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Abstract

Strongly correlated rare-earth-based electron systems show various interesting behavior
such as unconventional superconductivity, multipolar ordering, formation of heavy fermionic
states, nontrivial (Kondo) semiconducting behavior, and quantum criticality at low tempera-
tures. Ground-state 4 f -orbital symmetry determined by crystalline electric field (CEF) split-
ting is very basic information on realistic strongly correlated electron systems. In contrast
to the case of transition-metal oxides in which electron correlations work among d-orbital
electrons, the 4 f ground-state symmetry is not straightforwardly revealed since it is unclear
which sites act as effective ligands for f sites. Therefore, the determination of the 4 f orbital
symmetry in a realistic system itself is the important problem.
Recently we have reported the determination of 4 f CEF ground-state symmetry by linear
dichroism (LD) in hard x-ray photoemission spectroscopy. The 4 f -orbital symmetry is re-
flected in the LD in core-level photoemission spectra owing to the selection rules in the
photoemission process. In this thesis, we show the polarization-dependent hard x-ray pho-
toemission studies of cubic YbB12, CeB6, CeAl2, and tetragonal SmCu2Si2. We have also
perfomed the ion-model calculations including the full multiplet theory and the local CEF
splitting for rare-earth core-level photoemission spectra, using the XTLS 9.0 program. The
observed LD as well as the polarization-dependent spectra in two different photoelectron
directions for YbB12 are quantitatively reproduced by the theoretical simulations for the Γ8

4 f -ground-state symmetry. The LD for CeB6 and that for CeAl2 have different features
where the former indicates the Γ8 ground-state symmetry and the latter is well explained by
the simulations for the Γ7 ground state. In addition, the contributions from 4 f 2 final state for
LDs in the Ce core-level photoemission spectra are almost negligible for the discussions of
the ground-state symmetry for Ce compounds in the cubic systems. The experimental LDs
of SmCu2Si2 at two significantly different photoelectron directions far from the c axis are
well reproduced by the simulations for the Γ1

7 symmetry.
Since LD in valence-band 4 f photoemission spectra have also been expected by the ion-
model spectral calculations, we have tried to observe 4 f ground-state symmetry by the LD
in valence-band 4 f photoemission spectra of Yb and Sm compounds. The observed LDs in
the 4 f valence-band PES spectra of Yb compounds are smaller than that predicted from the
calculations even in the tetragonal symmetry for Yb compounds. LD in 4 f valence-band
PES spectra of a Sm compound in tetragonal symmetry is found to be negligible, which
suggests that the polarization-dependent core d-level excitations are much more useful and
reliable for revealing the local 4 f -orbital symmetry than the 4 f excitations.
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Chapter 1

Introduction

Ground- and excited-state orbital symmetry in strongly correlated electron systems play
crucial rules in their functional properties. For example, the highly two-dimensional charac-
teristics of the conducting carriers in high-temperature superconducting cuprates are due to
their Cu 3dx2−y2 orbital symmetry in the CuO2 planes. Strongly correlated rare-earth-based
electron systems show various interesting behavior such as unconventional superconduc-
tivity [1, 2], multipolar ordering, formation of heavy fermionic states [3, 4, 5], nontrivial
(Kondo) semiconducting behavior [6, 7, 8], and quantum criticality [9] at low temperatures.
Ground-state 4 f -orbital symmetry determined by a crystalline-electric-field (CEF) splitting
is very basic information on realistic strongly correlated electron systems. In contrast to the
case of transition-metal oxides in which electron correlations work among d-orbital elec-
trons, the 4 f ground-state symmetry is not straightforwardly revealed since it is unclear
which sites act as effective ligands for f sites. Therefore, the determination of the 4 f orbital
symmetry in the realistic systems itself is the important problem.
A standard experimental technique for determining 4 f levels with their symmetry is to an-
alyze inelastic neutron scattering spectra and anisotropy in the magnetic susceptibility of
single crystals. However, magnetic 4 f -4 f excitations are often hampered by the phonon
excitations with a comparable energy scale for the former method, and for the latter, it is
difficult to uniquely determine the symmetry due to the many free parameters for a unique
description of the CEF potential. Recently reported determination of 4 f ground-state sym-
metry for tetragonal Ce compounds by linear dichroism in Ce 3d − 4 f x-ray absorption
spectroscopy [10, 11, 12, 13] is a powerful method for tetragonal compounds. However,
it cannot be applicable for cubic crystal because there is no anisotropic axis. In addition,
the rotational symmetry in 4 f orbital around z(c) axis cannot be distinguished in tetragonal
systems.
Recently, we have reported that the determination of 4 f CEF ground-state symmetry can
be feasible by linear dichroism in hard x-ray photoemission spectroscopy [14, 15, 16, 17].
Since the selection rules work in photoemission, the 4 f -orbital symmetry is reflected in lin-
ear dichroism in core-level photoemission spectra. The controllable measurement parameter
called the photoelectron detection direction enable to determine the 4 f charge distribution
even for cubic crystals and the rotational 4 f orbital symmetry around z(c) axis in tetragonal
systems.
In this thesis we show polarization-dependent hard x-ray photoemission studies of cubic
YbB12, CeB6, CeAl2, and tetragonal SmCu2Si2. We have also performed the ion-model cal-
culations including the full multiplet theory [18] and the local CEF splitting for rare-earth
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core-level photoemission spectra using the XTLS 9.0 program [19]. The observed linear
dichroism in Yb3+ 3d core-level photoemission spectra of cubic YbB12 are quantitatively
reproduced by the ion-model calculations assuming the Γ8 CEF-split ground state [15].
The experimental linear dichroism in Ce and Sm3+ 3d core-level photoemission spectra
of CeB6,CeAl2, SmCu2Si2 also can be analyzed by the ion-model calculations, and we have
successfully determined the CEF-split 4 f ground-state symmetry of these rare-earth com-
pounds.
In addition, since linear dichroism in valence-band 4 f photoemission spectra have also been
expected by the ion-model spectral calculations, we have tried to observe 4 f ground-state
symmmetry by linear dichroism in valence-band 4 f photoemission spectra of Yb and Sm
compounds [20].

