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Abstract
In this paper, we solve affirmatively B.-Y. Chen’s conjecture for hypersurfaces in the Eu-
clidean space, under a generic condition. More precisely, every biharmonic hypersurface of the
Euclidean space must be minimal if their principal curvatures are simple, and the associated
frame field is irreducible.

1. Introduction

In this paper, we solve B.-Y.Chen’s conjecture for hypersurfaces of the Euclidean space
in the case that every principal curvature is simple and some generic condition is satisfied.
A map ¢ : (M,g) — (N,h) is called harmonic if it is a critical point of the energy

1
functional E(¢) = 3 f |dt,0|2 vy. Its Euler-Lagrange equation is that the tension field 7 =

M
7(¢) vanishes. Recall that an isometric immersion ¢ : (M,g) — (N, h) is minimal if and
only if it is harmonic.

In 1983, Eells and Lemaire [8] introduced the notion of k-energy. A map ¢ : (M,g) —

1
(N, h) is called biharmonic if it is a critical point of the bienergy E»(¢) = 3 IT(go)I2 V.

M

A minimal isometric immersion is always biharmonic, and many researchers have asked
whether the converse is true, namely under which conditions, a biharmonic isometric im-
mersion is minimal. In this connection, Chen [4] proposed the conjecture

B.-Y. Chen’s conjecture: Every biharmonic submanifold of the Euclidean space must
be minimal.

Caddeo, Montald and Oniciuc [2] raised the generalized Chen’s conjecture:

The generalized B.-Y. Chen’s conjecture: FEvery biharmonic submanifold of a Rie-
mannian manifold of non-positive curvature must be minimal.

In 2010, Ou [15] gave a counter example of the generalized conjecture.

On the other hand, Hasanis and Vlachosin [9], and Defever [6] showed the Chen’s con-
jecture is true for hypersurfaces in the 4-dimensional Euclidean space. Recently, Akutagawa
and Maeta [1] showed that any complete, proper (i.e., the preimage of each compact subset
is compact) biharmonic submanifold of the Euclidean space is minimal.

The main theorem in this paper is as follows:
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Main theorem. Let M be an n-dimensional biharmonic hypersurface of the (n + 1)-
dimensional Euclidean space E"'. Assume that all the principal curvatures are simple and
that g(V,v;,vr) # 0 for all distinct triplets {v;,v;,vi} of unit principal curvature vectors in
the kernel of dt. Then, M is minimal.

For more precise statement of this theorem, see Theorem 8.2 and Definition 6.1 of irre-
ducibility.

We emphasize that we need not completeness assumption to M in Theorem 8.2.

The outline of this paper is as follows. In Section 2, we prepare several materials on bi-
harmonic submanifolds M in a Riemannian manifold M, and show that every n-dimensional
Riemannian manifold M can be embedded as a biharmonic, but not minimal hypersurface
in some (n + 1)-dimensional Riemannian manifold M (Theorem 2.3).

In Section 3, we treat n-dimensional non-minimal biharmonic submanifold M" of the
(n + m)-dimensional space form Mner(K) with constant sectional curvature K. We show
that if K < 0, then |7|*> does not attain a local maximum.

In Section 4, we treat non-minimal biharmonic hypersurfaces M" of the space form
MnH(K) with K < 0. In this case, —7/2 becomes a simple principal curvature of M. Let
{A;}i<n be the principal curvatures of M, where A, = —7/2, and {v;} be the corresponding
orthonormal principal curvature vectors. Since 7 is not constant, F' = {x € M | 7(x) =
(constant c)} is a hypersurface of M around every generic point of M, and every v; is tangent
to F except v,. We call F a characteristic hypersurface of M. Every v; becomes a principal
curvature vector of F' in M except v,. Let y; be the principal curvature of F in M for the
direction v;. We show that {4;, i;};<, satisfies an over-determined ODE along the v,-curves
(Proposition 4.7).

In Section 5, we analyze the over-determined ODE, and show that the set of all initial
values of the ODE is an algebraic manifold in R*"~D.

In Section 6, we introduce the notion of the irreducibility of the frame field {v;};, of F
(Definition 6.1). We show that {A;} and {;} are linearly related under irreducibility assump-
tion.

In Section 7, we show that {4;} and {y;} are constant along F.

Finally, in Section 8, we give a proof to our main theorem, Theorem 8.2.

2. Biharmonic submanifolds in a Riemannian manifold

A smooth map between Riemannian manifolds ¢ : (M,g) — (M, g) is said to be bi-
harmonic if it is a critical point of the bienergy E>(¢) = 3 M|T|2 vg. The Euler-Lagrange
equation is given by
2.1 At - ¢'R(1,8))d, = 0,
where 0; is the partial diﬁere_ntiation with respect to the local coordinates of M, R, R are the
curvature tensors of M and M, respectively, and

(22)  @(0:,9)) := Vo (p.0) — 9.(V5,0)), T:=tra, A:=-g"VV;, A:=-¢"V,V;

In the following, we assume that M is a submanifold of (M, g) and the inclusion map ¢ is a
biharmonic map with respect to the induced metric g = ¢*g. Such a submanifold M is called
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a biharmonic submanifold of M. Then, *TM is decomposed into TM & T M+ and «, T have
their values in TM*. We also denote the normal connection of TM* by V.

We decompose the equation (2.1) into the tangential direction and the normal direction.
For A, we have

(2.3) g(AD)T,0) = G((Va)(;,0),7) + 25((d;, D), V/1),
(AT)*" = At + 979" G(a(d), 01). T)a(d;, 0r).
For ¢/*R(t,d 1), 0k) ", we have
24) g((g"R(x,0),8)",8) = g™ g(R (i, ), ), 7)
= ¢"G(Vo,2)(0k. 8)) = (V5,0)(8;,0)).7)  (by Codazzi eq.)
=G(Vs7.7) = g(V'a)(8;,0),7)
1 _ .
= S Viltl* - 9(V )9, 7).
Now we introduce the following notions:
(2.5) 6a)(@) == —(Va)(0;.8), (@)(V) := ¢"g"g(a(d;,80), V)a(8;, By),
R)(@:,9)) = R(V,3)))"*.
By (2.1) ~ (2.5), the equations of biharmonic submanifolds can be written as follows:

Lemma 2.1. A submanifold M of (M,g) is a biharmonic submanifold if and only if the
following two equations hold:

(2.62) At + (1) - rR, =0,
(2.6b) — 25((62)(8,), T) + 25(c(d;, ;). ViT) — %vimz = 0.

