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Abstract

We show that n-dimensional perfect fluid spacetimes with divergence-free conformal curva-
ture tensor and constant scalar curvature are generalized Robertson Walker (GRW) spacetimes;
as a consequence a perfect fluid Yang pure space is a GRW spacetime. We also prove that per-
fect fluid spacetimes with harmonic generalized curvature tensor are, under certain conditions,
GRW spacetimes. As particular cases, perfect fluids with divergence-free projective, concircu-
lar, conharmonic or quasi-conformal curvature tensor are GRW spacetimes. Finally, we explore
some physical consequences of such results.

1. Introduction

Generalized Robertson-Walker spacetimes were introduced in 1995 by Alias, Romero and
Séanchez (see [1, 2]). A Lorentzian manifold M of dimension n > 3 is named generalized
Robertson-Walker (GRW) spacetime if it is the warped product

M=1Ixp M

with base (1, —dt?), warping function ¢ and fiber (M*, g*), where M* is an (n — 1)-dimensio-
nal Riemannian manifold [1, 2, 34, 35].
If M* is a 3-dimensional Riemannian manifold of constant curvature, the spacetime is called
Robertson-Walker spacetime. Therefore, GRW spacetimes are a wide generalization of
Robertson-Walker spacetimes on which standard cosmology is modelled. They include the
Einstein-de Sitter spacetime, the Friedman cosmological models, the static Einstein space-
time, the de Sitter spacetime, and have applications as inhomogeneous spacetimes admitting
an isotropic radiation (see [34]). We refer to the works by Romero et al. [32, 33], Sdnchez
[34], Gutiérrez and Olea [17], and the review [27] for an exhaustive presentation of geomet-
ric and physical properties.

The following deep result was recently proved by B-Y Chen (for similar results see the
works by Yano [40, 41] and the recent paper [8]):

Theorem 1.1 (Chen, [3]). Let (M, g) be an n-dimensional Lorentzian manifold, n > 3.
The spacetime is a GRW spacetime if and only if it admits a timelike vector such that Vi X; =

PYkj-
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According to Yano, a vector field is named torse-forming if Viv; = wv; + fgy;, being
f a scalar function and w; a non vanishing one-form, [40, 41]. Its properties in pseudo-
Riemannian manifolds were studied by Mike$ and Rachtinek, [28, 31]. The vector is named
concircular if wy is a gradient.

Lorentzian manifolds with Ricci tensor of the form

Ry = agy + Buxu

where «, 8 are scalar fields and u; is a unit timelike vector (that is u juj = —1), are called
perfect fluid spacetimes and are of interest in general relativity; in the language of pure dif-
ferential geometry they are named quasi-Einstein.

Riemannian quasi-Einstein spaces were investigated by Defever and Deszcz [9] and by
Chaki et al. [5] (see also [11]); pseudo-Riemannian quasi-Einstein spaces arose in the study
of exact solutions of Einstein’s equations and in the investigation of quasi-umbilical hy-
persurfaces of pseudo-Euclidean spaces [12, 13]. Robertson-Walker spacetimes are quasi
Einstein (see [4, 38] and references therein for details on these spacetimes; for further recent
results see [6]).

In paper [10] (Lemma 4.1, Theorem 4.1 and Corollary 4.1) R. Deszcz proved that a quasi-
Einstein Riemannian manifold with harmonic Weyl tensor is, under certain conditions, the
warped product I X2 M*, where M* is a (n — 1)-dimensional Riemannian manifold of con-
stant curvature.

The Weyl tensor is the traceless part of the Riemann tensor [30]:

gimRit = GimRji + Rjmgri = Rimgji gImIH = Gimd i
n-2 n-DHn-2)"°

Citim = Rjiim +

where Rj; = R,/ and R = R/;. The number of algebraically independent components of the
Ricci and the Weyl tensors equals that of the Riemann tensor. Since in general relativity only
the Ricci tensor is coupled to matter by the Einstein equations, the Weyl tensor describes the
pure gravity degrees of freedom.

