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                      Introduction

     In this thesis, IwUl make a study on operators of class

C.o on a Hilberev space. When a bounded operator T on a Hilbert
space satisfies lIT'lIE 2 a.nd '[e*n+ o strongly as n-'oo t [r
                     .                              'is said to belong to class C.o e This particular v"iass contains
                            'many non-normal oper"F4tors. In particular, the unilateral shift

S on the Hardy ciass H2 on the unit disc D in the complex

plane beiongs to St. In [3] Beur!ing showed that the invariant

subspaces for S are precisely those of the fonn -ybH2 , where

ip is an inner function. For a HÅ}lbert space E, w•e denote t.h.•e

E-valuGd Hardy class by :hl2 (T"?). L-ax [l9] and Halmos [17] showed

that the invariant subspaces fonc the unilateral shift S o.n

H2 (E) are precisely those of the form. e H2 (F) , where F ts a

hUbeyt space with dirin" Fs dim E- and O(X) is an arbitiraxy

B(F,E)-valued inner function defined on D. In this case, if we

set

          H(e)= H2 (E,> <A;2 SH2 (F) and S(e) = PH(e)S]H(O)g

then S(O) beiop.gs to C.g .

     !n '[25] Rota sbowed that a contracticn with norm < l is

unitarUy equivalent- to S<e) for a suitable inner functior} e(.X).

     IJet [V be a co.nUvaction on a Hilbert space H. Then Sz.-."gc=kgy

and Foias deiined the characteristic function OT(X) of [V by
         eT. (X) == {-T + XD T* (i - .X T*) -IDT}l DTH for xe D,

where DT=(!-Tkpti/2 and DT.=(I-TT*)i/2 . And they showed

                                                 '                                                   'that [V belongs to C.o if and only if OT(X) is inner. [Ohey also

                            -l-
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showed that in this case T is unitarUy equivalent to S(eT)

(cf.[28]). Thus the theory of spaces of anaiytic functions

(ef.[l8]) and the cerona theo.r-erp. (]6],[24]) have come to play

important roles in the study of C.o .

     A subspace of H -Ss caUed hyper-invariant for an oper.A.tor

T on H if it is inva"ri•ant for eveyy bounded operator which

commutes with ff]. In [20] Lornonosov proved a famous theorem :

Every compact operat• or has a hyper-invariant subsp. ace. ll?].cr'

Å}nvariant subspace pxoblem is an important subject in the act"uai

study of operatoTs.

     Now rZ will give a few accounts of the contents oÅí this

thesis. -..es
     ln chapter T-,we wi•11 charadtetize the hyper-invahiant

subspaces for a contraction T' which belongs to C.o and satisfies

dim DvH<co . Here the tschnlques intiroduced by Nordgren[22] is

useful .

     Chapter rr is a study on tbe operators of the form Åë(S(ij)).

Åë(S(ip)) is the general Toeplitz operator PTÅëIH(Åë•). ( For prectse

definitions, cf. the Åíirst feTrv' lines of Chapter ff . These opevators

are consideredi to extend [Poepiitz o.r)erators.) T.n [26],Sara$on

                       ooshowed that , for Åë in H and a scalar inner function k'J,Åë<S(vl,))

                          - cois cornpact if and only- if ÅëÅë belongs to H + C,where C is the

Banach algebra of ali continuous functions on the unit circle.

In the Eirst secti,on of this chapter we will show that,for Åëin

H + C ,this result is sti!1 true.
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     We then proceed to estabtish some results on the double

commutant of the operatox S(O). It is well-known that the

double commutant of an arbitraxy uniiaterai shift consists of

multiplications by bounded scalar analytic functions. We extend

this result to a wider class of operators of the form S(e>.

Indeed, we will show that t'he double commutant consists of
           ooÅë(S(O)),ÅëEH .

     Chapterm contains the main ,results of t:n.ts thesis. A

contraction lr is cailed a weak eontractÅ}on if X-ptT has a r-inite

4trace , and o(T)iSD . Wea-k contxaction.q. have nice properties

and thexe are a good deal of strdÅ}es (ef.[28]). My study concerns

on the operatoxs outside ef 'this ope'rator class. W•e will consider

a contracticn T which 1llas fo!Zowing properties:

          T belongs te C.o ,

          FTrkT has a finite trace,

          cr(T)==D and cr (T).4'ir' .
                       p
Every unÅ}iateral shift has these properties, and we will call

such an operator a quasi unilateral shift. One of the B.D.F.

theorems[-4] implies that T=S+co!npact ,where S is a unilate-T-al

shift wÅ}th index S =index T . My contribution here is to sbow

that there is an intertwinina operator between T a.nd S. Thib-'                            J-
stronger resuit wUl make easi•er the anaZ'ysis of the operators

of this kind.
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               Chapterr. Hyperinvariant subspaces

l.1. Co(n)-contractions.

     ]]et T be a coniractx'on on H belonging to C.o . Then it

necessariJy follows that '
                       -     , 6. 'r= dirn DT.Hldim DTH '= 6•

Suppose 6*=6 = n< co , Then T Å}s said to belong to Ce(n) .Simply,

we denote the characteristic function of T bY e<X) .In this case,

                                        cowe may regard e(X) as an nxyi matrix over H . Since e(X) is inner
, that is, O(eXt) is isometry for aimost all t, e(eXt) S:s unitaxy

for aimost all t. dnd T' on H is unitarcily e(luivaient to S(e)

on H(e)= HA e eHn2 , where Hit deno-tes H2 (Åën).

                                         t
                                               oo     Definition i.l. A no"maZ nxn matxix Åë over H is of• tne
form 11 Åëi ol/ , wh. ere ,for each i, Åëi is a scalar
             Åë:ll %. i
                 l'i o '{pn 11

                 "d
inner function and a diviso=v cf Åëi+1 . The operator

S(Åë) = S(Åël) e•••OS(Åën) induced by Åë is call.ed a Joved.nyn

ope.r- ator. L
                            '

. By the Sz.-Nagy and rX7oias theo"r-em [29],every contracticn

in Co(n) is quasi-sÅ}rp.i-lar to a Jo-r-dan operator.

                                                  co    Theoreml.2. !et e be an nxn inner matrÅ}x over H and Åë

an nXn normai one . If S(e) and $(O) are quasÅ} similar ,then

there exist quasÅ}--affinitÅ}es X from H(e) to H(Åë) and Y from
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H(e) to H(Åë) and Y from H(Åë) to H(O) such that

(i) X S(O) = S(Åë) X and S(e)Y = Y S(Åë) ,

(iÅ}) the corresponde.nce T: L + XL and T*:M + YM establÅ}sh

an isomorphism from the iattice L9e of hyperinvariant subspaces
                                                           .- 1for S(e) onto thG !'attice LYÅë foy S(Åë>, and its inverse,Tk =T -".

                                                         '
            '
     Proof. !7,he hypothesis of guasi-siip.Slarity implies for LESe

(1.1) T(L> =Y{zz; ."/ s(e) = s(ip) z}

belongs to LYÅë (c.f.[23]). By one of the Moo]re"Nordgren i} heo]feip.s

([21],i22]) the quasi-similan'ty of S(e) and S(di.) implies that

there exist matrice.q. A, A',A and Af each of wYtose deterrni.nants

is relatively pri.r,nt,e to the dete;vmin'a' nts of e and tp- , and such

that

(1.2) A,O =OA and eAe :A' Åë.
Define the operator X f"rv""m h'(e) to H(Åë) and Y from H(Åë> to F.(e)

by

(1.:s) Xh = PH(Åë)Ah for h in H(e), Yg = PH(o)A'g for g in H(Åë).

Relation (1.2) guarantees condition (i), and X,Y are quasi-

affinities. Take an arbitrarv- L iri the lattice L9o and let

 L'=T(L>. By a weM-j'<newrn theorem[28] the (hyper-)invariance

o-f L and L' implies the existence of inner matrices vfii,e2,Åëi

and 02 over!oo satisfying

(l.4) ei = 02el and Åë= Åë2Åël ,
and

(1•5) L "02( H2 . G> eiH2. ) a"d L'' = Åë2( H2 . 00iH2. )'
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By the definition(1.l) of T(L) we have XL f.T(L) = L' . on the

other hand, since YZ commutes wi'th S(e) for every Z occuring

in (l.1>,hyper-invariance of L for S(O) implies YZL g L, and

therefore YL' =-' YT(L) e L. Now the inclusions XL f L' and

yL' g L, and reiations (l.2>-(!.5) impXy A02HA Ei Åë2Hii and

A'Åë2Hk (=e2HA ; whence we deduce the existence of inatrices A and

        ooB'overH such. that '
(,i.6) Ae2•=-. -Åë2A and A'Åë2-= e2B. '
Thus it follows. that Åë2AB =A A'Åë2,and hence,

(1.7) det A• de t• B = detA . det A' .

