，� in七� hiscase，七� 00. Since T can know 
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七� he [log n]-七� h s弓� uareby七� hecon七� en七� s of七� he (k+2)-1ニh 七� rack，

七� hese procedures a1ways 七� ermim五七� e. 工� f M increases (or 

decreases) 七� hecon七� en七� of 七� he i叩七� h coun1こer，� T a1so incど� eases 

(0ど� decど� eases) 七� hebinary number contained in 1こhe i-七� h 七� rack. 

By above， T can simu1a七� e 七� hemovemen七� sof M s1こepby s七� ep，� 

and can accept七� he same 工� anguage as M. (Q.忍� .0.) 

Theorem 4.6 cl[工� TM(工勾� n， k)] C 0乙� [lBCA(k+3)]. 

(k=l，2，・・・� } 

Pど� oof. For any given T E 1TM(工 ogn， k)， we can cons七� ruc七� 

ME工� BCA(k+3) which simu1a七� esT， in七� he fo工� 10wingway. 

Le七� Cibe 七� he i-七� h ゆ� c of M， and 1e七� iCiidenote七� he 

number kep七� by c
i 

(i需工，� 2，・・・，� k+3). k nbc's cエ� c
2
' ・・・，� c

k 

are used 1こomemorize 七� he con七� entsof k 七� racks of the stoど� age

七� apeof T， c
k
+工� remembers七� heposi七� ionof七� he s七� orage七� ape 

head of T (i.e. 七� hedis七� ance from七� he symbo1 C)， and c
k
+

i，j 

2 

and c
k十� 

3 are used for working. 

Now， 1e七 m，ai・・・2，ai，工� ai be 七� he con七� en七� s of 七� he [log n] 

ack of T こど� h iニsquares of the i-i (i=l，2，".，� k， m=[工og n]， a~ .，:= 

o 0ど工� (j口� 1，2，・・・，� m))，� and suppose七� ha七七�  he s七� orage七� apehead 

of T is reading七� heh田� th squaど� e. Then c. memoど� izes七� he con七� en七
エ� 

of the i-iこh 七� rackas七� he fo1工� owingin七� egeど.

• 
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--

where 七he ど� i守� htmostニ� bitニ� (i.e. ai，hーエ� isthe 1.s.b.， and 

the 1ef七mos七� 1 (i.e. 2
m
-
1
) is adde設� so七ha七� 1cil always 

becomes an m申� digi七� numbeど.�  The h-th di守� i七� ai，h iSremeInbeど� ed 

in the fini七e四� S七� atecontro1 of M. 

By tニheway， M can easi1y do七hefo110wing opera七� ions 

wi七ha he1p of c
kゃ� 2・� 

(i) Divide lciiby 2and qe七七�  he remainder (l.s.b.). 

(ii) Mu1七� ip1y Icil by 2 and add a cons七antaよ(出o or 1}. 

Fur七hermore，� M can do七hefo110wing opera七� ionusin守� c
k十� 2 

anαC ~ .....k+3" 

七

・，町� 

を
ふ
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i1七procedureun的hefo110wi七S七henrepea七andエ，1=Ick+3

Icil becomes 1. 

(工 App工y 七he opera七� ion (i) 七o c・� and ge七七�  he 1・S・b. of ICil. 
l 

(2) App1y the opera七� ion (ii) 七o ck+3 
' and add七he 1.s.b. 

守� 0七七� en JUs七� now. 

Consequen七工� y，� ck+3 
co凶� ainsthe 七ransposi七ionof ini七� ial ICil-

Thus 七heopera七� ion (ili) is comp1e七� edby 七時�  nsfeどど� i吋� ICk+31 

in七o c. . 
1 

Now， M simu工a七� esT in the fo工� 10win守� way. M fiど� S七� se七S 

ICil=2m-1 (i需工，� 2，・・・，� k) with a he1p of c
Jけ� 

2and c
k十� 3・� λお

e七a七8・・e七The finiep.七epby s七eT s七o simu1a七ins守henM be七� 

con七ど� 0工� and the inpu七� head of T is simu1aiニedby 七hoseof M. 

，一一+」
3
a 、
f

To perform 
 M
 

firs七 時 七 �  s ICk+21=0 ande 山
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As for七hes七0どage七apeof T， M simu1a七e i 1二七� rackby七rack.

工fT どewri七es a. . in七oa! ， and moves七hes七orage七apehead i，h ~.._~ -i，h 

七0 七he1ef七，七� henM execu七es七hefo11owing procedure. 

{工)	 Ge七� ai，h加工� by app1ying (i) 七0 ci' andど� ememberi七� in 

七he fini七e-s七a七econ七ど� 0工.� 

(2 ) 	Transpose iCi l by七heoperation (iuド� 

(3 ) 	 App1y (ii) 七o c~ and add al k 七o i七.� 
1 l，n 

(3) Transpose ICil by七heoperation (iuド

工fT rewri七esa. ， h andmoves七hes七oragetape head i，	 in七o a官h .........."" .....i，� 

七o 1ニherigh七，七� henM execu七es七hefo11owing procedure. 

(1) 	 Transpose Icil by七heoperation (iu)・� 

(2) 	 Ge七� ai，h+1by app1ying (i) 1ニO Ci，ar14ど� ememberit in 

七hefini七e-s七a七econ七ro工.� 

(3 ) 	Transpose Icil by七heopera七ion (iu). 

( 4) 	 App1y (ii) 七o c~ and add a1 k to i七.
エエ，n 

M performs七heabove procedure for each七rack. Then M incど� e叩� 

ments or decren淀 川�  s I c
Jけ� 

11 accordi時七�  o the shif七� diどec七ion 

of七he s七orage七apehead of T. 工f ICk+11=o， then M knows 

七ha七七�  hes七orage1ニape head of T is reading七hebordeど� symbo1 や.� 

By above，M can accep七七� hesame工anguageas T， and 

七hiscomp1e七es七he proof. (Q.E.D.) 

C1ear工y，Theorem 4.5 and 4.6 ho1d even if七henumber of 

ヱnpu1二� symbo1s is res七ric七ed七oone. 

coro工1ary4.7 

L[lBCA1(k)] C cl[工TMl{109n，U2)]，� 
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dうはTM
1
(log n，k)] C oC[lBCA1(k+3)]・ 

The nex七 coro11ary is easi工y ob七ained frorn Theorern 4.1-

4.6 and Coro11ary 4.7. 

Coro11ary 4.8 

ci[RA] C o([lMHA] = cf[lMMA] ロ� L[1BCA] a[lTM(工ogn)]，ぉ� 

工� 1， ..___1"， 

(log n)]. .L.[1TMce，[lBCA....]ae=ど[工拙伍=1MHA.... ] ct [ =]....cf [RA 出

Next，we inves七i守a七e 七he accep七abi1itこY of 1MCA (k) • 

Theorern ι9 工f k~2 ，七hen L[lMCA (k)] = J:.
O 

and 

ce[1MCA
1
(k)]口£; 

Proof. Minsky [29] showed 七ha七 a 七.wocoun七eどとlU七orna七on十，叩� 

wi七hout an inpu七七ape，can sirnu1a七e a one dirnensiona1 one叩 由

七apeTuring rnachine. Thus i七� is easi1y seen 七ha七工MCA(2) 

can sirnu1a七e any Turing rnachine wi七h one inpu七七apeand one 

s七0どage 七ape，wheどe 七he s七orage 七ape is no七� boundedby any 

七ape func七ion. 80 1MCA(k) (k~2) is universa1. (Q.E.D.) 

Theoどern4.10 OC[工MCA( 1)] C c!. [ 1BCA ( 1) ] • 

Proof. Le七 A be an arbi七どary1MCA(工� wi七h s in七erna1 

s七a七es，and 1e七 n be 七he 1eng七h of an inputニ� Wedenotこe 七he

十� 8ee 七he foo七no七e on page 49. 
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computa七ionalconfigura七ionof A by a七rip工e (q， i， j)， 

where q is an intこernals七a七e，� i is七heposi七ionof七heinpu七� 

head (0三i三n+工)，� and j is七henumbeど� kep七� bythe coun七er (j~0) . 

If A coun七sa number grea七eど七� hans(n+2)，七� hen，� for some 

q， i， j l' and j 2 ( 0三i~n+l ，。く jlく j 2) ，七wocompu七a七ional 

configuどa七ions (q， i， j 1) and (q， i， j 2) mus七� appearat 

some七imes七工� and七2 (七工く七 2) respec七土� vely，� and 七hecoun七er 

does no七� becomeemp七ybe七ween七工� and七2・� So， a七七� ime七2 

+ k (七 2一七工)� (k==1，2，・・. 七hecompu七a七iona工� confi守ura七ionof )， 

A becomes (q，i，j2今� k(j2-jl)). Thus七henumber coun七edby A 

increases indefini七e工y. Accordingly， if A accep七S 七heinpu七，� 

A never coun七s七henumber greater七hans (n+2) . 

Sこwhich accept(工)BE lBCA 七ruc七we can consこ，hisfact七singむ� 

七he same language as A. The nbc of B simula七estこhecoun七er 

of A as fo工工� ows. B has a fini七ecount二erwhich can coun七� up tニO 

s in七hefini七e-s七at二econ七rol.工  f A increases (or decreases) 

七hecoun七er，七� hen B increases (or decreases) 七hisfini七e 

count二er. B act二uallyal七ers七henbc， on工Y if七hefini七e 

coun七eroverflows or underflows. 工n 0七herwords，B memorizes 

七hequo七ien七� ofx/s in七henbc， and七heremainder of i七� in

七hefini七e-s七a七e con七rol，� where x is七henumber counted by A. 

Thus B can coun七� from0七o s(n+l)+s (addi七ionals is also 

count二edby七hefinit二e叩� sta七econ七ro工).� By七his B can simula七e 

A s七epby s七ep，� and can accep七七� hesame language as A. 

(Q.E.D.) 

日� isan in七eresting fac七七ha七 ~[lMCA(l)] becomes some 
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ど� es七ど� ictedsubc1ass of cf， [lTM (log n)] despi七� e of the univeどー� 

sa1i七y 0 f 1MCA ( 2) . 

4.3 Accep七� abi1i七� Y of RA(2) 

Now， we especia1工y inves七iga七e 七� heaccep七� abi1i七Y of及� A(2) ， 

which is one of七heweakes七� subc1assof au七� oma七� a of七� ape 

comp1exi七y 10g n (excep七七� he c1ass of fini七e au七� oma七� a). 

A工七� hou守� hRA(2) has no auxi1iary memory， iiニ� can accep七� severa1 

non-regu1ar 1anguages. 工七� dependson tニhefac七七�  ha七� RA(2) 

can move fど� ee1yon七� heinpu七七�  apeand can rebound a七七�  he 

ed守� e of七heinpu七.� 

Theorem 4.11 There exis七� sa 1anguage L
1 
6 dと[阻� (2)] 

such七� ha七� L1E "-2 bu七� L1手足� 3・� 

Proof. Le七� usconsider七helangliaqe L12{w-wR!w e{O，l}+} 

(WR derzo七� es七he七ど� ansposedsequence of w)・ 工七� is known 七� ha七� 

L
1 

is con七� ex七� -fど� eebut二� no七� regu1ar [工 8] • We can cons七� ruc七� 

M
1
E RA(2) which accep七� sL

1・� Suppose a word w = a
1
a
2 ・・・� 

a
2n 

~2n+1-ii a口o check if a.七n order工・oM
1

七is given 但ト1}，{O6 

foど� a11 i (1ご~i三2n) ， M
1 

moves七� heinpu七� head as shown in Fig.4.6. 

From 七hes〈ZLIarein which ai lS Wど� l七七� en，� M
1 

moves 七0 七� hesou七� h叩� 

wes七� direc七� ionat二� anang1e of 45 0 • 工 f M
1 

reaches七� 0 七� heborder， 

heborder 七reads七1 iニエuni七heeas七o七sand moves どれu七七heni七� 

symbo1. And七� hen，� moving七0 七henoriニh-wes七� diど� ec七� ion，� M工� can 
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reach tニhe square where a2n+工hiis wri七七� en・� M1 does 七his 

for i=工，� 2，・・・，� 2n，� and accep七� s w if ai=a2n+工叩� i fox all i • 

(Q.E.D.) 

日
以
一
口
一
}

ロυ
一
日
以 

B 

BIB 訂面� 

Fig. 4.6 Comparing七heinpu七� symbo1s 

a ana a 遁� ~ ~2n+ 工叩 i' 

Theorem 4.工2 There exists a 1anguage L2 E. oej[RA
1
(2) ] 

such七� ha七� L2 E: <iib凶 L2 季 ~~. 

pど� oof. v.Te constど� uc七� 
l 

S七RA..... (2) which accep(;M"
2 

七� he 

1anguage L2

エ� 
需� {Jli4，L--・}C:� {a}+. L2 is con七� ex七� -sensi七� ive 

but no七� context二-free [18]. Suppose an input tape of side工eng七h 

n is given七� o M2 
(i七� isa con七� ent1essinpu七七�  ape)・� M can

2 
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find 七he (21
，1) square (工， 2，・・・� in a simi1ar way as in 四� 

KLemma 2.31. Suppose M
2 

is a七七�  he (2....，工)叩� square. Moving 

tニheinpu七� head七0 七henor七h山� eastdirec七� iona七� an ang1e of 450， 

KM
2 

can reach七he (l，2....)-square. H
2

七hengo七O 七he souiニh四� 

wes七� direc七� iona10ng七he工ine of a slope 2. Thus M
2 

can 

k+工reach七he (2.....~ ，工)向 square (Fig.4.7) 

( 2k，1 ) 

(2門1) 

Fig. 4.7 The recogni七ionprocess of we L by M
2・2 

S七ar七� ingfrom七he (1，1) square，� M
2 

repeats七hisprocedure 四� 

over again. By iニhis，M
2 
can check whe七herm口� 2J for some j ・

工f it is so，七� hen M
2 

accepts iニheinpu七.� (Q.E.D. ) 

We can a1so show七he0七her examp1es of 1anguages accepted 

by RA(2)， which are con七� ex七� -sensi七� ivebu七� notcon七ex七蜘� -free. 
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L3 = {w'wlw E {O，l}勺� 

L4 z (GZ11rlorli ngl，2，・・・� } 

Fig.4.8 shows the me七� hodof comparing七� heinput symbo1s 

ai and ari÷i tこo accept七� he 1anguage L3・� And L4 can a1so be 

accepted by finding the (1， [n/3]}-square and the (1， [2n/3])町� 

square. 

Fig. 4.8 Cornparing七� he inpu七� symbo1s a~ and a nや工� 

(From the symbo1 a~1 the au七� oma七� onmoves a10ng七� he 
l 

1ine of a slope 2.)叩� 

However， it seerns 七� ha七七� he fo11owing con1ニ� ex七時� free 1anguage 

LS canno七� beaccep七� ed by any RA(2}. Bu1ニ� i七� s proof is rernaining 

open. 

