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Abstract
In this paper, we study a class of Rauzy fractals R, given by the polynomial x> — ax? + x — 1
where a > 2 is an integer. In particular, we give explicitly an automaton that generates the
boundary of R, and using an unusual numeration system we prove that R, is homeomorphic
to a topological disk.

1. Introduction

The Rauzy fractal is a compact subset of R”, n > 1. It was studied by many mathemati-
cians and is connected to many topics such as: numeration systems [8, 11, 22, 19], geo-
metrical representation of symbolic dynamical systems [6, 20], multidimensional continued
fractions and simultaneous approximations [5, 14], auto-similar tilings [6, 22], substitutions
and tilings [12] and Markov partitions of Hyperbolic automorphisms of Torus [20, 22].

Let 5 > 1 be a fixed real number. Any positive real number x can be expanded as

[ee]
X = Z a_,-,B—i = Cl_NO,B_NO + a_NO_l,B_N‘)_l + ...

i=No
with a; € Z N [0, 8) and we are assuming the greedy condition

N

X — Z a_l-,B_i

i=Np

-N
<p",

for all N > Ny. We call this expansion a beta expansion of x in base . A Pisot number is an
algebraic integer whose conjugates other than itself have modulus less than one. Let Fin(f3)
be a set consisting of all finite beta expansions and consider the condition

(F) Fin(B) = ZIB ™' 1so.
Consider the beta expansion of the positive number
0<1-[BIB ' =coB?+caB+...= .0crcs....
If we put c_; = [B], we can write
1 =.c_icac;....

This expansion .c_jc_pc_3... is called the expansion of 1 and denoted by d(1,5). We can
identify this expression with the word c_jc_c_s3... generated by A = Z N [0,5). Every
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finite word generated by A represents a beta expansion in base S if and only if the word
is lexicographically less than d(1,() at any starting point. This fact can be generalized to
infinite words apart from certain exceptions (see [21]).

In [16] they proved that if 8 > 1 is an integer then (F) holds and, conversely, the condition
(F) implies that  is a Pisot number. A Pisot number 3 is called a Pisot unit if it is also a unit
of the integer ring of Q[A]. In [2] we have the following results :

Theorem 1.1. Let 8 ba a cubic Pisot number. Then 3 > 1 has property (F) if and only if
B is a root of the following polynomial with integer coefficients:

X —ax*-bx-1,a>0,and —1<b<a+1l.

Lemma 1.2. Let 8 > 1 be a cubic Pisot number with Irr(8) = x> — ax? — bx — 1. Then
the expansion of 1 in base (8 is given by:
) d(1,)=(a—Da+b-1)a+bh),if-a+1<b<-2;
il) d(1,B) = .abl, if 0 < b < a;
iii) d(1,B8) = .(a— 1)(a—1)01, if b = -1,
iv) d(1,B) = .(a + 1)00al, if b =a + 1.

Here w is the periodic expansion wwwuw....
Theorem 1.3. A cubic Pisot unit B has property (F) if and only if d(1, B) is finite.

To each cubic Pisot unit satisfying (F), we can associate a Rauzy fractal. In the case
where S is a Pisot number satisfying condition (ii) of Lemma 1.2, the Rauzy fractal was
studied in [17] and [18]. In [17] the authors proved that if 2b > a — 3, then the boundary of
the Rauzy fractal is not homeomorfic to a circle. If 8 is a cubic Pisot unit satisfiyng (iii) of
Lemma 1.2 and a, a its Galois conjugates the fractal associated is given by

R, = {Z @i, @iai1ai-2ai-3 <pex (a — D(a —1)01, Vi > 5},
i=2

where <, is the lexicographic order on finite words. In [9] the authors proved the topologi-
cal and arithmetical properties of R,. In particular, they proved there exists an explicit finite
state automaton .A such that the boundary of R, is recognized by .A. With this automaton
they proved that for a = 2, the boundary of R, is homeomorfic to a circle. Their proof
cannot be extended to the case a > 3. The parametrization of the boundary of R,, a > 3 is
different from the case @ = 2. It uses an unusual numeration system.

In this paper we will study the fractal associated to a number § satisfying the condition
(iii) of Lemma 1.2 with @ > 3, b = —1. In this case the polinomial p(x) = x> —ax’> + x -1 =
(x - B)(x —a)(x —a),where 8 > 1 and a, @ € C\R.

The purpose of this work is to present a complete description of the boundary of R, a >
3. Our main result is the following.

Theorem 1.4. 0R,, is homeomorfic to S .



PARAMETRIZATION OF RAUZY FRACTALS 103

Fig.1. R;

2. Background, notations and definitions

In this section we will give more informations about S-numeration, Rauzy fractal, au-
tomaton and we will present some notations that will be used in the next sections.

Assume that 8 is a Pisot number of degree d > 3. We denote by Ss, 33, ..., 8, the real
Galois conjugate of 5 and by B,41, ...s Briss Brost1 = m s ees Breas = Bres its complex Galois
conjugates. Let

JJ/ = (ﬂz, “"ﬁreﬁr+l, "'7ﬁr+s) c Rr—l % Cs
and put Y= (,Bé, W BLBL ’r +s), Vi € Z. The Rauzy fractal is by definition the set

e+l
R = {Z ay', (a)iso € EB}

i=0

where Eg = {(x)izk, k € ZIVn > k, (xi)r<i<n 18 a finite B expansion}.

An important class of Pisot numbers are those such that the associated Rauzy fractal has
0 as an interior point. This numbers where characterized by Akiyama ([3]), and they are
exactly the Pisot numbers satisfying condition (F).