Since detAedet A' is relatjvely prime to detÅë , (i.7) irp.piies

that det A is relatively prime to detÅë , hence to detÅëi . T•o

prove L' = XL suppose thafit fE2' e XL . Then ,again using

(l.2)-(1.5), we see Uh.at f is orthogonal to Ae2H;. , and hence

to ip2AHS, by (l.5>. Moreover,(1.5) implies f =- Åë2g for so!n.e

gE HA e ÅëiH?n . Then for Gvery hE Hk

         O = (f,Ae2 h) = (02 g, Åë2 Ah)= (g, Ah).

Since detA is relatively pm`me to de+:Åëif AH2 n and (PiH2n span
the whole H2 . IPhÅ}s imrlr.Ues g=O, her.ce f=O, pyoving L' = XL .
          n
[Vhe re!ation L = Y,T.' = YXL is p-'-• oved in a similax way. [rhis

completes the proof.

        '
                                                    oo                                           .' Theorem l.3. Let Åë be an nxn normal inatnx over H .A

subspace L of H(O) is hyper-invari'ant for S(O) if and Qnly if

there are nx.n. normal matrices Åëi, Åë2 satisfying
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(1.8) Åë : Åë2Åëi and L ==Åë2 ('l ;,OÅëiHil)•
                                  '

     Proof. By the lifting theorem ([28] p.258), for every

operator X on H(O) commuting with S(Åë), there is a matrix A
      coover H satisfying
Q.9) Xh -- P-.H(s)A•h (hEH(Åë)) 'and AÅë Hi: g ÅëH;. .

The latter condition is equivalent to the ex;stenee oÅí a maLrix
         co A over H sattsfyin"s

(i.10) AÅë= OA .
     Suppose that L is ore the form (1.8), and that

Åë = diag (Åë2r•••r Åën). 1]o prove the hyper-invarÅ}ance oÅí L for

S(Åë)f it suÅífices to show the inva]rLance of L for the cperator

X der-ined by (1.9). "i"he existence of A satisfying (!.le)

implies that if i>j, then tne in.ner function Åë./O. is a di• visor
                                             i' ]
of the Aij,that is, the (i,j)-th entry of A . Since Åë2 and Åëi

are normal matrices with Åë= Åë2Åëi , for i>j the inner functicn

ui/uj is a divisor of Åëi/Åëj , where ui is the G,Å})-th entry

of Åë2, hence a divisor of Aii. U]his guarantees the existence

                     coof a ma'trix A' over H satisfying
                             '(l-.ll) A Åë2 = Åë2 Ai ,

and conse(iuently the invariance of L fo]r X.

     Suppose conversely that L is hyper-invariant for S(Åë).

Let Pi be the orthcgenal Projection from H(O) onto the i-th

component space . Since Pi commutes with S(O), the hyper-

Å}nvariance of Limplies that ''
      L == P,[te'•,...,(<Fl> PnL
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and each PiL is an invariant subspace for S(Åëi). By the

Beurling theorem there are inner divisors ui and vi of Åëi

satisfying

(1•l2) Åëi= uivi , PiL s= ui (H2 O vi H2 ).

Set Åë2= diag (u!,..., un) and Åëi== 'diag ( vir...tvn), then

Åë2 and Åëi satisfy (l.8). It remains to prove the normaiity of

                                                  coÅë2 and Åëi . To this end , take the matrix A over H w.hose

(i,j)-th entry Aij is dein'ned by
       A.,Lj = l ( i ;l j ) and A,tj ',- Åëi/Åëj ( i>j).

                                     coClear"ly there exists a matrix A over H satisfying (1.le).

The hyper--invariance of L implÅ}es the existence of a matrix A'

satisfying (l.11). This ;neans ii i<j , then ui is a divisor
                                       'of uj and uj/ui is a divisor of Åëj/Åëi . The foririeAT. con-dition

guarantees the normality .nf 'O:. , while the latter dces the

nor;nality of Åëi . Thi-s comp!etes the proof.

     Since every Co(n)--contraction is quasÅ}-similar to its

Jordan operator ,by above theorems, we can characterize the

hyper-invariant subspaces Åíor it.L

    When Åë is a scaiar inner function, for the operator S(Åë>

the invariance of a subspace is equivalent to its hyper-invariance

. The lati icegS. of all (hyper-)invariant subspaces is totally
              c;;•
ordered iL` and only if O is of the form
                                      "(l.13) ((A-od /'(i -aA))n (Ictl< l,n a posÅ}tive intdger)
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or of the form •
(1 .14) es (X) =- exp (s (X+ ct) /( X-- ct) ) (l ct I= l,s>o),

according as dim H(Åë)=n osc dim H(Åë) = co (cf.[28] p.l36).

This can be generarz'zed to the case oL" inner matrices.

                                                    co     !I]heorem 1.4. Let Åë be an nXn normai matrix over H and

dim H(ep) -- co. The lattice J?Åë of hyper-invariant subspaces for

S(Åë) is totaiiy ordered Å}f and only if Åën is of the for-m (!.14)

and eadh Åë. coincides with etther 1 or Åë ,where Åë. is the
                                        ni          .-
(i,i)-th entxy of Åë .

     Proof. By theorera l.3 tlsie total orderdness of the lattice
 v9Åë is ekrTuivalent to the cGnditz•on that if norrnal matrices Åë2

                                             .- 1and Åë2' are ieft divisors oi Åë such that'Åë2 -"ep and
Åë2'VlÅë are normal too, then one of Åë2 and Åë2i is a lef"L

div.isor of the other. Su-p. pose that LPÅë is tota!ly ordered. Take

arbitrary inner divisors u and v of Åën rand set ui== uAÅëi

and vi= vAÅëi (aAb denotes the gratest conrmon inner divisor

of a and b). Theni the normal matrices Åë2 and ip2' deÅíined

     Åë2 = diag(UltU2r.•.tUn-liU) and Åë2'=diag(Vl,V2re.•rVn-.lfV)
                                        -z                            -1are !eft diviser of 9.and Åë2 Åë and 9' O are normal
              comatrices ov'er H . The divisibUity, of Åë2 by Åë2' or Åë2' by

02 implies that one of u and v is a divisor of the other. The

arbÅ}trariness of u and v implies that Åën is of the fbrm (l.14)
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because dim H(Åë)= co implies dim H(Åën) = co . There exists an

Åëi such that Åëi/Åëi..1 = e. (IE i En). If fact if any Åëi/Åëi-l

is not equal to es ., then there exists i and j such that

IE i <jg n r Åëi/Åëi-1 = e. (s>a>O), ÅëjlOj-l=eb (s>b>O) and a+bgs.

Now set c and d so that O<c< a, O<d< b and c<d. Consider the

normal matriees 9i and R2 defined by
      sti : diag(1,..,l,(eiL,...,e.) and st2= di'ag(1,..,1,(ej&r••,ed)

              . .. --1.. Clearly shi -s a "left divisor of O and sti Åë is a normal

rnatrix. By Theorem 1.3, the subspaces

          stiH2.0ÅëH2. a"d st2"2.<II> Åë"1

                                                            '          'are hyper-invariant for S(Åë), but any ope of them is not included

in the other, a contadiction. Conseguently Åë =diag(l,••,l,es,••,es)

. The "only if" part is trÅ}vial. Therefore we omit the proof

(see [33] ) ..

I.2. C.o -- contractions.

    In this sectien, we consider a contraction T in C.o such

that m=6 < 6.=n<co . Firstly we decide the lat• tice of hyper-

invariant subspaces for a Jordan operator in class C.o . Next

we establish a canonical isomorphism between the lattice of

hyper-invariant subspaces for T and that for the Jordan model

of T. Since 6= m, 6. =n, the characteristic functipn O(X) of
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T is regarded as an nxm matrix over Hoo  . Let dk be the largest

cornmon inner divisor of all the minors of order k (l<k<m). And

set tpk= dk/dk-1 (do=1)• Then ipk is a scalar inner function

and a divisor of its suecesor. In this case, an nxm matrix;
          , . ['Sip2•••9,.-

             LO ... O
is called naymaZ, and a aorresponding operator;

          s(Åë) :s(Q,) e ... (E> s(th.)e s,

-w' here S is the unilateral shift with index S == n-m,is called

Jo?dnn model of T. Nordgren [22] has shown that there are pairs

of rnatrices Ai,Ai and Ai' , Ai' (i=1,2) satisfying

(2.l) A.e = Åë A• ,               1l
(2.1)' e Ai'= Ai'Åë r
(2.2) (det :A.-ti) (det Ai') Ad,. " lt

(2.3) (det Ai) (det Ai')A(det A2)(det A2 ') = 1,

(2.3)' (det Ai) (det Ai')A(det A2>(det A2 ') = l.

