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1. Introduction

We assume

(*) G is a finite group with a Sylow p-group P satisfying

Ce(x) = C4(P),  all x&P*.

Hypothesis (*) implies that P is an abelian trivial intersection subgroup and
Cy(P)=PxV, for some p’-group V. In fact, S=(PxV)—V is a T.L set.
Furthermore, N;(P)/V is a Frobenius group with Frobenius kernel PV/V. We
set |P|=gq, s=|NgP): Cs¢(P)| and st=q—1, where ¢ is the number of p-
classes of G. We set N=N(P).

Under this hypothesis (*) R. Brauer and H.S. Leonard, Jr. [1,3] have

shown the following results.

(a)
(b)

(©)

(d)

There is a one to one correspondence from the p-blocks of G of full defect
onto the N-classes of irreducible characters of V. (See (1D) [3] for details.)
A p-block B of G of full defect associated with an N-class @ of irreducible
characters of V' contains a family of exceptional characters {A;} (1=i<
|®|2),if [D|t>1.

Let p=®, and let W(p) be the inertia group of @ in N. If f=|®| and
| W(p)| =e|C¢(P)|, then ef=s. Let A be any member of {A;}. Then

A= 37\‘1—0%1??’ , (1)
A1) =8sp(1)+ofp(l)=(Be+)fp(1)  (mod g), (2)

where 8§=-11, pE®, c€Z, and A is an appropriately chosen exceptional
character of N. In particular, the p-block b of A in N lifts to the p-block
B of A in G. In addition A=(u@)¥, where p is some nonprincipal
irreducible character of P.

Moreover it follows from (3.10) in [1] that

Ay=dnyte D o=(Bete) e (modg) (3)
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in the ring of all algebraic integers.
Using (a),(b) and (c), D.A. Sibley has proved the following two theorems.

Theorem 1 (Sibley [4]). Suppose (x) holds and G has at least three classes
of p-elements. Then ¢=0. In particular A(1)=3x(1) (mod g).

Theorem 2 (Sibley [5]). Suppose
(#) G is a finite group with a Sylow p-group P satisfying

Co(x)=P, allxsPt.
Under this hypothesis (§), p X' A(1) if G has at least two classes of p-elements.

We remark that instead of hypothesis (#), Sibley has proved Theorem 2 under
the following hypothesis:

B A Sylow p-group P of G is an abelian 'T.1. set, and N (P) is a Frobenius
group with Frobeniu. kernel P.

It is easily seen that hypothesis (#) is equivalent to hypothesis ().
In this paper we shall prove the following theorem, which has been con-
jectured by Sibley [5].

Main Theorem. Suppose (x) holds and G has at least two classes of p-
elements. Then p {'A(1).

ExampLE. Let G=SL(2,q), where ¢ is a power of an odd prime p and L;_l
is odd. Then G satisfies (¥) with |V |=2 and has two classes of p-elements.
Ng(P) has two families of exceptional characters and both degrees are q_—z—l
On the other hand G has two families of exceptional characters and their de-
grees are 2—2—1 and %, which are prime to p. Moreover if we choose §

appropriately, we can take ¢=0 in both families.

2. Proof of Main Theorem

The main theorem can be proved by similar way to Theorem 2 with the
addition of block calculations as the proof of Theorem 1.

Suppose by way of contradiction that p|A(1). Then first of all we claim
also p|A(x) for any p-regular element x which is not conjugate to an element
of Vin G. Let g;€P* and K, be ihe class of G containing g; and K be the
class of G containing x. We define a class function 6;, by

0:.(a) = |{(g/,*") g/ €K, x' €K, g,/'x" = a} | .
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We have the well-known formula

6, = |G| X(g:)X(x) X,
[Co(g:) | 1Co(x)| *F X(1)

where the sum is over all irreducible characters X of G. We now define another
class function 6,,’ by

(0;:(a), if a is p-singular,

0@ = |

0, otherwise.
We may write

L / eix(a) a
= e O

where the sum is over a complete set of representatives a of the p-singular classes
a®of G. By 6, we mean

A / 0:’:(‘1)
elx |B za: ICG(a) I EX(a)x )

and by 0;,,5 we mean

o, Gl g )(x) 5,
[Co(ga) | 1 Ce(%) [ €2 X(1)

Lemma 1. 6,,(g,9)=0 (mod q) for g, P* and vEV.

Proof. The lemma follows easily, because P acts by conjugation fixed-
point-free on the set of the pairs (g;’, x’), where g,'€K;,x’'€K and g,'x'=g,v.
(q.e.d.)

Let m be {2 |y is a rational integer which is prime to p, and 2 is an al-
gebraic integer}.
Lemma 2. 0,,5(g,) is in m and 0,,5(g;)=0 (mod qm).

Proof. Since 0;,—0;,’ vanishes on p-singular elements, the “Truncation of
Relations” theorem (see [2] (IV.6.3)) shows that 8,,;—6; iz vanishes on p-
singular elements. In particular

_ ’ _ 4 0;,((1)
0:018(84) = 0ix"15(81) = Z m"§ X(a)X(gs) -

We can claculate 33 X(a)X(g,) by (5)[4] and it becomes
XEB
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— / ezx(gkv)
(e = B e 4 9P

where the sum is over a complete set of representatives of p-singular classes in
which g, can be chosen as p-part. - Since 6,,(g,9)=0 (mod g) by Lemma 1, the
result follows. (q.e.d.)

Lemma 3. If p|A(1), then p|A(x) in m for any p-regular element x&V°.