Perfect fluid spacetimes in four dimensions with divergence-free Weyl tensor (i.e.
V,Ci'" = 0) were firstly investigated by Shepley and Taub [37], and successively by
Sharma [36] and Coley [7]. Recently in [23] Mantica, Molinari and De extended some
results to n-dimensional perfect fluids and proved the following

Theorem 1.2 ([23], Theorem 2.1). Let (M, g) be a perfect fluid spacetime. If Viu; =V juy
and V,,C " = 0 then:
1) uj is a concircular vector field and it is rescalable to a timelike vector X; such that

a-p

(L.D) ViX; =pgr;j and Vip = Xi;

1-n
i1) (M, g) is a GRW spacetime whose fiber is Einstein, that is, Rzﬁ = %gzﬁ;
iii) the vector u; annihilates the Weyl tensor, that is,

(1.2) Cjklmum =0.

In [26] Mantica, De and Suh proved that a Ricci simple spacetime (that is, a Lorentzian
manifold for which the Ricci tensor takes the form R;; = —Ru;u ;) with vanishing divergence
of the Weyl tensor admits a proper concircular vector field and it is necessarily a GRW
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spacetime. Further it was shown that stiff matter perfect fluid spacetimes or massless scalar
fields with timelike gradient, with divergence-free Weyl tensor, are GRW spacetimes.

In the framework of Yang’s gravitational theory, Guilfoyle and Nolan [16] introduced the
notion of Yang pure space, i.e. an n-dimensional Lorentzian manifold with the properties
VuCi™ = 0 and ViR = 0. They proved that a 4-dimensional perfect fluid spacetime with
p +u # 0is a Yang pure space if and only if it is a Robertson-Walker spacetime with state
equation p = % + ¢, being ¢ a constant.

The present paper is organized as follows. In section 2 we prove that for an n-dimensional
perfect fluid spacetime satisfying V,,C ;" = 0 with constant scalar curvature, the condition
Viuj = Vu; is implied and thus the space is a GRW spacetime. Therefore, the condition
ViR = 0 is more stringent than the closedness of the covector u;. Next, we prove that
an n-dimensional perfect fluid spacetime with divergence-free generalized curvature tensor,
under certain conditions satisfies V,,C ;™ = 0 and ViR = 0, and thus is a GRW spacetime.
Generalized curvature tensors were introduced by Kobayashi and Nomizu [19]; they share
the algebraic properties of the Riemann and the Weyl tensors: K;jiy = =Ky = —K;j and
K + Kt + Kiiji = 0.

As particular cases, perfect fluids with divergence-free projective, concircular, conharmonic
or quasi-conformal curvature tensor are GRW spacetimes. In section 3, we give a look to
some physical consequences of the above mentioned results.

2. Perfect fluid with harmonic generalized curvature tensor

We outline the main results of this section. We prove that an n-dimensional perfect fluid
spacetime with V,,C;y™ = 0 and ViR = 0 is a GRW spacetime. As a consequence, a
Yang pure space is a GRW spacetime. Next we consider perfect fluid spacetimes with a
generalized curvature tensor K ;" with the property

Vo Kjii" = AVuRj™ + B(giViR = giViR).

We prove that if V,,K;;”" = 0 and either i) A # 2B(n — 1) or (i) A = 2B(n — 1) and
Viuj = Vju, then M is a GRW spacetime with Einstein fiber and with constant scalar
curvature in the case (i). As particular cases, we consider perfect fluids with vanishing
divergence of the projective, concircular or conharmonic curvature tensor.

Lemma 2.1. Let (M, g) be an n-dimensional manifold (n > 3) whose Ricci tensor is
Ry = agy + Buguy, where uy is a unit timelike vector, and 3 # 0. If the Weyl tensor is
divergence-free, V,,C /" = 0, and if ViR = 0, then u; is irrotational (i.e. Viuj =V juy).

Proof. The divergence of the conformal curvature tensor is [21, 24]:

n-3

2.1) VuCil™ = p— ViRj; — VR + (g ViR —giViR)|.

