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Abstract 

In this short contribution we report relations between the 

Abelian monopoles in the Maximal Abelian gauge, the 

number of zero modes of Overlap femions, and instantons. 

We show that the number of zero modes increase with the 

total physical length of monopole loops. The number of in-

stantons is directly proportional to the total physical length 

of monopole loops. These features support the results in 

Ref. [I]. 

1 Introduction 

modes of plus and minus chiralities in the same configura-

tion. We always observe the zero modes which are only plus 

or minus chiralities in the same configuration; topological 

charges. Therefore, we find that the number of ins tan tons N1 

is counted from the values of the average square of the topo-

logical charges〈Qり.We show that the instanton density is 

consistent with the result of the ins tan ton liquid model [ 13]. 

Next, we generate SU(3) quenched configurations adding 

one pair of monopoles with charges me = 0, 1, 2, 3, 4 by the 

monopole creation operator [14]. We confirm that the ad-

ditional monopoles make only the long monopole loops, 

and the length of the monopole loops increases with the 

We study the relations between chiral symmetry breaking, monopole charges. Moreover, the number of zero modes, 

instantons, and monopoles using the computers at the Cy- and the number of mstantons increase with the monopole 

bermedia Center and Research Center for Nuclear Physics charges. Then, we show that one magnetic charge me = 1 

(University of Osaka), and at the Yukawa Institute for The- makes one (+ or -) instanton by comparing with our predic-

oretical Physics (University of Kyoto). In order to in- tions. 

vestigate the relations, we use Overlap fermions which Moreover, we compute the chiral condensate that is an or-

hold the chiral symmetry in the lattice gauge theory as a der parameter of chiral symmetry breaking from low-lying 

tool [2, 3, 4, 5, 6, 7, 8, 9, 10, 11]. We have reported our eigenvalues and eigenvectors of the Overlap Dirac opera-

research results as follows [1, 12]: tor. We show that the additional monopoles induce chiral 

First, we generate SU(3) quenched configurations. We symmetry breaking. 

construct the Overlap Dirac operator from the gauge links, In this study, first, we diagonalize normal SU(3) 

and solve the eigenvalue problems. We then count the zero quenched configurations by the Maximal Abelian gauge 

modes in the spectra of the Overlap Dirac operator as the (MAG), and calculate the monopole currents from Abelian 

number of mstantons. However, we never observed zero link variables after the Abelian projection. The monopole 

This report is a contribution to the HPC journal. currents make loops because of the conservat10n law, there-
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fore, we measure the total length of monopole loops and is compared the Wilson Dirac operator with the Overlap 

evaluate the monopole density [15, 16, 17, 18, 19, 20]. We Dirac operator each the number of zero modes Nzer。inTa-

find that the numbers of zero modes, and the number of in- ble 1. 

stantons increase with the total physical length of monopole 
Table 1: The computation time (user time in hour unit) of 

loops. These features support the above results [1]. More-
the Wilson (W) and Overlap (Ov) Dirac operators. One con-

over, the number of instantons is directly proportional to the figuration is used each measurement. /3 = 6.00. SX-ACE is 
used. 

total physical length of monopole loops. 

The contents of this contribution are as follows: First, we 

shortly review our research. Second, we briefly introduce 

Abelian monopoles. Last, we evaluate quantitatively the 

physical length of Abelian monopole loops, the number of 

zero modes, and instantons. 

2 Overlap fermions 

We use Overlap fermions which hold the chiral symmetry 

in the lattice gauge theory [2, 3]. In our study, first, we 

generate SU(3) quenched configurations, and compute the 

Wilson Dirac operator Dw (p) = Dw -~from the gauge 

links. The mass less Wilson Dirac operator is Dw. The 

(negative) mass parameter is used p = 1.4 in our simula-

tion. The lattice spacing is a. Then, we compute the sign 

function c(Hw (p)) of the Hermitian Wilson Dirac operator 

Hw(P) = 1辺w(p) as follows: 

E(Hw(p))三
Hw(P) 

(1) 

Last, the Overlap Dirac operator is defined by the sign func-

tion as follows: 

OP V Nz=O Nz = 1 Nz=2 Nz=3 

W 14328 0.9 0.9 0.9 1.0 

184 1.3 1.2 1.2 1.6 

16332 1.5 1.6 1.7 1.8 

Ov 14328 7.7 7.7 8.4 9.2 

184 12.2 16.9 14.0 14.3 

lが32 23.1 24.0 26.7 22.5 

2.1 Zero modes, the topological charge, and 
the topological susceptibility 

4

5

3

5

2

5

 

