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1. Introduction and main result

The Euler-Poisson-Darboux (EPD) equation is the second order hyperbolic
equation

E(ﬂ,ﬂ’)u:{ﬁxay—ﬂ —h '51+B b= 12)}u=0
x=y = (x—=y)

which appears in various areas of mathematics and physics such as theory of
surfaces [2], propagation of sounds [1] and collidings of gravitational waves [3],
etc. By the conjugate transform of the differential operator L(B,B") with (x—y)~#,
we have the operator

(=) LYo~y = E(B.B) =08, ———o,+ L3,
xX—=y xX—=y

In this note we consider a g-difference analogue of the operator
E(B,B)=(x—y)E(B,B)=(x—)0.0,— B0, + o, M

and demonstrate that g-deformation of E(f,f) is the g-difference operator (see
section 2)

E(B.B)=L0x+P1,L0,1,— [0, + B1,[0:], @

The EPD equation has very interesting properties, for example, Miller’s
symmetry, Laplace sequence and the relation to Toda molecule equation, etc. (see
[2] and [6]). First we consider a g-deformation of Miller’s symmetry explained
below. Let W(B,p) be the space of solutions of the differential equation
E@B,B)u=0. Then V(B,p) is invariant under the action of SL(2, C) defined by

IThis work was partially supported by Grant-in-Aid for Scientific Research, the Ministry of
Education, Science and Culture.
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_ i +c ay+c a b
: bx+d) Pby+d)~* (ax —)( ) SL2,C
u(x,y)— (bx +d)~F(by +d) ubx+dby+d cdel( )

and hence infinitesimal generators of this symmetry are
E=—x%0,—y*0,—px— Py,
H=0d,+0,
F=2x0,4+2y0,+p+p.

We call this Miller’s symmetry. Indeed, this Lie algebra is isomorphic to Lie
algebra s/2,C). It shall be shown that its q-deformation is quantum group
U,(s12,C)) with generators

€= _{q_oxy[oy+ﬁ,]q+qoyx[0x+ﬁ]q}a

f=q7%7 0710, +¢> P x7 [0,
20.+20y+B+p’

q"=q

If the parameter q tends to unit, obviously we get Miller’s symmetry.

Theorem 1.1. The difference operators e, f and q" are symmetries of the
g-difference EPD equation and are generators of the quantum group U (sl(2,C)).

REMARK 1.1. This kind of representation of quuantum group can be seen in
[4] and [5].

The second aim of our research is to find a q-deformation of the so-called
Laplace sequence. We give a brief explanation of the Laplace sequence for the
EPD equation. Let us consider a family of differential operators parametrized by
an integer n

E,(B,8)=(x—y)0,0,— (B’ +n)d,+ (B —n)o,. 3

This is a typical example of Laplace sequence for the second order hyperbolic
equation with two independent variables (also see [2], [6]). Define two operators
H, and B, by

Hn=(x_y)ay_(ﬂl+n)’ Bn=(x_y)ax+(ﬂ_n)
Then we have
Hn+1En=En+1Hm Bn—lEn=En—an

for any integer n. These equations mean that if u,, is a solution of the equation
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E (B, =0, then u,, , = H,u, or u,_, =B,u, is a solution of the equation E,, ,u=0
or E,_,u=0, respectively. Therefore we may think that H, and B, are a kind of
increasing or decreasing operators. We shall show that g-analogues of H, and B, are

H,,=—q %[0,+f +n],+q "¢ " Uxy~'[6,],
B,,=q"[0,+p—n],—g%* ¥+ Dyx=110.],.

