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0. Introduction

The results of [1] and those of the references therein give the reader a detailed
overview about the well-posedness of the Cauchy problem for the wave equation in
divergence form. Among other things it was proved in [1] that the Cauchy problem
for the strictly hyperbolic equation (a(t) > ¢ > 0),

utr — a(t)uge =0, u(z,0) =up(z), u(z,0)=1ui(z),
has in Sobolev spaces a solution satisfying

sup |[u(t)|l grm+1-pe (my + 10/ ()|l grm-se m)
[0,7%]

< Co (147 (Ioll sy + 1y

(T* is independent of m) if a(t) is only “Log-Lipschitz”. This means we have a loss
of regularity.

If we weaken a(t) > ¢ > 0 to a(t) > 0, then we obtain a weakly hyperbolic
Cauchy problem. Here high regularity of a = a(t) is not sufficient for the existence
of the solution in Sobolev spaces. In [2] it was shown that some oscillating behaviour
of the coefficient a(t) leads to a nonexistence result for the solutions in Sobolev
spaces although the coefficient belongs to C°°([0, 00)).

There are different ways to exclude this counterexample, that means, to control
the influence of the oscillations. One way is to prescribe a nonlocal condition for
a =a(t) € C*([0,T)) of the type

(0.1) /T o' (®) dt <C(T)|loge| forall €€ (0,1)
‘ o alt)+e & ’

(see [7]). Some generalization of (0.1) (a = a(t) is not supposed to be from C* but
only from C! without a sequence of points, decreasing or increasing, to some finite
point) was used in [5]. Another way is to suppose a(t) > 0, a(t) is analytic. Then
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the only accumulation point may be at infinity. This condition was used in [3], [4]
to prove some global existence result for semilinear weakly hyperbolic equations of
the type

uy — a(t)Au = f(u).

Let us explain a third way by the aid of the equation
g — A2(1)b? () uge = 0.
Here A\%(t) is a damping term which satisfies
(A1) A(t) € C?([0,To]), A(0) = N (0) =0, A(t) >0, N'(t) >0 forall t>0.
The factor b = b(t) produces oscillations. We suppose
(A2) be C*((0,Tp]), 0<c<b(t)<C.

Then a condition to describe slow oscillations is the local condition (for ¢ — 0)

N(t)

(0:2) D] < CAD te (0,Ty).
A(t)
The C>-well-posedness of the Cauchy problem for second-order equations with
slowly oscillating coefficients was proved in [21]. It is clear that (0.2) implies
(0.1) for a(t) = A%(t)b*(t). It will be interesting to construct an example with
a(t) = A%(t)b*(t) under the conditions (A1),(A2), where in opposite to (0.1) the
condition (0.2) is violated.

In [19] it is shown that the Cauchy problem for

(0.3) Ugs — €XP (—t%) b? (%) Uge =0

is C*°-well-posed if and only if a > 1/2. Here b(t) is a non-constant, 1-periodic
positive function. This example and (0.2) show that not only the frequencies of
oscillations are important, but more precisely the product between the amplitude
and frequency. It is easily checked that for A(t) = exp (—t~) with a € [1/2;1) the
condition (0.2) is not satisfied. An interpretation of this example and a definition
of fast oscillations by the condition

!

D] < AP maw), te .1

A(t)
were given in [23]. Moreover, there is proved that this condition is sufficient for
C*°-well-posedness (necessity for (0.3) is clear). Classes of linear hyperbolic equa-
tions with countable many singular or degenerate points are studied in [24].
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If one is interested in solutions in Sobolev spaces, then one has to take into
consideration the phenomenon of loss of derivatives which was mentioned at the
beginning for strictly hyperbolic equation which coefficients have low regularity in
the time variable. Examples from [12], [14] show the precise loss of regularity in
the case without oscillations, but with a degeneracy in the main part and with a
lower order term of the form h(t)u,. This term has an important influence on the
loss of regularity.

The main goal of the present paper is to show that one can even connect fast
oscillations in the coefficients with a quasilinear structure of the equation. As a
model case we consider the Cauchy problem

g — A2(0)0% () Uae + h(D)ue = f(t,z,uz:), u(z,0) =uo(x), wus(z,0)=1u(x).

The problem becomes weakly hyperbolic if A(0) = 0 (time degeneracy). The coef-
ficient of u,, consists of the two parts. On the one hand we have a damping term
A2(t). We suppose for the function A = A(t) the assumptions (A1) and

(A3) there exist positive constants dp > 1/2 and di such that

A®) _ XN A(t)

do Al = A AR’

2
<d IN'(t)] < diA(2) <&> for all t € (0,To],

A(t)
where A(t) := /t A(7) dr.
0

On the other hand we have a term b?(t) which oscillates. We suppose for the
coefficient b(t) the assumption (A2) and
At)

k
(A4) IDEB(4)| < C (W' In /\(t)|) forall te (0,To), k=1,2.

The coefficient h(t) of the lower order term has to satisfy

k
(45) heC'(0,T), |DER()] < ON () (%unx(t)l) k=01,

for all t € (0,To].

Setting k = 0 this means, that h(t) satisfies a C*°-type Levi condition, which
is very close to a necessary one [21]. Moreover, we allow fast oscillations, too (k = 1
in (A5)).

Finally we have to assume for the right-hand side:

(A6) for every given s € N the function f = f(¢,z,p) isentirein p,
with values in  C([0,To]; W (R)), that is
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flt,z,p) = z:ak(t,a:)p"c forall pe C,
k=0

with coefficients ax(z,t) € C([0, To); W7 (R)).

Moreover, for every positive constant D it holds

oo
S llaw(@, Ollye e DF <oV (), te [0,T].
k=0
Theorem 0.1. Under the assumptions (A1) to (A6) there exists a (in general
sufficiently large) constant r such that the Cauchy problem for quasilinear weakly
hyperbolic equations with fast oscillating coefficients

(0.4)
Ut — ’\Z(t)b2(t)uzz + h(t)uw = f(t,:L', uz)’ U(.’L‘,O) = UO(‘T) P ut(.’E,O) = ul(a;) 3

and with data ug, uy belonging to Wi (R), Wi~ (R), respectively, has a locally
defined solution

u € C([0, T H¥([R)) () C*([0, T"; H*(R) () C*((0, T*]; H' (R)).

