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Multi—-agent systems can be modeled with graphs, and their dynamics can be characterized by the spectrum
of the graph Laplacian. For example, the second smallest eigenvalue of the Laplacian is called the
algebraic connectivity (AC) because it can be a measure of connectedness of the graph. It also gives us
the convergence rate of the MAS in the worst case

On the other hand, by considering large systems as hierarchical network constructed by interconnecting
subsystems, analysis/design method for the systems have been explored in various ways. Still, calculating
eigenvalues of graph Laplacian which corresponds to large systems have difficulty because of its size. In
this research, we consider convergence analysis of network—of—networks with hierarchical structure.
Firstly, we propose a method for finding the algebraic connectivity of network—of—networks having a graph
product structure. The networks are composed of several homogeneous subsystems, where their corresponding
vertices are interconnected through an interconnection graph. We show that, without calculating Laplacian
spectrum of graph corresponding to the entire system directly, the algebraic connectivity and the other
eigenvalues can be obtained from properties of graphs corresponding to the subsystem and the
interconnection. Also, we indicate that the algebraic connectivity of an entire system does not exceed
those of the subsystem and the interconnection.

And we propose a classification of multi—agent systems with hierarchical network structure based on
algebraic connectivity. In the system, each subsystems has the same number of agents (that is, the same
number of vertices) and has structure which can be different, where several vertices of subsystems form
interconnections with other subsystems, respectively. Then we derive a necessary and sufficient condition
for adding edges to subsystems of the original graph with preserving its algebraic connectivity. To this
end, we first define positive definite matrices with graph Laplacian of the subsystem and eigenvalues of
the interconnection. We also calculate the eigenvectors of certain positive matrices defined above and
eigenvectors of the graph Laplacian corresponding to the interconnection. The condition is expressed with
the eigenvectors and graph Laplacian corresponding to edge addition.

Also, we consider a convergence rate of a consensus algorithm in a network represented as a digraph
product. The graphs represent subsystems and interconnection are balanced graphs and every subsystems
have the same structure where the corresponding vertices are connected to other subsystems via
interconnections with the same structure. While a convergence rate of average consensus in such systems
are considered, we show that for hierarchical network it can be calculated easily. For the convergence
rate, we consider the algebraic connectivity of the mirror graph of the original directed graph.

Lastly, we consider convergence rate of a consensus algorithm in a network with directed & balanced
heterogeneous substructure. The graphs represent subsystems and interconnection are balanced graphs and
not every subsystems have the same structure, where the corresponding vertices are connected to other
subsystems via interconnections with the same structure. For the convergence rate, we consider the
algebraic connectivity of the mirror graph of the original directed graph.
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