|

) <

The University of Osaka
Institutional Knowledge Archive

. TORIC WEAK FANO VARIETIES ASSOCIATED TO BUILDING
Title SETS

Author(s) |Suyama, Yusuke

Osaka Journal of Mathematics. 2018, 55(4), p.

Citation 747-760

Version Type|VoR

URL https://doi.org/10.18910/70819

rights

Note

The University of Osaka Institutional Knowledge Archive : OUKA

https://ir. library. osaka-u. ac. jp/

The University of Osaka



Suyama, Y.
Osaka J. Math.
55 (2018), 747-760

TORIC WEAK FANO VARIETIES ASSOCIATED TO
BUILDING SETS

Yusuke SUYAMA

(Received May 29, 2017)

Abstract
We give a necessary and sufficient condition for the nonsingular projective toric variety asso-
ciated to a building set to be weak Fano in terms of the building set.

1. Introduction

A toric Fano variety is a nonsingular projective toric variety over C whose anticanonical
divisor is ample. It is known that there are a finite number of isomorphism classes of toric
Fano varieties in any given dimension. The classification problem of toric Fano varieties has
been studied by many researchers. In particular, @bro [2] gave an explicit algorithm that
classifies all toric Fano varieties for any dimension.

A nonsingular projective algebraic variety is said to be weak Fano if its anticanonical
divisor is nef and big. Sato [5] classified toric weak Fano 3-folds that are not Fano but are
deformed to Fano under a small deformation, which are called toric weakened Fano 3-folds.

We can construct a nonsingular projective toric variety from a building set. Since a finite
simple graph defines a building set, which is called the graphical building set, we can also
associate to the graph a toric variety (see, for example [8]). The author [6, 7] characterized
finite simple graphs whose associated toric varieties are Fano or weak Fano, and building
sets whose associated toric varieties are Fano. In this paper, we characterize building sets
whose associated toric varieties are weak Fano (see Theorem 2.4). Our theorem is proved
combinatorially by using the fact that the intersection number of the anticanonical divisor
with a torus-invariant curve can be computed in terms of the building set.

A toric weak Fano variety defines a reflexive polytope. Higashitani [1] constructed inte-
gral convex polytopes from finite directed graphs and gave a necessary and sufficient condi-
tion for the polytope to be terminal and reflexive. We also discuss a difference between the
class of reflexive polytopes defined by toric weak Fano varieties associated to building sets,
and that of reflexive polytopes associated to finite directed graphs.

The structure of the paper is as follows: In Section 2, we review the construction of a toric
variety from a building set and state the characterization of building sets whose associated
toric varieties are weak Fano. In Section 3, we consider reflexive polytopes associated to
building sets and finite directed graphs. In Section 4, we give a proof of the main theorem.

2010 Mathematics Subject Classification. Primary 14M25; Secondary 14J45, 52B20, 05C20.
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2. The main result

Let S be a nonempty finite set. A building set on S is a finite set B of nonempty subsets
of S satisfying the following conditions:

(1) 1,J e BwithINJ # @ implies I U J € B.
(2) {i} € BforeveryieS.

We denote by B« the set of all maximal (by inclusion) elements of B. An element of By,
is called a B-component and B is said to be connected if Byax = {S}. For a nonempty subset
Cof §S,wecall Blc = {I € B| I c C} the restriction of B to C. B|¢ is a building set
on C. Note that B¢ is connected if and only if C € B. For any building set B, we have
B = | Jces,, Blc. In particular, any building set is a disjoint union of connected building
sets.

DEriniTion 2.1. Let B be a building set. A nested set of B is a subset N of B \ Bpax
satisfying the following conditions:

(1) If 1, J € N, then we have either / c JorJ CclorINnJ =0.
(2) For any integer k > 2 and for any pairwise disjoint /i,...,Il; € N, the union /; U
---U I isnotin B.

Note that the empty set is a nested set for any building set. The set N'(B) of all nested
sets of B is called the nested complex. N'(B) is in fact an abstract simplicial complex on
B \ BIIIB.X'

Proposition 2.2 ([8, Proposition 4.1]). Let B be a building set on S. Then every maximal
(by inclusion) nested set of B has the same cardinality |S| — |Bmax|- In particular, if B is
connected, then the cardinality of every maximal nested set of B is |S| — 1.

We are now ready to construct a toric variety from a building set. First, suppose that B
is connected and S = {1,...,n + 1}. We denote by ej,..., e, the standard basis for R” and
we put e,,; = —e; — - -+ — ¢,. For a nonempty subset I of §, we denote e; = },; e;. Note
that e = 0. For N € N'(B) \ {0}, we denote by R5oN the |N|-dimensional cone Y, ;cy Rsoe;
in R", where R is the set of nonnegative real numbers, and we define R0 to be {0} C R".
Then A(B) = {RsoN | N € N'(B)} forms a fan in R” and thus we have an n-dimensional toric
variety X(A(B)). If B is not connected, then we define X(A(B)) = [[cep. . X(A(B|c)).

max

Theorem 2.3 ([8, Corollary 5.2 and Theorem 6.1]). Let B be a building set. Then the
associated toric variety X(A(B)) is nonsingular and projective.