{wlwε{G，l}÷ ，� ar14the number of七� he symbo1 O's == LS 
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contこainedin w is equa1 to七� henumber of the symbo1 l's.} 

(Bu七，� it is easi1y seen七� ha七工�  MCA(l) can accep七� LS・}� 

Theorem 4.13 

~[RA(2)] ♀ rl 3 ， 


J:.， [RA工� (2)]平~~.
 

Proof. 工七� is easy 七� o see 七� ha七 L [RA(2}] ::J iJ..ご [RA(l}] 

よ� J .__1.0

and ~[貼品 (2) ]二三 ζ[RA"'(工}].� Thus， from Theorem 4.12 and七� he 

facts ぷ� [RA(l)] = d:， 3 and cl， [RA
1
(1)] = ct~ ， 必[地 {2 〉 1243 

and ce[1
( 2) ]♀£ :are concluded.(Q・E・E・}RA 

/ヘ 
Now， we consider a c工� assof au七� omatことi RA(2) as a varian七� 

of RA(2}. The shape of七� heinpu七七� ape of RA(2) is differen七� 

B B s . e 4・� B B 

E a，a2 . . . a n B 

B ゴギ ゴギ . . 支F B 

ち が キF ‘ 
. . ョZ s 

8 *キF えギ s 
. . . . . 

. . . 

. . . . . 

. . 
ー-

. 

~νVへJへ/九へ/ヘノ� 

Fi守.� 4.9 The inpu七七�  apefor a {2}. 
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from七ha七� ofRA(2). The wid七hof七heinpu七� is fini七e，� but it 

extends downward un1imi七ed1y，and七hebordeど� symbo1sare 

a七七� acheda七七� henoriニh，� wes七，� and east edges of i七� (Fig.4.8). 

A onedimensiona1 inpu七� wordis wri七七� enin its fiどS七� row.四� 

ー /¥

工nordeど七o ぬ� ow L[RA (2) )口 dう[阻� (2)]，� we derive七he 

fo工工� owing1emma. 

Lemma 4.14 Foど� anyM E RA(2) ，七hereexisiニS M'E RA(2) 

which accep七S 七he same 1anguage as M and neveど� reads七he 

border symbo1 of七hesou七hedge of the inpu七.� 

Proof. M' simu1a七es M as fo1工ows. 

Le七� sbe七henumbeど� ofs七a七esof M. Scanning iニhefiどS七

どowof七heinpu七七� ape，� M' fiどS七� examineswhe七her n~s+1 or no七� 

(n is七he1eng七h of七heinpuiニ).工  f n~s+1 ，七hen M memorizes警� 

n by the in七erna工� s七a七e，� and simu工a七es M moving七heinpu七� 

head on七hefirs七� rowon工y. Name1y， M' records七henumber 

of七herow on which七heinpu七� headof M is moving in七he 

fini七e-s七aiニecon七ro1of M 1. C工ear工y，� in this case， M' does 

no七� read七heborder symbo1 B a七七hesou七h edge of七he七ape. 

Thus，in wha七� fo11ows，we on1y consideど� tニhecase of n>s+l. 

When M' simu工芸ミ七es M， 七� heintニerna1s七a七eof M is simu1a七ed 

by七hatof M ' • However， as foど七�  heposi七ionof七heinpu七� 

head of M，M' remembers 七heposi七iontニど� ansformedby some 

coordina七e 七ransforma七ionτBecause M may read七heborder 

symbo工� a七七hesou七h edge. Thus if七hecoordina七eof七he 

inpu七� headof M is (j，k)，七� henr1， 1 p1aces i七shead a七� τ(j，k). 
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Bu七，� 1" is no七� a fixed七� ransforma七� ion. Name1y，� τis one of七� he 

fo11owing τi 0，� 1，� 2，� 3) . 

1" o(j，� k) (j， k)立� 

1" dj，� k) (k， j)需� 

τz{j，� k) = (nk+1，� n叩� j+工}由� 

τ3(j，� k) (n-j+工，� n叩� k+工}指� 

τo is an iden七� i七� y 七� ransformation，� 1" 1 and 1" 2 are symme1こど� ies 

(symme七� rica1七� ransforma1二� ions) wi七� h respec七七0 七� hediagona1s 

of an inpu七七�  ape，� and τ3 is a symme七� rywi七� h respec七七�  0 七� he 

cen1こ� erof an inpu七七�  ape (Fig.4.9). {τ:} forms a group under 
l 

the opera七� ionof composi七� ion (Tab1e 4.1). M' chooses七� he

七� ransforma七� ion 1" from {τ
エ
ー}� depending on七� hecondi七� ions

(s七� a七� ed1ater) a七� each1こ� imeof 1こ� hesimu1a七� ion，� thus 1" is 

，〆� 

¥ 
¥ 

τ。� 
τs 

τ。� 
τ1 

τz 

1" 2 

1" 2 

1" 1 τl τs 1" 3 

1" 2 1" 2 τ3 τa 

τ3 τs τ2 τ: 

1" 3 i 

1" 3 

τ2 

1" 1 

τ哲� 

Tab1e 4.1 Composエ七エ� on 

of τ.
エ� 
. 

Fig. 4.10 Coordina七� e 1ニ� ransforma七� ions 

by τi {izo，� l，� 2，� 3) 
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七irnevarian七AndM' どernernberswhich七ransforrna七ionis 

being used now， in七hefini七e叩� S七a七econ七ro工.� 

One series of M is a sequence of rnovernen七sof M，since 

M has once read an e工ernen七� ofLU{ぉ}， un七i工� M nex七� reads 

one of LU{B} again. (M does no七� read LU{B} during 七his 

period.) M' begins七o sirnu1a七eM fどom七he (工， 1) squaどe，時� 

set七ingて=TO・� Oneseries of M is sirnu工a七edby one series 

of M'， which is sornewha七� diffeどen七� frorn七ha七� of M. One 

seどiesof M' is a se司uenceof rnovernen七s since M' has once 

read the border syrnb01 of七henor七hedge or七hee1ernen七� of

L:， un七i1M' reads one of七hesein sorne七irne. More precise1y， 

the rnovernen七sin one series of M' aどe as f0110ws. (No七e 

t二ha七� duringone seどiesof M'， i七� rnayread七heborder syrnb01 

or七hee工ernen七� of L: seveどa1七irnes.) 

(工 Firs七，� M sirnu工a七esM up七o (s+工)� s七eps. 工n 七his警� 

process， M' どecordsa11七hernovernents of M (s七ate七ransi七ions，� 

and shif七� direc七ionsof七heinpu七� head) in 七hefinite-s七ate 

con七ro1. Since s+1く� n，� M' neverどeads七hesquare of七he 

n-th row， noど七hebordeど� syrnb01of七hesou七hed守e. When M' 

is sirnu1a七ingM s七epby s七ep，七heinpu七� head of M' rnoves 

so as七o agree wi七h the transforrna七ionτA七� everys七ep 

of七hesirnu工a七ionof M， M' checks七hef0110wing condi七ions 

(a)一� (d).工  fone of tュhesecondi七ionsis satisfied~ M' in七er時� 

rup七s 1こhe sirnu1ation of M a七七ha七� rnornen七� (evenwhen M' has 

no七� finished七he (s+1) s七epsyet) ， and perforrns七hedesigna七ed 

rnovernents to each case. 
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(a) 	 The case七hat M' is ど� eadingan e1ernen七� ofE wi七hT=T0 • 

Thushis syrnbo1.七soreading工M is a，hiscase"1ニ n工� 

七heone series of M' is finished a七七�  hispoin七.� 

(b) 	 The case七ha七� M' is reading the (j，l) square (1ご~j~n)叩� 

with τ=τ1 (this can be exarnined by checking whe七heど

七he工ef七� neighbouringsquaど� e con七ainsB， a七� eachs七ep). 

，Thussquare.j)，he (1"1ニ M is reading，hiscase七n工 叩� 

rnoving七0 七henor七h-eas七� direc七iona七� anangヱe of 450 ， 

M' P工aces七heinpu七� heada七七�  heτdj，l) ロ� (1，j)'squaど� e.叩� 

M' 七hensirnu工a"lニes七hernovernen七� of M， and finishes 七he 

one series of M' wi七h T思� τ5・� 

(c) 	 The case七ha七� M' is どeadェng七he (j，n)-squaどewith τ=て� 2・

工n 七hiscase，M is reading七he (1，n-j+1) square.叩� 

Thus，in a sirni工ar rnanner as in (b)，M bど� ings七heを� 

需inpu七� head 七0 七he T2 (j，n) (l，n田� j+工} squaどe. Then，・ 醐� 

sirnu1a七in守七�  hernovernen七sof M， M' finishes七heone 

series of M' wi七h て=τ8・� 

(d) 	 The case七ha"lニ M is どeadin守七�  he border syrnbo1 B (wi"lニhou七き� 

so far)，ionsin (a)"lニhecondi"1ニisfying七sa 由� (c) . 

工f M' is reading七heborder syrnbo1 a七七� henor七h 

edge，七� heone seど� ies of M is finished a七七�  hispoin七，事� 

and七	he七ransforrna七ion T is unchanged. 

工f M is reading i七� a七七he (j，O)-square，七� hen警� 

hesarne "1ニ j)-square (in，he (O七0七hehead七bringsM' 

h七heone series of M' wi "1ニ and finishes，way as in (b)) 

T=τ・	τ1(righ七handed T is 01戎� τ). 

工f M' is reading i七� a"lニ七 he (j，n+工)叩� square，七hen
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M' brings 1ニhehead七0 七he (O，n-j+1)-square， and finishes 

七heone series of M' wi七hτ=τ・ T 2，工� ikewise. 

(2) 工f M署� has finishe設七�  hesimu工a七ionof M up七o (sゃ工}� 

S七epswi七hou七� sa七isfyin守七�  hecondi七ions in (a)ー� (d)，� M' 

knows七ha七� M mus七� havebeen reading on1y 1二heb1ank symbo1 

書� durings s1ニepsof七hesimu1a七ion (excep七七�  hefirs七� S七ep). 

80 M wi11 repea七� some subsequence of七heses s七epsof move-

men七sun七i1 M nex七� readsan e工ementof E U{B} • Now， consider 

七he sequence of (s十� 1) s七epsof movemen七smemorized by M'. 工t二� 

is (P1'α工)，・・・，� (Pi'αi) ，・・・，� (Ps+1'αs+l}，� where Pi is 七hein1ユer叩� 

na1 s七a七eof M a七七�  he i-七h s七epand a~ E {+工， 0，'削工} is七hehori“ 

1 

zon七a1shift direc七ion(i.e. 十エ，� 0，-1 are right non-shif七，� こ，-shift二� 

and 1eft叩shif七，� respec七ive1y) of the inpu七� headof M' a七七�  he 

i叩七� h s七ep. C1earエy， 七hereexis七� 2<，Q，く町三� s+lsuch 七ha七� Pぇ=Pm' 
m-1 

Le七� α = Iα4 ・� 8uppose M者� continues 七o simu工ate M af七位
え 申2エロ

七he (s十� 1)山七� h s七ep. 工f α~O ， M' never reads 七heborder symbo1 

a七七�  heeas七� edge，� nor 1二hesquare in七hen時七� h co工umnwitニh 

τ=τ2・� Converse1y，工fc主主0，M' never reads 七heborder symbo1 

a七七�  hewes七� edge，� nor七hesquareェn 七hefirs七� co1umnwi七h 

ττ1・出� 

Thus M' 1二races (s+l) s七epsof七hesimu1a七ionof M in 

七hebackward direction unti1 M' reaches七hefirs七� compu七a七iona1 

configura1二ionof 1ニheone series of M. This can easi1y be 

done， since M' has七herecord of a1工七�  hemovements of七his 

period in七hefini七e-s七a七e con七ro1. Then M' re七ries七0 

simu1a七e 七he one series of M from七hepositニion of the (O，j)叩� 

or (l，j)-square (工~j~n) ， in七hefo110win守� way. 
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Ifα竺� 0，� moving七� heinpu七� head from the (O，j) sguare叩� 

(or (1， j) sguare) 七� 0 七� he (j，む)四� sguare (or (j，工� )-sguare)，叫� 

M' begins七� o simu工a七� e ~1 withτ 思� τ.T 1・� Simi1ar1y，� ifα>0， 

moving七� heinpu七� headfromセ� he (O，j)-sguare (or (1，j) S弓� uare)叩� 

田七� o 七� he (rぃ� j+工，� n+工)叩� sguare (or (nj+工，� n)-sguare)， M書� begins

七� o simu1a七� e M withτ=τ・τ2・

1y工ua七evenエエ� M' wi，his series七oopin七工fM does no工� 

satisfy one of七� hecondi七� ions in (a)叩� (d) during七� hesimu1a七� ion 

of M. Bu七，� apparen七工� y，� M' never reads 七� heborder symb01 of 

七� he south edge， nor the sguare of the n-1こh row wi七� hτmτ3・� 

M' performs七� heopera七� ioncorresponding to each case of 

(a) (d)，� and finishes七� he one series of M'. 工� f M 100ps，四� 

七� henM' a1so 100ps， but M' never reads the border symb01 

of the soulこh edge in七� hiscase，七� 00. 

By above procedures (工) and (2)， M' simu1a七� esM 

series by series， and accep七� s 七� heinput if and on工Y if M 

acceplこs i七� ThisM'never reads七� heborder symboエ� of七� he 

sou七� h edge. (Q.E.D.) 

From Lemma 4.14， tニhe fo工� 10wingtheorem can be obtained. 

Theorem 4.15 ot: [RA(2)] = c:t:，[怠 (2)]. 

〆ヘ
Proof. oc[RA(2)] C oe[思 (2)] is obvious from Lemma 4.14. 

Thus we show a[RA(2)] :J cG[:RA (2)]. 
戸、� 

d角、� 

Le七� M be an arbitrary RA(2)， and 1e七� s and n be七� he

エエ?



number of interna1 sセ� atesof r1 and tこhe1enョthof a given 

inpu七� word. 工� f M eventua工1yha1七� s forセheinput， M never 

reads tこhesquare be10w 七� hes(n+2)ーセ� h row. Thus， in a sirni1ar 

rne七� hodas in Theorern 4.10， we can constこど� ucセ� M ε RA(2) which 

sirnu1atesM. The fini七� e-sta七� e con七� ro1of M is sirnu1ated 

by七� ha七� ofM. 工� f 七� heposi七� ionof七� he inpu七� headof M is 

(i，j) (O..:':iご~n+工 o三j く s(n十2) )，七� hen M p1aces i七� s input head 

a七七�  he (i， [j/s])-square and七� he rernainder of j/s is rernembered 

in七� hefinite-s七� atecon七� ro1. (Q.お.D. ) 

/'、 

The re1a七� ion between RA(2) and 1MCA(工� isas fo工10ws. 

Theorern 4.工6 。乙[五五位)]� C ~[lMCA( 工) ] . 