This thesis is organized in nine chapters as follows:
Chapter 1 is this introduction.
In Chapter 2, the strongly correlated 4 f electronic states in rare-earth compounds are re-
viewed. The electronic features of the rare-earth compounds and the calculations of CEF
Hamiltonians are also explained.
In this Chapter 3, theory of photoemission spectroscopy is explained in detail.
Chapter 4 is our experimental system and technique such as instrumental information for
machines at BL19LXU in SPring-8 where we performed this study and the polarization-
switching technique are introduced.
In Chapters 5, 6, and 7, the linear dichroism in rare-earth core-level photoemission studies
of YbB12, the cubic Ce compounds, and SmCu2Si2 are shown. We discuss the 4 f -orbital
symmetry from our experimental results and simulations for each compounds.
Our obtained linear dichroism in valence-band 4 f photoemission is referred in Chapter 8.
The experimental linear dichroisms in 4f photoemission spectra measured at BL27SU in
SPring-8 are shown.
Finally, we summarize the studies in Chapter 9.
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Chapter 2

Strongly correlated 4 f electronic
structures in the rare-earth compounds

2.1 Characteristic behavior of rare-earth compounds

Figure 2.1: The radial distributions for the
wave functions in Ce atoms [21]

Rare-earth ions have 4 f n5d6s2(n = 0-14)
electron configurations, in which the 4 f elec-
trons are spatially localized in rare-earth
compounds. The 4 f -orbital radial distribu-
tions are nearer to the nuclear than those
of the 5p core-level orbitals. Therefore, an
ionic picture is a good starting point for de-
scribing their electronic structure as well as
the origins of various phenomena in crys-
talline solids, where the strong Coulomb re-
pulsion U works between 4 f electrons in
rare-earth sites. The rare-earth 4 f n energy
levels are split by spin-orbit coupling ∆so,
and further split by a crystalline electric field
(CEF) ∆CEF in solids, by which the outer 4 f
charge distributions are deviated from spher-
ical symmetry. In most rare-earth ions, ∆CEF

≪ ∆so ≪ U as mentioned later.
In general, since several eV of Coulomb and
exchange interactions and spin-orbit interac-
tions of 10−1-100eV work in rare-earth com-
pounds, the ground-state of 4 f electrons are

expressed by total angular momentum J following the Hund’s rules. In the case of rare-earth
atoms, since the perturbation potential by neighboring atoms is orders of magnitude smaller
than the split width between different J multiplets (except for Eu3+), the lowest J multiplets
are considered as the ground state in general. In this thesis CEF potentials have been treated
mainly. The 2J+1-fold degenerated lowest multiplet following the Hund’s rules is split by
CEF.
Though the interactions worked to 4 f orbital for rare-earth ions are almost nothing due to
the narrower radial distribution of the 4 f orbital as above, the localized 4 f orbital electrons
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interact with the neighboring conducting electrons each other. So that the indirect inter-
actions through conducting electrons work between localized moment in rare-earth com-
pounds. The hybridization between conducting electrons and 4 f electrons are called c f
hybridization and expressed as Jc f . The relations between the behavior in rare-earth com-
pounds and the intensity of c f hybridization Jc f at low temperature is shown in Fig 2.2 called
Doniach phase diagram. Rare-earth compounds which have 4 f electrons show the various
interesting phenomena such as unconventional and/or high-temperature superconductivity,
spin and charge ordering, formation of heavy fermionic states, nontrivial (Kondo) semicon-
ducting behavior, and quantum criticality. Ground-state 4f-orbital symmetry determined by
CEF splitting is very basic information to reveal the origin of phenomena in these strongly
correlated rare-earth.

Figure 2.2: Doniach phase diagram[21]

2.2 Multiplet structures in multielectron system
The Hamiltonian when there are Z electrons in an ion/atom is expressed as:

He =

Z∑
i

(− ℏ
2

2m
∇2

i −
Ze2

ri
) +

Z∑
i< j

e2

ri j︸ ︷︷ ︸
Coulomb interaction between electrons

(ri j = |ri − r j|). (2.1)

In general, where the Slater determinant Φ′ , Φ, ⟨Φ′|e2/ri j|Φ⟩ , 0. The multielectron
configurations expressed by the Slater determinant cannot be the eigenstate for Hamiltonian
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He, due to the Coulomb interaction between electrons
∑

e2/ri j. Since the Coulomb and
exchange interactions between electrons originate from the orbital dependence, the multiplet
structures appear in photoemission spectra for the core-level site in which the incomplete
shell with strong localization exist.
We consider the simplest (1s)2(2s)2(2p)2 electron configuration for the multiplet structures
as an example from here. Since L and S are good quantum numbers, eigenstates can be
specified by L ,S . The configurations of electrons and multiplets for (2p)2 are shown in
Fig. 2.3.
The notation of multiplet is denoted by 2S+1LJ. Considering the multiplet 1D(L=2, S=0),

Figure 2.3: Configurations of electrons and multiplets for (2p)2
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1D has the degeneracy factor (2L+1)(2S+1)=5, and Φ1,Φ5 are corresponding in Fig. 2.3.
To find the remaining three components of 1D, we use one-electron raising and lowering
operator l± ≡ lx ± ily. By the operator, the following relations come into existence.

l+l− = (lx + ily)(lx − ily) = l̂2 − l2
z + lz (2.2)

l+l−|lm⟩ = l(l + 1) − m(m − 1)|lm⟩ (2.3)

Also the relations are establiched.

[lz, l−] = −l− (2.4)

lzl−|lm⟩ = (−l− + l−lz|lm⟩
= (m − 1)(l−|lm⟩) ∝ |l,m − 1⟩ (2.5)

From Eqs. 2.3, 2.5, the following relation can be obtained.

l−|lm⟩ =
√

l(l + 1) − m(m − 1)|l,m − 1⟩ (2.6)

Where L− ≡ l1− + l2−,

L−Φ(L = 2,ML = 2) = L−Φ1 = 2Φ(L = 2,ML = 1) (2.7)

= (l1− + l2−)|1
1
2
⟩|1 − 1

2
⟩

=
√

2|11
2
⟩|0 − 1

2
⟩ − |1 − 1

2
⟩|01

2
⟩

=
√

2(Φ3 − Φ4). (2.8)

Therefore, the following solution can be obtained.