In this paper we will work with sequences (a,),cz belonging to {0, 1,...,a — 1}% and the
following set
N = {(a,,)nez, JdkeZ, ay > 0, a; =0 for all i<k, a;a;_1a;_20a;_3<j.x(a — 1)(a — 1)01, Vi > k}

If (a,) € N' we will call it an admissible sequence.

Take (ay,, by)nez an infinite path on the automaton A starting in the initial state. If (a,), (b,)
€ N we will call it an admissible path.

In [9] the following results were proved.

(o]

(1) Letz = Z a;a' € R,. Then z € R, if and only if there exists (b;);s; € N, [ < 1,
i=2
b # 0 such that )" aa’ = 3" bia'.
2) Tilere existoso an ig)iplicit ﬁrii:tle state automaton A (see figure 2 below) such that
Z ea' = Z €/a', (&), (€/) € N if and only if (¢, € )iz is an admissible path.
Let uslzelxplain thl:behavior of this automaton. Let & = (&;);»; and &’ = (&]);»; belonging to
N,x=3Y2 & andy = Y2, €a'. Suppose x = y. For all k > [ we put
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k
2.1 Ae, &) = a2 Z(Sl‘ — &),
i=l

In [9] the authors proved that Ay(g, &’) € S = {0, +a, +a?, +(a—a?), =(1+(a—1)a?), +(1+
(a—-2)a?), +(1 —a + (a—1)a?), (1 - 2a + aa®)}. We can see that for all k > I,

Ai(e, &)

(2.2) Apr1(, &) = + (Ekr1 — £y )

Let s be the smallest integer such that g; # &}. Hence A;(e,&’) = 0forie {/,...,s -1}
Suppose &; > &.. Then, A = (g,—¢&’)a® = a*. From (2.2) we deduce Ay, (&, &) = a+ (8541 —
s;JrI)Q/2 which should belong to S. Hence Agy1(e,&") = aif ey = &), orAgi(e,&') = a—a’
if (g511,&,,) = (1,11 + 1), where 0 < #; < a — 2. Continuing by the same way and using the
fact that the set of states S is finite, we obtain the following finite state automaton shown in
Figure 2.

(e,€)

l —1— (a—2)a? (a=1,0) 1+ (a —2)a? |
(0,a—1) (a—1,0)
| —14 20 — aa? (0,a — 1) 1—2a+ aa? |

Fig.2. Automaton A

Another result proved in [9] is the following.



PARAMETRIZATION OF RAUZY FRACTALS 105

Proposition 2.1. R, induces a periodic tiling of the plane C modulo Zu + Zau where
u=a-1. Moreover OR, =\ Jyep Ra N (R4 +v), where B = {xu, +au, +(1 + @)u, (@ — 1)u}
and Ry N Ry + (1 +a)u) ={-1}, RaNR, + (- Du) = {-a}.

. R-i-[l—ul[l:lt—l]

R-(1-a)(a-1)

Fig.3. Tiling induced by R3

REmARK 2.2. In this paper we will use the following relations:

23) d"—ad" '+ - =0, " =(@- D" +(@a- D"+ Ve

Lemma 2.3. Letz€ B, 1. Thenz = (a-1)+ Z a; and 7 = Z bia' withay =0, by =
i=2 i=2
a—1and by =0.

Proof. Take z € B,—_. Using relation (2.3) we have z = e +@a-Da ' +@@-2)+ Z a;a’
i=2
and z = Z b;a'. Then the admissible path, starting from 0, in the automaton associated to z

_ i=2
is

(1 > O)(O’ 0)(61 - 1’ 0)([1 - 2’ 0)(09 0)(02’ bZ)(a:’)v b3)
Using the automaton we have that a; = 0, b, = @ — 1 and then we can write z = a”+ (a—

Do +(a—2)+ Z aad =a—1+ Z g’ and 7 = (a - 1)a® + Z bia'. We also have that
i=3 i=3 i=3
b4 =0. O

3. Parametrization of OR,, a > 3

In this section we give a complete description of 0R,, a > 3. By Proposition (2.1) we
have that OR, = U,cg RaN (R, +0v) where B = {+(a 3 +a7!) = £(a—1), +(a®—a), +(a’ -
1), (e —1)?}. Since R, N (R, +v) is a pointif v = @®> — 1 or v = (@ — 1), we will study the
others four regions 3, = R, N (R, +v) where v € {+(a - 1), +(a? — @)}. For this we will use
the set B,-1 = R, N (R, + a — 1) described by
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Bai = {ze Cz=a-1 +Zaicxi =(a- l)az—f-Zbiai}.
i=3 i=3

In particular, we will prove the following results.

Proposition 3.1. Let f;, i = 1,2,3, be the functions defined by fi(z) = o' =1 +

o'z, /r(2) = —(a—Da+a 'zand f3(z) = 1 —a +z. Then we have the following properties:

(D) Byg = fl(Ba—l)a

(2) By-or = f2(Ba-1),

(3) Bi—a = f3(Ba-1)-

(4) Bo-1 N fi(Ba-1) = Ba-1 N Bp2_q = {=1}.

(5) filBa-1) N f3(By-1) = Byo_g N Bi_q = {—a}.

(6) fo(Ba-1) N f3(Bao1) = By_g2 N Bi_g = {—a?}.

(7) Bo-1 N f2(Ba—1) =By N Ba—az ={-(a-Da- a’_l}-

(8) Bo-1 N f3(Ba-1) = Bo1 N Biq = 0.