These g-difference operators are found by quantizing some solution of the EPD
equation. The EPD equation has a formal solution

p e S ATE ML+ in], .y, L,
e PRy B FESE

where [a;n]=T(a+n)/T'(«) and I'(x) is the gamma function. We may think that
its g-deformation is

Z [l+ﬁ5n]q[#_n+ 1 ;n]qx2.+n nw—n

). . . -
@ A3 BB 3 %,9) Slu—n+pinl A+ 1;n],

where [a;n],=T (a+n)/T (x) and T' () is the basic gamma function (see section
2). We use the notations (p,’,1 and ¢, ; to denote contiguous functions of ¢,, such
as @i=o (A+1Lu;B,p;xy) and @, ;= A—1,u;B,p ;x,y), etc. To describe the
action of e, f, ¢*", H,, and B,, in a simple form, it is convenient to introduce
the function

o L0+ BT u+B)

N 7 e R

By using this function we can get the next expression of the action of U(s/(2,C)) and
Laplace sequence

e®, = —[A+pu+1],07,
fO,=[A+p+B+p 11,9,
FO, =g WD
H, o®,=—[f— l]q(l)g:p,
B, o®,=[B —1],D, 4

Finally we give the explanation of the organization of this paper. In the
next section, we introduce and fix our notations appeared in the g-analogue
calcules. In section 3, we define a g-difference analogue of the EPD equation
and give a proof of theorem 1.1 and we shall find its g-Laplace sequence H,,
and B,, in section 4. The classical results about the EPD equation are stated
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in Appendix A. A part of the proof of Theorem 1.1 is given in Appendix
B. Finally we express the Casimir operator of U,(s/(2,C)) by means of the operator
E,, in Appendix C.

2. q-difference calculus

In this section, a few elementary results involving basic differentiation are
obtained. For any number A4, we define basic number [4], by the relation
—A

A—
[41,=1 =%
q—q

1

where q may be real or complex. Then we can easily verify the formula

[4+Bl,=q*[Bl,+q ®[4],

4
=g “[Bl,+4"[4], @

and
[4+1],[B+1],—[4],[Bl,=[4+B+1], )

In the following sections, we need q-difference operator (g-differentiation or basic
differentiation). First we introduce g-shift operator T by

(T )x)=1(gx),
then g-difference operator [d], is defined by
(a1
(@1, L LT
(g—q™ )x
=1(T: T f)(x).

Further we need g-difference Euler operator [0],

T-T!
=T

def
Because of this definiton, we may identify T and ¢°, namely, q";T. One of the
important properties of the operator [0], is that it behaves just as the ordinary
Euler differential, i.e.

[g]qxn = [n]qx"
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We shall often use the following relations
x"g l=q7"""x", x"¢’=¢"""x", x"[0+a],=[0+a—n]x",

where these all relations are considered as operators. Finally we define basic
gamma function by

2 o0
F.,<x)=q<*"3*’/2%3)1<1 ) @.=[10-7a)

For this basic gamma function we have fundamental difference relation
L (x+1)=[x], (%)

3. g-difference analogue of the EPD equation

Let us prove that the g-deformed function ¢, satisfies Eq.(2). From the
difference relation of the basic gamma function and the expression of the gq-deformed
function ¢,

paee oo ATBn)p—n+1lin], .,
¢q(/1,ﬂ,ﬂ,ﬁ ’x’y)—gz[u—n+ﬂ’;n]q[,{+l;n]qx s

we can get the following contiguous relations of @,

Proposition 3.1. The function ¢, has the following contiguous relations:
L x7'[0.1e0,=[A1e05s ¥ '[0,1000=[11,0%
2. [0.+Blgp,=[A+Bly0h,  [0,+B10,=[n+B0f
By using these contiguous relations, we have
[0+ B1,[0,]gpy =11 [A+ Bl0lh,
[0, +B1,00.1,0, =121 ,[1+ B 1,057 .
and further we can easily verify
[udo[A+ Bl =[Au[n+B 105k s
by direct calculation. Hence we have proved
[0+ B1e[0,1,04 =10, + B1,[0:1100

which we call the g-difference EPD equation.
Now we will prove that the algebra generated by three g-defference operators
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e=—{q %y[0,+ B, +q"x[0.+ .},
f=q7%" P70, +4¢% Fx7[0,],
qh=q20x+ 20y+ﬂ+ﬂ’

is a g-deformation of Miller’s symmetry. First we show the next proposition.