The following is our main result:

Theorem 2.4. Let B be a building set. Then the following are equivalent:

(1) The associated toric variety X(A(B)) is weak Fano.
(2) For any B-component C and for any I, I, € B|c such that Iy NI, # 0,1, ¢ I, and
I, ¢ I}, we have at least one of the following:
1) 1 NI, € Blc.
(11) LulL =C and |(B |11(\12)max| <2
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Remark 2.5. In a previous paper [6], we proved that the toric variety associated to a
graphical building set is weak Fano if and only if every connected component of the graph
does not have a cycle graph of length > 4 or a diamond graph as a proper induced subgraph.
However, it is unclear whether this result can be obtained from Theorem 2.4.

ExampLE 2.6. Theorem 2.4 implies that if |S| < 4, then the toric variety X(A(B)) is weak
Fano for any connected building set B on S. Any building set is a disjoint union of connected
building sets, and the disjoint union corresponds to the product of toric varieties associated
to the connected building sets. Since the product of toric weak Fano varieties is also weak
Fano, it follows that all toric varieties of dimension < 3 associated to building sets are weak
Fano.

We recall a description of the intersection number of the anticanonical divisor with a
torus-invariant curve, see [3] for details. Let A be a nonsingular complete fan in R” and
let X(A) be the associated toric variety. For 0 < r < n, we denote by A(r) the set of r-
dimensional cones in A. For 7 € A(n — 1), the intersection number of the anticanonical
divisor —Kx() with the torus-invariant curve V() corresponding to 7 can be computed as
follows:

Proposition 2.7. Let A be a nonsingular complete fan in R" and T = Rypvy + -+ +
Rsov,—1 € A(n—1), where vy, . .., v,_1 are primitive vectors in Z"". Let v and v' be the distinct
primitive vectors in Z" such that T + Ryov and T + Ryov" are in A(n). Then there exist unique
integers ay, .. .,a,—1 such that v+v +ayvy +- - -+a,_1v,—1 = 0. Furthermore, the intersection
number (—Kx).V(1)) is equal to 2 + a; + - -+ + ay—1.

Proposition 2.8 ([4, Proposition 6.17]). Let X(A) be an n-dimensional nonsingular pro-
jective toric variety. Then X(A) is weak Fano if and only if (—Kx).V (7)) is nonnegative for
every (n — 1)-dimensional cone T in A.

ExampLe 2.9. Let S ={1,2,3,4,5}and
B = {{1},{2},{3},{4},{5},{1,2,3,4},{2,3,4,5},{1,2,3,4,5}}.

Then the nested complex N (B) consists of

{1 (2}, (35,41, 2,3, 43}, ({1}, {2, {4}, {1, 2, 3, 4}),
{1} (33, {41,{1, 2,3, 4}, {2}, {3, {4}, {1, 2,3, 4}},
{2}, {3}, 14,12, 3,4, 5}}, {2}, {3}, {5}, {2, 3,4, 5}},
{2}, {4}, 15),12, 3,4, 5}, {3}, {4}, {5}, {2, 3,4, 5}},
{11428 (3 {53 (11 {23, {40, (51, ({1}, {30, {4}, {5

and their subsets. The pair I} = {1,2,3,4} and I, = {2, 3,4, 5} does not satisfy the condition
(2) in Theorem 2.4. Hence the 4-dimensional toric variety X(A(B)) is not weak Fano. In
fact, there exists a 3-dimensional cone 7 in A(B) such that (—Kxs)).V (7)) < —1. Let

Ny = {2} 35 {4),{1,2,3,4}), N2 = {{2}, {3}, {4}, {2,3,4,5}}.

Then we have
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R>oN1 = Rypex + Rypes + Rypeq + Ruple + €2 +e3 + e4),

RNz = Rypen + Rypes + Rypeq + Ryo(—ey).

Let us consider 7 = RygN; N R5oN2 = Rsger + Rypes + Rypey. Since (e + ex + e3 + e4) +
(—e1) —ex — e3 — eq = 0, Proposition 2.7 gives (—Kxs)).V(1)) = 2 =3 = —1. Therefore
X(A(B)) is not weak Fano by Proposition 2.8.

3. Reflexive polytopes associated to building sets

An n-dimensional integral convex polytope P C R” is said to be reflexive if O is in the
interior of P and the dual P* = {u € R" | (u,v) > —1 for any v € P} is also an integral convex
polytope, where (-,-) denotes the standard inner product in R”. Let A be a nonsingular
complete fan in R”. If the associated toric variety X(A) is weak Fano, then the convex hull
of primitive generators of rays in A(1) is a reflexive polytope. For a building set B such
that the associated toric variety X(A(B)) is weak Fano, we denote by P the corresponding
reflexive polytope.

