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1. INTRODUCTION

The notion of almost split sequences was introduced by M. Auslander and I. Reiten in
[AR1], and they showed the existence of almost split sequences for Artin algebras. We of-
ten use the theory to analyze various additive categories arising from representation theory
and prove many important combinatorial and homological properties with the help of the
theory, for example see [A2, A3, A4, ARS, ASS, Bu, E, H, Hap, [, 12, 13, 14, 15, 16, 17, 1],
K4, Li2, Y]. Moreover, the theory gives a great impact in other areas such as algebraic
geometry and algebraic topology [A5, J]. A combinatorial skeleton of the additive category
of indecomposable objects is the Auslander—Reiten quiver, which encapsulates much infor-
mation on indecomposable objects and irreducible morphisms. Therefore, to determine the
shapes of Auslander—Reiten quivers is one of classical problems in representation theory of
algebras.

Let O be a complete discrete valuation ring or a field. An O-algebra A is an O-order
if A is free of finite rank as an O-module. We put D := Homp(—, O). Throughout this
thesis, modules mean right modules. An O-order A is Gorenstein if D(A) is a projective A-
module. For an O-order A, an A-module M is called an A-lattice if M is Cohen—Macaulay
as an O-module. We denote by latt-A the full subcategory of the module category mod-A
consisting of A-lattices, where mod-A is the category of finitely generated A-modules. Note
that, when O is a field, an O-order is just a finite dimensional O-algebra, and latt-A is the
module category mod-A.

Now, let A be an O-order. According to [A3], the category latt-A admits almost split
sequences if and only if A is an isolated singularity, that is, gl.dim(A®o Op) = Kr-dim(Op)
for all non-maximal p € Spec(Q), where Spec(O) is the spectrum of O. If O is a field, then
an A is always an isolated singularity, and if O is a complete discrete valuation ring, then
A is an isolated singularity if and only if A ®p K is a semi-simple K-algebra, where K is
the quotient field of O. For an O-order, which is an isolated singularity, one can find some
results on the shapes of Auslander—Reiten quivers, for example [ASS, Dil, Di2, Di3, IK,
K2, K4, Lu, Ro2, Roy, We, Y].

When A is not an isolated singularity, we have to consider a suitable full subcategory
of latt-A which admits almost split sequences. It follows from [AR3, Theorem 2.1] that
M € latt-A appears at the end term of an almost split sequence if and only if M satisfies
the condition (f):

M ®o K is projective as an A ®o K-module. ()
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Here, the full subcategory of latt-A consisting of A-lattices which satisfy the condition (f)
is denoted by latt®-A. If A is Gorenstein, then the full subcategory latt®-A admits almost
split sequences.

From now on, we consider a Gorenstein O-order A. By the above observation, we can
introduce the notion of the stable Auslander—Reiten quiver for latt®- A, which is given
by deleting all indecomposable projective-injective modules from the original Auslander—
Reiten quiver. Such quivers are stable translation quivers.

Assume that O is a field. Then any component of the stable Auslander—Reiten quiver,
a stable component for short, for latt)-A (= mod-A) has no loops. Therefore, for a
stable component C, there is a directed tree T' and a subgroup G C Aut(ZT) such that
C ~ ZT/G as stable translation quivers by the Riedtmann structure theorem [Ri]. Then,
the underlying graph of T is called the tree class of C. Therefore, in order to determine the
shape of C, it is enough to determine the tree class T and the group G. Around 1982, P.
J. Webb approached this problem when A = OG, where G is a finite group. For a stable
component of OG-modules, he constructed a subadditive function (see [HPR]) in order to
give candidates for the tree class of the component, and showed that the tree class is either
a Dynkin diagram or a Euclidean diagram [We]. His method is very effective to determine
the shapes of stable components for a self-injective algebra. Indeed, C. Riedtmann and
G. Todorov showed that the tree class of any stable component of a finite dimensional
self-injective algebra of finite representation type is one of finite Dynkin diagrams by using
Webb’s method [Ri2, T].

On the other hand, when O is a complete discrete valuation ring, stable components
admit loops [Wi]. Thus, we have to check that a stable component does not have loops
before we apply Webb’s method to a component. Moreover, A is of infinite representation
type in most cases, and it is difficult to compute almost split sequences. For these reasons,
the shapes of stable components of A seem to be largely unknown, and there are only few
concrete examples of stable components.

Therefore, the aims of this thesis are the following.

Aims. (1) Give restrictions on the shapes of stable components of a symmetric O-order
A (ie. A~D(A) as (A, A)-bimodules) when O is a complete discrete valuation ring.

(2) Give new examples of stable components when A is not an isolated singularity.

Let O be a complete discrete valuation ring, A a symmetric O-order, C a stable com-
ponent of A and 7 the AR translation of A. If C has only finitely many vertices, then A
is an isolated singularity (Corollary 3.6.7), and a restriction on the shape of C had already
given by X. Luo [Lu]. Thus, we assume that C has infinitely many vertices. In order to get
candidates for the shape of C, we have to answer the following natural questions.

Questions. Assume that C has infinitely many vertices.

(1) If loops exist in C, where do loops appear in C?
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(2) When does C admit loops?
(3) If C has no loops, can we construct a subadditive function on the tree class of C?

Let C be a stable component having infinitely many vertices. For the question (1), we
give a complete answer in our setting. If C has loops, then C is a 7-periodic component
with the period 1, and the loops appear only on the boundary of C (Proposition 3.7.5). In
particular, the answer of (1) leads to a partial answer to (2), namely C has no loops when
one of the following conditions holds:

(i) C has a period larger than 1.

(ii) There is a vertex X € C such that the middle term of the almost split sequence ending
at X, say Ex, has exactly one non-projective direct summand, and E'x does not have
X as a direct summand.

(iii) C is not 7-periodic.

Assume that C has no loops. Let T be the tree class of the component C. If C is
T-periodic, the tree class T always admits the subadditive function which is obtained by
averaging the ranks in the same 7-orbit. Hence, the tree class is one of infinite Dynkin
diagrams by [HPR].

Let D : latt-A — Z be the function defined by

D(X) := f{non-projective indecomposable direct summands of X ®¢ x},

where k is the residue field of O. As A is symmetric, the AR translation 7 is the first
syzygy functor (Corollary 3.5.10, [A2], [Hap] and [I5]). It yields that D is a 7-invariant
function. If A ®p k is representation-finite and C is not T-periodic, then D is additive on
T.

Summing up, we have the first main result of this thesis:

Main Theorem 1 (Proposition 3.7.5, Theorems 3.7.6 and 3.7.14). Let O be a complete
discrete valuation ring, s the residue field and C a stable component of a symmetric O-order
A with infinitely many vertices.

(1) If C has loops, then C is T-periodic. Furthermore, C \ {loops} is of the form ZA /(7).
In this case, the loops appear only at the endpoint of C:

(2) If C has no loops, and is 7-periodic, then the tree class of C is one of infinite Dynkin
diagrams.
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(3) If A®p k is of finite representation type, then the tree class of C is one of infinite
Dynkin diagrams or Fuclidean diagrams.

We consider the question (3). In order to get new examples of stable components, we
focus on a special kind of A-lattices called Heller lattices, which is defined to be direct sum-
mands of the first syzygy of an indecomposable A ®¢ k-module as an A-module. There are
two reasons why we consider Heller lattices. The first reason is that they always belong to
latt®-A. Thus, the category latt®-A admits some stable components containing indecom-
posable Heller lattices. We call such components Heller components of A. Another reason
is that Heller lattices of a group algebra play important roles in modular representation
theory. For a p-modular system (K, O, k) of a finite group G, Heller lattices over OG were
studied by S. Kawata [K3, K4]. It follows from [K3, Theorem 4.4] that Heller lattices over
OG provide us with certain relationship between almost split sequences for latt-OG and
mod-xG, namely he showed that if 0 - A — B — Zj; — 0 is the almost split sequence
ending at an indecomposable Heller lattice Z; of an indecomposable kG-module M, then
the induced exact sequence

0> ARk >BRok— ZyQpk—0

is the direct sum of the almost split sequence ending at M and a split sequence (see also [P,
Corollary 5.8]). They motivate us to study Heller lattices when A is an arbitrary symmetric
O-order.

The second main result is on the shapes of stable components containing Heller lattices
when A = O[X]/(X™). Since A ®p k is of finite representation type, the tree class of any
stable components is one of infinite Dynkin diagrams or Euclidean diagrams by the first
main result.

Main Theorem 2 (Proposition 4.2.1, Theorem 4.4.1). Let O be a complete discrete
valuation ring, A = O[X]/(X™), for n > 2. Then, any Heller component is of the form
either Z Ay, /(%) or ZAw/{T). Moreover, any Heller lattice appears on the boundary of a
Heller component.

The last main result is on the shapes of stable components containing Heller lattices
when A = O[X,Y]/(X?,Y?). Then A ®p k is of tame representation type.

Main Theorem 3 (Theorems 5.5.1, 5.8.4 and 5.9.5). Let O be a complete discrete val-
uation ring and A = O[X,Y]/(X2%,Y?). Assume that the residue field « is algebraically
closed. Then, there is a unique non-periodic Heller component Z Ao, and infinitely many
periodic Heller components whose tree classes are As,. Moreover, any Heller lattice appears
on the boundary of a Heller component.

This thesis is based on the following three articles:
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[AKM] S. Ariki, R. Kase and K. Miyamoto, On Components of stable Auslander—Reiten
quivers that contain Heller lattices: the case of truncated polynomial rings, Nagoya
math. J., 228 (2017), 72-113, DOI: 10.1017/nmj.2016.53.

[M1] K. Miyamoto, On the non-periodic stable Auslander-Reiten Heller component for
the Kronecker algebra over a complete discrete valuation ring, to appear in Osaka J.
Math.