By using these equations, we first give examples of biharmonic hypersurfaces which are
not minimal submanifolds. In the following, we regard «, T to be real values in terms of the
unit normal vector field N. We need first the following lemma.

Lemma 2.2. In a Riemannian manifold (M = M xR, g = g(t) + di*), the second fun-
damental form a;; and the symmetric bilinear form B;; = 5(?;(8,-,5]'), N) on M are given
by

1 ’ 1 ’” 1 ’os
2.7) =g By =505+ 709

where, =" means the differentiation with respect to t.

As a consequence, for every pair of symmetric bilinear forms a and 8 on M, there exists
a Riemannian metric g = g(t) + dt’* such that « coincides with the second fundamental form
att = 0 and B coincides with 5(1_?;(8,-, d;),N) att = 0, respectively.

Proof. We add ¢ to the coordinates {x'} of M to become the coordinates of M. We denote
the differentiation with respect to x’ by 8;, and the differentiation with respect to ¢ by 8,. For
the second fundamental form «, it is well known that

- 1 ’ 1 ’
(2.3) @jj = g(Vy,0;,0,) = —59 (0;,0)) = ~59ij-
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— — — 1
Furthermore, since g(Vs,0;,0;) = 0 and g(V,0,,0;) = —g(0;,V5,0;) = Eg;j’ we have

— 1 — — —
V.0, = Egk[g;kag. Thus, since g(V4,0;, ;) = —g(d;, V,0;) = 0 we have V5,0, = 0. Therefore,
we obtain

2.9)
g(R(D:,01)0,,0,) = g(V5, V5.0, — V5,V 5,0, ;)
= 01{g(V5,0,,0)} — 9(V5,0,, V,0,) — 0{g(V5,0;,0)} + §(V5,0;, V,0:)

1 ’7 1— 4 /
= =591 = 0= 0+ 29(5"9),0, 9" 94,00)

2
1 7 1 k1 7
=759 39 Iu9ej
Since for any @ and 3, we can solve (2.7) as a system of equations for g’ and g”, the latter
half statement holds. O

By using Lemma 2.2, we have the following.

Theorem 2.3. Every n dimensional Riemannian manifold M can be embedded into an
(n+1)-dimensional Riemannian manifold M as a biharmonic hypersurface, but not minimal.

Proof. For every ¢ # 0, we apply Lemma 2.2 to & = cg, = (¢*/n)g, and we construct
a Riemannian metric g. Then, it holds that 7 = nc, which implies (2.6b), and that - nc -
nc?/n - nc = 0, which implies (2.6a), respectively. |

Note that our Riemannian metric ¢ satisfies that the sectional curvature
(9i)"g(R(N, 8))0:, N) = (9i)"'Bii = ¢*/n > 0.

3. Biharmonic submanifolds M" in a space form M

For submanifolds M" in a space form M"™ of sectional curvature K , Codazzi equation
holds: V,a ;. = Va; ([13], Corollary 4.4). Therefore, we have

3.1) R.)6:,0,) = Kg(d,0,)7, R, =nKr,
(6a)(8;) = —(V/a)(@;,0) = —~(Via)(0;,d) = -V,
- 2g((6)(d), 7) = 29(Vi7,7) = Vi|f’.
Thus, (2.6) is written as
(3.2a) AT+ *(t) —nKt =0,
(3.2b) %V,-hlz +2g(a(d;,0;), V1) = 0.
By taking the inner product of (3.2a) and 7, we have
(3.3) g(aT, 1) = =V'(G(Vir, 1) + §(Vit, V') = %Amz + VP,
g@*(0),7) = lasl,

where we put (a;);; := g(a(9;, 0;), 7). Therefore, [7|? satisfies
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1
(3.4) 5A|T|2 + V7] + |a > = nK|r]> = 0.

From this elliptic equation for |7|*, we have the following

Proposition 3.1 ([14] Proposition 2.4). Assume that M is a space form of constant
sectional curvature K less than or equal to 0, and that M is a biharmonic submanifold of
M. If |t? admits a local maximum at some point, then M" is minimal. In particular, if |t|* is
constant, then M is minimal.

Proof. If |r|> admits a local maximum at some point, A|r|> > 0 holds at the point. There-
fore, we have |a,|*> = 0, which implies that 7 = 0. Thus, the local maximum must be 0, so it
hold that 7 = 0, locally. By real analyticity of biharmonic submanifolds, 7 must be 0. m|

4. An over-determined system of ODE

In this section, we assume that the ambient space M s a space form of sectional cur-
vature K, and M" is a biharmonic hypersurface in M.

We can study more precisely biharmonic hypersurfaces since we can diagonalize the sec-
ond fundamental form. Indeed, by taking an orthonormal frame consisting of unit principal
curvature vectors {v;}, we can diagonalize the second fundamental form as a(v;,v;) = 4;0;;.
Then, by (3.2b), we have

(4.1a) AT+ |al*t - nKt =0,
(4.1b) Vi1 + 20V = (1 +24)V;ir =0 (forall 1 <i<n).

Therefore, in the case of K < 0, if we assume that there is no principal curvature satisfying
that 7 + 24; = 0, then 7 must be constant, and then M" is minimal. Thus, we have

—n+l
Proposition 4.1. If M" is a non-minimal biharmonic submanifold of the space form M ’
of constant curvature K with K <0, (=1/2)7 is a principal curvature.

Proposition 4.1 is essentially important to continue our arguments below to obtain main
theorem.

From now on, we assume that M is a biharmonic hypersurface, but not minimal.

Thus, in the case that K < 0, the mean curvature is not constant. In the case that K > 0,
we assume that the mean curvature is not constant. We always assume that n > 2.

Let {4;} be the principal curvatures, and let us denote their unit principal curvature vectors
by {v;}, and put 7 := > 4;. In the following, all the subscripts of the tensor fields mean the
ones with respect to not the local coordinates, but {v;}. For examples, a;; = a(v;,v;) = 0;;4;.
And we denote the differentiation with respect to v; by v;[*]. Furthermore, g(V,v;,v1) =
vilg(vj, vl = g(v;, Vo) = —g(v;, V,0), in particular, g(V,v;,v;) = 0, which we will use
frequently.

Note that v; is not uniquely determined when A; has multiplicity. To select them suitably,
we need the following formula.

Lemma 4.2. Foralli, j,k < n, we have

(4.2a) Viaj = 6 jvi[A;] + (A; — 4)g(Vyv;, vp),
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(4.2b) Ojkvil ;] = divj[Ai] = =(2; — A)g(Vyvj, o) + (4 — A)g(Vy,vi, vg).
Proof. Using ;= 5,']'/1,',
4.3) Viaj = vilaj] — a(Vyv),v) — a(v), V,,0r)
= vilo ;] — Ag(Vyvj, v0) — A;g(vj, Vyvp)
= 0vil ;] = Ag(Vyvj, 06) + A;9(Vy,05, vg).