Proposition 3.2. Let E(B,B) be the g-difference EPD operator defined by
Eq.2), then operators e, f and q" satisfy the following relations:

L E(BB)e=—{q " '[0,+ By +q"" [0, +Blx}E(B.P).
2. E/B.B)=/E (Bﬁ)
3. E(B.B)a*"=q"q*"E(B.B).

From this proposition we immediately have the next corollary.

Corollary 3.1. The g-difference operators e, f and q*" are symmetries of the
g-difference EPD equation.

Proof of Proposition 3.2. Let us prove the first relation. From the difinition
of the difference operator e, we have

E(B,B)e
=[0,+B1x " '[0.1,9~ =y[0,+ 1, +0,+ B 1x ™ [0:1g™x[6.+ B,
— [0+ 81y '16,19™ [0, + B, — [0+ Bl '[0,,4™x[0,+ B],-
By using the following relation
xTigTrmg T, x gt =gt T x T [0] =0+ 1,
we see
E(B,B)e
=q" "7 [0,+ B1y[0.1,[0, + B'1y+ ™[0, + B1,[0,+ 11,00, + ],
—q7"[0,+B1,[0,+ 11,00+ B1,—q* " ' [0, + B1,x[0,],[0. +B],.
Further by applying the addition foumula Eq. (4)
[0x+11,=4[0,1,+9™>=q""[0],+4™,

in the second and third terms of the above equation, we get
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E(B,B)e
=q" %7100, +BIy[0:1,[0, + By + % 1[0+ B1,[0,1,00,+ B],
—q %[0, + B1,[0,1,[0,+ Blg— g% T [0+ B1,x[0,1,[0, + B,
Therefore we have
EfB.B)e=—{q~ " '[0,+P 1y +q%* [0+ Bl x} E(B.B).
The second relation is proved just above by using the relation
xT1gT Tl =g T T T T =gl R
[0, +B)px ™ =x""[0,+p—1],
and the addition formula
[0.—1+Bl,=q"'[0.+Bl,—q " =ql0.+Bl,—q"*".
Finally we prove the third relation. By the definition of ¢" and the formula

1

=120 _ 1220, ~ 1
X gT=qgX S,

y~1g20 = g2g%vy~
we get

E(B,B)q"=4*q"E(B.B).
q.ed

Thus we have proved the first statement of Theorem 1. A proof of the second
statement, that three operators e, fand g*"* are generators of U,(s/(2,C)), namely,

q"eq™"=q’,
197 "=q7%,

q"—q
_]‘
q—q

—h

[e9f 1=

is given in appendix B.
In the following we give a kind of representation of Uy (s/(2,C)) on the space
of contiguous functions of ¢,.

Proposition 3.3. The g-difference operators e, f and q*" act on the space of
contiguous functions of @, as follows:

_ [A+p1A+u+ 1],,4)1
1 [A+1], v
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DA+ BB -1],
T o,

h . 2A+p)+p+p -h,  _ —2(A+p)—f—p
q<p,,—q‘ wtp ﬂ(Pq, 9 "p,=q (A+p)—p ﬁ(P‘r

Proof. By the definition of ¢, we get

[u—n+1;n]q[)~+ﬁ§n]qxlyu+1

_ = —A-n[,, + m
“Pa Ezq L= ﬂ]“[/l+1;n].,[u—n+ﬂ’;n]q
B [u—n+1;n][A+B;n], ,
+2¢" "[A+n+ ! Lt +lyher
éq L ﬁ]“[1+1;n]q[u—n+ﬂ’;n]q g
=11+12,

where we put r=x/y. Hence by replacing n by n+ 1 in the first term /,, we have

11=Zq—l—n—l[”_n_1+ﬁf]qx [#—n;n+1]q[/1+ﬂ;n"".1]q xl+1 pgn
neZ [l+1,n+l]q[,u—n—1+[3 ,n+1]q

[u—n+1;n][A+1 +/f;n].,x4+1y,,t,..