[M2] K. Miyamoto, On periodic stable Auslander—-Reiten components containing Heller
lattices over the symmetric Kronecker algebra, arXiv: 1808.09289.

There are five chapters in this thesis, and the body begins in Chapter 2. The results of
[AKM] appear in Chapter 3 and 4, those of [M1] appear in Chapter 3 and 5, those of
[M2] appear in Chapter 5. We start with Chapter 2 presenting some fundamentals on
orders and lattices, stable translation quivers and finite dimensional algebras over a field.
In Chapter 3, we present Auslander—Reiten theory for Gorenstein orders over a complete
discrete valuation ring. Moreover, we give a method to construct almost split sequences
in Section 3.5, and we prove some properties of stable Auslander—Reiten components for a
symmetric order in Section 3.6. These results in Section 3.5 and 3.6 establish a criterion,
based on material in [AKM]. In Chapter 4, we determine the shapes of stable components
containing Heller lattices over the truncated polynomial rings. The main result appears
in [AKM]. In Chapter 5, we determine the shapes of stable components containing Heller
lattices over the symmetric Kronecker algebra. The result in the non-periodic case appears
in [M1], and the result in the periodic case appears in [M2].



2. PRELIMINARIES

In this thesis, we deal with an algebra over a complete discrete valuation ring. Thus,
first, we recall some properties of a complete discrete valuation ring from commutative
ring theory in Section 1. In representation theory of algebras, Krull-Schmidt—Azumaya
theorem, K—S—A theorem for short, is a fundamental theorem. It is well-known that, for a
category of finitely generated modules over a finite dimensional algebra over a field, K—S—
A theorem holds, for example see [ASS, Chapter I, 4.10. Unique decomposition theorem].
However, this theorem is not always true when the base ring is an arbitrary commutative
ring. Let R be a commutative ring and A an R-algebra. If the base ring R is a complete
discrete valuation ring and A is finitely generated as an R-module, K—S—A theorem holds
for the category of finitely generated A-modules since the theory of lifting idempotents
works in this setting. In Section 2, we recall the theory of lifting idempotents from the
standard text [CR]. In Section 3, we introduce orders and lattices. Assume that R is a
complete discrete valuation ring. From results in Section 2, the category of A-lattices is a
Krull-Schmidt category with enough projectives.

In Section 4, we list Dynkin diagrams and Euclidean diagrams. In Section 5, we intro-
duce valued stable translation quivers. The structure of valued stable translation quivers
without loops was studied by Riedtmann, which is well-known as Riedtmann’s structure
theorem [Ri]. By using this structure theorem, any stable translation quiver without loops
C is of the form ZT /G for some a directed tree T' and an “admissible group” G. Thus, in
order to determine the shape of C, it is enough to determine 7" and G. On the other hand,
D. Happel, U. Preiser and C. M. Ringel gave a very nice result on determining 7" [HPR].
Therefore, we recall the Riedtmann structure theorem and Happel-Preiser—Rigel’s results
in this section.

In Chapter 4 of this thesis, we will consider the symmetric Kroneker algebra, which is
symmetric and “special biserial ”. Special biserial algebras over an algebraically closed field
are always of tame representation type [WW], and the classification of all indecomposable
modules of such an algebra was provided in [BR, WW]. Moreover, there is a combinato-
rial method of constructing indecomposable modules over such an algebra [Erd, HL]. In
Section 6, we introduce symmetric special biserial algebras and explain how to construct
indecomposable modules.

Throughout this thesis, we use the following notations. For an algebra A, we denote by
mod-A the category consisting finitely generated A-modules. For M, N € mod-A, we write
Homy (M, N) for the set of A-module homomorphisms from M to N. We also denote by



2. Preliminaries 16

proj-A the full subcategory of mod-A consisting of projective A-modules.

2.1 Complete discrete valuation rings

Let K be a field. A surjective function v : £\ {0} — Z is a discrete valuation on K if it
satisfies the following two properties for all z,y € K\ {0}:

(i) v(zy) = v(z) + v(y)
(i) v(z +y) > min{v(z),v(y)}

By (i), the discrete valuation v is a group homomorphism. The pair (IC,v) is called a
valuation field. It is convenient to extend v to the whole of K by putting v(0) = oc.
The set O := {x € £ | v(x) > 0} is a local ring, which is called the discrete valuation
ring of (IC,v). It is easy to see that K is the quotient field of O. Moreover, if we set
Ol :={27t|2€0\{0}}, we have K = OU O~ and 0% = ON O~!. The maximal
ideal in O is given by P := {z € O | v(x) > 0}.

We give two typical examples. Let L = Q and p a prime number. Then, the map
vp : Q\ {0} — Z defined by vy(z) = a, where x = p®y and y is an irreducible fraction
whose numerator and denominator are not divisible by p, is a discrete valuation. Then,
the valuation ring of v, is the local ring Z,). Another example is that K = k(z), where k
is a field and x is an indeterminate. For an irreducible polynomial f € k[z], we define vy
in the same manner as the first example. Then, vy is a discrete valuation.

An integral domain O is called a discrete valuation ring if there is a discrete valuation
v on its quotient field I such that O is the valuation ring of v.

From now on, (K,v) is a discrete valuation field, O is its discrete valuation ring. Let
e € K such that v(e) = 1. Then, for any = € K with v(z) = i, the element ze~* is invertible
in O since v(ze™") = 0. Thus, for any element x € K, there exist an integer i and an
invertible element u € O* such that = 'u. This implies that any non-trivial ideal in O
is of the form (&%) for some i > 0. In particular, O is a principal ideal domain.

Let R be a local principal ideal domain and p the maximal ideal. For any non-zero
element = € R, there is a non-negative integer i such that = € p?\p’*! since the intersections
of p¥ (k = 1,2,...) is zero. Thus, we may define v : R\ {0} — Z by v(z) = i. Let K be
the quotient field of R. For 0 # x/y € K, we also define v(z/y) = v(z) — z(y). Then, it is
easy to see that v is well-defined and (K, v) is a discrete valuation field, and the discrete
valuation ring of (K, v) is just R. Therefore, we have the following lemma.

Lemma 2.1.1 ([Mat, Theorem 11.1]). Let R be a commutative ring. Then, R is a discrete
valuation ring if and only if R is a principal ideal domain and local.

We return to the discrete valuation ring O and its maximal ideal P. Let M be an
O-module. Take a family of submodules F = {P"M},—0.1.2..... Obviously, P°PM C P/M

y1,4,...

for j < 4. Then, F makes M into a topological group because one can understand that F
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is a system of neighborhoods of 0. The topology is called the P-adic topology of M. In
particular, O is a topological ring by the decreasing chain

O>P>P’o>P3>

Then, O is a Hausdorff space since (oo, P* = 0. The factor modules M/P'M is also a
topological space by the quotient topology. Then, P*M is open and closed in M. Indeed,
the complement M \ P'M is a union of cosets x + P'M (z € M \ P'M). Hence, the
topology of M/P'M is discrete. Consider the natural O-module homomorphisms f; ; :
M/PIM — M/P'M for i < j. Then the pair ({fi;}i;, {M/P'M};) becomes an inverse
system of O-modules. We denote by M the inverse limit of ({fij}ij, {M/P*M};), which

is called the completion of M. It is easy to see that (’) O. We say that O is complete
if © ~ O as rings. If M is a finitely generated @-module, we have M ®¢ O~M.

Let di : K x K — Rsg be a function defined by di(x,y) := 27°(*~%). Then, the pair
(K, dx) becomes a metric space. By this topology, K is a topological field, and the induced
topology on @ coincides with the P-adic topology of @. Let C%) be the set of all Cauchy
sequences of K. Then CX) admits a commutative ring structure by using the addition
and the product of K. Let A be the ideal in C®) consisting of Cauchy sequences which
converge on 0. As the ideal N is maximal, the factor ring K := CX /N is a field. By
the construction of K, it is the completion of K as the metric space (K, dic). Then, the
metric function dix extends to a metric function d}c KxK— R>¢, and (IC d;c) is also a
discrete valuation field. The discrete valuation ring of K is isomorphic to the completion
O = l(iin(’)/Pi. For the details, see [Mat, Chapter 3, Section 8] and [AM, Chapter 10]. If

the complete discrete valuation ring @ contains a field, @ becomes a formal power series
ring over a field with an indeterminate by Cohen’s structure theorem [Co].

2.2 Lifting idempotents

Let R be aring. An element e € R is an idempotent if €2 = e. Two idempotents e and €’
are called orthogonal if e’ = ¢’e = 0. An idempotent e is said to be primitive if e can not
be written as a sum e = e; 4+ e2, where e; and eg are non-zero idempotents and orthogonal.
Let R= P & --- & P, be a direct sum decomposition of R into R-modules. Then, there

are idempotents e; € Pp,...,e, € P, such that 15 = e; + -+ 4+ e,. This implies that
P; = ¢; R for each i, and the idempotents e1, ..., e, are pairwise orthogonal. Conversely, if
a set of pairwise orthogonal idempotents {ey,...,e,} such that 1z = e; +---+ e, is given,

it gives rise to a direct sum decomposition R = e1R® --- P e, R as R-modules. Thus, an
idempotent e € R is primitive if and only if eR is indecomposable.

Let M be an R-module and E = Endr(M). Then, M is an (E, R)-bimodule. For a set
of pairwise orthogonal idempotents eq,...,e, of £ with 1z =e; + -+ e,, the R-module
M is the direct sum M = eyM @ --- ® e, M as R-module. Conversely, for a direct sum
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decomposition of M as R-submodules
M=M®&- - - ®&M,,

there is a set of pairwise orthogonal idempotents ey, ..., e, of E such that 1z = e1+---+e¢,
and M; = e; M. Moreover, in this case, M; ~ M if and only if Fe; ~ Fe; as left F-modules.
As a consequence, a non-zero R-module M is indecomposable if and only if £ = Endr(M)
has only two idempotents 0 and 1. Thus, for an R-module M, if the endomorphism
ring Endr(M) is local, the R-module M is indecomposable, for example see [AF, 5.10
Proposition]. However, the converse is not always true.