Φ(L = 2,ML = 1) = (1/
√

2)(Φ3 − Φ4) (2.9)

Approaching similarly, from the following formula as:

L−Φ(L = 2,ML = 1) =
√

6Φ(L = 2,ML = 0) (2.10)
= (1/

√
2)(l1− + l2−(Φ3 − Φ4)

=
1
√

2
(l1− + l2−)(|1

1
2
⟩|0 − 1

2
⟩ − |1 − 1

2
⟩|01

2
⟩)

= |11
2
⟩| − 1 − 1

2
⟩ − |1 − 1

2
⟩| − 1

1
2
⟩ + |01

2
⟩|0 − 1

2
⟩

= Φ7 − Φ8 + 2Φ9, (2.11)

the following solution can be also obtained.

Φ(L = 2,ML = 0) = (1/
√

6)(Φ7 − Φ8 + 2Φ9) (2.12)
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In addition, the results also shown below.

L−Φ(L = 2,ML = 0) =
√

6Φ(L = 2,ML = −1) (2.13)
= (1/

√
6)(l1− + l2−)(Φ7 − Φ8 + 2Φ9)

=
1
√

6
(l1− + l2−)(|1

1
2
⟩| − 1 − 1

2
⟩ − |1 − 1

2
⟩| − 1

1
2
⟩

+ 2|01
2
⟩|0 − 1

2
⟩)

=
1
√

3
(3|01

2
⟩| − 1 − 1

2
⟩ − 3|0 − 1

2
⟩| − 1

1
2
⟩)

=
√

3(Φ12 − Φ13) (2.14)

Φ(L = 2,ML = −1) = (1/
√

2)(Φ12 − Φ13). (2.15)

Therefore, the electron configuration for multiplet 1D(L = 2, S = 0) is corresponding to
Φ1,Φ15,1/

√
2(Φ3−Φ4),1/

√
2(Φ12−Φ13),1/

√
6(Φ7−Φ8+2Φ9). Considering 1S (L = 0, S = 0)

multiplet, the electron configuration for multiplet 1S is corresponding to 1/
√

3(−Φ7 + Φ8 +

Φ9).

Φ7 :
1
√

2
R2p(r1)R2p(r2)[Y1

1 (θ1, ϕ1)α(ζ1)Y−1
1 (θ2, ϕ2)β(ζ2) − Y1

1 (θ2, ϕ2)α(ζ2)Y−1
1 (θ1, ϕ1)β(ζ1)]

(2.16)

Φ8 :
1
√

2
R2p(r1)R2p(r2)[Y1

1 (θ1, ϕ1)β(ζ1)Y−1
1 (θ2, ϕ2)α(ζ2) − Y1

1 (θ2, ϕ2)β(ζ2)Y−1
1 (θ1, ϕ1)α(ζ1)]

(2.17)

Φ9 :
1
√

2
R2p(r1)R2p(r2)Y0

1 (θ1, ϕ1)Y0
1 (θ2, ϕ2)[α(ζ1β2 − α2β1] (2.18)

Ym
k (θ, ϕ) denote spherical surface harmonics. Where the energy level for 2p with 2p1 con-

figuration is defined as 2h(2p), Q(i, j) and J(i, j) are written as:

Q(i, j) =
∫ ∫

|R2p(r1)|2|R2p(r2)|2(e2/r12)|Y i
1(θ1, ϕ1)|2|Y j

1(θ2, ϕ2)|2dr1dr2 (2.19)

J(i, j) =
∫ ∫

|R2p(r1)|2|R2p(r2)|2(e2/r12)Y j∗
1 (θ1, ϕ1)Y i∗

1 (θ2, ϕ2)Y i
1(θ1, ϕ1)Y j

1(θ2, ϕ2)dr1dr2

, (2.20)

the Hamiltonian is given by:

H789 = =

 2h(2p) + Q(1, 1) −J(1, 1) −J(1, 0)
−J(1, 1) 2h(2p) + Q(1, 1) J(1, 0)
−J(1, 0) J(1, 0) 2h(2p) + Q(0, 0)

 . (2.21)

By diagonalizing this matrix, we can obtain the eigenenergies E(3P),E(1D),E(1S ).
Here we expand the terms of e2/ri j. From the relation as follows:

ϕnilimi(r j) = Rnili(r j)Ylimi(θ j, ϕ j), (2.22)
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the expansion of the terms of e2/ri j is given by:

⟨ϕn2l2m2ϕn1l1m1 |e2/r12|ϕn3l3m3ϕn4l4m4⟩

≡
∫ ∫ ∫

dr1

∫ ∫ ∫
dr2ϕ

∗
n1l1m1

(r1)ϕ∗n2l2m2
(r2)

e2

|r1 − r2|
ϕn3l3m3((r)1)ϕn4l4m4(r2)

. (2.23)

The term of 1
|r1−r2 | can be written as:

1
|r1 − r2|

= {r2
1 + r2

2 − 2r1r2 cos θ}−1/2

=
1
r>
{1 − 2

r<
r>

cos(θ) + (
r<
r>

)2}−1/2

=

∞∑
k=0

rk
<

rk+1
>

Pk(cos θ) (2.24)

where r> ≡ max(r1, r2),r< ≡ min(r1, r2), and Pk(cos θ)is a Legendre polynomial expressed
as follows:

Pk(cos θ) =
4π

2k + 1

k∑
m=−k

Ym
k (θ1, ϕ1)Ym∗

k (θ2, ϕ2)

=
4π

2k + 1

k∑
m=−k

(−1)mYm
k (θ1, ϕ1)Y−m

k (θ2, ϕ2)

=

k∑
m=−k

(−1)mCm
k (θ1, ϕ1)C−m

k (θ2, ϕ2). (2.25)

Ck
m are areal harmonics and can be represented by

Cm
k (θ, ϕ) ≡

√
4π

2k + 1
Ym

k (θ, ϕ) (2.26)

as with the Eq. 2.43. Therefore,

1
|r1 − r2|

=

∞∑
k=0

rk
<

rk+1
>

{
k∑

q=−k

(−1)qCq
k (θ1, ϕ1)C−q

k (θ2, ϕ2)}. (2.27)
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. Substituting this to Eq. 2.23, the following formula can be obtained.

