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Abstract

In 1983, Nielsen and Ninomiya pointed out that there is the effect coming from the
same mechanism as the chiral anomaly in condensed matter systems [1]. They predicted
that the external magnetic field generate the electric current proportional to the chiral
anomaly in band structure which possesses two Weyl nodes with the opposite chiralities
when there is difference of the Fermi energy between the left-handed fermion and the
right-handed fermion. Nowadays this phenomenon called chiral magnetic effect attracts
a lot of interest, which emerges not only in condensed matter systems but also in other
systems which possesses the chiral fermion such as quark-gluon plasma and the early
universe. The series of discoveries of the Dirac or Weyl semimetals begun from 2013
enable us to observe the chiral magnetic effect in the condensed matter experiments.
The Dirac or Weyl semimetals possess the massless Dirac or Weyl fermions as low energy
excitations. In such relativistic fermion systems, the transport phenomenon under the
external magnetic field shows peculiar behavior as Nielsen and Ninomiya pointed out.
To estimate the conductivity due to the chiral magnetic effect, it is necessary to calculate
the relaxation in the magnetic field. The relaxation time calculated in 1950s by Argyres
and Adams [2] are insufficient to estimate the chiral magnetic effect which emerges in the
relativistic fermion system, because it is calculated only for the non-relativistic fermion
in ultra-quantum limit. To estimate the chiral magnetic effect in the Weyl semimetals,
the calculation is highly dependent on the materials and its modeling, because only
inter-cone transition contribute to the relaxation. Recently many papers provided the
relativistic calculation of the relaxation time in the magnetic field using the models of
the Weyl semimetals.

In this thesis, we investigate the chiral anomaly-induced electric charge transport
phenomenon along the external magnetic field in Dirac semimetals [3]. Extending the
work by Argyres and AdamsArgyres, we provide the model-independent calculation of
the relaxation time away from the strong magnetic field limit in the relativistic low
energy effective theory. In strong magnetic field limit, intra-cone transition does not
occur for the exact massless fermion because of the helicity conservation. In that case,
the transport phenomenon is affected by the inter-cone transition which is depend on
the lattice structure. For model-independent prediction, we investigate the transport
of the fermion with a small mass realized in the slightly distorted Dirac semimetals
in the presence of Coulomb impurities. Using the semi-classical Boltzmann equation,
we derive the relaxation time for two kinds of intra-cone transition. One is due to the
effect of mass, and the other is due to the excited states of Landau levels away from the
strong magnetic field limit. Deriving the analytic formula for the intra-cone transition,
we find that the small mass causes the helicity flipping by the intra-cone transition.
We also find that the intra-cone transition through the excited states in Landau levels
works as a mechanism of the helicity flipping away from the strong magnetic field limit,
which remains finite in the massless limit. We derive the mass and the magnetic field
dependence of the longitudinal magnetoconductivity in the presence of the parallel
electric field and magnetic field.
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1 Introduction

Chiral anomaly or Adler-Bell-Jackiw anomaly [4, 5], which was discovered in 1969, is an
important concept in gauge theories. The physical consequence of the chiral anomaly is that
for massless fermions coupled with the electromagnetic gauge field, the chiral fermion number
N5 is not conserved but obeys the anomaly equation

dN5

dt
=

e2

2π2
E ·B. (1.1)

In 1983 Nielsen and Ninomiya pointed out that condensed matter systems have an effect
which arises essentially from the same mechanism of the chiral anomaly [1]. They considered
a band structure with two Weyl nodes which possess the opposite chirality, applying the
parallel electric and magnetic field. The fermion states are quantized by the magnetic field
to form Landau levels, and the fermion gets drifted by the electric field within a given level.
Then the equation for chiral fermion number completely matches with Eq.(1.1). At the same
time, drifted fermions get scattered back by impurities, acoustic phonons, or other electrons.
The balance between the drift and the scattering determines the magnitude of the electric
current measured in observation. They predicted the enhancement of the magnetoconduc-
tivity proportional to E ·B caused by the chiral anomaly effect.

Their prediction had not been tested in the observation for 30 years, because the example
of Weyl nodes had not been discovered in solids. The recent study of the topological band
structure and the Berry curvature changed the situation. The topology is a property pre-
served under the continuous deformation, which appears in the context of the physics, and
provides the strong constraint to many physical systems. For example, the quantum anomaly
including the chiral anomaly is one of the example of the consequence coming from the topol-
ogy of the gauge field configuration. In condensed matter system, it was clarified that the
quantum Hall effect arises essentially from the fact that the wave function describing the
two dimensional electronic system under the magnetic field has the non-trivial topology [6].
Recently, consideration of the topology has yielded the discovery of the interesting material
which is insulating in the bulk and has the two dimensional gapless excitation in the surface
[7, 8]. Such topological insulator occurs in the presence of the strong spin orbit interaction
in certain materials with the unbroken time reversal symmetry.

The interest of Weyl semimetals has begun with theoretical proposal by Wan et al. [9]
in 2011. The Weyl semimetal which is a new kind of the topological matter possess a pair
of three dimensional massless excitations with the opposite chirality at separated point in
the momentum space. From the similarity of the appearance of a pair of the gapless two
component excitation, the Weyl semimetals are mentioned as the three dimensional graphene
[10, 11]. Based on the first-principles calculation they have proposed Y2Ir2O7 where the
experiments indicate the magnetic order [12] which breaks the time reversal symmetry, as a
candidate of the Weyl semimetal. Their proposal has led to the study of various materials for
the realization of the Weyl semimetals both in theory [13, 14, 15, 16, 17, 18] and experiments
[19, 20, 21, 22, 23, 24].

On the other hand, the realization of the Dirac semimetal which possess a three di-
mensional massless Dirac node composed of a pair of Weyl nodes at the same point in the
momentum space was proposed by the careful studies of the topological phase transition
between a three dimensional topological insulator and a normal insulator with both the time
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reversal and spatial inversion symmetry [25, 26, 27]. It is demonstrated that the three di-
mensional Dirac semimetal is realized at a critical point where the phase transition occurs,
requireing the very detailed fine tuning of the chemical compositions [28, 29]. From the the-
oretical studies, it was also found the three dimensional gapless Dirac node [30, 31] protected
by the crystalline symmetry. The detailed symmetry analysis of Na3Bi [32] and Cd3As2 [33]
by Wang et al. has shown that it has the stable three dimensional Dirac nodes. These pre-
dictions have led to the discovery of the stable three dimensional Dirac semimetals in Na3Bi
[34, 35] and Cd3As2 [36, 37, 38, 39, 40] in the experiments. Since these Dirac semimetals
are protected by the crystalline symmetry, it is theoretically predicted that the breaking
of rotational crystalline symmetry by the mechanical strain open a gap at the Dirac point
[32, 40, 41, 42].

The chiral anomaly-induced negative magnetoresistance was firstly observed in Bi0.97Sb0.03

crystal [43] which is the unstable Dirac semimetal without the protection by the rotational
crystalline symmetry. They reported the increase of the conductivity induced by the chiral
anomaly in the strong magnetic field region (B > 0.4T ) when the magnetic field is applied
parallel to the electric field. In addition, the maximum of the conductivity in the weak
magnetic field region (B < 0.4T ) is also detected. Similar feature of the unusual magne-
toresistance is observed in another unstable Dirac semimetal ZrTe5 [44], the stable Dirac
semimetals Na3Bi [45] and Cd3As2 [46], and in the Weyl semimetals, such as TaAs [47, 48],
TaP [49], NbAs [50, 51], NbP [50] and WTe2 [52, 53].

The transport property plays an important role in helping us to understand the ap-
plication possibilities of the Weyl or Dirac semimetals. The Weyl or Dirac semimetals have
symmetry protected topological phase, and since their transport phenomena is robust against
the perturbation of the environment, they are expected to be applied to the ideally low cost
device. Therefore it is important to compare the characteristics of the magnetotransport in
the experimental observations to theoretical predictions. The observed negative magneto-
conductivity in the weak magnetic field region is not perfectly understood. For the Weyl
semimetals it is explained as the result of the weak anti-localization effect [54] in zero mag-
netic field, which is the mechanism to suppress the back scattering. The mechanism of the
weak anti-localization effect is as following. The interference term between the process from
the state with momentum k to the state with momentum −k through the multiple scattering
and its time reversed process get the Berry phase ±π for the Weyl node with the monopole
charge ±1. Due to the Berry phase, the quantum correction to the probability of the back
scattering get a minus sign, which is named weak anti-localization effect [55]. Therefore, since
this effect disappears under the magnetic field which breaks the time reversal symmetry, the
magnetoconductivity becomes negative.

On the other hand, since the Dirac semimetal has the degenerated states at all momentum
k, it has two states with the momentum −k; one is the time reversed state and the other is not
connected with the original state by the time reversal symmetry. When one consider the back
scattering to the non-time reversal state, since it does not get the Berry phase, the correction
to the probability of this back scattering becomes positive. Therefore the correction to the
conductivity in zero magnetic field from the two back scattering is completely cancelled each
other [56]. So the Dirac and Weyl semimetals could have different mechanisms of the negative
magnetoconductivity in the weak magnetic field region.

To make a theoretical prediction at the quantitative level, one needs to know the relax-
ation time. It is a rather difficult problem, since the relaxation occurs through transition
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between Weyl (or Dirac) cones at different momentum points in the Brillouin zone (called as
‘inter-cone transition’), which is highly dependent on the material as well as its modeling.
There are several papers calculating the scattering amplitude of the fermion in the magnetic
field [2, 57, 58, 59, 60, 61] under various conditions, where most of these calculations are
based on certain models of the Weyl semimetal. It would be nice if we can predict some uni-
versal feature of the magnetoconductivity which is model independent. Although an early
calculation in 1956 [2] is the general calculation using the effective theory, it is unsatisfactory
since it was estimated for non-relativistic fermions in the ultra-quantum limit where only the
lowest Landau state contribute to the scattering. Since the experiment measures the magne-
toconductivity of semimetals for a wide range of the magnetic field strength, it is needed to
predict the relaxation time for electrons in the Dirac or Weyl semimetals with the magnetic
field both in and away from the quantum limit.

To observe the anomaly-induced negative magnetoresistance it is necessary that the suffi-
ciently low Fermi energy is given into the system. In fact even in the same material Cd3As2,
when its carrier density is very high, the behavior of the observed longitudinal magnetore-
sistance is not negative, but the usual Shubnikov de Haas oscillation [62]. This experiment
indicates that when the lowest Landau level is hidden under the Fermi energy, the negative
magnetoresistance due to the chiral anomaly does not emerge. This is consistent with Nielsen
and Ninomiya’s discussion which considers only the lowest Landau state. We would like to
address the middle range between the case with the very high Fermi energy and the case in
the ultra-quantum limit to investigate the start of the chiral magnetic effect.

Besides, since the realization of the unstable Dirac semimetals requires the very detailed
fine tuning of the parameter, the Dirac semimetals used in the experiments [43, 44] have the
possibility of the small gap opening. Even in the stable Dirac semimetals, the magnetic field
should be applied along a certain direction which preserve the crystalline symmetry which
protect the gapless Dirac nodes. Since when the magnetic field direction is deviated from the
symmetric direction, the Dirac semimetals used in the experiments [32, 33] may have very
small mass gap. Therefore we would also like to estimate the effect of the mass gap of the
Dirac fermion to the magnetoconductivity.

