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Abstract
Let R be a left Noetherian ring, S a right Noetherian ring and xU a Gorenstein module with
S = End(xU). If the injective dimensions of U and Uy are finite, then the last term in the
minimal injective resolution of U has an essential socle.

1. Introduction

Recall that a left and right Noetherian ring is called Gorenstein if its left and right self-
injective dimensions are finite. The following question still remains open.

QuesTion 1.1. For a Gorenstein ring R, is the socle of the last term in the minimal injective
resolution of xR non-zero?

The answer to this question is positive in any case of the following

(1) Ris aleft and right Artinian ring.
(2) The left and right self-injective dimensions of R are at most 2 ([7, Theorem 4.5]).
(3) R is an Auslander-Gorenstein ring ([5, Proposition 1.1]).

Furthermore, in the case (3) above, Iwanaga and Sato showed in [12, Theorem 6] that this
socle is essential in the last term. As a natural generalization of Auslander’s n-Gorenstein
rings, Huang introduced in [8] the notion of n-Gorenstein modules such that a left and right
Noetherian ring R is Auslander’s n-Gorenstein if and only if it is n-Gorenstein as an R-
module. Then Huang and Wang proved in [11, Theorem 3.1] that for left and right Noe-
therian rings R and S and a generalized tilting module gU with § = End(zU), if gU is
(n — 2)-Gorenstein with the injective dimensions of xU and Ug being n (where n is a non-
negative integer), then the socle of the last term in the minimal injective resolution of rU is
non-zero. In this paper we extend these results and prove the following

Theorem 1.2. Let R be a left Noetherian ring, S a right Noetherian ring and rU a
Gorenstein module with S = End(xU). If the injective dimensions of xU and Uy are finite,
then the last term in the minimal injective resolution of xU has an essential socle.

In Section 2, we give some terminology and some preliminary results. In Section 3,
we introduce the notion of Gorenstein modules. Let R be a left Noetherian ring, S a right
Noetherian ring and RU a Gorenstein module with § = End(zrU) such that the injective
dimensions of U and Uy are equal to n. We first prove that Extg,,(N, U) is an Artinian
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left R-module for any finitely generated right S-module N. Then we get that any non-zero
submodule of the last term in the minimal injective resolution of U has a non-zero Artinian
submodule. Theorem 1.2 follows from this result.

2. Preliminaries

Let R be an arbitrary associative ring with identity, and let Mod R be the category of left
R-modules and mod R the category of finitely generated left R-modules. For a module M
in Mod R, we use addg M to denote the full subcategory of Mod R consisting of modules
isomorphic to direct summands of finite direct sums of copies of g M, and use pdp M, idg M
and fdg M to denote the projective, injective and flat dimensions of M respectively. We
use gen*(xR) to denote the full subcategory of mod R consisting of modules admitting a
degreewise finite R-projective resolution.

Derinition 2.1([17, 18]). A module U is called generalized tilting (sometimes it is also
called Wakamatsu tilting, see [2, 13]), if the following conditions are satisfied.
(1) rU € gen*(gR).
2) Extlzel(U, U) = 0, that is, gU is self-orthogonal.
(3) There exists an exact sequence

O—>fR—>Uy—>U —»>--->U;—> -

in mod R with all U; in addg U, such that after applying the functor Homg(—, gU)
the sequence is still exact.

Let R and S be arbitrary associative rings with identity. Recall that a bimodule zUy is
called faithfully balanced if R = End(Ug) and S = End(zU). By [18, Corollary 3.2], we have
that gUy is faithfully balanced and self-orthogonal with xU € gen*(gxR) and Ug € gen*(Ss)
if and only if R U is generalized tilting with S = End(zU), and if and only if Uy is generalized
tilting with R = End(Uy). Note that a faithfully balanced and self-orthogonal bimodule zUg
with xU € gen*(zxR) and Uy € gen*(S) is also called a semidualizing bimodule (cf. [11]).