⟨ϕn2l2m2ϕn1l1m1 |e2/r12|ϕn3l3m3ϕn4l4m4⟩

= e2
∫ ∞

0
r2

1dr1

∫ π

0
sinθ1 dθ1

∫ 2π

0
dϕ1

∫ ∞

0
r2

2dr2

∫ π

0
sin θ2dθ2

∫ 2π

0
dϕ2 ×

R∗n1l1(r1)Ym1∗
l1

(θ1, ϕ1)R∗n2l2(r2)Ym2∗
l2

(θ2, ϕ2) ×
∞∑

k=0

rk
<

rk+1
>

{
k∑

q=−k

(−1)qC(k)
q (θ1, ϕ1)C(k)

−q(θ2, ϕ2) ×

Rn3l3(r1)Ym3
l3

(θ1, ϕ1)Rn4l4(r2)Ym4
l4

(θ2, ϕ2)

=

∞∑
k=0

[e2
∫ ∞

0

∫ ∞

0
Rn1l1(r1)Rn2l2(r2)

rk
<

rk+1
>

Rn3l3(r1Rn4l4(r2)r2
1r2

2dr1dr2 ×

k∑
q=−k

(−1)q{
∫ π

0

∫ 2π

0
Ym1∗

l1
(θ1, ϕ1)C(k)

q (θ1, ϕ1)Ym3
l3

(θ1, ϕ1) sin θ1dθ1dϕ1 ×∫ π

0

∫ 2π

0
Ym2∗

l2
(θ2, ϕ2)C(k)

−q(θ2, ϕ2)Ym4
l4

(θ2, ϕ2) sin θ2dθ2dϕ2}] (2.28)

When we define the following terms as:∫ π

0

∫ 2π

0
Ym1∗

l1
(θ1, ϕ1)C(k)

q (θ1, ϕ1)Ym3
l3

(θ1, ϕ1) sin θ1dθ1dϕ1 ≡ ck(l1m1, l3m3)δq,m1−m3 (2.29)∫ π

0

∫ 2π

0
Ym2∗

l2
(θ2, ϕ1)C(k)

q (θ2, ϕ2)Ym4
l4

(θ2, ϕ2) sin θ2dθ2dϕ2 ≡ ck(l2m2, l4m4)δ−q,m2−m4 , (2.30)

the relation written as:

ck(lm, l′m′) =
∫ π

0

∫ 2π

0
Ym∗

l (θ, ϕ)C(k)
m−m′(θ, ϕ)Y

m′
l′ (θ, ϕ) sin θdθdϕ

=

√
4π

2k + 1

∫ π

0

∫ 2π

0
Ym∗

l (θ, ϕ)Ym−m′
k (θ, ϕ)Ym′

l′ (θ, ϕ) sin θdθdϕ (2.31)

can be obtained. When it has a finite value, |l− l′| ≤ k ≤ l+ l′. The following term in Eq. 2.28
is written as:

k∑
q=−k

(−1)q{
∫ π

0

∫ 2π

0
Ym1∗

l1
(θ1, ϕ1)C(k)

q (θ1, ϕ1)Ym3
l3

(θ1, ϕ1) sin θ1dθ1dϕ1 ×∫ π

0

∫ 2π

0
Ym2∗

l2
(θ2, ϕ2)C(k)

−q(θ2, ϕ2)Ym4
l4

(θ2, ϕ2) sin θ2dθ2dϕ2}

= (−1)m1−m3ck(l1m1, l3m3)ck(l2m2, l4m4)δm1+m2+m3+m4 . (2.32)
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Therefore,

⟨ϕn2l2m2ϕn1l1m1 |e2/r12|ϕn3l3m3ϕn4l4m4⟩

= e2
∫ ∞

0
r2

1dr1

∫ π

0
sinθ1 dθ1

∫ 2π

0
dϕ1

∫ ∞

0
r2

2dr2

∫ π

0
sin θ2dθ2

∫ 2π

0
dϕ2 ×

∞∑
k=0

(−1)m1−m3ck(l1m1, l3m3)ck(l2m2, l4m4)Vk(n1l1, n2l2; n3l3, n4l4) × δm1+m2,m3+m4(2.33)

Vk(n1l1, n2l2; n3l3, n4l4)

= e2
∫ ∞

0

∫ ∞

0
R∗n1l1(r1)R∗n2l2(r2)

rk
<

rk+1
>

Rn3l3(r1)Rn4l4(r2)r2
1r2

2dr1dr2. (2.34)

Where n1l1 = n3l3,n2l2 = n3l3,

Vk(n1l1, n2l2; n3l3, n4l4)

=

∫ ∞

0

∫ ∞

0
|Rn1l1(r1)|2|Rn2l2(r2)|2 e2

r>
(
r<
r>

)kr2
1r2

2dr1dr2

≡ Fk(n1l1, n2l2). (2.35)

Where n1l1 = n4l4,n2l2 = n3l3,

Vk(n1l1, n2l2; n3l3, n4l4)

=

∫ ∞

0

∫ ∞

0
Rn1l1(r1)Rn2l2(r2)

e2

r>
(
r<
r>

)kRn2l2(r1)Rn1l1(r2)r2
1r2

2dr1dr2

≡ Gk(n1l1, n2l2). (2.36)

In addition, where n1l1 = n2l2 = nl, Gk(nl, nl) = Fk(nl, nl). Fk(n1l1, n2l2) and Gk(n1l1, n2l2)
are called Slater integrals. By Slater integral Fk(2p, 2p) ≡ Fk,H789 is expressed as:

H789 = =

 2h(2p) + F0 + 1
25 F2 − 6

25 F2 − 3
25 F2

− 6
25 F2 2h(2p) + F0 + 1

25 F2 3
25 F2

− 3
25 F2 3

25 2h(2p) + F0 + 4
25 F2


= (2h(2p) + F0 +

1
25

F2)

 1 0 0
0 1 0
0 0 1

 + F2

25

 0 −6 −3
−6 0 3
−3 3 3

 . (2.37)

The corresponding eigenstates are given by:

1S


−1/
√

3
1/
√

3
1/
√

3

 , 1D


1/
√

6
−1/
√

6
2/
√

6

 , 3P


1/
√

2
1/
√

2
0

 . (2.38)