We give now a brief outline of our approach to attack the above weakly hy-
perbolic Cauchy problem with fast oscillating coefficients. In Section 1 we will
motivate the construction of a Banach space By g, with the following strictly
hyperbolic type property:

The Cauchy problem
g — A2 (0 (D) tge + h(Hugy = N () f(z,t), u(z,0) =0, wu(z,0)=0,
has a uniquely determined classical solution u with

u//\(t), ’U,t//\(t), Uy € BM,Q,T if fe Buo,T-

In the strictly hyperbolic case A(t) > ¢ > 0 this property holds if we replace
Bu,gr by the space C([0,T}; HM(R)). Even in the case with slow oscillations one
can prove this property by using the weighted spaces A% (¢)C([0,T]; HM(R)) (see,
for instance, [11], [15], [8], [6]), where @ is sufficiently large. The situation is more
complicated in the case with fast oscillations because it seems to be impossible to
use the standard energy approach. The idea of the construction of Bps,g, ris to
describe the elements u by the behaviour of its partial Fourier transform 4 in the
cotangent space. The approach based on a certain division of the cotangent space



WEAKLY HYPERBOLIC EQUATIONS 441

and special micro-local considerations was developed by the second author [22]
in connection with the construction of the fundamental solution for the Cauchy
problem for hyperbolic operators with characteristics of variable multiplicity. It
could be used in quite different situations [23], [16], [17].

The Lemmas 1.1 and 1.2 lead to a strictly hyperbolic type property in the cotan-
gent space which is essential to get an idea for the construction of the nonstandard
space By g,r- Some duxiliary relations which are helpful for studying properties
of By g,r are given at the end of Section 1. It is proved in Section 2 that By Q.1
is even an algebra. This allows us to include nonlinearities in (0.4). In Section
3 we prove local existence and uniqueness of the solution for (0.4). Therefore we
suggest the Levi condition of (A6) which is a bit restrictive compared with (A5).

1. A strictly hyperbolic type property

In this section we shall study the Cauchy problem for the linear hyperbolic
equation with fast oscillations

(1.1) wge — A2()6% (B uge — h(t)ue = =N (t) f(2,t), u(z,0) = us(z,0) =0.

Partial Fourier transform leads to the Cauchy problem for the ordinary differential
equation

(1.2) Dia - N ()€’ +ich(t)a = N (1) f(§,1),  a(&,0) = Dra€,0) =0,
where f € C([0,T]; L>(R)) and Dy := —i0;. By te(= t()), £ € R, we denote the
solution (see [23]) of the following equation

(1.3) A(te)(€) = NIn(¢), where (€) := (c+¢[)"/?,

where the sufficiently large positive numbers N and c will be chosen later.
Firstly, we study (1.2) in the so-called pseudodifferential zone [23):

Zpa(e,N) :={(t,§) € R x [0,T] : A(#)(§) < NIn(§)}.

According to the arguments below the Cauchy problem feels neither oscillations nor
hyperbolicity in this zone. Indeed, after substitutions we := Dy, wy = p(t,€)a,

A%(t) _
- NG (&) In(¢) =0, (1.2) reads as

where p(t, &) is the positive root of p? — 1

DWW — A(t, )W = F, W(0,€) =0,
Dtp(t7 6)

_[(w B 0 _ p(t, €) p(t,€)
W - <w2> ) F= ()\I(t)f) ) A(t,f) - )\Q(t)b2(t()€2£)_ ’Lﬁh(t) 0
p(t,
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If X(ts,€) is a fundamental solution, that is,
DX — A(t,6)X =0, X(s,s,&) = I (identity matrix), 0<s <t <tg,

then W(i,€) = fo (t,s,&)F(s,&)ds solves the above Cauchy problem. Using the
matrizant we obtain the estimate

t
1X (2, 5, )]l < exp ( [ 14 dr) >

From the definition of p(t,&), Zpa(c, N), conditions (A3), (A4), and (A5) it follows

A2 ()% (1)€> + |Eh(t)]
oD < Cp(t,€) .

Here and in the following we use C as a universal positive constant. The conditions
(A3) and dy > 1/2 yield 8,p(¢,£) > 0. Thus

pT(T, f)
p(1,6)

A(T, )|l < Cpag(T,§), where g(7,§) := p(7,§) +
For w; and ws we obtain
p(t, €)1, ) = / Xua(t, 5, )N (5) £ (5, €)ds, Dei(1, €) =/0 Xoa(t, 5, )N (s) £ (5, €)ds

Together with the above estimates this gives

dlacol < [ S s sl

c| " (5, €) exp (de / g 6) dr) 1F(s,€)lds,
15 a9l < ¢ [ Moo (Cu [ oredr) ifs.olds

These inequalities lead to the next lemma.

(1.4)

IN

Lemma 1.1. If f(t,€) € C([0,T]; L>(R)) satisfies in Zpa(c, N) the inequality

1£(t,€)] < A(€) exp (Q/t g(r,¢) dT) , Q> Cpa,

with Cpq of (1.4), (1.5), then the solution 4(t,£) of (1.2) satisfies in Zpa(c, N) the
estimates

0] < Cpo—em (Q / g(T,é)dT>,

|a:(8,8)] < CA(§A(t) exp (Q/t g(T,E)dT>-
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Proof. From (1.4) we have

€a(t,©)
c| " (5,6 exp (cpd / o 8) dr) A(€) exp (Q / : 9(r,6) dr) ds

CA(E) exp <cpd / g(r,adT) /0 o(s,€) exp ((Q—cpd> / sg(r,s)dr) ds

¢ 1 td
CA(§) exp (de/t 9(ﬂ§)d7> m/g 7
3

exp <(Q — Cpa) /89(7, €) d"') ds

te

CQ{(EC)YM exp (Q /t E (1, €) dT) .