9) fi(Ba-1) N fo(Ba-1) = Bar_g N By_g2 = 0.

Proposition 3.2. Let g;, i = 0,1,...,2(a — 1), be the functions defined by gy1(z) =
—1-ka? +a/31f0rk =0,...,a-2,and gy(z) =a—-1+(a—-1 —k)a3+a2zf0rk =0,..,a—1.
Then

2a-1)
Boi = | ) i,
i=0
where X; = B,y if i is an odd number ori = 2(a—1)and X; = B), | ={z € By-1;a3 # a—1}
if i is an even number.

Remark 3.3. Using Proposition 3.2 we will construct an explicit continuous and bijective
application from [0, 1] to R,—;. Using this fact and Proposition 3.1 we obtain an explicit
homeomorphism between the circle and the boundary of R,,.

Proof of Proposition 3.1. According to (2.3) we have o’ —a = a2 + (a - 1) + (a — 2)a.

(1) Take z € By_i. According to Lemma2.3z=a— 1 + Z aid = (a—-1)a*+ Z bia'.
i=3 i=3
Then
@ =a'-1+a ' ((a-1a*+ Z by = a2+ @-1)+(a-2a+ Z bia'™!
i=3 i=3

eER,+ o’ —a.
We also have

[s]

f@=al=1+a (@=1+ ) aa) =) aad™ R,
i=3 i=3
Therefore f1(By-1) C Byo_g-

Takez€ By g, 2= 2+ (a— 1)+ (a—-2)a + Z aa = Z bia'. Then
=2 =2
M@ =a-1+a@?+@-1)+@-2a+ Za,-o/) = (a-1a*+ Zaiaf”l € R,

=2 i=2
We also have
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M@=a-1 +a(Zb,-a") =a-1 +Zb,-o/+1 ER,+a—1.
i—2 i
Therefore f;!(B,2_4) € B,-1 and then
fl(Bafl) = Baz—ow

(2) Take z € B,_,2. Then z + @* — @ belongs to /3,:_, and according to what was done
before there exists w € B,_; such that z + @®> — @ = g;(w). Then
vl —a=a'-l+a'w)=2z=a'-1+a-*+a'(w) = —(a- Da+a ' (w).
Therefore

fZ(Ba—l) = Ba—(zz-
We also know that [ '(z+a*—@) = a—1+a(z+a*—a) = (a-Da*+az = f;'(2) €
Bg-1 and then f Y(By_a2) € Ba-1. Therefore f>(By-1) = By_ge.

(3) This item can be done by the same manner of item (2).

(4) Take 2 € Booi N By =RNR+a-1)N R +a’—a).
Thenz—a+1eRNR-a+DNR+@-1DHCRNR+(a-1)?>) ={-1}.
Therefore,z—a+1 =—-a,and z = —1.

(8) Take z € B,—1 N f3(By-1). Then there is z; € B,_1 such that z =1 — @ + z;. Then

a+z=1+2z.

Since z, z; € B,_; we know that z = (a — 1)a? + Dits a; and z; = (a — Da? +
Z;-:3 biai.
Then the equality above becomes

1+ (a- l)a/2 +Za,~a/i =a+(a- l)cy2 +Zbiai.
i=3 i=3

So, we conclude that (1,0)(0,1)(a — 1,a — 1)... is an admissible path on the
automaton A starting from 0. But there is no such path on the automaton and then

Ba—l N f3(Boz—1) = Ba—l N Bl—a =0.
Following the ideas of items (4) and (8) we can prove (5), (6), (7) and (9).

For more details see [10] O
R+a?-1 R+a-—1 R — (a— 1)
-1 —(a—l]a—n_l
R+a?2-a R R+a—ao?
—c —a?
R+ (a— 1)? R+l-—a R+1-a?

Fig.4. Boundary of R,

Proof of Proposition 3.2. Let z be an element of 3,_;. Using the automaton .4 we can

writez=a — 1 + Z i = (a—1)a® + Z b’ where (a3,b3) = (1,1), t =0,1,...,a—1or
=3 i=3
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(az,b3) =(t,t—=1),t=1,...,a—1. Let B(ll’l, Bi’il be the following sets:

B ={ze Ba_1;<a3,b3) = (r, 0, t=0,l.,a~1},
={z€ By_1;(a3,b3) =(t,t—1), t =1,2...,a — 1}. Since

a—1
UB UjUs
t=1

in order to prove this theorem we need to show that gog41(Ba-1) = Bi’fl_l_k ,k=0,..,a-2,
92a-(Ba-1) = BYY and gu(B,,_) = B k=0,.,a-2.
1)- Indeed since z € I3, then:
Grs1(2) = =1 —ka® + (@ -1 + Z ad)=(@a-Da*+@-2-ka’ + Z a;'* and
i=3 i=3
go12) = =1 —ka® + @*((a — Da? + Z bia)=a—-1+(@a-1-ka’ +(a-1a*+ (-
i=3

)’ + Z b3, that is gors1(Be-1) C BZ“ =k On the other hand if we take w € 132“ 1=k
i=3

w= a—1+(a—l—k)a/3+(a—1)a/4+(a—2)a/5+z wa' = (a—l)a/2+(a—2—k)oz3+z via' then
i=6 i=6

al— ’

z=a—-1+ Z v = (a—-1a* + Z w;' > is an element of B,_; such that 92u+1(2) = w.
i=6
Therefore we conclude that

gois1(Boot) = B2 Mk =0,...,a - 2.
Gran@ =a—-1+a*(a-1+ Zaiai) =(a—-Da®+ Zaianz and
i=3 i=3

Pra(@ = @ =1+ (@a-1a?+ Y b)) = a =1+ @-Da*+ ) b, that is
i=3 i=3
1.0 . 1.0 _ 4 N i
92(a-1)(Ba-1) € B,”,. On the other hand if we take w € R ", w = a—1+(a—Da +Z ua' =
i=5
(a— l)a + Z v thenz = a—1+ Z via'™ " = (a— l)a2 + Z w;a =2 is an element of B,_;
i=5
such that gz(a 1)(1) = w. Therefore

gZ(u—l)(Bw—l ) = B(llf)l .