For this purpose, we focus on the effects on the magnetoconductivity for the Dirac
semimetals due to the change of external parameters such as the magnetic field or mass
gap by breaking the crystalline rotational symmetry [32, 40, 41, 63, 42]. We can expect
that the change from the ideal magnetoresistance is triggered by the onset of ‘intra-cone
transition’ so that the effects can be described by the low energy effective theory for the
single Dirac cone. Using the action for relativistic Dirac fermion as the low energy effective
theory, we derive a general formula for the relaxation time due to impurities for the Dirac
semimetal with mass gap m from mechanical strain and under magnetic field B including
the regime away from the quantum limit. Using our formula, we predict a drastic change in
the magnetoconductivity. Although there has yet been no clear experimental observation of
such effects, our prediction may offer a deeper understanding of the magnetoconductivity as
well as interesting technological applications.

In theoretical development, the chiral anomaly contribution to conductivity is discussed
in chiral kinetic theory [64, 65, 66]. This phenomena is now called chiral magnetic effect
and is now getting a renewed interest in the quark gluon plasma [67, 68, 69], the electro-
weak plasma in early universe [70], and neutrinos in supernovae [71]. Besides, the negative
magnetoresistance in multilayer Dirac electron systems considered in Ref. [72]. The chiral
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magnetic effect in the Weyl or Dirac semimetals is an interesting topic not only as the
demonstration of the chiral anomaly in the low energy experiment, but also as potential
applications in “valleytronic” devices [73]. Our approach may also be extended to these
systems.

This thesis is organized as follows. In Sec.2, starting from the general Hamiltonian for the
topological insulator, we review the realization of the effective Hamiltonian for the Dirac and
Weyl semimetals. In sec.3, reviewing the basics of the transport theory, we explain how it is
related to chiral anomaly as discussed in Ref. [1]. In part II, we give details of our calculation
and the results of the relaxation time following the published paper [3]. In Sec.4, we derive
the relation between the electric current and the relaxation times when multiple Landau
levels cross the Fermi energy. In Sec.5, we give details of the calculation of the scattering
amplitude and relaxation time for a relativistic fermion with a small mass in strong magnetic
field region. The magnetic field dependence of the magnetoconductivity in weak magnetic
field are shown in Sec.6. Finally, we summarize our study and give a discussion in Sec.7.
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Part I

Review on Chiral Anomaly and
Massless Fermions in Solid

2 Dirac Semimetal and Weyl Semimetal

In this section, we review that a magnetic impurity doped topological insulator has a energy
dispersion relation of Weyl semimetal which is characterized by pairs of gapless nodes. We
also see that the degeneracy of the Dirac semimetal is a consequence of the time reversal
and parity symmetry of the system and that further crystalline symmetry is required for the
stable Dirac semimetals.

2.1 Energy band of the Dirac and Weyl semimetals

We will see that the effective Hamiltonian for the topological insulator and the spin splitting
term induced by the magnetic impurity leads to an energy dispersion relation of the Weyl
semimetal. In this subsection, we follow the discussion in Ref.[74].

The effective Hamiltonian describing the electron states in topological insulator is gener-
ally written by the following form

HTI = Rµ(k)αµ, (2.1)

where

αi = −τ3 ⊗ σi =

(
−σi 0
0 σi

)
, for i = 1, 2, 3,

α0 = τ1 ⊗ σ0 =

(
0 1
1 0

)
,

where τi, σi are the Pauli matrices and τ0, σ0 are 2× 2 identity matrices. τi and σi represent
the orbital and spin degrees of freedom, respectively. When the magnetic impurities are
doped, the spin splitting term

bΣ3 = bτ0 ⊗ σ3 = b

(
σ3 0
0 σ3

)
, (2.2)

arises. We derive the energy eigenvalue of the total Hamiltonian HTI + bΣ3. Using the
properties of αµ and σ3, we find

H2 = RµRµ + b2 + b(R3{α3,Σ3}+R0{α0,Σ3}). (2.3)

Notice that the eigenvalue of R3{α3,Σ3}+R0{α0,Σ3} is ±2
√
R2

3 +R2
0, because

(R3{α3,Σ3}+R0{α0,Σ3})2 = 4(R2
3 +R2

0).
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Then we obtain the energy eigenvalue

ϵ2 = R2
1 +R2

2 +

(
b±

√
R2

3 +R2
0

)2

. (2.4)

Then the Weyl points are determined by the condition

R1 = R2 =
√
R2

3 +R2
0 − |b| = 0. (2.5)

Let us take

Ri =
1

a
sin aki, R0 =

M

a
+
r

a

3∑
i=1

(1− cos aki), (2.6)

where a is a lattice constant. In continuum limit, Ri → ki, R0 →M , the energy goes to

ϵ2 = k21 + k22 +

(√
k23 +M2 ± b

)2

. (2.7)

We find that when |b| is larger than |M |, the gap close[Fig:1] at two points

k = (0, 0,±
√
b2 −M2),

and so the Hamiltonian describes the Weyl semimetal. When |b| is smaller than |M |, the gap
never close at any points in momentum space[Fig:2] and it is the case for the insulator. When
both b andM is zero, the energy band is doubly degenerate at any points in momentum space
and the gap close[Fig:3] at a point

k = (0, 0, 0).

This is the energy band for the Dirac semimetal. However since the gapless state requires
very detailed fine tuning of the parameters b and M , the Dirac node is unstable and a band
gap opens in general. Therefor, an additional crystalline symmetry is required to realize the
stable Dirac semimetal.

2.2 Effective Hamiltonian for Weyl fermions

We consider the case where the Fermi energy is zero, which is a natural situation without any
doping. In this subsection, we derive the effective Hamiltonian for around the Weyl nodes at

K0 = (0, 0,
√
b2 −M2).

We obtain the energy eigenvalues ϵi(k) which satisfy

(HTI + bΣ3)|ui(k)⟩ = ϵi(k)|ui(k)⟩,

where |ui(k)⟩s are the energy eigenstate. There are four bands and tow of these are degen-
erated on the Weyl nodes ±K0,

ϵ1(±K0) = 2|b|, ϵ2(±K0) = ϵ3(±K0) = 0, ϵ4(±K0) = −2|b|.
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Figure 1: The energy band for the Weyl
semimetal.

Figure 2: The energy band for the insulator.

Figure 3: The energy band for the Dirac semimetal. It is doubly degenerat in any kz.
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Since only the states with the energy near the Fermi level affect the low energy physics, the
states |u1(k)⟩, |u4(k)⟩ can be ignored in order to find the low energy effective Hamiltonian.
Then around k ∼ ±K0, the Hamiltonian can be reduced to two level Hamiltonian with the
eigenvalues ϵ2(k), ϵ3(k).

We first consider the effective Hamiltonian around k ∼ +K0. When k1 = k2 = 0, the
energy is

ϵ2(k1 = 0, k2 = 0, k3) =
√
k23 +M2 − |b| ≈

√
b2 −M2

|b|
(k3 −

√
b2 −M2),

ϵ3(k1 = 0, k2 = 0, k3) = −
(√

k23 +M2 − |b|
)

≈ −
√
b2 −M2

|b|
(k3 −

√
b2 −M2),

around k3 ∼
√
b2 −M2. Therefore, defining the effective momentum

p =

(
k1, k2,

√
b2 −M2

|b|
(k3 −

√
b2 −M2)

)
,

we find the right-handed Weyl Hamiltonian

HWeyl
R = p · σ. (2.8)

Similarly around k ∼ −K0, since

ϵ2(k1 = 0, k2 = 0, k3) ≈ −
√
b2 −M2

|b|
(k3 +

√
b2 −M2),

ϵ3(k1 = 0, k2 = 0, k3) ≈
√
b2 −M2

|b|
(k3 +

√
b2 −M2),

at k1 = k2 = 0, we define the effective momentum

p = −
(
k1, k2,−

√
b2 −M2

|b|
(k3 +

√
b2 −M2)

)
,

where the overall − sign is set in order to keep the right-handed coordinate system. Then
the effective Hamiltonian is obtained as the left-handed Weyl Hamiltonian

HWeyl
L = −p · σ. (2.9)

Finally we obtain two Weyl fermions with the chirality ±1 at the points ±K0, respectively.
We notice that even when the mass term mσ3 is added, the Weyl nodes merely shift within z
axis and the mass gap does not open. Therefore the existence of the Weyl points and gapless
linear dispersion is robust against the perturbations in contrast to the Dirac semimetals.

The eigenfunctions of the right-handed Weyl Hamiltonian (2.8) are given by

|+,p⟩ = e−iψ/2
(
e−iϕ/2 cos θ

2

e+iϕ/2 sin θ
2

)
, |−,p⟩ = e−iψ/2

(
e−iϕ/2 sin θ

2

e+iϕ/2 cos θ
2

)
,
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where we use the polar coordinate in momentum space and overall phase factor e−iψ/2 is
the gauge degrees of freedom. We consider the Berry connection for the valence band |p,−⟩
which is occupied by the fermions

A−(p) := −i⟨p,−|∇p|p,−⟩

= −i sin θ
2

(
−i sin θ

2
∇p

ψ

2
− i sin

θ

2
∇p

ϕ

2
+ cos

θ

2
∇p

θ

2

)
−i cos θ

2

(
−i cos θ

2
∇p

ψ

2
+ i cos

θ

2
∇p

ϕ

2
− sin

θ

2
∇p

θ

2

)
= −1

2
(∇pψ − cos θ∇pϕ) .

If we take the gauge as

ψ = ϕ,

then we find the Berry connection

AN
− (p) = −1

2
(1− cos θ)∇pϕ = −1− cos θ

2p sin θ
eϕ,

where the eϕ is the unit vector in ϕ direction. Since this is singular at the south pole

θ = π,

we can use it for the northern hemisphere. For the southern hemisphere, taking the gauge

ψ = −ϕ,

we can define the Berry connection

AS
−(p) =

1

2
(1 + cos θ)∇pϕ =

1 + cos θ

2p sin θ
eϕ,

where this is singular at the north pole

θ = 0.

The Berry curvature is defined both in northern and southern hemisphere as

BR(p) = ∇p ×AN
− = ∇p ×AS

−

= −1

2

p

p3
.

For the eigenstates of the left-handed Weyl Hamiltonian (2.9), we obtain the Berry curvature
by flipping the sign of the momentum p

BL(p) =
1

2

p

p3
.
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Therefore we can define a ‘monopole’ in momentum space as

ρ
R/L
M (p) =

1

2π
∇ ·B(p) = ∓δ(p).

Integrating it over V which contains the Weyl nodes

λ = − 1

2π

∫
V

dV∇ ·B

= − 1

2π

∫
∂V

dS ·B = ±1

gives the chirality of the occupied states around the Weyl nodes. Namely, the Weyl nodes
in the momentum space is characterized by the monopole and anti-monopole in terms of the
Berry curvature.

2.3 Kramers degeneracy

In this subsection, we show that the degeneracy for all momentum in the Dirac semimetal is
a consequence of the time reversal and parity symmetry.

Define the time reversal transformation as x → x, p → −p,σ → −σ, where x, p,σ are
the position, momentum, spin operator, respectively. If we consider a scalar, we can define
the time reversal operator T as the complex conjugate operator K:

KiK−1 = −i.

Then since the momentum operator p is given by−i∂/∂x in the position space representation,
we obtain the transformation

x → x, p → −p.

On the other hand, in the case that we consider the fermion with the spin 1/2, since the spin
operator is given by the Pauli matrices σi, complex conjugate operator flips the sign of the
spin only in y direction. Therefore, defining

T = −iσ2K,

and then

T−1 = iσ2K,

we obtain the complete time reversal transformation we asked for:

TxT−1 = x,

TpT−1 = −p,

TσT−1 = −σ. (2.10)

We notice that the time reversal operator for spin 1/2 particle satisfy

T 2 = −1. (2.11)
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We consider the case that the system has the time reversal symmetry, which means the
Hamiltonian commute with the time reversal operator. When the time reversal operator acts
on an eigenstate of the Hamiltonian |n⟩ with the energy eigenvalue ϵn, the time reversed state
T |n⟩ is also an eigenstate of the Hamiltonian H with the same energy eigenvalue ϵn, because

HT |n⟩ = TH|n⟩ = ϵT |n⟩.