Proof. We can compute the difference between 6,,; and 0;,; for g;, g;€
P* as Sibley did in [5]:

A _0. — |G| A(g:) A(*)A(ge) _ A(g)A(x)A(g)
0::15(8:)—0;15(81) 1PV |1Cuon)] = { Ad) AQ) }
|G| A(x)

= V11 Catey [A Q) 2= AeDAMEN—R(e)AEH}

where {A} are the exceptional characters in B. (These equalities follow from
the facts that X(g;)=X(g,) for any nonexceptional character X in B ((1D) (v)
[3]), and that A(x) and A(1l) are independent of the choice of A((2B) [1]).)
On the other hand,

23 {A(g:)A(g)—Ag) A} = 2 {X(2:)X(gn)—X(g;)X(gn)}

= qf(p(l)z(sg.'gkhagjgk) )
where 8, is defined for g, k& P* by

1 g~h,
agh — .
0 otherwise.

The last equality holds by (5) [4]. As G has at least two classes of p-elements,
we can choose g;=g, and g;<g,. Then by Lemma 2

o ovo oy |CIE@fR)
0=0;,15(2)—0;x5(gx) 1V 11Co) [AD) (mod gm) .

Then p|A(x). (q.e.d.)
We now calculate [|A|2. This gives
— 1IAllZ — |G Ag)AL) | |Gl A(®)A(v)
1=]|A
IAIF= I('I';;? 1Cs(8)] |GI”§’ |Co(v) |
1 r |G| A(x)A(x)
GTte 1CmT ()

where the first and the second sums are over complete sets of representatives of
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G-conjugacy classes and the third sum is over that of G-conjugacy classes of p-
regular elements which are not in V¢, Then by Lemma 3 we may write the

third sum as p?’R where R=% for some algebraic integer 2 and some rational
integer y which is prime to p.

Lemma 4. Let T, be the first term of (4). Then

T, = 1+']—I;V¥{—(8e+c)2-l-czg} .

Proof. By (1),

1 v IG| (s S _
o= 1 B e MO B 19(6) OMe) e T 17
where the sum is over a complete set of representatives of G-conjugacy classes.
Since S is a T.I. set, the representatives of G-conjugacy classes of S coincide
with those of N-conjugacy classes of S and |Cy(g)|=|Cy(g)|. Then

— |G:N| v _IN| 5 _
L="161 &7c, o] Mz Lree) CMe)te 2 1:26)

where the sum is over a complete set of representatives of N-conjugacy classes.
Since X is a character of N and >} 1, is an N-invariant character of PV,
yed

T, = o (S AN+ 2 M) (S 12+ o) (S L)

|N| =K
2 .
+¢* 2 (2 1ep(8)) (5 1rP(e))}
where the sums are over all elements of S. We can express Ajpxy as
8ES

follows:
Npxy = 2 (#1+IL2+"’+IL¢)"‘P” ’

where n ranges over a cross section of W(e) in N, and u,, s, **+, p, are distinct
irreducible nonprincipal characters of P. Note that

2e'=2p.

reo

From the orthogonality relations we get
2IMMe) = IN|=2 @)
eS8 vEV
= [N[-2]le 2 p(v)[*
vEV  ¢ED
= |[N|=2|VI|f,
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2Me) 1 1:2(9)) = 2 (32 (st st -+ 1)"9"()) (2 1:P(2))
= —2 Zep"(0) (2 P(0))
= —e 3} (3} (v) X 7(2))
= —elVI|f,

2Me) 2 1ep(e) = —el VIS,

and
SIB L@ = @—1DZ | Ze@)*=EDIVIS.
Then
T, = ﬁ {IN|—¢|V | f=25ce| V| f+g—1)| V| /}
= l—i—m {—(Be+c)*+cq} . (q.e.d.)

IN|
Multiplying (4) by ¢q| V| we get

'I Vrlf {—(Getcp+egt+ TotpRIV| =0,

where

_ 1 1GIA@®)A(®)
[G:PV& |Coo)]

2
Then
WS —(@etop+@g +T,=0  (mod pqm) (5)

Lemma 5. T, = I—V_I-]:(fe-—‘l'cf (mod pgm) .

Proof. Let {v;} (1=j=<u) be the representatives of G-conjugacy classes
of V. Then these are also the representatives of N-conjugacy classes, because
Ng(P) controls fusion of Cg(P). Note that p|(Se-+c) from (2), because we
have assumed that p|A(1). By (3),

__ 1 |G
|G:PV | = |Ce(o,)]

S W TR Np—
= G B e oy O T ) (F 70N} (mod pgm).

We now set {=23)@. Since { is an N-invariant character of ¥V and {v,} are
YD

A(v))A(v))

2

also the representatives of N-conjugacy classes,
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1512 = LEx@] S 12
IN| %%
Then

_ (Bete) & |G| -
I,= |G:PV| = 1Cs(0y)] 1£(9;)]

— (Bete)? <h [IG]1Cn(v))] 2
= IG:PVIfg{lcc(v,-)llzvl%v’,-'“”" }

_ et Psr_ @) _
= Bleeam

Since PSCg(v) and P is a T.I. Sylow p-group of Cg(v),
|Co(v): Ca(v)| = |Co(v): Ne(P)NCs(v)| =1 (mod g).

Thus
7,= GtV 5 15017 = D (mod pgmy. (q.e.d)

Then by (5) we get the congruence
W12 = o (mod pqm).
s
Hence we get p|c®. This contradicts p|A(1). This completes the proof of
the main theorem.
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