For a ring R, the Jacobson radical of R, which is denoted by rad(R), is defined by

rad(R) = ﬂ ann(S),

S : a simple A-module

where ann(.S) is the annihilator of S. An element x € R lies in the Jacobson radical if and
only if 1 —zy is unit for all y € R or, equivalently, 1 —yz is unit for all y € R. The Jacobson
radical of R is obviously a two-sided ideal. If R is Artinian, the ring R is semi-simple if
and only if rad(R) = 0. For x € R, we write T for the coset in R/N represented by z.
If e € R be a non-zero idempotent, then € is a non-zero idempotent in R/N. Therefore,
if 1 =e +---+e, with e;e; = d;je; and e; # 0 is given, this decomposition yields a
decomposition 1 = + - -+ + €, of the same kind in R/N.

From now on, we assume that O is a complete discrete valuation ring, P is the maximal
ideal in O, k the residue field and A is an O-algebra which is finitely generated as an O-
module.

Lemma 2.2.1 ([CR, (5.22) Proposition]). Set A = A/AP, and let » : A — A be the
natural projection. Then, the following statements hold.

(1) rad(A) = ¢~ !(rad(A4)) D AP.

(2) The map ¢ induces an isomorphism A/rad(A) ~ A/rad(A) as k-algebras.
(3) A/radA is semi-simple.

(4) There is a positive integer ¢ such that (radA)! is contained in AP.

Proof. (1) Let M be a simple A-module. We show that M - (AP) = 0. As M is simple,
M = mA for any m # 0. Thus, M is a finitely generated R-module, and MP = 0
or MP = M since M is simple. If MP = M, then M = 0 by Nakayama’s lemma, a
contradiction. Hence, we have M P = 0.

(2) Since ¢ : A — A is surjective, the A-module homomorphism ¢ induces a surjection
A/rad(A) — A/rad(A). On the other hand, by (1), there is a surjection v : A — A/rad(A).
As rad(A/rad(A)) = 0, the A-module homomorphism 7 induces the surjection A/rad(A) —
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A/rad(A). Because both A/rad(A) and A/rad(A) are finite dimensional x-algebras, these
are isomorphic each other.

(3) We notice that A is an Artin ring. Thus, A/rad(A) is semi-simple, and the assertion
follows from the statement (2).

(4) As A is an Artin ring, the Jacobson radical rad(A) is nilpotent. Thus, there is a
positive integer ¢ such that (rad(A))! = 0. Now, the claim is clear by (1). O

Lemma 2.2.2 ([CR, (6.5) Proposition]). A is complete with respect to the rad(A)-adic
topology.

Proof. The assertion follows from that A~0O®p A and Lemma 2.2.1. O

Lemma 2.2.3 ([CR, (6.6) Proposition]). Let @Q and @’ be two finitely generated projective
A-modules. Then, @ ~ Q' if and only if Q/(Q - (rad(A))) ~ Q'/(Q" - (rad(A4))).

Proof. Obviously, Q ~ @' implies Q/(Q - (rad(A))) ~ Q'/(Q’ - (rad(A))). We show the
converse. Set Q = Q/(Q - (rad(A))) ~ Q'/(Q’ - (rad(A))). Then the natural projection
Q — Q factors through the natural projection Q' — Q:

Q

Q-

By the above commutative diagram, we have Coker(f) = Coker(f)rad(A). As Coker(f)
is finitely generated, f is surjective by Nakayama’s lemma. Since @’ is projective, the
A-module homomorphism f splits. By using the same argument after swapping @ and @',
we conclude that f is an isomorphism. O

Proposition 2.2.4 ([CR, (6.7) Theorem on Lifting Idempotents]). The following state-
ments hold.

(1) For every idempotent f € A := A/rad(A), there exists an idempotent e € A such that
f=e

(2) For two idempotents e; and ez, the A-modules e1A and es A are isomorphic if and only
if the A-modules e7A and e3A are isomorphic.

(3) An idempotent e € A is primitive if and only if € € A4 is primitive.

Proof. Consider the identity element in Z[X]:
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Let

Z ( >X2" I(1—X).
§=0

Then, the polynomial f,(X) satisfies the following properties:
(a) fn(X) € Z[X].

(b) fn(X)=0mod X" and f,(X)=1mod (X —1)".
(e) (f. ( ))? = fu(X) mod X" (1 — X)".

(d) fu(X) = fa-1(X) mod X"H(X — 1)

(e) f1(X)=X mod (X — X?).

(1) Let f € A be an idempotent and a € A such that @ = f. As f is an idempotent, we
have a® —a € rad(A). By (d), we have f;(a) = fj_1(a) mod (rad(A))?~!. Thus, (fj(a)) is a
Cauchy sequence. By our assumption that O is complete and Lemma 2.2.2, the algebra A
is also complete with respect to the rad(A)-adic topology. Hence, there is e € A such that
(f;(a)) converges on e. By (c) and (e), we have e =a = f and e? = e.

(2) The statement follows from Lemma 2.2.3.

(3) Let e be an idempotent of A, and suppose that € is not primitive, so that € = f1+ fa
for some non-zero orthogonal idempotents f; and fy in A. By (1), there is an idempotent
e such that ef = f;. Take e; = e — e;. Then, e% = ey # 0 and ege; = e1eg = 0, a
contradiction. O

Therefore, we have the following:

Proposition 2.2.5 ([CR, (6.10) Proposition]). Let M be a finitely generated A-module.
Then, M is indecomposable if and only if End 4(M) is local.

Proof. Assume that M is indecomposable. As End4(M) C Endp(M), the endomorphism
algebra End4 (M) is finitely generated as an O-module. It follows from Lemma 2.2.1 and
Proposition 2.2.4 that End4(M)/radEnd4(M) is semi-simple, and lifting idempotents the-
ory works. Thus, M is indecomposable if and only if End4(M)/radEnd4(M) is a skew-
field. O

Theorem 2.2.6 ([CR, (6.12) Krull-Schmidt-Azumaya Theorem]). Let O be a complete
discrete valuation ring, A an O-algebra, which is finitely generated as an O-module, and
M a finitely generated A-module. Then, M admits a finite direct sum decomposition into
indecomposable submodules. Further. if M has two such decompositions

s t
M=PM=EFN
i=1 j=1

then r = s and there is a permutation o € &,, such that M; ~ N, ; for all 7.
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Theorem on lifting idempotents and Krull-Schmidt—Azumaya theorem imply that the
isomorphism classes in proj-A correspond bijectively with those in proj-(A/rad(A)), the cor-
respondence being given by mapping the classes of P € proj-A onto the class P/Prad(A) €
proj-(A/rad(A)). Therefore, there is a bijection between the set of isoclasses of the inde-
composable projective A-modules and the set of isoclasses of indecomposable projective
A/rad(A)-modules.

Let M be a finitely generated A-module and P a finitely generated projective A-module.
A surjection f: P — M is a projective cover of M if any g : N — P such that fg is
surjective is surjective.

Lemma 2.2.7 ([CR, (6.20) Proposition]). Given two projective covers f : P — M and
g: Q — M, there exists an isomorphism A : P — @ such that f = gh.

Proof. Since P is projective and g is surjective, there is h : P — @) such that f = gh. By
the definition of projective covers, h is surjective. Hence, h is a retraction. Let b’ : Q — P
such that hh/ = 1¢. Since g : @ — M is a projective cover, h' is also a retraction. Thus, h
is an isomorphism with f = gh. O

Theorem 2.2.8 ([CR, (6.23) Theorem]|). Let O be a complete discrete valuation ring and
A an O-algebra, which is finitely generated as an O-module. Then, every X € mod-A has
the projective cover. In particular, the category mod-A has enough projectives.

Proof. Let X € mod-A. Since A := A/rad(A) is semi-simple, X = X/Xrad(A) € mod-A
is a direct sum of indecomposable projective A-modules €;A. Hence, there exists a finitely
generated projective A-module P such that P ~ X as A-modules, where P = P/Prad(A).
As P is projective, we have f: P — X making the following diagram commute:

P P
|
fl ~
v —_
X X

The commutative diagram implies that f(P)+ Xrad(A) = X. By Nakayama’s lemma, f is
surjective. Then, f gives the projective cover since the map P — P is the projective cover
of P. O

2.3 Orders and lattices

In representation theory of algebras, lattices over orders over a complete discrete valuation
ring have been studied extensively.

Definition 2.3.1. Let O be a complete discrete valuation ring.

(1) An OQ-algebra A is called an O-order if A is free of finite rank as an O-module.
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(2) An O-order A is called Gorenstein if Homp (A, O) is a projective A-module. If A and
Hom 4 (A4, O) are isomorphic as (A4, A)-bimodules, then A is called symmetric.

(3) Let A be an Q-order and M an A-module. M is called a Cohen—Macaulay A-
module or an A-lattice if M is free of finite rank as an O-module.

Remark 2.3.2. We follow [I] for the definitions of orders and lattices. This means that
the definitions of orders and lattices are different from Auslander’s sense [A2, Chapter I,
Section 7). However, if A is a Gorenstein O-order, then A is an O-order in his sense.
Moreover, Gorenstein O-orders in Auslander’s sense are symmetric O-orders in our sense.

From now on, we use the following conventions in this thesis.
(i) O is a complete discrete valuation ring with a uniformizer .
(ii) & is the residue field and K is the quotient field.

(iii) The symbol ® means the tensor product taken over the complete discrete valuation
ring O.

(iv) Ais an O-order and A= A® k = A/eA.