Therefore, the multiplet energy splitting for 2p orbital becomes as shown in Fig. 2.4.
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Figure 2.4: Energy diagram of multiplet energy splitting for 2p orbital

2.3 The interactions between crystalline electric field and
rare-earth compounds

The charge distributions for a free single atom/ion have a spherical shape. On the other
hand, when the atoms are ionized in solid, since the ions inside of compounds receive the
electric field from the neighboring charged ions, the charge distributions become not spher-
ical shape and the phenomena originated from these anisotropic charge distributions can be
observed in compounds. The crystalline electric field (CEF) effect is the phenomena which
the neighboring atoms (ligands) occur a certain amount of electric potential that determine
the symmetry of charge distribution at the center atom. Therefore, the Hamiltonian about
the center atoms consists of Hamiltonian for free ions and that by the CEF potential VCEF .
So that,

H = Hfree ion +HCEF. (2.39)

Since the VCEF is the electric potential, this problem can be treated as a part of Stark effect.
The scale of the CEF potential depend on the kind of element at the center position and can
be compared with other interactions. The Hamiltonian is circumstantially written as:

H = − ℏ
2

2m

∑
i

▽2
i −

∑
i

Ze2

ri︸                       ︷︷                       ︸
=H0

+
1
2

∑
i, j

e2

ri j
+

∑
ζi(r) li · si +HCEF , (2.40)

where ζi(r) li · si stands for relative spin-orbit interaction and e2

ri j
denotes Coulomb inter-

actions between 4 f electrons, and the two terms at first (defined as H0) are unperturbed
terms. The comparison between the CEF potential and other interactions is shown below.
In 4 f electron system, the scales of these three interactions have different order. The energy
scale of Coulomb interaction is the largest about several eV, and that of CEF splitting is the
smallest about ∼10−2 eV. Considering the narrower radial distribution of 4 f orbital, it can be
intuitively understood that the Coulomb interaction is the strongest. The difference between
rare-earth compounds and transition metal oxide derive from the different scale of spin-orbit
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VCEF < ζi(r) li · si <
e2

ri j
rare-earth compound

ζi(r) li · si < VCEF <
e2

ri j
transition metal oxide

VCEF >
e2

ri j
organic compound

interaction due to the atomic number.
To treat these problem by quantum mechanics, the suitable quantum number must be cho-
sen, that the operators can reflect the symmetry of the system accurately and convert into
Hamiltonian. For understanding of these interaction, we consider in the order corresponding
to Coulomb interactions inside of atoms, spin-orbit interaction, CEF potential.
The operators for Coulomb interactions can convert into orbital angular momentum L and
spin angular momentum S. Therefore the Coulomb interactions occur the multiplet struc-
ture expressed by quantum number L,S. Since the scale of spin-orbit interaction in rare-
earth ion is enough smaller (about 10−1 − 1 eV) than that of Coulomb potential e2

ri j
, the

spin-orbit interaction also can be expressed by LS combination. Spin-orbit interaction can
convert into total angular momentum J = L + S. Considering only Coulomb interac-
tion and spin-orbit interaction, the quantum number L,S,J bocome good quantum number
and the ground state for rare-earth ion in spherical symmetry is expressed by Fund’s rules.
However, when the CEF potential is introduced, the total angular momentum J becomes
not good quantum number exactly due to the anisotropic charge distribution. On the other
hand, for most of case, the CEF splitting in rare-earth compounds can be approximated as
enough smaller than spin-orbit interaction. So that the off-diagonal terms of CEF operators
for ground-state J can be ignored. As a consequence, the total angular momentum J in 4 f
electrons system can be treated as good quantum number.

2.4 Expression for crystalline electric field in rare-earth
compounds

2.4.1 General solution
As mentioned earlier, the influence by the neighboring ligands can be treated as the CEF
potentials, and that occurs anisotropic 4 f charge distributions. On the other hand, in case of
considering only unperturbed HamiltonianH0, the 4 f charge distribution is spherical shape.
H0 is written as:

H0 = −
ℏ2

2m
∇2 − Ze2

r
. (2.41)

The CEF potential VCEF can be separated into radial components and angular components,
as follows:

VCEF(r, θ, ϕ) =
∞∑

k=0

k∑
m=−k

Cm
k (θ, ϕ) · Akm · rk. (2.42)
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The normalized spherical surface harmonics for angular components Cm
k (θ, ϕ) is given by:

Cm
k (θ, ϕ) =

√
4π

2k + 1
Ym

k (θ, ϕ). (2.43)

The above expansion is called multipole expansion. For the applicable multipole expansion,
since VCEF needs to be converted depending on the symmetry of the system, it is necessary
to know the symmetry of the neighboring ligands for the center atom.
In multipole expansion, though Eq. 2.42 is expansed for any k and m, the term is the zero-
order term (k = 0), that the contributions from macro phenomena such as lattice energy and
heat is large. However, this term has little influence on electric character and transition of
electrons.
The CEF parameters Akm is generally written by notation of Stevens[22] or Lea Leask
Wolf[23]. In this thesis, we use Stevens’s notation.

2.4.2 Stevens’ operators for rare-earth compounds
When the CEF splitting energy is small, eigenvalues for all J subspaces can be calculated by
Stevens’ CEF operator. Since the hybridization between different J multiplet terms can be
ignored for most of rare-earth compounds, the assumption by Stevens come into existence.
On the other hand, in the case where the scale of the spin orbit interaction is as large as that of
the CEF splitting as in Eu3+ or the case where a hybridization of the J multiplet is observed
due to the larger CEF splitting than the splitting between J = 5/2 and J = 7/2 as CeRh3B2,
this method cannot be appropriate exceptionally. So that this method confines all the CEF
calculations to the minimum J multiplet term, therefore the dimension of the diagonal matrix
required for the calculation can be drastically reduced [22]. It is especially beneficial in the
4 f electron system, since very large amounts of CEF calculation are required. For example,
considering the f 3 configuration, since three orbitals of the 14 orbitals are occupied by
electrons, there are

(
14
3

)
= 14·13·12

2·3 = 364 wave functions and the matrix for CEF calculation is
also very large. As increasing of this number of electrons, thousands of matrix calculations
must be required. Recently it is not difficult to calculate thousands of determinants, but still
approximate Stevens is convenient to easily understand the information of the CEF. This
Stevens ’ method is called Stevens’ calculation method [22].
In Stevens’ calculation method, the CEF potential is expressed by the Stevens’ operator.