The desired estimate for 4.(t,£) can be shown by (1.5) as follows:

IN

IA

IN

(e ol < 0a© [ N (s)exp (0 | (0 ir ) exs <Q [ a6 dr> ds

te

1

CA(&) exp <Q /t:g(ﬂ £) dT) /Ot X'(s) exp <(de -Q) /tg(r, £) dr) ds

s

IN

CA©() exp (Q / o(r,6) dr> . 0

te
Now let us devote to (1.2) in the so-called hyperbolic zone [23]:
Zhyp(e, N) :={(t,€) € [0, T} x R : A(¢)(§) > NIn(&)}.

In opposite to Zp4(c, N) the Cauchy problem feels in Zpy,(c, N) as well as hyper-
bolicity and fast oscillations. Let us denote by

7i(t,€) := (=1D)BOAB)E], =12,

the characteristic roots. The transformation

(). e (7). meo=( )

reduces (1.2) to the first-order system
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(1.6)
Dib(t) _ DeA(t) _ ih(t)€ Dib(t) _ DiA(t) ih(t)£
Dtv‘(ﬁ ° ) Vs ( k) 3({):)_ 7(12())5 Dad _ Dod , m ) |4
tb(t AL ih(t +b(t ih(t
0 7 2\- OO O A(tT +

-5 ()

with diagonal main part. In connection with the construction of the fundamental

solution in the strictly hyperbolic case [9] and even in the weakly hyperbolic case
with slow oscillations [22] one understands how to apply the perfect diagonalizer.
Contrary to these cases we are not able to follow this way for equations with fast
oscillations. Nevertheless in [23] it is used exactly one step of perfect diagonaliza-
tion to derive C°°-well-posedness for linear weakly hyperbolic equations with fast
oscillations. We use this idea to derive a corresponding result to Lemma 1.1 in
Znyp(, N).

Setting
P69 = 5o, N =T+ NP8, wher
) _ 1 0 D1y +ih(t)§)
N8 = 473 (—Dm + ih(t)€ 0 ’

then the transformation W = N~V reduces (1.6) to

T _ )\'(t)f ( >
1.7 DWW — w w .
(1.7) t ( 0 Tz) +FW +BW = N1 20 \ 1
Due to the assumptions (A43), (A4) and (1.3) we know that [N (M) (¢,€)|| < 1/2 if

)
the constant N in the definition of Zjy,(c, N) is large enough. Moreover, one can
show ([23]) that

1B(c, <>||<0(A§t))+*(t)"“(”'2) for all (£,€) € Znyplc, N)

()A%(2)

A1) | A@®)|In A

+
A(t) (E)A2(t)
for the right-hand side of the last estimate.
If X(¢,s,€) is a fundamental matrix of (1.7), that is,

In the following we will use the notation K(t,§) := of [23]

(1.8)

T2

nn 0
D:X — ( 01 ) X+FX+BX=0, X(s,s,§&) =I (identity matrix),
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then the vector-valued function
t

(19) W9 = [ X5, OF (6,6 ds + X (1,16, OW (te,8)
te

solves (1.7) (F' denotes the right-hand side of (1.7)).
The ansatz X (t,s,€) = E(t,s,6)Q(t,s,£), where

E(t,s,€) =

(exp ( / t {irl (r,€) — %ar In b(r) }dr) 0 )

0 exp (/t {iTQ(T, & — %8, Inb(r) } dr)
reduces (1.8) to

D:Q + E(s,t,€)B(t,§)E(t,5,6)Q =0, Q(s,s,6) = 1.
Using [|E(s,t,£)B(t, §)E(t, s, )|l < [IB(¢,E)|l < CK(t,£) gives uniformly

(1.10) 1Q(, s, &)l

IN

t
exp (Chyp/ K(r,¢) dr) , te<s<t,

t
(1.11) |X(ts,8)| < Cexp (Chyp/ K(r,¢) dT) , te<s<t,

respectively. Consequently, by (1.9)
t t
ol < ¢ [ X e (Cuy [ Kiroar) i7s.lds
te s

(1.12) + exp (Chyp K(r,¢) dT) W (te, )II-

te
Due to Lemma 1.1 we obtain ||W (t¢,&)|| < CA(te)A(€). Let us choose
te
A = (0 ew (@ [ Kngar).

Now we have all tools to prove

Lemma 1.2. If f € C([0,T); L°(R)) satisfies in Zpyp(c, N) the inequality

1F(t,6)] < Cley™ exp (Q K(r.€) dT)

To
with @ > Chyp, Chyp from (1.10),(1.11), then

t

(8, O1/AE) + €0(t,6)] < CLE)™ exp (Q K(r,¢) df) .

To
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Proof. Using

WOl < /t: A(s)K (s, ) exp (Chyp /:K(T,ﬁ) dT> oM

X  exp (Q /s K(1,¢) dT) ds
To

T O™ exp <Q eK(n&)azf) exp (chyp / K(r,@ch)

To
and A(tg) < A(s) < A(t), then the same reasoning as in the proof of Lemma 1.1

leads to .

W (5, Ol < CAR)E) ™ exp (Q [ k(g dr) .

The equivalence of ||W(t,£)|| with [|[(A(¢)|€]@,,)|| gives immediately the state-
ment of the lemma. O

Further, we introduce the following weight function:

(&)™ exp (th (1,€) dr) t € [te, To],

No,m(t,€) = { (€)M exp (th (1,6) dT) exp (th (,€) dr) , telo0,te].

(1.13)

Corollary 1.1. There exists a positive constant ) such that
if f€C([0,T);L°(R)) satisfies the estimate (P), that is,
(P) Noum(t,EIf(t,6I<C, forall (t€) €[0,To] xR,
where M >0, T < Ty, then the Cauchy problem (1.2) has a uniquely determined

solution 4(t,&), where £a(t,£) and G:(t,€)/A\(t) are satisfying the estimate (P),
too.

This corollary hints at suitable function spaces in which one can handle equations
with fast oscillating coefficients.