Hence the first equation holds. The second equation is derived from Codazzi equation:
Viajk = Vja’,'k. O

Incase k = j # i and A; = A; in (4.2b), we have v;[4;] = 0. It means that if A; has
multiplicity > 1, then v;[4;] = 0. We renumber the indices {i} so that 7 + 24, = 0. From
(4.1b), if A; # A, then v;[4,,] = 0. Therefore, if A, has multiplicity > 1, then v;[4,] = O for
all i < n, T is constant on M, and M is minimal. Since M is not minimal, we conclude that
A, is simple.

For other A; with multiplicity > 1, we reselect v; as follows. For an index iy, let E be
the tangent sub-bundle on M generated by {v; | 4; = 4;,}. Since 4, is simple, E has trivial
normal connection VE+ along each integral v, curve. Therefore, we can choose orthonormal
bases {v;} of E so that Vf’fv,- =0,1.e., g(V,v;,v;) = 0 forall i and j satisfying 4; = 4; = 4;,.
Moreover, we have v;[7] = —2v;[4,,] = 0 for i < n.

We summarize the above selection of {v;} as follows, and, from now on, we assume the
frame field {v;} satisfies the property.

Lemma 4.3. The principal curvature A, = —7/2 is simple, and it holds that v;[T] = 0 for
any i < n. Moreover, we can choose the frame field {v;} so that g(V, v;,v;) = 0if A; = 4.

Moreover, the chosen vector fields v; have the following good property.

Lemma 4.4. For any i < n, it holds that
4.4) V,,vi =0.

Proof. We consider the covariant differentiation of (4.1b).

4.5) 0= V,;(@Vit +2a;V'7)
= VaVir +1V,Vir + 2V, Vit + 204V, ViT
= VjTV,‘T + TVjV[T + ZV]‘CL’[,,V”T + 2/liVjViT
= (T + 2/1,)VIV/T + 2V,,TV,,a,-j + V,‘TV/'T.

Exchanging i and j in (4.5), and taking the difference between them, we have (4; —
A)V;Vr = 0. Assume that 4; # A;. Then it holds that V;V;7 = 0. Substituting it into
(4.5), we have V,a;; = 0, because V;7 = 0 or V;7 = 0 and V, 7 # 0. Substitute it into (4.2a)
replaced i, j, k by n,i, j. Then, we have 0 = (4; — 4)g(V,,v;,v;). Therefore, g(V,,v;,v;) =0
if A; # A4 e

On the other hand, g(V,,v;,v;) = 0if 4; = A4; by Lemma 4.3. Thus, we have g(V,, v;,v;) = 0
for any i, j < n. We also have

(46) V,,a/ij =0
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fori, j<mandi# j, by (4.2a). |

Since 7 is not constant, on a neighborhood of a point satisfying that dr # 0, the set
7 = (a constant) is a hypersurface of M.

DeriniTion 4.5. We call each F defined by 7 = (a constant) a characteristic hypersurface
of M.

For i < n, (4.1b) implies that v;[t] = 0, because A; # A, = —7/2. Therefore, the set
{v; | 1 <i < n}isalocally defined orthonormal frame field of the tangent bundle of F.
Moreover, every v; is a principal curvature vector filed of F as follows.

Lemma 4.6. Every vector v; (i < n) is a principal curvature vector of hypersurface F in
M. We denote by B the second fundamental form, and by u; the principal curvature for the
direction v;. Then, it holds that, for i, j < n,

4.7 Bi,v) = g(Vy0j,0,) = 6ijpi, Vo, Up = =0,
Proof. We consider (4.2b) withi = n, j,k < n and j # k. We have
(4.8) 0 =—(1; = Wg(Vy,vj, v) + (A = UG (Vo 05, Ug).
Since V, v; = 0 by Lemma 4.4 and A; # A,, we have
4.9) 0 = g(Vy,0n, 06) = =g(vn, Vo,00) = =B(vj, vg).
It also implies that V, v, is parallel to v;. Therefore, Vv, = g(Vy,00,0))v; = —p0;. ]

Now, we derive an over-determined ODE.

—n+1
Proposition 4.7. Let M" be a biharmonic hypersurface of the space form M ! of sec-
tional curvature K < 0. Then, A; and y; satisfy the following ordinary differential equations:

1
(4.10a) TS + T(ZTZ —nK + Y 47) =0,
1
(4.10b) ) = (7 + ks
1
(4.10c) W) =t — 5T+ K.

Here, T is a function of {A;} defined by v = (2/3)}.;<,Ai» and ' is the differentiation v,[+].
Proof. For (4.10a), we calculate V;V 7 for i, j < n.

(Vo,(VO)(©)) = vilvjl7]] = Vv, o, 7 = vilv)[7]] = Zpcng(Vi0j, 00V, T
vilv[T]] = g(Vy0j,0,)V,7.

4.11) ViVt

Therefore, V,V,r = —u;7/ for all i < n, and V,,V,, 7 = 7”. Substituting it into (4.1a), we have
an expression of At:

(4.12) At ==V, V=3, ViVit = =" + '3, i

Thus, we have
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(4.13) 0 = At + |of*t — nKt
N - 2
=77+ 7Y + T(4T nK + Y, Ai%),

which is (4.10a).
For v,[4;], we use (4.2b) with j = n, k = i < n. We have, using (4.6),

1
(414) - vn[/li] = _(/ln - /li)g(vv,-vnv Ui) = (_ET - /11')/1[7

which is (4.10b)
For v,[y;], differentiating the equation of the definition of y;, we have

(415) Un[ﬂi] = Un[g(vu,»viv Uy)] = g(anVuivi, Uy) + Q(Vuivb Vunvn)
= g(R(Una Ui)vi + Vu,-anvi + V[U,,,Uijvi7 Un) (by anvn = O)
=K+ ,4; + g(VV,;nvi—V,,iv,,Ui’ v,) (by Gauss, V,, v; = 0)

1
=K - ET/li +,uig(vv,-vi, v,) (by Vy"l)i = O,Vyil)n = —u;v;)

2 1
=K+u; - 57/1,-,

which is (4.10c). O

In the case K < 0, note here that we can conclude non-existence of non-minimal bi-
harmonic hypersurfaces if the overdetermined differential system (4.10) has only solutions
satisfying 7 = const.