2)-Letze B,  givenbyz=a—-1+ Zaiai =(a- l)a/2 + Z bi'. Since az # a — 1 then
i=3 i=3
using the automaton we have b3 # a — 1. Then
gu@) =a-1+@-1-k+a’(a-1 +Z a;) = (a-De*+(@a—1-k)a’ +Z a;a'*? and
i=3 i=3
g =a-1+@-1-ka’+a*(a- 1)a2+Zbiai) =a-1+@a-1-ka’+@-1a*+
i=3
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(o]

Z bia™*?. So we have gx(B, ) € BL* ™. On the other hand if we take w € B“/'™,
i=3
w=a-1+@-1-ka?+@a- 1)a4+Zul~ai =(a-Da?+@-1-ke’ +Zv,~o/ then we

i=5 i=5

have us,vs # a—1 (again use the automaton) and z = a—1 +Z v % = (a- l)a/2+z w2
i=5 i=5
is an element of B/, _, such that gy(z) = w. Therefore

gu(B,_) =B k=0,.,a-2.

1 3

Using the previous notation and taking u = —1,v = —(a - Da—a ", w = -1 —a’, we

have the following lemmas.

Lemma 3.4.
(1) Take ky < ky. Then

Y _ (Dv lsz > kl
92k, (Ba—l) ﬂ92k2+1(13a—1) = { 1—a? —ka? - (a- 1)04’ ifky = ky.

Therefore —1 — o — ka® — (a — 1)a* = go(w) = gops1 (V).
(2) Take k| < ky. Then

, _ 0, lsz > kl +1
g2k|+1(Ba—l)ﬂg2kz(Ba_1) = { 1=y + DB, ifks =k + 1.

Therefore =1 — (ky + 1)@ = gas1 () = gogee1) (V).
(3) g, (B,_ )N gar,(B,,_,) = 0, if ky # ky.
) g21,41(Ba-1) (1 G2k 41(Ba-1) = 0, if ki # ko.
(5) nli_f)noo(go ° gra-1)"(2) =u=-1, ¥z € By_1.

(6) lim (2010 90)'@) = v=~(a=-Da—a™', ¥ze B,

Proof. 1)— Take z € gor, (B'o-1) () g2r,41(Ba-1), k1 < ka.
Then z = g, (21) = gok,+1(22), 21 € B'o-1,20 € Bo-1 and

a-1+(a-1 —kl)a/3 +a%z1 = -1 -k + 2.
If we suppose k, = ki + k we have
a+(a-— Da? + @’z = —ka® + 2,
and multiplying by a3
a?+@-D+a'z = —k+2.

Since z; € B'o-1,22 € By we know that z; = @ — 1 + X725 a@ a3 # a—1and 75 =
a@ -1+ Y25 bja'. Then the equality above becomes
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(o) o0
a?+a-a! +Za,-0/_l :—k+a—1+Zbia’,
i=3 i=3

and since a2 +a — 1 = a then

[s]

(k+ 1)+ Z aia! = i bia'.
=3

i=3
So we conclude that (k + 1,0)(0, 0)(as, 0)(a4, b3)(as, by)... is an admissible path on the au-
tomaton A starting from 0. Using the automaton, since az # a — 1, we see that the only
possibility is

(1,0)(0,0)(a —2,0)(a—1,0)0,a—1)(0,a — 1)(a-1,0)(a - 1,0)...
Then k = 0,

z=a—-1+@-2)a’+@- Do+ Z[(a - D+ (@a- 1Y = -1-0a7,
=2

and

n=a-1+ Z[(a ~Da¥ +(a- Do = ~(a- Da—-a.
i=1

2)— Take z € gaog,+1(Ba-1) () G2k, (B 0=1), k1 < ka.
Then z = gog,+1(21) = gox,(22), 21 € Bo-1,20 € B'—1 and

-1 - k1(x3 + a3Z1 =a—-1+@-1- k2)61’3 + Q’2Z2.
If we suppose k, = k; + k we have
@7 = a+ (a—1- k)a3 +a’z,
and multiplying by a3
7] = o+ (a—1-k + a 'z,

Since z; € By-1,22 € B'o_1 we know that z; = (a — 1)a® + Dins aia and z, = (a — Do +
>, bia'. Then the equality above becomes

(a-1)a* + Zaiai =a?+@-1-kb+@-Da+ Zbiai_l.
i=3 i=3

So we conclude that (1,0)(0,0)(a—1—k,0)(a—1,0)(bz,a— 1)(bs, a3)(bs, ay)... is an admis-
sible path on the automaton A starting from 0. Using the automaton, we see that the only
possibility is

(1,0)(0,0)(a—-2,0)(a—1,0)(0,a—1)(0,a - 1)(a—-1,0)(a-1,0)...
Thenk =1,

2 =(a-Da*+ Z[(a — DM (@ - Da* = -(a- Da-al,
i=1
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and

[ee]

= Z[(a —Da*? 4 (a- Da*] = 1.

i=1
3)-Take z € gaog, (B a-1) ( G2k, (B'a-1), k1 < k2.
Then z = gax, (21) = ga1,(22), 21 € B'a-1,22 € Bo-1 and
a—-l+@-1-k)+z=a-1+@a-1-k)’+a’z.