Pど� oof. 日� iseasi1y derived frorn the fac七七�  ha七� a(2} 

is equiva1en七七�  o 1MCA(工� wi七h the res七ど� iction七� ha七� itcan 

know what七� heinpu七� syrnbo1 is，on1y when 1こhecouniこeど� isernp七� y. 

(Q.E.D.) 

In七� hecase of one inpuiこ� symbo1，七� hefo11owin守七�  heorern 

can be derived. 

cf[RA.I. (2)] = J:[RA.I. (2)] ot[lMCA....(工)] .出Theorern 4.工?� 
~1 

Proof. Theorern 4.15 is independenセ� of七� henumbeど� of 

linpuセ� symbo1s，� so c:t'[RA....(2) ]出。乙 [RA~(2)] . The re工とま七� ion 

ce[:RA1(2)] a[ 工1
(工)] can be derived in a sirni1ar rnanner= H1CA 
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工
as in Theoどem 4.4 where cl..[RA.... (1)] = ce.[lBCA は)]� was shown. 

(Q.E.D.) 

From Theorem 4.2， 4.4， and 4.17， we can see 七ha七� RA工(2)， 

1 ， . ， . . ..._1
RA....(2)， 1MCA....(1)， 1BCA....(1)， and 1MHA....(2) aどe a11 equiva1en七� 

1 1，...__ "" r，Ll，-."，1~ 
(i.e. OC[RA....{2)] ぉc:t:[M"'(2)] = J.う[工MCA'"{1リロoe，[ 1BCA ( 1) ] 

= t;[lMHA
1
( 2) ] )・ 

The re工ation among RA(工)，� 1MHA{1)， 1MMA(工)，� and RA (2) 

is as fo工1ows. 

Theorem 4.18 

詰1MHA ( 1) ] [ct阻{エリct[=3。乙 = t:，[lID仏{工)] s:ceC[RA{2)] • 

Proof. ~3 = cf，[訟は)] = ot:[ヱMHA(工)]� is obvious. 

ci 
3 
= J.う{工MMA(工)]� is shown by B1um and Hewi七七日1・� ~3 ♀ 

et[訟は)]� is shown in Theoどemι13. 金.E.D.) 

coro工工ary4.19 

dci z £IRAl(工)]� = ';c[lMHA
1
(工)] = ct[工MMA

1
(工)] 年� OC[設計� (2)]・ 

Fig. 4.12 and 4.13 summerizes 七he resu1七s ob七ained in 

sec七ion 4.2 and 4.3. 
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oC[IMCA
1
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1
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1
(工け
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Pig. 4.13 The どe工a七ion amon守� various 

au七oma七a of 七ape comp工exi七y 10g n 

(wi七h one inpu七� symbo1).' 

エ2工



4.4 Hierarchy 

工n this seciニion，� we consider the subhierarchy of 

エanguageacceptabi1itニiesin the c1ass of七apecomp1exi tニY 

10g n. 

B工um and Hewitt [5] firsiニ� showedthe exis七� enceof 

infinite hierarchy of 2MMA with respec七七� o 七henumber of 

markers. Using the diagona1ization七echnic，七� heyderived 

七ha七� 2MMA(2k+4) is s七ric七工� ymore powerfu1 七han 2MMA (k) . 

La七er，七� hisresu1七� wasimpど� ovedby工barra [22] and Monien 

[30] (七 heyshowed iこhehierarchy of工MHA). 

Theorem 4.20 (Monien) The fo工工� owingre工atニionho1ds 

七henumber of inpu七七ha設七provide)， ，・・・2，for any k (k=1

symbo工sis more t二hanone. 

必日間� A( k)] ~ ot:I1MHA(治 1)] 

From Theorem 4.1， 4.5 and 4.6， the hieraど� chies for 1MMA， 

工BCA，� and 1TM(工og n) can a1so be ob七ained. 

Theorem 4.21 The fo110wing re1a七� ionsho工d foど と �  myk 

s is 工henumber of input symbo七七provided tha)， ，・・・2工，(k=

立� 10ど� e 七� hanone. 

OC[lMMA (k) ]♀ .t[lMMA (k+2) ] 

.;t [ lBCA (k) ]手 CC[工BCA(kリ )] 

ζ[1 TM ( log n， k)] ~ ci，[工 TM(log n， k+7)] 
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Pど� oof. Pど� omTheorem 4.1 and 4.19， J.う[lMMA(k)] C 

<l.[lBCA (k)] _ OC[1MH副知工)]年J::.，[ 1MHA(四日三  oe[H1MA(初日 

C ot:.[lBCA (k+2) ]. And， from Theoど� em4.5 and 4.6， ~乙[lTM(log n， 

k)] C oC[lBCA(k+3)] ♀乙[lBCA(k+5)] 壬 ~[lTM(log n， k+7)]. 

(Q.話.D. ) 

Howeveど，� i七� isnot known whe七� ehert二hereexis1ニs a pど� oof 

of a more ど� efinedresultニ.� 

Theorem 4.工� 9and 4.20 ho工d on1y for tニhecase of七woor 

moど� e inpu七� symbo1s. We now consider七hecase of one inpu七� 

symbo工� Firs七� wedeど� ive七� heinfini七� e hierarchy of 1BCA
1 

Theorem 4.22 cl[工BCA
1
(k)] S: ct，[工 BCA

1
(比十� 8)]・

l
?ど oof. Letニ� A be an arbi1ニrary 1BCA~(k). We fiど� S七� 

consideど� ame七� hod七� o encode A in七� o a na1ニura1 number. Le七� 

担 esof A 七a七erna1s七of in七hese七1} be 四・qs工，・・・，q，{qoKA 

(A has s s1ニa七� es). We assume， wi七� hou七工� ossof genera工� i七y，

七� ha1ニ包� o is七� heini七� ia工� s1ニalニe and {q，} is七� he se七� of fina1 
l 

s七a七� es. And 1e七七�  hese七� of inpulニ� symbo1s of A be L={とま}.� 

The七� ransi七� ion func七� ion O of A is a mapping from a subse1ニ� 

of 8， 事� }x{zn'x，f}.....in七� o 8~エ� A L """-I T" .，... J .L¥. ， 
k 

K~x{L ， RL......''. 2 ..J.....A....， 

Le七� us consider mappings h
1 

and h
2 

defined as fo11ows. 

k+工h
1 

is a mapping fど� om8
1 

in七� o {1，2，・・・� s・� 3........L}， and sa七� isfies 

k+1
h工� (q見，� x'Y1'・・・� 'Yk) 出え・ 3

n 

• - + 七+  1 

foど� anyq克己主� A' x6{a，<::，卒}，� Yi毛� {zO，x，f}. 七� is 七� heva工ue 

of a 七� ernary number of (k+1) figures x y工� y2 ・・・� Yk ' where 

.K ~x{a ，<:: ， H}x{+工， 0 ，削工}0 ' 
= 
 = 
， L "" ..L. J 
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七he e1ements of {a，c，宇}� and {zO，x，f} are regarded as the 

number 0， 1， 2， respective1y. The mapping h
2 

8
2 

~ {1，2， 

k+1
・・・� s・ 3~'~} is a1so defined 1ikewise. Apparent1y h

1 
and 

h2 are bijections， so tha七七� here are inverse mapping for 

k+1them. Now， we define a mapping 8' {1，2，・・・� s・ 3~'~} ~ 

k+1{ 0，1，・・・� s・ 3~'~} as fo110ws. 

8' (v) 
 = 
2 ¥ ..，h 
1


(8 (h: (v) ) ) 
v '......1 

k+1 s・ 3~'~} )(v E{1，2，・・・� 

-1
Note tha七，� for h1~(v)E 8

1 
on which 8 is not defined， we 

assume 8' (v)=O. Here we encode A into a natura1 number 

(Gる� de1 number). The Gる� de1 number of A is 

司� k+1 
n-tr-6'(i)

一一 .l:""一iA ~I_I ，
i=l 

where Pi is the i-th prime (i.e. P1=2， P2=3， P3=5，・・・� ) . 

l
Nex七，� we construc七� BE 1BCA ~ (2k+8) which diagona1ize 

a111BCA
1
(k). 8uppose an inpu七� of 1ength n is given七� o B. 

Then B simu1ates the movements of Aε1BCA
1
(k) with七� he 

n 

inpu七� of length n，� wherethe Gode l number of An is n. 工� f 

An acceptsthe inpu七，� B does notacceptit.And if An rej ects 

or 100ps， then B accepts. 

工� n order七o cons七� ruc七� suchB， we firs七� exp1ain tha七� 

B can execute the fo110wing primitive operations. Let u ' 
1 

2'・， u..".，n be the 2k+8 nbc's of B， and 1e七� lujl denote the 
2k+8 

number counted by uj・� (c is a constant.) 

( 1) Iu..;I ~ 
J ' 

Iu..;，I•
'J 

(2 ) lu..;1 + c ~ J ' lu..;l. 
， J 

( 3) 1uj| - c ~ Iu..;I• 
3 
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{会}	 luJ ×� C +112j i・
コ� 

(5) I ujI ÷C  +111j| quo七ien七.� 

γ

-

}

 
・

n

e

 

d

d

s

• 
e

(7 ) 	 Decidi勾治的�  her lu;I=lu ・パ・
JI J 

No七e 七ha七� u2k+8is used as a woどkingnbc七o perform七hese 

operations (thus 1三j ， jl ， j"~2k十 7). For example， the operation 

( 5) ，七� he division by a consiニan七� c，� is execu七edas fo11ows. 

B firs七� sets lu2k+81=O. Then B どepea七S 七o add 1七o IU 2k+81， 

eveどy tir間� B sゆ七ど� ac七� s c from lu..;1 un七i1 lu..;1 becomes O. 
3 

By七his，� B can gain七hequo七ien七� inu2J屯� 
+8' so B transfers 

i七� in七o u.. The remainder can be ob七ainedin七hefini七e岬� 

3 

sta七e con七rol of B. The other opera七ions 工}叩� (7) can a工so 

be execu七� edby using on工Y u
2k

+
8 

as a woど� king nbc. The 

con七en七sof nbcを� s0七heど七�  han u~， • ~ and七henbc in which七he
2k+8 

answer is七obe he1d are unchanged. 

Using these opera七ions，� B simu1a七esA 
n 

in七hefo11owin守� 

manner. The inpu七� headof A 
n 

is simu1a七edby i二ha七� ofB. 

The k Elbe 'S of An aどe simul.:去をこをき dby u
1
'・・・，� u

k
'and 七hein七eどna1 

s七a七eof An is kep七� in uk+1・� The k+2 nbc's uk十� 
2'・・・， u2k+3 

are used七o check whe七her A~ 
n 

is 100ping or no七，� and七he 

どemaining 5 nbc's， u2k+4'・・・，� u2k+8 
are used for working 

七0 七ransi七七�  hecompu七a七iona1confi守� uど&七� iozzofAn - B be守� ins 

tニo simu1a七eA_， sei二七� inga工工七� he2k+8 nbc's emp七y.
n 

-1
Now， we show how七o obtain õ(x) 口 h....~( 占， (h (x) )) from 

2 1 

x E.K
A 

X {a，c，宇� }x{zO，x，f}n，� a presen七� si七ua七ionof An (K
A 

is 
n 

a se七� o
n 

fin七erna1 s七a七esof A_)， in order七o simu1a七e each 
n 
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S七� epof An ・� As x エ� sknown from u1'・・・，� uk+工� and 七� hesymbo1 

being read by 七� hehead of B， B ca1cu工a七� esh (x) まど� omiニhese
1 

informa七� ions and s七� ores i七� in u~ ， • . . 2k今� 4. This can be done as 

1ミ十工
fo110ws. B makes IUk+1Ix3~'~ + 1 ~ IU2k吋� 

1，� and七� hen百 四 七 �  

depending on the coun七� ersymbo工� (ZOor X or f) of Uj (J 1，2，出� 

Ox3 j	七an七hecons七B adds，k)・， kづ� or工x3
Jい� jor 2x 3k

叩� 

どをま� spec七� ive1y. Finaど� Y B adds iこhecons七� ani二� Ox3
k 

0ど� 1x3k or 

2x3
k 

depending on七� he七� apesymbo工・ 工f1121t+4overf工owsin 

七� heseca工cu1a七� ions，� B conc1udes 七� ha七占� (x) is no七� defined. 

Nex七，� B ca工� cu1a七回�  Ph工� (x) from lu2k+41= h工� (x)・� B can 

easi工y decide whe出位�  1u
2Jけ� 

sl is a prime number， wi七� h a he1p 

of u2Jけ� 
6'・・・，� u2k+8・� Thus， B firs七� sets IU2k+sl=2 as an ini七� ia1 

va工ue，� and七� hen，� repea七� S 七� o check whe七� her IU
2k

+
s
l is a prime 

n四� ilier every time IU2k+sl is increased by 1. If IU2k+sl is 

a prime number， B sub七ど� acts 1 from lu
2k

+
4
1. Repea七� i吋七�  his 

proceduど� eunti1 lu2k+41 becomes 0， B can ge七� Ph1(料� inu2J什� 5・

占I (h
1 
(x) ) ， 1.e. 七� henumbeど� of七� imes 七� ha七� Ph (x) divides 

1

n wi七� hou七� remainder，� can a1so be obtained in U~~~A wi七� h a 
2k+4 

he1p of U2k+S'・・・，� u2kゃ� 8・� 

IFina1工y，� B COI耶� 1七� es 占� (x)= h;l(占 (h
1
(x))) from 1 u2k+4

I 

工ona七エhecomputaニ	 )， (x)工(haI an母七�  ransits i	 configuど� a七� ionof 

An' 	 The nex七� in七� erna1s七� a七� eof An is 七� hequo七� ien七� of (1 u2k+41 

k+1
削工 )-:-3H'~ ， so B s七� oresエ七� in u， • l' The a1七� eど� a七� ionof each k十� l' 

nbc and七� he shiflニ� direc七� ionof七� he inpu七� headof An can 

kゃ� l
be known by rep1acing七� heremainder of (IU2k+41-1)-:-3~T~ in七� o 

a 七� ernary number. Thus B increases or decreases u
1
'・・・，� u

k 

鴇and shif七� s the inp凶� headaccoど� di均七�  0 七� hem. 工� f IU2k十� 
410，
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七� hen6 (x) is undefined.) 

By the me七� hoddescribed above， B simu1a七� esA 
n 

s七� epby s七� ep. 

Every 1こime B advances one s七� epof tこhe simu工a七� ion，� B examines 

if An has become a final s七� a切(i.� e. Iu
k
+工I )・ 工f so， B ha工出� 

in a rejec七� ings七� a七� e. 。七� herwise B proceeds七hesimu1a七� ion 

of A 工n order七� o check if A 100ps， B coun七� S 七� henumber 
n n 

of s1こepsof An up t二o n 
k十� 2 

，・・・，� TheS七� epsusエロ〈ヲIU Jt+2" ....2k+3. 