DEFINITION 1.1. For a given positive number M we denote by BM the
normed linear space

BM = {u € S'(R) : 4 € L{2, is a function satisfying ||u||as := sup(&)M|a(€)| < oo} .
£€ER

For given positive numbers M, M > 1, Q and T, T < T, we denote by Bp.o1
the linear space

Bu,g,r = {u € C([0,T); BM~1) : a(t,£) satisfies
Napw (6 6)[a(t,€)] < C for all (t,€) € [0,T] x B .
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It is easily checked that BM is a Banach space.

Lemma 1.3. The space Bp,g,7 is a Banach space with the norm

llullar,0,r = maxsup Ng m(t, €)|a(t, €)] .
[0,T] ¢eR

The topology of Buy,q,1 is stronger than that one induced by C([0,T]; BM~1).

Theorem 1.1. Let us consider under the assumptions (A1) to (A5) the Cauchy
problem for the linear weakly hyperbolic equation with fast oscillating coefficients

ugs — A2 () () uge + h()uy = N () f(2,t), u(z,0) =u(2,0) =0.

Then there is a positive constant @ such that for every f belonging to BT,
there exists an uniquely determined solution u with the property, that u/\(t),
ut/A(t) and ug, are belonging to BT, too. Moreover, there is a constant
Capr, independent of T € (0,To) and f, such that

(1.14)  flu/AXOlIm,@,1 + lluallr,gr + llue/AB)IM,Q1 < Coprllfllm,Q1 -

Proof. From Lemma 1.1 and 1.2 we have

luzllarQ.r + llut/A@®) a1 < Cllfllme.r-

Using
ﬁ'(t7£) _ ¢ ’&T(Tv E) )‘_(_72 NQ,M(tv g) -
Sy a6 = [ 5o (O3 T 4
No(t,€) < Ng(1,8), M7) <At), 1<t
it follows

llu/AB)Im,@ 1 < Cllue/A)IaQ.r

and consequently (1.14).

Further, due to Corollary 1.1 and Definition 1.1 we only have to show that
u/A(t), up and us/A(t) belong to C([0,T]; BM~1). This is true if for the last two
functions and for all ¢y € [0,7]

M-1

lim sup(€)~"|€a(t, €)~€alto, €)] =0,  lim sup &) |Dea(t, §)—Dyi(to, §)| = 0.

t=to ¢eR t=tocer (%)

In the pseudodifferential zone Z,4(c, N) we have

(8)6
p(t,€)

u(t,§) = / Xi2(t,5,€) f(s,€)ds, Dii(t,€) =/0 Xoa(t,s,E)N (s)f(5,€) ds,
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while in the hyperbolic zone Zpyp(c,N) we have

N(s)
2b(s)

W) = [ X8 9N 6,050 f0.0ds () + Xt OW ke 0.

If W =W(t,¢§) satisfies

. (M1
S IO

|W(t’€) - W(t07§)] = Oa

then after transformation we obtain the desired continuity for &a(t, €)
and D,d(t,€)/A(t) in t.

Let us begin with to > 0. For £ from a compact set we obtain obviously the
continuity in ¢. Thus, we restrict ourselves to large |£|. Then t¢ < ty, consequently,
it is enough to study W = W (t,£) . We have for t > to

-1
1

t (g M-1
= [ X008 6,03 s g as

N————

to ] M-1 _
+ [08.9 - Xltos N 0,05 3D fs 0 as ()
£ (X166 — X(torte, ) Wit 6).
) Y€y s UEy )\(t) I3

The first integral tends to 0 as ¢t — to uniformly for large £&. Thus we only have to
take into consideration in the second integral and in the third term the behaviour
of X(t,s,£) — X(to, s,£). By using the matrizant we obtain the inequality

to + t¢

t
|X(t’ 3,6)_X(t0,3,€)| S C(f)lt—t0|exp (Chyp / K(T7€) dT|) I 2 tfat 2 —2—

Indeed, the following estimate is evident

IX(t,S,f)_X(tO,S,é)I S |Q(t,3,£)HE(t,3,€) "‘E(t(),s,é-)l
+ IE(tO,S,f)”Q(t,S,é) - Q(t0,3,€)|

while for t¢ < s,t, from the integral representation of the matrizant we obtain
to

t t t1
Q(t,s,f) - Q(to,s,f) = R(tl,s,é) dt; + / / R(t1,s,€) R(ts, s, &) dty dts

t t1 t3
+ / / R, 5,6 Rlta, 5,€) Rits, 5,6) dby diydts + ...
to s

s
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where notation R(t,s,€) := E(s,t,£)B(t,€)E(t,s,£) is used. For the matrix
R(t,s,&) we have proved the estimate |R(t,s,£)| < K(t,§) for all t¢ < s,t and
all large £. This implies

)ds

)ds, te < s,t.

/ (&) K(r,€) dr

to

< CJt — to|exp <Chy,,

|Q(t73,€) - Q(t0737£)|<€>_1 < C

t
exp(C’hyp /K(T, &) dr

/;tK(T,ﬁ)dT

/: K(r,€) dTD

Further, it is also easily seen that

1Q(t, s, (t, 5,€) — E(to, 5,)[(€) ™" < Clt — to| exp (Chyp

for all t; < s,t,such that t > (to + t¢)/2. Together with
@179 < Con (@ [ Krear)
0

above mentioned second integral can be estimated by

to ¢
C|t — to| K(s,&) exp (Chyp / K(r,&)dr

te

) exp (Q “K(r6) d‘l‘) ds.

To

Similar to the proof of Lemma 1.1 we choose @) > Chy, to get the continuity in
t. The same holds for the third term if we take into consideration estimate for
W (te,€). Thus, the continuity in t is proved for to > 0, u, and u;/A(t) belong to
C((0,T); BM~1).

In order to show continuity at the point ¢ = 0 we have to find for every given
€ > 0 a positive number § = §(¢) such that

@M eat, o)l <e, (©M'Dea(t,€)| <e forall (t,€) €[0,6] x R.