Settmg

(2.4) Xi= PÅë Aii H(e) and
(2•4>' Yi= Pe Ai'I H(Åë) for i=l,2,
where PÅë simply denotes PH(Åë) ,

{Xi, X2} and {Yi,Y2} are injective families satisfying the

foZlowing relations:

(2.s) xi s(o) = s(o)xi ,

(2.6) S(O) Yi=Yi S(O),
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(2.7) Xi H(e) VX2 H(e) =H(O) ,
(2.8) Yi H(Åë) VY2 H(Åë) =H(e) .
This implies s(o)E's(Åë) [3o].
     Now set Y = diag (tpi,...,e m), that is, tp = [-g]. Then

S(Åë) on H(Åë) are identified with

          s(y) es on H(Y)eH.-. •
     IJet N be a hyper-invariant subspace for S(Åë). Then it is

clear that ru is decomposed to the direct sumr ru = Ni <i) N2 ,

where rvl abs a subspace of H(Y>, hyper-invariant for S(Y),and

rv 2 is a subspace of Hn-m r hyper-invariant for S. Zn this case

we have the fol!owing lemma.

            '
                                                      '
     Lemma 2.l. In order that B7 = Nl e N2 is hyper-invariant
        'for S(Åë), it is necessary and sditicÅ}ent that N2={O} or

there exists an Å}nner function Åë such that ru2= ÅëHn2-m and

 Nl ;.? Åë(S(Y))H(W) .

     proof. sirnply set k=n-m. An operator x=[:2i ii :2i22] commutes

with S(O), if and only if Yij sat' isfy the fol:/o}s7ing conditions:

         YilS(ig) =S(ig) Yil , Y12S= S(ig) Y12, -
         Y2 1S(ig) =S Y21t Y22S =S Y22 .
Since S(Y>n - O as n ÅÄO and S is isometryr we have Y2i= O •

Thus if N2 ={O}, then it folfows that XN S ru for every X

commuting S(Åë). By the lifting theorem ([26],[28])i a bounded
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operator Yi2 from Hft to H(Y) intertwines S and S(Y),if and

                                     coonly if there is an mxk matrix st over H such that Yi2== Py9 e

Thus,if N2i --' ÅëHft and Ni?. Åë(S(Y))H(W) for some inner function

Åë , then we have

     x lv == (yulVi+ yi2 ÅëH2k) <IE> Y22ÅëHi2

         g. (Ni + Pyst ÅëH2k ) {EE)ÅëH2k

        '         ,(,. (Aii + Py ÅëHlin ) eÅëH'ft

         == (zvi + Åë (s (y) )H('y) > e ÅëHft

         .C. Nie ÅëH2k --- lv ,

where Åë(S(Y))h= P.yÅëh for hEH(Y). [rhus Al is hype]r-i.p.variant

for 'S(Åë).
                             '
     Conversely suppose ru =Nie N2 is hyper-invariant for S(Åë)

,' and N2={O}. [rhen by [IO], there is an inner function Åë such

that rv2=ÅëH2k . Let 9u' z. G=1,2,..,m) be the mx(-n-rai) matrÅ}x

such that the (i,1)-th ent.r-y of 9i is 1 and the other entry

is O . Setting
               xi == [g gi] and yi = pwsui,

each Xi corrumutes with S(Åë), hence we have

         n     rui= ill! Yi ÅëH2k = Py ÅëH2. --Åë (S(Y))H(y).

This comp!etes the proof.

                                                  '
     Theorem 2.2. In order that a factorization Åë= Åë2Åëi Qf

O into the product of an nxl inner matrix 02and ari lxru inner

matrix Oi (n >- 1 >- m) corresponds to a hyper-invariant subspace
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N for S(Åë) ,it is necessary and sufficient that Åëiand Åë2 are

normal matrices satisfying (D or (iÅ}):

(ii) l=n and Åë2 has the form [g2 ÅëIOk] .

     Proof. First, assuTne that 1=m, and both Åëiand Åë2 are nor;nal
inner matrices. Then,setting Åë2=[g2'] ,it fQllows that

 Åë2K(Åëi)-:Y2' H(Q]) is hyper-invairiant for S(Y) (see Sec.1..l).

Therefore , by T.,e'mma 2.1, it is hyper-invanc.iant for S(Åë).

     Next, assurne that Åëiand 02 are normal matrices satisfying
                  '(ii). Set Åëi = {gi] . Then we have

         rv =Åë2{ H2. e ÅëiH2m } = Y2H(Yi) ({I) ÅëH2k '

Normality of Yi and Y2 implÅ}es that Y2H(Yi) is hyper-invariant

for S(Y). On the other hand ,normality of 02 irp,p.]ies Y2Hft? ÅëHft

, and hence we have

         W2Hil,e WHfl,, ?Åë<s(y))H(y) .

Mihus ,from Lemma 2.1, we deduce that N is hyper-invarinat for
                             '
                              '
     Conversely,fixst assume that Al =Ni e {O} is hyper-invariant

for S(Åë)r and Åë=Åë2Qi is the factorj.zation co]responding to AJ.

Since S(Åë)IN= S(Y)IAIiis of class Co , S( is of class Co

(about netati'on Co see [28]). This ixtplies that Åëiis an mXm
inner matrix, that is , l==m. Setting Åë2 =[;2] , where Y2 is

an mxm matrix and r an kxm matrix (k=n-m), we have
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        Y= Y2 Oi , AZi = Y'2 H(Åë,i)• and T Hik ={O} .

Since r == O and Åë2 is inner, also Y2 is inner. Thus the

hyper-invariance of rui corresponding to Y == Y2Åëi implies

that Y2 and Åëi are mXm normal matrices. Next assume that
  ru =Ali (D ÅëHft and Ni -:->Åë(S(W)>H(\) .

Clearly we have
              Piv= S(O) I Ni == PN" S(Y) INt 0S(ÅëZk) .

Since the right hand operator is of class Co , S(Åë2) is of class

Co . This inpiies 02 is an nXn matrix-; j.e.,1=n. To the

hyper-invariant subspace rui for S(Y) there corresponds a

factorization Y= W2Yi ,where Yi nnd Y2 are mxm normal
matrices

 . Thus setting Åë2'= [g2 Åë2kl and oi' =[Y61 r

it is clear that

       Åë = 02' Åë- i' and N = Åëi' {H2n e Åëi' Hft } .

From the unigueness of the factorization of Åë into product of

two inner imatrices corresponding to invarÅ}ant subspace N r

o n ly t h i s f a c to r i '6' a ti o n Åë = Åë2 'O i ' c o rr e s p o n d s 'v• o N , t h a t

isr 02= Åë2' and Åëi== Åëi' .Since
    .iY2!(iYi) = AJ,- ?Åë(S(iY))H(Y) = P,yÅëHfh ,

we have W2Hi2n .) ÅëHft ; this implies that every entry of Y2 is

a divisor of Åë . Therefore Åë2 is an nxn normal matrix. Hence

Åëi and Åë2are normal matrices satisfying (ii). . Q.E.D.
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     set T(L) = Y{zL: zs(e)=s(Åë)z}

and T"(N) = wV{WIV: WS(Åë)=S(O)W}

for each subspace L and Al hyper-invariant for S(O) and S(O),
respectively. since s(e)CE s(Åë), it is clear that T(L) is the

nontrivial hyper--invariant subspace for S(Åë), if L is non-trivial.

     Lemma 2.3. If O=e20i is the factorization corresponding

to a non -trivial hyper•-invariant subspace L for S(O), then

el is an mxm inner matrix, or e2 is an nxn inner matrix.

     proof. !Jet s(e) =•[:i! i] and- s(Åë) = [gl g2] be the

`Lriangu!ations corresponding to

                    ii         H(e)= L tt> L and H(Åë) = T(L) (EE)T<.r.) ,respective!y.

Theorem 2.2. implies that Sior S2 is in Co . Firsf-., suppose

u(Si)--O for sorne u in Hoo . b"er the bounded operator Xi given

by (2.4) and every f in L , in virtue of (2.i), it follows

that Xi u([ri)f= Xiu(S(e))f= PÅëAiPeuf= PÅëAiuf = PÅëuAif=

      =U(S(Åë))Xif ==O• -
Since Xi is an injection, we have u(Mii)f=O,which implies that

Ti belongs to Co , that is, ei is an inxm inner matrix. Next

suppose S2 belong to Co , hence so does S2 *. For Yi given by

(2.4)' and every Z such that ZS(e)=S(Åë)Z, in virtue of (2.6)t

YiZ commutes with S(O), this implies YiZL C=L and hence
YiT (L) g L. Thus we have yÅ}*LL .c T(L)`  . From this and (2.6),
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 for each h in L, it foliows that

              Y.*T2*h = S2* Y,* h for i=l,2.               z1
 From this , we can deduce that
              Y" u(T2 *) h= u(S2 *) Yi* h for every u in Hco .