If we suppose k, = ki + k we have

ke’ + a’z) = o’z
and multiplying by a2

ka +z1 = 2.

Since z; € Blo-1,22 € B'o-1 weknow thatz; = (a—1)?+32; ail, 2o = (a—1)a*+ Y2, bia!,
and, by Example 2.3, a4 = by = 0. Then the equality above becomes

ka + (a — Da?* + Z aia = (a—1)a* + Zbiai.
i=3 i=3
So we conclude that if the intersection is not empty, (k, 0)(a — 1,a — 1)(as, b3)(0, 0)(as, bs)...
is an admissible path on the automaton .4 starting from 0. But there is no such path on the
automaton and then

92, (B a) [ | 920, B'a-1) = 0.

Using the same ideas we can prove that gog,+1(Be-1) () G2kp+1(Ba-1) = 0.
5)- Using induction we can prove that

n

(g0 ©°gr-1)"(@) = Z [(a - D%+ (a- l)a/‘“‘l] +az.
i=1

Then lim (g 0 g,-1))"(z) = Z [(a - 1)a4i_2 +(a— 1)a4i_1] =-1
n—»00
i=1
Indeed for n = 1 and z € B,_ by proposition 3.2 we have g,_1(z) = @ — 1 + a’z € Bflti)l' By
definition we have

go(gr-1@)=a—-1+(a—- D +P(a-1+a’)=a-1+@- 1’ +a° -a? +a'z

=(a-Da?+(@a-1a’ + a’z.

Suppose the formula is true for £ > 1, that is

k
90092 = ) [(@= 1" + (@ = Da*'| + a*z. (x)

i=1

We have to prove the formula for n = k+1. Since (ggog,-1)*"'(z) = (googr_1)o(goog,_1)*(z)
using (x) we have to prove that
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k k+1
90 gr-1 Z [(a + (a - 1)a4i_1]+a4kz))=z+: [(a —1a* 2 4 (a— 1)a4i—1]+a’4(k+])z'
Indeed - =l
k
Z (a-1Da*?+@- 1)a4i_1] + a‘”‘z)
i=1
k
=a—-1+ az( Z [(a - 1Da*? +(a - l)a/”*l] + a/‘kz)
i=1
k
=a-1+) [@-1a"+(@-Da*']+ "2,
and

k
gO(gr—l(Z [(a - 1Da* %+ (a- l)a‘”‘l] + a‘”‘z))

i=1

k
= go(oz -1+ Z [(a — Do + (a - 1)a4i+1] + a4k+2z)

=a—1+@-Da+a*(a—1+ Z [@=Da* + (a = Da*™!| + a¥+%)
i=1

=(a-Da?+(@a-1a’ + Z [(a - Da**? + (a - 1)0/4”3] + g* kD,

k+1

= Z [(a - 1Da*? +(a - 1)a4i-1] +a* by
i=1

6)— Using induction we can prove that

n—1

(gr-1 ©90)"(2) = (a— 1)a? + Z [(a - Da**! + (a - 1)a4i+2] + (a - Da*"! + o™z,

and then lim (g,-1090)"(2) = (a=1)a’+ ) [(@ = Da**! + (a - 1)a**?] = ~(a-Da-a”",

i=1
O

Proposition 3.5. Lett € [0,1],a > 3,r = 2a — 1. Then there exists an unusual expansion
(@)is1 €10, 1,...,r — )N, n;, m; € N such that we can write

ay a;
r=—+ E _
r rii(r —2)ym

i=2
mj+n;=k

where the digits a; and the numbers n;, m; satisfy the following properties:
(1) ifa, €{1,3,5,...,r =2, r—1} thena, € {0, 1,..,r — 1}, np, =2, my =0;
(2) ifa; €{0,2,4,...,r =3} thena, € {0,1,....,r =3}, np =1, my = 1;
and fori > 3 we have:
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3) a; €{0,1,2...,r — 1}, m; = m;_1, n; = nj_| + 1 if one of the following conditions are

satisfied

(@) ai.1 =0andi—1 even;

() ai.y=r—1andi-1 odd;

) ais1=2n-1,n=1,..,a—1;

(d) ai-y=r-3,i—1odd ni_;y =ni_,andm;_y = mj_» +1

4) a; €{0,1,2...,r = 3}, m; = m;_; + 1, n; = n;_y if one of the following conditions are

satisfied
(@) ai.1 =0andi— 1 odd;
(b) ai.y=r—1andi-1 even;

©) a1 =2n,n=1,...,a=3orai_.y =r—=3,i—1evenorodd, n,_y =ni_» +1 and

mi—y = m;—p;
(d) ai.y=r-=3,i—1even, nj_1 =n;_» and m;_1 = m;_» + 1

Proof. We can write

-1 -1 -3
1= z + E r - + -r -
r r2+t(r _ 2)1 F2+’(V _ 2)1+l

Given ¢ € [0, 1), we can prove by induction that for each k > 1 we can write

k

t a + E 4 + 0<c¢ < —1
= Cl, S Ck .
r = i (r—2)m r(r —2)™

mj+n;=i

Indeed if r € [0, 1), then there exist a; € {0, 1, ...,r— 1} such that rt = a; +1;, with0 < 11 < 1.