=['l+ﬁ]q —(A+1)=np,,
21 = =+ Bsm],

[A+11,5

]qx

On the other hand,

[A+8] -
L="""29N"g* " A4+n+1
2 [A+1]qnezzq : X
x[Au_n+1;n]‘l['1+1+ﬂ;n]qx;‘+1y"t".

[A+2;n][u—n+p';n],

Therefore we get

e(pq=—11—12

A
_%z{q"“ D7 u—n]g+g" A +n+ 1]}
gqneZ

g (u—n+1;n][A+1 +ﬂ;n]“x‘“y“t"
[A+2;n][p—n+p';n],

_ _[l+ﬂ]q[l+u+1]q‘pl
[A+1], v

where we use the addition formula Eq. (4). Similarly as above, we have
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fo,= Lul, —A-n-p 148 w=D-n+p7)
%—m%@ lu—n—1+p1,+q [A+B+nl,}
qne
LD =t Gl A+ By
[A+1n] [(k—1)—n+p';n],

[u]
=h——q A ! —
[#_HB,L"EZZE +ut+p+p—1],
g [(u—l)—n+l;n]q[l+ﬁ;n]qxly,‘_lt"
[A+1;n] [(k—1)—n+p';n],
=[ﬂ]q[l+l‘+ﬂ+ﬁ,_1]q¢ .
[k—1+p1], o

The last statement is easily proved by direct calculation. g.ed

By using the funciton ®,, we get a simple expression of the action of operators
e, f and ¢".
Corollary 3.2. The action of operators e, f and q" on the function ®, is
e®,= —[A+pu+1],05,
SO =[A+pu+p+p —11Dy,
qhq)q = q2(l +u)+p+ ﬂ'(bq'
4. q-Laplace sequence
Here we consider a family of the difference operators
Eq,n(ﬂ’ ﬂ,) = [ex + ﬁ - n]q[ay]q - [oy + ﬂ/ + n]q[ax]q’ neZ (6)

which may be thought as a g-difference analogue of the operator E, defined by
Eq. (2). Our purpose is to find a kind of increasing or decreasing operators.
Let us denote two types of q-difference operators H,, and B,, by

H,,=—q [0,+f +nl,+q """ Dxy~'[0,],
B, ,=q"[0,+B—nly—g> #*" " Vyx~1[0,],.
Then the next theorem can be proved by direct calculation.

Theorem 4.1.

1' Hq,n+ 1Eq,n=qEq,n+ lHq,n
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2' Bq,n— lEq,n = q_ 1E‘q,n— 1Bq,n

Proof. By replacing f and ' by f+n or f'—n, it is enough to prove when
n=0. From the difiniton, we see

Hy Eqo
=—q [0, +f +11,[0.+ By~ '[0,],+q [0, +p +11,00,+p1x " '[0.],
+q7 %0 Dxy = 10,100, + By '[0,],—q "7 Pxy T 1[0,1,00, + B1x (0],
By using the relations
[0+ Bl =ql0,+B~11,+q 7>, [0,],=q7'[0,+1],—q ™",
at the first and the second terms, we have
H, E,,
=—q 1[0, + B +11,[0,.+p—11p 7 '[0,],— 9~ [0, +B + 11,9~ 7P *1y7[0,],
+q7 %0, + B + 11,00, +Bx 7 '[0.1,+9 ="~ Pxy 7 [0,1,00,+ By '[6,],
—q %=~ Uxy=10,1,00,+ B 1x [0+ 1],
+q 7" Pxy™ 0,100, + B)px " Tq !
= —ql0.+B— 117" [0,10 ™16, +By—a ™0~y 1[0, +B1,00,],
+qL0,+ B + 11 '[0.1a™ [0, + B+ L0« +B— 11 (0,97 "y~ [0,],
—ql0,+ ' +11x 7 '[0,1,9 ™%~ ~ Vxy~'[0,],+¢q >~ P~ VY 1[6,1,00,+ B],
=qE, H,,.
Thus the first statement is proved. We will show the second statement.