Let U be a generalized tilting module with S = End(U). We write

*(=) := Hom(zUg, —) and (=) := Hom(—, gUs).
We use
O-pU—>Ey—-FE > ---—>E —>---

to denote the minimal injective resolution of xU and K; = Ker(E; — E;;;) forany i > 0
(note: Ky = gU), and use

0->Us >E,—>E —--—>E —--

to denote the minimal injective resolution of Ug. Following [8], we use add-lim gxU (resp.
add-lim Uy) to denote the full subcategory of Mod R (resp. Mod $ °7) consisting of all mod-
ules isomorphic to direct summands of a direct limit of a family of modules in which each
is a finite direct sum of copies of RU (resp. Uy).
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DErinition 2.2([8]). For a module M in Mod R, if there exists an exact sequence
e U, > U > Uyg>M—->0

in Mod R with all U; in add-lim zU, then we define U-lim.dimg M = inf{n | there exists an
exact sequence

0-U,—»--->U -Uy—-M—0

in Mod R with all U; in add-lim xU}. We set U-lim.dimg M infinity if no such an integer
exists. For S °’-modules, we may define such a dimension similarly.

Let M be in modR and i > 0. We say that the grade of M with respect to U, written
grade;, M, is at least i if Ext?fj <i(M, U) = 0. We say that the strong grade of M with respect
to U, written s.grade;; M, is at least i if grade;, X > i for any finitely generated R-submodule
X of M (cf. [8]). The following result was proved in [8, Theorem 17.1.11] when R and § are
two-sided Noetherian rings. Because the argument there remains valid in the setting here,
we omit it.

Theorem 2.3. Let R be a left Noetherian ring, S a right Noetherian ring and rU a
generalized tilting module with S = End(xU). Then for any n > 0, the following statements
are equivalent.

(1) U-limdimg E; <iforany0<i<n-1.

2) fdg “E; <iforany0<i<n-1.

(3) s.gradey; Exto(M, U) > i for any M € mod R.
(4) fdge» "E < iforany0 <i<n-1.

(5) U-lim.dimge E} < iforany0<i<n-1.

(6) s.gradey, Extg,, (N, U) > i for any N € mod S °P.

If one of the equivalent conditions in Theorem 2.3 is satisfied, then zU (equivalent Uy)
is called n-Gorenstein ([8, 10]). So a left and right Noetherian ring R is (Auslander) n-
Gorenstein ([12]) if and only if gxR is n-Gorenstein, and if and only if Ry is n-Gorenstein.

3. Main Results

In this section, we give the proof of Theorem 1.2. We begin with the following

Lemma 3.1. Let R be a ring and

O—>Ki>M—>N—>0

an exact sequence in Mod R with N # 0 and f an essential monomorphism. Then Ext]le(X, K)
# 0 for any non-zero R-submodule X of N.

Proof. Let X be a non-zero R-submodule of N and @ : X < N the inclusion. Then we
have the following pull-back diagram
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0 0
\
\
y
0O-—>K-——>W-———— sX—-—-->0
[ \
[ \ @
I ¥ y
0 K M N 0
\
\
y
Cokera = = = Coker
\
\
y
0 0

We claim that the upper row does not split. Otherwise, if it splits, then K is isomorphic to
a non-trivial direct summand of W. So K is not isomorphic to an essential submodule of
W, and hence K is not an essential submodule of M. It contradicts that f is an essential
monomorphism. The claim is proved. Thus we have Ext}e(X, K) # 0. |

From now on, R is a left Noetherian ring, S is a right Noetherian ring and zU is a gener-
alized tilting module with S = End(3U). By [9, Theorem 2.7], we have that idg U = idge U
provided both of them are finite.

Lemma 3.2. If idg U = n, then for any non-zero R-submodule X of E,, we have
Exti(X, U) # 0.

Proof. Because idg U = n, we have the following exact sequence
0—-K,.1—>E,_.1—>E, -0

in Mod R with K,,_; — E,_; an essential monomorphism. Let X be a non-zero R-submodule
of E,. Then Ext}e(X, K,-1) # 0 by Lemma 3.1. Thus we have Exty(X, U) = Ext}e(X, K, 1) #
0. ]

By Lemma 3.2, we have the following

Proposition 3.3.
(1) Ifidg U = n(= 1), then Ey and E,, have no isomorphic non-zero direct summands.
(2) Ifidgr U =idgor U = n, then pdg *E = n for any non-zero direct summand E of E,.

