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Let R be a ring with unit element. We always consider unitary right R-
modules. Let Tbe an R-module and » a cardinal number. If for any module
K containing T as a direct summand and for any decomposition of K with 7
components: K=uiz®A“” there exist submodules 4, of 4, for all a such that

K=T®> P4,/ ,then we say T has the n-exchange property{2]. If T has the
acsT

n-exchange property for any », we say T has the exchange property.

In this short note we shall show that R is a right perfect ring if and only
if for every projective module P, P has the exchange property and Endg(P)/
J(Endg(P)) is a regular ring in the sense of Von Neumann. This is a refine-
ment of Theorem 7 in [4] and we shall give its proof as an application of [6].

After submitting this paper to the journal, the authors have received a
manuscript of Yamagata [13] and found that one of main theorems in this
paper overlaped with one in [13]. The authors would like to express their
thanks to Dr. Yamagata for his kindness.

1. Preliminaries

First we shall recall some definitions given in [3], [4] and [6]. Let 7Tbe an
R-module. If Endg(T) is a local ring, T is called completely indecomposable.
We take a set {M,}; of completely indecomposable modules and define the full
additive subcategory 2 of all right R-modules which is induced from {M,)};,
namely the objects in 2 consist of all modules which are isomorphic to direct-
sums of completely indecomposable modules in {M,};. We define an ideal
in 2 as follows: let AZ,EZ@AM B:,Bév-i @Bgbe in A, where 4,, Bg are iso-

morphic to some in {M,};, then Y’ N[4, B]={f|leHomg(4, B), ps fisare not
isomorphic for all e K, B L}, where i,,: A,—A, pg: B—Bgare the inclusion
and the projection, respectively. By 2 we denote the factor category of 2 with
respect to ¥ [3]. For any object 4 and morphism fin ¥, by 4 and f we denote
the residue classes of A and / in 2A, respectively.
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We take a countable subset {M,}T of {M,}; (resp. we can take same
modules M, in {M,}7 as many as we want) and a set of homomorphisms
fie¥nm m:', M,, ]. Iffor any element m in M, there exists 7, which depends
on m, such that f,f,., fi(m)=0, {f;} is called locally semi-T-nilpotent (resp.
T-nilpotent). If every {f;} is locally semi-T-nilpotent (resp. T-nilpotent) for
every subset {M,}, we say {M,}is a locally semi-T-nilpotent (resp. T-nilpotent)
system [4]. Finally, let M DN be modules and N= > @N,. If for any finite

YET

subset /' of ] SYPN, is a direct summand of M, N is called a locally direct
Gl
summand of M (with respect to the decomposition > @B N,) [6].
- YET

2. Perfect rings
Let {M,}be a set of completely indecomposable modules and M =§I€BM a

We understand p, means the projection of M to M, in the decomposition if
there are no confusions. Let N be a submodole of M, which is isomorphic to
one in {M,};. We shall consider a strong condition:

each N above is a direct summand of M« ++(*

Lemma 1. Let M and {M,} be as above. We assume {M,}is a locally
semi-T-nilpotent system and M satisfies (*). Let A be a submodule of M.  Then
we have A=A, A,, where A, is a direct summand of M (and hence A,=N) and
A, does not contain any submodules which are isomorphic to some in {M,} ;.

Proof. Let & be the set of submodules A’ in A as follows: A4 is in 2, say
A'=31PA,; A, are isomorphic to some in {M,},and A’is a locally direct

ey
summand of M with respect to this decomposition. We can define a partial
order in & by members of direct components (cf. [6]). Then we obtain a
maximal one in & by Zorn’s lemma, say A,. Since {M,}is locally semi-T-
nilpotent, A, is a direct summand of M: M=A,pM, by Theorem 9 in [3],
Theorem in [7] and Lemma 3 and Corollary 2 to Lemma 2 in [6]. Hence,
A=A,B(ANM,))and AN M, does not contain any submodules in U from the
assumption and the maximality of 4,.

The following lemma is a modification of one part of Theorem 2.6 in [12].

Lemma 2. Let {M,},and M be as above. We assume M satisfies(*).
Then M has the exchange property ifand only if {M,}; is a locally semi-T-nilpotent
system. .