VCEF =
∑
k,m

BkmOkm (2.44)

In this method, it is the most important that the operators in Eq. 2.42 and Eq. 2.44 are cor-
responding on one-on-one. In general, the components of full-angular momentum Jx,Jy,Jz

are the simplest operators to define the multiplet terms with L, S, J. So that we should find
the operators which can be represented by a combination of Jx, Jy and Jz and which are
commutative for all symmetric operations, such as the potential of the CEF Hamiltonian.
Firstly, as shown in Fig. 2.5, we consider the case where six ions (charge q) are placed in
(±a, 0,0), (0, ±b, 0), (0,0, ±c). Considering until the sixth order term, the CEF potential
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VCEF created by these ions at the position r is given by [24]:

VCEF(r) = q
(

1
{(x − a)2 + y2 + z2}1/2 +

1
{(x + a)2 + y2 + z2}1/2 +

1
{x2 + (y − b)2 + z2}1/2

+
1

{x2 + (y + b)2 + z2}1/2 +
1

{x2 + y2 + (z − c)2}1/2 +
1

{x2 + y2 + (z + c)2}1/2

)
≃ q

[
2
a
+

2
b
+

2
c
+ (

2
a3 −

1
b3 −

1
c3 )x2 + (

2
b3 −

1
c3 −

1
a3 )y2 + (

2
c3 −

1
a3 −

1
b3 )z2

+
1
4

{
(

8
a5 +

3
b5 +

3
c5 )x4 + (

8
b5 +

3
c5 +

3
a5 )y4 + (

8
c5 +

3
a5 +

3
b5 )z4

}
−3

2
(

4
a5 +

4
b5 −

1
c5 )x2y2 − 3

2
(

4
b5 +

4
c5 −

1
a5 )y2z2 − 3

2
(

4
c5 +

4
a5 −

1
b5 )z2x2

+
1
8

{
(
16
a7 −

5
b7 −

5
c7 )x6 + (

16
b7 −

5
c7 −

5
a7 )y6 + (

16
c7 −

5
a7 −

5
b7 )z6

}
+

15
8

{
(

6
a7 −

8
b7 −

1
c7 )x2y4 + (

6
a7 −

8
c7 −

1
b7 )x2z4 + (

6
b7 −

8
a7 −

1
c7 )y2x4

+(
6
b7 −

8
c7 −

1
a7 )y2z4 + (

6
c7 −

8
a7 −

1
b7 )z2x4 + (

6
c7 −

8
b7 −

1
a7 )z2y4

}
+

45
2

(
1
a7 +

1
b7 +

1
c7 )x2y2z2)

]
. (2.45)

Also the electrostatic interaction energy of electrons at the position r is given by:

Figure 2.5: Point charge model in considering the CEF effect[24]

HCEF = −|e|VCEF(r). (2.46)

In a tetragonal symmetry a=b,c, whereas a=b=c in a cubic symmetry. The constant term in
the CEF Hamiltonian in tetragonal symmetry is removed, and taking into account until the
second order term,

HCEF = A(3z2 − r2)

(A = |e|q(
1
a3 −

1
c3 )). (2.47)
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The average of the polynomial about the coordinates in a certain of subspace with constant
total angular momentum by charge distributions is equivalent to the polynomial of the angu-
lar momentum operators in Wigner · Eckert’s theorem of quantum mechanics. For example,
the following conversion from spatial coordinates to angular momentum is established.

HCEF = A(3z2 − r2) → HCEF = B20(3l2
z − l(l + 1)) = B20O20 (2.48)

Therefore O20 = 3l2
z − l(l + 1) can be obtained. Considering the CEF Hamiltonian in cubic

symmetry, from Eq. 2.45, it becomes

HCEF = C
{

(x4 + y4 + z4) − 3
5

r4
}
+ D

{
(x6 + y6 + z6

+
15
4

(x2y4 + x2z4 + y2x4 + y2z4 + z2x4 + z2y4) − 15
14

r6
}

(C =
35|e|q
4a5 , D = −21|e|q

2a7 ) (2.49)

and the second order term disappears. In particular, paying attention to the fourth order
term, it becomes

C
{

(x4 + y4 + z4) − 3
5

r4
}
=

C
20

(35z4 − 30r2z2 + 3r4)︸                     ︷︷                     ︸
O40

+5 (x4 − 6x2y2 + y4)︸               ︷︷               ︸
O44

 (2.50)

→ B40(O40 + 5O44), (2.51)

and O40 and O44 can be obtained. Similarly, when we calculate up to the sixth order term,
we can obtain the relations as:

O60 = 231z6 − 315z4r2 + 105z2r4 − 5r6, (2.52)
O64 = (11z2 − r2)(x4 − 6x2y2 + y4). (2.53)

Also it can be noticed that the relations of B20 = 0, B44 = 5B40, B64 = −21B60 are satisfied in
cubic symmetry (Oh). When the total angular momentum J takes a good quantum number
like a rare earth compound, the orbital angular momentum l can be replaced to the total
angular momentum J, and O20,O40,O44,O60,O64 can be expressed as follows.