If the time reversed state is the same state with the original state |n⟩, it can be written by

T |n⟩ = eiθ|n⟩.

When the time reversal operator acts on it again,

TT |n⟩ = T
(
eiθ|n⟩

)
= e−iθT |n⟩ = e−iθeiθ|n⟩ = |n⟩.

This is inconsistent with Eq.(2.11). Therefore we find the time reversed state is a different
state with the original state, which means that when the system has the time reversal sym-
metry the energy eigenstate must be at least doubly degenerated. This degeneracy due to
the time reversal symmetry is known as Kramers degeneracy.

We also define parity transformation x → −x, p → −p, σ → σ. When the parity trans-
formation operator P acts on an energy eigenstate, the transformed state is also the energy
eigenstate in the system with parity symmetry. When the parity transformation and time
reversal operator act on the energy eigenstate, since its momentum is flipped twice, the
momentum of transformed state is the same as one of the original state. We know the trans-
formed state is different state from original state by the discussion of the Kramers degeneracy.
Therefore we find in the system with both parity and time reversal symmetry, the energy
band is doubly degenerated for all momentum.

Let us consider the Hamiltonian HTI + bΣ3 introduced in the previous subsection. When
the parity transformation operator in this representation can be written by

P =

(
1 0
0 −1

)
, (2.12)

α1,2,3 anticommute with the parity transformation operator, and α0 and Σ3 commute with
it. When Rµ(k) is given by Eq.(2.6), we find

R1,2,3(−k) = −R1,2,3(k), R4(−k) = R0(k). (2.13)

Therefore the Hamiltonian HTI + bΣ3 commute with the parity transformation operator:

P (HTI(−k) + bΣ3)P
−1 = HTI(k) + bΣ3, (2.14)

which means that the system of the Weyl semimetal has the parity symmetry. On the other
hand, since the time reversal operator for 4× 4 matrices can be written by

T = −iτ0 ⊗ σ2K =

(
−iσ2 0
0 −iσ2

)
K, (2.15)

we find that the it commutes with α1,2,3 and anti-commute with α0 and Σ3. Therefore without
spin splitting term bΣ3 the Hamiltonian HTI commute with the time reversal operator, and
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the system has time reversal symmetry. As a consequence of the Kramers degeneracy and
parity symmetry, the band structure of the Dirac semimetal is completely degenerated for
all momentum. However the spin splitting term bΣ3 breaks the time reversal symmetry, and
then the band structure of the Weyl semimetal has isolated degenerate points not for all
momentum.

We notice that the parity and time reversal symmetry are not enough to protect the Dirac
point. Since α0 commutes with time reversal and parity transformation operators, the mass
term cannot be prohibited by these symmetries. Further crystalline symmetry is necessary
for the stable Dirac semimetals[30, 32, 33], and when the mechanical strain breaking the
symmetry is applied a gap can open up[63].

2.4 Symmetry protected Dirac semimetals

In this subsection, we will see more general principles to create the three dimensional Dirac
semimetals in the system with both the time reversal and the parity symmetry. Following the
classification procedure of the stable three dimensional Dirac semimetals in Ref.[75], we will
see how to obtain a stable Dirac semimetal phase when the material has the time reversal,
parity, and rotation symmetry.

We start from the most general form of the 4× 4 Hamiltonian

H(k) = Rµν(k)τµ ⊗ σν ,

where Rµν is the real function of k. We find that the conditions for the time reversal symmetry
TH(k)T−1 = H(−k) are

Rµ0(−k) = Rµ0(k), for µ = 0, 1, 3,

Rµj(−k) = −Rµj(k), for µ = 0, 1, 3,

R20(−k) = −R20(k),

R2j(−k) = R2j(k),

because the sign of τ2 flips due to the complex conjugate operator K in the time reversal
operator(2.15).

Let us consider the parity symmetry P . Since the parity transformation does not flip the
spin, the possible form of the corresponding unitary operator can be written by

P = (p0τ0 + piτi)⊗ σ0.

Since

τ0 ⊗ σ0 = P 2 =
(
p20 + pipi

)
τ0 ⊗ σ0 + 2p0piτi ⊗ σ0,

we find the possible parity operator is

P = ±τ0 ⊗ σ0, (2.16)

or

P = piτi ⊗ σ0, where |p| = 1, (2.17)
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where p is real vector. In the latter case, for

0 = [T, P ] = −2p2τ2 ⊗ σ0,

we find the parity operator can be written by the parameter θ ∈ [0, 2π],

P = (cos θτ3 − sin θτ1)⊗ σ0. (2.18)

We find that there are two types of the parity transformation: Eq.(2.16) and Eq.(2.18),
which is determined by the transformation rule for the orbital degrees of freedom which
depends on the material. Correspondingly, the general form of the Hamiltonian with both
the time reversal and parity symmetry belongs to the following two types.

In Eq.(2.16) case, the general form of the Hamiltonian with both the time reversal and
parity symmetry is

H(k) = R0(k) +
5∑
i=1

Ri(k)Γi,

where

Γ1 = τ1 ⊗ σ0, Γ2 = τ2 ⊗ σ3, Γ3 = τ2 ⊗ σ2, Γ4 = τ2 ⊗ σ1, Γ5 = τ3 ⊗ σ0, (2.19)

and R0, Ri are the real function. We find all R0,is are even functions of the momentum k:

R0(−k) = R0(k), Ri(−k) = Ri(k).

In Eq.(2.18) case, the general form of the Hamiltonian with both the time reversal and
parity symmetry is

H(k) = R0(k) +
5∑
i=1

Ri(k)Γi,

where

Γ1 = µ1 ⊗ σ3, Γ2 = µ2 ⊗ σ0, Γ3 = µ1 ⊗ σ1, Γ4 = µ1 ⊗ σ2, Γ5 = µ3 ⊗ σ0, (2.20)

where we define

µ1 = cos θτ1 + sin θτ3, µ2 = τ2, µ3 = − sin θτ1 + cos θτ3.

We find

R0(−k) = R0(k), R5(−k) = R5(k),

Ri(−k) = −Ri(k), for i ̸= 5.

In both case, the condition for the band crossing is

Ri(k) = 0,
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for all i. When Ri has a tunable parameter m, the number of the condition is larger than
the number of the parameters. Therefore the valence and conduction band do not cross at
the general point in the momentum space. However in Eq.(2.18) case, at the time reversal
invariant momtentum kTRIM, for instance the zero point of the momentum or the edge of the
Brillouin zone, the odd functions of the momentum vanish:

Ri(kTRIM) = 0, for i ̸= 5.

Therefore the equation of the condition for the band crossing is only

R5(kTRIM,M) = 0.

Then in this case, we obtain the accidental band crossing at the time reversal invariant
momentum, tuning a parameter M [25]. However the realization of the three dimensional
Dirac point by this way requires the very detailed fine tuning of the chemical compositions[28,
29]. This is the case for the Dirac semimetal which appeared in subsection2.1.

We shall consider n times rotation symmetry around the k3-axis: Cn, in order to see
conditions for the stable Dirac semimetals. The Hamiltonian transform as

CnH(k)C−1
n = H(Rnk),

where Rn is the three dimensional 2π/n rotation matrix around k3-axis H(k)|k1=k2=0:

Rn =

 cos 2π
n

− sin 2π
n

0
sin 2π

n
cos 2π

n
0

0 0 1

 .

Since on k3-axis (namely k1 = k2 = 0), k is invariant under the rotation, the rotation operator
commute with the Hamiltonian on k3-axis[

Cn, H(k)|k1=k2=0

]
= 0.

We can take the basis which simultaneously diagonalize the rotation operator and the Hamil-
tonian on the k3-axis. Then the rotation operator can be written by diagonal form[76]

Cn =


uA↑

uA↓
uB↑

uB↓

 =


αp

αq
αr

αs

 ,

where

αp = exp

[
2π

n
i

(
p+

1

2

)]
, with p = 0, 1, · · · , n− 1.

H(k)|k1=k2=0 has also the diagonal form on this basis, and the four bands are labelled by the
eigenvalues of the rotation symmetry uτσ. So H(k)|k1=k2=0 can be written by

H(k)|k1=k2=0 = R0(k)|+ d(k)Γ,
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where d is a real function and we find

Γ = τ3, for P = ±τ0, ±τ3, (2.21)

or

Γ = τ3σ3, for P = ±τ1, (2.22)

from Eqs.(2.19, 2.20).
In Eq.(2.21) case, d should be the even function of k3, and written as

d(k3) ≈M +
1

2
t3k

2
3,

in second order in k3, where M and t3 are parameters independent of k3. We find that the
Hamiltonian describes either a gapped insulator or a three dimensional Dirac semimetal.Namely,
assuming that t3 has the negative value, if we tune the parameter M , we can observe the
phase transition from the gapped insulator phase in M < 0 to the three dimensional Dirac
semimetal phase in M > 0. Therefore the three dimensional Dirac semimetal with two Dirac
points at

k =

(
0, 0,±

√
−2M

t3

)
,

stably exists in M > 0, without fine tuning of the parameter. Na3Bi[34, 77] and Cd3As2[36,
39, 40], which are confirmed materials that these have the linear dispersion relation at two
Dirac points in the experiment, are the examples belonging to this class.

On the other hand, in Eq.(2.22) case, d should be the odd function of k3 which can be
expanded as

d(k3) ≈ vk3,

where v is a parameter independent of k3. In this case, the Hamiltonian describes the Dirac
semimetals with single Dirac point at

k = (0, 0, 0).

Considering the periodicity of the Brillouin zone, the point

k = (0, 0, π),

is also Dirac point. Namely, the three dimensional Dirac points stably exists independently
of the parameter at the time reversal invariant momentum on the rotation axis. BiO2[30]
and the distorted spinels[31], which are theoretically predicted materials that these have the
bulk Dirac points, are the examples belonging to this class.

3 Magnetotransport Induced by Chiral Anomaly

In this section, we review that the solid state physics has an analogous effect to the chiral
anomaly, which breaks the independent conservation of the number of left-handed fermion
and right-handed fermion. The imbalance between right- and left-handed Fermi energy arises
from the chiral anomaly, with the result that the unusual electric current is generated. Fol-
lowing the discussion in Ref. [1], we start from the macroscopic explanation of the chiral
anomaly with a 1 + 1 dimensional example.
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3.1 Macroscopic explanation of the chiral anomaly

We start from the 1 + 1 dimensional right-handed Weyl fermion ψR where the equation is
given by right-handed Weyl equation

i∂0ψR(x) = −i∂1ψR(x).

The dispersion relation is given by

ϵR(p) = p.

When the the uniform electric field

E = ∂0A
1,

is applied, from classical electrodynamics we find

d

dt
ϵR(p) =

dp

dt
= eE.

The creation rate of the right-handed fermion per unit length is determined by the change
of the Fermi energy[Fig:4]. Since the number of states in the unit length is 1

2π
, the creation

rate in unit length is

dNR

dt
=

1

2π

dµR

dt
=
eE

2π
.

This particle creation is the chiral anomaly, and consequently the number of the chiral fermion
is not conserved. Similarly for the left-handed Weyl fermion whose dispersion relation is given
by

ϵL(p) = −p,

the creation rate in unit length is derived as

dNL

dt
= −eE

2π
.

Then the chiral charge for the Dirac fermion

Q5 = NR −NL,

is not conserved but obey the anomaly equation:

dQ5

dt
=
eE

π
.