Proof. (1) Assume that £ # 0 is an indecomposable direct summand of Ej and E is
isomorphic to a direct summand of E,. Then E is the injective envelope of some finitely
generated non-zero R-submodule Y of E by [14, Theorem 2.4]. Since U is an essential
submodule of Ey, we have X := U N Y # 0. From the exact sequence

0-X->U-U/X—>0,
we get the following exact sequence
0 = Exti(U, U) — Exth(X, U) — Exty ' (U/X, U).
Because idg U = n, we have EXtﬁ”(U/X, U) = 0. It induces that Extx(X, U) = 0. On the
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other hand, because 0 # X < E — E,, we have Exti(X,U) # 0 by Lemma 3.2. Itis a
contradiction.

(2) Let E be a non-zero direct summand of E,. Then Exti(E,U) # 0 by Lemma 3.2.
Because idgo» U = n, we have fdg “E < n by [9, Lemma 2.6(1)]. Because idg U = n, we
have pdg *E < n by [9, Theorem 2.11)]. If pdg *E = m < n, then by [9, Theorem 2.9], there
exists an exact sequence

0-Uy—---—>U —-Uy—=E—=0

in Mod R with all U; in Addg U, where Addg U is the full subcategory of Mod R consisting
of modules isomorphic to direct summands of direct sums of copies of gU. So Exty(E, U) =
Exty "(Up, U) = 0 by [9, Proposition 2.2(2)]. It is a contradiction. Thus we have pdg *E =
n. O

Lemma 3.4. The following statements are equivalent.

(1) There exists 0 # M € mod R such that Extlzeo(M, U)=0.
(2) There exists an exact sequence

0—>Qoﬁ>Q1k—2>Q3—>"'

in mod S °7 with all Q; in add Us, such that Bxt},, (L1, U) # 0 and Bxt}.,(L;, U) = 0
with i > 2, where L; = Coker k; for any i > 1.

Proof. (2) = (1) By (2), we get the following exact sequence
k" k"
=0 0 Q) > M0
in mod R, where M = Cokerk;*. Then M = Ext_é(,,,(Ll, U) # 0 by assumption. Consider the
following commutative diagram
k ka

0 Qo 01 0>
L** k™ L** k™ L**
0 M o — — >

Because the upper row is exact by assumption, so is the lower row. It implies ExtIZeO(M, U) =
0.
(1) = (2) Let 0 # M € mod R with Ext,%o(M, U) =0and let

dy d do
> Py, —>P—>Py—>M-—->0

be an exact sequence in mod R with all P; projective. Then we get the following exact
sequence

4 d;
(3.1) 0->Py— P —>P,— -
in mod §°” with all P} in add Us. Notice that P; = P;** naturally for any i > 0, so the
sequence

> P — P —

ok
PO
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in mod R is exact. Set L; := Cokerd; for any i > 1. Then Extéa/,(Ll, U) =M # 0 and

Ext}q[,,, (L;,U) =0forany i > 2, and so (3.1) is the desired exact sequence. ]

Following [4], an injective resolution
0N L5350

of a module N in Mod §°” is said to have a redundant image if some Ime, = &, W; such
that each W; is isomorphic to a direct summand of some Im &i; with i; # n. It is clear that
the minimal injective resolution of Ng has a redundant image if idgo» N < 0.

Lemma 3.5. If Us has an injective resolution with a redundant image, then M = 0 for
any M € mod R with Ext;*(M, U) = 0.

Proof. Let M € mod R with EXtiO(M, U) =0.If M # 0, then by Lemma 3.4 and its proof,
we get an exact sequence

0—>Q02>Q1k—2>Q3—>"'

in mod S°” with all Q; in add Us such that Ext,,(Li, U) = M # 0 and Extg,, (L, U) = 0
for any i > 2, where L; = Cokerk; for any i > 1. It yields that Extff,,(Ll, U) = 0 and
Extz),(Li, U) = 0 for any i > 2.