In the case n = 2, we can prove by a different manner the B.-Y. Chen’s theorem:

Corollary 4.8 (Chen [4], Jiang [12])). Every biharmonic submanifold in the 3 dimen-
sional space form of non-positive sectional curvature is minimal.

Proof. Substituting n = 2, (4.10b), (4.10c) and 7" = (2/3)A4] into (4.10a), we have
(4.16) (2/27)A4;{142,% = 16p,> = 9nK — 12K} = 0.
Since A; = (3/2)7 is not constant,
4.17) 142, = 161,> — 9nK — 12K = 0.

Substituting (4.10b) and (4.10c) into the equation {142,% = 161;> — 9nK — 12K} = 0, we
have

(4.18) —16p:{30,% = 211> = 2K} = 0.

If u; = 0, by (4.10b), T = (2/3)A; must be constant. Thus, the submanifold is minimal. If
i1 # 0 at a point, we have that 31, — 2u;> — 2K = 0. Then, together with (4.17), A, is
constant. We have done. ]

5. Solutions to the over-determined system of ODE

. . . . . . —n+l
In this section, we assume that M”" is a biharmonic hypersurface in the space form M
of sectional curvature K.
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We will analyze the algebraic ordinary differential system (4.10). In the following we
only treat the case i < n — 1, and put n; := n — 1. And for the summations which will be
treated in this section in i, we always assume that i run over the set 1 < i < n;. In this
section, we will treat a more general setting that it would occur that A4; = A; for different i
and j.

We will denote by A = (4, ,4,,) € R", and u = (i1, -+, up,) € R™. The solutions to
the ordinary differential system can be regarded as real analytic maps on a neighborhood of
the origin of R into R*™ = {(A, u)}, and our 7 is regarded as a function 7 = (2/ 3)Xi<n, Ai on
R2n1 .

Let S ¢ R be the set of all the (A, 4) such that the equation (4.10) has a solution with
initial value (4, ).

Lemma 5.1. Each (4,u) € S is a zero point of the following polynomial.
4 2 4 4
(5.1) Po = =2 X" = —rZuﬂ + T XA + STEA
+ T(Z,u) + T - —(2n+ K.

Proof. Assume that (4, ) = (A(), ,u(t)) is a solution to (4.10). Then,
, 2
(5.2) T = 52 _Z( T,u, + /lz,ut = TZ/JI + Z/ll/‘ll’

1’ 1 / ’ ’ ’
T =37 2+ gTZ/Ji + gzﬂiﬂi + gz/liﬂi-

Substituting this, (4.10b) and (4.10c) into (4.10a), we obtain the desired polynomial. m]

Starting at Py, we determine the polynomial P, inductively as follows: We substitute the
solution (A(?), u(?)) to the ordinary differential equation of normal form, (4.10b), (4.10c) in
the polynomial Py, and differentiate it with respect to #, and substitute (4.10b), (4.10c) into
A(1), (7). Then, we obtain a polynomial in {1;(?), u;(¢)}. We define Py, this polynomial.

Proposition 5.2. The set S of all initial values of (4.10) coincides with the algebraic
manifold N2 ,(Py)~ 10).

Proof. We proved that § < N2 (Py)” 1(0). Conversely, let (1,u) be a point of
Neeo(Pr)™ 1(0), and (A(7), u(1)) be the solutlon to the partial system (4.10b), (4.10c) with
initial value (4, u). Then, the k-th derivative of the left hand side of (4.10a) vanishes for any
k > 0. Since the solution (A(#), u(?)) is real analytic, it means that (4.10a) is satisfied. m]

For the ODE (4.10), we can classify all solutions giving minimal hypersurfaces.

Proposition 5.3. All the solutions to (4.10) satisfying that T = 0 are classified as follows:
In the case where K = 0 :

1 a;
5.3 i == , A = s i=0, 4; =a.
( ) H t+ ¢ t+c; or K a
In the case where K = —1 :
(5.4) = —tanh(t +¢), li= —— or =1, A = ae®.

cosh(t + ¢;)’
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In the case where K =1 :
ai
;= tan(t +¢;), 4 = ———.
(55) Mi ( 1) i COS(I n Ci)
Here, the sum of all the a; corresponding to the same c; must be zero: ;| c;=¢,@i = 0 for
every k. (regarding c; = oo for the singular solution in the case K = 0, and ¢; = +oo in the
case that K = —1). For example, if all the c; are different each other, it must be that a; = 0

foralli. If all ¢; are same, our condition is only that }’,a; = O.

Proof. Substituting 7 = 0 in system (4.10), we see that equation (4.10a) is automatically
satisfied, and we have

(5.6) A= i, pj =t + K

We solve the second equation, and substitute the solution into the first equation. Then we
get (5.3), (5.4), or (5.5). Each solution satisfies >,4; = (3/2)t = 0 if and only if the last
condition for ¢; is satisfied. m]

Proposition 5.4. There exist constant solutions to (4.10) which satisfy T # 0 only in the
casen =4, K > 0, and it holds that A; = +VK, ui=01= +2VK in this case.

Proof. Substituting A7 = 0, u; = 0, 7" = 7”7 = 0 into (4.10), we have
1 , 1
(57) ET + A; i = 0, i~ — ET/L' +K=0,

1
ZTZ —nK + Y47 = 0.

By the third one of (5.7), we have that K > 0, because 7 # 0. In the case where 4; = —7/2
in the first and second ones of (5.7), we have u;> + (1/4)> + K = 0 which does not occur.
Thus, we have y; = 0. Then, we have by the second one, A; = 2K/7. By using together with
T = (2/3)n4;, we have T = +(2/V3)yn K, 4; = +V3K/+/n;. Substituting this into the third
one of (5.7), we obtain that n = 4 and the other claims. ]

Corollary 5.5. In the case of the space form of constant curvature, the biharmonic hy-
persurface all of whose principal curvatures are constant and different each other must be
minimal.

RemMark 5.6. There exist examples of biharmonic hypersurfaces having principal curva-
tures with multiplicities. They are isoparametric hypersurfaces in S"*! (Ichiyama, Inoguchi
and Urakawa, [10], [11]). In the case where K < 0, there are no such biharmonic hypersur-
faces which are not minimal by Proposition 3.1.

Lemma 5.7. Let {A;, u;} be a solution to (4.10) with T # 0. If A; = A, then yu; = u; or
Ai = =(1/2)t. Conversely, if u; = u;, then A; = A;.