Thent =% + 4 =4 4 ¢ with ¢ <%.

r

If a; € {1,3,...,r = 2,r — 1} then there exist a; € {0, 1, ...,r — 1} such that rc; = 2 + 1, with

0<n< % and then

a a a b aj a 1
t:—+61:—+—2 —:—+—2+C2,0<Cz<—2.
r r r r r r r

If a; € {0,2,...,r — 3} then there exist a, € {0, 1, ..., — 3} such that rc; = r“_—zz + 1p, with

0<n< i and then

ay ay an 153 ap a
t=—+c = —+ +==—+ +02,0<er <
r

rorr=2) r ro or(r=2) r(r=2)

Then the result is true for k = 1, 2. Suppose that it is true for 2 < k, that is
k
r=y Z L
r (e - 2)m o

mi+n;=i

1
where 0 < ¢ < F -

If a; and k satisfy condition (3a) or (3b) or (3¢) or (3d) then there exist a4 € {0, 1, ...

such that
r'(r—2)"c, = ak;'l + tr1, 0 < iy < % and then
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aj ay aj ag Ai+1

t=—+ —— 4= — + + + ,

r ; ri(r — 2)™m ck r ; P —2)m (= 2ym Ch+1
Trt1 1

a3 (r — 2)mk rnk+l(r _ 2)mk .

If a; and k satisfy condition (4a) or (4b) or (4c) or (4d) then there exist ai4; € {0, 1, ..., — 3}

such that

P(r = 2)™cr = %5 + fry1, 0 <ty < —5 and then

where 0 < ¢4 = Then the result is true for k + 1.

k

k
aj Z ay ai Z ay Afet1
r=—+ n; 2mi+ck=_+ n; 2m,~+ N +2mk+l+ck+]’
r — ri(r—2) r — ri(r—2) re(r —2)

mj+n;=i mj+n;=i

t 1
where 0 < ¢y = kel < . Then the result is true for k + 1. Therefore
(= 2)yme phu(p = 2)ymetl

the result is true for every k > 1. O

Remark 3.6. Lett € [0, 1] written as t = — + Z W In order to simplify the
r 1 r _— 1

m; +n‘—1

demonstration of some of the results in this paper, a simpler notation will be used, i.e., r will
be represented as

(njym;)’
Proposition 3.7. Let 1,1’ be elements in [0,1], t = % + 312, w m), =1+32, (na—m)

a; and a’ as in Proposition (3.4). Suppose that a; = al.,l =1,2,..,k—land a; < a.
Ifit —t) < rNwithk <N thent =Ty +T,+Ts, t =Ty +T)+T; where

Z (n,, m;)’ Z (n

(ni9 mi) SN+l i>N+1

mj+n;=i mj+n;=i mi+n;=i

a

1) if k is even and ay. satisfies items (3a) or (3b) or (3¢) of Proposition 3.5 then

_ ay r—1 r—1 r—3 r—1 r=3 ay
I = Gomo t Gormn t Gz T ez T s D T s Tt G
r _ ap+l 0 0 0 0 0 0
T3 = g ¥ Gy G T G T ey T ey T T Gy

Moreover we have t = t’ if and only if
t=T1+

(r=3) ) and

(nk mk) (nA+l mk) + Z, =0 ((nk+2+t my+i) + (Mx+2+i,my+1+i)

Y =T+

00 0
(nk,mk) Zi>k+1 (nj,my)*

2) if k is odd and and ay satisfies item (3¢) of Proposition 3.5 then
T2 _ r—1 r=3 r—1 r=3 + ay

= (gmp) + (ng+1,my) + (ng+1,m+1) + (ng+2,mp+1) + (ng+2,my+2) (ny,my)°
r _ _a+l 0 0 0 0 0
2= oy ¥ Gy Wy ¥ T wm te t wany

Moreover we have t =t if and only if
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_ ax o0 r—1 (r-3) )
t=Ty+ Grps + Zi:O((nk+l+i,mk+i) t i 150 and

¢=T) + 4l 4y

_0
i>k+1 (n;,ml/_) .

(e, myc)
3) if k is odd and ay, satisfies items (4a) or (4b) of Proposition 3.5 then
— ai r=3 r=3 r—1 r=3 r—1 an
T2 = o ¥ @D T Gomed t Grtndd T Gl T Gorzme® T Gy
T! = 0 0 0 0 0 40
20 (wem) Gy ) () gy g) () sy ) T ()
Moreover we have t = t’ if and only if
_ r=3 (r=1)
t=T + (nk o mk+l) + it ((nk+i,mk+2+i) + (nk+l+i,mk+2+i)) and
;7 _ ag+1 o) 0
U=Ti+ Gy + Zisket (nm)"
4) if k is even and ay, satisfies item (4c) of Proposition 3.5 then
— ai r=3 r—1 r=3 r—1 an
T2 = Gom ¥ @D T Gt T Gt oz n o G
;] 0 0 0 0 0
T2 T o) () (MpMn) (g z) (g y) Tt (ny.m}y)”
Moreover we have t = t' if and only if
_ ay &) r=3 (r=1)
1= Tl + (ny,my) + Zi:O ((nk+i,mk+l+i) + (nk+1+i,mk+1+i)) and
’ _ ag+1 oo 0
r=T+ ey + Liskel (nfm})”
(o)
’ ’ -N al ak
Proof. Take ¢, € [0,1] such that |’ — ¢ < r™™, t = — + _
r (g, my)
"1k+"k:k

- a
> =t ai=d,¥i=12,..,k-1and @ < a. Then
(n ’

/ t—(a;c_ak)+i[ a; a; ]
(e, ) S (nf,m7)  (niy my)

a, —a—1 1 e ;
_ ( k k ) + + Z[ : i - a;
(nka mk) (nka mk) nia mi) (nia mi)

i>k

and since my + n = k, [t — #] < r~N then a,—ary—1=0,thatis, a; = a; + 1.