On the other hand, the vector charge

Q = NR +NL,

is conserved due to the cancelation of the anomaly between left-handed creation and right-
handed annhiration

dQ

dt
=
dNL

dt
+
dNR

dt
= 0.
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Figure 4: Band structure of the one dimensional Weyl fermion.

In 3 + 1 dimensions, we derive the energy level of the right-handed fermion in a constant
magnetic field along with the third axis. We take Landau gauge

A = (0, Bx1, 0), A0 = 0.

The equation for the two component right-handed Weyl field ψR is[
i
∂

∂t
− (p− eA) · σ

]
ψR(x) = 0.

We introduce the canonical momentum

π1 = p1, π2 = p2 − eBx1,

where the commutation relation is given by

[π1, π2] = ieB.

We also define the ladder operator

a =
1√
2eB

(π1 + iπ2)

a† =
1√
2eB

(π1 − iπ2),

and then the commutator is

[a, a†] = 1.

The Hamiltonian for the right-handed Weyl fermion under the magnetic field is written in
terms of the ladder operator

HR =

(
p3

√
2eBa†√

2eBa −p3

)
.

Then we find

H2
R =

(
p23 + 2eBa†a 0

0 p23 + 2eBaa†

)
=

(
p23 + 2eBa†a 0

0 p23 + 2eB(a†a+ 1)

)
.
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Therefore we obtain the Landau levels

ϵR,n(p3) = ±
√
p23 + 2eBn, for n > 0.

For the zeroth Landau level (n = 0), since the lowest Landau state is given by

|uR,0⟩ =
(

|0⟩
0

)
,

where |0⟩ is the lowest state of the harmonic oscillator, the lowest Landau level for the
right-handed fermion is

ϵR,0(p3) = +p3. (3.1)

The dispersion relation for right-handed fermion are depicted in [Fig.5].

Figure 5: Landau levels for the three dimensional right-handed Weyl fermion under the
magnetic field.

Next we consider the constant electric field E along the third axis, which is parallel to the
magnetic field. For the zeroth Landau level the dispersion is the same as the 1+1 dimensional
case, and then we can similarly derive the creation rate of the right-handed Weyl fermion.
In the case that the electric field is adiabatically applied, the creation of the fermion in the
higher Landau levels does not occur. Since the degeneracy of the Landau level in the unit
area is given by eB/2π, the creation rate of the right-handed Weyl fermion in unit volume is

dNR

dt
=

e2

4π2
EB. (3.2)

Since the equation for the left-handed Weyl fermion ψL is given by[
i
∂

∂t
+ (p− eA) · σ

]
ψL(x) = 0,

the energy level for the n > 0 states are the same as right-handed one;

ϵL,n(p3) = ±
√
p23 + 2eBn, for n > 0,

20



and zero mode energy is

ϵL,0(p3) = −p3. (3.3)

Then we can derive the creation rate of the left-handed Weyl fermion

dNL

dt
= − e2

4π2
EB. (3.4)

Therefore, the chiral anomaly for the Dirac fermion is

dNR

dt
− dNL

dt
=

e2

2π2
EB. (3.5)

This anomaly equation completely matches with the one derived by quantum exact calcula-
tions [4, 5, 78]. The vector charge for the Dirac fermion Q = NR +NL is conserved in 3 + 1
dimension

dQ

dt
=
dNR

dt
+
dNL

dt
= 0, (3.6)

as well as in 1 + 1 dimension.

3.2 Electric current induced by chiral anomaly

In this subsection, we review that the phenomenon analogous to the chiral anomaly appears
as the peculiar behavior of the electric conductivity in the gapless system described by the
Weyl fermion theory with the Fermi energy µ. We consider the case that the valence bands are
completely filled and only the conduction band is effective to the electric transport induced by
the magnetic field. Without the external field, the cone around the right-handed Weyl point is
filled up to the Fermi energy. Then the electron distribution function in the thermodynamical
equilibrium is given by the Fermi distribution function

f0(p) =
1

1 + exp
(
ϵ(p)−µ
T

) . (3.7)

We consider the case that the magnetic field B parallel with the electric field is applied,
where B is so strong that only the lowest Landau level is occupied. The dispersion relation
is given by Eq.(3.1) for the right-handed fermion and Eq.(3.3) for the left-handed fermion.
Since the chiral anomaly carries the fermion from the left-handed cone to the right-handed
cone in the momentum space, the deviation from the thermodynamical equilibrium emerges.
It can be expressed by the fact that there is difference between the Fermi energy for the
fermion at the right-handed Weyl point µR and one for the fermion at the left-handed Weyl
point µL.

The effect of the chiral anomaly increase the right-handed Fermi energy and decrease the
left-handed Fermi energy compared with the Fermi energy without external magnetic field
µ. To keep the static system the extra fermion in the right-handed Weyl cone due to the
chiral anomaly should be scattered back into other states. Change of the number of the
right-handed fermion in unit time by the collision is(
dNR

dt

)
coll

= −
∫
d3pd3p′fR(p)(1− fL(p

′))W (p → p′) +

∫
d3pd3p′fL(p

′)(1− fR(p))W (p′ → p),
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where fL/R is the Fermi distribution function (3.7) with the Fermi energy µL/R, respectively,
andW (p → p′) is the transfer probability in unit time. Setting the deviation of the distribu-
tion function of the right- and left-handed fermion from the equilibrium as δfR/L, respectively,
we expand above equation in the first order of δfR/L,(

dNR

dt

)
coll

= −
∫
d3pd3p′W (p → p′)[δfR(p)(1− f0(p

′))− f0(p)δfL(p
′)]

+

∫
d3pd3p′W (p′ → p)[δfL(p

′)(1− f0(p))− f0(p
′)δfR(p)].

From the energy conservation law we find that the distribution function in the equilibrium
is unchanged (f0(p

′) = f0(p)). Since the transfer probability depends only on the relative
angle between p and p′, we find also that the transfer probability is symmetric (W (p′ →
p) = W (p → p′)). Then we find(

dNR

dt

)
coll

= −
∫
d3pd3p′W (p → p′)[δfR(p)− δfL(p

′)].

From the vector charge conservation law (3.6), the rise of the right-handed Fermi energy is
the same as the fall of the left-handed Fermi energy

µ =
µR + µL

2
. (3.8)

If the deviation from the Fermi energy in the equilibrium is very small, we find

δfR(p) = −δfL(p′),

and so the collision term is(
dNR

dt

)
coll

= −2

∫
d3pd3p′W (p → p′)δfR(p). (3.9)

Here we define a relaxation time τ by(
dNR

dt

)
coll

= −NR −N0
R

τ
, (3.10)

where

NR =

∫
d3pfR(p), and N0 =

∫
d3pf0(p).

Therefore we can derive the relaxation time if the transition probability from the right-handed
cone into the left-handed cone W (p → p′) is calculated.

The generation of the electric current associated with the chiral anomaly is shown by the
discussion of the energy conservation. From Eq.(3.2, 3.4) e2EB

4π2 of the electrons move from
the left-handed cone to the right-handed cone per unit time and unit volume due to the
chiral anomaly. Since the right-handed Fermi energy is larger than the left-handed Fermi
energy, the energy e2EB

4π2 (µR − µL) is necessary to carry the electron. This energy is supplied
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from the electric current J and the external electric field E, and so the size of the current is
determined by the energy balance

EJ =
e2EB

4π2
(µR − µL). (3.11)

At zero temperature, since the distribution function in the right-handed cone is

fR(ϵ) = θ(µR − ϵ(p3)) = θ(µR − p3),

then the number of the right-handed fermion per unit volume is

NR =
eB

2π

∫ µR dp3
2π

,

where eB
2π

is the degeneracy of the Landau level. When the difference of the right-handed
Fermi energy from the Fermi energy in zero magnetic field is very small, we obtain

NR ≈ N0 +
eB

4π2

µR − µL

2
,

where we use Eq.(3.8). Therefore the collision term (3.10) becomes(
dNR

dt

)
coll

= − eB

4π2

µR − µL

2τ
.

Substituting this equation and the drift term (3.2) into the static Boltzmann equation(
dNR

dt

)
drift

= −
(
dNR

dt

)
coll

,

we obtain

µR − µL = 2eEτ.

Finally, from Eq.(3.11) we obtain the current associated with the chiral anomaly

J =
2e3EBτ

4π2
.

This electric current coming from the imbalance between the right- and left-handed Fermi
energy is the macroscopic manifestation of the chiral anomaly, and is called a chiral magnetic
effect. It can be observed in various system which possesses the relativistic fermion such as
the Weyl or Dirac semimetals.

The negative magnetoresistance related to the chiral anomaly in Weyl semimetals is the-
oretically discussed in many papers [64, 65, 66, 79, 80, 81]. The relaxation of the chirality
imbalance is only roughly discussed or just assumed to be large in these papers. The pre-
diction for the electric current induced by the chiral anomaly required the estimation of the
relaxation time.
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3.3 Previous study for relaxation time

The relaxation time defined by Eq.(3.10) is determined by the transfer probability, and it was
calculated for several cases. In this subsection, we show these previous studies and clarify
what is already known and what should be studied about the relaxation time.

In Ref. [2], the magnetic field effect on the scattering of the electron in semiconductor was
studied in non-relativistic theory without the chiral anomaly consideration. They estimated
the longitudinal magnetoregistance under the strong magnetic field where all the electrons
in the conduction band is in the lowest Landau level. They calculate the relaxation time for
the scattering by phonons and ionized impurities in the low temperature case T ≪ ϵF and
in the high temperature case ϵF ≪ T . They find that while for the acoustic phonon scat-
tering a magnetoresistance is always positive, for the ionized impurity scattering a negative
magnetoresistance is expected.

In Ref. [60], they have investigated the angle dependence of the magnetoresistance in the
quantum limit where one can ignore all but the lowest landau level, extending the previous
study of the long range impurity scattering [82, 58, 83]. They have found that the relaxation
time for inter-cone transition exponentially decreases when the magnetic field is tilted from
the direction along with the momentum separation of the two Weyl nodes in strong magnetic
field region. They also shown that under the weak magnetic field, inter-cone transition rate
is independent of the angle of the magnetic field.

The magnetoconductivity induced by the chiral anomaly by means of the chiral magnetic
effect in strongly coupled holographic models is studied in Ref. [84, 85, 86]. They introduce
two sources to relax the chirality imbalance in the holographic system. One is a mass for the
UA(1) gauge field so that there is no UA(1) gauge symmetry in the bulk anymore. The other
is an axially charged scalar field which is explicitly breaks UA(1) symmetry in bulk. They
report that the chirality imbalance relaxation time grows linearly with magnetic field in the
large magnetic field regime.

Due to the Berry phase, for the Weyl semimetals the weak anti-localization effect arises
[54, 55], which is suppression mechanism of the back scattering in zero magnetic field. The
interference term between the process from the state with momentum k to the state with
momentum −k through the multiple scattering and its time reversed process get the Berry
phase ±π for the Weyl node with the monopole charge ±1. Due to the Berry phase, the
quantum correction to the probability of the back scattering get a minus sign. Therefore,
since this effect disappears under the magnetic field which breaks the time reversal symmetry,
the magnetoconductivity becomes negative when magnetic field is weakly applied.

The Weyl semimetal has the features that the band gap closes at two points and that it
has the topological surface states. Many of papers discussing the magnetotransport of the
Weyl semimetal consider the bulk theory with the periodic boundary condition. In Ref. [57],
the magnetoconductivity in the Weyl semimetal with the surface boundary condition has
been studied under the strong magnetic field where only the lowest Landau level contribute
to the transport phenomenon. They have reported that the magnetoconductivity increases
proportional to the magnetic field due to the inter-cone transition mediated through the
surface states.