Proof. If A; = A;, then (7/2 + A;)(u; — u;) = 0, hence 7/2 + A; = 0 or y; = u;. Conversely,
if y; = p;, then 7(1; — A;) = 0. Since 7 # 0, we have 4; = A;. m]

Note that the case A; = —7/2 does not occur when the solution comes from a non-minimal
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biharmonic hypersurface, because 1, = —7/2 is simple. Next we consider solutions with
same A;, under K = 0.

Lemma 5.8. The solution to (4.10) with K = 0 satisfying that all the A; are the same,
must satisfy T = 0.

Proof. We assume 7 # 0. We may write as A; = A. Since 7 = (2/3)n;4, we get 4 #
—(1/2)r. Thus, by Lemma 5.7, all the y; are equal to each other, we may write as y; = u.
Substituting these into (4.10), we have

n +3 n ., nin+9)

3 K 9
Differentiating the first equation, and substituting into the third one into which the first and
second equations are substituted, we obtain

A +nud -2 =0.

(5.8) A= A, o=t -

(5.9) Any(ny + 6)2% + (n;2 = 9)?) = 0.
Thus, 7 = 0if ny > 3.

In the case that n; < 2, we have u = ¢ A. Substituting this into A’, ¢/, and eliminating A’,
we have (1 + ¢?)A? = 0 which implies that 7 = 0. m]

We can also solve (4.10b), (4.10c) with K = 0 if we know the function 7.

Proposition 5.9. The ordinary differential system (4.10b), (4.10c) with K = 0 can be
solved as follows if we regard T as a known function. If we put A; = r;sin6;, y; = r;cos 6,

1 -1
(5.10) 0, = — f‘rdt, rp= —.
2 fcos@idt

Proof. Let us rewrite (4.10b), (4.10c¢) in terms of r;, 6;,
1
(5.11) risinf; + 0r;cos 6; = (ET + r; sin 6)r; cos 6;,
/ o 2 .2 1 .
r; cos; — 0,r;sinf; = r;” cos” 6; — ET r; sin 6;.

By (5.11), we have r, = ri* cos 6;, and 6/r; = (1/2)tr; which solve 6;, and r;. ]

6. Irreducibility of principal curvature vector fields

In this section, we assume that M" is a non-minimal biharmonic hypersurface in the
Euclidean space M = E™*!, and all the principal curvatures {;} are simple.

We denote the covariant differentiation on the characteristic hypersurface F by V, and the
second fundamental form of F in E™! by a@. The second fundamental form of F in M is

denoted by S.
Note that the unit normal frame fields N and v, on M are parallel with respect to the
normal connection on F in E"*!. In fact, since g(V,N,v,) = —=g(N,V,v,) = —ai, = 0 for

every i < n, we have E(FVVU,.N, vy) =0, and FVE.N =0,V,v, =0.

Since the N-component of @ coincides with the restriction of « to the tangent space TF
of F because of g(ﬂiv i»N) = a(v;,v;), we use the same notation « for it. The v,-component
B of ais B;j = d;u; by (4.7). Thus, @ can be diagonalized by the frames {N, v,} whose
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eigenvalues are A; and y;.
We calculate the covariant differentiation of @ as follows:

6.1) Vi = (Vo@)j, 00
= V,,@0;,0)) — AV,0;, 00) — @}, Vo, 0r)
= Vo, 0 (AN + i) = g(V0,07, AN + pivn) = 905, Vo0 ) (N + p10,)
= 0 (il AIN + vilpxlvy,) — g(’ﬁv[’fja v (AN + pgo,) + g(’ﬁvivj’ v)(A;N + pjvy)
= {00l + () = A)g(Vu, 05, 0N + (8 vilpa] + (11 — )GV ,0;7, 0.

Since FVvl-ijk =V ik, the N-component of @ coincides with

(6.2) 8 il Al + (4 = 2)g(Vo,070) = 630, L] + (A = Ag(V, vy, v3).

For i # j = k, it holds that

(6.3) vl ;] = (4 = 2))g(V,,0;,0)).

In the case that all the i, j and k are different each other,

(6.4) Viaj = (A5 = 2)g(Vu0;.00 = (A = A)g(Vy vy, v3).

We conclude that the quantities sfjk defined by

(6.5) S,/»ljk = - /lk)g(gvivja Uk)

are symmetric for all distinct triplets {i, j, k}.
By the same way, we obtain the relations of u, by considering the v,,-component: For all
the i, j and k which are different each other, we can conclude that

(6.6) vilif] = (i = 1)G(Vo,01,)),
sfjk = (i — )g(V,,0;, v) are symmetric for all the i, j, k.

Assume that all the principal curvatures are simple. If g(ﬁVVUiv j»vr) # 0, it holds that
sf].k # 0, which implies that g(V, v, v1), g(Vy,0;,v;) # 0. Thus, we obtain the relations that

Hi— M My~ Mk e — M ﬁ

6.7) = = .
/1,'—/lj /lj—/lk /lk—/ll' St/'ljk

Mi— My
! coincide

Therefore, if g(%’,,,. v;,vr) # 0 for every distinct triplet {i, j, k}, then all the
i A

each other for every distinct pair {i, j}. Thus, if we denote the common quantity by ¢, then

all i; — pA; have the same value. If we denote it by ¢, then it holds that u; — ¢A; = ¢ for all i.

Conversely, if there exist ¢ and ¢ satisfying that u; = ¢A; + ¢ for all i, and there exist at

least two different A;, ¢ and ¢ are uniquely determined. Really, we assume the following

weaker conditions:

DerintTioN 6.1. Put J = {{i, j} | 1 < i,j < ny, i # j}. If a distinct triplet {i, j, k} satisfies
g(Vy,vj, ) # 0, then we define {i, j} ~ {j, k} ~ {i,k}. Let ~; be the equivalence relation on
J generated by ~. If all {i, j} € J are equivalent under ~, the frame field {v;} is irreducible.
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Otherwise, the frame field is reducible.

DerintTion 6.2. If there exist functions ¢, ¥ satisfying u; = ¢A; + ¢ forall 1 <i < nj, we
say that {4;} and {w;} are linearly related.

As we saw, we have
Lemma 6.3. If the frame field {v;} is irreducible, then {A;} and {u;} are linearly related.

When n; = 3, the frame field {v;} is reducible if and only if all g(V,,v2,v3) = g(V,,03,01) =
g(vv3vla UZ) = 0

Proposition 6.4. If {A;} and {u;} have linear relation u; = ¢A; + ¢, and if there exist at
least three distinct A;, then ¢ and W are constant on F.

Proof. For i # j, we have (6.3)
ol A = (i = A)g(Vo,01,0,),
and (6.6)
vilp;] = (i —ﬂj)g(rvvujvi, v;).