We denote by latt-A the full subcategory of mod-A consisting of A-lattices. A sequence
in latt-A is called exact if it is exact in mod-A. We denote by latt-A the stable module
category of latt-A by proj-A. Then, latt-A is closed under extensions, and the functor
D := Homp(—, O) induces the duality

latt-A +— latt-A°P.

We call I € latt-A an injective A-lattice if I € add(D(A°P)), where add(D(AP)) is the
full subcategory of latt-A consisting of direct summands of finite direct sums of copies of
D(A°P). We denote by inj-A and latt-A the category of injective A-lattices and the stable
module category of latt-A by inj-A.

By Theorem 2.2.6, the category latt-A is a Krull-Schmidt category, that is, any object
is isomorphic to a finite direct sum of objects whose endomorphism algebras are local.
In brief, any A-lattice admits a unique indecomposable finite direct sum decomposition
as an A-module. It follows from Theorem 2.2.8 that the category latt-A has enough
projectives. Let {ej,...,e,} be a set of idempotents of A. Theorem 2.2.6 yields that
{e14,--- ,e, A} is a complete set of isoclasses of indecomposable projective A-modules if
and only if {e14,...,e,A} is a complete set of isoclasses of indecomposable projective
A-modules since eA C rad(A).

An O-order A is called an isolated singularity if the algebra AR K is a semi-simple K-
algebra. For example, for a finite group G, the group algebra OG is an isolated singularity
if and only if char(K) does not divide the order of G or char(K) = 0 by Maschke’s theorem.
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In particular, For a p-modular system (K,O, k) of a finite group G, the group algebra
OG is an isolated singularity. By [A3], A is an isolated singularity if and only if, for any
X,Y € latt-A, the set of homomorphisms Hom 4(X,Y’) in latt-A has finite length as an
O-module.
We denote by
Q:latt-A — latt-A4, Q7!:latt-A — latt-A

the syzygy functor and the cosyzygy functor of A. We also denote by

Q:mod-A —s mod-4, Q!:mod-A — mod-A

the syzygy functor and the cosyzygy functor of A. If A is symmetric, the syzygy and
cosyzygy functors give category equivalences and quasi-inverse each other.
Lastly, we recall a well-known fact as Miyata’s theorem.

Theorem 2.3.3 ([M, Theorem 1]). Let R be a commutative noetherian ring and A an
R-algebra which is finitely generated as an R-module. Let E:0 - L - F — M — 0 be a
short exact sequence in mod-A. If £~ L & M as A-modules, then E splits.

2.4 Dynkin and Euclidean diagrams

We list Dynkin and Euclidean diagrams. The following labelled undirected graphs are
called finite Dynkin diagrams.

[ )
An e o e -+ _e— @ EG o— 0 —90o—0—o
(1,2) °
B, e—e—e—.--—0—09 ‘
C, .@.7.7...7.7. E; o——e—90o—0o—0o—o
° [
D, \O—O—n-—o—o ‘
o/ Es oe—0—9o—0o—0o—0o—o
(n vertices and n > 4.) P JEY,
Gs 0(3’1)0
The following are infinite Dynkin diagrams.
AOO ® —0 — 0 — - - - [ ]
(1,2) DOO \.7.7...
BOO e — 0 — @ — - /
[ J
Coo (271).7.7.” A£ et @ — @ —— @ —— - .
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The following are Euclidean diagrams.

\
/

° ° o — oo B
En .(1,2).7 o 7.(2,1). Eg 07.7.7:7.
c . (2,1) . e e (1,2) . .
o\ /. FE~ e —— 06— 90— 90— 0 —0 0o
5n o — — e °
o/ \o _
oy E e e  e— oe— e— e—
BC,, 0(1’2)070— 7.(1’2). ~8 . . 0(21)0 ° . . °
L4 F472 Y A J—
BD, o"e ..o =~ (1.3)
., Ga1 o——e o
~ (3,1)
— s G2,2 e —@o© []
CD, Chy e ~ (1,4)
\. A171 ° °
12[12 .(2,2)0

Here, we note that go is a single loop with one vertex and A is the underlying graph of
the Kronecker quiver.

2.5 Valued stable translation quivers

In this section, we recall notations on stable translation quivers. A quiver @ = (Qo, @1, s, 1)
is a quadruple consisting of two sets Qg and @)1, and two maps s,t : Q1 — Q. Each el-
ement of Qo and @ is called a vertex and an arrow, respectively. For an arrow « € Q1,
we call s(a) and t(«) the source and the target of «, respectively. We understand that
quivers are directed graphs. We write @ for the underlying graph of Q. Given two quivers
Q@ and A, a quiver homomorphism f : Q — A is a pair of maps fy : Qo — Ag and
fi: Q1 — Ay such that (s x t) o f1 = (fo X fo) o (s x t). In this section, we assume
that quivers have no multiple arrows, that is, the map (s x t) is injective. Let (Q,v) be a
pair of a quiver @ and a map v : Q1 — Z~g X Z~g. For an arrow z — y of ), we write
v(r — y) = (duy, dy,), and we understand that there is no arrow from z to y if and only if
dpy = d'Iy = 0. Then, (Q,v) is called a valued quiver, and the values of the map v are
called valuations. For an arrow o : x — y with d, , = d;,y = 1, we usually omit to write
the valuation of a. For each vertex x € Qg, we set

st ={yeQo|lz—ycQi}, 27 ={yeQ|y—zecQi}
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Note that a quiver is determined by the set + (or z7). A quiver @ is locally finite if
2T Uz~ is a finite set for any z € Qp, and Q is called finite if the sets Qg and @ are
finite sets. A translation quiver is a triple (Q, @, 7) of a locally finite quiver @, a subset
Q) C Qo and an injective map 7 : Qf — Qo satisfying 2~ = (72)". If Q) = Qo and T is
bijective, the translation quiver is said to be stable. Then, we write (@, 7) for the stable
translation quiver, simply. Let C be a full subquiver of a stable translation quiver (@, 7).
Then, C is a (connected) component if the following three conditions are satisfied.

(i) C is stable under the quiver automorphism 7.
(ii) C is a disjoint union of connected components of the underlying undirected graph.
(iii) There is no proper subquiver of C that satisfies (i) and (ii).

A quiver homomorphism f from a translation quiver (Q,Qf,7) to a translation quiver
(A, A}, ') is a translation quiver homomorphism if fy o7 = 7/ o fy is satisfied on
Qp- It is easily seen that 7 induces a translation quiver automorphism when (Q, Qf, 7) is
stable, and we use the same letter 7. In this thesis, we denote by Aut,(Q) the set of all
translation quiver automorphisms of (Q, 7). Let @ and A be two stable translation quivers.
A surjective translation quiver homomorphism f : @ — A is a covering if f|,+ gives a
bijection between xt and (f(x))".

For a stable translation quiver (Q,7) and a subgroup G C Aut.(Q), we define the
translation quiver homomorphism 7 : Q — Q/G by mg(z) = Gz for © € Qp. A subgroup
G C Aut,(Q) is admissible if each G-orbit intersects 2™ U {z} in at most one vertex and
x~ U{x} in at most one vertex, for any x € Q9. Then, the map 7 is covering.

Definition 2.5.1. A valued stable translation quiver is a triple (Q,v,7) such that
(i) (Q,v) is a valued quiver,
(ii) (@, ) is a stable translation quiver,

(iil) v(ry — x) = (d},y, dzy) for each arrow z — y.

Given a valued quiver (Q,v), one can construct the valued stable translation quiver
(ZQ,v,7) as follows.

o (ZQ)o :=Z x Qo.

o (n,2)":={(ny) |yeatu{(n+1,2) | z€a}.

o 0((n,2) = (1Y) = (duy, dyy), 0((n = 1,y) = (n,2)) = (d s duy)-
o o((n,2)) = (n—1,z).

We write it simply Z(Q. Note that Z() has no loops whenever () has no loops.
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Lemma 2.5.2 ([B, Lemma 4.15.2]). Let T be a directed tree and (@, 7) a stable translation
quiver. Given a quiver homomorphism f T — @Q, there is a unique translation quiver
homomorphism f : ZT — @ such that f(0,x) = f(z).

Proof. For m € Z and z € T, let f(m,x)~: 7™ f(x). Then, the morphism f is a

translation quiver homomorphism satisfying f(0,z) = f(x). The uniqueness is clear by the
definition of translation quiver homomorphisms. O

Lemma 2.5.3 ([B, Lemma 4.15.3]). Let 7" and 7" be directed trees. Then, ZT ~ ZT" as
stable translation quivers if and only if T ~ T".

Proof. Obviously, if ZT ~ ZT' implies that T = T’. Define f : T — ZT’ as follows.
First, we choose a vertex x € T, and let f(xz) = (0,x). As T is connected, we may
extend this uniquely to a quiver homomorphism f : T — ZT” in such a way that f send
each z € T to (ng,z) for some n, € Z. By the above lemma, we have f : ZT' — ZT"
such that f (0,2) = (ng,x). Then, f is an isomorphism since the morphism defined by
ZT' > (0,2) — (—ng,z) € ZT is its inverse. O

The following theorem is well-known and it is effective to describe the structure of
stable translation quivers [Ri], see also [B, Theorem 4.15.6].

Theorem 2.5.4 (Riedtmann’s structure theorm). Let (@, 7) be a stable translation quiver
without loops and C a connected component of (@, 7). Then, there exist a directed tree
T and an admissible group G C Aut, (ZT) such that C ~ ZT/G as stable translation
quivers. Moreover, T is uniquely determined by C, and the admissible group is unique up
to conjugation.

In Theorem 2.5.4, the underlying undirected tree T is called the tree class of C.