Higashitani [1] gave a construction of integral convex polytopes from finite directed
graphs (with no loops and no multiple arrows). We describe his construction briefly. Let
G be a finite directed graph whose node set is V(G) = {1, ...,n + 1} and whose arrow set is
A(G) € V(G) x V(G). For @ = (i, j) € A(G), we define p(€) € R"*! to be e; — e;. We define
P to be the convex hull of {p(_e’ )| = A(G)} in R"™!. Pg is an integral convex polytope
in the hyperplane H = {(x1,...,Xus1) € R"™ | x| + -+ + x,.1 = 0}. In a previous paper we
proved that if X(A(B)) is Fano, then P can be obtained from a finite directed graph:

Theorem 3.1 ([7, Theorem 4.2]). Let B be a building set. If the associated toric variety
X(A(B)) is Fano, then there exists a finite directed graph G such that Pg is equivalent to
Pg, that is, there exists a linear isomorphism f : R" — H such that f(Z") = H N 7" and
Sf(Pg) = Pg.

However, there exist infinitely many reflexive polytopes associated to building sets that
cannot be obtained from finite directed graphs. The following proposition provides such
examples:

Proposition 3.2. Let S ={1,...,n+ 1} and B = 25 \ {0}. Then X(A(B)) is weak Fano by
Theorem 2.4 but the reflexive polytope Pg cannot be obtained from any finite directed graph
forn > 3.

Proof. Suppose that there exists a finite directed graph G such that P is equivalent to Pg.
Since 0 € Pg, there exists a nonempty subset A" of A(G) and positive real numbers a- for
¢ € A’ such that 2w a—gp(—e)) = 0. If (i1, i) € A’, then we must have (i, i3) € A’ for some
iz € V(G). Continuing this process, eventually we obtain a directed cycle of G. In general,
if G has a nonhomogeneous cycle (a directed cycle is a nonhomogeneous cycle), then the
dimension of Pg is |V(G)| — 1 (see [1, Proposition 1.3]). Hence we have |V(G)| = n + 1.
Since G has at most n(n + 1) arrows, Pg has at most n(n + 1) vertices. On the other hand,
Pp has 2"*! — 2 vertices. Thus we have the inequality 2"*! —2 < n(n + 1), but this inequality
does not hold for n > 3. This is a contradiction. Thus we proved the proposition. m|
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ExampLE 3.3. There also exists a reflexive polytope associated to a finite directed graph
that cannot be obtained from any building set. Let G be the finite directed graph defined by

V(G) =1{1,2,3,4}, AG)=({(1,2),(2,3),(3,1),(1,4),(4,3)}.

Then P cannot be obtained from any building set. Pg is a reflexive 3-polytope with six
lattice points. However, there are only three types of reflexive 3-polytopes with six lattice
points that are obtained from building sets. They are realized by the following building sets:

{10 (2}, 31, {43, {1, 2}, {1, 2,3, 4}},
{13, (2}, (33, {4), (1, 2,3}, {1, 2,3, 4}},
{1142}, (31,41, 2, 3}, {4}, {5}, {4, 5}}.

All the building sets yield reflexive polytopes not equivalent to Pg.

Fig. 1. the directed graph G whose reflexive polytope cannot be obtained
from any building set.

4. Proof of Theorem 2.4

First we introduce some notation.

DermNiTION 4.1. Let B be a building set on .

(1) We denote by N (B)max the set of all maximal (by inclusion) nested sets of B.
N (B)max is a subset of N'(B).
(2) For C € B\ By, we call

N (B)c = (N € (B\ Bina) \ {C} | NU{C} € N(B)}
the link of C in N'(B). N'(B)¢ is an abstract simplicial complex on
{I € (B\ Bnax) \ {C} [ {I,C} € N(B)}.
(3) For a nonempty proper subset C of S, we call
C\B={IcS\C|I#0;I€BorCUI € B}
the contraction of C from B. C \ B is a building seton S \ C.
The symmetric difference of two sets X and Y is defined by XAY = (XU YY)\ (X NY).

Lemma 4.2. Let B be a connected building set on S and let I,,I, € Bwith I, N I, #
0,1y ¢ I, I, ¢ I and |, AL| > 3. Suppose that

i €L\ DL, € Lb\I1,N€N®Blyn)maxs N € N (Bl abiy o) max
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such that

4.1) {It} UN U (Blynn)max Y N U (B, al)\iy.in) Jmax

is not a nested set of B for some k = 1,2. Then there exist I{, I} € B such that I{ > I, I}, D
b, i GI{ \I’,iz Elé \Ii,li ﬂ]é 2L N and]i Ulé =L Ub.

Proof. The proof is similar to a part of the proof of [7, Lemma 3.4 (1)].

Without loss of generality, we may assume k = 1. Note that {/;} U N U (B|;,n1, )max and
N’ U (B (1,an)\{i1.in))max are nested sets of B. Thus (4.1) falls into the following three cases.