Proof. If M has the exchange property, then {M,]}; is a locally semi-I'-
nilpotent system by [4], Corollary 2 to Proposition 1. Conversely, we assume
that {M,}; is semi-T-nilpotent. Let A=M®PN=31PA, We may assume

aeJ
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from [2], Theorem 8.2 that all A, are isomorphic to submodules in M, in order
to show that M has the exchange property. Then from the assumption and
Lemma 1, A,=A,/PA,, where A,/€N and A,” does not contain any sub-
modules, isomorphic to some in {M,};. PutA’'=3X®A4, and A"=>D4,”,

2= ] aey

then A=A'@A". Let ¢: A—->A[A” be the natural epimorphism. We shall

show that M is a locally direct summand of 4/4”through ¢. Let I’ be a finite

subset of / and M’'=3 @M,. Since M’has the exchange property by [11],
a1’

Proposition 1 and [2], Lemma 3.10, A=M'PA/PA,’, where A/’ A" and
A/’cA”. Then A"=A,)PK"” and K" is isomorphic to a direct summand of
M. 1If K”40, K” contains a completely indecomposable module K, (isomor-
phic to one in {M,],) as a direct summand by Krull-Remak-Schmidt theorem.
Since K, has the exchange property, we know from the argument above that
some A,” contains a submodule isomorphic to K,. Which is a contradiction.
Hence, A=M'PA,/DA” and o(M)~Mis a locally direct summand of 4,4"”.
Since A/A"~A’eWand {M,},is locally semi-T-nilpotent, @(M)is a direct
summand of A/A” by [6], Lemma 3; A/A"=¢p(M)Pep(Kand KcAd’. Fur-
thermore, @(M) has the exchange prooertv jn 2 by [4], Corollary 2 to Proposi-
tion 1 and hence’A/A"ch(M)GjE]Z @p(4,ywhere 4,”"cA4,’. Therefore,

A—_—M@é@(Am"’éBAw”).
Next, we shall consider some cases where M satisfies (*).

Lemma 3. Let {M,};, M and N be as in (*) and i: N—Mthe inclusion.
Then N is a direct summand of M if and only ifp, i is isomorphic for some a in I.

Proof. It is clear from the definition of &’.
Lemma 4. Let M, be a completely indecomposable module. We assume M,
is a locally T-nilpotent system itself. Then M=>PM,; M, ~M, has the ex-
aecl

change property for any set 1.

Proof. We shall show that M satisfies (*). We may assume N=M,. We
put f,=p.tand assume that f, are not isomorphic for all al. Let m+=0eN
and i(m):Z"]f,,,’,(m). Since i is monomorphic, we may assume f,,(m)=m,==0.

=7,
Let #(m,)=2\fs/(m,). Repeating this argument, we obtain a sequence {fs}1
=1
such that fs, fp,.,"** fa,(m)=6r any », which contradicts the T-nilpotency of
{M}. Therefore, M satisfies (*¥) by Lemma 3.

Let A, B be R-modules and f&Homg(4, B). If Im/ is small in B,
fis called a small homomorphism. We note that if A=B are R-projective, then
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the Jacobson radical J(Endg(A4))of Endg(A)consists of all small homomorphisms
by [10], Lemma 1.

Lemma 5. Let {P,};be a set of R-modulesand P=2I @©P, If P has the
[ 1=3

Ro-exchange property, then any sequence of small homomorphisms {n,: P,—P, 3
is locally semi- T-nilpotentfor any countable subset {Py}7 of {Pg}1.

Proof. We make use of the same argument in [3], Lemma 9. Since
P *——‘E@P », has the R,-exchange property by [2], Lemma 3.10, we may assume

I={a;}”. Let {n;} be the given small homomorphisms. Put P/= {p;+mn;p;|
P;EP;} CP:‘@P{+1' Then P:PJ@PZ/@P3®P4,€B"':Px/@Pz@P3I®P4®"'-

Since P/~P;, ’Z@P »i: hasthe Ro-exchange property. Hence, P=:ZOEBP2,.+1'@

PYDHP/ PP YPP/ VP , where P,y and P,/ are direct summands of
’ . . ’ 7”1y __ 1/
P,... and Pouirs respectively. Since Paonis =Pouyzy Ponis ¥ = Popis™ , where Popss