L
20— 1)

The conditions V,,C /™ = 0 and ViR = 0, give ViR; — V,Rjz = 0. Now we write the
covariant derivative of the Ricci tensor, and use the fact that R = na — 3, so that nV,a = V5.
We obtain

1
(2.2) Vi (Buguy) — Vi(Buju;) = _Z(gklvjﬂ = giiVip).
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Transvecting it with u’ and using u'V,u; = 0, we get

n—1

(2.3) BV juy — Viuj) = — (VB — u;Vif).

n

We show that the right hand side of (2.3) is zero. Transvecting (2.2) with g// we obtain
1
ulvl(ﬂuk) +,BukV1u[ = —;Vkﬁ.
Further transvecting with u* gives —8V,u' = “=14'V,B. The previous equation becomes:
1
(2.4) Bu' Vi = =—(ViB + wu! V ).
n
On the other hand transvecting (2.2) with u/u’ we obtain
I n—1 I
(2.5) —,Bu Vluk = T(Vkﬂ + uru V],B).
If B # 0, the equations (2.5) and (2.4) imply u'Viu, = 0 and

(2.6) V8 + wd' V3 = 0.

Multiply this equation by u; and take the antisymmetric part to obtain: u;V;8 — 'V ;8 = 0.
Therefore, by eq.(2.3) we conclude that i is irrotational. O
As a consequence we can state the following:

Theorem 2.1. Let (M, g) be a perfect fluid spacetime. If V,,C;;" = 0 and ViR = 0,
then (M, g) is a GRW spacetime whose fiber is Einstein and the conditions ViX; = pg;,
Vip = SL X, and u"C j, = 0 hold.

Proof. We give here an alternative proof with respect to [23]. The properties obtained in

Lemma 2.1, V8 = u;ViB and Viu; = V juy, simplify eq. (2.2):

1
(2.7) BV jup — ujViu) = ;(gjlvkﬁ = guViP).
Transvecting this with «/, using the closedness condition obtained in Lemma 2.1 (that gives
w'Vju; = w/Vu; = 0) and (2.6) we obtain:

uw'vV 5

J

(2.8) Viu = — (Gut + ugu).
Thus u; is a torse-forming vector.
v, . : . . ..
Let wy, = —uk"n"ﬁ . Since !V ;3 = =V, it is: wy = Z—f. A covariant derivative shows

that V;w; = Viw;. Then w; is locally the gradient of a scalar function: w; = V;o. Asin
[23], setting X; = u;e”” we have:

(2.9) ViXj = pgijs

k .
being p = —%e‘” a scalar function and X,;X/ = —¢™2% < 0 a timelike vector. From Chen’s

Theorem we infer that M is a GRW spacetime.
The condition V,,C ;™ = 0 assures that the fiber is Einstein by Gebarowski’s lemma [14, 15],
. * _ RY
that is, Raﬁ = 11 9ap"
The integrability conditions of (2.9) are R ;"' X,, = gV jp — g1V p; transvecting this with
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X! gives X;Vp = X;Vip and consequently V;p = X for some scalar £ [3]. On the other
hand, multiplying the integrability condition by g’ gives R;"X,, = (1 —n)V;p = &(1 — n)X;
and X; is an eigenvector of the Ricci tensor. However for perfect fluids it is R;"X,, =
(a — B)X;, then

a-p

(2.10) Vip = X
1-n
Moreover we have
@ —
(2.11) R X = Tf(X gk — Xig j1)-

Now we insert the previous expression in the local form of the Weyl tensor and, after some
algebra, we infer C i, X™ = 0, so that C j,,u™ = 0. ]
From C jy,,u™ = 0 it follows that the Weyl tensor is purely electric [18]. In dimension n = 4
the condition is equivalent to #;Cjxym + u;jCritm + uCijin = 0 (see for example Lovelock
and Rund [20] page 128). Multiplying this by u' gives Cjx, = 0; in this way M* is a 3-
dimensional Einstein Riemannian manifold and thus it is a manifold of constant curvature:
the spacetime is an ordinary Robertson-Walker spacetime.

Remark 1. It is worth noting that for an n-dimensional Lorentzian manifold (without per-

fect fluid hypothesis) equipped with a timelike vector such that V; X ; = pgy ; the integrability
conditions are R ;" X, = &(guX;—g;Xi). Then X, is an eigenvector of the Ricci tensor, and
it is easy to show that X;X"'C jxj, + X ;X" Cpipm + Xi X" Cijiy = 0; the spacetime is thus purely
electric [18]. The decomposition of the Weyl tensor in electric and magnetic parts in n=4 is
suggested by the decomposition of the Faraday 2-form describing the electromagnetic field
(eqs. 3.62 and 5.7 in [38]).
By Proposition 4.10 in [18] the algebraic types of the Weyl tensor can be only G, I;, D(d)
or O. As a matter of fact, in [18] it was shown that a spacetime with line element ds* =
—V2(x, 0dt* + (¥, t)gzﬁ(xy)a’x“dxﬁ, of which the GRW metric is a particular case, is
purely electric.