Cask L. Suppose that (4.1) does not satisfy the condition (1) in Definition 2.1. Then there
exist

K e{ll}UNU Blinn)maxs L €N U (Bl am\(iyin})max

suchthat K ¢ L,LL ¢ Kand KNL # 0. If K € N U (Bl,n,)max> then KNL =0, a
contradiction. Thus we must have K = I;. Then [y UL € B. Weputl{ =I; U Land I} = b.
Since L C I1Ab, itfollows that L\ Iy c (I{ N )\ (1 N ). Thus I[NNI 2 11 N .

Case II. Suppose that (4.1) does not satisty the condition (2) in Definition 2.1, and there
exist

K]a sy Kr € N ) (B |11012)max, Ll’ ey LS € N, ) (B |(11A12)\{i1,i2})max

forr,s > 1 suchthat Ky,...,K,,Ly,..., L, are pairwise disjointand K, U--- UK, UL U---U
Ls € B. Then we have UL U---ULs € Bforeachk = 1,2. Weput [, = [ UL, U---UL, for
k=1,2. LiU---ULs; C I Al implies Iy C I} for some k = 1, 2. Since I)\I; ¢ (I;N)\(11ND),
wehave I[N, 2L NI,

Cask III. Suppose that (4.1) does not satisfy the condition (2) in Definition 2.1, and there
exist

L1$ R ] LS € N, ) (B |(11A12)\{i1,i2})max

such that Iy, Ly, ..., Ly are pairwise disjointand Iy UL U---UL; € B. WeputI{ = [; UL U
~ULgand I, = I,. Since L1 U---U L C b, it follows that L; U---U Ly € (IT NI\ (I} N D).
Thus Ii N Ié 2L NI

In every case, we have iy € I1 \ I},ip € I\ I and I] U I}, = I} U L. This completes the
proof. |

Lemmas 4.3 and 4.5 play key roles in the proof of Theorem 2.4.

Lemma 4.3. Let B be a connected building set on S and let I,,I, € Bwith 1 N I, #
0,1 ¢ L,I, ¢ I, and I, N I, ¢ B. Then there exist

Ji,Jo€B,j1€Ji\ 2 jo€ L\ i,
N € N (Blj00)maxs N' € N (B, a0\ (i jo}Jmax

suchthat JiNJ, #0,J;NJ, ¢ B,JyUJ>, Il UL and
{Jk} U N U (B |J1012)max U N, U (B |(J|AJ2)\{j1,j2})max

is a nested set of B for each k = 1,2. If JiaJ> = {1, j2}, then N" and (B, s1,)\(j1,j»)Jmax are
understood to be empty.
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Proof. We use induction on |I;AL|. We have |[}AL| > 2. Suppose |[,Al| = 2. We put
Ji=Land J, = L. ThenJiNnJy, # 0,JyNJ, ¢ Band J; U J, = I} U l,. We pick
N € N(Blj,n,)max- Then {Ji} U N U (B|j,ns,)max is @ nested set of B for each k = 1, 2.

Suppose |I1al| > 3. We pick iy € I) \ L,io € L\ I,,N € N(Bl;n,)max and N’ €
N (Bt ab\ivin)max- I

{It} UN U (Bl,nn)max Y N U (B, am)\fir o) max

is a nested set of B for each k = 1,2, then there is nothing to prove. Otherwise, by Lemma
4.2, there exist I{, I, € Bsuchthat I D I, I; D L,iy e [\ [,ib e L\ I, [N, 211 N1
and UL} =1 UL.
Case L. Suppose I'NI, € B. We have |[[{AL| = |[[UL|-|[{ND| < |LUL|-|[[|NDL| = | AD|.
By the hypothesis of induction, there exist
Ji,o€B, 1 € i\ Ja ja€ 2\ i,
N e N(B |J|ﬁjz)max’ N, € N(B |(JlAJ2)\{j1,j2})max

suchthat JiNJ, #0,J,nJy & B, J, UJQCIi Ulézll U I, and

{(Jkb UN U (B0 max YN U (Bl asn\(r.jo) ) max

is a nested set of B foreach k = 1, 2.

Cask II. Suppose I N I, € B. We may assume that I; C 1.

Suscask II.1. Suppose If NI, € B. We put I’ = I and I/ = I} N I,. Then we have
I'nr =Lnh¢B,ipel/\I7and I{\I; C I) \ I{'. Since i € (I; U L) \ (I] UI), we
have Ii’ U Ié’ c Ul

Suscase I1.2. Suppose I NI, ¢ B. We put I = I{ and I’/ = I,. Then we have I’ N
I =1Nnl ¢ Biy € IV\I,ip € IJ\I and I' UL} = I; Ul, = I} Ul. Since
Ii \I} C (Ii/ N Ié’) \(inbh),wehave Iy NI, ¢ Ii/ N Ié’.