For (t,€) € [0,T] x R we have due to Lemmas 1.1, 1.2

©Mela(t 6| < Cexp(Q TK(r,e)dr), e lte. ),
OMellatt,6)] < Cexp (Q /T :K(r,adr) exp <Q /teg(r,fs)dr), te[0,t].
It follows
©Mellat,o) < Cexp(cz /T K(T,f)dr), t€ [te T],
©Mellat, o)) < Cexp (Q /T:K(Taﬁ)dT), te0,t.
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At first we choose to a given positive number € a number §;(¢) such that

()"

and then the positive number A(e) with t4() = d1(¢). For () > A(e) consider
t < 01(¢e). It is clear that tg <ta). If t <tg, then

.01 < Com (@ [ Kirir) <0 (MDY < o (HBED)

For 0, (¢) > t > t¢ we have

To

t 61 (¢)
(©Mellat,€) < Cexp (Q /T K(r,s)dr) < Cexp (Q [ ke dv> <e.

Finally, for the solution of the Cauchy problem for the ordinary differential equation
(1.2) with homogeneous initial data and with a parameter taken from the compact
set {£ € R : (£) < A(e)}, one can find a positive number ds(g) such that the
estimate

©Migllat, &) <e

holds for all ¢t < d5(g) and all £ of that compact. Analogously we prove the state-
ment for (§)M=1|D,a(t,€)|/A(t). But u/A(t) € C([0,T); BM~1) follows immedi-
ately from u;/\(t) € C([0,T]; BM~1). This completes the proof. O

At the end of this section we cite some properties of the auxiliary functions
t=te g =9(t,¢&) and K = K(¢,£) which we need in the next section.

Lemma 1.4 ([23]).
a) The first derivative of t¢ is equal to
dig _ NO-In(®) _
ai€)  Ate)(©* ~
where (£) = (c + [£[2)Y/2, ¢ > €.
b) For every large N there is a constant ¢(N) such that t¢ < To for all £ € R
and all ¢ > ¢(N).
c) If ¢ 1is sufficiently large, then there exist constants C; and Cy such that
Ci1In(€) < [InA(te)| < Coln(€) for all € € R.
d) There exists a constant Cn such that fot‘ g(7,€)dr < Cn In(§).
e) There ezists a constant Cy such that f:o K(7,€)dr < CnIn(¢).
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Proof.
to ¢): Indeed, after integration of condition (A3) we obtain
A(To) ATo) A(To)
C:ln <lIn < (Csyl ,
FUAG) T ) T 7 Al
A(To)(8) MTo) A(To)(€)
CiIn <In < Cyln ———==
FUNIG T M) T T NIn(g)

respectively. But this gives the inequalities of c).

to d): It holds

IN

¢+ /otE A(T)(A(T) 722 (In(e))/? dr

+ Inp(te, €) — In p(0,€)
C + C (Ate)(€) In(E)/? + In p(te, €)

oo + 3 (1+ 50 gme).

IN

IN

Together with Lemma 1.4 ¢) we obtain the desired estimate.

to e): It holds

T/ X1)  A()|In (1) [ B To | In A(7)? 1
/tf (3 “em) # = Al / o (am)
|In () ?

(OA(te)

Using definition of the function ¢ = t; and Lemma 1.4 c¢) completes the proof. O

S lnA(To) — lIlA(tg) +

2. Properties of Bym g1
Lemma 2.1. If M~1>3/2,1 >0 and Q > 0, then By, g, 7 C C ([0, T}; H(R)).

Proof.  For u € B, we have
“’U,(t(), 1") - u(thm)”%{l(R) = /]R Iﬁ(tO; €) - ﬂ(tlag)l2<§>2l df
/ (o, €) — alts, )P (€MD (6)> M1 gg
R
A-2(M-1) g¢ O
G ¢

IN
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Lemma 2.2. To given positive M and Q) there ezists a positive constant ro
such that for all r > ro the imbedding C ([0,T];W{(R)) C Bwm,g,r holds. In
particular,

(2.1) |lullm,r < Cims r[g%ﬂ)]c lu(z,t)llwy®) forall we C([0,T]; W/ (R)) .

Proof.  Due to (1.13) and Lemma 1.4 d),e) we have
Nom(t,§) < CET forall (t¢) € [0,To] x R.

Using for r > 0

la(t, OIE)" < C

/R e~ (€ u(t, 2) da| < Cllult, llwym)
we obtain for r > rg := C}
= a(t < Cim ,t r .
lullp,Q,7 1[51%3](2212 la(t, €)|Ng,m(t,€) < C bI[Bl%g]CHU(ﬂ? Mwr ®)

The lemma is proved. a

We need the next lemma for proving Theorem 2.1, the main result of this
section.

Lemma 2.3. a) Let f = f(z) be a continuously differentiable function defined
on [0,00). Suppose that f'(z) is decreasing and that x f'(z) < f(x) on [0,00). Then
f@) <fy) + flx—y) fory <=
b) Let f = f(z) be a continuously differentiable function defined on [0,00). If
lzf'(z)| < C on[0,00), C independent of x, then

|f(z) = f)| < C forall yelz/2,a].

Proof.
a) The statement is equivalent to f(z +y) < f(z) + f(y) for all z,y € [0,00). We
have with z € (z,z +y), y < z,

flx+y) =f)+ f'(2)y < f) + f'W)y < f2) + fy)
b) We have with z € (y,z), y € [¢/2,2],
f@) =Ffw) + ()= -y)=Ffl) +2f' ()= —y)/z.
Hence, |[f(z) - f(y)| < C(z —y)/z < C. o

The next theorem contains a statement which gives the property for By g1
to be an algebra.
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Theorem 2.1. There ezist positive numbers Q and M such that Ng a(t, &)
is a temperate weight, that is,

(2.2) No,m(t,&) < CNom(@t,mMNom(t,E—n) foral &neR, tel0,To,
where C' is independent of t,&,n.

Proof.  In the following we set o := £ —n. The inequality (2.2) is equivalent
to
(2.3) InNg am(t,€) < A+1InNg m(t,n) +InNg m(t, o).