七� 0七� a1number of compu七� a七� iona工� configura七� ionsof A11 工� s s'n 
k+1 

k+1_ k+2 
Fuど七� hermore s'n"'~<n"'- ho1ds， because n>s. 守� hus B can know 

whe七heど� Anloops or 210七� B haヱtこsin an accep七� ingsta七� e，� if 

An }1511七� s in a rejec七� ings七� a七� eor 100ps. 

Suppose some A'E工BCA(k) accep七� s 七� he same 1angu.:主 geas 

B. Then a con七ど� adic七� ionoccuど� s，� if we give A' an inpu七七�  ape 

whose 1ength is 七� heGode1 number of A' .守  hus ~[lBCA1 (k)] 

♀<i[工� BCA工� (2k+8)] is conc1叫� ed・� (Q.E・D・}� 

By七� his七� heorem，� i七� is seen七� ha七七�  heど� e exis七� s an infini七e

hierarchy among 1BCA~エ� ，七00. And from Theorem 4.2， 4.4， and 

1 __1
4.7 we can a1so derive七� hehierarchies of 1MHA~ ， 1MMA~ ， RA~ ， 

and 1TM工� (10守� n)・� 

Theorem 4.23 


ζ[lMMA1(k)]年 ζ[lMMA
1
(2k+9)]， 


fl，[1MHA
1
は)]c: ~乙[工MHA1 (2k+7)] ，


+ 

~[RA1(k)] 手 ~[RA工(加7) J， 


必� [lTM工{工� ogn， k)]年ci:[1TM工{工� ogn， 2k+工6) J. 
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Proof. These are derived from七he fo11owing re1a七ions. 

ciC[l吋� (k)] C ol[lBCA1(k)]写ci.[lBCA工(2k+8)]巴ct:.[1M.TYT..A
1
( 2k+9 ) ]・

r:t:.， [H1HA
1 ci[ 1(k)] = cl. [ 1

(k -1) ]♀oe，r1BCA
1出]出�  RA 1BCA (2k+6) ] 

........1 .. 1i _<t A r 

= oC[lMHA..L(2k+7)] ~[RA..L (2k+7)]. ~[lTM..L (log n，k)] C 

cC[lBCA
1
(k+3)]年.J:.[lBCA

1
(2k+工4)] _ ot'[lTM

1
(log n，2加工6)]・ 

(Q.E.D.) 

We can a1so show七hehierarchy of RA (where 七he number 

of inpu七� symbo1s is notニ� res七ric七ed) from七his. 

Theorem 4.24 oC[RA(k)] ~己c:c[RA ( 2k+ 7) ] • 

Proof. Le七ム口�  {a}，� pvmzェゾ，� L'Ean41etothRA(k)]={Li 
1 

d己[RA(k) ] } • As i七� is easi1y seen 七ha七ot:[RAJ. (k)] 
.01 

0乙，.L[RA (k)] ， 

1 工� lL..L[RA(k)] 泣ot:[RA.L(k)] c oC[RA.L(2k+7)] 官。乙� [RA(2k+7)] ho1ds. 
繍今時� 

....1_ .， ¥._•_..1r -. _ I 

Thus oC[RA(2k+7)]丹必[RA(k) ]コoC，.L[RA(2k+7)] noG.L[納 (k)]ヂ詳， 

and 七his comp1e七es 七he proof. (Q.E.D.) 

4.5 Conc1uding Remarks 

工n 七his chapter， various au七oma七a of 七ape comp1exi七y 

10g n have been stニudied. 1BCA and RA were new1y defined 

here，and七heir re1a七ions to 1MHA and 1MMA were precise1y 

considered. 

主n sec七ion 4.3，七he accepiニabi1i七Y of RA(2) was par七icu1e五r1y 

inves七iga七ed. RA(2) is a very iniニeres七ing auiニoma七on，� because 
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it is the weakes七� c1assof au七oma七awe can imagine， in 1ニhe 

c1ass of七apecomp1exi七Y 10守� n. However， RA(2) can accept 

some subc1ass of con七ex七叩� sensitニive 1anguages which is pど� opeど� 1y 

inc1uding七hec1ass of regu1aど� 1angua守� es. Fur七heど� moど� e，� some 

ど� esu1七s concerning RA(2) were derived from七he七.wo-dimens iona1 

proper七� iesof七heinpu七七�  ape. 工七� is in七eres七ing1二ha七七�  he 

1，...，.， _Dr...___l 
ど� e1a七ion ce[ 工MCA~(l)] =ζ[lBCA~ (工)] was deど� ivedfrom such 

七wo-dimensiona1pど� oper七ies. 

The hierとミど� chy of 1MHA(k) has a1ど� eadybeen shown by 

Monien [30] and some 01ニhers. But i七� was七hecase of七woor 

more inpu七� symbo1s. 主n sec1ニion 4.4，we s七udie(ヨ七� hecase of 

工
one i時� u七� symbo1，� and deri ved ，e[lBC及代日午�  ot[lBCA-'-(2k+8)] 

using七hediagona1iza七� ion七echnic. The chief poin七� of1ニhis 

l
proof is七o encode each 1BCA~(k) in七o an in七eger (Gるde1numbeど). 

Bu七� itニ� isno七� knownwhe七her七hisresu1t can beど� efined.

工n 七hischap七eど，� many prob1ems are remaining open. The 

notation AC:B in Fig.ι 工2or 4.13 means七ha七社�  isno七� ye七� 

known whe七her A is a proper subse七� ofB 0ど� A詰� B. The re1a七ion 

be七.ween七hec1ass of contex七� -free 1an守uages (ot
2
) and re口� TM 

(log n)] is a1so an impor七an七� unso1vedprob1em. 
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CHAPTER 5 

TUI主主自� GT京� ANSDUCERS 

A11七� heau七� oma七� ain七� roducedin chap七� er2-4 weど� eaccep七� 0ど� S 

of one叩� or two-dimensiona1 1anguages. However， if ou1ニpu七七� apes 

are a1ニ七� ached七0 七� heseau七� 0ぬとミ七� a， 七� heycan be ど� egardedas 七ど� ans-

ducers which七� rans1a七� e inpu1こ� wordsin七� oou七� putwoど� ds. We 

may 1二hink 七� ha七七�  heyare computers of recursive mappings. 

工n七� hischapteど，� an L(n) 七� ape-boundedTuring七� rとmsducer 

is proposed. Here， we on1y consider七� hecase七� ha七� bo七� h 七� he 

numbers of inpu七� symbo1sand outpu七� symbo1saど� e ど� es七� ric1こed

七� o one， in ordeど七�  o investi守� a1ニe i七� scompu七� ingabi1i1ニyof 

recursive func七� ions. Some resu11ニsconcerning七� heL(n) 七� ape叩� 

bounded Tuど� ingmachine (accep1二0ど)� a1so ho工d for七� heTuring 

七� ransduceど，� because an accep1二orcan be七� hough七七�  o compu1ニe 

a 0 1 va1ued recursive func七� ion. Bu七七�  herea1so exist many 叩� 

proper1ニ� swhich are characteris1ニicof the transduceど，� such 

as七� heincど� easing degree of a func七� ioncompu七� edby i七.� 

Fur1ニheどmoど� e，� we propose a fini1こをま叩� S七� a七� e 七� ransduceど� a 

mu1七� i由� head七� ransduceど� and a mu1七� i叩� coun七� eど七ど� ansducer，� and 

inves七� iga1ニe 七� hepど� eciseど� e1a七� ionsamong 1二heircompu七� ing 

abi1i七� iesof func七� ions. 
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5.1 Defini七ions 

Le1ニ� us consider a Turing transducer T i11ustra七edin 

Fiヲ.5.1. 

FI NITE-
STATE 
CONTROL 

Fig. 5.1 A Turing七ransducer. 

T consis1ニsof an inpu七七ape，� a 七.wo-wayread・-on工y inpu七� head，� 

a s七ora守e 1二ape，� a 七wo-ways1ニorage七apehead， an ou七pu七七ape，� 

四a onewaywri七e-on1yOUl二pu七� head，� and a fini七e-s七a七e contro1. 

The inpul二七ape，七heinpu七� head，七hestorage七ape，� and七he 

S七orage七ape head are the same as in 1TM. The ou七pu七七ape 

叫 叩is a onedimensiona1 semiinfini七e 七ape，� and divided in七0 

squares. The ou七pu七� headcan move on工y in one way on七he 

ou七pu七七ape，� and can wどi七e 1ニheou七pu七� symbo1s. Depending on 

七hepresen七� interna1s七ai二e，� and七hesymbo1s read by the inpu七� 

head and the s七orage七apehead， 七hefini七e時� S七a七e con七ど0工� 

de七eどminesthe s七orage七apesyffibo1七obe writi二en，� iこheou七pUlニ� 

syffibo1 七obe wri七七en (or T may no七� wri七eany ouiニpu七� symbo1) ， 
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七hemove direc七ionsof七heinpu七� headand七hes七orage七ape 

head， and 1二henex七� in七erna工� s七a七e. 

Genera11y，七� henumbeどsof七heエnpu七� symbo1sand七heou七pu七� 

symbo工sare aどbi七rary. Bu七� here，� in 0どder七oconsideど七�  he 

compu七ingabi1i七Y of number-七heore七icfunc七ions，� weどestric七� 

bo七h 七hesenumbers七o one. 

Forma11y，a deterministic Turing むransducer (abbど� evia七ed

七o TT) is a 10叩七� up1e 

T =五，  {a}， r， {c}， o， qo' 令，事，善，� F)， 

wheどe 哀� is a nonemp七y fini七e se七� of in七eどれ� a工� slニとえ七� es，� {a} and 

{c} are七hese1ニsof inpu七� symbo1sand ou七pu七� symbo1s (each 

of七hemconsis1こsof sing工ee1emen七)，� r is a nonemp七y fini七e 

se七� ofslニorと:t.ge1ニapesymbo1s， qo E K is an ini七ia1s七a七e，ゃ� 

and $ are boどdersymbo1s of七heinpu七七� apeand the s七0どage

七ape，非� isa b1ank symbo1 of七hes七orage七apeand七heoutpu七

七ape，� F巴� K is a se七� of fina1 s七a七es. o is a mappi均台oma 

subse七� ofKx{a，c，卒� }x(rU{c，非})� in七0 玄� x(r U {令 })x{c，E:}x{L，R，設� }2，� 

where εmeans七ha1ニ� Tdoes no七� Wどi七e 七heou七pu七� symbo1，� and 

{L，R，H} is七hese1ニ� ofmove direc七ionsof七heinpu七� head 0ど

七hes七0どage1ニapehea戎� Tha工七� s for 七hee1ement of Kx{a，c，$} 

x(rU{c，善})� on which o is no七� defined. 工fT wri七es七he 

ou七pu七� symbo1c，七� heou1ニpu七� headau七oma七ica11yshif七s七。

七heど� igh七� byone square. 

合� 

Now，1et us give an inpu七� wordw E {a} of 1ength n (i. e. 

出the word an (n0，1，・・・ ) ) 七� o T. Assume 七ha七� T begins i七S 

movemen七s from七heini七ia1s七a1ニeqo se七七� inga工工七� heheads 

a七七�  he工ef七� side ends. If T ha1七s in a fina工� s七a七ewi七h 
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m 
an ou七pu七� wordof 工eng1ニhm (i.e. c"')，セhenwe say七ha1二七he 

nonnega七ivein七eger n is mappedセo m by T. 工f T haliニs in 

a s1こate0セher七han七he fina工� S七a七es0ど� 100ps for 1こheinpu七� 

an，セhenn is noセ� mapped七o any in1ニeger. Thus T defines 

a funcセion f which maps a subseセ� of N U {o} in七o NU{O}. 

We say七ha七七he func七ionf is compu念edby T. 

Le七� L(n) be a mapping fどomN in1こo R+・工f T does no七� 

scan more七han [L(n}] squares of七he store支ge七apefor七he 

inpu七� an，T is said七obe a deterministic L{n) 念ape-bounded 

Turing 亡ransducer (abbrevia七ed七o TT(L(n))). The c工ass of 

recursive func七ionscompu七edby す守� (L(n)) is denoted by 

g;[TT(L (n) } ] . 

L(n) is ca工1ed a tape func七ion，� and七heno七ionof a 

cons七ruc七ib1e七apefunc七ionis 1ニhe same as in 1TM(L(n)). 

Fur七hermoどe，七heno七ionsof七hecompu七a七iona1configu時� 

raiニionand七hes七orage s七alニe can be defined in a simi工ar 

way as in 2TM{L{m，n)). 

5.2 Computing Abi1i1こY of TT (L (n) ) 

工n 七his sec七ion，� we inves七iga七e iニhepropeど七� sof 

TT{L{n)) andセhe func七ionscompu七edby i七.� 

5.2.工� Re工芸五七ion七o 1TM(L 

As we have seen in sec七ion 1. 2，many七heoremsconcerning 
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1TM(L(n)) have a1ready been shown. Some 七echnics used in 

七he proof s of 1ニhese 七heoどems aどe a1so app工icab1e 七o 七hecase 

of TT(L(n)). So，we now show some propeど七ies of TT(L(n)) 

which can be derived in the same way as in 1Tff(L(n)) (or 

工TM工(L(n))). 

Fiど� S七，七he 七ape どeduc七ion 七heoremof TT(L(n)) is as 

fo110ws. 

Theorem 5.1 Le七� L(n) be a 七ape func七ion of TT. Then 

for any cons七an七� c>O，� 

g;[TT(L(n))] = .:f[TT(c'L加)) ] . 

The hierarchy 七heorems of 1TM(L(n)) (i.e. Theorem 1.2 

and 1.3) ho1d on1y for七he case of 七wo or more inpu七� symbo1s.

工n 七he case of one inpuiニ� symbo1，however，the fo110wing 

resu工七� has been shown. 

Proposi七ion 5.2 (Har七manis and Berman [15]) Le七� L
1
(n) 

and L
2
(n) be constこど� uc七ib1e 七ape func七ions of 1TM

1 
• Suppose 

七ha七

《
ー
ム
一
勺
品


一
お
∞


句ム・� 1-

L
-
l
+
 

U

L

エimL.... (n~ )詰∞ 

エ +∞"ム 
  

for some recursive1y enumerab工e sequence of na七ura1numbers 

t 

{ai }. Then七heどe exis七s a 1anguage LC{a} such七hatLE 

乙[工TM
1
(L

2
(n))] bu七� L手CC[ 1TM1(L

1
(れ)) ]・ 

n'
l 一一

�
 

…・� 
1
 

…

n
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The nex七七heoremcan be direc七工y derived fどom七his. 

Theorem 5.3 Le七� L，(n) and L~(n) be constructib1e
エ� 2

七ape func七ions of TT. Suppose 七ha七� 

L 噌 (n~ ) 


問中可r= 0 


1im L~ (n~) =∞ 
1.+∞制品  

for some recursive工y enumerab1e sequence of naiこura工� numbers 

{n.}. Then七here exis七s a 0-1 va1ued func七ion f such 七ha七
エ� 

f f:3i[TT(L
2
(叫)] bu七� f季3f[TT(L1(n))]• 

The propeど七y concerning the 10wer bounds on 七ape comp工exiiニY 

of 工TM(L(n)) (Theorem 1.4) a1so ho工ds for TT(L(n)). 