(1) Let k be an even number and ay =0or2n—1, n=1,...,a— 1. Then a;,; € {0, 1, ...

r — 1} and we can write

[ee]

1 r—1 -1 (r=3)
= +Z + : :
(ng,my) (g + 1, my) (nk+2+1mk+z) (e +2+i,m+1+10)

i=
Therefore

Bt @ (r-1
(s, ) (e + 1,my) o (g + 1, my)
L Gy r—1—ag
B (M omyyy) - (e + 1,my)

V' —t=

115
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_ _ -N —m - _
where m; | +n,_, —/mk+nk+1—k+1. Aslt —tl<r <(r=-2)"r"m+n=

Ay r=l-ap _ B : : r
N > k + 1 then <"2+1s”12+1> + o Ty =V and it is possible only with a;_, = 0 and

a1 =r—1.
As aj,; =r—1and k + 1 is an odd number, then a;4, € {0, 1, ..., — 1} and we have

’
) je+2 r—1

-t = - + ...
(oM y) (e +2,my) (g +2,my)

’
) r—1—ag

(n//(+2,m;€+2) (nk + 27 mk)

withm , +n_, =m+n +2=k+2. Again we have a; , =0and ap =1 — 1.
Now a4 = r— 1 and k + 2 is an even number. Then a;,3 € {0, 1, ..., (r — 3)} and

’
ak+3 ai+3 (r - 3)

r—t = -
(M 5omy ) (e +2,m + 1) (g +2,my + 1)

@ (r—3) — a3
(3o, 5) (g +2,my + 1)

with m; o +nj ;= m + m + 3 = k + 3. Therefore a;,; = 0 and a3 = (r — 3).
Following this idea we have the result.
(2) To prove this part we use the same ideas of (1) and the equality

(o8]

1 S (r—1) . (r—3)
(o my) — S\ + 1+ iomy +10) (e + L+ iymg +1+1))

(3) To prove this part we use the same ideas of (1) and the equality

1 (r-3) +Z’°: (r—3) . r—1
(o) (g + 1) S\ e+ iymi +24+0) - (e + 1+ iomg +2+10) )

(4) To prove this part we use the same ideas of (1) and the equality

1 _i (r-3) . r—1
(nk,mk)_izo e +ime+1+0) e+ 1+ime+1+10))

O

Now we will give an explicit parametrization of 5B,_; and hence for the boundary 0R,.
Let z be an element of /3,_;. Using Proposition 3.2, there exists a sequence (z,),>1 in By-1,
such that

2=9ga ©Ga, ©---°9a,(20), V= 1.

If x is an element of B’,_;, the sequence y, = g4, © gy, © ... © g4, (Xx) converges to z because
the functions ¢;,i = 0, 1, ..., ¥ — 1 are contractions.
Let A =1{0,1,...,r— 1} be a subset of N and consider the function

/a8 AN — AN
(ai) — Y((a) = (b))
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given by:
by = ay;
by =r—1-ay;
boyps1 = g ifay, € {0} U2n—-1: n=1...,a-1};
boyii =ans1 +21fa€{2n: n=1,..,a—1}.
Take xy € B’,-; and consider f : [0, 1] — B,_; defined as follows:

if t = “—rl + Z ﬁ,(m € A", then f(1) = lim g}, © gy, © ... o gy, (xo) where

my+ng=k

Y((ai) = (D).
Theorem 3.8. f is a continuous, bijective function satisfying f(0) = u = —1 and f(1) = v.

Proof. (1)— f is a well defined function.
We are going to use the following notation:

gb, © Gb, © - © i, © i (X0) = G, .. (X0)-

According Lemma 3.4 we have

u = =1 = gor-noer-1..(x0) = gg—p(x0)-
v=—(a-Da-a' =genorno. (%) = gg(x0)-
w=-1-0a = go—10-10..(X0) = 9o—1y0(X0)-

Taking t,¢' € [0, 1] such that = #'. We have to prove that f(r) = f(¢') and for this we use
Proposition 3.7 and the definition of ». We have to consider some cases.
-kbeanevennumberanda; =0or2n—1,n=1,....,a—1.

Then a; + 1 = 1 or 2n and by Proposition 3.7 we have

p=G Ly ey ] +Zlf’§0( =L r3 )

(ﬂ]‘v,] N ) (nk,mk) (nk+1,mk) (nk+2+i,mk+i) (nk+2+i,mk+1+i)
and
/ _ ar [ _agtl 00 _0 . ..
V=T 4+ 0=+ o T Ziskel TATAE Using the definition of ¢ we have