Bll.“l

=0+ B+ 11,00+ Bly™ (0,1, — ¢ [0, + B+ 11,06, + 1>~ '[0.],
— g™ 0 Dyx1[0,1,00,+ By~ 16,1, + 4™ T PyxT0.1,00,+ B1x'6.],
Substituting
[0,+B1,=q"'[0,+F —1],+¢>* "7, [0,],=q[0,+1],— """

into the second and third terms, we have

Eq, o

B,

q,—1

=q"[0,+ B+ 11,00+ By~ '[0,],— ¢ [0+ B+11,00,+F —1],x[0,],

Eq‘o
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— g0, +B+11,4% 51 [0,],— g% O Vyx 10,110, + Bl [0, + 1],
gDy 00,104+ Bl g g™ Dy T [0,0,10,+ B 0],

= q_ l[ox + ﬂ + l:lqy_ l[ey]qq‘,y[ex + B]q—q_ l[oy + B’ - l]qx_ l[ox]qqoy[ox + ﬂ]q
_q20y+(ﬂ’- Dy~ 1[0x+ﬂ]q[0x]q—q_ l[0x+ﬂ+ l]qy—l[oy]qqeyﬂﬂ’— l)yx— 1[0x]q
+q20y+(ﬂ’— Dy~ 1[9x]q[9x+ﬂ].,+q_ 1[0y+ﬁ:___ l]qx- l[ex]qqoyﬂﬁ’— l)yx— 1[0x]q

=q 'E, Bq,O‘ qed

q,—1

REMARK 4.1. The above theorem implies that if u, is a solution of the equation
E, ,u,=0, thenu, = H, ,u, or u,_, =B, u, is a solution of E, ,, , u=0o0r E,,_,u=0,
respectively.

We have more infomation about the action of H,, and B,,.

Proposition 4.1.  The action of operators H, , and B, , on the space of contiguous
Sunctions of ¢, is

_ [P —-1], 4 _[A+B1[F 1], 4
Hq,O(pq"' [/‘L+ﬁ—l]q ‘Pq,ﬂ’ Bq.O(Pq [ﬂ+ﬂl— l:lq ‘pq,ﬂ” (7)

Proof. By the definition of ¢, we get

[)'J"B’n]q[”'_n"' 1 ;n]qxl pgn

Hoop,=— 2.4 " "[u—n+p7;

neZ (u—n+p;n] [A+1;n],
+ Zq_l_n_(ﬁ_“[“_n_*_ l]q [A+ﬂ;n—1]q[“_n+2;n—l]q xlyutn
nez u—n+14p;n—1][A+1;n—-1],

_ [u+B], _-A-n _ —a=n=-@-1r)
—_[A+/3—1]q,§2{ q [A+n+p—1],+¢ [A+n]}

" [A+B—-1);n][p—n+1 ;n]qxay,‘t..
[u—n+( +1);n],[A+1;n],

_ [rBLB-11, 4
[A+p-1,

Here we used the addition formula
—g A Ak f— 11,4 g0 Ok n] =~ [f— 1],

The second statement is proved just above by using addition formula
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¢ "u—n+B = 1],~g" """ Vu—nl, = -1],

as follows:
=_[_%_ ponry Y] —gE B O,
2,094 [Il+(ﬂ'—1)]qn§z{q u—n+(@B—-1)1,—q [u—nl,}
8 [,1+(ﬁ+1);n]q[;4—n-!-1;n]qxll ugn
[u—n+(B' —1);n] [A+1;n],

=W L qed

’ ¢ i °
[+ -1, 7
Remark 4.2. The action of H,, and B,, on @, is

Hyo®,= — (8- l]qq)g.,ﬂ’ B, 0®,= (s — l]qq)qﬂ,ﬁ"
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A. The Euler-Poisson-Darboux Equation
Let us consider some analytic properties of the equation
EB,Bu={(x—)0,0,— B0+ Bo,ju=0 )