．

．

．

 

3

2

1

 

Z
 

0
」

az

0.5 

50 100 150 200 250 300 350 

V/r 
4 

゜

p 
D(p) = -{l+YsE(Hw(p))} 

a 

Figure 1: The number of zero modes Nzer。vsthe physi-
cal volume V / rg. The figure is been updated (Fig. 3 in 

Ref. [1]). 
(2) 

These operations have already been carried out by other The zero modes of plus chiralities are defined as n+, and 

groups [5, 7, 9, 8, 11]. mmus chiralities are defined as n_. The observed number of 

The eighty pairs of low-lying eigenvalues and eigenvec- zero modes Nzero in our simulations is averaged by the num-

tors are computed from one configuration using the subrou- ber of configurations, and increases with physical volume 

tines of ARPACK. Most of the computation time is spent to as shown in Fig. 1. The function Nzero =ぃ［口~+ B
solve the eigenvalue problems of the Overlap Dirac opera- is fitted. The fitting results are A = 4.9(3) x 10-2, B = 

tor. -0.19(5), が/d.o.f= 15.3/16.0. 

Our computer programs are vectorized and parallelized The topological charges Q is defined as Q = n+ -n-. In 

for the supercomputers (SX-8, SX-9, SX-ACE). For exam- our simulations there is one relation; Nzero = IQ. The av-

ple, the vectorization rate is 99.8% using four cores in one erage square of topological charges〈Qりwiththe physical 

node (SX-ACE). The computation time by use of SX-ACE volume is shown in Fig. 2. The function〈Qり=A・V/rci+B 
- 22-
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Atiyah-Singer index theorem [24]. However, we never ob-

served the zero modes of the plus chiralities n+ and mi-

nus chiralities n_ from the same configuration at the same 

time. The observed zero modes are net numbers of the 

zero modes n+ -n_ (topological charges). Therefore, we 

compute the number of zero modes Cn+ + n_) by analytical 

computations, and we find that the number of instantons is 

obtained as the average square of the topological charges 

(N1 =〈Qり）• We compute the instanton density p; by fit-
Figure 2: The average square of topological charges〈Qり；
the number of instantons N1 vs the physical volume V /r0. 

4 ting a linear function to the results of the average square of 

The figure is been updated (Fig. 4 in Ref. [l]). 
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゜

is fitted. The fitting results are A=  6.9(2) x 10-2, B = 

-0.2(0.12), が/d.o.f= 12.4/16.0. 

is computed from the analytic function in Ref. [21]. The 

Sommer scale is r0 = 0.5 [f叫 Welist our results together 

with simulation parameters in Table II of Ref. [l]. In this 

contribution, we add new results of V = 143 x 28, f3 = 6.00, 

Nconf = 400. 

The topological susceptibility in the continuum limit is 

obtained by fitting a function〈Qりrt/v=A+B(a/ro)2 as 

in Ref. [7]. We fix the physical volume V /r6 = 49.96, and 

extrapolate the topological susceptibility in the continuum 

limit from the five data points. Our result of the topological 

susceptibility is 

X = (1.86(6) x 102 [MeV])王

ately carried out. 

2.2 Instantons 

(3) 

We want to count the number of instantons N1 from the 

topological charges〈Qりasshown in Fig. 2. The instanton 

density is 

p; = 8.3(3) X 10―4 [GeV4]. (4) 

This result is consistent with the result of the instanton liq-

The topological susceptibility is computed from the av- uid model [13]. 

erage square of topological charges〈Qりdividedby phys-
4 ical volume V / r . We use from 200 to 895 configurations 

゜
2.3 Abelian monopoles in MAG 

each measurement. The lattice spacing in our simulations 
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Figure 3: The monopole density Pm・r5 vs the physical vol-

ume V / rg. The dotted line indicates V / rg = 49.96. 

We perform the computations as in Ref. [20]. First, 

we iteratively diagonalize the non-Abelian link variables in 

This result is consistent with the numerical simulations Maximal Abelian Gauge (MAG) using the Simulated An-

of Ref. [8] and Ref. [9]. Moreover, these results are con- nealing algorithm in order to prevent the effects on Gribov 

sistent with the theoretical expectation [22, 23]. Therefore, copies. The number of iterations is 20. Then we extract 

the computations of Overlap Dirac operator are appropri- Abelian link variables holding the U (1) x U (1) symmetry 

by the Abelian projection from the non-Abelian link vari-

ables. Next, we define the monopole currents kt (n) as in 

Ref. [18, 19]. 