It is enough to distinguish the following cases:
L. nl = 2[¢],

2. [nl € [1€1/2,1¢]],
3. Inl € [€],2/¢|], where 1 and & have the same sign.

to 1. We have to show with suitable constants A and M

(2.4) InNg(t,€) —InNg(t,n) —InNg(t,0) <A+ Mln (o) (m) ,

3,
where Ng(t,€) := Ng,o(t,€). Taking account of Ng(¢,€) > 1 this follows from
InNg(t,§) <A+ Cln <U< €<) ) . Applying Lemma 1.4 gives that the left-hand side

of this inequality can be estimated by CIn(¢). It is clear that the right-hand side
of (2.4) can be minorated by CIn({) because of (¢) < () < (n). Thus after a
special choice of () we can determine a constant M such that (2.4) and (2.3) are
satisfied.

to 2. The different subcases are obtained by the aid of t, > t, > t¢, |o| <
|€]/2. The relation (2.3) is fulfilled for ¢ € [t,,To] because the left-hand side of
(2.4) is non-positive. Here one has to use (n) < (£). We need a more careful
analysis for the subcases ¢ € [t¢,t,] and ¢ € [0,¢¢]. For the left-hand side we have

2.5
@9 )
/t (K(r,€) - K(r,n) — K(r,0)) dr + / (K (r,€) - K(r,n)) dr

tn ty to

K dr — —
n / (r,€) dr / o(r,m) dr / o(r,0)dr, teltet),
(2.6)

To to
/t (K(r,€) - K(r,n) - K(r,0)) dr + / (K(r,€) - K(r,n)) dr

T n

+ /tnK(T,f)dT—/tng(r,n)dT——/tag(T,U)dT-i-/tteg(T,f)dT, t € [0, t¢].

te t t
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Let us devote to (2.5). The function K(7,£) is decreasing in |¢|. Thus the first two
integrals are non-positive. Let us study

tn

ty
K(7,€) dT—/t g(r,m)dr

t

=) e ), i
_ [T
/ ) dr Z o) °
)(In A(r _ A7) 1/2(1n(€))1/2 -
/ ( (Q VYol a@>>d
t,, /\

@7) + «wmmmm (m*/* (in(n))*/?) dr.

\/A(T
Here we have used p,(7,n) > 0 which follows from dy > 1/2 of (A3).

A change of Tj has only an influence on the constant A in (2.4). Thus we can
make the constant Ty < 1 smaller such that A(7) <1 for 7 € [0,T,]. Then

(A2 _ (nA(E)? _ (n(€)*(6)”

MR S KR S NP
n(EN1/2(£)3/2
29 < BETOT <im@yrer? w21,

This shows that the integrand of the first integral is non-positive.
Now let us assume for a moment that

(2.9) ©M?(InE)'’? < ()?(In(m))*/? + (0)/*(In(e)) /> .
Then
" 20D (62 n() ~ ) 2(nen) 1) dr
NG
t t
’ )‘ 1/2 1/2 4 ’ d
s[ (@) *tn(o)) 2 dr < [ g(r,o)dr
< CnlIn
by Lemma 1.4. To prove (2.9) we use Lemma 2.3 a). Let us define the function

F((&) = (€)"/*(In(€))*/*. Then we have

(&) _ (&) eIE) ) o
d(€) 2 ae? — 2 T

Thus the assumptions of Lemma 2.3 a) are satisfied. We obtain

FUE) < () + F((&) — () < f((m)) + f({o)) -

3

(1+ (n())™") < f((€)),
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Consequently, (2.5) can be estimated by Cln{c). Comparing (2.5) with (2.6) then
the consideration of the last one can be restricted to the additional integral

/t *(9(r,€) - g(r,0) — g(r,m)) dr

<C+ © A ((5)1/2(111(5))1/2 — (0)/?(In(o))*/? - (ﬂ)1/2(ln(n))1/2) dr
t VA7)

1 [t
(2.10) +§ / d- (In p?(7,€) — In p*(7,n) — In p*(7,0)) dr.

t

Using (2.9) the first integral is non-positive. For the second one we obtain

1 p2 (tﬁ’f)pQ (t>77)l72 (t> 0)

2 2, 6) P2 (te, m)PP (e, 0) —

Here we used the monotonicity of p(t,0) in ¢t and (n) < (£§) < 2(n).

Thus we have shown that in the second case the left-hand side of (2.4) can be
majorized by C+C'In{o) , C depends on @, too. For the right-hand side we obtain

A+Cln ("<>£<>”) = A+ Cln(o) +cm% >A-Cln2+Cln(o).

Then to every () we can find constants A and M such that (2.4) and (2.3) are
satisfied.

to 3. The different subcases are obtained by the aid of t, > t¢ > t,, |o| < |¢|.
Using the same argument as for the second case the left-hand side of (2.4) is non-
positive for ¢t € [t,,To]. For t € [t¢,t,] all integrals of the left-hand side of (2.4) are
non-positive except

AN 11
/t o g~ )

This integral is now non-negative in opposite to the second case. Now we use

(M) _ (mAD)? _ (mAG)® _ _(ng)? 1
AT = KT = K2(k)(@)?F ~ N (n(g)? ~ NT

Using this inequality the above integral can be estimated in the following way:

VI o)y W R VR T VIV

T (@)t S W, A0 =@
1 1

< FaAlte)(o) = 5 In(o) -
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For ¢t € [t,, t¢] the left-hand side of (2.4) is equal to

To

[ K (r) - K(rm) - K(r0))dr + / "(K(r,€) - K(r,n)dr

te to
- — K .
+ /t g(r,€)dr /t g(r,0)dr t (r,m)dr

If we prove that this sum can be majorized by C' + C In{o) for t = t,, then the
same is true for ¢t € (t,,t¢]. Indeed, using the same ideas as in (2.7) this follows
from

[ &)+ 9(r.0) = gt €ar
< C+ /t ()‘(T)(ln )‘(T))2 _ )‘(T) <n>1/2(1n<n>)1/2) dr + ' ’\(T) dr
tn )

A2(7)(n) NG t, A7)
+ Cln(o)

A(te)
<C+In Aty + C'In{o)

< C+Cln(o) .