Theorem 5.4 Le七 L(n) be a cons七ruc七ib1e 七ape func七ion 

of 守T. 工f 1imsup L(n) =∞，七hen 
n+∞ 

L (n)
1imsup ..，句

れや∞

Now，as for 1TM~エ� ， the fo11owing七heorem is known. 

Pどoposi七ion 5.5 (Har七manis and Berrnan [工 5]) Le七

エヱJ (n) be a tape funciニion of 1TM....，and 1et LC{a} be some 

エangua伊・ 工f L e oC[1TMエ仏印))]，七henL E ct[1Tf<1....(L(n))]， 
一一 脅� 

where L = {a} -L. 

ヱn order 七o prove 七his proposiiニion，Har1ニrnanis and Berrnan 
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showed七ha七� foど� anyM ~ lTM~エ(L (n) )七hereexis七s some M' E lTM.....(L(n)) 

which accep七siニhe same lan守ua守e as M and ha工七sfor any inpu七.� 

The fo工lowing七heoどemcan be derived using七he same ar守umen七� 

as 七his (a similar aどgumen七� wasused七o pどoveLemma 2.6). 

Theorem 5.6 Leiニ� L(n) be a 七ape func七ion of TT. Foど� 

any MεTT (L (n) ) ，七hereexis七s.M'εTT(L(n)) which compu七es

七he same func七ion as M and hal七s for any inpu七.� 

5.2.2 工ncどeasingDegどeeof Func七ions 

Now，we consider how七heincどeasinヲ� deヲreeof func七ions 

compu七ed by TT(L(n)) is affec七edby七he七apefunci二ionL{n). 

The hierarchy theorem s七a七ed in Theorem 5.3 is independ喧� 

en七� of 七he increasing de守ree of func七ions. Buiニ� tニhefo工工owin守

七heoremshows 七ha七七herapidi七Y of increase also forms an 

infini七e hierarchy. 工ndeed，七herapidi七Y of increase is 

bounded by七heiニapefunc七ion. 

Theorem 5.7 Le七� L1{n) and L
2
(n) be consiニruc七ible 七ape 

func七ions of TT. Suppose七ha七� 

lim
L，{九) 
品品�  = 0 

].+∞ 

lim L内 (n~ ) =00 

].+叩品ム  

for some increasing sequence of na七uralnumbeどS{ni}.Then

七here exists some func七ion f E g?[TT(勺 (n))] which satisfies 

g(n~ ) 
工im廿?一三τー=0 
lゆ∞ム¥.L.liJ 
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for any g E ~[TT(Ll(n))] such七ha七� g(九� isdefined foど� 

all n. 
エ� 

[L司� (n)] 
Pどoof. 工法七� f(n) = n・2 We can cons七ruct耐� 

M E TT(L
2
(n)) which compu七es f， in七hefollowing way. Le七� 

M' be one of TT(L
2
(n)) which cons七ruc七s1ニhe七apefunc七ion 

L
2
(n)・� M firs七� simu工a七esMを，� and marks [L

2
(n)] squaどesof 

the storage七ape. Then M begins七o coun七� anumbeど� fどom0 
(n)] ，，[L 

七o 2 1 consecutively. Every七ime M counts up七he僻叩�  

numbeど，� M geneどa七es the ou七pu七� of length n by scanning 1ニhe 
[L (n)]叫� 

inpuiニ� tニape. By 七his，M can genere五七e the number n・2 伽� 

Now， le七守�  beany func七ionwhich is defined on七he 

sequence{Eli}and is COInP13七edby some TE TT(L
1
(n)). Le七� 

s and 七� be 1ニhe numbers of in七ernals1ニa七esand s七ore珪守e iニape 

symbols of T. Then，七he七0七alnumber of compu七a七ional 

configuraiニions of T for the inpuiニ� of length n is aiニ� mos七� 

[L可� (n)] 
s.n. [Lエ(n)]・1ニ，�  and g(n) must be less than or equal七0 

[L、(n)] 
七hisnumber. てrhus，g(n) < S.n. [L工(n)]・七 ，and from 

L、(n~ ) 

工1m…二一一二一=� 0
L

2
{n

i
) ，v

we can conclude 

・11
ム m

-工一・一
1

(

{
α
J
r
z
 	

n)

in
nu 

• 
(Q.E.D.) 


Nex七I we consider iニhe どelationbetニween七he slowness of 

increase and七he七apecomplexi七y. The followin守七heorem 

shows tha七七heslowness of increase does noiニ王orma hieraどchy，
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i.e.， for any unbounded七ape function L(凶，� ~[TT (以前日 

con七ains an "arbitrari1y slowll function. The proof of 1ニhis 

theorem is essentia11y 七he same as in Theorem 2.27. 

Theorem 5.8 Le七� L(n) be a cons1ニruc1ニib1e 七ape func七ion 

of TT 七ha七 sa七isfies 1imsup L(n) ロ∞� Le七 f N -+-N be any 
n-+-∞ 

mono七one nondecreasing 七O七a工� recursive func1ニion such 七ha七

工imf(n) =∞ Then 七hereexis七s a function g Eg;[TT (L (n) ) ] 
n→∞ 
which sa七isfies g(n)くま� (n) and 工imsup g(n) = ∞ 

n仰が∞� 

Proof. We cons七ruc七� T eTT (L (n)) which compu七es 七he 

desired func七ion g，as fo工10ws. 

Le七中� N -+-N be a func七ion such 七ha七中 (x) = min{nl 

f(n+1)>x}. And 1e七 M' be a iニwocoun七erau七oma七onwhich 由� 

compu七es [L(中 (1))]， [L(中(2))]，・・・， and neveど� ha工七s (as M警� 

in Theorem 2.27). 

T firs七� marks [L(n)] squares of 七he s七orage七ape，� and 

uses i七� soas tニo simu1a七e 七wo coun七ers， each of which can 

coun七� up 七o [L(n)]. Then， using 七hese counters， T begins 

七o simu1a七e M' uniニi1 iニhey overf1ow. Every 七ime T finishes 

七he ca工cu工aiニion of [L(宇(i))] (i=l，2，・・・ )， T wri七es one ou七pu七� 

symbo工.� By a simi1ar argumen七� as in Theorem 2.27，七he funciニion 

g computニedby T saiニisfies g(n)くf(n) and 工imsup g(n) =∞， and 
n-+-∞ 

七his comp1e七es iニheproof. (Q.E.D.) 

The fo1工owing iニheorem shows 七ha七，� when 七he 七ape func七ion
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•• 

L (n) 守ど� owsrnoどe s10w1y 七han七he order of 10g n， 七� he funct二ion 

cornpu七ed by TT(L(n)) rnus七� grow工inear1yon sorne infinit二e se七� 

of n. 工七� spどoofis based on 七herne七hodofHar七rnanisand 

Berrnan [15]. 

Theorem 5.9 Letこ� L(n) be a 七apefunc七ionof TT which 

sa七isfies 

l
n
 

E
l
+
 

L
 
nm l

 
Oqd 

Then for any f E 3i[TT (L (凶行 andfoど� everysufficien七1y1ar守e n 

such七ha七� f(n) is defined，七hereexis七� anintニeger i~と0 ， in七egers 

kj〉� c(lfijfii}，and-iI1七egeど� srn-!>O (1 く j~i). And七he f01工owihgTお お 土� z 

equa1i七Y h01ds for every intニe守er七>0. 
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Pどoof. Le七 M be TT(L(n)) which cornpu七es f， and 1e七� 

s and七� betニhenurnbers of interna工� s七a七es and s七orage

七apesyrnb01s of M. Frorn Theorern 5.5，we rnay assurne，wi七houtニ� 

10ss of genera1i七y，七ha七 M a工waysha1t二sfor any inpu七� The

七0七a1nurnbeど� of s七oragesta七esof M for七heinpu七� of 工eng七h 

n is s. [L(n)]・1ニ� 
[L(n) ] 

Let二� ibe七henurnber of 1ニirnes七ha七� 

M scans七he inpu七七ape frorn one side end七o anotニher. Since 

M never 100ps，0三� i< s. [L (n) ]・七 
[L(n)] 

Now we consider七hej-七h scan of M (1三 j~i). For suffi叩� 

cien七工y 工argen，七heinequa1i七y s.[L(n}]・七
[L(n) ] 

く� n h01ds， 

because 1irn(L(n}/10g n) = O. Thus M rnus七どepea七� somese包uence 
n聞が∞� 
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(cyc1e) of the storage states during the j-th scan (except 

the first transient sequence of storage states whose 1ength 

is 1ess than s ・� [L(n)]・七� 
[L(n) ] 

Letkj bethe shifting 

distance of the input head and rn~ be the nurnber of syrnbo1s 
コ� 

written in the output tape， in one cyc1e. 工� fwe give M 

the input tape of 1ength n+七・� n! rather than n， then M wi11 
rn. 

writesthe outPutof length(Yj + 王子� .t'n!) in the j-th 

3 
scan， where y~

3 
is the 1ength of the output for the input n 

in the j-th scan. Furtherrnore， when M reaches another side 

end of the input， M becornes the sarne storage state as in 

the case of the input n. Thus for the input n+七・� n!，� M a1so 

scans i tirnes and ha1ts in the sarne storage state. 工� n the 

case that M once 1eaves one side end of the input and returns 

七� o the sarne side end， or M is staying at the border syrnbo1， 

M writes the sarne nurnber of output syrnbo1s. 50， 1e七� yobe 

the tota1 nurnber of output syrnbo1s in these cases. 

According1y， for the input n+七・� n!，M writes the output 

1 

yo +ム (Yj+ヰ� .t・n!)・ 

rn. 

l 

5ince f(n) = L y~ ， 
j=O J 

立し� rn. 
f(n+七・� n!) = f(n) +七・ (τ二+ -・・ + t )・ n'

品工� 工� 

is conc1uded. (Q.E.D.) 

Frorn this theorern， the fo110wing coro11aries can be 

derived. 
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Coro1工ary5.工O Le1ニ� L(n) be a 七� apefunc七� ionof TT such 

七ha七� 1im(L(n)/10gn) = O. If f E ~[TT(L(n))] is a 七0七a工� 
n聞が∞� 

func七� ion，� 1ニhena七� 1eas七� oneof七he fo110wing inequa1i七� iesho工ds.
，詩句� J

{工 1imsup(f(n)/n) > 0 

n-炉∞ 
  

(2)工  iminff(n) く∞ 
  
n+∞ 


Proof. 工f 七� here exists some m.ヂ� o (1くすく i) for some 
3 

，For some nimsup{f(n)/n)> O. 工hen七，y 1arge nこ工sufficien1
n+∞ 

if m-:=O for a工工工三j~i ， then 1iminf f(n)く∞.� (Q.E.D.) 
J n→∞ 

Coro工� 5.1工� Le七� L(n) be a 七� ape func七� ion of TT such 

七ha七工� im(L{n}/log n} = 0， and 1e七� fE ~[TT{L(n))] be a to七a工� 
n+∞ 

func1ニion七ha七� satisfies 1imsup f(n} =∞.工  fone of七he 
n→∞ 

fo110win守� condi七� ionsho1ds，七� henf is no七� amono七onenon叩� 

decreasing func七� ion.

{工 1imsup{f(n)/n) 口 ∞ �  
n+∞ 

(2) 工imsup{f(n)/ぉ=�  0 
n→∞ 

Proof. From Theorem 5.9， f(n 十七� 'nl"¥!).L ¥.lj， 0r ¥，.，.0 .l.l. 0 . I rf{n :::::: .L ¥...... 0、)+ 1ニ'K 
Uし� 

ho1ds for sufficien七工� y 1a吋� e nO' where K = k~ 十 . . . '
T
 

ム� 
--一・エ一

�
 

m

k
 

nnu 
5uppose f is mono七� one nondecreasing. Then七� he fo110wing 

inequa1i七� y ho1ds for a工1 n，;~PO ・ 

f(n
O
} + [(nnO}/nO!]・K < f(n) < f(n

O
)今� [(n-no)/nO!+l]-K叩� 

Thus， 1imsup(王� (n)/n)出� K/nl"¥l. Bu七� since1imsup f(n) =∞， K mus七� 
n+∞� v n+∞ 

be positive (K>O) 50，� this con七� radic七� s (工) and (2). ー� 

(Q.日.D. ) 
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5.3 Mu11ニi叩廷� ead，~1u工 tニi叫 Counter and Fini七e叩� Sta七eTransducers 

工n 1ニhis section，we investiga七e 七hecompu七abi1i1ニiesof 

mu工七� i叩� head，mu1七i-coun七erand fini七e叩� S七みを� :e t二ransducers. They 

can be considered as specia1 cases of 1ニapeboundedTuring 叩� 

七ransducers. 

5.3.工� Mu11ニi削� HeadTransducer 

A mu工tニi叩� head七ransducerconsists of an inpu七七�  ape，a 

finite number of read-on1y inpu七� heads，� an ou七pu七七� ape，� a 

one-way wri七e・-on1you七pu七� head， and a fini七G s1ニとえ七� econ七ど0工叩� 

(Fig.5.2) . 

k INPUT HEADS 

FINI γξ叩� SγATECONγROし� 

Fig. 5.2 A mu1七i時� head1二ransducer. 

Here，we a1so res1ニど� ic七� bo七h 七henumbers of inpu七� symbo工s 

oone. ;ニ symbo1s七pu七and ou
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Forma1工y a detθrministic twowaヲ� multi-head transducer叫� 

(abbrevia七ed 七o 2WMHT) is a 10叩七up1e

，F)$，普，<:， qo'，k，0，{c}，{a}，(K=M 

where K，{a}，{c}，ョ。，� φ，卒，著� and F are 七he same as in TT， 

k is 七he number of inpu七� heads，and 0 is a mapping from a 

k
subse七� of Kx{a，<:，事}'"� in七o Kx{c，ε}x{L，R，H} 

The c工ass of de七erministic 七wo-way k-head 七ransducers

is de∞ted by 2WMHT(]け Thus，2WMHT = U2WMHT(k). 
k=l 

The func七ion computこedby M e2WMHT(k) is defined in a 

simi工arway as in TT(L(n)). The c1ass of functions compu七ed 

by 2WMHT(k) (or 2WMHT) is denoted by d[2WMHTは)]� (or 

，P[2WM路T]). 

A deterministic one way multi-head transducer (lWMHT)四� 

is 七he same one as 2WMHT excep七七ha七� eachhead can move on1y 

in one way. Thus the t二ransi七ion func七ion 0 of 1WMHT is a 

k
mappinぢ froma subse七� of Kx{a，卒}""in七o Kx{c，E:}X{R，H} 

The c1ass of de七erminis七ic one-way k-head 七ransducers is 

denotニedby 1WMHT(k). 