Let (@, 7) be a connected stable translation quiver. A vertex x € @) is called periodic
if = 7%z for some k > 0. If there is a periodic vertex in @, then all vertices of Q are
periodic. Indeed, if z is a periodic vertex in (), then there is a positive integer and n, such
that 7"»x = z. Since (@, 7) is a stable translation quiver, 7= induces a bijection on the
finite set T, and so some power of 7" stabilizes T elementwise. Hence, all vertices in =™
are periodic. It follows that all vertices are periodic. In this case, (@, 7) is called periodic.

Definition 2.5.5. Let I be a set. A Cartan matrix on [ is a function C : I x I — Z
satisfying the following properties.

(i) Foralli e I, C(i,i) = 2.

(ii) C(i,5) < 0 for all i # j, and for each i, we have that C(i,j) < 0 for only finitely
many j € 1.

(iii) C(i,7) # 0 if and only if C(j,7) # 0.
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Let (Q,v) be a connected valued quiver without loops and two cycles. Then, (Q,v)
gives rise to a Cartan matrix on Qo:

2 ifx=uy,

—d ifyeat
C _ Ty )
(2,y) —dy, . ifyea,
0 otherwise.

The above Cartan matrix is denoted by C¢).

Definition 2.5.6. Let C be a Cartan matrix on I. A subadditive function for C is a
function ¢ : I — Q¢ such that it satisfies

> Cla,y)(y) > 0

yel

for all x € I. A subadditive function ¢ is called additive if the equality holds for all x € 1.
We say that a connected valued quiver ) admits a subadditive function when there exists
a subadditive function for a Cartan matrix on Q.

Remark 2.5.7. Let (Q, v, 7) be a connected valued stable translation quiver without loops,
and let T be the tree class of Q. If a function £ : Qg — Qs satisfies £(7x) = £(x) and

2(z) > Y dyly)+ > dly),

yex—NT yExtNT
then the restriction /|7 is a subadditive function for the Cartan matrix C. on To.

The following theorem is a generalization by D. Happel, U. Preiser and C. M. Ringel of
characterizations of Dynkin and Euclidean diagrams by E. B. Vinberg [V] and S. Berman,
R. Moody and M. Wonenburger [BMW].

Theorem 2.5.8 ([B, Theorem 4.5.8]). Let (A,v) be a connected valued quiver without
loops. If A admits a subadditive function ¢, then the following statements hold.

(1) The underlying undirected graph A is either a finite or infinite Dynkin diagram or a
FEuclidean diagram.

(2) If £ is not additive, then A is either a finite Dynkin diagram or A..
(3) If £ is additive, then A is either an infinite Dynkin diagram or a Euclidean diagram.

(4) If £ is unbounded, then A is A...
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2.6 Indecomposable modules over a special biserial algebra

Throughout this section, k is an algebraically closed field. Let ) be a quiver, which
admits loops and multiple arrows. Set Q7 = {a* | @ € Q1}. We understand that the
symbol a* is the formal inverse arrow of «, that is, a* is an arrow such that s(a*) = t(«),
t(a*) = s(a) and o™ = «. For a path w = cjco---¢, in @, we define s(w) = s(cy),
t(w) = t(ep) and w* = cicl_y---cj. If w is the path with the length 0 at a vertex a,
then we understand that w is the trivial path ¢, with s(e,) = t(es) = a and €} = &,.
A walk with length n is a sequence w = cica--- ¢, such that each ¢; € Q1 U Q7] and
t(c;) = s(cip1) fori =1,2,...,n — 1, and w is called reduced if w is either a trivial path
or a walk with positive length such that ¢;11 # ¢} for all i =1,2,...,n — 1. Given a walk
w, the source s(w) and the target t(w) are also defined. For two walks wy = ¢11 - - ¢1,, and
Wg = C91 * * * Cam, the product wiws is defined by

Wi = C11 " C1nC21 " * - Com lf t(wl) = S(w2)7
Ehe 0 otherwise.

If w is a walk with s(w) = t(w), then one has also arbitrary powers w’ of w. Assume that
w = c1Cz - - - ¢y is a reduced walk with positive length. The walk w is called a reduced
cycle if s(w) = t(w) and ¢, # ¢j. We say that a non-trivial path p is contained in w if
p or p* is a subwalk of w. A relation in ) with coefficients in k is a k-linear combination
of paths of length at least two having the same source and target.

For a finite quiver @), the path algebra, say k@), is defined as follows. As a k-vector

space,
kKQ= P kv,

w:a path in Q
and the product in k@ is defined as the product of walks. Then, there is a direct sum
decomposition

kQ =kQoDkQ1 DkQ2 D ---

as k-vector spaces, where, for each [ > 0, the k-vector space k(Q); is the subspace of kQ
generated by the set of all paths with length [ in Q). A two-sided ideal 7 in k(@) is admissible
if there exists a positive integer n > 2 such that

@k@l cIcC @le.

I>n 1>2

If Z is an admissible ideal in k@, then the factor algebra k@ /Z is finite dimensional, and
the factor algebra k@ /Z is called a bound quiver algebra. Let kQ/Z be a bound quiver
algebra. A path w is called a zero path if w belongs to Z. A zero path with minimal
length is called a zero relation of kQ)/Z. For non-zero paths p and ¢ from a vertex a to
a vertex b, the pair (p, q) is a binomial relation of kQ/Z if there exists (A, u) € k* x k*
such that A\p + pg € 7.
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Let A be a basic finite dimensional algebra over k and {ey,...,e,} a complete set of
primitive orthogonal idempotents of A. Then, we define the Gabriel quiver of A, which
is denoted by @y, as follows:

(a) The set of vertices is {1,2,...,n}.

(b) We draw dimy (e, (rad(A)/(rad(A)?))ep) arrows from a to b.

Note that the Gabriel quiver of A does not depend on the choice of a complete set of
primitive orthogonal idempotents in A. For each arrow « : a — b in Qy, let x, € rad(A)
such that {z, +rad(A)? | a:a — b} forms a k-basis of e,(rad(A)/(rad(A)?))ep. Then, the
map ¢ : kQx — A defined by

a+— €gq, o — Ty (a S (Q/\)Oa (ORS (QA)l)

is a surjective k-algebra homomorphism. It is easy to see that Ker(i) is an admissible ideal
in kQx. Thus, we have:

Theorem 2.6.1 ([ASS, Chapter II, 2.9. Corollary and 3.7. Theorem]). Let A be an
indecomposable finite dimensional algebra over k. Then, there exists a finite connected
quiver Q and an admissible ideal Z in k@ such that A is Morita equivalent to kQ/Z.
Moreover, the admissible ideal Z is generated by finite relations in Q.

Let @ be a finite quiver. A k-linear representation of Q) is a system (M, fa)acQo,0cQ:
consisting of k-vector spaces M, and k-linear maps fq : M) — My(q). The k-linear rep-
resentation M = (M, f,) is said to be finite dimensional if the sum > o dimi(M,)
is finite. For two k-linear representations of @, say M = (M, fo) and N = (Ng, ga), a
morphism of representations ¢ : M — N is a family ¢ = (¢4)eecq, of k-linear maps
Ya : My — Ny (a € Qo) that are compatible with the structure maps f, and g,, that is,
the following square is commutative for all @ :a — b € Q1:

Ma g Mb

«pal l%

Na ga; Nb

The composition of morphisms of representations is naturally defined.

For a path w = wj ---w; with length t, we define the morphism ¢, = ©Yuw, - - - Quw, -
Then, for a relation p = Y ;" | Ayw; in @, we also define the morphism ¢, = >"7" ;| \iw, -
A k-linear representation M = (Mj, fo) is said to be bound by Z if we have f, = 0 for
all pe 7.

Given a finite quiver @ and an admissible ideal Z in k@, we define rep(Q) (resp.
rep(@,Z)) to be the k-linear category consisting of finite dimensional k-linear represen-
tations of @ (resp. finite dimensional k-linear representations bound by Z) and morphisms
of representations.
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Theorem 2.6.2 ([ASS, Chapter III, 1,6 Theorem]). Let {e1,...,e,} be a complete set of
primitive orthogonal idempotents in k@ (or kQ/Z). Then, there is a k-linear equivalences
of categories

mod-(kQ) <= rep(Q), mod-(kQ/T) <~ rep(Q,T),

which send M to (M, fa), where M, = Me,,
Ja it Myq) 2 m— ma € Myq).
We identify these two categories.

Definition 2.6.3. A bound quiver algebra A ~ k@Q/Z is called special biserial if the
following two conditions are satisfied.

(i) For each vertex x of Q, fz* <2 and fz~ < 2.

(ii) For each arrow « of @, there exist at most one arrow [ such that a5 ¢ Z and at most
one arrow « such that ya ¢ Z.

Brauer graph algebras are symmetric special biserial algebras. The converse is also
true by K. Erdman and A. Skowronski [ES]. On Brauer graph algebras, see [S]. B. Wald
and J. Waschbiisch showed that special biserial algebras are of tame representation type
by classifying indecomposable modules over such an algebra into “string modules” and
“band modules” [WW]. Moreover, we can construct all finite dimensional indecomposable
modules over a special biserial algebra by using a combinatorial method. In this section,
we recall the construction of indecomposable modules over a special biserial algebra, see
[Erd], [HL] for details.

Let A = kQ/Z be a bound quiver algebra. A reduced walk w is said to be a string
path of A if each path contained in w is neither a zero relation nor a maximal subpath of
a binomial relation of A. A non-trivial reduced cycle is said to be a band path of A if
each of its powers is a string path and it is not a power of a string path with less length.

For each string path w of A, the string module M (w) is defined as follows. If w = &,
then M (w) is the simple A-module corresponding to a. For a non-trivial w = cjco - - - ¢y,
M (w) is the k-linear representation (M (w)q, M (w)4) given by the following. For 1 <i <
n+1, we set k(i) = k. Given a vertex a of @, we define M(w), = @P;cyy, k(i), where

Wae=1{i]s(¢;)=atU{n+1]t(c,) =a}.
For 1 <14 < n, we define the k-linear map f., by

o k(i)—>k(i—|—1), r+—x if ¢ € Q1,
“ k(i+1) — ki), z+—az ifc¢ €QF.