Here we have used that the integrand of the first integral is non-positive and

Alte) . ((m)In(§)
@11) 2o = (@) <¢
For t € [0,t,)] the left-hand side of (2.4) is equal to
To To To te
Krgdr— [ K- [ Kepar+ [Conedr
te ty to t

_/ 9(7-777)(17—_/ g(T,O’)dT.
t t

If we prove that this sum can be majorized by C + C'ln(o) for ¢ = 0, then the
same is true for ¢ € (0,t,], especially for t = t,.. This follows similar to (2.10) if we
replace [ :5 by fot . Consequently, the majorization for ¢ = 0 implies even that one
for t € (0,t¢]. Setting

To

Fe) = [ Kr&dr and GE) = /0 “g(r&)dr

te

it remains to show that

F((&) = F((m) — F({o)) + G((§)) — G((m) — G({0))

can be estimated by C' + C'In{o).
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Firstly we show it for the function G = G({£)). We have

G((&) = G((n) — G({o))
oy, O 1 (1+X2()(6°/N)
S O N ey T 2 M T ) /) (1 + Xt )02 N)

1
If A2(t¢)(€)? < N, then the last term can be estimated by 3 In2. If A2(t)(€)? > N,
then

I e == B O ok
(1 N X‘"(ty\)rm)?) (1 N Az(t;\)’(rf)?) - A2(tn)(m)2A2 (5 ){0)?
50+Clnﬁ+cm%
<C+Ch % .

If we prove that |InA(t¢) — InA(¢,)| < C, then G((&)) — G((n)) — G({¢)) can be
majorized by A + C'In{o). Here we have to recall —In A(t,) < In(c). The above
inequality is equivalent to

(2.12) InA(t,) ' —InA(t) ! < C.

Let us consider therefore the function f({¢)) = In )\(tg)gl. It holds
df ((§)) 0 df ((€)) _ Alte) XN () (In(§) — 1)
a9 2" ™ % T Tew  me -°

by condition (A3). Thus we can apply Lemma 2.3 b). This yields (2.12) and
completes the calculations for the function G.

In a similar way one can handle the function F'. We have

_ [T M@AM)? | AM)Y,_ (nA(te)®  (nA(Tp))’
o) = [ (gt Am) N~ Ame
To 2(In A(r))N' (1) _ . Nln(¢)
J, o A~ T
The second term is uniformly bounded. Using |InA(7)| < |InA(¢)|, the same
estimates as in the proof of Lemma 1.4c) and assumption (A3) one can show that

the third term is bounded, too. Consequently, we have to take into consideration
only the first and last term. Forming F({¢)) — F((n)) — F({c)) gives on the one
hand for the last terms
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this term can be estimated by A + C'In{c), and on the other hand
1(0nAE0)? (e _ (mAC )y
N In(¢) In(n) In{c) )
Setting f((€)) = (In A(t¢))%/In(€) we obtain for the derivative of f

df ({€)) _ ((f)) 2X'(te)A(te)(1 — In(6))
O = e et Y
and consequently \(f)—% < C. After application of Lemma 2.3 b) we obtain

1) - ) = | Sl Gt

This relation implies the desired estimate (2.4) in the third case, too, if we use
A+Cln (‘7(>£(>77> > A+C'n{o). All the considerations together lead to the statement
of the theorem. O

<C.

Corollary 2.1. There ezist positive constants Q and M such that By, 1 is
an algebra and

(2.13)  |lwllmQ,r < Caygllullm,@rllvlimer foral w,ve Buor.

Proof. Let u,v € By,@,7- Then using Lemma 2.1

_— [ alt,mNgm(t,n)o(t, € —nNom(t, € —n)
o= [ ° Nt ()N (6. = 10) dn

Consequently,
No,m(t, &)
llwvllare,r < llullm,rllvliage,r & Nt (& mNo.wu (€ —n) n
No m—i(t,§) ( (&) )l d
=llulbwerivler | fm—a=si = \ae=m)

If we choose I > 1 and M — [ equal to the constant M from Theorem 2.1, then we
get (2.13). O

3. Proof of Theorem 0.1

a) A successive approzimation scheme
Instead of (0.4) we consider the equivalent system of differential equations
G ul = f(t,2,0),  u®(z,0) = uo(z), u?(z,0)=u(z),
Uit — A2(t)b2(t)7-’:cav + h(t)ve = f(t, 7,02 + Ugco)) - f(t,2,0)
(3.2) + 202 )ul — ht)ul®,  v(z,0) = v(z,0)=0.
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It is clear that u = v + u(®) yields a solution of (0.4) if u(®),v solve (3.1), (3.2),
respectively. Due to the assumptions of Theorem 0.1 and Lemma 2.2 there exists a
constant r; such that u(©@, u{”, u{% € C([0,T]; W' (R)), Bum,q,r respectively for
T € (0, To).

To proceed further, we define the successive approximation scheme

vd = X2 ()82 ()LD + R = f(t, 2,00 +u®) - f(t,2,0)
+ X))l - h(t)ul?
v(q+1)(x,0) = vt(‘”'l)(g;,o) =0, ¢=0,1,..., v =0.

Using (A5), (A6), Hadamard’s formula, and Corollary 2.1 we obtain for v(!) the
equation
1
v = RO ()0l + h(t)ol) = / Bpf (¢, 2, Tuld (t, 2))dr ul) (¢, 2)
0
A2 ()0 (2ulld — h(tyul,
1
/ 0y 1ty 7ul? 1, 2)) b u (1,2)

Z (k+1) “’““ ) )( u® (t,z))edr ulO(t,z) € N (t)By.o.r
0 k=0

if r; is large enough. Thus we can apply assumption (A5) and Theorem 1.1 to
understand that v,(pl) belongs to Ba,g,1,T € (0,Tp). The differences w@ =
v(at1) — (@) are satisfying

wi - ROR ()WL + h@wtY = (2,080 +ul®) - f(t 2,00 +ul®),
w @t (z,0) = w{"(2,0) = 0.

Hadamard’s formula gives

w2082 (wEY + (EwET) = X (8)g,(t, 2)wl? (¢, ) ,
where for ¢ = 0,1, ... we define
(3.3)

(¢,
gq(t, ) := /0 Z (k+1) ‘“‘;} (t)”’)( D¢, 2) +ul (¢, z) + 7wl? (¢, z))* dr.