Since an n-dimensional spacetime with V,,C /™ = 0 and V,R = 0 is a Yang pure space
[16], the previous result is read as follows:

Proposition 2.1. Any n(> 3)-dimensional perfect fluid Yang pure space with B # 0 is a
GRW spacetime whose fiber is Einstein. Moreover, conditions (1.1) and (1.2) hold.

Now we consider generalized curvature tensors. The following Lemma is an extension
of a result concerning harmonic generalized curvature tensors, that is, generalized curvature
tensors with the property V,, K™ = 0 (see [22] Prop. 4.6, [24] Theorem 2.2, [25] Theorem
3.7).

Lemma 2.2. Let (M, g) be an n-dimensional pseudo-Riemannian manifold having a gen-
eralized curvature tensor which satisfies

(2.12) VK" = AVuR ™ + B(guV ;R — gjiViR),

where A and B are functions and A # 0 at any point of M. If V,,K 3, = 0, then V,,C ;" = 0.
Moreover, if A # 2B(n — 1), then V ;R = 0.



178 C.A. ManTica, U.C. DE, Y.J. Sun aND L.G. MOLINARI

Proof. If V,, K/ = 0, transvecting (2.12) by g and using 2V,,R;" = VR, we obtain
[2B(n—1)—A]V,;,R = 0. If A # 2B(n—1) we have V;R = 0 and by eq.(2.12) itis V,,R ;" = 0
provided that A # 0. Finally, eq. (2.1) gives V,,C /" = 0. If A = 2B(n — 1) eq.(2.1) gives
VK" = A3V,,C ™ from which V,,C ™ = 0, provided A # 0. O

In view of Theorems 1.2 and 2.1, and Lemma 2.2 we can assert:

Theorem 2.2. Let (M, g) be a perfect fluid spacetime, and let K™ be a generalized
curvature tensor with the property (2.12). If V,,K;;" = 0 then (M, g) is a GRW spacetime
whose fiber is Einstein, and conditions (1.1) and (1.2) hold. Moreover, if A # 2B(n — 1),
then VR = 0.

There are some important generalized curvature tensors that display property (2.13). We
consider some examples of them:
1) The projective curvature tensor (see [21, 22] and references therein):

1
(2.13) P = Ru" + m(éijkl — 6 Rj).

Its divergence results to be:

n—2
(2.14) VuPjl" = ——=VuRu".
n—1

Thus we are in the case A = Z—:%, B =0o0f (2.12).
2) The concircular curvature tensor (see [21, 24] and references therein):

(2.15) Cal" = Ry/" + pr 1)(6'}’91(1 - 609).
Its divergence results to be:
~ 1

Thus we are inthe case A = 1, B = ﬁ of (2.12).
3) The conharmonic curvature tensor (see [21, 24] and references therein):

1
(217) Njklm = Rjklm + m(y;lel - (Slej[ + Rl;'ngkl - RZ’gﬂ).
Its divergence results to be:
(2.18) VN = 5V R+ ——(guV R - g ViR)
. miV jki R md\ jki 2(n_2)9k1 j gjiVil}).
Thus we are in the case A = %, B = m

4) The quasi-conformal curvature tensor (Yano and Sawaki, 1968, [42]):
(2.19) Wi ==(n-=2)bCiy" +[a+ (n— 2)b]C'jk1’”,
a, b are constants. Its divergence results to be:

2a —b(n—-1)(n—-4)
2n(n—1)

(2.20) VaWii™ = (a + b))V, Rj™ + (ViR — g ViR).