 Since YiH(Åë)V Y2H(Åë) = H(O), we have u([D2*)=O fo]f u satisfying

 u(S2t)=O. Therefore e2is an nxn inner matrix . This completes

 the proof.

      A foliowing theorern implies that the mapping T is

 isomorphis;n from the lattice vee onto the lattice .9Åë , and its

 inverse is giverÅ} by T*.

     Theorerp. 2.4. For Xi and Yi given by (2.4),(2.4)',

 (2.9) T(L) = Xi[f Vi X2 Lrt and T*(T(L))=L,

 (2.9)' T*(iV)= Yipt V Y2 IV ana... T(T*(IV))=AX ,

where LEJ]o and A7i}SÅë .

     Proo-F. Let G= e20i and Åë=Åë20i be the factorizations

of O and O corresponding to L and T(L) ,respectively. [rhen

the proef of Ler(uma 2.3 implies that both O!arsci Åëi are lxm

matrices and both e2 and Åë2 are nx!• matrices, where l=n or

l=n. Since XiL E-iT(L) and Y"(L)g L, it clearly follows that
       Ai02H21 s;- fp2H21 and Ai'Åë2H21 C.. e2H21 ,
                            '                                    'which guarantee the existence of lxl matrices A. and B. over

H satisfying
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(2.lo) Aie2= Åë2 Ai and Ai'02=e2 Bi T

   • This and (2.l) implies that

(2.IO)' Aiel= OIAi and BiÅë1= elAi' .

                                 'By (2.IO) we have

(2.U> AitAie2 = e2BiAi ,

and by (2.IO>'

(2.ll)' B.A.ei ==eiA.' A• .            z i=           l

Thus if l=n, then det Ai is a divisor of det Aie det Ai' , and

lf l=i•n,, +vh"en det Ai is a divisor of det Ai. det Ai' . To prove

the first relation of (2.9> swppose tha`L

              re ,EE T(L) e {Å~iLV X2 L}.

Then f is orthogonal to A2e2H2 1VA202H21 . 0n the ot.her hand

fE!T(L) implÅ}es the exÅ}stence cl g belonging to H2 :svfSÅëiHil such

that f= Åë2g . fhus fo.v-• every h in H;k ,NN7e have

      O=(f,Aie2h)=(02g,Åë2kih)=(g,Aih) (i=i,2)

     Thus if l=n, then , by (2.3) and Beurling's theorem

         A. H2 ) (det A. )H2 ) (det A.) (det A. ') H2
          -n= ln==                                  i ln
induce A!H2nV A2Hin= H2n and hence g=O.

     Zf 1=rR, the.n., by (2.3)' and Beurling's theorts.rn

     AiHft, 2.(detAi)H2,, :.,) (detAi)(det Ai') Hil,

induce AiH-2 rnV A2 H2m = H2m and hence g=O. Thus we showed
T(L)=XiLVX2L . The rest is proved in a sirnilar way. Q.E.D.
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     Chapter ll . Commutants and double commutants

                       '
2.1. Generali'L'ed [roeplitz operator.

                                                 '             '
     Let L2be the Hilbert space of aU sguare Lebesgue integr-

                                               coable functibns defined on the unit circle, and L the Banach

algebra of all essenti'ally bounded functions defined on the
unit circle. Given Åë in Lco , M(Åë) denotes the multiplication

of Åë on L2 . "Tet p' be the projection from 'L2 onto H2 . [rhen

a ToepiÅ}tz operator TÅë is defined by TÅë = P'M(Åë)l H2 .

Let th be a sca!ar inner functÅ}on. 'Then ,for Åë in Lco , we define

the general Toepiiiz operator Åë(S(W)) in the sense of [7] by

Åë(s(e)) == P TÅëIH(ie,), where P=Pth.We deng. te the inin.-er products in

H(V), H'2 and L2 by (, ),( , )' and (, )",respectvely, and

the identicaX operators in them by I, I' and I".

                          co     Lemma l.l. r-vtnr Åë i.n. H + C, (I"-P')M(Åë)r.' tsn. a compact

operator on L2 ,where c is a space or" aU continu.n.us functions

on the unit circle.
    Proof. Let Åë= Åëi+ Åë2 be a decomposition of Åë such that
         ooÅë2 is Å}n H and Åë2 in C. Then it follows that

          (I"-P ' )M (Åë)P t= (I"-P !) ,5(! (Åë2 ) .n r .

Take trigonometric poiynomials g                                (n=1r2,..)whose sequence uni-
                              n
forrnly converges to Åë2. Thenrsince

  II(I"•-P')-M•i(g.)P' - (X" - P')b4(Åë2 )P' II Ell M(g.) - M(Åë2 ) ll

    Ell gn - Åë2 ll. +o as n+ co ,

finiteness of the rank of (I" - P')M(gn)P' implies that
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         '
a" ••- P')M(Åë2)P' is compact.

                          co     Lemma 1.2. For Åë in H + C, PTÅë(I'-P) is compact.

     Proof. This lenma follows from Lemmal.l and next relations7

    PTÅë(ILP) = P PtM(Åë) (1S-P)= IP P'M(Åë)M(V)M(V) (It-P)

 =PPiM)(ip)M(Åë>M(th) (1,-P)=PPtM(ip) (I"- Pf)M(Åë)P'M(W) (Ii--P) .

                           co    Lemma L.3.. If Åë is in H+ C, then there exists a cornpact

operator K frorn H2to ilZ ,which is the conjugate space of H2o ,

such that
        -. So2TÅëW f dt = (Kf,, f,)" + (Åë(s(th))pf,, pitpi,)

Åíor every f in HS , fi in H2 and f2 in H2o such that f=fif2.

                                  '
    Proof- tf2 is o-rthogonal to vH2t, and -. . P'vii2 belongs

to H<th)..Therefote we have
        f. So2" ÅëM f dt = (Åëfirtp-f2)" = (P'ÅëPfi,G2)"+

       -+(P'Åë(I'--P)fi,thf2)" + ((r"'-P')Åëfi,thf2)"

      = (P'ÅëPii,P'th.r.'.'2)"+ (ip PP'Åë(I'-P)fi,f2)" +(#,(1"-P')Åëfi,f2)"

      = (Åë(S(th))Pfi,P'thi2) + (WPrbÅë<!'•-P)fi, -f2)" +

         (V (I"dP')M(Åë)firf2)" •

Thus K= M (M) PTÅë (!'-P) + b4 (M) (I 'LP')M (Åë) IH2 satisfies the co nd-

itions of this lemma.

The proof of the 'next theorem deeply depends on [26].

                                                 '
                                             co    Proposition l.4. Let Åë be a function in H + C.Then Åë(S(tp))
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                           .- cois compact if and only if tpÅë belongs' to H + C.

     Proof. "Only if " part is obvious. Suppose Åë(S(tp)) be

compact. We wish to show that the kernel of functional of
 QÅë + Hco on HS is sequentiaUy weak star closed. Let fn be a

seguence in its kernei and converge weak star tO f• Let fn==finf2n

be the factorization of fn such that fin and. f2n belong to H2

and H2o ,respective!yt and lfni =ifinB=lf2nl2'

Then,since {fin} and {f2n} are bou.n-d.ded in L2, we may assume that

they eonverge weakly td.fi and f2'in L2,respectivelyt and f==fif2.

Zt is ciear that fi is in H2o and f2 is in H2 . From Lemmal.3,

there is a compaet operator K sueh that '

    f. So2 "ÅëMf. dt ' (Kf i. , l2 n)" + (O (S (Åë))Pfin'P' ip 'f-2 n)

and
    l. SiT ÅëMf dt = (KE• ,, i, )" + (Åë (S (wi ))Pf,, Pf th i2) .

Since both K and Åë(S(tp)) are compact, it foUows that

     <Kfln r f2n)" ' (KÅílr f2)" (n' oo)

and

     (Åë(S(ip))Pfin rP'Åëf2.) " (th(S(ip))Pfi,P'ipf2) (n"co).

Thus we have s S' iT Åëm f dt = o.

The proof is complete.



                           -22-

                              oo     Theorem l.5. !f Åë is in H ,then next conditions are

eguivalent;

(a) Åë(S(ip)) is a Fredholm operator ,

(b) there are e>O and 1>6 >O such that
         , lÅë(X)l +lip(X)12ie for i>IXI 26 ,
                           -h       co co co(c) Åë(H + C) + th (H + C) =H +e .