Since y; = @A; + ¥, we obtain that

(6.8) o] A + @uil A1 + vilY] = 0 (4 = 1) g(Vo vinv)) = @uilA].
Thus, we have v;[¢]4; + v;[y/] = 0 (i # j). Since we assume the existence of three different
Aj, we can conclude that v;[¢] = v;[y/] = 0. Therefore, ¢ and  are constant on F'. O

7. Constantness of principal curvatures

In this section, we assume that M" is a non-minimal biharmonic hypersurface in the
Euclidean space E"*'.

In the following, we assume that {1;(¢)} and {;(#)} have linear relation y;(¢) = @(£)4;(¢) +
(). This assumption holds, under the case n; = 2 or the condition that {v;} is irreducible in
the case ny > 3.

In this section, we do not assume that all the A; are simple. However, by Lemma 5.8, for
the solutions other than the one satisfying that T = 0, there exist at least two A;, so ¢ and ¥
are uniquely determined.

In the following, we will assume that 7 # 0, and treat the solutions having A; different
each other.

Lemma 7.1. The functions ¢,y must satisfy the following two ordinary differential equa-
tions:

1 1
(7.1 ¢ =5t + Drgp W= - ST

Proof. By substituting u; = ¢A; + ¢ and (4.10c) into (4.10b), we have

(7.2) {lp' -+ %ww} + {<p' + %T(QDZ +1)- W} A =0.
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Due to Lemma 5.8, there exist A; which are different each other, and we have (7.1) for ¢’, y/".
O

Later on, we will proceed calculations dividing by ¢, we first have to show in the follow-
ing Lemma, which enables us to assume that ¢ # 0.

Lemma 7.2. The function ¢ is not 0 at a generic point.

Proof. Assume that ¢ = 0. By substituting this into the first equation of Lemma 7.1, we

obtain 7 = 0. We get Lemma 7.2. O

By Lemma 7.2, we will always assume that ¢ # 0. Furthermore, we will have several
lemmas for later uses. We define the function A; := Zisn]/lik (k = 0,1,...). Note that
Ao = n; by definition.

Lemma 7.3. The differentiations A; and ' can be expressed in terms of ¢, ¥, and A; as
follows:

1 1 1 1 2
(7.3) A= znﬁ +( + 57’90)/11- +o()?, T = g(”l + 31y + ETZQD + §<pA2.

Proof. The first equation of (7.3) can be obtained by substituting u; = ¢A; + 1 simply into
(4.10b), and we get the second one by summing it up. m|

Lemma 7.4. The functions Ay, satisfy the following ordinary differential equations.

, 1 1
(74) Ak = k{ETl//Ak_l + (ETQD + l,b)Ak + ¢Ak+1} .
Proof. Lemma 7.3 implies that

(1.5) Ay = ()Y = kAR

= ky A {%w + Y+ %wmi + Waz}

1 1
= k2. {Eﬂﬁflik_l +(GTe+ WS+ 90/1ik+1},

from which we obtain immediately (7.4). m]

Lemma 7.5. The function t satisfies the following ordinary differential equation:
3¢’ + D), TArp+ (m + 3
T —
2¢ 2¢

Proof. We differentiate A; = (3/2)7 in ¢, and apply Lemma 7.4, and express A in terms
of 7. Then we have

0.

(7.6) T - {nlw +

67— 37’2<p —2(n; + 3Ty
= ” ,
and Yu; = @A + nyy. Substituting these into Yu;, 24,2 of (4.10a), we obtain (7.6). m]

(7.7) Ay
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Lemma 7.6. The function ¢ is not constant.

Proof. By Lemma 7.2, ¢ # 0. Substituting ¢ = ¢ (¥ 0) (7.1) in Lemma 7.1, we have
2c —(1+ A1 = 0,9 = > —(1/2)cty, thus we obtain 7/ = (2¢)~'72. Substituting it and its
differentiation into (7.6) in Lemma 7.5, we have (1 + ¢*)7° = 0, which completes the proof.

|

Next, we will show that i is not constant if 7 # 0. To do it, we first show that ¢ # 0.
Assume that (¢;) = 0 at some point #; for the solution (4;, ;, ¢, ¥). Then, Lemma 7.1 and
the uniqueness of solution to the ordinary differential equation imply that y(¢) = 0. Then, it
holds that y; = ¢ A; for all i. All the angles 6; = arctan(4;/u;) = arctan(1/¢) in Proposition
5.9 are equal to each other, so we may write them as 6. Then, if we write by p, one of
indefinite integrals f cos O dt, we have that ¢ = cot 0, p’ = cos#, and

1 -1
7.8 0=— dt C = —
( ) 2fT ] rl p-}—bi’
—cos @ —sinf 2 1
i = 5 i = B = ——3si 0 i _.
=, PRY R LAY s

We define shortly s := > (p + bi)7*. Since T # 0, p is not constant, and we can define s;
for generic t. Then, substituting these into (5.1) in Lemma 5.1, we have

S13 + 6S1S2
3(2815‘2 + 3S3)‘

Differentiating this and substitute p’ = cos 8 and 6’ = 7/2, we have

(7.9) cos’ 6 =

(7.10) 251 sin% 0 = —(25152 + 353) Hds1 502 — 451 Y53 + 95125053
+ 18S2253 + 36515‘32 - 9S13S4 - 54S]S254}.
By eliminating cos 6 and sin 6 from (7.9) and (7.10), we have

(7.11) Op) := —4s7s, + 12S13S22 — 18s1*s3 + 635125253
+ 545,753 + 1625153% — 2751354 — 16255254

=0.

Since T # 0, p is not constant. Thus, Q(p) must vanish identically as a rational function
in p. Thus, we obtain in particular, I}Lngo p’O(p) = 0. On the other hand, since lim p*s; = n;

p—co
for each sy, we obtain that 0 = —2n,3(n; — 3)(n; + 3)(2n; + 3). Thus we have that n; = 3.

Next, denote by m, the number of b; which are equal to b;. Let us consider the coefficients
of (p + by)” in the partial fraction decomposition of Q(p). Then, since the coefficients are
equal to the one exchanging each s; into m in Q(p), the coefficient is equal to —2m>(m —
3)(m + 3)(2m + 3), and it must vanish. Thus, we obtain that m = 3.

It means that all the b; are equal to each other. But, in this case, all the 4; must be equal
to each other, and due to Lemma 5.8, we obtain that 7 = 0.

Therefore, we obtain the following lemma.

Lemma 7.7. The function { does not attain 0.

Finally, we can show that i is not constant by Lemma 7.7.
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Lemma 7.8. The function s is not constant.