In every subcase, we have |I'AL/| = IV U IJ| = IV NI < Iy U | = |} N | = |[LAD|.
By the hypothesis of induction, there exist

Ji,Jp€B,j1 € i\ 2 ja€ 2\ i,

N € N(Blj00)maxs N' € N (B, s\ jo}Imax
suchthat S iNJ, #0,JinJr ¢ B,J1UJ, C I;' Ulg clUl and
{(Jkb UN U By, max YU N U (Bl amn\r,jo) I max

is a nested set of B foreach k = 1, 2.
Therefore the assertion holds for |I; AL|. O

ExamprLE 4.4. Let S ={1,2,3,4,5,6} and

B = {{1},{2}, {3}, {4}, {5},{6},{1,2,3,4},{2,3,4,5},{3,4,5, 6},
{1,2,3,4,5},{2,3,4,5,6},{1,2,3,4,5,6}}.

Let us consider I} = {1,2,3,4}and I, = {3,4,5,6}. We pick i; = 1 and i, = 6. Then

Blyon = {354, Blaanniniy = {21 {51
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The only maximal nested set of each is the empty set. However,

{Li1} VO U (Blynn)max Y0 U (Bl an)\iy,ir))max
={{1,2,3,4}, {3}, (4}, (2}, {5}}

is not a nested set because {3} U {4} U {2} U {5} = {2,3,4,5} € B (Lemma 4.2, Case II). Thus
we put

1V =1,01{2,3,4,5)={1,2,3,4,5), 1."=15U{2,3,4,5)=1{2,3,4,5,6).

We have Iil) N I;l) =1{2,3,4,5} € B (Lemma 4.3, Case II) and I; ¢ Igl). Since Iil) Nl =
{3,4,5} ¢ B (Subcase 11.2), we put

17 =1"Y=1{1,2,3,4,5, 1I’=0={3,4,56).
s 1D (2) _
We pick i7" = 1 and i;” = 6. Then
BI,%,;Z) = {{3}, {4}, {5}}, B|(1§2>A1§2>)\{,»<12>5,-<22)} = {{2}}.
The only maximal nested set of each is the empty set.
{152)} Uubu (B |1§2)01§2))max Uubu (B |(1§2)A1§2))\{i(12>,i(22)})ma"
={{1,2,3,4,5}, {3}, {4}, {5}, {2}}

is not a nested set because {3} U {4} U {5} U {2} ={2,3,4,5} € B (Lemma 4.2, Case II). Thus
we put

19 =1P012,3,4,5=(1,2,3,4,5), 1 =1U{2,3,4,5) ={2,3,4,5,6).

We have 153) N 153) ={2,3,4,5} € B (Lemma 4.3, Case II) and I;z) C IS). Since Iiz) N IS) =
{2,3,4,5} € B (Subcase II.1), we put

19 =190 =12,3,4,5, 1Y=17=13,4,5,6)
Then
Blionge =13}, (4151, 17a5Y=2.

The only maximal nested set of B|,s @ is the empty set and
1 2

{I§4)} uou (B |1<14>N(24>)max = 112,3,4,5}, {3}, {4}, {51},
{154)} ubuU (B |](14)m];4))max = {{3.4,5,6}, {3}, {4}, {5}}

are nested sets of B.

Lemma 4.5. Let B be a connected building set on S and let I,,I, € Bwith I, N I, #
0,1y ¢ I, I, ¢ I, and |(B1,n1,)max| = 3. Then there exist

Ji,Jo€B,j1€Ji\ 2 jo€ L\ Ji,
N € N(Blj00)maxs N' € N (Bl s\ (i jo}Jmax

suchthat JyNJ, #0,J1 N J> € Band
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{Jk} U N U (B |Jlﬁjg)max U N, U (B |(JIAJ2)\{j1,j2})max

is a nested set of Bfor each k = 1,2. Furthermore, we have J1UJy C 11Ul or |(B 7,07, )max| =
3. If Jinds = {j1, jo), then N” and (B |, a;\(jy,jo}))max are understood to be empty.

Proof. We use induction on |[;Al|. We have |[1AL| > 2. Suppose |[1A1,| = 2. We put
Ji =1 and J = 1. Then JinNnJdy # ( and |(B|Jsz)max| > 3. We pleN S N(Bljlﬁjz)max.
Then {Ji} U N U (Bl,n,)max 18 @ nested set of B for each k = 1, 2.

Suppose |I1aL| > 3. We pick iy € I} \ L,iy € L\ I;,N € N(Bl;,nn)max and N’ €
N (Bt s\ ia)max- If

{Ik} U N U (B |11012)max U N, U (B |(11A12)\{i|,i2})max

is a nested set of B for each k = 1,2, then there is nothing to prove. Otherwise, by Lemma
4.2, there exist I{, I, € Bsuchthat I{ D I, I, D L,iy e [\ I, e L\ I, [N, 2L N1
andl{ Ulé =1L UlIL.