=P,,., PPP,,.,””. Letp,, be the projection of P to P,, with respect to the de-
composition Pzi}GBP,- Then P,,=p.n(P)=n,,_1(Pop-1)+ P,y from the latest
i=1

decomposition.  On the other hand, #,,_,(P,,,) is small in P,, by the definition
and hence P,,’=P,,. We consider the two decompositions P=(P’PP, )P

{P/D(P,/PBPP)YPP/P -} =;§,‘@P,~. We shall show P,"°>=(0). Let x be in

P®. If nx is contained in {P/B(P/PP,V)PP/H }, then x=x+nx+
(—nx)e(P/D{P,/ PP/ PPV)BP/P })NP,P=(0) from the former de-
composition and so x==0, which implies that #, p,» is monomorphic. Let
y be any element in P, in the latter decomposition. Consider the expression of
y in the former, then y=x,+x/'+nx '+ x, 4+ nx,’+1’, where x,€ P, x/P,,
x/eP, andye(P/PP,PP,/PD ). We consider this expression in the latter,
then x,=—ux,/, n,x,/=—y"and y=nx'+x,’. We define a submodule N in P, as
follows: N={z|€P,, n,xe (P/PP,)PP/& }. Then we obtain P,=n,(P,*")
PN from the above arguments. On the other hand, #n,(P,”) is small in P, and
hence, n,(P,"”)=0. We have already known that #», p,& is monomorphic.
Therefore, P,’=(0) and P=P/PP,/ PP,/ DP,)DP/P---. Consider an
expression of element x, in P, in the above decomposition, then x,=x,"+x,+
nyxy -+, x,PEPY, /P, and yE {P/P -}. Hence if we repeat the same
argument on the direct summand P, P, instead of the direct summand P,DP,,
we know P;’=(0). Similarly, we obtain P,,,,"’=(0) for all n. Thus, we have

Pzi]@P,/. It is easyfrom this fact to prove the lemma (cf. [3], Lemma 9).

Theorem 1. Let R be a ring.  Then thefollowing statements are equivalent.
1) R is a right perfect ring (see [1]).
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2)  For every projective module P,
i P has the exchange property,
ii Endg(P)/J(Endg(P)y a regular ring in the sense of Von Neumann.

3) Put P,=S1®R.

i P, has the exchange property,
ii Endg(P,)/J(Endg(P,)) is a regular ring.
4) i P, has the exchange property,
ii  R/J(R) is artinian.

Proof. 1)—2) Let R be perfect and Ran Pe;R, where fa} is a complete

set of mutually orthogonal primitive idempotents (see [1]). Let P be a projective
R-module. Then P~ 3)(3)Pe;R) and faR} is a T-nilpotentsystem of com-
) Ji

pletely indecomposable modules by [1]. Hence, >@e;R has the exchange
I
property by Lemma 4 and so does P from [2], Lemma 3.10. ii is obtained by

[8].

2)—3) Tt is clear.

3)—>4) Since P, has the exchange property, J(R) is right T-nilpotent from
Lemma 5 and [10], Lemma 1. It is well known that Endg(P,) is isomorphic
to the ring of column finite matrices over R with degree R,. Since J(R) is
right T-nilpotent, J(Endg(P,))is isomorphic to the subring of column finite
matrices over J(R) by [9] or [5], Corollary 1 to Proposition 1. Hence,
EndR(P,)/J(Endg(P,)) is isomorphic to the ring of column finite matrices over
R[J(R). Therefore, R/J(R)is artinian by [5], Corollary to Lemma 2.

4)—1) It is clear from Lemma 5 and [1].

Proposition 1. Let R be a semi-perfectring (see [1]) and P a projective R-
module.  Then P is semi-perfect(see [8)) if and only if P has the exchange property.

Proof. Since R is semi-perfect, P is isomorphic to a module nZ 2 Pe;R
i=1 J;

by [11]. If Pis semi-perfect, {e;RY, is semi-T-nilpotent by [8] or [4], Theorem
7. Hence, P has the exchange property from Lemma 4. The converse is
clear from [4], Theorem 7.

Finally, we shall add here some remarks concerned with (*).