     Proof. First assume (a). Then 'there is a factorization

 Åë= ÅëiÅë2,where Åëi(S(th)) is invertible and Åë2is a finite Blashke

function. By [i2] and [13], there is an e!>O such that
          IÅë;(A)l -+ ltp(X)i2it si for IXI< i •

SinceÅë2'is a finite Blashke function, we can easily show (b).

     Next assume (b). Setting n= ÅëAip , there is an ei >O

such that ln (X) l) e! for l> IX 2 6.

Consequently l/n belongs to Hoo + C {8]. Set Åë'==Åë/n and

th'= ip/n. Then it is c!ear that there is an e2 >O such that

     l(b'()L)l + lil,'(•N)l 2z e2 for I)LI <1.

                                             co co ooHence ,by corona theorem [6] [24], we have Åë'H + th'H =H ,

which yields (c). Xt is clear that (c) irnplies (a). Thus the

theorem is established.

2.2. Double cornmutants.

 When T is a special C.o-contraction, the Ani and {T}" were

investigated by several authors' (for unilateral shift see
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[5],for Co-contraction [1],[31] and [40]), where AT is a weakly

closed algebra genera#ed by T and r. In place of C.o-contraction

T with 6=mr 6*==n (necessarily n z m) we may consider S(e),

where e(X) is the characteristie function of Tr nXm matrix of
HOO and IP(X)lts l for every X in D. In this section we assume

co> n >m. Xn this case there is an nxm norrnal matrix;
    Åë=ps,oi':.cbO,.j,,

and injective families {X, X'} and {Y ,Y'} such that

     xs(e)= s(Åë)x , s(e)y=ys(Åë),

    x's(e)= s(Åë)xt ,s(e)yi=yts(Åë),

    xy=n(s(Åë)). yx=n(s(e))

    x'Y'=n'(S(Åë)), Y'X'=n'(S(Åë))r

    and n 'A ne pt m.=1 ([2!] , [22] , [27]) . Next twru, lemmas are

obvious.

     Lemma 2.1. Åë(s(e)) is injective if and only if ÅëAe.=lr

and Åë(S(O)>H(e) is a-ense in H(O).i# and only if Åë is outer.

     Lemm.a 2.2. {S(Åë)}" ={Åë(S(Åë)):Åëegt co}.

For a bounded operator T , we denote the lattice of invariant

subspaces for T by Lat T.

                           '     Lemma 2.3. {A: Lat A ) Lat s (Åë)} ={Åë (s (Åë)) :Åë 4 Hco} .
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Proof. Suppose Lat A ?. Lat S(Åë). Since each component space

of H(O) reduees S(O),it also reduce A,that is, A has the forrn
   n
A= i- OAi • Vi+1/tpiEHco irnplies tha't H(thi)S H(Qi+l)gH2. Let

P, be the projection from H(Åë) onto i-th component space. Then
 s
Lij !! {<Pix e Pj x :x(Hoo} is invariant for S(Åë). If i,2 m+1

, then A Lij g Lij implies Åëi =Åëj . !f i5m< j ,then ALij=CLij

irnplies that for every x in H(thi) there is a y in H2 such that

     Aix pt Åëjx = Pi y G) y ,

which implies Ai =Åëj(S(Qi)) and hence A=Åë(S(fp)) for some Åë
    ooin H . !Vhe converse assertion is trivial.

               .
     Lemma 2.4. {S(e)}" = {N :n<S<e))N==Åë(s(O)) for some Åë in HOO}.

     Proof. For each N in {S(O)}" and each B in•. {S(O)}',set

K= XNYB - BXNY. ThGn , since YBX E {S (e) }' and XY e {S (Åë) }",

it follows that Y-K=YXNYB-YBXNY=NYXYB-NYBXY=O,which implies K=O.

                                             coConsequently, from Ijemma 2.2, there is a Åë in H such that

XNY=Åë(S(O)). Si.nice YX =n(S(O)) is injective, from

YXn(S(e))N==YXNR(S<e>)=YXNYX=YÅë(S('>)X=YXÅë(S(e)), we have

n(S(e))N=Åë(S(e)). [rhe converse assertion is trivial.

    Lemma 2.5. If XNY=Åë(S(Åë)) and X'NY'=Åë'(S(Åë)) for Åë,Åë' tn
 coH ,then N belongs to {S(e)}".

    Proof. Clearly we have



-25-

Nn(s(e))=Åë(s(e)) and Nn'(s(e))=Åë'(s(e)).

Hence,for each M in {S(e)}',we have

     NMn(s(e))= Nn(s(e))M =Åë(s(o))M= b4Åë(s(e))=jy!Nn(s(e)),

and similarly NMnT(S(O))= MNn'(S(O)). Since n, An' =l,the

ranges of n(S(O)) and n'(S(e)) span =a dense set in H(e). Thus

we have N.M=MN.

     Theorem 2.6. Zf N belongs to {S(O)}", then there is a
unique Åë in Hoo such that N=Åë(s(e)). In this case ilNll=ll ÅëIL..

     Proof. Let N belong to {S(e)}" . Then frorn Lemma 2.5 and

l) emma 2.l we have Åëi (S (e)) N =Åë2 (S (e)) , where Åëi=n /n AÅë

and Åë2 =Åë/nAÅë . Thus from the !ifting theorem,there are an

                                   oonxn bounded matrix r = (y,.') over H ,and an mxn bounded                        l]
                       coTnatrix st = (ed..) over H suclb that
             1)
(2•!) ro Hii, {i eHik f N-- perlH(e),il NII = HrIl.=syn.y llre.)ll ,
                                             A
and

(2.2) Åë2 X - Åëir = Ost .             n
                                            'since O is inner , l= det(C}* (eit)e (eit))= g det 'l• 9 (eit) l2 ,where

                               '
e deno"Les a.n mxm submatrix. Therefore there is a e such

that detsvA a=O. We may assume that the fÅ}rst minor is not O.

     '
Let eij and ea(i)j be the (i,j)-th component of e and ea,

respectively. Let ea'=(e' a(i)j) be the classical adjoint matrix

of Oa • Then,for k(a)ta(i) (IEi g m), by the same technique

as the proof of Theorem l of [35], from(2.2), we have
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        Ya (l)k(a) tolk (a)
-Åëiea' : =dete : ,        Ya(m)k(a) a cornk(a)

and hence Ya(1)k(a>
                            ;
- Åëi (ek(a)l,•••fek (a)m) ea' • =detea (Åë2 -ÅëiYk(a)k<a))
                           Ya (m) k (a>

Thus ,by simple calculations , we have .
'(2•3) Åëi detISI[il>ll•11El.[b.]:. Ii[,i],Ii.g] =Åë2 det ea

This implies that the inner factor of Åëiis a divisor of Aadetea

which is equal tc thm ([21],[27]). Thus ÅëiAWm = 1 deduce that

Åëi is outer. For a subrnatrtÅ~ Oa satÅ}sfying lsa(l><•.<a(m)Erri+l,

there is a unique k(a> such that lsk(a)sm+1 a.n:d k(a)!a(i).

Crnversely , for every .i.Ek=<ir:•,+:/, there is a unique Oa such that

isa(1)<•et<a(m)sm+1 and k(a)=k. Thus setting

     gk(a)(X) == det ea(X) rfrom (2.3), we have

                                 9n-•t eim Yi k
                                        tp                                 tt t                                 vt      1Åë, (x)m g.,, (x) g2 -lÅëi (x) l2 !det 8,l,i}lii' 8,mm,.,.. ,- lrl .ii 12

for every k; lsksm+1 . Hence it follows that
 iÅë2 (x)i2:S-Å}l jck(x)i2 :iÅëi{x)i2 -Y;l.ii[ft]11il' .Milliill)] [(i/i)(i)ll..,a)1 2

                           t m+1                   siÅëi (A>F li r.+l(x) Il2 (kkl gk(M l2 ) r
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                                             '
            (>,) is the first submatrix of r(X) of order m+1,andwhere r         m+1
   trm+1(A) is the transposed rnatrix of rm+l(X). Since by the

assumption gm+1(X)IO, it fo!!ows that

  l`t'2 (A) l2 iSl`t' i<)L) 112ll tT',,+ L(A`) ll 2i:;l(I'i (A") l2 lI I" ll,.2 .

                       coThus there is a tp in H such that Åë2=ÅëÅëi and
ll Åëll .E II rll .=ilNll (cf.[s]). Hence we have N=Åë(s(e)).since

il Nll $iÅëlts is clear , we have liNII=llÅëII.. Assutme that

                                  coÅë(S(O))=iY(S(e)) for Åë and ip in H .From X S(O) == S(Åë) X

and X' S(O) = S(Åë)X' , we have
     Åë(S (Åë) )X = th (S (Åë) )X and Åë (S (O) )X'----- th (S (Åë) )X' .