We would like to find a solution of the form

i)

where A and p are complex parameters. By substituting this expression into Eq.
(8) we have

(1= 19" () + t{(u—A—1— )t —(u—A—1+ B)}o'(1)
+H{(A+ Bt — Mu+ B)}o()=0

Especially in the case of 1=0 this equation is reduced to Gauss’s hypergeometric
euqation

(1=00" )+ t{(u—1-p)t—(u—14p)}0'()+ Bue(t)=0
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Hence Eq. (8) have special solutions related to hypergeometric series. For
example, we have a solution

u(x,y) =y“F<u, —Bl—p—p ﬁ)
where

a2 la;nllb;n] , o
F(a’b’c’t)_,.g‘o————[c;n][l ;n]t , [a;n]=T(a+n)/T(a),

is Gauss’s hypergeometric series. Hence by using the action of SL(2,C), we obtain
Appell’s formula

u(x,y)=(bx+d) " #(by+d)~ " (ay+cy(by+d) "Fu,—B,1—p+p';0)

. ___(bx +d)ay+c)
(@x+c)by+d)’

B. A proof of Theorem 1

Here we will prove that three operators e, f and ¢" are generators of the
quantum group Uy (s/(2,C)). Namely, let us prove Serre’s relations

q—q"

geq~"=q’e, ¢"fq7"=q""f, [ef]= e

1

which characterize U (s[2,C)). From the definition, we see
qleq "= — g =GOy, 4 flg 0RO
_ OB GOy Bla” 20— 20,~f—p'
By using the relations xq~20x=¢~2%*2x and yq 2% =¢"2%*2) we obtain
qg'eq "= —{q™ " 2y[0,+ B+ 4> *x[0,.+ B} =g

and just as the same above we can show ¢"fg~"=g2f.
Now we prove the relation

h_ o —h
—9q
— —1.

q

[e.f] =q
q

From the definition of e and f, we have
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[e.f]

= —[g"x[0,+ B, ¢ ¥ x'[0,1,]—[¢"x[0.+ Bl q~*"*y~'[6,],]
—[g~*y0,+Bpa™ ' x (01,1 [a~"¥[0,+B1pa~" "y '[6,1,]

=-C,—C,—C3—C,.

Now we calculate each term C; i=1,2,3,4. We have
Cy=q*>*P[x[0,+ B, x'[0,1,]

=g*%+F{x[0,+ Blex ™00, —x 7 '[0.1,x[0.+ B1,}
=g ([0, + B—11,00,1,— [05+ 11,10+ 1.}
= — 020, + 1,

where we use Eq. (5). The second term is

Cy=q"x[0,+Plg™ %y [6,],
—q~ 7Py 1[0,]1,47x[0.+B],
=g~ 1x[0, + By [0,
—q =Ty mI09 1, x[0.+ B,
=0.

Similary just above, we obtain C;=0. Finally

Co=q"2"P[y[0,+ B,y '[6,1,]
=g~ 2%"8(y[0,+ 1,y '[6,],—y " '[0,106,+ B}
=q~2="#{[0,+f —11,00,],— [0, + 11,00, +B1,}
=—q 2*7P[20,+p],
where we use the addition formula Eq. (5). Hence we have
le.f1=q%*#[20,+B1,+ 9 2**[20,+ B,
=[20,+p+20,+p1,

_q—q"
S
q9—q

C. Casimir operator

Here we express Casimir operator by means of the operator E . It is well
known that the Casimir element C of Uy s/(2,C)) is
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_aq'-2+q¢"
q—q7"y

+ef.

In our case, by the direct calculation, we have

(1]
(2]
(31
(4]
(5]

(6]

0 - - +p 17
C=—q""qg " 'x—¢ ly)Eq,o+[——ﬂ l; l
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