Cask L. Suppose (B |1;m1§)max| > 3. We have |[[[AL| = |[[[UL|=|[[NI| < [[TUDL|=|[|NDL| =
|11 AL;|. By the hypothesis of induction, there exist

Ji,Jo€B,j1€Ji\Ja jo€ L\ i,
N € N(Blj00)maxs N' € N (Bl s\ (i jo}Jmax

suchthat SN J, #0,J, N J, ¢ Band

{Jk} U N U (B |Jlﬁjg)max U N, U (B |(JIAJ2)\{j1,j2})max

is a nested set of B for each k = 1,2. Furthermore, we have J UJ, C [[ U I, = I, UL or
|(B|JmJ2)max| > 3.

Cask II. Suppose |(B] Iimé)maxl < 2. For any K € (Bl )max, there exists unique Lg €
(B I;ﬁ[é)max such that K C Lg. Hence there exists L € (B| Iimé)max that contains more than
one element of (B|;,nr,)max- Let Ki,..., K, be all elements of (B|j,nr,)max contained in L.
Note that I} N I, N L is the disjoint union of Ky,...,K,. If L c Iy NI, then B > L =
LnhLhNL=K U---UK, ¢ B, acontradiction. Thus L ¢ I} N I,. We may assume L ¢ I;.

SuBcaseIl.1. Suppose I{NL e B.IfL c Ih,thenB> 1,NnL=1NnLNL =K,U---UK, ¢ B,
a contradiction. Thus L ¢ I,. We put I = Iy N L and I’/ = I,. Then we have I' N I}/ =
hNnbNL¢gBL\L CcI/\I/and i, € Iy \I. Since iy € (I; U L)\ (I] U I})), we have
I'ur chulb.

Subcask I1.2. Suppose IT1 N L ¢ B. We put I{ = Iy and I’} = L. Then we have I N I} =
hNL¢B,iyel/\IJand Iy \I =L\ I, # 0. Since i € (I; U L) \ (I{ U L)), we have
Ii’ Ulé’ c Ul

In every subcase, by Lemma 4.3, there exist

Ji, 2 €B,j1 €1\ Ja, € 2\ 1,
N € N(Bly,ns)maxs N € N (Bl amniji.jo))max
suchthat JiNJ, #0,J1NJy, ¢ B,J, U J, Clil Ulg Cc LUl and
{Jt) UN U (Blj,n)max YU N U (B, 80\ o) Jmax

is a nested set of B foreach k = 1, 2.



756 Y. Suvyama

Therefore the assertion holds for |I;AL|. O

ExamrLE 4.6. Let S ={1,2,3,4,5,6,7} and

B = {{1},{2},{3}, {4}, {5}, {6},{7},{2,4,6},{2,3,4,5},{1,2,3,4,5},
{2,3,4,5,6},{3,4,5,6,7},{1,2,3,4,5,6},{2,3,4,5,6,7},{1,2,3,4,5,6, 7}}.

Let us consider I} = {1,2,3,4,5}and I, = {3,4,5,6,7}. We pick iy = 1 and i, = 7. Then
Blynn = {31455, Bluaninny = {21, {6}
The only maximal nested set of each is the empty set. However,

{11} VO U (Blrnn)max YO U (Bl an)\iy,ir))max
={{1,2,3,4,5},{3}, {4}, {5}, {2}, {6}}

is not a nested set because {4} U {2} U {6} = {2,4,6} € B (Lemma 4.2, Case II). Thus we put
IV =10(2,4,6)={1,2,3,4,5,6), I))=10U{2,4,6}={23,4,56,7}

We have I/ N I}V = {2,3,4,5,6} € B (Lemma 4.5, Case Il) and L = {2,3,4,5,6}. Since
L¢liandly NL={2,3,4,5} € B (Subcase I.1), we put

1P =1nnL=1{2345), I=05={3,4,56,7).
Now we apply Lemma 4.3 to Iiz) and If). We pick i(lz) =2 and igz) = 7. Then
B|]§2>m1£2) = {{3}, {4}, {5}}, B |(l§2)Al§2))\{i(l2),i(22)} = {{6}}
The only maximal nested set of each is the empty set.
{I%z)} uou (B |1(12)N;2))max uou (B |(152)M§2))\{i(12>’i(22)})max
= {{2,3,4,5},{3}, {4}, {5}. {6}}

is not a nested set because {2, 3,4,5} U {6} = {2,3,4,5,6} € B (Lemma 4.2, Case III). Thus
we put

19 =12,3,4,5,6), 1V=1?={3,4,56,7).
We have IV N I$” = {3,4,5,6) ¢ B (Lemma 4.3, Case I) and
Blione = (311414151160, 117l =2.
The only maximal nested set of B| 10 is the empty set and
(") UOU (Blyonmax = (12,3,4,5,6), (3}, 141,151, {6}),
(171 U0 U (Bliopo)max = ({3.4,5.6,7), (3}, (4}, (5}, (6})
are nested sets of B. Furthermore, we have 153) U If) c L Ub.
ExampLE 4.7. Let S ={1,2,3,4,5,6,7} and
B = {{1},{2}, {3}, {4}, {5}, {6}, {7}, {2, 6}, {4,5,6},{2,4,5,6},{1,2,3,4,5},