O20 = 3J2
z − J(J + 1), (2.54)

O40 = 35J4
z − [30J(J + 1) − 25] J2

z − 6J(J + 1) + 3J2(J + 1)2, (2.55)

O44 =
1
2

(
J4
+ + J4

−
)
, (2.56)

O60 = 231J6
z − 105 [3J(J + 1) − 7] J4

z ,

+
[
105J2(J + 1)2 − 525J(J + 1) + 294

]
J2

z ,

−5J3(J + 1)3 + 40J2(J + 1)2 − 60J(J + 1), (2.57)

O64 =
1
4

[(
11J2

z − J(J + 1) − 38
) (

J4
+ + J4

−
)

+
(
J4
+ + J4

−
) (

11J2
z − J(J + 1) − 38

)]
. (2.58)
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Since the ladder operators are defined by

J±|J, Jz⟩ =
√

(J ∓ Jz)(J ± Jz + 1)|J, Jz ± 1⟩, (2.59)

J+ and J− have components at a position shifted by one from the diagonal term. Since O44

and O64 are obtained by quadruplicate J+ and J−, they have components at positions shifted
by 4 from the diagonal terms. Therefore, when we calculate the CEF potential given by
Eq. 2.44 with the basis of Jz, its matrix has components at diagonal terms and 4-positions-
shifted terms from the diagonal and Jz in its eigenfunctions definitely changed by ±4.
The operators which equivalent quantity with the CEF represented by the full-angle momen-
tum are summarized by Stevens, and they are called Stevens’s equivalent operator. However,
it should be noted that the combinations of Jx, Jy and Jz are represented by spherical har-
monic functions only when considering the LSJ multiplet terms. So that Stevens’ s equiv-
alent method can be applied only when L, S and J have good quantum numbers, and hy-
bridization between different LSJ multiplet terms can be neglected.
This Stevens’ s equivalent calculation method is used in a wide range of fields. In addition,
since the forms expressed by the spherical harmonic function are more general notations, it
is necessary to understand the excited state in the x-ray absorption and photoemission pro-
cess. Therefore, it is important to know the conversion between Stevens operators Bkm and
the parameters for complete theory of CEF αAkm.

2.4.3 Expansion of CEF Hamiltonian
As mentioned preceding section, the CEF Hamiltonian can be expanded with spherical sur-
face harmonics. Since the CEF Hamiltonian can be variable separated into a radial compo-
nent and an angular component, it can be transformed to

HCEF
i, j = ⟨Rli

ni
(r)Ymi

li
(θ, ϕ)|

∞∑
k=0

k∑
m=−k

AkmrkCm
k (θ, ϕ)|Rl j

n j(r)Ym j

l j
(θ, ϕ)⟩

=

∞∑
k=0

k∑
m=−k

Akm⟨Ymi
li

(θ, ϕ)|Cm
k (θ, ϕ)|Ym j

l j
(θ, ϕ)⟩⟨Rli

ni
(r)|rk|Rl j

n j(r)⟩ (2.60)

from Eq. 2.42. The value of integral for angle component can be obtained analytically.
The crystal field parameter Akm can be also obtained by the method described later. On the
other hand, the radial component can be calculated by atomic Hatree - Fock calculation.
However, the radial component for the ions in compounds sometimes is not equivalent to
the calculation in the atomic model. Therefore, we treat Akm of the CEF together with the
radial component as follows:

Ãkm = Akm⟨Rli
ni

(r)|rk|Rli
ni

(r)⟩. (2.61)

Ãkm can be obtained by local density approximate (LDA) calculation that approximates the
potential as only a function of the density of the focusing coordinates. In actual, Ãkm are
often treated as a fitting parameters in experiments. To calculate Ãkm, it is necessary to
consider the following conditional expressions.
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• Hamiltonian is the Hermitian operator.

HCF
i, j = (HCF

i, j )∗ → Akm = (−1)mA∗k−m (2.62)

• Orbital angular momentum L satisfies the conditional expression of triangle relation
by 3 j-symbol. [25]。

|li − l j| ≤ k ≤ li + l j (2.63)

• Since the values of integral for the odd function in the whole space become equivalent
to 0, for finite value of ⟨Ymili(θ, ϕ)|Cm

k (θ, ϕ)|Ym jl j(θ, ϕ)⟩, it is necessary to satisfy the
following relation.

k + li + l j = even (2.64)

• Considering the symmetry of the crystal, we can reduce the calculation amount of
Akm. With p times symmetry around the z axis, since the CEF potential are expanded
with spherical surface harmonics,

VCF(θ, ϕ) = VCF(θ, ϕ +
π

p
). (2.65)

and the relation as VCEF ∝ Cm
k ∝ eimϕ is satisfied. In addition,

eimϕ = eim(ϕ+ πp ). (2.66)

In quantum mechanics, m is written as m = −l,−l + 1, . . . , l. In this case the variable
m can be decreased to

|m| = n · p, n ∈ Z(integer) (2.67)

by using the integer n.

2.4.4 Relation between CEF potential and Stevens operator
From Eq. 2.42, with the charge of the ligand qkm, the CEF Hamiltonian is given by:

HCEF =

∞∑
k=0

k∑
m=−k

{
qkm

∫
rk+2Rnl1(r) Rnl2(r) dr

}

·

√

4π
2k + 1

∫
Y∗l1m1

(θ, φ) Ykm(θ, φ) Yl2m2(θ, φ) sin θdθdφ


=

l1+l2∑
k=|l1−l2 |

Ak,mck(l1m1, l2m2). (2.68)

Since Eq. 2.68 is correspoding to the Hamiltonian with Stevens operator VCF =
∑

k,m BkmOkm,
the following relation can be obtained.

HCEF =
∑
km

Akmck(l1m1, l2m2) =
∑
km

Akm⟨J||θk||J⟩Okm(J) =
∑
km

BkmOkm(J)

(2.69)
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θk stands for k order tensor matrix. From this, we can obtain the relations between Akm and
Bkm by the reduction matrix elements ⟨J||θk||J⟩. To calculate them particularly, we start to
rewrite spherical surface harmonics for ck(l1m1, l2m2).∫

Yl1m1(θ, φ)Yl2m2(θ, φ)Yl3m3(θ, φ) sin θ dθ dφ

=

√
(2l1 + 1)(2l2 + 1)(2l3 + 1)

4π

(
l1 l2 l3

0 0 0

) (
l1 l2 l3

m1 m2 m3

)
(2.70)

3 j-symbol is written by Clebsch-Gordan coefficient as:(
l1 l2 l3

m1 m2 m3

)
=

(−1)l1−l2−m3

√
2l3 + 1

⟨l1m1l2m2|l3 − m3⟩. (2.71)

So that the spherical surface harmonics can be written as:∫
Yl1m1(θ, φ)Yl2m2(θ, φ)Yl3m3(θ, φ) sin θ dθ dφ

=

√
(2l1 + 1)(2l2 + 1)(2l3 + 1)

4π
(−1)l1−l2
√

2l3 + 1
⟨l1, 0l2, 0|l3, 0⟩

(−1)l1−l2−m3

√
2l3 + 1

⟨l1m1l2m2|l3 − m3⟩.