Lemma 6. Let {M,};, M and N be as in (*). [/ N is uniform,p,i is
monomorphicfor some .
Proof. LetrapObe in N and nzana,,,. Put M= >\ @©M,and let p,:
= r-1a;)
M—M, be its projection. Then 0=(N Ker(p, ;)N Ker(pZ). Since N is uni-
form and Ker(p,7)+0, Ker(p, 1)=0 for some «;.
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Corollary 1 (cf. [12]) Let {M,};and M be as above. We assume that
all M, are uniformand each M, is not isomorphic to a proper submodule in Mg
for all a, B (e.g. all M, are injective). Then M has the exchange property if
and only if {M,}is a locally semi-T-nilpotentsystem.

Proof. It is clear from Lemma 6 and [4].
For an R-module L we denote its composition length by ||L]||.

Corollary 2. We assume all M, are uniform and of |M,||< n < oo for all a.
Then M=% @M, has the exchange property.

aer
Proof. Put M())=>Y®DM,, where ||M,||=i. Then M(:) satisfies (*) by
T

Lemma 6. On the other };and, {M,};is T-nilpotentby [3], Corollary to Lemma
12.  Hence, M has the exchange property by Lemma 2 and [2], Lemma 3.10.

3. Nexchange property

Let {M,};be a set of completely indecomposable modules and 2 the in-
duced category from {M,},;. We have shown in [4] that every object in ¥ has
the exchange property in % if and only if {M,}, is a locally T-nilpotentsystem.

In this section we shall study a similar theorem to the above. We rearrange
{M,} ras follows: {M,s} ,ex pese such that Moe~M, s and M gacM /g if
afa. Put KP={a|€K, | J,|<R}, K®={a|€K, | J,| =8} and M=

> PM,s, where | K| means the cardinal of K. Then M=M™®@PM>.

@K ey,
In Section 2, we have mainly studied a case M=M®. We shall consider here
a case M=M™.

Lemma 7. Let M=M®HM® be as above. We assume {M };is a locally
T-nilpotent system. If either M®=0 or M™®=0 and |K®|=1, then every
monomorphismfin Homg(M, M) hasa left inverse, namely Imf is a direct summand
of M, (cf. [13], Proposition 6).

Proof. We first note that there exist indices a, S such that pgf|,is
isomorphic from the proof of Lemma 4. Let & be the set of direct summands
3 @M; of M such that T P f(M;) are locally direct summands of M. Then &
b4 r

contains a maximal element K= M; with respect to the inclusion. Since
L

{f(M;)} js locally T-nilpotent, f(K)is a direct summand of M and M=f(K)D
SYHM, by Lemma 10 in [3] and Lemma 3 in [6], where M.’ are isomorphic to
I/

some in {M,};. We assume K=+M. Then f(M)=fK)Df(M)NSBM,).
I’
Let p be the projection of M to X ¢ M/, then pf| zem, is monomorphic. On
I’ I-L
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the other hand, if M®=0, = ®M,~>I DM, and we may assume pf | zom, is
I-L I’ I-L
a monomorphism in Homg(31BM,’, 33 ®M,’). Hence, in either case M’=0
I’ I,

or M®=0, there exists &’ in /—L such that pf(M,’)is a direct summand of
2IPM, from the first argument and Lemma 3. Therefore, AKPM,)is a
<

direct summand of M, which contradicts the maximality of K. Thus, we have
proved the lemma.

REMARK. Lemma 7 is not true for the different cases from the assump-

tion.
The following lemma is substantially due to [2], Lemma 3.11.

Lemma 8. We assume that an R-module T has the finite exchange property

and THT’ =_"Z PA;=A. Then each A; contains a direct summand A; such that

i=1

TN @1 PDA/)=0 and T®i_§1 DA/ is a direct summand of A for any n.