The monopole currents obey the conservation law 

number of zero modes Cn+ + n_), because there is the L k~(n) = 0. Therefore, the monopole currents form loops. 

- 23-
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First, we check effects of the monopole density on the 

physical volume as shown in Fig. 3. The results does 

not have large finite volume effects. Next, we check the 

monopole density in the continuum limit from five data 

points ofV /r6 = 49.96 as shown in Fig. 4. 

The total physical length of monopole loops is in direct 

proportion to the physical volume as shown in Fig. 5. The 

function lm/ ro = A• V / rg +Bis fitted. The fitting results are 

A= 0.989(4), B = -4.0(3), andが/d.o.f.= 140.3/16.0. 
Figure 4: The monopole density in the continuum limit. 

The physical volume is V /r6 = 49.96, and five results of 
The value of x2 / d.o.f. is large, because the errors of the 

{3 = 5.81, 5.90, 5.99, 6.00, 6.07 are used. data are too small. We evaluate the monopole density by 

the same way as the instanton density. The proportion A 

becomes the monopole density Pm・r8, and the value is con-
The physical monopole density is computed by summing 

all of the indexes of monopole currents as follows [20]: 
sistent with Ref. [20]. We evaluate the monopole density 

as 
1 

Pmr6 = l2V LL lk~(n)lr6, 
l n,μ 

(5) Pm= 6.08(2) x 10-2 [GeV3]. (7) 

In this study we define the total physical length of monopole 2.4 Abelian monopoles, number of zero 
modes, and instantons 

loops as follows: 

1 
lm/ro亡 12LL lk~(n)l/ro. 

i n,μ 

Lastly, we check the relations between the Abelian 

(6) 
monopoles, the number of zero modes, and instantons. 

We quantitatively evaluate the relations by fitting the same 
This definition is different from Ref. [17] in order to eval-

functions as in Fig. 1, and Fig. 2. 
uate the monopole density by fitting a function. The sim-

ulation parameters of the lattices (/3 and V) are the exactly 
The number of zero modes Nze~。 increases with the 

square root of the total physical length of monopole loops 

lm/ ro as shown in Fig. 6. The function Nzero =~ 正
The values of the monopole density and the length of 

Bis fitted. The fitting results are A=  4.7(3) x 10-2, B = 
monopole loops are the dependent on the choice of the 

-8(5) x 10-2, andが/d.o.f.= 10.7 /16.0. This behavior 
gauges. However, several studies in quenched SU(2) with-

is the same as Fig. 1. 

same as the previous section 2.1. 

out fixing the gauges are done [25, 26]. 
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Figure 6: The zero modes Nza。vsthe total physical length 
Figure 5: The total physical length of monopole loops lm/ro of monopole loops lm/r0. 

vs the physical volume V / { 
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physical length of monopole loops lm/ r0. Schierholz, Phys. Lett. B 468 (1999) 150. 

[5] R. G. Edwards, U. M. Heller, J. Kiskis, R. Narayanan, Phys. 
Rev. D 61 (2000) 074504. 

The number of instantons N1 increases with the total 

physical length of monopole loops lm/ ro as shown in Fig. 7. 

The function〈Qり=A・lm/ro +Bis fitted. The fitting results 

are A=  7.0(2) x 10-2, B = 0.05(0.12), andが/d.o.f.= 

6.4/16.0. The intercept B = 0, andが/d.o.f.= 6.4/16.0, 

therefore, the number of instantons is in direct proportion 

to the total physical length of monopole loops. 

3 Summary and conclusions 

First, we briefly review our study. Next, we use SU(3) 

quenched configurations that are diago叫 izedin Maximal 

Abelian gauge, and compute the monopole density and the 

total physical length of monopole loops from Abelian link 

variables. 

The total physical length of monopole loops is directly 

proportional to the physical volume. The number of zero 

modes increases with the square root of the total physical 

length of monopole loops. The number of instantons is in 

direct proportion to the total physical length of monopole 

loops. 

Incidentally, we have reported the results that the number 

of zero modes, and the number of instantons increase with 

the length of monopole loops increasing [l]. 

The results in this contribution support this feature. 
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