By XH(e)VX' H(e) == H(Åë), we deduce

Åë(S<Åë))=ip(S(Åë)), fxom which Åë =vi follows .

     Theorem 2.7. As(e)={ N: Lat N :-- Lat S(e)} = {s(e)}" =

                                    '               oo  {Åë(S(O)):ÅëGH } .

     Proof. Facem "ii'heorem 2.6, it foliows that
{s (e> }" ={Åë (s (• e) > :Åë( HOO}E; As (e) --( {N: Lat N ? Lat S(O) } .

Therefore we must only show that if Lat N ? Lat S(e) , then N

belongs to {S(e)}". Let L be an arbitrary subspace in Lat S(Åë)

. Then ,since YL is in Lat S(e),

     XNYL( XNYL C XYL C XYL =n(S(Åë))L (L .
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From Lemma 2

Similarly we

conciude the

.3, we have XNY=Åë(S(O)) for

have X'NY'=O'(S(Åë)). Thus

theorem .

 some Åë

by Lemma

in

 2

 coH

.5,

 .

we can
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              Chapter M. C! o-- contraction

     We determine Ci. ,Cio and Cn by
          cl. = {• T: Tnx +O as n+ oo for all x }.

          Cio = Ci•AC•o and
          Cli ={[[i: TECI. , T*ECI. } .

Zt is well-known t• hai there is a Co- CiidecorRposition for a

weak contracticn. Therefore we can easiiy show that if T is of

class Cio and r-[P*T((T,c) , where (T,c) denotes the trace class

, then u (T") =D and g (T) AD =Åë .         pp
In this chapter , we shall invest-' gate a contraction T such

that !-T"T ({ (T,c) and u(T) = D . The main tool is the theory

of infinite determ"inant U5]. About C!o see [ll],[l4] and [41].

3.l. Operator valued functions.

     Foir [VE! + (T,c),,BercovicÅ} and Voiculescu dafi' n.ed the

aigebraic adjoint T- "n`, wnicl"i satÅ}'sfies

              TaT . [r!ea = det [r •

They showed that if e(X) is a contractive holomorphic function
and if e(X)EI + (T,c> for every XED, then e(X)a is a contra-

ctive holomorphic function. In this case , if det o(eit)So a.e.

, then o(e-t) Å}s invertible and its inverse is

        e(ei`L)a/dete(eit) a.e. .
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     TheoremLXth let'e(X) be an inner function (that is, e(X)
is a contractive helornorphic function defined on D and e(eit)

is isometric a.e.) with v' alues in L(E,E'),where E,Et are sepa-

rable HUbert space. !`L thexe is an isometry V in L(E,E') such

that for every AED
      ' {l-l) In ' V*e (X)E <TtC)r               ll
(1.2) det Vke(X) ;`' O,
then there is a bounded holomorphic function A(X) with vaZues

in L(E'iF) Åíor a suitabie 'tt'ilbert space F such that

(1.3) e(eit)E O A" (eZt>F = E' a.e.:
     proof. If v is a unitary, then e(eLt> is invertible a.e..

Hence we may assume that V is not a unitary. Set F = E' 6) VE.

!et Eo =EeF be the direct summation of E and F. For kD,

deiine e'(X)(L(Ee,E') by

              e' V' >iE =: e (X> an+ny"" et (A> IF = IF.

For siiaplicÅ}ty, set• d(I4> = ct'et v*e(,X) aRd A(X) = (vSe(x))a.

Determine A (X)eL (E',] ) by

<l.4) A(X)= -- PFO(X)A(X)Vk +d(,X)PF
al'id As' () )(Ei 2'-t (E ', ]E' 'g).b:y' ' .

              Af()N) = A(X)V* + A(X).

Then we have

         A' <x)ei (x) IE= At (x)e o.) -- Aa) vto (A> + A(x)e (x)

         = d(X) IE - PFe (A)d (A) IE + d(X) PFe (X) = d(X) I.., i
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          AT <X)e ' (.X ) lF = .7X ()L )V* IF +A ()t ) [F= d (X) [F r

and
          e, (x)Ai (x) =e (x)A (x)v* + A (x) == a-pF)e (x)A (X)v* + d (X) IF

          = v7vdee<x)A(x)v* + d(x)xF = v d(x)v* + d(X)zF= d(X)ZE,•

Thus we have
                               '      . At (x)et cx) = d<x) xE, , ei (x)Ai (x) = d (X> IE, •

since the inverse of e'(eit) is A'(eit)/d(elt) a.e., .the

O-rthogonal comtpletuent of e(eXt)E == •et(eZt)E is

             -A:ii(iliik-2!-dl-.-'i (E:ooE> =A(eit)*F.

It is clear that A(X) is a bounded holomorphic function. Q.E.D.

                                                '

     Cambe-rn showed that the orthogonai complement oL` a finite

dUp.ensional holomarphic. range function is conjugate holorttorphic

(c.i p.94 ef[lol). Now, we can show this result as a coro!la-rv-'.

     Coro!la=y L2.:/ ei CO) be an inner function wi-th vaiues in

 L(ErE'). Suppose dim E = ;vt<co . Then there is a.n bounded

holo.morn.hic function A(,X) satisfying Q.3).

                             '                                           .    Prooi. Wav may assiitte that EeE' and e(eit) .S-s a matrix.

since 1 '-- de t (e* (e Å}t) o (ei t) ) = g ldeteu (eit) l• 2, a.e.,where

g is tak'en ovex a!1 mxTn submatric'es of e(eit), thi ere is at

least one g suc] that deteo(eit) 7( O a.e.. Thus there is

an isometry V such that
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          det v*e(eZt) = det eu(eZt) f O a.e. (see[30])..

 Hence V and e(X) satisfy (i.1),(l.2). Q.E.D.

3.2.Quasi unilateral shifts.

                             '     We begin with a short review about the canonical model

theory of Sz,Nagy and C.Foias. Let T be a contraction of class                            j 1;4C.o on a separable Hilbert space H. Set DT = (! -TkT) 2,and

let E and E' be the closures of DTH and DT*Hi respectively.

[Ehen the characteristic function e(X) of T determined by

 (2.1) e(x) = {-- [lr + XD[v.(x--XTt')-'rDT}IE L=or AED

is an inne-r function with values in L(E,E'). TÅ}herefore

              dim E< dirn E'. •                    =
Moreover X'  is unitarily.equiva!ent to S(e) on H(e> defined by
 (2.2) H(e) = h2 (Ei) OeH2 <.v,), s(e) rkh = Nh Åíor h in H(e).

T is of class Ci. if and only if e(:X)Å}H2 (E') is dense in H2 (E)

(that is,e is *-ou"Ler>.

 . zn this thes.is,for simpiicity, we call T a ggt.gELya22s!i9g!glls u 1 t

shiL=t if T is a contraction of cla' ss C.s such thai

              ! - T*T E(T,C), K(T) ={O} and K(T*) jE {O}.

     Theorera2.l.rf T is a guasi unUateral shift on. H,then

there is a bounded operator X with dense range satisfying
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where S is a unilateral shift satisfying

               O> index S = index T >- co .

     Proof. We rnay assume !-T*T iEO. Fro!a T(r-TtT)=(1-TT*)T,it

follows that TECEr, T(H eE)=H E) E',where E and E' are the '

spaces defined above. Thus we have .
<2.4) He TH =Et eTE iÅÄ{O}.
Let{el,e2r•..,en,...} be the C.O.N.B. of E such that
(I-TtT>en==un ent un IO• fi]hen fn=(2-pnYJ(2 Ten .(n=1,2,...)is' a

                              Y2C.O.N.B. of• TE and Ttf ==(1-# > e                                   (see [28]).                                                    Setting                      nn                                 n
Ven=-fn<n=i,2te..),tV is an isometry from E to E', and

(2.5) V+ TIE( (T,C) (see[2]) .
Setting F=E'eVE, from(2.4),Å}t foliows that

(2.6> di• m. F=- index T.
Z-T*TEi(TtC> impiÅ}es DT<i(u,C) which denotes the Hiibert Schmidt

class. Since (I-TT*)ITE is unitarily equivalent to I-T*[r, we

have DT*ITE(!-(G,C). Thus

     XV* DT.(r-XCIr*)-;'DT= XVft(D[vil,-[v.El•)(I-X[Ir*)-! DT (XEFD)

belongs to (T,C). Thus ,frorn (2.l),(2.5),we have

             !- V*e(A) E (TrC)•for each A.
Since
          ldet(v*e(o))l2= det(e(otwte(O)) = det<T*wkTIE)

        = det([r*TIE) == O r
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         'We have det V*e(X);kO. Thus V and e(X) satisfy the conditions

of Theorem L!.Hence A(X) defined by (1.4) satisfy (1.3).