Especiaヱエy，2WMHT(工) (or 1WMHT(工))� is ca1工ed a deter-

minis主ic two田� waジ� (or one-waヲ)� finite-s主ate transducθr and 

denot二edby 2WFST (or 1WFST). 

5.3.2 Mu工七i叩Coun七erTransducer 

A mu工七i叩coun七er七ransducer consists of an inpu七七ape，� 

a read叩on1y inpu七� head，an ou七pu七七ape，a one-way write-on1y 

ou七pu七� head，a fini七e number of coun七ers，and a fini七重言明� S七a七e 

。。� 
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con七ro工� (Fig.5.3) Thismode1 can be regarded as 1MCA wi七h争� 

an ou七pu七� 1こape. 

:d I 1... I I k COU Nγ日� S 

江
X 

l rZo 

OUTPUγγAPE 

Fig. 5.3 A mu工七� i-coun七ertransducer. 

Forma工工� y a deterministic two-way multi-coun念� er trans-

ducer (2WMCT) is an 11-七up1e

，F)<:，卒，非，qo'，k，0，{c}，f}，{a，(K=M 

wheど� eK， {a}， {c}， qo' <:，字，非 and F are the same as in TT， 

f is a seiニ� of coun1ニGど� symbo1s (fロ� {X'Zo}' 忽� o is a bo七七� omsymbo1)， 

k is七henumbeど� ofcoun七ers，and 0 is a mapping fど� oma subse七� 

kof Kx{a ，<:，事 }xf~ into KX{C，E}X{L，R，H}x{削工，� 0，+工� }k 

The c1ass of deiこerminisiこiciこwo-wayk叩� counter七ransducers 

is deno七� edby 2WMCT (k) . 

Simi1aど工� y，� a deterministic one-wa汐� multi-counter trans四� 

ducer can be a1so defined. The c工assof one-way k叩� coun七eど

七ど� ansducersis deno七edby 1WMCT{k). 
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5.3.3 Hierarchy 

ies七i工ingabi七ionsof compu1:ニa工here七we study ，Here

among 2WMHT(k)，工� WMHT(k)，� 2WMCT(k)，ヱ� WMCT(k)， e七� c. 

Firs七，� i七� is shown七ha七� 2WMHT and 2WFST have七� ape com-

p1exiiこY 10g n and c， respec七� ive工y. This can be proved in a 

simi1ar way as in七he case of 2MHA or 1MHA (in chap七er3 or 4). 

Theorem 5.12 

Ji[2州 問] 出J i[TT(1og n)] 

:p[2WFST] 出3'[TT(c) ] (c cons七� an七}� 

Now， we inves七� iga七e 七here工aiこionsof compu七� in守� abi1ities 

heorem七The f0110wing ai1.こansducersin more dei1:ニどhese1:ニ among 

shows七� ha七� compu七� ingabi工ityof 2WMHT forms an infini七e 

hierarchy. 

Theorem 5.13 


3'[2WMHT (k)] ~ Ji[2WMHT (k+1) ] (kロヱ，� 2，・・・� }

四ヤ� 

Proof. Consider the func七� ion f(n) n
kや1 

工七� is出� 

easi1y seen七ha七� f e 31 [ Because we can consむ2WMHT (k札口� uc七� 

o七hek+1 heads七esf by using1:こ1) which compu ゃ2WMHT (kA e 

coun七� up七� henumber n 
k+工� 

Suppose some B E 2WMHT (k) compu七� esf. And 1e sbe七he 1:こ 

a1number of compu-七The toesof B. 1:こa七s工erna七number of in

h n is 1:ニof 1eng 七heinpu七ionsof B for1:ニconfigura工iona七a七� 
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S -nk. B11七，� if B even七ua工工� y ha11ニs， 七� hen1ニhenumber of 七he 

outpu七� symbo工� sis not grea七� er七� han七� his number. Thus s.n
k 

> 

}毛十l
f(n} = n"'~ mus七� ho1d for every n， bu七七�  hisis a con七ど� adic七� ion. 

So， f ~ 3'[2WM蕊� T(k) ] • 

日� is obvious七� ha七� !Ji[2WMI古代}]� C f[2WMHT (k吐 )] . 

Thus y.[2WMHT (k) ]年 :J'， [2WMHT (k仕)]� is conc1uded. (Q.E.D.) 

Nex七，七� he re1a七� ionbe1ニween 1WFST and 2WFST is inves七� i-

ga七� ed. 工七� is we11 known 七� ha1二� one-way and 七wo'wayfini七� e同四� 

S七� a1ニe au七� oma七とえ� are equiva工en七� in 七� heiraccep七� ingabi工i七� ies 

(Rabin and Sco七七� [40]}.In 七� hecase of 七� ransduceど� s，� however， 

i1こ is shown七� ha七� 2WFST is s七� ric七工� ymoど� epowerfu1 七� han1WFST. 

Theorem 5.14 }"[lWFST) ♀� f[2WFST) 

Pど� oof. Consideど� tニhe fo110wing func1ニionf NU{O}ゅ� 

NU{O}. 

(n even) 

n
 

odd } 

工七� is easi1y seen 七� ha七� f E. 3'[2WFST]. So， we wi工工� show f f 
3'[lWFST] • 

Suppose七� hereexis七� s some M E. 1WFST which compu七� es f. 

Now， we consider七� hecase七� ha七七�  he inpu七� 2m-1is given七� oM. 

む� n七� i1M rをきとま� ds七� herigh七� border symbo1， 七� hemovemen七� sof M 

mus1ニ� be七� hesame as the ones when七� heinpu七� 2mis given. 

Thus， un七� i1七� hismomen七，� M does no七� wri七� e 1ニheou七� pu七� symbo1. 

A1ニ七� henex七� s七� ep，� however， M ど� eadsthe ri守� h七� border symbo1， 
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and knows七� ha七七�  he工� engiニ� h of七� he inpu七� is odd. So， M mus七� 

wri七� e the ou七� pu七� of 工� engiニ� h 2m-1， s七� ayinga七七�  hisposi七� ion. 

Bu七� 2m1may be greater七� han七� henumber of in七� erna工� s七� a七� es四� 

of M， so M cannot do七� his. Thus， f委主[工� WFST] • 

Since Jr' [lWFST] c ..1 [2WFST] is c1ear， f[lWFST]三� 
~[2WFST] is conc1uded. (Q.E.D.) 

民� ow，� we define a deiこ� erminis七� ic七� wo-scanfinite-sta七� e

七� ransduceras a varianiニ� of2WFST. 

Defini七� ion. A detと� erministic two-scan finite四� state 

transducer (2SFST) is a 七G S七� a七� e 七� ransducerwhich scans 叩� 

七� heinpu七七�  apeon1y iニwice. エ� n 七� hefirs七� scan，七� he input 

head moves from七� he 1e border symbo工七�  o 七� heriヲ� h七� border 

symbo1 in one way. And in七� hesecond scan， i七� a1somoves 

from right to 1efiこ� inone way. 

The fo110wing iニ� heoremstates 七� ha七� 2l~ST can be simu1e五七� ed 

by 2SFST， i.e. 2WFST need not scan the input more七� haniニwice. 

Theorem 5.15 Ji' [2WFST] 口� g;[ 2SFS~r] 

Proof. Since 3' [2\指針]三 ~[2SFST] is obvious， we on1y 

prove ，Ji'� [2WFST] C ，Ji� [2SFST]. 

Let M be an arbi七� rary 2~WST. As a pre工� iminary，� we firs七� 

cons七� ruc七� M'E 2WFST which compu七� es七� hesame funciニ� ionas M and 

acts as fo110ws. If七� he inpu七� head of M' once 1eaves one side 
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end of七heinpu七，七heni七� moveson1y in one way un七i1i七� 

reaches ano七herside end. 

Le七� sbe七henumber of in七erna工� s七a七esof M. FどomTheoどem 

5.6， we may assume 七haiニ� M a1ways ha工七sfoど� any inpu七� Firs七� 

M' scans七heinpu七� andexamines if n三s，� wheどen is七he1eng七h 

of七heinpu七.工fn< 七henM' どemembeどS 七henumber n， and 

simu工a七esaエエ七hemovemen七sof M in七hefini七e叩� S七a七econ七ro1 

of M'， and wri七es七hesame number of ou七pu七� symbo1sas M. 

In七hiscase， M' scans七heinpu七� tape on1y once. 80， in 

wha七� fo110ws，we assume n>s. 

Now， M' beginsセo simu1aiこeM s七epby s七ep. まf七he 

inpu七� headof M 工eavesone side end of七heinpu七，� M' firsiこ� 

sim¥ぇ工a七esM un七i工� the inpuiニ� head of M goes s+工� squaどesaway 

from七heboどdersymbo1 0ど土七� reiこurns七0 七hesame side end 

or M ha1七s. M' does七hiswi七houiこmoving七heinpu七� head. 

(Of course， M' wri七es七hesame number of ou七putsymbo1s as 

M does.) This can be done by coun七ingthe posi七ionof iニhe 

inpu七� headin 七hefinite-si二a七econiこど01. 工王七heinpu七� headof 

M goes more 七hans squares away， i七� wiエエ� reach ano七herside 

end wi七hou七どe七urningiニhesame side end. Thus M' now makes 

t二heinpu七� headac七ua1工y go ahead by s+l squares，and then 

proceeds iこhefur七hersimu1a七ionof M. 工n 七hisprocess，七he 

inpu七� headof M may七emporari1ygo backward， bu七� i七� isa七� 

mosi二� s squares. 80， remembering七here1a七iveposi七ion in 

七hefiniiニe. M' can simulate it wi七hou七� moving，01七どecon七a七S・・聞� 

七heinpuiニ� headunti工七heinpu七� headof M re七urns七o 七his 

on.ニエposii 
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By above，M' can simu工a七e 七he movements of M since 

M 1eaves one side end un七i1M nex七� reaches七he same or 

ano七heど� side end. M' repea七s 七hisprocedure un七i工� M ha1七s，� 

and M' can compu七e 七hesame func七� ion as M. Notこe 七ha七� M' 

a工waysha1七sa七七�  heboどdersymbo工.� 

Nex七，� we cons七ど� uc七� M"ε2SFST which simu1a七es M'. Le七� 

{qn，q， ，・・・，� q_} be 七he se七� of in七erna1s七a七esof M'， where0''':11 

qo is the ini七ia1 s七a七e. Le七� α 
n 

be tこhemapping from {qo'・・・，� 

qr}×� {L，R} iZ1七o {qo'・・・，� qr}x{L，R}U{ー}， which is defined by 

M' and n (n is 七he1eng七h of七heinpu七). αn(qi，L)={qj，L ) 

(OSi，j三ど)� means 七ha七� if M s七aど七� sfどom七he 1ef七� border警� 

symbo1 in the s七己主七� e q~ ， M' immedia七e工ybecomes 七he s七atこe 
L 

qj wi七hou七� moving七heinput head.α(qi，L) = (qj，R) means 
n エ

七hatニ� if M' s七aど七� s from 七he same si七ua七ion， 七henM' どeaches

七heri守h七� bordersymbo1 in七hes七ate q...;. No七e 七ha七，� in this 
3 

case， M' mus七� move七o 七heどigh七� ini七s firs七� stニep. And 

a.n{qi，L) = means 七ha七� M' immedia七e1yha工七� s. αn{qi，R) is 

simi1ar to七heseexcept七ha七� M' s七ar七s from七herigh七� border 

symbo1. 

工f the input of 1engtこh n is given， M" can de七ermine

七hemapping αby  scanning七heinpu七� on工y once. Since M' 
n 

does no七� gobackwaどd in七hemidd1e of七heinpu七，� M" can 

simu1a七e a工工七� he s七a七es of M' simu工七� aneous1y during the 

firs七� scan (M" does no七� Wどi七e 七heou七pu七� symbo工� in七hefirs七� 

scan) . And M" remembers 七he mapping αin  the fini七e-sta七e 
n 

con七ど� 01 (αn can be described as a fini七e 七ab1e). From the 

mapping αn' M" can unique1y de七ermine七he sequence 
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(P1，X1)， (P2'X2)， ・・・� (Pm，Xm) 

(Pkε {qo'・・・，� qr}' Xk e{L，R}， (工 <k<m)} 

which sa七isfies七hefo11owin守� condi七ions.

p
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This sequence is七hewhole hislニoryof M' a七七�  he side ends 

of七he input. And七hus，七� hewho1e movemen七s of M' can be 

par七itionediniニom由工� segmen七s. Since M' never 100ps，m三� 

2(r+1} ho1ds. So， M" can remember七hishis七oryin七he 

fini七e-s七atecon七rol.

主n 七he second scan， M" simu工a七esa11七hemovemen七sof M'. 

M" can do 七hisby simu1a七ingm間工� segmen七s of M' simu1七aneous1y，� 

each of which is七hesequence of movemen七s from七hesi七ua七ion 

ミ
�
 

(Pk'Xk) 七0 七hesi七uation (Pk+1'Xk+工) (エユk~m-工). And a七� each 

s七ep，� M" wri七es七he七o七a1number of ou七pu七� symbo1s • By 1ニhis，� 

M" can compu七e 七he same func七ionas M'. (Q.E.D.) 

Nex七，� we inves七i守a七e 七hecompu七ingabi1i七Y of 1WMHT. 

工t was shown， in Theorem 5.13，七� hai二七� hecompu1ニingabi1ity of 

2WMHT forms an infini七e hierarchy. However， i七� wi1工� be seen 

七ha七� 1WMHT(k) (k~と 2) is equiva1en七七�  o 2SFST. To prove七his，� 

we now in七roduce a quasideterminis七iconewaymu1七i-head叩 四� 

七ransducer. 

Defini七ion. A nonde七erminis七icone-way mu工七� i-head

七ransducer M is ca1工ed a quasi deterministic one叩� waymulti四 叩� 
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head transducer (Q工WM豆� T)，� if M sa七� isfies七� hefo110wing 

condi七� ions.

{工 M nonde七erminis七� ica11ychooses i七� sbehaviour on1y 

a七七�  hefirs七� S七ep (i. e. a七七� heini七� ia1s七ミミ七� e). 

(2) 	 There exis七� sa七� mos七� onechoice which 1eads M 七� o a 

fina1 s七� a七e，� for any inpu七.� 

OWing七� 0 七hecondi七� ion (2)， Q1WMHT a1so defines a func七� ion 

which maps a subse七� of総� U{O} ir化。ぉ� U{O} • 

The c1ass of quasideiニerminis七エ� c one-way k四� head七� rans-即� 

ducers is deno七� edby Q1WMHT(k). 

The fo工10wing七heoremshows七� ha七� Q1WMHT(k+工� issimu工a七� ed 

by Q1WMHT(k). Thus，七� hereexis七� sno hierarchy among Q工W路叩.�  

Theorem 5.工§� 3'[Q工WMHT(k)] = 'p"[Q1WMHT (k+1) ) 

Proof. ‘	 g[Q1WMHT(加工))P [Q1WMHT (k) ] is obvious， so 

we on1y show y.ぬ工 WMHT(k)] ::J .p[Q1WMHT (k+1) ] . 