The magnetotransport under strong magnetic field in the three dimensional Weyl semimetal
has been investigated in Ref. [59]. They have theoretically considered not only the model
of the single Weyl semimetal with the monopole charge N is one, but also the model of the
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generalized Weyl semimetals with the monopole charge two and three, though the multi-
monopole Weyl semimetals have not been realized in the experiment. The N -monopole
Weyl semimetals have exactly N number of the lowest Landau level under the strong mag-
netic field, and so the anomaly equation for the multi-monopole Weyl semimetal becomes
multiplied by N

dNR

dt
− dNL

dt
= N e2

2π2
EB.

Using the linearized Boltzmann equation, they have obtained the magnetic field dependence
of the relaxation time both for the Gaussian and Coulomb impurities in the Weyl semimetal
with the monopole charge one, two, and three which are all the possible number of the
monopole charge in the three dimensional Weyl semimetal. They have shown that the lon-
gitudinal magnetoconductivity is the general property of the three dimensional system with
the impurity scattering under the strong magnetic field without the discussion about the
chiral anomaly. They have found that there is always positive longitudinal magnetoconduc-
tivity (namely negative longitudinal magnetoresistance) in the presence of both the Gaussian
and Coulomb impurities, using linearized Boltzmann equation. In the presence of only the
Gaussian impurities, the longitudinal magnetoconductivity increase linearly in B, while in
the presence of only the screened Coulomb impurities, the magnetoconductivity depends on
B2 in a strong magnetic field limit. They have also reported that in the multi-monopole
Weyl semimetals (N = 2, 3) the magnetic field dependence of the longitudinal magnetocon-
ductivity becomes non-linear form depending the angle of the magnetic field.

In Ref. [61] they have presented the dependence of the longitudinal and the transverse
conductivity of Dirac Semimetals as a function of magnetic field and effective coupling con-
stant by the lattice Monte Carlo simulation using the staggered fermion. They have investi-
gated the effect of the electron-electron scattering effect on the magnetoconductiviy not only
for massless Dirac semimetal phase, but also onset of the insulator phase and deep in the
insulator phase. In the semimetal phase, they have observed the positive longitudinal mag-
netoconductivity and the negative transverse magnetoconductivity. It has been noticed that
there are two regimes of the dependence of the longitudinal conductivity on the magnetic
field. For small values of magnetic field the longitudinal magnetoconductivity is quadratically
increasing function, while for larger values of magnetic field it is linearly increasing function.

We would like to predict some universal feature of the magnetoconductivity which is
model independent by relativistic calculation. Since the experiment measures the magneto-
conductivity of semimetals for a wide range of the magnetic field strength, it is needed to
predict the relaxation time for electrons in the Dirac or Weyl semimetals with the magnetic
field both in and away from the quantum limit. On the other hand, even in the same mate-
rial Cd3As2, when its carrier density is very high, the behavior of the observed longitudinal
magnetoresistance is not negative, but the usual Shubnikov de Haas oscillation [62]. This
experiment indicates that when the lowest Landau level is hidden under the Fermi energy
due to the too weak magnetic field or the relatively high Fermi energy, the negative magne-
toresistance due to the chiral anomaly does not emerge. We would like to address the middle
range between the ultra high Fermi energy case and the case in the quantum limit. Besides,
since the realization of the unstable Dirac semimetals requires the very detailed fine tuning
of the parameter, the Dirac semimetals used in the experiments [43, 44] have the possibility
of the small gap opening. Even in the stable Dirac semimetals, since the Dirac semimetals
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used in the experiments [32, 33] may have very small mass gap due to the deviation of the
magnetic field direction from the symmetric direction which protect the stable Dirac nodes.
Therefore we would also like to estimate the effect of the mass gap of the Dirac fermion to
the magnetoconductivity. From the next section, we give the details of our calculation and
the result for this purpose.
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Part II

Calculation of Relaxation Time
In this part, we give details of our calculation following the published paper[3]. The prelim-
inary discussions are given in the proceedings[87, 88].

4 Massive Dirac Fermion and Transport Theory

In this section, revisiting the theory for the massive Dirac fermion under the magnetic field
and the basics of the transport theory, we derive the relation between the electric current and
the relaxation times when both the electric field E and the magnetic field B are applied along
the third axis. Due to the magnetic field, the electron states in the first and second directions
form Landau levels. In the case that one is interested in the low energy physics under the
strong magnetic field, the effective system becomes a 1+1 dimensional electron system since
only the lowest Landau level contribute to the physics. When the electric field in the third
direction is applied, the electron gets the drifting force and the electric current flows. Due
to the scattering from impurities, phonon excitations and other electrons, the momentum of
the electrons are flipped and the current becomes static as a result of the balance between
the drift and the relaxation by the scatterings.

In usual discussions, only the Weyl or Dirac semimetal in the quantum limit are consid-
ered. In this case, due to the helicity conservation, only the inter-cone transition takes place
as shown in Fig.6. In our study, we generalize the situation and consider the electron system
with a small mass gap and the magnetic field both in and away from the quantum limit using
the low energy effective theory.

Figure 6: In the inter-cone transition the fermion is scattered into the other cone. Since the
inter-cone transition is highly dependent on its modeling, it is difficult to give a universal
prediction.

The low energy effective theory description using the relativistic fermion is valid pro-
vided that one considers low energy phenomena which takes place within the Dirac cone
in mind. However, the transition between two different Dirac cones (inter-cone transition
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[Fig.6]) cannot be described by the low energy theory since the transition amplitude receives
non-negligible contributions from the integral over the entire momentum space. In the follow-
ing, we assume that there is always a inter-cone transition which can only be predicted by the
full theory, but the relaxation time after the onset of the intra-cone transition [Fig.7] can be
well described by the low energy effective theory. In general, if the separation of Dirac points
are sufficiently large compared with the Fermi energy, the intra-cone transition[Fig.7] dom-
inates over the inter-cone transition. So we consider the case that the inter-cone transition
effect is much smaller than the intra-cone transition effect.

Figure 7: The mechanisms of the intra-cone transition due to (a)the mass and (b)the first
excited states in a weak magnetic field region. The effect of the intra-cone transition can be
estimated in the low energy effective theory.

We introduce a small mass in order to include a mass gap due to a mechanical strain or
deviation of the parameter from the critical point. Examples of strain-induced mass gap is
studied for several materials in Ref.[32, 40, 41, 42].

4.1 Massive Dirac fermion in the magnetic field

In this subsection we solve the massive Dirac equation under the magnetic field for prepara-
tion for the calculation of the mass dependence of the relaxation time.

We solve the massive Dirac equation derived from the action

S =

∫
d4xψ(x) [i /D −m]ψ(x), (4.1)

under a magnetic field, where

/D = γµDµ = γµ(∂µ − ieAµ).

Here, γ matrices are taken to be Weyl representation:

γi = iτ2 ⊗ σi =

(
0 σi

−σi 0

)
, γ0 = τ1 ⊗ σ0 =

(
0 σ0

σ0 0

)
. (4.2)
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We consider the Dirac fermion with mass m ̸= 0, which obeys the Dirac equation:

[i /D −m]ψ(x) = 0. (4.3)

Since we consider a constant background magnetic field along the third axis, the gauge is
taken so that the vector potential corresponding the magnetic field whose magnitude is B is

A = (0, Bx1, 0). (4.4)

In this gauge, the momentum p2 is a good quantum number to label the states in order to
distinguish the degenerate states in n-th Landau level. Multiplying γ0 to the Dirac equation
from left, [

i∂0 + iγ0γiDi −mγ0
]
ψ(x) = 0. (4.5)

Introducing the canonical momentum

π1 = p1, π2 = p2 − eBx1,

where the commutation relation is given by

[π1, π2] = ieB.

We also define the ladder operator

a =
1√
2eB

(π1 + iπ2)

a† =
1√
2eB

(π1 − iπ2),

and then the commutator is

[a, a†] = 1.

The Hamiltonian for the massive Dirac fermion under the magnetic field is written in terms
of the ladder operator

H = −τ3 ⊗
(

p3
√
2eBa†√

2eBa −p3

)
+mτ1 ⊗ σ0.

Then we find

H2 = τ0 ⊗
(
m2 + p23 + 2eBa†a 0

0 m2 + p23 + 2eB(a†a+ 1)

)
.

Therefore, the energy levels are given by Landau levels

ϵn,σ3(p3) = ±

√
2eB

(
n+

1

2

)
+ p23 +m2 − eBσ3, (4.6)
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where each states are degenerated in p2 space. Note that the states with (n, σ3 = −1)
and (n + 1, σ3 = +1) are degenerated except for the lowest Landau level (n = 0, σ3 = +1).
Negative energy states do not contribute to the scattering, because these are always occupied.
The energy eigenstate is given by the four component spinor

|n, σ3 = +1; p2, p3⟩ =
ϵn,σ3(p3) +H

2
√
ϵn,σ3(p3)(ϵn,σ3(p3) +m)


|n, p2, p3⟩

0
|n, p2, p3⟩

0

 ,

|n, σ3 = −1; p2, p3⟩ =
ϵn,σ3(p3) +H

2
√
ϵn,σ3(p3)(ϵn,σ3(p3) +m)


0

|n, p2, p3⟩
0

|n, p2, p3⟩

 ,

where 1

2
√
ϵ(ϵ+m)

is the normalization constant determined by the normalization condition

⟨n′, σ′
3; p

′
2.p

′
3|n, σ3; p2, p3⟩ = (2π)2δ(p2 − p′2)δ(p3 − p′3)δn,n′δσ3,σ′

3
. (4.7)

|n, p2, p3⟩ is the n-th state of the harmonic oscillator defined by

|n, p2, p3⟩ =
(
a†
)n

√
n!

|0, , p2, p3⟩,

where |0, , p2, p3⟩ is zeroth state of the harmonic oscillator defined by

a|0, p2, p3⟩ = 0.

In coordinate representation, |0, p2, p3⟩ is given by

⟨x|0, p2, p3⟩ =
(
eB

π

)1/4

eip2x
2+p3x3 exp

[
−eB

2

(
x1 − p2

eB

)2]
.

4.2 Basics of the transport theory

In this subsection, we revisit the basics of the transport theory in the case that the magnetic
field is applied along with the electric field. Considering here the case that the multiple bands
cross the Fermi energy, we derive the relation between the electric current and the relaxation
times at each states.

Consider a probability function f(n,p, t) for the electron with the the second and third
direction momentum p = (p2, p3) in the n-th Landau level. Applying a weak electric field in
the same direction as the magnetic field

E = (0, 0, E), (4.8)

the Boltzmann equation is given by

∂

∂t
f(n,p, t)− eE

∂

∂p3
f(n,p, t) =

(
∂

∂t
f(n,p, t)

)
coll

, (4.9)
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where the second term of the left hand side is the drift term and the right hand side is the
collision term. The collision term is defined as(

∂

∂t
f(n,p, t)

)
coll

= −
∑
n′

∫
BZ

d2p′

(2π)2
f(n,p, t)W (n,p,→ n′,p′, )(1− f(n′,p′, t))

+
∑
n′

∫
BZ

d2p′

(2π)2
f(n′,p′, t)W (n′,p′,→ n,p, )(1− f(n,p, t)), (4.10)

where W is the transfer probability in unit time.
Due to the very weak electric field which can be treated as a perturbation, the distribution

function is slightly deviated from the equilibrium and can be described as

f(n,p, t) = f0(ϵ) + δf(n,p, t), (4.11)

where f0 is the probability distribution function in the equilibrium with no electric field and
δf is the tiny deviation from the equilibrium of O(eE) for the n-th Landau level. ϵ is the
energy of the electron.