Since A(A)e(X> = O, setting

(2.7) Xo h=Ah for hin H(e),
we have XeEL<H(e),H2 (F)) and XeS(e) = SoXo ,where So is the

unilateral shift on H2 (F). Since '
          H2 (F>) xoH(e) = AH2 (Et) >AH2 (F)==(det v*e(x))H2 (F),

it follows that S =SolxoH(e) is unitarily equivalent to So .

Thus, from <2.6), we have
                                                '
          index S = index So = - dim F : index T.

CGnsequently an operator X frorrt H(e) tg Xony.(e) deflned by

(2 r.8) . ., Xh == Xo h for h in H(e)

satisfv (2.3). Q.E.D.      `
                                 '                                        '  ' '
     Corol!ary2.2.Let [r be a cont.T-actibn of class Coo such that

r--TtT and M-!VT* beiong to (T,C). Then ,for aeD,K(CV--aX)={O}if

and on!y if K(T"-al)={O} .

       '     Proof• Set Ta= (T-al) (l-ET )-i and A =(1- la l2)Y2 (y EiT )-i .

Then we have !-Ta*Ta" A"(I-TdeT)A , I"TaTa* =A(]-TT*)A*r

and T.. is of ciass Cee (see p.240 ana" P.257 of [28]).
     a                                -NSuppose K(T-a!) ={O} and K(TÅ} - ar) f {O} .Then Ta is a

quasi uni!ateral shift. Therefore, there is an X satisfying
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         '
     X Ta = S X, which impÅ}ieS that Ta is not of class Coo .

This is a contradiction. Thus K(T-al) ={O} implies K(T*-'a-I)={O}

. Similarly we can proove the converse assertion. Q.E.D.

     For a contract-{on T on Ht we have

                  + dim K(T*)= Ilr-TT*II(2.g) ll z-T*Tll                                        + dim K(T)t                ppwhere ll I5 denotes tbe.'p-schatten..norm. .

     Indeed, from T(Z-T"[C) = (X-TT*)T, (X-T'[V>lf.H and

(I-TT*)ll]Frt are unitarUy equivalent. (I-T*T)IK(T)== !K(T) and

(i-TT*)IK<T*)= r K(Tt) imply that

               ll r-- T*Tll p •= ll (r-T*T) l ,,..H ll. p + dim K (T) s

               li !'"" TT de ll p = II (!"-' TT*) 1'ili ti7 ll p " dim K <T") •

Thus ve have (2.9). SimUar!y we have
                                        '
(2.9)' rank(I-Nrkcr,) + diim K(T, *) = rank(I-TT*)+ dUm K(T).

                       '

     PropositÅ}ofi2.3.Let T be a Fredholm quasi unUateral shift.

Suppose X with dense range satisfies XT == SX,where S is a

                       index S -- z'ndex T. [Chen [riK(x) is ofunilaieral shift with

class Co .
   i
    proof. Let T = [gi' TT2i2] be a decornposition of T

corresponding to H= K(x) eK(x)'L . Then Ti is injective and

rfrom (2.3),also T2 is injective. From the assumption and
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(2.9), it foliows that I-TftT(Ii(T,C) and I-[CT*E (T,C),which

imply

(2.XO) 2- Tlk T! (El (T,C),

'< 2.11) I -- ( rlT!1 Tl* + [r 12 T12 t )e (TtC),

(2 .l2> i - < T12k Tn + T2 t T2 )E (T tC)t

<2.l3> I -- !I!2 T2*e(T,C)• .
                                '
Frorn K(T2*)CK(T*>,, it foUows that

     index [r = -dirr, K(T*)s - dim K(!V2 *) s - dirnK(S*)= index [e,

which implies index T, = index T2 . From (2.9) and (2.13),we

have !-T2kE2(E(T,C), which,by (2.l2),implies Ti2E(V",C).

Therefoxe, L`rom (2.IO) and (2.ll),. Ti is a Fredhodm- oPelr'ator.

Since
         index T= index [Toi g2] == index !Vi + index T2 r

we havG index Ti =C. Thus Ti is invertible. Hence T! is a

weak contraction oE' LnyNlass C.g . Consequentiy 'i."'i is cf ciass

    Co=voilary2.4-. Let .T be a Fredholm quasi unilateral.•shif,t

of class Cio . iehen• ,if AT=TA and K(At)={O},K(A> ={O} (c.f.[42])

    Proof. For X defined in Theorem 2•1. we have -(XA)T = S(XA)

. From Proposition23rwe have K(XA)= {O} . Q.E.D.

'
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    Propositiorn 2.S.Let T be of

class Cio if and only if

(2.!4) eL2 (E)AH2

class C.o . Then

(E') = eH2 (E).

T is of

     Proof. Since
        =iei1lsl,:'X.'{•Ell'2,gei.:,i•ill,g8',rEg,(#"kl)deh(eit)•f(e`t)).dt

        = ltlig. JoU2T(e(eit)t h.(e-Å}tr),f(e-it))E dt

        = }r.S8`X (Q(eit)* e-it h<e-it), e-it f(e-it))E dt

        = (e(x)* xh(x) , Xf(X))Ll (E)s
e<;r.)* H2 (.v.') is dense in H2 (E) if and only if

        e(x)* (H2 (E')):S- is dense in (H2 (E))'L, where -L denotes

the orthogonal comr-lemersL W'e have alw-ays

             e !,2 <:, > ,A g2 Åët )) eH2 (E) .

At firstt assume that T is of class Cio . Suppose

              G}gE{e L2 (E)A H2 (E')}eOH2 (E) .

Then egEH2 (E') and g.L H2 (E),because e is an isometry from
L2 (E) to L2 (E !) . THs yjs g ab Ok (H2 <E ') ' )'L and ge {H2 (E).} -g' . since e (A)

is *-outer, we have g= O. Consequently (2.14) foUovvs.
Converseiy assume (2.14). suppose fie<x).*(H2 (E')f- Elnd
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 fE(H2 (E))L. Then efEH2 (E') and ef.LeH2 (E). Thus fro!n (2.14)

, we have ef == e and hence f=O. Consequently e(X) is *-outer

    Theorem 2.6. Let T be a guasi unilateral shift. Then .

T-<S (that is, there is an X such that K(X)= K(X*)={O}r)XT=SX),

where S is a unilateral shift with index S = .index T, iÅí and

only if T is of c2ass Cie .

     Proef. Assume that T is of class Cio . Then ,from Theorem 2.'!,

r there is an X with dense range satisfying.(2.3). I.f Xh=e
fOr h in H(e), then ,from <2.7) and (2:8),A(eit)h(eit)==O a.e..

Thus ifrom (l.3), hlSeL2 (E>, so that , from (2.14),hEeH2 (E).

Consequently h=O. Thus we have T< S.
Conversely , assume xT,--.q.x and K(x)= K(xt)={o}. F...om xT'"'=snx

(n=1,2,...) it foLlows t.V•i.a".- '.-.T' Ls of ck...ss C!o . Q.E.D.

     Rem,.ark l. Ifi T is a Fredholm operator , then ,from Theorera 2.l

and Propesiticn2.3,i•t is clear thqt T<S if [r is of c!ass C!o .

    Reraark 2. [Pheo.T.em2.6.impli•es that the Jordan rttodel of a

guasi uniiatexa! shizet of class Cie is a unilateral shift.
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     Corollary Z7.Let T be a guasi unUateral shift of class

Cio . Then T* has a cyclic vector.

     Proof. T-<S im!ies that SÅ}-< T' . Since Srk has a cyclic

vector,also Tt dees. • Q.E.D.
                                        '

     Proposition2.8.Let T be a guasi unilateral shift. Then

there is an injection Y such that

(2.15) YS == TY,
where S is a unilaterai s:nii:-- such that index S = index T.
                 '
                        '
     ProoL=. Consider S(e> defined by (2.2) instead of T. Let.

V be an isometry defined in the proof of Theorem 2.1,Then

     E'=VE (D F and de.L Vke(eZt) fO a.e..
Define an operator.. Y #Lr• om H2 <F> to H(iA) by

              Yh=PH<e>h f•o-r h in H2 (F).

Then we have

         YS h = PH(e)S h == PH(e)S PH(e)h = S(e)!i' h ,

which implies <2.l5). Suppose Yh=O.. Then h=ef fvnyNr some f( H2 (E)

. Thus O == V*h(eit) =Vdee(eit)f(eit) a.e.. Since V*O(eit)

is invertible a.e. , f(eit)=o a.e.. conseguently y is injective
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     Proposition 2.9.Let 1? be a quasi uni!ateral shift of class

C!o . Then, if T<S',where S' is a unilateral shift,then

index S' = index T.