2a—b(n—1)(n—4)

Thus we are in the case (2.12) withA =a+ b, B = 1)
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Note that the cases 1, 2, 3 satisfy the conditions A # 0 and A # 2B(n — 1) of (2.12). Case
4 satisfies the conditions if a + b # 0 and a + b(n — 2) # 0.
For such cases, Theorem 2.2 can be rephrased as follows:

Proposition 2.2. Let (M, g) be a perfect fluid spacetime, and let K jy,, be the 1) projec-
tive, 2) the concircular, 3) the conharmonic or 4) the quasi-conformal curvature tensor. If
VK™ =0, A # 0, then (M, g) is a GRW spacetime whose fiber is Einstein and condi-
tions (1.1) and (1.2) hold. Moreover, in cases 1, 2, 3: ViR = 0. In case 4: ViR = 0 if
a+bn-2)+0.

3. Physical consequences

In this section we outline some physical consequences of the above mentioned results.
On a physical viewpoint, it is described the global structure of a perfect fluid spacetime, in
several relevant cases.

Let (M, g) be an n-dimensional Lorentzian manifold where Einstein’s field equations without
cosmological term hold:

R
59ii = kT,

k = 8nG is Einstein’s gravitational constant (in units ¢ = 1) and T7; is the energy-momentum
tensor (see for example [39]) describing the matter content of the spacetime. For a perfect
fluid T;; = (u + p)u;u; + pg;;, where p is the isotropic pressure, u is the energy density and
u; is the fluid flow velocity. The Ricci tensor gains the form

3.1) Ri; -

K
(3.2) Rij = k(u + puju; + E(P - 1.
The form Ry, = agy + Buyu is recovered with 8 = k(u+ p) and @ = 3*~(p — ). Itis worth
noting that V;R = 0 if and only if the state equation p = n”j + ¢ holds, being ¢ a constant.

Proposition 2.1 can be rephrased as follows:

Proposition 3.1. Let (M, g) be an n-dimensional perfect fluid Yang Pure space with u +
p # 0. Then (M, g) is a GRW spacetime with state equation p = nﬂTl + ¢ being c a constant;
the fiber is Einstein and conditions (1.1) and (1.2) hold.

Gebarowski’s lemma (see [14, 15]) states that the condition V,,C /" = 0 for the GRW
metric is equivalent to having Einstein fibers, that is, Rzﬁ = %gzﬁ. Moreover Corollary
2.3 in [35] ensures that the fiber of a GRW spacetime is Einstein if and only if the spacetime
is a perfect fluid. As a consequence we have

Proposition 3.2. An n-dimensional GRW spacetime satisfies the condition V,,C /™ = 0
if and only if the spacetime is a perfect fluid.

We have thus

Proposition 3.3. Any n-dimensional Yang pure space GRW spacetime is a perfect fluid
spacetime, with state equation p = nﬂTl + ¢, being c a constant.
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In view of Lemma 2.2 and equations (2.14), (2.16) and (2.18) we infer that n-dimensional
spacetimes with vanishing divergence of the projective, concircular or conharmonic curva-
ture tensors are Yang pure spaces. Proposition 2.2 can be rephrased as follows.

Proposition 3.4. Let (M, g) be an n-dimensional perfect fluid space time with u+ p # 0
and let K" be the projective, the concircular or the conharmonic curvature tensor. If
VK" = 0 then (M, g) is a GRW spacetime with state equation p = n"j + ¢, being c a
constant, the fiber is Einstein and conditions (1.1) and (1.2) hold.

Conversely Proposition 3.2 becomes

Proposition 3.5. Let (M, g) be an n-dimensional GRW spacetime and let K™ be the
projective, the concircular or the conharmonic curvature tensor. If V,,K j;™ = 0 then (M, g)
is a perfect fluid with state equation p = nﬂTl + ¢, being c a constant.

In [23], Proposition 3.1, the authors proved that if there exists an equation of state of
the form p = p(u) for a perfect fluid, then the covector u; is closed, that is, Viu; = V.
Theorem 2.2 can be rephrased as follows.

Theorem 3.1. Let (M, g) be an n-dimensional perfect fluid spacetime with u+ p # 0 and
let K /™ be a generalized curvature tensor with the property (2.12), A # 0 and V,, K ;" = 0.
Then (M, g) is a GRW spacetime with Einstein fiber, and conditions (1.1), (1.2) hold. If
A # 2B(n — 1), then the state equation is p = ﬁ + ¢, being c a constant.
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