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Abstract of Thesis

Since Aharonov et al. proposed the concept of weak value in 1988, there have been a number of studies on weak values both
theoretically and experimentally, and the number of the papers is still increasing a lot. A weak value was first defined as the
expectation value of an observable measured by an infinitesimally weak measurement when the system’s initial state is
pre-selected and its final state is post-selected. It became clear that a weak value sometimes exceeds the range of the eigenvalues
of an observable. Moreover, a weak value sometimes can be complex. However, weak values require infinitesimally small

interaction strengths between the measured system and the measuring device.

In order to allow a finite strength in the measurement interaction, the concept of modular value was proposed by Kedem and
Vaidman in 2010. However, the research on modular values is not so well developed as research on weak values. A general
relationship between modular values and weak values is still not explicitly stated. Furthermore, fully generalized

characterizations, as well as the complex-behavior understanding of modular values, are still missing.

This dissertation introduces and develops a general approach for modular value. Particularly, we first indicate generalized
relationships between modular values and weak values for finite-dimensional systems by using the Lagrange interpolation. These
relations enable us to evaluate weak values by experimentally obtainable modular values. As a result, we can analyze and

interpret some quantum paradoxes by using modular values, such as the EPR, the Hardy, and the Cheshire-cat paradoxes.

As for the generalizations, we implement a generalized modular-value-based scheme based on a positive-operator valued measure
(POVM) approach for post-selection measurements, where we generalize from conventional two-level pointers to multi-level
pointers and continuous pointers. These analyses lead to a so-called generalized modular value. One of the key results is that the
amplification effect is observed in the case of the generalized modular value. We then apply our proposal to the case of a spin-s
particle pointer, a semiclassical pointer state, and a continuous pointer state. After that, the time-dependent weak values and
modular values are also generalized onto an enlarged Hilbert space. Therein, we propose an enlarged state, which combines both
the initial and final states at a given time ¢. Using this enlarged state, the quantum weak and modular values can be completely
interpreted as expectation values in the enlarged Hilbert space. This proposal thus potentially allows us to efficiently evaluate the
weak and modular values at any time without using any quantum tomography calculation. We also apply our proposal to an

example of a spin-1/2 particle. A method for implementing the enlarged Hamiltonian is also presented.

As for clarifying the complex behaviors of modular values, we investigate the complex behaviors of modular values. We derive
the polar decomposition of a modular value into the modulus and phase components and connect these components onto some
physical properties. Then, we also discuss a relationship between the modulus and phase, wherein the derivative of the phase
relates to the derivative of the logarithm of the modulus via a Berry-Simon-like connection, which is in the form of a weak value.
As a consequence, the modulus-phase relation enables us to acquire these polar components whenever the connection is specified.

Furthermore, we also illustrate the modulus-phase relation on the Bloch sphere.

Our study provides detailed generalizations of quantum modular values as well as the complex behaviors in various aspects of
quantum mechanics. This work, therefore, significantly contributes to the understanding and usage of quantum modular values

and could also motive and guide further various exciting experiments.
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BT ROKRLREZBNIIHHEEOHHELZHET L Lich b, HHEEL —OROTH, TOYHFEITROIR
RIEGET 20T, $fHE%E 5 2 2 UTTRORERE L JERFER—2d 5 (single-state formalism), Z I AEED
RWTH DM, T2 ZITHFB 2RI T 5 & EOMERCIREBRED LD, REIZZONF LT 2 PR L L
WHFEEDL ET—HA L ZFEIBOKNOM TEHE =N —RELIEL LIt &, TOM/HHEEZRAPENVYTTH
FHEWIRREEZ D &, —EEICIEE SN RGIREE L “HH THRH L7RIGCIREE DM 5 232 DFHEICA - TR
%, OFVHHEE G 2 5 RUTHRIREE LR EE (BRIREED D OISR TITR S JALITERIE) © ARBED LD JEIE A 5 5
(two-state formalism), ZOFUTHEDEHT LS T—EIITRESRWVN, 7272 "o, BHEOHE & HHIED
FRIEDOB ST EDOHFITEFE LWL b, FO50 9 bIRIEIZTRORMEZE LT LE 528, BHIEOES
ITRICHEELZ 5 2 20O T, [ROFENRI 2R TH/RMEE 02, e 2ETstoNTomHEIC>NT, T
BAESPICTOMBEEBELZLENTE D, TNET AT/ 701 T9HME] LA, 2 O5MEITAEEVER 2385\ 4
EO2=F Y EETOMFHE (OEEO—RER) IZHYT 50T, BELRWVAEOEZOROHHEEZ Y 74 K<
UNE TEV 2T —fl] EFEAT, WIFFE S 13V 2, 59E & FER. ERREBOER NS Z 255, Y2 7 —HIZHE
TREE GG < WGBTS HANFIK Z ENRB R BIZE STV D R, ZO—ERIHEEIITHEIZE LIKHILNTE LT,
WEIRTE R b E N TR o T2,

BIN HOEK D L3I ZDF Y 2 T —(HEOMEEZH ST L, WSRO k2 REBIICHL LT b DT
b, ET(DEV 2T —EEFHEORO—ENEREZ, 777 0¥ 2 Ofi5ElE & I 21770 FFiEZISH LT
SN LT, ZHAUTROE L~ FNERIBIRITCLL ED & X213 Y (—Fn) 2&Te e 208, 2ot QE¥EMRCE
TEY M) OLXIMEABEERICR D, £72@)FHHECEY 2 7 —EITATEEH I BB X512, ke & &k
REDRIDORZI OB TIEH 2 OO ZIUIKRRMFEZEKR L2, CREORINZFFoTHEL THHTHLND
TR DA OB Thd, BINHOKIZRZ LV KER AL MERDRICEEND L O ICIERTEHZ &Ic kb,
REHFE R % T D EMR TR ORI 2 5 & ) X E Rod7z, ZDFAdsingle-state formalismlZ R > TV D,
HLINNEZEDORTRS EBRIZTDOREZ Y I 2L — FCEX3HEORE LTHEKRTE 25, —HHORELE LT
BRTHZEenTED, IHIZO)EY a7 —EOMGEN D OWMIRWER, FRHE/EHARRIZES A 021k
ERY —NHIZT BEND Z EEH LM L, & L THSHES & MAORICEABROBERH D 2% (bx D
S FEORREERO I Tv—R - =y E RPN AWVICHESERTH D L HI12) HENC Lz,

U EOWMHEITE Y 27 —EOERICELTEZREMAZLTEL LIEBDT, ZOHENVHIZONTHEARE LD
DTHD, FEMEIVIC WIESICEREAHENR LD L LTEY 27 —lOEL OMREE, T OB LH)
2T 5L, BN RARESE L6 Lz, LoTiEL (%) O X e LTMEOH D LD EBD 5,