     ?roof. From S'*"< Tk, dim K(S'*) S dim K(T*).Above

propesition implies that there is an injection Y' such that
                                                     '          yt s= s' yf, index S = index Tr
                                           .
which implies that O> index S l index S' (c.f. [30])..'•.

we have

          index T = index S ) index S' 2z index T,

from which index T= index S' follows. Q:E.D.
                                      . ....                        . .. .ttt                           '        '       :. -
     Remark 3. In [42],P.Y.Wu showed that if I-T*T is a finite
                                                     ,
rank operator ,and if T-<S', then

         rank (Z-Ti?de> --.ra nk (I-Tt[r)=-index S ' .

Frorn (2.9)' , our proposition is a ext,ension of this result.

   3.3.Cyciic vector.

     In this section , we consider a quasi unilateral shift

of class Cio which has a cyclic vector. Next proposition is

a partial extension of Proposition 2 of [30] and Theorem 3.1
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     Proposition3.].. Let T be a guasi unUateral shift of class

Cio . Then next conditions are equivalent: '
                                     '     (a) T has a cyclic vector ;

     (b) there is a bounded operator Y satisfying

 (3.1). Y Si= TY, K(Y*) = {O} ,
where Si is a uni!ateral shift with Å}ndex Si = -1;

     (c> Sl<' T;

     (d) Si-<T and T<Si -;'

     (e) ll I-Tfr*lli - ll I-T*Tll= ==1, and there is a holomorphic

                                                         'function r from H2 (Åë) to H2 (E') satisfying

(3.2) ll r(eXt) ll E, E. 1 a•e- ,

(3.3) r rf (Åë)VeH2 (E> = rf (Ei),

where e is a characteristic function of T defined by (2.l).

     P.roof. (a) -+ (e). From Theorem2.6,for a uniiateral shift S

wi' th index S= indexT, we have T"< S. That T has a cyclic

vector implSes that also S dees. Thus index S = -l.Consequently

,from (2.9), we have

' ll I'-TT* Ui -.- II lrT*[i?lli = l•

We ean construct a function r in the sarne way as [3o].

     (e) ÅÄ (b). A contraction Y defined by Yh = P                                                    rh                                                H(e)
for h in H2 (Åë) satisfies (3.l).
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         '
     (b) -+ (c). Suppose K(Y) S'{O}.Since SiK(Y)CK(Y),there

is a scalar Å}nner Eunction th such that K<Y)= VH2 <Åë).lrhus

         K(y)L = H(th) (= H2 (Åë) e> tpH2 (Åë)),

           YIH(ip) S(tp) = T YIH(ip),

where S(th> = PH(ip)Sl H(ip). Since S(ip) is of class Co ,T must

be of class Co . This is a contradiction. Conseguently K(Y)i{O}.

     (c) . (d>. Si-<T implies T-< S", from which it follows

that dim K(T*) S dim K(S")==1.That T is of clas$ Cio implies

index T <O. Thus index T =-1. By theorem 2.6,we have T<Si

     (d) -• <a). I?his is obvious. 'Q.E.D.

                             '
     (3.3) implies that Ir,el is an outer function frora

H2 (Åë) <EE> H2 (E) to H2 (E'). GeneraUy [r,e] is not contractive.

                                ooTherefore d(X)=det[r(X),e(X)]eH and d(X) Sl are not

obvious. We shaM show these results.

    Let AGL(E,Et) be a contraction and V(ElL(E,E') an isornetry

with index V= -1. Let {el,e2 ,...,en,..} be a C.O.N.B.in E.

Then , setting diVen(n=1,2r...)t {dotdli•••rdnr..•} iS a

C.O.N.B. in E', where do is a unit vector in K(Vk). For i=lr2t..

,detine an isometry ViEL(ErE') by

    Viel=do t•••r Viei=di-lrViei+1=di+lrViei+2=di+2r••e •

Let aij=(Aejtdi) (ilO,jll). Then tby base {elte2,.••}twe have
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                      aol ,•••, aoj ,..
                       e-                      ai-1 lr'''t ai-1 j'''
                                               (i=1,2,...)              V.* A=               1 ai+1 l,.r.r ai+1 j,''
                       --
Let Eo =ÅëeE be a direct sum of Åë and E, and eo a unit vector

in Åë. Let xn(n=Otlt2t...) b.e a scalar nu!aber such that
n.cotolxnl2 .S' l• Let BE.5(Eo,E-')L'be.an .operator defined by

          (Beo,di)=xi t (Bej,di)= aij {ilO,jll)•

Determine a unttary UeL<Eo,E') by Ue.i=qi (ilO). [rhen by base

                         we have {eote.lt--,e.i,--.} of Eo

                      .-          , xo,aoz,..•,aoj,...
              Ut B= xl,au,...raljr...
                      "- -                      \i'9ii''''t?ijr••• .
                                                        t.                      -e e -
Let IE- V*A((T,C). Then,since (Vi*Aej,ek)=(V*Aej,ek) for

jlO and k.ri+l, IE-Vi.*AG (T,C) for every i.

      ' PE(XEo- L'kB>IE = IE•- vÅ}.A

implies IE --UdeB F. <T,C).
          o

   Lemma 3. 2.Let !E-V*A ({ (T,C). Set Vo==V. Then
         det ptB -- i.:to xi.(-i)id.et(Vi*A),

and
          i St o lxi• (-i) ide t (vi*A) l ;; i .

    Proof. For sirnplicity, let [A]n denote the first nxn
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submatrix oÅí A, and An the AIE fwhere En"<elt.••,en>• FOr
                    . .nany k and n as n ) k, we have
(3•4) iE.Z'i ldet[vi*A].12 g det(AiA.)= det[A*A]. E it

because A is a contraction. Since for each i

          de//[Vi*A]n . det(Vi*A) (n--->co ), '

we have i.E' o ldet(V"A) l2 .--< 1, which iinplies

                     co                    iEo ldet(vrA) l2 E. 1<3.5)

                 i!t o iXi • (-1) idet (Vi *A) l E 1.Conseguently

For any g>O, take an m such that

(3 .6) S-.-.+i lx"2< e . '
Since det[U*B]n - det<U*B),and det[Vi*A]n. det(Vi"A' ) as

n ÅÄco t we can take an N such that

(3.7) n l} N . Idet[U'deBl. -- det(U*B)l<E,

and
                  m       n .-> } ' So ldet[Vi*A].- det(vi*A)l2<e .(3.8)

Fix ak as•] > N+1 and k> m+1 .Then it follows that
          ldet (u*B> - i:t o x i• (-i) idet (V .• *A) I

                                                 Me         $det(U*B> - det[u*B]kl + Idet[U*B]k - i.Z.o {.si.(-1)idet[V

               m.           + Ii ;- o xi• <-i) i {det [v .• *A] k-i - det (vi*A)}l

           + lieet.+l xi•(-1)idet(vi*A)l .

i *A] k-1
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Frora (3.7> idet(UdeB) - det[UdeB]kl<e , and from (3.8)

           m.          Ii!o xi•(-i)i {detCVi*A]k-z - det(vi*A)}I

         g (iit o lxi l2 Y2 ( i!t oldet [vi de A] k-i - det (vi*A) l2 l'r2 < e .

(3.5) and {3.6) iraplies that
          l iS..+i xi • ('1) Ldet (vi *A) 1< e .

By the finite matrix theory
                                           '                        m.          Idet[u*Bik - So xi•(-Z) Ldet[VfA]k-.1l

          k-i •       =' li4.+i xie(-Z)idet[Vi*A]k-i1<e ,

b.e.e"ause the last ineguality foZlows from (3.4),(3.6).Consequ-

entlyr for anye->C we have
               ldet(u*B) - i2Lo xi.(-1)idet(vi'A)l< 4E .Q.E.D.

            '
     Zn (e) of Proposition 3.l,set (r(A)eo, di)= hi(X) for ilO.

Then we have:

    Proposition3.3. det(U*[r(X),e(X)]) sl , and
(3.g) d e t (uk [T e.) ,e (x) ]) = ico i o. hi (). ) ( (-1) ide t (vi*e (x)>

is holornorphic on D.

                                                         '
                     tt    prooÅí. From(3.2), we have i2L2olhi(x)I2.--<l. since vi"e(x)

is a contractive holomorphic function, det(Vi*e(X))(Hco .
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Since e(X) is a
          i:tolh

which implies

Eye,uaiity (3.9)

 contraction for every
.(X)i(-1)idet(v.                *e(x))

 i:t o hi (X) ! (-- l) ide t (vi

follows from Le!nma.

 XGD,it foilows that

ls i,

ke<X)) is holomorphÅ}c.

             Q.E.D.

Problem. Is det(U*[r(X) ,ea)]) outer?
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