Given an arrow « of @, we define M (w), as the direct sum of the k-linear maps f,, such
that ¢; = o or ¢] = a.
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Let w = c1c9 -+ - ¢, be a band path of A and V a finite dimensional indecomposable left
k[x, 27 !]-module. We construct the band module N (w, V) corresponding to w and V as
follows. For 1 <i <n, weset V(i) = V. For 1 <i <n,let f.. be the k-linear map defined
by

V(i) —V(@E+1), v—v ifl<i<n-1andc¢ € Q,
;) V(@iEi+1) — V@), v—w ifl<i<n-—1andc¢€Q,
Je: V(n) — V(1), v—av  ifi=nandc, € Q1,

V(1) — V(n), vi— 2ty ifi=nand ¢, € Q}.

For a vertex a of @, we define N(w,V)q = @;epy V (i), where
W ={i| s(c;) = a}.

For an arrow a of Q, we define N(w, V), as the direct sum of the k-linear maps f. such
that ¢; = o or ¢ = a.

Theorem 2.6.4 ([WW, (2.3) Proposition]). Let A be a special biserial algebra. Then, the
disjoint union of string modules, band modules and all projective-injective modules corre-
sponding to the binomial relations forms a complete set of isoclasses of finite dimensional
indecomposable A-modules.

Remark 2.6.5 ([Erd, Chapter II] and [HL]). (1) Let w; and wy be string paths of A.
Then, the string modules M (w;) and M (ws) are isomorphic each other if and only
if wy = wy or wy = wj.

(2) Letw = ¢1 - - - ¢, be aband path. A rotation of w is a walk of the form ¢; 11 - - ¢per -+ - ¢
Given two band paths w; and ws, the band modules N (w1, V) and N(ws, V) are iso-
morphic each other if and only if ws is a rotation of w; or a rotation of wy.

(3) A finite dimensional left k[z, z~!]-module is a finite dimensional k-vector space together
with a k-linear automorphism f. If the module is indecomposable, then f is similar to
a Jordan block

A 1 o o 0
0 AN - - 0

J(A\,m) = :
0 Al

0 A

for some A € k* and m € Z~.



3. ON THE SHAPES OF STABLE AUSLANDER-REITEN COMPONENTS
FOR A SYMMETRIC ORDER

Auslander—Reiten theory for the lattice category latt-A was developed by many authors
including M. Auslander and I. Reiten, for example see [A2, A3, A4, AR3, ARS, AS, Bu,
I, 13, K4, Rol, Ro2, RoS, Ru, Y]. In this theory, the existence theorem of almost split
sequences is essential. There are two approaches to show the existence of almost split
sequence, one is based on an explicit calculation of extension groups [ARS] and the other
one is based on the concept of dualizing O-varieties [AR2]. Let A be a Gorenstein O-order.
Then, the existence of almost split sequences for latt-A was studied in [A2] and [AR3].
Recall that the category latt-A admits almost split sequences if and only if A is an isolated
singularity.

In this chapter, we deal with the case that A is not an isolated singularity. It follows
from [AR3, Theorems 2.1 and 2.2] that an A-lattice M appears at the end of an almost
split sequence if and only if M ® K is projective as A ® K-module. Thus, we introduce
the full subcategory of latt-A consisting of A-lattices M such that M ® K is projective
in Section 3.4. The subcategory will be denoted by latt®-A in this thesis, and we will
introduce the stable Auslander—Reiten quiver I's(A) for latt®-4 when A is a symmetric
O-order in Section 3.6.

The first main result of this thesis is on the shapes of stable Auslander—Reiten compo-
nents of a symmetric O-order, which appears in [AKM] and [M1].

Main Theorem (Proposition 3.7.5, Theorems 3.7.6 and 3.7.14). Let C be a component
of the stable Auslander-Reiten quiver of a symmetric O-order A. Assume that I's(A) has
infinitely many vertices.

(1) If C has loops, then C is 7-periodic. Furthermore, C \ {loops} is of the form ZA, /(7).
In this case, the loops appear only at the endpoint of C:

(2) If C has no loops, and is 7-periodic, then C is of the form ZT /G, where T is a directed
tree whose underlying graph is one of infinite Dynkin diagrams and G is an admissible

group.
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(3) If A®« is of finite representation type, then the tree class of C is one of infinite Dynkin
diagrams or Euclidean diagrams.

3.1 'The ext group and the space of extensions

For an O-order A and A-lattices M, N, we identify often the ext group Exty (M, N) and
the set of equivalence classes of extensions of M by N for some equivalence relation. In
this section, we recall this identification. Note that since latt-A is closed under extensions,
latt-A admits push-outs and pull-backs.

Let E:0 >N —-F—M—0andE :0— N — E' — M — 0 be two extensions of
M by N. We write E ~ E' when there is an A-module homomorphism f : E — E’ such
that the following diagrams is commutative:

E: 0 N E M 0
E : 0 N E’ M 0

By the five lemma, the A-module homomorphism f is an isomorphism. Thus, the relation
~ is an equivalence relation. We denote by EXT}4(M , ) the set of equivalence classes of
the set of extensions of M by N. We write [E] for the equivalence class represented by E.

For A-lattices M and N, we define 0ps y to be the canonical splittable exact sequence

(‘")

In
Oun:0— N~ N O hp o,

LetE:O—)NLE&M%OandE’:0—>Nf—)E’g—/>M—>ObetwoextensionsofM
by N. Then, we define [E] + [E'] to be the equivalence class of the extension

0 NS a0

with E” = U/V, where U = {(z,2') e E® E' | g(z) = ¢ (')}, V ={(f(x),—f'(z)) | = €
N}, f"(z) = (f(2),0)+V and ¢"((x,2') + V) = g(x). As latt-A is closed under extensions,
E" is an A-lattice. The addition + in EXTY(M,N) is called the Baer sum. Then,
EXTY (M, N) is an abelian group with the Baer sum whose the zero element is [0y y]. Let
U and V be two A-lattices. For A-module homomorphisms u : N — U and v : V — M,
we define u[E] and [E]v by the lower exact sequence of the push-out along (f,u) and the
upper exact sequence of the pull-back along (g,v), respectively.

Let [E] = [0 = N - E - M — 0] € EXTY{(M,N) and P» 22 P 24 Py — M be
the minimal projective presentation of M. Then, we obtain the following commutative
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diagram since Fy and P; are projective:

p2 r1

P P Po M 0
&1 &o 1m
v v
[El: o0 N E M 0

Define two maps
Emy : EXTY (M, N) — Extl(M, N) = KerHom a(pa, N)/ImHom 4(p1, N)

and
Yun : Exty(M, N) — EXTYL (M, N)

by the following. The map Zj/ y is given by Zas v ([E]) = &14+ImHom 4(p1, N) € Extly (M, N).
Let f + ImHom4(p1, N) € Extl(M,N). Since Ker(p;) = Im(pz), we infer that there is
a € Homy(Im(p1), N) such that f factors through a. To define ¥y n, we consider the
push-out diagram along (p1, @)

p1

00— Im(p1) Py M 0
CE
0 N FE M 0

Then, ¥y n(f 4+ ImHom 4(p1, N)) is to be the lower exact sequence of the above commuta-
tive diagram. It is easy to show that s x and Xy n are well-defined and the inverse map
of the other. Moreover, these maps are (End4(NV), End4(M))-bimodule homomorphisms
[SY1, Chapter III, Theorem 3.5 and Proposition 3.8].

3.2 The radical of morphisms

Let A be an O-order. For A-lattices M and N, the radical of Hom4 (M, N) is the O-
submodule of Hom4(M, N) consisting of f € Hom4(M, N) such that 15, — gf is invertible
for any g € Hom4 (NN, M). The radical of Hom4(M, N) is denoted by rad(M, N). By the
definition, we have rad(M, M) = radEnd4(M).

Lemma 3.2.1 ([ASS, Appendix. 3.3 Lemmal, [SY1, Chapter III. Lemma 1.1, Proposition
1.2]). Let M and N be A-lattices. Then the following statements hold.

(1) The equality
rad(M,N) = {f € Homa(M,N) | 15 — fg is invertible for any g € Hom4 (N, M)}

holds.
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(2) The radical rad(—, —) is an ideal in latt-A.
Proof. (1) We only show that

rad(M,N) C {f € Homa(M,N) | 1y — fg is invertible for any g € Hom4 (N, M)}.

The converse is similar. For any f € rad(M,N) and any g € Homa (N, M), there is
¢ € End4(M) such that o(1ps — gf) = (1ar — 9f)e = 1. Then, ¢ := 1y + feg is the
inverse morphism of 1xy — fg.

(2) Let f € rad(M,N) and h € Hom (N, L). For any g € Hom (L, M), the A-module
morphism 1), — ghf is invertible by the definition of rad(M, N) . Thus, hf € rad(M, L).
By the statement (1), for any h € Hom4(L, M), we have fh € rad(L, N). O

In particular, for A-lattices M = M1 ®---® M, and N = N1 B --- P Ny, an A-module
homomorphism f = (f;;) : M — N is in rad(M, N) if and only if f;; : M; — Nj is in
rad(M;, Nj) for each i, j.

Lemma 3.2.2 ([SY1, Chapter III. Lemma 1.4]). Let M and N be two indecomposable
A-lattices. Then, rad(M, N) is the set of all non-isomorphisms.