From the Fermi’s golden rule, the energy is conserved before and after the transition so
that the distribution function in equilibrium does not change between the transition

f0(ϵ) = f0(ϵ
′).

Since the transfer probability depends only on the relative angle between the momentum p
and p′, we also find the transfer probability is symmetric. Assuming a small deviation from
the equilibrium, the right hand side of the definition of the collision term becomes(

∂

∂t
f(n,p, t)

)
coll

= −
∑
n′

∫
BZ

d2p′

(2π)2
W (n,p → n′,p′)(δf(n,p, t)− δf(n′,p′, t)), (4.12)

up to higher order terms in δf .
To solve the Boltzmann equation, one often makes the relaxation time approximation,

which assume that the probability distribution function exponentially get back into the ther-
modynamical equilibrium in relaxation time τ(n,p) due to the scattering effect: δf ∝ e−t/τ .
Then the collision term can be written as(

∂

∂t
f(n,p, t)

)
coll

=: −δf(n,p, t)
τ(n,p)

. (4.13)

Substituting this equation into Eq.(4.9), the static solution of the Boltzmann equation is

f(n,p) = f0(ϵ) + eEτ(n,p)
∂f0(ϵ)

∂p3
+O(E2). (4.14)

Thus, the deviation from the equilibrium in the lowest order in eE is

δf(n,p) = eEτ(n,p)
∂f0(ϵ)

∂p3
= eEτ(n,p)

∂ϵ(n,p)

∂p3
f ′
0(ϵ). (4.15)
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Substituting Eq.(4.13), (4.15) into the equation for the definition of the collision term (4.12)
and considering an energy conservation law, the equation to determine the relaxation time τ
is obtained as

∂ϵ(n,p)

∂p3
=
∑
n′

∫
BZ

d2p′

(2π)2
W (n,p → n′,p′)

(
τ(n,p)

∂ϵ(n,p)

∂p3
− τ(n′,p′)

∂ϵ(n′,p′)

∂p′3

)
. (4.16)

Only the states around the Dirac points contribute to the low energy physics. Therefore,
we can replace the momentum integral in the Brillouin zone:∫

BZ

d2p

(2π)2
F (p), (4.17)

with the low energy momentum integral and the sum of cones labeled by A∑
A

∫
low energy

d2q

(2π)2
F (pA + q), (4.18)

where F (p) is any function of p, and pA is the momentum on the Dirac cone labeled by A.
Then Eq.(4.16) can be rewritten by

∂ϵ(n,pA + q)

∂q3

=
∑
n′,A′

∫
low energy

d2q′

(2π)2
W (n,pA + q → n′,pA′ + q′)

×
(
τ(n,pA + q)

∂ϵ(n,pA + q)

∂q3
− τ(n′,pA′ + q′)

∂ϵ(n′,pA′ + q′)

∂q′3

)
. (4.19)

In the case that A = A′, it denotes the contribution from the intra-cone transition which will
be estimated in this paper. In the case that A ̸= A′, it denotes the contribution from the
inter-cone transition which is a model- and situation-dependent quantity.

In the following, we consider the intra-cone transition. Then we omit the cone labeling A
and the indication ‘low energy’ in the integral. p is taken to be the momentum around the
Dirac point pA. From the energy eigenvalue (4.6), Eq.(4.16) is simplified as

p3 =
∑
n′

∫
d2p′

(2π)2
W (n,p → n′,p′)(τ(n,p)p3 − τ(n′,p′)p′3), (4.20)

where n is a label for the Landau level.
The electric current density in the the third direction is given by

J = −e
∑
n

∫
d2p

(2π)2
∂ϵ(n,p)

∂p3
f(n,p). (4.21)

From Eq.(4.14), the expression of the current becomes

J =
∑
n

∫
d2p

(2π)2
(−e)∂ϵ(n,p)

∂p3

(
f0(ϵ) + eEτ(n,p)

∂f0(ϵ)

∂p3

)
. (4.22)
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Due to the translation invariance, it turns out that the relaxation time does not depend on
the initial momentum py, and py can be regarded as just a label of the degenerate states.
Since the probability distribution function is given by the step function:f0 = θ(µ− ϵ) at zero
temperature, it becomes

f(n,p) = θ(µ− ϵ) + eEτ(n, p3)
∂

∂p3
θ(µ− ϵ)

= θ(µ− ϵ)− eEτ(n, pz)δ(µ− ϵ)
∂ϵ

∂p3
.

Then the size of the current is expressed as

J =
−e3BE
(2π)2µ

∑
n

∑
P∗

|P∗|τ(n, P∗), (4.23)

where P∗ is defined as the values of p3 which satisfy ϵ(p3) = µ.

5 Relaxation time for massive fermion in strong mag-

netic field

In this section, we give the details of the calculation of the scattering amplitude and the
relaxation time for a relativistic fermion with a small mass in the strong magnetic field
region. Although there are the inter-cone transition contributions to the relaxation time in
the Dirac semimetals, we only consider the scattering within the cone in this section. In the
strong magnetic field region only the lowest Landau level (n, σ3) = (0,+1) contribute to the
scattering. Since we consider only this state, let us omit the label (n, σ3) in this section. This
approximation is valid in the limit eB → ∞.

We find P∗ in Eq.(4.23) is given by

P1 =
√
µ2 −m2, (5.1)

or −P1. At zero temperature, only these two states at the Fermi level contribute to the
scattering. Then the size of the current can be written as

J =
−e3BE
(2π)2µ

P1(τ(P1) + τ(−P1)). (5.2)

Since the probability distributions f and f0 are normalized to unity, their difference
satisfies ∫

d2p

(2π)2
δf(p2, p3) = 0,

from which one obtains using Eq.(4.15)

τ(P1)− τ(−P1) = 0. (5.3)
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From the Fermi’s golden rule, the energy is conserved before and after the transition so that
the probability can be written as

W (p2, p3 →, p′2, p
′
3) ≡ 2πδ(ϵ(p3)− ϵ(p′3))W (p2, p3 →, p′2, p

′
3). (5.4)

We obtain from Eq.(4.20)

P1 =

∫
d2p′

(2π)2
2πδ(ϵ(P1)− ϵ(p′3))W (p2, P1 →, p′2, p

′
3)(τ(P1)P1 − τ(p′3)p

′
3)

= 2µτ(P1)

∫
dp′2
2π

W (p2, P1 → p′2,−P1). (5.5)

The transition rate per unit time is given by

W (p2, p3 → p′2, p
′
3) =

∑
R

|⟨p′2, p′3|v(r̂−R)|p2, p3⟩|2, (5.6)

where R stands for the position of the impurity, and r̂ is the position operator for the
fermions. We consider the interaction between the fermion and the charged impurity given
by the screened Coulomb potential:

v(x) =
e2

κ

exp (−|x|/rs)
|x|

, (5.7)

where rs is the screening length and κ is the dielectric constant. We ignore the interference
effect between the states scattered by different impurities. The Fourier transformed screened
Coulomb potential is given by

v(x−R) = ±4πe2

κ

1

V

∑
q

eiq·(x−R)

q2 + 1/r2s
.

After some calculation we obtain the matrix element

⟨p′2, p′3|eiq·x|p2, p3⟩ =

∫
d3xeiq·x⟨p′2, p′3|x⟩⟨x|p2, p3⟩

= (2π)2δ(p2 − p′2 − qy)δ(p3 − p′3 − qz)
(ϵ(p′3) +m) (ϵ(p3) +m) + p′3p3

2
√
ϵ(p3)ϵ(p′3)(ϵ(p3) +m)(ϵ(p′3) +m)

× exp

[
− 1

4eB

{
q2x + q2y + 2qxi(p

′
2 + p2)

}]
.

Assuming that the impurities are distributed uniformly with the density NI , we can calculate
W analytically

W (p2, p3 → p′2, p
′
3) = =

(
4πe2

κV

)2∑
R

∣∣∣∣∣∑
q

⟨p′2, p′3|eiq·(r−R)|p2, p3⟩
q2 + 1/r2s

∣∣∣∣∣
2

=

(
4πe2

κ

)2
NI

V

[(ϵ(p′3) +m) (ϵ(p3) +m) + p′3p3]
2

4ϵ(p3)ϵ(p′3)(ϵ(p3) +m)(ϵ(p′3) +m)

×
∑
q1

exp
[
− 1

2eB
{q21 + (p2 − p′2)

2}
]

[q21 + (p2 − p′2)
2 + (p3 − p′3)

2 + 1/r2s ]
2 .
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At the Fermi energy ϵ(p3) = µ, some straightforward manipulations yield

w14 ≡
∫
dp′2
2π

W (p2, P1 → p′2,−P1) =

(
4πe2

κ

)2

NI
m2

µ2

1

4π

1

2eBγ(−P1, P1)
I(γ(−P1, P1)), (5.8)

where

γ(p3, p
′
3) ≡

(p′3 − p3)
2 + 1/r2s

2eB
, (5.9)

and

I(γ) ≡
∫ ∞

0

dx
x

x+ γ
e−x = 1 + γeγEi(−γ), (5.10)

where Ei being the exponential integral. From Eq.(5.5) we find

τ(P1) =
P1

2µw14

. (5.11)

This equation and Eq.(5.8) yield

1

τ
=

8πe4NI

κ2
m2

µ
√
µ2 −m2

1

4(µ2 −m2) + 1/r2s
I

(
1

2eB
(4(µ2 −m2) + 1/r2s)

)
. (5.12)

To compare the result by Argyres and Adams for the non-relativistic fermion in the strong
magnetic field region [2], let us substitute µ = m + ϵ3. Here ϵ3 means the kinetic energy in
the third direction. We can reproduce the non-relativistic form of the relaxation time by
expanding it in ϵ3

m
:

1

τ
=

πe4NI

κ2(2m)1/2
ϵ−3/2
z

I
(

1
ω0
(4ϵz + ϵs)

)
1 + (ϵs/4ϵz)

[
1− ϵz

m
+O

(( ϵz
m

)2)]
, (5.13)

where ω0 =
eB
m
, and ϵs =

1
2mr2s

.

In the strong magnetic field limit eB → ∞, I
(

1
2eB

(4(µ2 −m2) + 1/r2s)
)
→ 1, then

1

τ
→ 8πe4NI

κ2
m2

µ
√
µ2 −m2

1

4(µ2 −m2) + 1/r2s
. (5.14)

Then we get the interpolating formula between the relativistic and the non-relativistic mag-
netoconductivities in the strong magnetic field limit as shown in Fig.[9]. While 1/τ grows
as

1

τ
∝ (µ2 −m2)−1/2 (m/µ ∼ 1), (5.15)

in the non-relativistic limit, we find

1

τ
∝ m2 (m/µ ∼ 0), (5.16)
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Figure 8: The mass dependence of the magnetoresistance without consideration of inter-cone
transition: σzz[(e

2/h)/nm] vs. m/µ. The parameters: 8πe4NI

κ2µ3
∼ 10, B ∼ 10T, 1/r2s ∼ µ ∼

10meV, vF ∼ 1015nm.

in the relativistic limit.
In the massless limit, since w14 goes to zero, the relaxation time goes to infinity, but

for the inter-cone transition. It reflects the fact that the helicity does not flip during the
impurity scattering in the massless case. However, with the growth of the Fermi energy,
terms proportional to a lattice constant a which are negligible in the low energy effective
theory, come into play an effective role in the explicit breaking of the chiral symmetry. Let
us consider the terms proportional to the lattice constant in Eq.(2.6), in order to see the
region where the effect of the finite lattice constant rather than the mass becomes dominant
in chiral symmetry breaking. The mass term in the Hamiltonian is changed into

m→ m+ arD2.

The additional term can be written in terms of the canonical momentum

D2 = π2
1 + π2

2 + p23
= 2eBa†a+ eB + p23.