Proof. Put K,,_—-_;] PA;. We assume A=TPHA,’PA,PB---PA,/PK,./,
where 4 and K, a;"e direct summands of 4; and K,,,, respectively, say 4;,=
A;/PA/, K,,=—=K,,/PK,.,”. Since TzZ‘ilGBA,-”@K,,H”,K,,ﬂ”haS the finite

exchange property by [2], Lemma 3.10. We may assume K,.,”"=(TPA,/’PA,/ P
-PA,)NK,:, and hence TPHA,'PA,/'P - PA, contains K,,,” as a direct
summand; THA'PA,/'E- PA,/=K,.,”"PP. Put K,..—A,..PK,.,. Then
K, .=K,. " PA.,PK,., , sinceK,.,” hasthefiniteexchange property. Thus,
A:TEBA{@A;EB EBA;:/EBKmH,:Kr+1”€BP®K1:+1/:K’:+1@P:Knﬂ//@P@
An+1,@Kn+2/:T@Al/@Az,@"'@Anl@An»H,@Knﬂ/-

In Lemma 8 we have obtained 4;=A4,;/® A4, and Az(i@Ai’)@(i‘@A/’).

Let p, be the projection of 4 to b3 @A,”in the decomposition above.

Lemma 9. p,.(T):tZ] DA forany n.

Proof. Let p be the projection of 4 to ;EBA,-” Since Azg‘_l, PA/D
TSR a0 K~ 5O/ DAL, HAV =BT DKo )& P (K )=
p(T)—{—g; @A/ <p(4). Hence, ‘b,,(T):iE1 D4,

Lemma 10. [If {M,},; sfo”a/fy T-nilpotentand M®=0, then M has the
R,-exchange property.

Proof. Let M=M“=3X X M,z as above and M€{9N=‘i1 BA;=A.

aEK BEIy

Then M has the finite exchange property by [12], Proposition 1.7. Hence, we

o
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obtain direct summands A of A4; such that M N (Z A/)=(0) from Lemma 8.

1=

Since
D DAL PRy =M (4),
i=1
A'~ = X SM, and JPE ], KPSK by [3], Theorem 9. Since

aSKD per, (D

| Sl <R é [ J&1 is finite and |Ja.| =221 /& from (**). Now,
\‘ PA; L PA; '%L‘BA ’” and let p be the projection to L DA/ Since
M 0(2.. DA;/)=(0), M is isomorphic to P(M)< LFBA/’. From the above
argument we may assume that p\ »is a monomorphism in Hompg(M, M). Then
p(M) is a direct summand of TZEBA,-” by Lemma 7. Hence, i,’:‘%BA,-”:
p(M)@?_,EBA/”; A<S A/, by [4], Corollary 2 to Proposition 1. Thus,
= 04, =MBIB(A/DA).

Lemma 11. // {M,}is locally semi-T-nilpotentand M=M™ (i.e. M®=
0) is R-projective, then M has the tf ,-exchange property.

Proof. Let M=M"= @Mm,; We shall use the same notations
weK(U BET Y

as in the proof of Lemma 10. We have obtained the monomorphism p of M to

S ®A/ and A" are in ¥ from (**) and [4], Theorem 4. Put 4,”= >

1 weK(') ges

PM,q. Since | JP| <R, EI](” Jo! from (**). We consider all M5

and p in A. Since M is projective, so is A ’ from (**). Furthermore, p,p

is epimorphic to ZnEBA,-’ "by Lemma 9 and so p,p \ msplits. Therefore, p,p\ =
1
is epimorphic in 2. Now, SIYPAS _Z =, DM, Since 23| ]| <R,

KCHD ZJ (5]

(i)EBM,,,s is a direct summand of some Z EBA /. Let g be the projection of
T,

ZEBA " to Z GBMG,B Then gp|3 is epimorphic from the above. On the
other hand, qp(Z DM 5)=(0), since M gare minimal and M ,/sRxM 5. Hence,

p(Z @Ma,e)-— Z @M,s, which implies p|# is epimorphic. Since U is a

"( )
regular abelian category from [3], Theorem 7, there exists #: 12 P A,;— Msuch
thatpt= 1yzez,” Therefore, p is epimorphic as R-modules by [6] and [7]. Thus,
A=Z BA/PM.
]:et A(f) be the subadditive category of 2, whose objects consist of all 4
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that A= APPA® and |KD| <8,

Summarizing the above we have

Proposition 2. Let {M w} rbe a set of completely indecomposable modules and

A(f) as above. Then {M,}; is a locally T-nilpotentsystem if and only if every
module in %I( f ) has the R,- exchange property.

Proposition 3. Let P be a projective R-module in U(f). Then P is semi-

perfect if and only if P has the Ro-exchangeproperty.
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