FO =9, b o—1=10X0) = by (-1 (),
f(t,) = gblmbk_](r_z)m(XO) = gbl...bk_l(r—Z)(u) ’
if a =0 or
f(t) = gblmbkf](r_h)m(xo) = gbl...bk_l(r—Zn)(U)
F@) =9y b rean-126=10X0) = by b—mW) if ag =2n -1, n=1,..,a- 1.
By Lemma 3.4 (1) = f(t').
Using the same ideas we can prove the following cases (see [10]).
-kbeanodd numberanda; =2n—-1,n=1,...,a — 1,
-kbe an odd numberand @, =0or2n, n=1,...,a — 2,
- k be an even number and a; =2n, n=1,...,a — 2.
(2)— f is injective.
Suppose that f(t) = f(¢'). According to Lemma 3.4 we have two possibilities:
= f®) = gb,.b (W), b € {1,3,5,...,r =2} and f(¥') = gp,..p,, (it +1) (V).
Using the above notations we have
f(@) = gb]mbkilbkm(xo) and f(¢') = gblmbk,l(bkﬂ)m(x())‘ We need to consider the
following cases:
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e kisaneven number, b, # r—2. In this case by = r—1—a; and thena, = r—1-by
is an odd number. By the definition of y we have:
- ag+1 = 0 because by, = 0, a; odd number,
- ai+r = 0 because byn = r— 1, k + 2 even number.
Following this idea is easy to see thata; =0, Vi > k + 1.
Therefore 1 = <t + ... + =l — + E:lkl;ni’g + ﬁ
We also have b, = by + 1 =r—1-a; and thena; = r —2 — by # 0 is an even
number. By the definition of ¢ and Proposition 3.5 we have:
~ay,, =r—3, m,  =n, m, =m+1because b
-ay,, = r—1because b; , =0, k+2even,

/ —

’
el =T~ 1, a, even,

-Gjy3 =7 =3, nllc+3 = n1,<+2’ ml,c+3 = ml,<+2 + 1.
Following this idea we have
;. ap Qg1 r=2-by o r=3 r—1
U=+t oo T o T Ziso ((n;+i,m;+1+i) + (ni+l+i,m,’(+l+i)) and then
t=1r.
Using the same ideas we can prove the following cases (see [10]).
e kis an even number, by = r — 2,
e k is an odd number.
— f(l) = gbl...bk,lbk(_l — a/3), bk €{0,2,....,r =3} and f(ll) = gbl..bk,l(bkﬂ)(v)- Using the
above notations we have f(¢) = gb,...bk,lbkzm(x()) and f(¢') = gbl...bk,l(bkﬂ)m(x())'
We have to consider the following cases:

e kis an even number. In this case by = r— 1 —a and a, = r — 1 — by is an even
number too and we can prove that

_ ap a1 r—1-by ) 0
1= poee (Mg—1,mg—1) + (ngemy) + Zi:k“ (ni,m;)
and
a—% j_1 r=2-by r=1 co r—1 r=3
r==+..+ T 7o) + C) + G+ 1) + Zi:O ((n;+2+i,m;+i) + (n;c+2+i,m,'c+1+i))'
Thent =17'.

e k is an odd number. In this case by = a; or by = a; + 2 and then a;, = b; or
ay = by — 2. We can prove that

— a Qi1 ak r=3 o0 r=3 r—1
r=S+..+ (=1 mg—1) + (g ,myc) + (g, my+1) + Zi:O ((nk+i,mk+2+i) + ("k+1+i’mk+2+i))
and
s ap Aj—| ak+1 (e 0
V=St Gon T o T Zickel Wy
Thent=17¢.

(3)— f is a continuous function.
Let us consider ¢, € [0,1], ¢ —1 < r~
following cases:

N as in Proposition 3.7. We have to consider the

— tand ¢ satisfying (1) of Proposition 3.7.
Here we have:
(1) f(©) = Gyt - D= DOG-1)0...by.1...(X0) and
S = gb,..b 1 -2)00-1)00—1)...0,. .. (X0) if @ = 0. Then

N+1°
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|f(t) - f(t,)l = |gb1b2...bk,1r—l(zl) - gblbz...bk,lr—z(zz)l
< la?* Vg, -1(21) = gra(z2)l.
As g,2(u) = g,-1(v) then

1£(0) = O < 1P D (lg,-1(z1) = gr-1 )] + |gr-2(22) = gr-2(W)])
< 1alP*V(lal* + laP)diam(B,-1) = [ (1 + |al)diam(B,-1),

where diam(B,_1) is the diameter of B,_;.

(2) f() = Gby..by s (r—20) = 1)O(=1)0...bys1...(X0) and
F@&) = 9b,..bp s —20-120-1)00—1)0..0,_...(X0) if ax = 2n — 1. Then

N+1°

Lf @) = fEN = 19b1b... 1 (7—20)(Z1) = Gy by (—20—-1)(22))]

< 1P * g, -2,(z1) = gr-an-1(z2)l.
AS gr-op-1(W) = g,-24(v) then

£ @) = FE < 1P P (1gr-20(z1) = Gr-20O)| + 1Gr-20-1(22) = Gr—20-1(W)])
< o*V(laf + o )diam(B,-1) = (1 + |a)diam(B,-,).

Using the same ideas we can prove the next cases (see [10]).
— tand ¢ satisfying item (2) of Proposition 3.7.
— tand ¢ satisfying item (3) of Proposition 3.7.
— tand ¢’ satisfying item (4) of Proposition 3.7.

In all that cases we conclude that f is a continuous function. |

Now we can finally prove Theorem 1.4.
Proof. Let Q C R? be the set

O={0,9),0<y<1}U{(x,1),0<x<1}U{(1,y),0<y <1} U{(x,0),0<y < 1}.

Using Proposition 3.1, Theorem 3.8 and Figure 4 we can prove that F' : Q — R, given
by

f@),if (x,y) =(0,y),0<y <1
(fao HHx),if (x,y) =(x,1),0<x< 1
(o Hy,if (x,y) =(1,y),0<y <1

(fi o HHx),if (x,y) = (x,0),0 < x < 1
is an homeomorphism . m|

F(x,y) =
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Fig.S. R4

" R+(1-a)(a-1)

Fig.6. Tiling induced by R4
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