The assumption (A6) guarantees that go € Buy,g,r, T € (0,75]. Hence, by Theo-
rem 1.1 we have wy M e Bu,q,7- Thus we obtain step by step that w9 € By Q.T»
T € (0,Ty), that is, all iterates w(?) are well-defined in B0, 7.
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b) Estimates for the iterates
Now we want to estimate the iterates {w(?)} and to show that there exists a constant
T* such that {v@ /A(%)}, {v!? /A(t)} and {v{?} are Cauchy sequences in Bys,g 7+
Then the limit v is obviously a solution belonging to Bas,g,r+. By Lemma 2.1
the function v + u(%) is a solution of our starting problem (0.4) valued in Sobolev
spaces. The inequality (1.14) implies together with Corollary 2.1

o@D AOlor + Nw /AOImor + Il mor
(3.4) < CaprCaigllgallm,@,rllwi? | as,0,7-

Lemma 3.1. There ezists a constant T* such that the inequality
Caprcalg”gq” M,Q, T~ < 1/2 holds fOT all q= ]-) e

Proof. From step a) we know that w; © belongs to Bpr,g,1,T € (0,T0).
By Corollary 2.1 we have the estimates

a
”gq(t,-'L')HM,Q,T < / Z(k +1 Calg # HU (9) + u + Tw(‘I)”MQ rdr
o = XN () |l
< C’,-mb/ Z (k+1) Cazg Qk+1
N lloqo,mymwy my)
k
x (||v;q>||M,Q,T 1@l + 7wl I gr) dr.
Now let us set in assumption (A6) D = 2(||u ”MQ T, + llwz )||M 0, T,)- Then
w7
ak+1 k
< C, rCimb/ (k+1) C’al T
’ Z NN llogo,mws my

X (IIU§°)||M,Q,TO + ||w§°)||M,Q,To) drlwl® ([mq.1 -

By (A6) we obtain |lw$"”|lx.or < C(T), where C(T) — 0 for T — 0. Thus

[|wg(al)H M,Q.T, < ngo)H M,Q,T,/2 for a sufficiently small T;. Analogously,

- ak 1
llg1llar,Q,17 < Cims Z(k +1)] /\,(+) lle(o,; 'I(IR))(CalgD)’c )
k=0
and finally CoprClaigllg1|Im,0,7+ < 1/2 for a sufficiently small T* < T3.

Applying (3.4) leads to ||w(2)||M,Q‘T~ < Hw,(EO)HM,Q,TO/{ For estimating g, we
use

lulMIm,01+ + 1w a1 + 1w largre + 0P Mo <D .
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Then the same reasoning gives the statement for ¢ = 2 and so on with the same
T*. This proves the lemma. O

From (3.4) and Lemma 3.1 we conclude

Nw @D/ O aro.re + 1w JAG) Iargre + w401
< (1/2)H wO | aq.m0 -

This yields the property of {v(9)/\(t)}, {v /)\( )} and {vgq)} to be Cauchy se-
quences in Bp,g,7+. It completes the proof of the main theorem. a

ExAMPLE 3.1. Now let us apply our main result to the Cauchy problem

2 1
Ugs — €XP ( ) b? ( ) Uge + H(D)ue = f(&, 2, n(t)uz),
u(z,0) = uo(z), w(z,0)=ui(x),
where h(t) satisfies (A5) with A(t) = exp(—t~%) (see (0.3)). Firstly, we note that
for @ > 1/2 the conditions (A1) to (A4) are satisfied. If @ < 1/2, then (A4) is
violated.
If additionally to the assumptions (A1) to (A5) the function f is polynomial in

u(t)uz, then the above quasilinear weakly hyperbolic Cauchy problem with strong
oscillations has a classical solution belonging to

u € C([0,T%); H*(R) N C*([0,T*); H*(R)) N C*([0, T*); H' (R))

if ut) = o(t=* texp(—t~*)) as t — 0 and if the data uo,u; belong to Wi*(R),
W "H(R) respectively, where r; is sufficiently large. It is clear that u(t) =
tP exp(—t~%), B > —(a + 1), satisfies the condition.

Up to now we have not discussed the uniqueness of solutions for (0.4).

Corollary 3.1. The Cauchy problem (0.4) has a uniquely determined solution
in C%([0,T); W/° (R)), where rq is taken from Lemma 2.2.

Proof. From Lemma 2.2 we know that the solution u and its derivative
u, belong to Bar,g,1,- The difference w = u — v of two solutions u and v of (0.4),
belonging to Ba,Q,,, satisfies

wie — A2 ()02 (H)wee + h(t)w (/ Opf(t,x, vy + Tww)d’r> Wy ,
w(z,0) = w(z,0) =0.
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As in the proof of Theorem 0.1 one can show that the right-hand side is equal to
X (t)g, where g belonging to Buy,g1, T € (0,To), fulfils

llgllm,or <C(T), C(T)—>0 as T—0.
Thus a sufficiently small T* gives together with Theorem 1.1 the estimate
lwellm,@rs < C(T*)lwellm@.re < llwallmr-/2.

Consequently, the solution is uniquely determined for ¢t € [0,T*]. For t € [T*,To]
the uniqueness follows from the strictly hyperbolic theory. O

REMARK 3.1. The approach of this paper to handle (0.4) can be applied to
more general equations, for example,

Ugt — )‘2(t)b2(t)uw:c + h(t)us = f(t, 2, u,ut, ue) -

This follows from (1.14) and (3.5). It even allows to study Cauchy problems for
the higher-dimensional case

utt—Za,J uam]—l-Zh Ug;, = f(t,2,u,us, Vyu)

3,j=1

under the assumptions

X2 (1)€< Z aij()&E < CNE@)IEP, ¢>0

i,j=1
Dyl s oxt) (XA o1,
k
|Dhi(t)] < CX'(t) (%t—)') , k=0,1

The nonlinearity in right-hand side has to satisfy corresponding conditions to (A6).
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