Toric WEAK FANO VARIETIES 757
{2,3,4,5,6},{3,4,5,6,7},{1,2,3,4,5,6},{2,3,4,5,6,7},{1,2,3,4,5,6,7}}.
Let us consider 11 = {1,2,3,4,5}and I, = {3,4,5,6,7}. We pick iy = 1 and i, = 7. Then
Bl = {BL{4L 5}, Bluanineg = {2),{6},{2, 6}).

The only maximal nested set of Bl;n;, is the empty set. We choose N = {{2}} €
N (B (1, 1)\ (i1} Jmax-

{Il} ) @ ) (B |11012)max U N’ U (B |(11A12)\{i1,i2})max
={{1,2,3,4,5},{3}, {4}, {5}, {2}, {2, 6}}

is not a nested set because {1,2,3,4,5} N {2,6} = {2} # 0 (Lemma 4.2, Case I). Thus we put
IV =nu{2,6={1,2,3,4,56}, I"=1=1{3,4,5,67).

We have I{" nI{" = {3,4,5,6} = {3}U{4, 5,6} (Lemma 4.5, Case II) and L = {4, 5,6}. Since
L¢lyand Iy N L ={4,5} ¢ B (Subcase I1.2), we put

1P =1 ={1,2,3,4,5), 1?=L=1{4,5,6}.
Now we apply Lemma 4.3 to 152) and I;Z). We pick i(lz) =1and l.(22) = 6. Then
B |I(12)ﬂ1;2) ={{4}.{5}}, B |(I;2)AI;2))\{i(12),i(22)} = {{2}, {3}}.
The only maximal nested set of each is the empty set.
{152)} uduU (B |1§2)N§2>)max upduU (B |(I§2)AI§2))\{5(]2>,1'(22)})max
= {{4,5,6}, {4}, {5}, {2}, {3}}

is not a nested set because {4, 5,6} U {2} U {3} = {2,3,4,5,6} € B (Lemma 4.2, Case III).
Thus we put

19 =17 =11,2,3,4,5, 1Y =12,3,4,5,6).
We have IV N I§” = {2,3,4,5} ¢ B (Lemma 4.3, Case ) and
Bl =12}, 31, (4115, 17757 = 2.
The only maximal nested set of B| 0 is the empty set and
(VU0 U (Blionoma = ({1,2,3,4,5), (2}, (3}, 141, (5)),
(") U 0 U (Bljormax = (12,3,4,5,6). (2}, {3}, 141, {5))
are nested sets of B. Furthermore, we have 153) U IS) c L UlLbL.

Proposition 4.8 ([8, Proposition 3.2]). Let B be a building set on S and let C € B\ Byax-
Then the correspondence

Io—>{ IN\C (CcD,
I (Cc¢D

induces an isomorphism N (B)c — N (B|c U (C \ B)) of simplicial complexes.
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Lemma 4.9. Let B be a connected building set on S and Ji,J, € Bwith JyNJ, #0,J, ¢
Jo, b & Jiand JyUJ, CS. Let N’ € N(B|jluj2) such that {J;} UN" € N'(B 7,07, )max for
each k = 1,2. Then there exists M € N (B) such that {J;,J; U J,} UN"” UM € N (B)max for
eachk =1,2.

Proof. We pick M’ € N'((J; U J3) \ B)max. Then
{(JLHUN" UM’ € N (B|jus U ((J1 UJ2)\ B))max

for each k = 1, 2. Hence by Proposition 4.8, there exists M € N (B) such that {J;}UN" UM
are maximal simplices of N'(B);,us,. Hence {Ji, J1 U Jo} UN” UM € N (B)max for each
k=1,2. O

Proposition 4.10 ([8, Proposition 4.5]). Let B be a building set on S and let 1,1, € B
with I, # I, and N € N'(B) such that N U{I,}, NU{L} € N (B)max. Then the following hold:
(1) Wehavel, ¢ L and I, ¢ 1.
2) IfLLnn I, # 0, then (B|1,n1,)max C N.
(3) There exists {I3,...,It} C N such that I U I, I, ..., I} are pairwise disjoint and
LU--- Ul € NUBnx ({13, ..., I} can be empty).

We are now ready to prove Theorem 2.4.

Proof of Theorem 2.4. The disjoint union of connected building sets yields the product
of toric varieties associated to the connected building sets. Since the product of nonsingular
projective toric varieties is weak Fano if and only if every factor is weak Fano, it suffices
to show that, for any connected building set B on S = {1,...,n + 1}, the following are
equivalent:

(1”) The associated toric variety X(A(B)) is weak Fano.