Therefore the mass term is modified into a momentum-dependent mass

Mn(p3) = m+ ar

[
2eB

(
n+

1

2

)
+ p23

]
.

Even in massless case, since the effective mass due to the lattice artifact remains non-zero,
the intra-cone transition can occur. Then the magnetoconductivity should be suppressed in
massless limit like dotted line in Figure 9. If the parameter r is order 1 and eB is the same
order as the Fermi energy, although eB > µ2 −m2 in the strong magnetic field region, the
lattice artifact gives the effective mass in order of aµ2. Therefore when m ≲ aµ2, the lattice
artifact term plays a dominant role in the chiral symmetry breaking. In the typical Dirac
semimetals where the negative magnetoresistance is observed, the lattice constant and the
Fermi energy are a ∼ 10eV−1, µ ∼ 0.01eV, respectively [45, 46]. Therefore, in m/µ ≲ 0.1
region the lattice artifact is dominant, and if one can open a gap m ≳ 1meV by breaking the
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Figure 9: The interpolating function between the relativistic and non-relativistic case for the
conductivity: σzz vs. m/µ. The solid line is the estimation without the inter-cone transition.
In the massless limit, the effect of the higher derivative terms in the Hamiltonian dominate
the relaxation time and suppress the conductivity (dotted line).

crystalline rotational symmetry, the effect can be observed in the experiment. According to
Ref.[32], 1% compression will open up a gap of ≈ 5.6meV, so the effect of the gap by the
mechanical strain can be observed.

6 Magnetoconductivity in Weaker Magnetic Field

Let us consider what happens as we make the magnetic field weaker. As the magnetic field
is weakened, the energy bands of the excited states lower down. After the first excited
states touch the Fermi level, these states open as new channels of the scattering. Similar
computations of transition amplitude between Landau levels are provided in Ref.[58, 60]. The
calculations in those references are treating the case where the chemical potential is below
the threshold so that only off-shell transition appears as an intermediate state in the second
order perturbation theory. In our calculation the chemical potential is above the threshold so
that direct transition from lowest Landau level to higher Landau level is allowed as on-shell
transition.

Let us consider the case that only the lowest (n = 0, σ3 = +1) and the 1st excited states
(n = 0, σ3 = −1) and (n = 1, σ3 = +1) in Landau levels are below the Fermi energy. Defining
P1 and P2 as

P1 =
√
µ2 −m2, (6.1)

P2 =
√
µ2 −m2 − 2eB, (6.2)

we find that P∗ in Eq.(4.23) is ±P1 for the state with (n = 0, σ3 = +1), and ±P2 for the
states with (n = 1, σ3 = +1), (n = 0, σ3 = −1), respectively. At zero temperature, only
these six set of states (labeled by I = 1, · · · , 6)[Fig. 10] at the Fermi level contributes to the
scattering process. We label these states as

1 = (n = 0, σ3 = +1, p3 = P1), 2 = (n = 1, σ3 = +1, p3 = P2), 3 = (n = 1, σ3 = +1, p3 = −P2),

4 = (n = 0, σ3 = +1, p3 = −P1), 5 = (n = 0, σ3 = −1, p3 = P2), 6 = (n = 0, σ3 = −1, p3 = −P2).
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We denote the corresponding relaxation time τI(I = 1, · · · , 6) as:

τ1 = τ0,+(P1), τ2 = τ1,+(P2), τ3 = τ1,+(−P2),

τ4 = τ0,+(−P1), τ5 = τ0,−(P2), τ6 = τ0,−(−P2). (6.3)

Then from Eq.(4.23), the size of the current can be written as

J =
−e3BE
(2π)2µ

[P1(τ1 + τ4) + P2(τ2 + τ3 + τ5 + τ6)]. (6.4)

Figure 10: The definition of the labels for the states on the Fermi energy. We keep the same
notation even for strong magnetic field case 2eB > µ2 −m2, in which only the states 1 and
4 exist.

From the Fermi’s golden rule, the energy is conserved before and after the transition so
that the probability can be written as

W (n, σ3, p2, p3 →, n′, σ′
3, p

′
2, p

′
3)

≡ 2πδ(ϵ(n, σ3, p3)− ϵ(n′, σ′
3, p

′
3))W (n, σ3, p2, p3 →, n′, σ′

3, p
′
2, p

′
3). (6.5)

We define wIJ for I, J = 1, · · · , 6 as

wIJ ≡
∫
dp′2
2π

W (I → J).

From a consideration of symmetries, one expects

wIJ = wJI , (I, J = 1, · · · , 6)
w12 = w43, w13 = w42, w15 = w46, w16 = w54, w25 = w63, w26 = w53. (6.6)

Assuming that the impurities are distributed uniformly with density NI , we can calculate
wIJ analytically. There are nine independent components of wIJ : w12, w13, w14, w15, w16,
w23, w25, w26, w56. At the Fermi energy ϵ(n, σ3, p3) = µ, we can calculate wIJ in the same
way as Sec.5,

w12 =

(
4πe2

κ

)2

NI

[
(µ+m)2 + P1P2

]2
4µ2(µ+m)2

× 1

4π

1

2eB

1

γ(P1, P2)
[1− (1 + γ(P1, P2))I(γ(P1, P2))] , (6.7)
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w13 =

(
4πe2

κ

)2

NI

[
(µ+m)2 − P1P2

]2
4µ2(µ+m)2

× 1

4π

1

2eB

1

γ(P1,−P2)
[1− (1 + γ(P1,−P2))I(γ(P1,−P2))] , (6.8)

w14 is given by Eq.(5.8),

w15 =

(
4πe2

κ

)2

NI
4(2eB)P 2

2

(4µ)2(µ+m)2

× 1

4π

1

2eBγ(P1, P2)
[1− (1 + γ(P1, P2))I(γ(P1, P2))] , (6.9)

w16 =

(
4πe2

κ

)2

NI
4(2eB)P 2

2

(4µ)2(µ+m)2

× 1

4π

1

2eBγ(P1,−P2)
[1− (1 + γ(P1,−P2))I(γ(P1,−P2))] , (6.10)

w23 =

(
4πe2

κ

)2

NI
4

(4µ)2(µ+m)2

×2eB

4π

[(
2m(µ+m)

2eB

)2 −2− γ(P2,−P2) + (3 + 4γ(P2,−P2) + γ2(P2,−P2))I(γ(P2,−P2))

γ(P2,−P2)

+

(
2m(µ+m)

2eB

)
−6− 2γ(P2,−P2) + (10 + 10γ(P2,−P2) + 2γ2(P2,−P2))I(γ(P2,−P2))

γ(P2,−P2)

+
−4− γ(P2,−P2) + (8 + 6γ(P2,−P2) + γ2(P2,−P2))I(γ(P2,−P2))

γ(P2,−P2)

]
, (6.11)

w25 =

(
4πe2

κ

)2

NI
8eBP 2

2

(4µ)2(µ+m)2
−1 + (2 + γ(P2, P2))I(γ(P2, P2))

4π(2eB)
, (6.12)

w26 =

(
4πe2

κ

)2

NI
4P 2

2

(4µ)2(µ+m)2
(γ2(P2,−P2) + 4γ(P2,−P2) + 6)I(γ(P2,−P2))− γ(P2,−P2)− 2

4πγ(P2,−P2)
,

(6.13)

w56 =

(
4πe2

κ

)2

NI
4

(4µ)2(µ+m)2
1

4π(2eB)γ(P2,−P2)

[{
(2eB)2γ2(P2,−P2)

+ 4eB(6eB + 2m(µ+m))γ(P2,−P2) + 4 {m(µ+m) + 2eB} {m(µ+m) + 4eB}} I(γ(P2,−P2))

− 2eB {2eBγ(P2,−P2) + 4 (m(µ+m) + 2eB)}] , (6.14)

where γ(p3, p
′
3) and I(γ) are defined by Eqs.(5.9), (5.10). Here we used some formulae for

I(γ) summarized in AppendixA.
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Integrating over p′2, p
′
3, we obtain from Eq.(4.20)

PI =
6∑

J=1

wIJ(τIPI − τJPJ)
µ

|PJ |
. (6.15)

Since the probability distributions f and f0 are normalized to unity, their difference satisfies∑
n,σ3

∫
d2p

(2π)2
δf(n, σ3, p2, p3) = 0,

from which one obtains using Eq.(4.15)

τ1 + τ2 + τ5 − τ3 − τ4 − τ6 = 0. (6.16)

Writing down Eq.(6.15) by using the relation for wij (6.6), we obtain

P1 =
µ

v

[
τ1

{
(w12 + w13 + w15 + w16)

P1

P2

+ w14

}
−τ2w12 + τ3w13 + τ4w14 − τ5w15 + τ6w16] (6.17)

P2 =
µ

v

[
−τ1w12 + τ2

{
(w12 + w13)

P2

P1

+ w23 + w25 + w26

}
+τ3w23 + τ4w13 − τ5w25 + τ6w26] (6.18)

−P2 =
µ

v

[
−τ1w13 − τ2w23 − τ3

{
(w13 + w12)

P2

P1

+ w23 + w25 + w26

}
+τ4w12 − τ5w26 + τ6w25] (6.19)

P1 =
µ

v

[
−τ1w14 − τ2w13 + τ3w12 − τ4

{
(w13 + w12 + w16 + w15)

P1

P2

+ w14

}
−τ5w16 + τ6w15] (6.20)

P2 =
µ

v
[−τ1w15 − τ2w25 + τ3w26 + τ4w16

+τ5

{
(w15 + w16)

P2

P1

+ w25 + w26 + w56

}
+ τ6w56

]
(6.21)

−P2 =
µ

v
[−τ1w16 − τ2w26 + τ3w25 + τ4w15

−τ5w56 − τ6

{
(w16 + w15)

P2

P1

+ w26 + w25 + w56

}]
. (6.22)

We solve these simultaneous equations. From (6.17)+(6.20),

0 = (w12 + w13 + w15 + w16)
P1

P2

(τ1 − τ4)

−(w12 + w13)(τ2 − τ3)− (w15 + w16)(τ5 − τ6), (6.23)

from (6.18)+(6.19)

0 = −(w12 + w13)(τ1 − τ4) +

{
(w12 + w13)

P2

P1

+ w25 + w26

}
(τ2 − τ3)

−(w25 + w26)(τ5 − τ6), (6.24)
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and (6.21)+(6.22)

0 = −(w15 + w16)(τ1 − τ4)− (w25 + w26)(τ2 − τ3)

+

{
(w15 + w16)

P2

P1

+ w25 + w26

}
(τ5 − τ6). (6.25)

Only two equations of these three are independent equations. Combining Eqs.(6.15), the
relation of wIJ (6.6), and the relation between the relaxation times (6.16), we find that the
relaxation times on the same bands are equivalent:

τ1 = τ4, τ2 = τ3, τ5 = τ6. (6.26)

Substituting these into Eqs. (6.17), (6.18), (6.21) and dividing by P1, P2, P2, respectively we
obtain the simultaneous equations

1 =
µ

v

[
τ1

{
(w12 + w13 + w15 + w16)

1

P2

+ 2w14
1

P1

}
−τ2(w12 − w13)

1

P1

− τ5(w15 − w16)
1

P1

]
(6.27)

1 =
µ

v

[
−τ1(w12 − w13)

1

P2

+ τ2

{
(w12 + w13)

1

P1

+ (2w23 + w25 + w26)
1

P2

}
−τ5(w25 − w26)

1

P2

]
(6.28)

1 =
µ

v

[
−τ1(w15 − w16)

1

P2

− τ2(w25 − w26)
1

P2

+τ5

{
(w15 + w16)

1

P1

+ (w25 + w26 + 2w56)
1

P2

}]
. (6.29)

Solving Eqs.(6.27)-(6.29), we can determine the relaxation times in terms of transfer proba-
bilities. The solution of the these equations are given in Appendix B.