Proof. Assume that i = ¢ # 0. Then, by substituting it into (7.1) in Lemma 7.1, we have
¢ = (1/2)2cp — (1 + ¢?)), and c¢(2c — 7¢) = 0. Then, we have ¢ = 2¢/7, T’ = 73/(4c).
Together it and its differentiation, and Lemma 7.5, we obtain 73 = (. Thus, we have 7 = 0.

|

Proposition 7.9. Assume that ny > 3, all the principal curvatures A; are simple, and
7 # 0. Then, all the 1, ¢, ¥, A;, and u; must be constant on F.

Proof. In the following, we will show inductively that A; are constant along each F.
Ao = ny1, and A; = (3/2)7 are constant along each F. Assume that all the A, with £ < k, are
constant along each F. Then, their differentiations with respect to ¢ are also constant along
each F. Therefore, by Lemma 7.4,

1 1
(7.12) ETlﬁAk—l + (§w + YA+ QA

are also constant along each F. Since ¢ and ¢ are constant along each F by Proposition 6.4,
and ¢ # 0, Ay is also constant along each F.

Therefore, all the elementary symmetric polynomials in A; are constant, and every A; is
also constant along each F. m|

8. Proof of Main theorem

In this section, we assume that M" is a non-minimal biharmonic hypersurface in the
Euclidean space E™*!, all the principal curvatures of M are simple, and the frame field is
irreducible.

For every distinct triplet {i, j, k}, (6.3) and (6.5) hold, i.e.,

(8.1)

vi[4;] = (4 - /lj)g(FVvvjvi, v;), and sfjk == lk)g(ﬁvivj, vx) are symmetric in i, j and k.
By Proposition 7.9, A; are constant along each F', which imply that v;[4;] = 0. Thus, since
A; are simple, it holds that g(V,v;,v;) = 0. Therefore, g(V,v;,v) = —g(V,v;,0;) = 0.
Combining with g(g,,jvj, v;) =0, we get FVVUjvj =0.

By the definition of the curvature tensor field and g(FVVU,v s Uk) = sfjk /(A; = Ax), we obtain

(8.2)

g(R(vi, v))vj,v;) = g(AVdu:Vvijj - gvjvuivj - Fﬁ[ui,uj]vja v;)
= —Uj[g(FVvu,-Uj, v)] + g(iﬂp FV’U‘,'UI') - g(FVvﬁvi,,jjvain, vi) (by FVVu‘,-Uj =0)
= Zkg(euivj, vk)g(AVdu,vi, 0e) = 2ifg(Vo0, 00 = 9(Vo 0009 (Vo,0,00)  (by g(Vo07,0) = 0)

S/1 S/1
_ Z ljk . jlk Z ijk Jik . kji
- - £ (/1 — A /l,»—/lk) A=A

2(Sijk)2
Pyl (A = A — )
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Therefore, the scalar curvature s of F is expressed as
A \2
2(s75)

(A = ) — )

(8.3) §= ) gRw,vvj00 =2

i+ i<j, k#i,j

Note that the terms of the right hand side of (8.3) having the same sfl i (i1 < ip < i3) are
(i, j, k) = (i1, 12, 13), (i1, 13, I2), (i2, 13, i1 ), and by a simple computation, their sum vanishes as
follows:

12 12 12
2(si1i2i3) 2(Sill'zlé) 2(si1i2i3)

+ + =0.
(i, = A, = A) (A, = Ay — Ay (A, — 4) (A, — Ayy)

(8.4)

Thus, we have the following
Lemma 8.1. Every F has zero scalar curvature.

On the other hand, applying Gauss equation to F regarding as a submanifold of E"*2, we
have, for every i # j,

(8.5) g(R(vi, v))vj,v;) = G@(vi, v;), @(v;, v})) — G@ (v, v;), Av;, v;))
= Aidj + pipt .
Thus, we have
(8.0) 0=2sj g(R(vi, v))v;,v) = 2icj QAiA; + 2uu;)
= (Zid)’ = S + (S)’ — S
= (m1 = Dy(my +379) + %(1 + )97 — 4Ay).

We rewrite (8.6) as follows.

(8.7) 4(ny — Dy + 37¢) + (1 + 9*)(97% — 4A,) = 0.
By substituting i; = ¢A; + ¢ into (5.1) of Lemma 5.1, we have
(8.8) 4(ny% = 9)ry? + 20u{(6n) — NT> + 4(ny — 6)Az)
+3(37°(1 + ¢%) + 87A; — 8¢ A3}
=0

Together with (8.7) and (8.8), and differentiating twice (8.7) and (8.8), and eliminating
A3, A», and 7, we obtain our main theorem.

Theorem 8.2. Every biharmonic hypersurface M in the Euclidean space is minimal if we
assume that all the principal curvatures are simple, and the frame {v;} of a characteristic
submanifold F = {t = c} for a constant c, is irreducible.

Proof. In the following, we will proceed to eliminate A3, A, and 7 exactly. By differen-
tiating (8.7) in ¢, we have
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8.9 9 = Drey® +2m(ny - Hy’ + %w{%z(l +2¢%) + 4Aa (=1 + (n = 3)¢"))
+ (1 + @*)(3TA; — 2A3) = 0.
Eliminating A3 from (8.8) and (8.9), we have
(8.10) —973(1 + ¢*)* = 6T%Y{2(n; — 6) + 2n; — 21)¢*)
— 41y n® =9 + (m* — 27n; + 18)¢?}
+ 24n1(n; - Dey?
+4A37(=2 + ¢ + 3¢™) + 20(=n; + 3 + 2n; - 3)¢?)y} = 0.
Eliminating A, from (8.7) and (8.10), we have
(8.11) 973(1 + ©*)* (-7 + 8¢%)
+6720u(1 + ©*)(=17n; + 33 + 2(11n; - 3)¢?)
+ 4Ty {=Tn 2 + 6ny +9 — (n — 9)(Sny — 3)¢g* + 4n (5n; — 3)p*)
+8n1(ny — Dy (—=ny + 6 + 2n19%) = 0.
To eliminate 7, differentiate (8.11) in ¢, and apply Lemma 7.3 to 7/, and eliminate A, by

using (8.7). Then, we obtain the following four equations:
By differentiating the first term of (8.11), we have

(8.12) (973 (1 + ®)2 (=7 + 8
= 97%(1 + ¢*) (-7 + 8¢%)
XA6T°0(1 + %) + T(ny + 3 + (Tny = 3)@?) + 2m1(my — Dgys?)
= 54T°0(1 + @) (=1 + 46" (x(1 + %) = 20).
By differentiating the second term of (8.11), we have
(8.13)  {67%@u(1 + ¢*)(=17n; + 33 + 2(11n; — 3)¢?)Y
= toy{—17n; + 33 + 2(11n; — 3)¢*}
X 2172(1 + @?) + 21y (2ny + 9 + (14n; — 3)¢?) + 8n(n; — Dpy?)
= 372(t(1 + ¢?) = 20) (=171 + 33 + 3(5n; + 27)¢* + 10(11n; — 3)¢?}.
By differentiating the third term of (8.11), we have

(8.14)

8ni(ny — Dgy*p
3(1 + ¢?)