Proof. Any f € rad(M,N) is a non-isomorphism. We show the converse. Let 0 # f €
Hom 4 (M, N') be a non-isomorphism and g € Hom 4(N, M). Then gf is a non-isomorphism.
Indeed, if g f is an isomorphism, Im(f) is a direct summand of NV since f is a section. As N is
indecomposable, the morphism f is surjective. Hence f is an isomorphism, a contradiction.
Since End 4 (M) is local, the morphism 15, — gf is invertible in End4(M). O

Let m > 1 be a positive integer. For two A-lattices M and N, we define the m-th
power of the radical rad™(M,N) to be the O-submodule of rad(M, N) consisting of
all finite sums of homomorphisms of the form f,, fn—1--- fof1 with f; € rad(M;_1, M;)
(i=1,...,m) for some A-lattices M = My, M, ..., My,—1, M,, = N. Clearly, rad™(—, —)
is an ideal in latt-A.

3.3 Almost split sequences

In this section, we introduce the notion of almost split sequences for latt-A.

Definition 3.3.1. (1) Let f: L — M be a morphism in latt-A. The morphism f is called
left minimal if every h € End4(M) with hf = f is an isomorphism, and is called left
almost split if it is not a section and every h € Hom4(L, W) which is not a section
factors through f.

(2) A morphism g : M — N in latt-A is called right minimal if every h € End4 (M) with
gh = g is an isomorphism, and is called right almost split if it is not a retraction
and every h € Hom 4(W, N) which is not a retraction factors through g.
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(3) A morphism f is said to be left minimal almost split in latt-A if f is both left
minimal and left almost split.

Similarly, a right minimal almost split morphism in latt-A is defined.
(4) A morphism f € Hom (M, N) is said to be an irreducible morphism, provided that

(i) the morphism f is neither a section nor a retraction,

(ii) if f = faf1, then either f; is a section or fo is a retraction.
Lemma 3.3.2 ([ASS, Chapter IV. 1.8 Lemma]). The following statements hold.
(1) If f: L — M is left almost split in latt-A, then L is an indecomposable A-lattice.
(2) If f: M — N is right almost split in latt-A, then N is an indecomposable A-lattice.

Proof. We show only (1). The proof of the statement (2) is similar. Since f is not a section,
we have L # 0. Suppose that L = Ly ® Ly with L1 # 0 # Ly as A-lattices. Let p; : L — L;
be the canonical projection. Since Ker(p;) = L; # 0, the morphism p; is not a section. As
f is left almost split, there exists u; : M — L; such that p; = u;f for each i = 1,2. Then,
we have (Z;) f = 1p, a contradiction. O

Lemma 3.3.3 ([ASS, Chapter IV, 1.13 Lemma]). Let

0 L—t oy N 0
iu l Lw
0 L—F—>M—5—>N 0

be a commutative diagram in latt-A, where the rows are non-split exact sequences. Then
the following statements hold.

(1) If L is indecomposable and w is an isomorphism, then w is also an isomorphism.
(2) If N is indecomposable and u is an isomorphism, then w is also an isomorphism.

Proof. We only show (1). The proof of (2) is similar. We may assume that w = 1x.
Let [0] := [0 — L ERS VEENE TN 0] € EXTY(N,L). Then, the lower exact sequence

is u[6]. The fact that diagram is commutative means [0] = u[d]. As [0] # [On,z], we
have v ¢ radEnd4(L). Since Enda(L) is local, the A-module homomorphism wu is an
isomorphism. O

Corollary 3.3.4. Let 6 : 0 — L ENY VNS SN 0 be a non-split exact sequence in latt-A.
Then the following statements hold.
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(1) If L is indecomposable, then g is right minimal.
(2) If N is indecomposable, then f is left minimal.
Lemma 3.3.5 ([ASS, Chapter IV. 1.8 Corollary]). The following statements hold.

(1) If f: L — M is irreducible and injective in latt-A and suppose that Coker(f) is an
A-lattice, then Coker(f) is indecomposable.

(2) If f: M — N is irreducible and surjective in latt-A, then Ker(f) is an indecomposable
A-lattice.

Proof. Let f be an irreducible morphism in latt-A. We show that f is either a proper
monomorphism or a proper epimorphism. Since f is neither a section nor a retraction, f is
not an isomorphism. Assume that f is not surjective. Consider the following commutative
diagram:

L—M

/

Im(f)

Since the inclusion Im(f) — M is not surjective and f is irreducible, the map L — Im(f)
is a section. In particular, f is injective.

Let f : L — M be an injective irreducible morphism. By the above arguments, f is
not surjective. Hence, the cokernel of f is not zero. By the assumption, Coker(f) is an
A-lattice. Suppose that Coker(f) = N; @ N with N; # 0 # Ny as an A-lattice. Let
u; : N; — Coker(f) be the canonical inclusion for ¢ = 1,2 and p : M — Coker(f) the
canonical projection. Then, there is no A-module homomorphism v; : M — N; such that
p = u;v;. Consider the pull-back diagram along (p, u;):

0 Ll vy 2 N, 0
)
0 L 7 M pCoker(f)—>o

Since f is irreducible, either f’ is a section or w is a retraction. If w is a retraction
with the right inverse morphism w’, we have p = u;g’w’, a contradiction. Thus, f’ is a
section, and hence ¢’ is a retraction. Let ¢” be the right inverse morphism of ¢’. Take
w} := wg”. Then we have pu] = u;¢'g” = u;. Now, we define an A-module homomorphism
u’ : Coker(f) — M by v/ = (u},ufy). Then, the A-module homomorphism « is the right
inverse morphism of p. Thus, f is a section, which contradicts with the fact that f is

irreducible. The proof of (2) is similar. O

Lemma 3.3.6 ([ASS, Chapter IV. 1.10 Theorem]). The following statements hold.
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(1) If a non-zero A-module homomorphism f : L — M is left minimal almost split in
latt-A, then f is irreducible.

(2) If a non-zero A-module homomorphism ¢ : M — N is right minimal almost split in
latt-A, then g is irreducible.

Proof. We show only (1). The proof of the statement (2) is similar. By the definition of left
almost split morphisms, f is not a section. If f is a retraction, we have L ~ M & Ker(f).
By Lemma 3.3.2, the A-lattice M is indecomposable. Since M # 0, we have Ker(f) =0
by the indecomposablity of L. Thus, f is an isomorphism, a contradiction. Assume that
f = fof1 in latt-A and f; is not a section. Since f is left almost split, there exists an A-
module homomorphism g in latt-A such that f; = gf. As f is left minimal, the A-module
homomorphism f2g is an isomorphism. Hence, f; is a retraction. Ol

We have the following proposition as the case of finite dimensional algebras.

Proposition 3.3.7 ([A2, Chapter II Proposition 4.4] and [ARS, Chapter V, Proposition
5.9]). For a non-split exact sequence 0 — L LM% N S0 latt-A, the following
statements are equivalent.

(i) f is left minimal almost split in latt-A and g is right minimal almost split in latt-A.

(ii) f is left minimal almost split in latt-A.

)
)
(iii) f is left almost split in latt-A and N is indecomposable.
(iv) g is right minimal almost split in latt-A.

)

(v) g is right almost split in latt-A and L is indecomposable.

Proof. First, we show that the statements (i), (iii) and (v) are equivalent. By Lemma 3.3.2,
(i) implies (iii) and (v).

Assume that (iii) holds. By Lemma 3.3.2, the A-lattice L is indecomposable. Let
u: W — N in latt-A. We claim that if there is no an A-module homomorphism h : W — M
such that u = gh, then u is a retraction. Consider the pull-back diagram along (g, u):

0 —r sy w 0
0 L——f>=M—G5—>N 0

If ¢’ is a retraction, there exists h' : W — V such that u = gvh’, which contradicts the
choice of u. Thus, f’ is not a section. Since f is left almost split in latt-A, there is an
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A-module homomorphism w : M — V such that f/ = wf. Now, we have the following
commutative diagram:

0 L M N 0
lw U/
v
0 L y Vv - %74 0
! g

Since N is indecomposable, uu’ is an isomorphism by Lemma 3.3.3. Therefore, u is a
retraction, hence (v) follows. Similarly, (v) implies (iii).

Assume that (iii) and (v) hold. Then, Corollary 3.3.4 implies that f is left minimal
and ¢ is right minimal. Therefore, the statements (i), (iii) and (v) are equivalent.

Clearly, (i) implies (ii) and (iv). We show that (ii) implies (iii). It is enough to show
that N is indecomposable. However, the claim follows easily from Lemmas 3.3.5 and 3.3.6.
Similarly, (iv) implies that (v). O

An almost split sequence is a special kind of short exact sequences. Among equivalent
conditions in Proposition 3.3.7, we choose (v) as the definition of almost split sequences
for latt-A.

Definition 3.3.8 ([Ro2]). Let L, M and N be A-lattices. A short exact sequence in latt-A
0—L—M-—"5N-—0

is called an almost split sequence ending at N if the following two conditions are
satisfied:

(i) The morphism g is right almost split in latt-A.

(ii) The A-lattice L is indecomposable.

Lemma 3.3.9 ([ARS, Chapter V. Proposition 5.9]). For an exact sequence E: 0 — L EN

M % N =0, the following two conditions are equivalent.
(i) The exact sequence E is an almost split sequence.

(ii) The A-lattices L and N are indecomposable and the A-module homomorphisms f
and g are irreducible.

Proof. Tt follows from Lemma 3.3.6 and Proposition 3.3.7 that (i) implies (ii). We show
the converse. As g is irreducible, it is not a retraction. Let v : W — N in latt-A such that
v is not a retraction. We show that the A-module homomorphism v factors through g. We
may assume that W is indecomposable. By the proof of Lemma 3.3.5, one of the following
statements holds since f is irreducible:
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(a) Thereis u: W — M in latt-A such that v = gu.
(b) There is v/ : M — W in latt-A such that g = vu’.