Let us make a remark on the gapless case m = 0. In Eqs. (6.27), (6.28), (6.29), the
quantity w14 vanishes but all other wij’s do no vanish and there remains a nontrivial solution
for the relaxation time τ1, · · · , τ6. This means that for the magnetic field weaker than a
critical value Bc =

µ2

2e
where the higher Landau level contributes to the transition, there is

a process where left handed mode is scattered to right-handed mode in the same light-cone
mediated by the higher Landau level states even in the massless limit. This effect drastically
reduces the conductivity for B < Bc [Fig.11]. For B < B′

c, where the second excited states
contribute to the transition, further reduction of the conductivity is expected[Fig:12].

This feature is similar to the situation in a carbon nanotube which is a rolled graphene
sheet and has two dimensional fermion system. The band structure of the carbon nanotube
is known to be

ϵ±n(p) = ±
√

4π2

L2

(
n− ν

3

)2
+ p2, n = 0,±1,±2, · · · ,

where L is the circumference, ν = 0,±1 is determined by the helical arrangement [89]. We
notice that the band structure has the same form as the Landau levels in Dirac semimetals
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Figure 11: The magnetic field dependence of the conductivity in massless limit:
σzz[(e

2/h)/nm] vs. 2eB/µ2. The parameters: 8πe4NI

κ2µ3
∼ 10, 1/r2s ∼ µ ∼ 10meV, vF ∼ 1015nm.

We take only the lowest Landau level and the first excited states into account, which is safely
applied in the range 0.5 < 2eB/µ2 < 1.

Figure 12: The cartoon figure of the magnetic field dependence of the conductivity: σzz vs.
2eB/µ2.Our result is safely applied in the range B′

c < B < Bc (solid line). When B > Bc,
since the intra-cone transition is forbidden for massless fermion, only the inter-cone transition
contribute to the suppression of the conductivity (dotted line). When B < B′

c, the second
excited states contribute to the intra-cone transition (dotted line).
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derived in Subsec.4.1. Besides, it is known that the conductivity changes sensitively as a
function of the Fermi energy [90], which comes from the same mechanism as our conductivity
as a function of the magnetic field. The different points are following. Our system is originally
three dimensional system and so each Landau level has the degeneracy proportional the
magnetic field. The interval of each Landau levels can be controlled by changing the magnetic
field. As a result, the conductivity in the Dirac semimetals depends both on the magnetic
field and the Fermi energy.

7 Summary and Discussion

In this thesis, we have studied the relaxation time for the Dirac fermion scattered by the
Coulomb impurities, using the action for relativistic Dirac fermion as the low energy effective
theory. We have investigated the magnetoconductivity in the Dirac semimetal with mass gap
m from mechanical strain and under magnetic field B including the regime away from the
quantum limit. We have derived the general formula for the relaxation time due to the intra-
cone transition, starting from the Boltzmann equation in the relaxation time approximation.
Combining with the result of calculation of the transition probability, we have obtained the
magnetic dependence of the longitudinal magnetoconductivity.

In the first part, we have seen that the Hamiltonian for the topological insulator and
the spin splitting term induced by the magnetic impurity leads to an energy dispersion
relation of the Weyl semimetal[74]. Expanding the energy around the Weyl nodes, we have
obtained the effective Hamiltonian for the right- and left-handed Weyl fermion with the
topology ±1. We have also seen that the stable existence of the Dirac semimetal requires the
rotational crystalline symmetry as well as the time reversal and parity symmetry. Therefore
it is expected that the gap in the Dirac semimetals opens up when the rotational crystalline
symmetry is broken by the mechanical strain[32, 40, 41, 42]. Such massless fermion systems
have an analogous effect to the chiral anomaly. In macroscopic system, the chiral anomaly
arises as the imbalance between right- and left-handed Fermi energy, and result in the unusual
electric current[1].

In the second part, we have investigated the relation between the relaxation time and the
current when the multiple Landau levels cross the Fermi energy. The phenomenon of negative
magnetoresistance is not only the feature of the Weyl or Dirac semimetals. In fact, although
in Ref.[2, 59] they do not assume the existence of the chiral anomaly, they conclude the
negative magnetoresistance emerges in the system. The universal existence of the longitudinal
magnetotransport for a generic three dimensional metal is also demonstrated in Ref.[91]. We
have also derived the general formula for the relaxation time without discussion about the
chiral anomaly. On the other hand, even in the same material Cd3As2, when its carrier density
is very high, the behavior of the observed longitudinal magnetoresistance is not negative, but
the usual Shubnikov de Haas oscillation[62]. This experiment indicates that when the lowest
Landau level is hidden under the Fermi energy, the negative magnetoresistance due to the
chiral anomaly does not emerge. Therefore we have addressed the middle range between the
ultra high Fermi energy case and the case in the quantum limit. In this case, each state
which crosses the Fermi energy contribute to the scattering, and the relaxation times depend
on the momentum of the states. The size of the electric current is given by the sum of the
contribution from each states.
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Since the realization of the unstable Dirac semimetals requires the very detailed fine tuning
of the parameter, the Dirac semimetals used in the experiments[43, 44] have the possibility
of the small gap opening. Even in the stable Dirac semimetals, the magnetic field should be
applied along a certain direction which preserve the crystalline symmetry which protect the
gapless Dirac nodes. Since when the magnetic field direction is deviated from the symmetric
direction, the Dirac semimetals used in the experiments[32, 33] may have very small mass
gap. Therefore we have computed the effect of mass to the intra-cone transition and obtained
the interpolating formula between the relativistic and non-relativistic magnetoconductivity
in strong magnetic field region2eB > µ2−m2. In massless limit, the relaxation time diverge,
because the intra-cone transition does not occur due to the helicity conservation, but for the
inter-cone transition. In non-relativistic limit, our result coincide with the previous result
calculated by Argyres and Adams [2].

In weak magnetic field region 2eB < µ2 −m2, the property of the relaxation time dras-
tically changes. The first excited states open as new channels of the scattering. Even in
massless limit, the intra-cone transition through these states, which does not occur in strong
field region, contribute to the finite relaxation times. We have found that as the magnetic
field becomes stronger, the conductivity becomes smaller.

At the border of the strong and weaker magnetic field region where the first excited states
just touch the Fermi level, one finds 2eBc = µ2 −m2. In this case Fig.[12] shows that the
conductivity goes to zero. This means that at the border of the strong and weak magnetic
field the current goes to zero, while the current becomes very large when the magnetic
field exceed that point because only the inter-cone transition contribute to the suppression
of the conductivity. This phenomenon could be an interesting signal for the longitudinal
magnetoconductivity related to the chiral anomaly in the condensed matter system.

In our study, we considered only the lowest and first excited bands. When 2eB < µ2−m2

2
,

the second excited states come to contribute to the scattering. So the higher energy band
states should be included, when one considers weaker magnetic field case. We considered
zero temperature case where scattering by the acoustic phonon can be neglected. However
in finite temperature case, we should include the effect of the phonon scattering. Note that
the simultaneous equations (6.15) hold when one considers higher excited states or different
kind of scattering sources. We focus on the effects on the magnetoconductivity for the Dirac
semimetals due to the onset of ‘intra-cone transition’ so that the effects can be described
by the low energy effective theory for the single Dirac cone. The inter-cone transition effect
should contribute to the relaxation[57, 59, 61], which is highly dependent on the materials
and its lattice models.

The electric current induced by the chiral anomaly now getting a renewed interest in
the quark gluon plasma[67], the electro-weak plasma in early universe[70], and neutrinos in
supernovae[71]. Our approach may also be extended to these systems. Besides, the chiral
magnetic effect in the Weyl or Dirac semimetals is an interesting topic not only as the
demonstration of the chiral anomaly in the low energy experiment, but also as potential
applications in ‘valleytronic’ devices[73].
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A Formulae for I(γ)

In this appendix, we summarize the formulae for I(γ) used in Sec.6. The definition of I(γ)
is given by

I(γ) ≡
∫ ∞

0

dx
x

x+ γ
e−x. (A.1)

From ∫ ∞

0

dx
e−x

x+ γ
=

∫ ∞

0

dx

(
x+ γ

x+ γ
− x

x+ γ
− γ − 1

x+ γ

)
e−x

= 1− I(γ)− (γ − 1)

∫ ∞

0

dx
e−x

x+ γ
,

we find

γ

∫ ∞

0

dx
e−x

x+ γ
= 1− I(γ).

Therefore we obtain ∫ ∞

0

dx
e−x

x+ γ
=

1− I(γ)

γ
. (A.2)

Integration by parts yields∫ ∞

0

dx
xe−x

(x+ γ)2
=

∫ ∞

0

dx
d

dx

(
− 1

x+ γ

)
xe−x

=

∫ ∞

0

dx
1− x

x+ γ
e−x

=
1− I(γ)

γ
− I(γ)

=
1− (1 + γ)I(γ)

γ
. (A.3)

Simimlarly, ∫ ∞

0

dx
e−x

(x+ γ)2
=

∫ ∞

0

dx
d

dx

(
− 1

x+ γ
+

1

γ

)
e−x

=

∫ ∞

0

dx

(
− e−x

x+ γ
+
e−x

γ

)
= −1− I(γ)

γ
+

1

γ

=
I(γ)

γ
, (A.4)
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and ∫ ∞

0

dx
x2e−x

(x+ γ)2
=

∫ ∞

0

dx
(x+ γ)2 − 2γx− γ2

(x+ γ)2
e−x

=

∫ ∞

0

dx

(
1− 2γ

x

(x+ γ)2
− γ2

1

(x+ γ)2

)
e−x

= 1− 2γ
1− (1 + γ)I(γ)

γ
− γ2

I(γ)

γ

= −1 + (2 + γ)I(γ). (A.5)

B Solution of Equations for Relaxation Times

Simultaneous equations for relaxation times (6.27-6.29) can be written as 1
1
1

 =
µ

v

 M11 M12 M13

M21 M22 M23

M31 M32 M33

 τ1
τ2
τ5

 , (B.1)

where

M11 = (w12 + w13 + w15 + w16)
1

P2

+ 2w14
1

P1

, (B.2)

M12 = −(w12 − w13)
1

P1

, (B.3)

M13 = −(w15 − w16)
1

P1

, (B.4)

M21 = −(w12 − w13)
1

P2

, (B.5)

M22 = (w12 + w13)
1

P1

+ (2w23 + w25 + w26)
1

P2

, (B.6)

M23 = −(w25 − w26)
1

P2

, (B.7)

M31 = −(w15 − w16)
1

P2

, (B.8)

M32 = −(w25 − w26)
1

P2

, (B.9)

M33 = (w15 + w16)
1

P1

+ (w25 + w26 + 2w56)
1

P2

. (B.10)
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Deriving the inverse matrix of M , we obtain the relaxation times

τ1 =
v

µ

M13M22 −M12M23 −M13M32 +M23M32 +M12M33 −M22M33

M13M22M31 −M12M23M31 −M13M21M32 +M11M23M32 +M12M21M33 −M11M22M33

(B.11)

τ2 =
v

µ

−M13M21 +M11M23 +M13M31 −M23M31 −M11M33 +M21M33

M13M22M31 −M12M23M31 −M13M21M32 +M11M23M32 +M12M21M33 −M11M22M33

(B.12)

τ5 =
v

µ

M12M21 −M11M22 −M12M31 +M22M31 +M11M32 −M21M32

M13M22M31 −M12M23M31 −M13M21M32 +M11M23M32 +M12M21M33 −M11M22M33

.

(B.13)
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