Le七� M be an arbi七� rary Q1WMHT(k+1) wi七� h s interna工� siニa七� es，� 

and 工eiこ� h
1
，・・・，� hk+1 be 七� hek今工� inpu七� hea吾� s of M. Suppose 

an inpu七� of 1enヲ七� h n is given 七� o M. We may assume， wi七� hou七

工ossof genera1i七� y，七� haiニ� M a1ways ha1ts afiこershif七� inga11七he 

inpu七� heads七o 七� herigh七� bordersymbo1， for any n. Now， we 

consider七heperiod be七.ween七hemomen七� M s七� arts七� omove and 

七� he moment some inpu七� head of M firs七� reaches七� herigh七� 

border symbo1. This period is ca11ed iニhe first stage of M. 

工fn>s， 七� hefirs七� S七� age is fur七� herpariこ土七� ionedin七� 0 七hree
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phases， i.e. 七he七どと� msien1ニ� phase， 七hecyc工icphase， and the 

c工osin守� phase. てrhis is because七heinpu七� iscon七en七1ess，� 

and七hus M moves au七onomous1y. M firs七� goes 七hrough七he

七ど� ansientphase， then， (in 七hecyc工icphase) M: どepea1こssome 

sequence of movemen七� s (ca11ed七hebasic cyc1e)， and fina1工y，� 

(in七he c10sing phase) some ini七� ia1segmen七� of七hebasic cyc工e 

c10ses 七he firs七� s1 However，ige of M. since M may behave こと� 

nonde七erminis七� ica11ya七七�  he firs七� S七ep，七� hemovemen七sof M 

in七he firs1こ� S七agecanno七� bede七ermined unique1y. Bu七，� now 

we suppose 七ha1こ� wehave been ab工e 七o know七hechoice M had 

made. 工法七� m be 七he1こ0七a1 number of possib1e choices M can 

make a七七�  hefirs七� S七ep. And we assume七ha七 M had made七he

見ー七� h choice Then we can de七eど� mine七hemovemen1ニS 

of M in 七hefirs七� S七agefrom 七he七ど� ansi七� iondia守rとimof M. 

The七ransien七� phase is a sequence 


見 1

T̂' = {{p̂'(l)，α (1 ) ・・・� α (1) ) ，1 ¥ ~ I ， '~k+1 

9， 51.... 
・・・，� {p~ (七)，� αl(七)，・・・，� αk+1(七)) } ， 

wheどe pえ� (i) is an in七erna工� S七a七e of M a1二七� hei叩七� h step， 

α;{i} {mG or l)is七he shif七位叫ionof七he j-th head 

ぇ� 
a七 七 �  hei叩七� h s七ep (α;(i)=工� means七herigh七四� shiftand αj(i)=O 

3 
え.え�  

means七henon叩shif七)，� and p~ (エ)子 t p~{i') ho1ds if iヂi'・� 

The cycエic phase is a repe七i七� ionof 七he fo工工� owingbasic cyc1e， 

え ええ
出� { ((ま {工)， si(l)，・・・，� sk+工{工)) ， 

・・司�  
ええ

}，(u)) 工+sk，・・・，si (u) ，(u) 

え
where q~(i) is an in七erna1 sta七e of M， ß~(i) is七heshif1こ� 

3 

direc七iorl ， qi{i) ヂ q~1(i') if iヂi'，� and qえ� (i) differs every 

imes.七r9"hebasic cyc1e B七S七AssumeM repeaえinTワ'(i9，p
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ぇ
The c10sin雪� phase is an ini iニia1segmen七� ofB- (it may be an 

empty sequence)， 

ええ
c'" = {(q'"(工) +工{工)) ， ，B工(口，・・・，Bk

， d(川)，� s;{uつ，…，B;÷工{が)) } ， 

え 見
where 0く� u'<u. Noi二e that T~ and B~ are unique1y deiニermined 

from七hetransi七iondiagram of M ifえ� iS qiverz.311tCi 

(name1y u') canno七� bede七ermineduniニi1M comp1etes七hefirs七� 

stage for七hegiven inpu七� n.

Now， 1eiニ x~
え� 

， y~
i 

， ぷ，� andA be七henumbers defined as r . J r J 

fo11ows (工ご~j三k+1) . 

え え� 
x. [

七
α:(エ)需� 

J ~.:::.， J 

U 

y;=:小i) 
i=l 
u' 


z 
え� 
3 ;ポ (i)
. 

i=な工� 3 


見え�  i え
 
v. = x. 十 r.y~ + z~
J J ~ J J 

When M becomes七hefinaヱ� configura七ionof七hefirs七� s七age，
え

七he j間七� h inpu七� headis a七七�  he (v-:'+l)叩七� h square (No七e 七hat
コ� 

(v?÷l}司令�  1 means 七ha七 h~ is reading七herigh七� bor改訂�  symbo1)・� 
3 

工fiこhe jo叩七� hhead reaches 七herigh七� border symbo1 firs七

え え
of a11，七� henv'; n and v ・<n for every jヂjo・需

J J出o 
Next，we construct M'e Q1WMHT(k) which compu七es the 

same func七ionas M. Le七� h! h! be七hek heads of M'. l' ，uk 

Since iこhe number of heads of M is kゃ� 1，M begins 七o simu1ate 響� 

M from iこhefina工� configuraiニionof 七hefirst s七ageof M. To 

do七his，M' nondeterminis七ica11yguesses the answer of七he 
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fo11owing ques七ions，� atニ� i七sfirs"tニ S七ep.

{工} Is n grea七を� :!r七hannO S Xmx X4 (1~見~m ， l~j~k+工?
9" j ] 

{区 ere，� if M' has conjec七uど� ednく� no，M' 七hen guesses (2). 
お� 

If M' has conjec七uredn>n
O
' M' 七hen guesses (3) and (4).) 

(2) 	 How 10ng is the inpu七七�  ape? (Thus， M' guesses七he 

1eng七h n from {o，・・・，� no}• ) 

(3) 	 Which behaviour does M choose nonde七eど� minis七ica11y，� 

a七七�  hefiどS七� s七ep? (Thus M' guesses the in七eger兄� fどom

{工，・・・，m} • ) 

(4) 	 Wha七� is七hec10sing phase of七hefiどst二� S七ageof M? 

(Thus M' guesses the in七eger u from {o，・・・，� u-1}. No七e 七hat寄� 

u is unique1y de七erminedfrom七hein七egerえ七�  ha七� M' has 

conjectured. ) 

工七� is easi工y seen 七ha七� M' has on1y fini七e choices foど� 

each of七heseques七ions. 

FiどS七，� we consideど七�  hecase七ha七� M' has conjec七uredn三口� 0・� 

Le七� fbe七hefunc七ioncompu"tニed by M. M' remembeどS 七he fini七e

七ab1eof f(n) foど O<nく n~ in七he fini七e-s七a七e con七ro1beforehand. 山	 ~..o 

M' firs七� scans the inpu七七�  apewi七h 凶� ehead hi， and checks 

whe七herthe conjectured number n ェscorrec七� 0どれ�  0七� If i七� 

is coどrec七� and f is defined for n，七� henM writes七heou七putき� 

f(n) by七his七ab1eand ha1七� s in a fina1 s七a七e. 工fotheどwise，� 

M ha1ts in a s七ate0七heど七�  han七hefina1 sta七es.事� 

M'' 
O

uredn>n七	M hasconjec七ha七hecase七inニ，Next 事� 

simu1a七esM in 七he fo11owing manner. M' be守� ins七o simu1a七e 
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M s七epby s七epfrom the momen七� when七hefirs七� s1ニageof M 

司え� i 見 立
has finished. Le七.J={jIy ・ ~y~ ， for a11 i}. 工f 七hecon岨� 

I ~ J=~ ~ 

jec七uresin 工)，� (3) and (4) are七rue，� H
見
ぉ{h j 

iIjeJ~ ， an d 

立見え見�  1 
x.+忽:>x~-+z ~- for a11 i毛� Ĵ'} is tニhese七� ofheads which firs七
J ~ ~ 

ど� each七heri守h七� bordersymbo1，because n>n
O・� Letこ

七he e1emen七 of 自~ 
え

which has七hesma11es七� suffix. 

・
n
υ
4
J

一

(ロ宅

h
1
J

nu 

h
M
 e

c

 
a
 

nH 

be immedia七e1yde七erminedby M' from七heseconjec七ures.) 

confi ion the M is heposi ionof fis1 of 七七h~七 七 七S ageどu a aど守� 
3 

. 
3 

The j-七h head h..! (lくjくkゃ工)� of M (excep七� h..! is simu1a七ed
3 J出� o 

(if j>jO)・� A七七hefina1 cOby hj (if jくjG〕� orhj叩工� ∞

， 七こ� 

小� Thus，in七hewho1e山山tion，吋� (orヰ� 1) goes the 

見見 �  
dis七ancen whi工e h..; goes七hedis七ance d:=n-v;. Since h. 

~J J J JO 
is tニhehead which firs七� reaches七heright border symbo1， 

見 ええ�  
x. + r・V. 今� Z. =n. 

渦Jo Jo J0 
From tニhisequa七ionand 

え ええdえ=�  n (xj÷r-Yj+zj)，
3 

we can ob七ain

n =a3.ad
見
.や  b..!，
J J 

where 
y7
Joa 出� 

J 
Y

え- - yえ� 

J0 
-J 

Y 
克� yF 
Jo 9- . _9- 3 見立

b. = -{x3.÷z 四 ・�  x;+ z~ 
3 y; -y; JO JO 

J0 
-J 

見見えええ 見
Noiこe 七ha七� x;，� y;， z;， x; ， y; ， and z; can be unique1y and 

~J"J" J' JO' -JO' JO 
immedia七e1yde七erminedfrom七heconjec七ures in (3) and (4). 

Thus，when M shif七s h..: one square七O 七heri守h七，七hen M' 
3 
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simu1a七esi七� byshif七ing h1 (or h~ ，) a~ squares七o the j ¥ ..j由� ~j~~ l' 

right. (The cons七an七 b~ 
3 

is previous1y adjus七edby movin守� 

七21ehead bj squares ℃0 七heどigh七� (ifb 
3
・>0) ，。ど�  countingi七� 

昨双 悶

in 七hefini 七e.θ悶剛欄閑剛欄剛悶剛欄閑古剛欄剛� 

3 

bj may not:be in七G守ers，M' can remember七hefrac七iona工� parts 

in the finiiニe-s七a七econ七ro1. because a. and b. are ra七iona1 
J J 

numbers. By above，M' simu1a七esthe movemeniニsof M s七ep 

by s七ep，and wどi七es七hesame number of ou七pu七� symbo1sas M. 

{工fMha工七sin a s七a七e0七her七haniニhefina工� s七a七es，M' a工so 

does so.) A七七hesame七ime，M' simu1a七es七hefirs七� sta守e 

of M. Since M moves autonomous1y in七hefirs七� S七a守e，this 

can be done by simu工a七ingthe movements of h~ by h~. And 
Jo よ� 

M' a1so wriiこes七he same number of ou七puiニ� symbo工sas M. 

Now，M' mus七� examinewhether七heconjec七ures in (1) 

and (4) are 七どue. (The conjec七urein (3) need not be examined， 

because M is origina11y quaside七eどminis七ic.) The conj ec七uどe叩� 

{工) can be examined by coun1二ing七he1eng1ニh of i二heinput wi七h 

hi (up七o n
O
)' The co吋� ec七urein (4) can a1so be examined by 

simu工抗ing廿lemover矧� 1七s of h.... (of 七hefiどは�  S七時e) by hi 
30 

These examina七ionsare a工so done simu1七aneous1ywi 1ニh the 

simu工a七ionof M. M' ha1iニs in a fina1 s七a七e，if M ha1七sin 

a fina1 s七a七eand七heseconjectures are bo七h 七rue.

工七� iseasi1y seen tha1ニ七heどe exis七son工y one choice 

of movemen七� whichmakes M' simu1a七e M correct1y. And if 

M' has made a wどon守� choice，M響� doesnoi二� hal1ニ� in a fina1 s1二a七e. 

Thus M' computes 1ニhesame func七ion as M. (Q.忍.D. ) 
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The fo11owing 1emmas show the re工a七� ionsamon守� 2SFST，� 

Q1WMHT(工}，� and 1WMIま守� (2). 

Lemma 5.17 .1[Q工WMHT(工}]� _ .7'[2SFST] 

Proof. Let M be an arbi七� raryQ1WMHT(工}.工  nwhatニ� 

fo11ows， we cons七� ruc七� M'E 2SFST which compu七� es七� hesame 

function as M. Le七� m be七� he七� o七� a工� numberof possib1e choices 

M can make a七七�  hefirs七� S七� ep. 工n 七� he firs七� scan，� M' simu1a七� es 

ニ，Buty.工aneous七simu1，sof M七hesem cases of movemen工七a1

here， M' does no七� wri七� e 七heou七� pu七� symbo工� s. A七七�  heend of 

七� hefirs七� scan，� M' can know which choice is correctニ� (i.e. 

which choice 1eads M 七� o a fina1 s七� ate). Thus， in七hesecond 

scan， M' simu1a七� eson1y七� hecorrec1ニ� choice，� and wri七� es七� he 

same number of ou七� pu七� symbo工� s as M. C1ear1y七� his M' computニes

七� hesame func七� ion as M. (Q.E.D.) 

Le校総�  a 5.18 'p[2SFST] C J1[工WMHT(2)] 

Proof. 工七� iseasi1y proved from七� hefac七� s1ニha七七�  he 

firs七� scan of 2SFST is simu工芸� 11ニedby tニhe firs七� head of 1WMHT(2) ， 

and七� he second scan is simu1a七� edby七� hesecond head. 

(Q.E.D.) 

From守� heorem5.工� 6，� Lemma 5.17 and 5.工8，� we can derive 

七� hefo11owing七heorem.
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Theorem 5.19 


g [2SFS'l']部 ~[Q1WMHT (k) ] (k==工，� 2，・・・� } 


Y[2SFS'1'] = y[lWMHT(k')] (k'=2，3，'" ) 


pどoof. p[工WMHT(k)] C .:r[lWMHT (k仕)]� and f[lWMHT(k)] 

C .1[Q1WMHT (k) ] 他社，� L--・)� are obvious. So， from Theorem 

5.16，Lemma 5.17 and 5.18， .1[2SFST] C ..1[工WMHT(2) ]♀ 

9" [ 1WMHT ( 3) ] C • • • c .1 [ =1WM技T(k)]C7[む1WMHT(k)] ~[Q1WMHT(トエ) ] 

詰認・・== f'[Q1WMHT江川� C !r[2SFST]. Thus， !F[2SFST] 3

[金工WMHT(k)] (k=1，2，'" ) and a[2SFST] = di[lWMHT(k')] (k'== 

2，3，・・・� ) are conc1uded. {む .E.D.)