Because Uy has an injective resolution with a redundant image, there exists an injective

resolution
g [e3] an
0-Us SIS n—--

of Ug in Mod S °? with some Im«,, = EB;T‘:] W; such that each W; is isomorphic to a direct
summand of some Im @ with i; # n. Then we have

Extgo, (L1, U) 2 EXte) (L1, U) = Extgo (Lyey, Im @) = @7 Extgo, (Lysi, W)).
Since
Bty (Lys1, Im ;) = Bxtyy, (Lt U) = 0

by the above argument, we have Extél,,,(L,Hl, W;) = O forany 1 < j < m. It follows that
Extél,,, (Ly,U) = 0, a contradiction. Consequently we conclude that M = 0. m]

We introduce the notion of Gorenstein modules as follows.

DErinition 3.6. We called gU (resp. Ug) Gorenstein if U-lim.dimg E; < i (resp. U-
lim.dimg.» £} < 7) for any i > 0.

By Theorem 2.3, we have that U is Gorenstein if and only if Uy is Gorenstein, and if
and only if rU (equivalent Uy) is n-Gorenstein for all n. Following Theorem 2.3 and [16,
Theorem 3.6], we know that the notion defined above is a non-commutative version of that
of Gorenstein modules in [16]. The following proposition is useful in proving the main
result.

Proposition 3.7. Let rU be a Gorenstein module with idg U = idger U = n. Then
Ext,, (N, U) € mod R is Artinian for any N € mod S °P.
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Proof. Let X C Y be left R-submodules of Extg,, (N, U). Then by Theorem 2.3, we have
Ex(3<"(X, U) = 0 = Ext3=""(Y, U).
So from the exact sequence
0-X->Y->YX—-0,
we get Ext?fk”( Y/X, U) = 0 and the following exact sequence
0 — Exti(Y/X,U) — Extp(Y,U) — Extp(X,U) — 0.
Put Ay := Extg,, (N, U) and let
A)D2A DA D---

be a descending chain of left R-submodules of Ay. Then from the commutative diagram with
exact rows

0 A Ao A/Ai 0
|
v

0 A; Ay A/A; 0,

we get the following commutative diagram with exact rows
0—— EXt?e(Ao/Ai, U) —— EX'[;%(A(), U) —— EXt;é(Ai, U)

| | |

0 —> Exty(Ao/Ajs1, U) —> Exta(Ag, U) — Exta(Ai1, U) — 0.

We can regard Exty(Ao/A;, U) as a right S-submodule of Exty(Ao, U). Then the following
sequence is the ascending chain of right S -submodules of Exty (Ao, U):

0

3.2) Exti(Ag/A1, U) C Extyp(Ag/Az, U) C - -+ C Exty(Ag, U).

Since Ap € mod R, Exty(Ag, U) € mod §°? is Noetherian. So (3.2) terminates at some step
m. Then from the exact sequence

0— Am/Am+1 - AO/Am+l - AO/Am - 07

we get the following exact sequence

Ext(Ag/Am, U) — Exth(Ao/Ams1, U) = ExUi(Ap/Aps1, U) = 0

and Exty (A, /Ap+1, U) = 0. Then by the above argument, we have that Extggis”(Am JApi1, U)
= 0. Because idg U = n, we have ExtIZQO(Am/AmH, U) = 0. Because idso» U = n, by Lemma
3.5 we have that A, /A,+1 = 0 and A,, = A,,.1. Thus Ag(= Extg,, (N, U)) is an Artinian left
R-module. O

By Proposition 3.7, we get the following

Corollary 3.8. Let RU be a Gorenstein module with idg U = idgor U = n and N €
mod S °P. Then we have

(1) Extg,,(N, U) embeds in E,(f) for some t > 1.
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(2) If M is a non-zero R-submodule of Exts,,(N, U), then Exty(M, U) # 0.