(2.72)

Therefore,

ck(l1m1, l2m2) =

√
4π

2k + 1

∫
Y∗l1m1

(r) Ykm(θ, φ) Yl2m2(r) dr (2.73)

=

√
4π

2k + 1

√
(2l1 + 1)(2k + 1)(2l2 + 1)

4π

· (−1)l1−k

√
2l2 + 1

⟨l1, 0k, 0|l2, 0⟩
(−1)l1−k−m2

√
2l2 + 1

⟨l1m1km|l2 − m2⟩. (2.74)

Especially when l1 = l2 = l,

ck(lm1, lm2) = ⟨l, 0k, 0|l, 0⟩⟨lm1km|l − m2⟩ (2.75)

Generally, the reduction matrix elements J||θk||J⟩ are expressed as αJ with k = 2, βJ with
k = 4, and γJ with k = 6. With k = 2, the concrete relation is given by [26]:

αJ =
2(2l + 1 − 4S )

(2l − 1)(2l + 3)(2L − 1)
×

 (L+1)(2L+3)
J+1 2J + 3 i f J = L − S (lightRE)

L(2L−1)
J(2J−1) i f J = L + S (heavyRE).

(2.76)

The list of Stevens’ factors αJ, βJ, γJ for the trivalent rare earth ions [26] is shown in
Table 2.1.
Considering the concrete term of the CEF potencial with k = 2, m = 0, the following relation
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is obtained.

A20

√
4π
5

Y20(Ω) = A20

√
4π
5

√
5

2
√

2
(3 cos2 θ − 1) × 1

√
2π

= A20
1
2
αJ(3 cos2 θ − 1) = A20

1
2
αJO20 = B20O20 (2.77)

Therefore,

B20 =
αJ

2
A20.

Also, by using the relation Akm = (−)mAk,−m, the following relations can be obtained.

B22 =

√
6

2
αJA22

B40 =
1
8
βJA40

B42 =

√
10
4
βJA42

B43 = −
√

35
2
βJA43

B44 =

√
70
8
βJA44

B60 =
1
16
γJA60

B63 = −
√

3 · 5 · 7
8

γJA63

B64 =
3
√

14
16
γJA64

B66 =

√
231
16
γJA66

(2.78)
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Table 2.1: List of Steven’s factors αJ, βJ, γJ for the trivalent rare earth ions [26]

Ion αJ βJ γJ

Ce3+ (4f)1 2F5/2
−2
5·7

2
5·7·9 0

Pr3+ (4f)2 3H4
−13·22

11·52·32
−22

112·5·32
17·24

13·112·7·5·34

Nd3+ (4f)3 4I9/2
−7

112·32
−23·17

13·113·33
−19·17·5

132·113·7·33

Pm3+ (4f)4 5I4
2·7

112·5·3
8·7·17

13·113·5·33
19·17·23

132·112·7·33

Sm3+ (4f)5 6H5/2
13

7·5·32
2·13

11·7·5·33 0
Eu3+ (4f)6 7F0 0 0 0
Gd3+ (4f)7 8S 7/2 0 0 0
Tb3+ (4f)8 7F6

−1
11·32

2
112·5·33

−1
13·112·7·34

Dy3+ (4f)9 6H15/2
−2

7·5·32
−8

13·11·7·5·33
22

132·112·7·5·33

Ho3+ (4f)10 5I8
−1

52·32·2
−1

13·11·7·5·3·2
−5

132·112·7·33

Er3+ (4f)11 4I15/2
22

7·52·32
2

13·11·7·5·32
23

132·112·7·33

Tm3+ (4f)12 3H6
1

11·32
23

112·5·34
−5

13·112·7·34

Yb3+ (4f)13 2F7/2
2

7·32
−2

11·7·5·3
22

13·11·7·33
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2.5 Crystalline electric field in cubic symmetry
The CEF Hamiltonian can be written by Jx, Jy, Jz owing to Stevens operators. The matrix
operators in this section are defined by Jz as basis, and the eigenfunctions are expressed by
the linear combination of Jz states. Since the orbital quantum number of both Ce3+ with 4 f 1

configuration and Yb3+ with 4 f 13 is 3, 0 ≤ k ≤ 6 is only considered. In addition, the CEF
effect except for the even number of k disappears. Therefore, the CEF potential should be
considered about k = 0, 2, 4, 6. In cubic symmetry (Oh), the CEF have fourfold symmetry
and m is equivalent to the integral multiple of 4 (m = 4, 8, 12). Following the relation as
m = −k,−k + 1, . . . , k, only the case of |m| = 0, 4 should be considered. Using the relations
in cubic symmetry given by B44 = 5B40, B64 = −21B60, the CEF Hamiltonian is written as:

HCEF = B40(O40 + 5O44) + B60(O60 − 21O64). (2.79)

In this section, the CEF Hamiltonians with J = 5/2 and J = 7/2 ground-state multiplet are
picked up.

2.5.1 In the case of J = 5/2 ground-state multiplet
Since the sixth term of the CEF Hamiltonian with J = 5/2 can be ignored by Eq. 2.63, the
Eq. 2.79 is described as

HCEF = B40(O40 + 5O44). (2.80)

With the basis of |Jz⟩, J+ and J− are written as:

J+ =



|Jz = +
5
2⟩ | +

3
2⟩ | +

1
2⟩ | −

1
2⟩ | −

3
2⟩ | −

5
2⟩

⟨Jz = +
5
2 | 0

√
5 0 0 0 0

⟨+ 3
2 | 0 0 2

√
2 0 0 0

⟨+ 1
2 | 0 0 0 3 0 0

⟨− 1
2 | 0 0 0 0 2

√
2 0

⟨− 3
2 | 0 0 0 0 0

√
5

⟨− 5
2 | 0 0 0 0 0 0


(2.81)

J− =



0 0 0 0 0 0√
5 0 0 0 0 0

0 2
√

2 0 0 0 0
0 0 3 0 0 0
0 0 0 2

√
2 0 0

0 0 0 0
√

5 0


. (2.82)
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