Fina1工� y，七he computing abi1i1ニies of 2WMCT{k) and 1WMCT(k) 

are inves七iga七ed. 

As in iニhe case of 1MCA (Theorem 4.9)，i七� is easi工y seen 

七hai二� 2WMCT(2) and 1WMCT(2) are bo七h universa1. 

Theorem 5.20 グ� [2WMCT(k)] (k~と 2) is 七he set of a工工七he

十 ~par七ia1 recursive func七ions" and so is ‘手� [lWMCT(k)] • 

The nex七七heorems七a1ニes 七ha七� 1WMCT(1) and 2SFST are 

equiva1en七.� 

Theorem 5.21 !F[lWMCT(工)] = ..:1[2SFST] 

十� Of course，aエエ七he 七0七a1 recursive func七ions are inc1uded 

in this se1ニ.� 
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Proof. Firs七，~口WMCT{ 工) ] ~[28F8T] is shown. 

工β 七� A
1

be an arbi七rary工WMCT{l) wi七h s s1ニa七es，� and 1et 

f be七he func七ioncompu1こedby A
1・� Wemay assume， withou七� 

10ss of genera1i七y，七� ha七� A
1

makes 1ニhe.counteremp七ywhen 

i七� ha工ts. 工fAヱ� ha1tsor工oops in七hemidd1e of七heinpu七

七apeof some 1eng七h nO' iニhen so does i七� forany inpu七� of 

1eng七h n>n
O・� Thus，� f{n)=f{n ) ho1ds王or a11 n>n (or， if

O O 

王� {no} is undefined， f{n) is a1so undefined). 8uch a func七� ion 

can easi1y be compu七ed by 28F8T， because i七� canbe described 

by a finii二e 七ab工e. 80， we may assume七ha七� A工� a工waysreaches 

七0 七herigh七� bordersymbo1 for any n. 

Now， 1e七� usgive A
1 

an input of 1eng七h n. The compu-

七aiニiona1configura七� ionof A
1 

is described by a 七rip1e (p，x，y) 

E Kx {斑 U{O})x{工，� 2，・・・，� n，n+工}，� where K is 七he set of in七erna1 

S七a七esof A工，� x is 七hecon七entof the coun七er，� and y is七he 

posi七ionof the inpu七� head. Leiこ� (p七，� x七� 'Yt) be七hecompu叩

七a七iona1 configura七� ionof A工� a七七�  ime七{七諒0，1，2，・・・ )・ 工王
 

Z1〉� S2，� tニhen七hereexistこ� integers i and j (o三iく1く� s2) which 


sa七isfyone of七hefo110wing condi七ions.


{工} p~=p~ ， O<x~<x~ ， x~> む (iく七く� j)，� and l~y.;<y; くn+ l.
j， 七'�  

( 2) pizpj'xiロ� 2fj，� andl三Yiく� Yjく� n+l. 

Because， if七hereexis七� s some int二egerえ (O~Q，三S2 〉 such t二ha七� 

xQ， >s，七� hen七hereexistニ� iand j七ha七� sa七isfy (工). Converse1y， 

2
if xぇ~s for a1工え (o~見<s-) ，七� hen七here exist i and j 七ha七� 

sa七� isfy (2). 

we can deter，m of A
1 

is givenとミr守iondia七ransi七he七f工� 叩� 

mine beforehand whe七her (工) or (2) occurs， by simu1a七ing 
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七hemovemen七� sof A
1 

up七O S 253七eps. 

Now， we conslニruc七� B，� e28F8T which simu工a七esA Le七
工� 1・� 

m be 1こhein七egersuch 七hatY 
m叩� 

11rland yr11mZ14トエ. 工n 七hefiど� S七� 

scan， B， simu1ates七hemovemen七� sof A. from七heconfigura七� ion
l 

(P1'x1，y
工� 
}=(qo，O，l) 七0{P111，xm，ym}，� andW37i七� es七heou七pu七� 

，(2)and(工)h cases of 七inbo ニ，halニe 1七sas A1 does. Noエsymbo

七he sequence (p
1
，.0.

1'.1 1" 
・・・� ，.o.

j'.1j 
can be previous1y 

delニerminedfど� om七� hetransi七iondiagram of A1・� 
B1remembers 

七his fini七� e sequence and七henumbers i and j， in七hefini七� e-

S七a七e con七ro1as a 七ab工� e，� and simu工a七esA
工� 

accordin守七�  0 七his 

tこab1e. In七he case of (2)，七� hesequence of s七ora守e s七a七es 

(q~ ， x~) ，・・・， (q~ ， x~) repeated1y appears for sufficient1y 

， ，x"y，) ".l:'j
(p~ ， x~ ， y~) 

ネヱ�  J" ] 

1arge n. Thus， a七七�  heend of七hefirs七� scan，� B
工� 

canunique1y 

de1ニermine七heconfigura七� ion (P..... ， x~ ， y~). 工ぉ七� hecase of (工)，m" m"-m 

七hecon七en七� of七hecoun七� ergrows 1inear1y七on， un七� i1A
1 

ど� eaches七0 七herigh七� boど� dersymbo1. 工n 七hiscase，七� he 

sequence of s iこと足七� es P.:' ・・・， P~ repeaiこをま設工� y appears， so B1 can ~ 

J ""]. 

de七ermine七hes七a七ePm・� 

叩B nex七� simu工a七es七hemovemen七� sof A. from七hecon
1 l 

fi守� ura七� ion (p_，x_，y_) to七hefina1 configuraiこion. (The inpu七
女� 1 笈� 1 笈� l 

head of A
1 

s1こaysa七七�  herigh七� boど� deど� symbo工� duど� ing七hispeど� iod.) 

In七he case of (2)， if A1 
even七� ua11yha1七� s，� then七heconiこen七� 

of七hecoun七erdoes ∞七�  qど� owmore七han2s， because xιs. 

80， B， 
エ

can simu工a七e 七hewho工emovemen七� sof A， in七hefini七e叫

s七� a七econtro1， and wriiニesthe same number of ou七� pu七� symbo1s 

as A1・� 
(Thus，� in七hiscase， B1 scans七heinpu七� headon1y 

once.)工  n 七hecase of (工)，， B， simu1a七� esthe movemen七� sof~1 
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A1 of七� his period by scanning七� heinpu七� headonce more. 


Le七� r and u be the quo七� ieni二� and七� he remainder of (m-i)/(j叩� i). 


Then七� he fo1工owingequa七� ionsho1d. 


削X_ = r. (x..! X盆)� + x~
1 --1.' --1.+u 


n = r・� (y~-y 襲) + y~

1 エ エ �  +u 

From these equa七� ions，� we can ob七� ain 

y~ 由y~ y~-y~ 

n = 京ョ� ?-xm÷yi十U tョデ.� xi切時� 

〕 エ〕工�  

Not二G 七� ha七� u can be det二erminedin七� hefirs七� scan of B1' so 

七� hecons七� an七� sxi'xj，� xi+u，� yi'Yj，� yi+12areknown by 231・� 

If A工� eventua11yha1七� s，七� henthe con七� en七� of七� hecoun七� er 

ed七ercan be simu1a七hecoun七，Thusdua11ydecreases. とまgr 

by iこhesecond scan of七� he inpu七� headof B，. (Since七� heェ� 
七.)e i五七B1 need not simu1e，move七oesno主主工head of A七inpu

This can be done in a simi1ar way as in Theorem 5.16. 

Name1y， if A1 decreases 七� hecon七� entof七� hecoun七� erby 1， 

七� henBエ� shifs 七� heinpu七� head by (y・叫y~)/(x~-x~) squares.J ~ J. 

(工 ts frac七� iona1par七� isremembered in七� he fini七� e叩� stニate 

con七� ro1，� and the cons七an七 y~ 時 x. ・ (y~ 山y~)/(x~-x~) isi+u J.十 u .~ J 

adjus七� edfirs七.)工  n 七� hedecreasing process，七� hecontent 

of 七� hecoun七� ermay 七を~mporari1y increase. Bu七� i七� is a七� mos七� 

s， so 七� ha七� i七� can be simu1a七� edin 七� he fini七毛主叩� sta七� e coni二ro1 

of B1' B1 wri七� esthe same number of ou七� putsymbo1s as A1'
工 l 

and ha1ts in a fina1 s七� a七� e if and on1y if A
1 

ha工七� s in a 

fina1 s七� a七� e. 

C1ear1y，七� hisB
1 

compu七� es the func七� ion f. So， 

.:r[lWMCT(l)] c Ji'[2SFST] is conc1uded. 
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Nex七，� we ぬ� ow :r[1WM昨日)] :J .:r[2SFST]. Foど� anyB26 

2SFST， we now cons七ruc七 A"E 1WMCT (工) which simu1a七esB
2 2 

工f t二he inpu七� of 工eng七h n is given， A
2 

begins 七o simu1a七e

七he firs七� scan of B
2・� A does 七hisby scanning 七he inpu七

2 

head of A2' and wどエ七es 七he outこpu七� symb01s as B
2 

does. 

Simu工七aneous1y，A
2 

coun七S 七he number of squares of tこhe 

inpu七七ape using 七he couniこer. Thus when A
2 

reaches iこ0

七he righiニ bordeど� symbo工，七hecoun七erkeeps 七henumber n. 

Nex七，� A
2 

simu工a七es 七he second scan of B
2 

using 七he coun七er. 

Name1y， if B shif七S 七he inpu七� headby one squaどe，七henA

2 

2 2 

decreases 七he coniニen七� of 七he coun七er by 工� And A
2 

a工so wri七es

七he ou七puiこ� symbo工s as B does. 

C1ear工y，� A
2 

compu七es 七he same func七ion as B
2・� And 

~[1WMCT (工)] :J 3i[2SFST] is conc1uded. (Q.E.D.) 

The f0110wing 七heorem shows i二hat 2WMCT(工)� and 2WMHT (2 ) 

are equivaエen七.エn sec七ion 4.3，we proved cl.[RA1(2)] = 

エ~[金工 (2) ] oC[1MCA"'"(工)] =ζ[1BCA"'"(工)]� = ot:[同部(2) ] • 

Since 2WMCT(工)� and 2WMHT(2) are 七he same aslMCAl(l)ari4 

1MHA
1
(2) excep七七ha七 theyhave outpu七七apes， we can pどove

七here1a tion .Jr[2WMCT ( 1)] = ，7i[2WT1HT (2)] in a very s imi 1ar 

l
way as in 七he case of 1MCA"'" (1) and 1MHA"'"(工}‘� 

Theoどem 5.22 ~[2WMCT (工)] = ~[ 2WMHT ( 2) ] 

Pどoof. ? [2WMCT (1)] C Y; [ 2WMHT (2)] can be pどoved in 

a simi1ar manner as in Theorem 4.9. Let A
1 

be an arbi七どary 
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2WMCT{工)� with s s七� a七� es. Then， B工主� 2WMHT(2) which simu1a七� es 

A1 is consiニど� uc七� ed as fo11ows. 工� fA1 ha工七� sfoど� a given 

inpu七� of 1ength n，七� hen七� hecoun七� erof A~
l 

does no七� coun七� S 

七� henumber grea七� er七� hans ・(n+2). Thus七� hecouniニercan be 

simu工とま七� edby one of 七� he heads of B1' And at each step of 

七� hesimu1a七� ion，� B1 wri七� es七� hesame number of ou七� pu七� symbo1s 

as A1 does. By七� his，� B1 can compu七� e 七� he same func七� ionas A1・� 

::; [2WMCT (工)] ::> .r[2WM践す� (2)] is based on Lemma 4.14. 

Le七� B
2

be an arbi七� rary2WMHT(2). In the same way as in 

this 1emma， we can cons七� ruc七� B
2
E. 2WMHT (2) such七� ha七� oneof 

七� heinpu七� headsof B
2 

neverど� eads七� heright border symbo1 

for any input， and compu七� es七� hesame func七� ionas B2 

Since we can easi工y cons七� ruc七� A
2
E 2WMCT (工) which simu1a七� es 

B2' ji"[2WMCT (1)] ::> G;[2W削守�  (2)] is conc1uded. ω.E.D.) 

Fi守� .5.4 summerizes七� hehierarchy of compuiニingabi1i"tこ ies 

of mu工七� i.寸� lead，� mu工七� i-coun七� er，� and fini七� e叩お七� aiニe 七� ransducers.
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タ[2WMCT(2) ] 

j[工WMCT(2) ] 

U十
タ[TT(工 ogn)] 

Uキ� 

U+ 
.p[2WMHT(加工)] 

U十� 
g. [2~M封T (k) ] 

Ui-

u+g;[2WMHT ( 2) ] 

~[2WMCT (工)] 

U+ 
.;?i[2WMH守{工)] 

'p[2WFST] 

d[2SFST] 

，3i[Q1WMHT (k) ] 

5口WMHT(k'日

夕� [lWMCT(l)] 

u+ 
~[工WFST] 

.p[lWMHT(工)] 

Fig. 5.4 The re1a七ionsof computing 

abili1ニiesof mu1七i-head，mu工ti-

coun七er，and finite-s七a1こe transducers. 

)，・・・3，2'=ロk，・・・2，1(J王山 
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5.4 Conc1uding Remarks 


工n 七hischap七er，� a Turing七ransducerand some 0七her

七ransducerswere defined， and七heircompu七ingabi1i七ieswere 

inves七iga七ed. Since七henumbers of inpu七� symbo1s and ou七pu七� 

symbo1s are restricted to one，these mode1s may seem to be 

par七icu1arones. 工ndeed，� many resu1七sln七hischap七erwere 

derived from七hefac七七ha七七heinpu七� iscon七en七1ess. Bu七，

七heyare very convenien七� mode1s七o inves七iga七e 七hecompu七ing 

abi1i七iesof number-七heore七icfunc七ions. 

As for TT(L(n))，七here1a七ionbe七ween七heincreasing 

degree of func七ionsand七he七apecomp1exi七ywas considered. 

Theorem 5.8 s七a七es七ha七七hereexis七sno 10wer bound on 

slowness of increase in any c1ass of 七apecomp1exi七y. 工七� 

is easi1y seen七ha七� a simi1ar resu1七� canbe proved for 

2WMHT(2) ，七00.

工n sec七ion5.3，severa1 re1a七ionsamong various kinds 

of七ransducers were derived. Since an accep七or (wi七h a 

con七en七1ess inpu七� is a specia1 case of a七ransducer，七he 

equiva1en七� re1a七ions shown in Fig.5.4 a1so ho1d for七he 

accep七ors. Bu七七here1ation "与"does no七� a1waysho1d for 

七heaccep七ors. For examp1e，七here1ation cl，[1WFST]写

乙[2WFST] forms a con七ras七� wi七h 七hefac七七ha七� one-wayand 

七wo-wayfini七e-s七a七e accep七orsare equiva1en七.� 
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