Proof. (1) Let N € mod S 7. Then Extj,, (N, U) € mod R embeds in a finite direct sum of
copies of @ E; by [8, Lemma 17.2.5]. On the other hand, by [3, Proposition VI.5.3] and
Theorem 2.4, we have

Homg(Ext},, (N, U), E;) = Tor, (N,"E;) = 0

forany 0 <i < n— 1. So there exists some ¢ > 1 such that Ext¢,, (N, U) embeds in Eff).
(2) Let M be a non-zero R-submodule of Ext¢,, (N, U). Because we have the following
exact sequence

0-K” - EY S ED 50
n—1 n—1 n

in Mod R with Kr(fj1 - Efﬁl an essential monomorphism, by (1) and Lemma 3.1 we have
that Exti(M, U)® = Exth(M, K,-1)? = Exth(M, K ) # 0 and Exty(M, U) # 0. O

We now are in a position to prove the following

Theorem 3.9. Let RU be a Gorenstein module with idg U = idge» U = n. Then any
non-zero submodule of E,, has a non-zero Artinian submodule.

Proof. Let V be a non-zero submodule of E, and E a non-zero indecomposable direct
summand of the injective envelope Q of V. Then E is the injective envelope of some finitely
generated non-zero R-submodule X of E by [14, Theorem 2.4]. By Lemma 3.2, we have
Extg(X,U) # 0. Let I be an injective cogenerator for Mod S °?. Then by [3, Proposition
VI.5.3], we have

Tor®(*1, X) = Homg.r (Exta(X, U), I) # 0.

Because fdgo» *I = idg U = n by [9, Lemma 2.6(2)] and assumption, the inclusion X — E
induces a monomorphism Torﬁ(*l, X) Torf(*l, E). It yields Torf(*l, E) # 0. By [11,
Lemmas 5.1(c) and 4.1], we have that Tor’;l(*l, U) = 0 and both I and E are in the Bass
class with respect to gUs. So we get the following isomorphisms

Tor’ (I,*E)
= Tor ("I ® U, E) (by [11, Lemma 4.1])
= Tor®(*1, E) (by [11, Theorem 6.4(c)]),

and hence Torﬁ (I,”E) # 0. Let {N;} be the set of all finitely generated right S -submodules of
1. Because I = li_r)nNi and the functor Tor commutes with h_r)n by [15, Example 5.32(iii) and

Proposition 7.8], there exists some N; such that Torfl (N;,*E) # 0. Then by [3, Proposition
VI1.5.3] again, we have

Homg(Ext},,(N;, U), E) = Tor, (N;,*E) # 0.

So there exists a non-zero homomorphism f : Ext,,(N;, U) — E in Mod R. By Proposition
3.7, Extg,,(N;, U) € mod R is Artinian. Thus as an R-quotient module of Ext¢,,(N;, U), Im f
is a non-zero Artinian R-submodule of E(< Q). Because V is essential in Q, we have that
V N Im f is a non-zero Artinian R-submodule of V. O
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Theorem 1.2 is a special case of the following result.

Corollary 3.10. Let rU be a Gorenstein module with idg U = idge» U = n. Then any
non-zero R-submodule of E,, has an essential socle.

Proof. By Theorem 3.9, we have that any non-zero R-submodule of E, has a non-zero
Artinian R-submodule. Now the assertion follows from [1, Corollary 9.10]. m]

The second assertion in the following result is a supplement to Proposition 3.3(1).

Corollary 3.11. Let gU be a Gorenstein module with idg U = idge» U = n. Then we have
(1) Any non-zero direct summand of E,, is a direct sum of the injective envelopes of some
simple left R-modules.
(2) Ifn > 1 and S is further a right Artinian ring, then 69?;01 E; and E, have no isomor-
phic non-zero direct summands.

Proof. (1) By Corollary 3.10 and [14, Proposition 2.1].

(2) If S is a right Artinian ring, then pdg *(&"_ | E;) = fds *(&" E;) < n — 1 by Theorem
23. So pdg "E’ < n — 1 for any direct summand E’ of @?;(}Ei. On the other hand, we
have pdg “E = n for any non-zero direct summand E of E, by Proposition 3.3(2). Thus the
assertion follows. O
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