— 4(5n; = 3)teyP(—ny + 9 + 8m@?)(t(1 + @) — 20),

(4ry’p) = 4oy p +

2(ny — Dg?y?
1+ ¢?

1
+41p {2;03 +30m + 3)° +

where p = —=7n;% + 6n; +9 — (n; — 9)(5n; — 3)¢? + 4n,(5n; — 3)¢*.
And finally differentiating the fourth term of (8.11), we have
(8.15) (8n1(my = Dy (=ny + 6 + 2m10%)Y
= —4ni(ny — DY (=ny + 6 + 2m0")(x(1 + 4¢%) — 8¢y)
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—16n%(n — D™’ (x(1 + %) — 200).

Together (8.12), (8.13), (8.14) and (8.15), by multiplying the denominator, and setting all
the terms of the resulting equation in order of 7, we obtain the following equation:

(8.16) 3247%p(1 + ¢*)* (=3 +2¢%)
+97%0(1 + @) {—4(n; + 24) — (257n; — 249)¢” + 4(53n; + 15)¢*}
+ 6720y (1 + ¢H){—=101n,% — 1591, + 468
— (265n,% = 783n; — 90)¢” + 4(85n;° + 33n; — 18)¢"}

+ 41y’ (—4n,® - 78n,% + 81n; + 81

—3(53n;° — 6912 — 222n; + 126)¢”

- 9(3n;” - 89ny? + 11n; +27)¢"

+4n1(59n;% + 21n; — 36)¢°)
+8n1(ny — Dy {=(ny = 3)(Tny +27) = (1 — 15)(5n; + 3)¢” + 4ni(5n; + 6)p*}
=0.

The equation (8.11) is of third order in 7, and (8.16) is of fourth order in 7. Therefore,
we use Euclid’s algorithm to eliminate 7. Namely, dividing (8.16) by (8.11), the remainder,
denoted by f>, is of order two in 7. And dividing (8.11) by f>, we denote the remainder by
fi, and finally dividing f> by fi, we denote the remainder by fy, then f; does not include 7.
Note that the remainder is of the form of rational function /g (where g, r are polynomials).
But, if we multiply by ¢ in advance, we may ignore g, and may use r in the next step.

Finally the obtained numerator is of the form which is the multiplication of the following
three polynomials:

(8.17) 72n1(ny — Dyt (1+ )%,

(8.18) {=105(3n% + ny + 12) + (1026n,% + 875n; — 5901)¢>
—2(567n;° + 1264n, — 351)¢* + 8(45n,2 + 34n; — 159)¢°}),

(8.19) ~7(17n; = 33)*(5m* — 6n,° = 131> + 3n; +27)

— {100964n,° — 2691591, — 362329n,* + 1289439n,°
+839475n,% — 4210164n, + 2755134)¢>

+3{167725n,% — 789504n,> + 904142n,* + 651168n,°
—3766311n,% + 5957928n; — 3211164}¢*

— {825166m,° — 5345493n,° + 11702488n,* + 1018458n,°
— 21744558n,% + 1105901 1n; + 2628288}¢°

+ {576422n,° — 5693096n,° + 13627127n;* — 91033201,
— 22777452n,% + 44245224n, — 20731545)¢°

— 12{13322n,° - 199503n;° + 758200n;* — 367722n,°
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— 1262466n,% + 17203051, — 683640}¢'°
— 4{1094n,° + 56460n,° — 446779n,* + 834336n,°

+731808n; — 2056212n, + 843453}p'?
+16(7n; — 9)>(2n1 — 9)(5n;> — 26n; — 43)p'.

The multiplication f; of three equations (8.17), (8.18) and (8.19) should be zero identi-
cally. This implies that one of the factors of f; should be zero identically. Note that each
factor of fj is a polynomial only in ¢ or i, and its coefficient of the highest term is non-zero
for every natural number n;. Therefore, if f; vanishes identically, then ¢ or ¢ must be a

constant. Thus, by Lemmas 7.6 and 7.8, we obtain that 7 = 0.
We have done. O

Since Euclid’s algorithm for polynomials is a tedious calculation, we will give examples
of calculation using a computer in Appendix.

9. Appendix: Euclid’s algorithm using a computer

We give two examples of calculations using formula manipulation systems, mathemat-
ica! and Maple®. Both are commercial softwares, but free softwares probably have similar
functions.

With mathematica, we calculate as follows.

£3 = (the left hand side of (8.11));

f4 = (the left hand side of (8.16));
f2 = Numerator[Factor[PolynomialRemainder[f4, £3, taulll];
f1l = Numerator[Factor[PolynomialRemainder[f3, £f2, taulll];

f0 = Numerator[Factor[PolynomialRemainder[f2, f1, tau]l]l]

For Maple, we prepare a function which calculates remainder of multivariable polynomi-
als.

with(PolynomialTools);
polynomialremainder := proc(polyl, poly2, var)
local cfl, cf2, degll, degl2, top2, ratio, i, j, poly;
cfl := CoefficientList(polyl, var);
degll := numelems(cfl);
cf2 := CoefficientList(poly2, var);
degl2 := numelems(cf2);
top2 := cf2[degl2];
for j from degll by -1 to degl2 do
ratio := cfl[j]/top2;
for i from ® to degl2-1 do
cfl[j-i] := cfl[j-i]-cf2[degl2-i]*ratio
end do

IMathematica is a registered trademark of Wolfram Research Inc.
2Maple is a registered trademark of Waterloo Maple Inc.
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end do;
poly := 0;
for i to degll do
poly := poly+cfl[i]*var”(i-1)
end do;
return poly
end proc;

Using this, we calculate as follows.

£3 := (the left hand side of (8.11));
f4 := (the left hand side of (8.16));
f2 := numer(factor(polynomialremainder(f4, f3, tau)));
fl := numer(factor(polynomialremainder(£f3, f2, tau)));
f0 := numer(factor(polynomialremainder(£f2, f1, tau)));
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