(2") Forany I;,I, € Bsuchthat Iy NI, # 0,1} ¢ I, and I, ¢ I}, we have at least one of

the following:
i) L1 nl, € B.
(ii") 1y U =S and (B ;,np)maxl < 2.

(1)Y= (2"): LetI;,I, € Bsuchthat s N L # 0,1, ¢ I,,I, ¢ I, and I N I, ¢ B. We show
thatif I; UL, €S or |(Bl;nn)max| = 3, then the toric variety X(A(B)) is not weak Fano.

Case 1. Suppose I} U I, € S. By Lemma 4.3, there exist

Ji,Jo€B,j1 €1\ J2, 2 €2\ J1,

N € N(Bly0n)maxs N € N (Bl anmn\i,ja) ) max
suchthat SiNJ, #0,J,NJr, ¢ B,Jy;UJ,Cc Iy Ul, €S and
4.2) {(Ji} UN U (Blj,00)max YU N U (B, 800\ jr.jo} ) max

is a nested set of B for each k = 1,2. Since the cardinality of (4.2)is |J; U J;| — 1, (4.2)is a
maximal nested set of B|;,,. By Lemma 4.9, there exists M € N (B) such that

{Jixs J1 U J2} UN U (Bl 00)max UN" U (Bl amn\n,js)max Y M € N (B)max
fork=1,2. Let

7 =Ryo({/1 UL} UN U (Blj,n)max Y N U (B, 800\, jo)Jmax Y M).
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Clearly
ey +ey — Z ec—eJth:O.
CE(B |J1 nJp )max

Since |(B|7,n7,)max| = 2, Proposition 2.7 gives
(=Kxmy- V(1) =2 = |(Blynm)maxl =1 <2-2-1=-1.

Therefore X(A(B)) is not weak Fano by Proposition 2.8.
Caske II. Suppose that /; UL, = S and |(B|1,n1,)max| = 3. By Lemma 4.5, there exist
Ji,Jo€B, ji€Ji\J2, €\,
N € N(Blj00)maxs N' € N (B, s\ (i jo}Imax

suchthat SN J, #0,J, N J, ¢ Band

(43) {Jk} UNU (B |Jm]2)max U N, U (B |(JIAJ2)\{j1,j2})max

is a nested set of B for each k = 1,2. Furthermore, we have J1 UJ, € 1 UL, = S or
|(Bls,ns)max| = 3. If J; U J, € §, then a similar argument shows that X(A(B)) is not weak
Fano. Suppose that J; U J, = § and [(B7,n/,)max] = 3. Then (4.3) is a maximal nested set of
B. Let

T= RZO(N U (B |J1012)max U N, U (B |(J|AJ2)\{j1,j2})max)-
Since e;,u;, = es = 0, it follows that

ey +ey — Z ec =0.

CE(B |Jl nJp )max

Proposition 2.7 gives

(=Kxamy-V(1) =2 = (Bls,ns)max]l £2 -3 =-1.

Therefore X(A(B)) is not weak Fano by Proposition 2.8.

(2) = (1"): Let I,,I, € Bwith I} # I, and N € N'(B) such that N U {I;},N U {L,} €
N (B)max- We need to show that (—Kxas))-V(RsoN)) > 0.

Cask L. Suppose I} N I, = 0. By Proposition 4.10 (3), there exists {/3,..., Iy} C N such
that I} U I, I3, . .., I} are pairwise disjointand I} U --- U [y € N U Bpx = N U {S}. Since

e +ep+ er + -+ ey — enu-ul = 0,
Proposition 2.7 gives

k-1 (I U---Ul €N),

(—Kx(A(B)).V(RZON)) = { k (11 U---U Ik = S)

Hence (_KX(A(B))-V(RZON)) > 1.

Case II. Suppose I} N I, # (. By Proposition 4.10 (1), we have I} ¢ I, and I, ¢ ;.

(") Suppose I; N I, € B. By Proposition 4.10 (2), we have {I; N I} = (B|,nn)max € N.
By Proposition 4.10 (3), there exists {/3,...,l;} € N such that I} U I, I, ..., I, are pairwise
disjointand I} U --- U [y € N U Bpax = N U {S}. Since
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e te,—enn, tent+-otep —enueun = O,

Proposition 2.7 gives

k-2 (LjU---Ul,eN),

(~Kxa-VR20N)) = { k=1 (IUu---UL =5).

Hence (=Kxsy).-VR>0N)) > 0.
(ii") Suppose that I; U I, = S and |(Bl;np)max| < 2. By Proposition 4.10 (2), we have
(Blr,nn)max € N. Since ej,u;, = es = 0, it follows that

ey +ep — Z ec = 0.
CE(B |[1 Nip )max

Proposition 2.7 gives
(=Kx®)-V(R>0N)) = 2 = |[(Blynn)max] 22 -2 =0.

Therefore X(A(B)) is weak Fano by Proposition 2.8. This completes the proof of Theorem
2.4. O
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