In the first case, there is noting to prove. Assume the second case. By the definition of
irreducible morphisms, u' is a section since v is not a retraction. Thus, we have W =
M @ Coker(u') Since M # 0 and W is indecomposable, we have Coker(u’) = 0. Therefore,
«' is an isomorphism. But then we have v = gu™!. O

Lemma 3.3.10 ([SY1, Chapter III. Lemma 8.2]). Let E: 0 — L Ly M % N 0and
B0 L L M % N = 0 be almost split sequences for latt-A. Then the following
statements are equivalent.

(i) E and E’ are isomorphic as short exact sequences.

(ii) L and L' are isomorphic as A-lattices.

(iii) NV and N’ are isomorphic as A-lattices.

Proof. Clearly, (i) implies (ii) and (iii). We show that (ii) implies (i). Let w: L — L’ be an
isomorphism. Since f is left almost split and f’u is not a section, there exists v : M — M’
such that f'u = vf. Similarly, there exists v’ : M’ — M such that fu~' = v/f. Then, v
is an isomorphism because f and f” are left minimal. Consider the following commutative
diagram:

0 L—L -y N 0
lu l .
v
0 L ——> M ———> N’ 0
f g
Since u and v are isomorphisms, so is w. The proof that (iii) implies (i) is similar. O

It follows from Lemma 3.3.10 that an almost split sequence is uniquely determined by
the starting term, and is also uniquely determined by the ending term.

Definition 3.3.11. Let A be a Gorenstein O-order and 0 — L — M — N — 0 an almost
split sequence. We define the AR translations 7 and 7= by 7(N) = L and 7~ }(L) = M.

3.4 The existence of almost split sequences

The existence of almost split sequences was first studied by M. Auslander and I. Reiten
around 1971 for Artin algebras of finite representation type to analyze “Auslander algebras”
[AR2]. Let A be a finite dimensional algebra over a field k. In this case, it is well-known
that for every indecomposable non-projective finite dimensional A-module N, there exists
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the almost split sequence ending at N. Dually, for every indecomposable non-injective
finite dimensional A-module L, there exists the almost split sequence starting at N. For
example, see [ASS, Chapter IV. 3.1 Theorem| or [SY1, Chapter III. Theorem 8.4].

Let A be a Gorenstein O-order. Recall that, according to [A3], the category latt-A
admits almost split sequences if and only if A is an isolated singularity. When A is not an
isolated singularity, we have to consider a suitable full subcategory of latt-A which admits
almost split sequences. In this case, the existence of almost split sequences had been given
in [AR3].

Theorem 3.4.1 ([AR3, Theorems 2.1 and 2.2]). Let A be a Gorenstein O-order, M a
non-projective indecomposable A-lattice and N a non-injective indecomposable A-lattice.
Then, there exists the almost split sequence ending at M if and only if M ® K is projective
as an A ® K-module. Dually, there exists the almost split sequence starting at IV if and
only if N ® K is injective as an A ® K-module.

We denote by latt)-A the full subcategory of latt-A consisting of A-lattices M such
that M ® K is a projective A® K-module. If A®K is a self-injective K-algebra, the category
latt®-A admits almost split sequences. Moreover, Theorem 3.4.1 also implies that almost
split sequences in latt)- 4 are also almost split sequences in latt-A. Obviously, any finitely
genera(‘g)ed projective A-module belongs to latt®-A. We give other examples of A-lattices
in latt'®/-A.

Definition 3.4.2. Let A be a Gorenstein O-order and M be an indecomposable A-module.
We call each direct summand of (M) a Heller lattice of M.

Remark 3.4.3. The Heller lattice (M) of an indecomposable A-module M may not be
an indecomposable A-lattice. For instance, we consider a p-modular system (K, O, k) of
finite p-group G. Let ¢ be a valuation of the p-modular system. Let kg be the trivial
xkG-module. Then, the Heller lattice of k¢ is rad(OG), and it is well-known that rad(OG)
is decomposable if and only if |G| = p and ¢p(p) = 1.

Lemma 3.4.4 (J[AKM, Remark 1.12]). Any Heller lattice belongs to latt(?)-A.

Proof. Let M be an indecomposable A-module. Take the projective cover P PMy M in

latt-A. Let Zj; be a Heller lattice of M. By the definition of Heller lattices, Z,; is an
A-submodule of P. Hence, we have Z); ® K C P ® K. On the other hand, py/(eP) = 0
yields that e P is contained in Z;. Thus, we have P® K C Zj; ® K. O

Corollary 3.4.5. For any non-projective indecomposable Heller lattice Z, there exists the
almost split sequence ending at Z.

Remark 3.4.6. Heller lattices over group algebras are studied by S. Kawata [K3, K4].
Assume that (K, 0, k) D (K, 0, k') is an extension of p-modular systems of a finite group
G, k = K/ are algebraically closed and the ramification index is larger than 1 [P]. Then, any
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Heller lattice of OG is indecomposable, and it appears on the boundary of the Auslander—
Reiten quiver. Let M be a non-projective indecomposable kG-module, and Z,; the Heller
lattice of M. If we apply — ®¢ k to the almost split sequence ending at the Heller lattice
Zur, then it is direct sum of the almost split sequence ending at M and a splitable exact
sequence. Thus, Heller lattices over a group algebra are the most important lattices in
modular representation theory of groups.

3.5 The Construction of almost split sequences

It is natural to ask how to construct almost split sequences. In fact, any almost split
sequence is obtained by taking a suitable pull-back diagram [AKM, Proposition 1.15].
In this section, we explain how to construct almost split sequences in latt®)-A. This
construction is a generalization of [Th], and it was explained in [Ta] and [AKM, Appendix].
Set D' := Homp(—,K) and D” := Homp(—,K/O). We also set v = DHomu(—, A),
V' = D'Homa(—, A) and v = D"Homy(—, A). The functor v : latt-A — latt-A is called
the Nakayama functor, and it induces an equivalence between proj-A and inj-A. In
particular, there are bijections between the following three sets [Lu, Proposition 2.8]:

(i) The set of all indecomposable projective A-lattices.
(ii) The set of all indecomposable injective A-lattices.
(iii) The set of all simple modules.
Consider the injective resolution of O as an O-module:
0—0-5K2K/0—0

Lemma 3.5.1. For an A-lattice M, we have the exact sequence 0 — v(M) — V(M) —
v"'(M) — 0.

Proof. By applying the functor Homp (X, —), where X is an A-lattice, to the sequence
0—-0—=K—=K/O =0, we have

0 — Homo (X, 0) — Homo (X, K) — Homo (X, K/0O) — Exth(X, 0) = 0.
In particular, if we take X = Hom 4 (M, A), where M is an A-lattice, we obtain
0 — D(Hom (M, A)) — D'(Hom4(M, A)) — D" (Homa(M, A)) — 0
as required. O
Note that we had also obtained the exact sequence of functors

0 — D(-) — D'(-) — D"(-) — 0.
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Let M be an A-lattice, and let A : D((Hom4(M, A) @4 —)) = Hom4(—, v(M)) be the
functorial isomorphism. We define \’ and \” in the similar manner by replacing v with v/
and 1", respectively. We also define the natural transformation

war s Homyg (M, A) @ 4 — — Hom g (M, —)

by pm(X)(f ® ) = (m — f(m)x). Then, the functor pys induces the following three
morphisms of functors:

Dups : D(Homa (M, —)) — D(Hom (M, A) @4 —)
D'pups : D'(Homa(M, —)) — D'(Hom4 (M, A) ®4 —)
D"pps : D”(Homa(M, —)) — D" (Hom4 (M, A) ®4 —)

Lemma 3.5.2. We have the following commutative diagram of functors.

0 —> DHom 4 (M, —) —=— D'Hom 4 (M, —) —2—> D"Hom (M, —) —= 0

\L)\ODMM l/\,OD,NM lA"OD”MM
0 —> Hom(—,v(M)) —=> Hom(—, v/ (M)) —=> Hom 4(—, V" (M))
Here, p, =po— and 1, =10 —.

Proof. For an A-lattice N, it follows from Lemma 3.5.2 and the left exactness of Hom 4 (N, —)
that the rows are exact. Thus, it is enough to show that the diagram is commutative. Note
that the Hom-tensor adjointness

AN : D(Hom 4 (M, A) ® 4 N) = Hom 4 (N, v(M))

is given by f +— [z — (y — f(y ® z))]. By replacing D with D’ and D", we have explicit
formulas of X and A, respectively. Thus, for f € DHom (M, N), we have

Ay o D't (N) o w(f) = [z = (y = ef s (N))(y @ )] = tun © An © D (N)(f).
Similarly, the right squire in the diagram is commutative. O
Lemma 3.5.3. Let M be an object in latt(®)-A. Then, we have a functorial isomorphism

Homsgx(M @ K, AR K) ®4 — ~ Hom g (M @ K, — ® K).
Proof. The statement follows immediately since M ® K is projective. O

Corollary 3.5.4. Let M be an object in latt()-A4 and X an A-lattice. Then, Coker(si37(X))
is a torsion O-module.



3. On the shapes of stable Auslander—Reiten components for a symmetric order 44

Proof. Let q : Coker(ppr(X)) = K ® Coker(pas (X)) be the canonical homomorphism. We
show that Ker(q) = Coker(upr(X)). Consider the following commutative diagram

Homa (M, A) ®4 X () Hom4 (M, X) Coker(pup (X)) —=0

| | )

K ®Homy(M,A) @4 X K ® Homy (M, X) K ® Coker(up (X)) =0

- - il

Hom agic (M @ C,A® K) @4 X == Homagx (M @ K, X ® K) — K ® Coker(up (X)) =0

Thus, we conclude that @ Coker(pp(X)) =0, and ¢ = 0. O

Lemma 3.5.5 ([AKM, Lemma A.1]). Let X be an A-lattice and M € latt®-A. Then, the
following statements hold.

(1) D'ppr(X) is an isomorphism and natural in X.
(2

(3
4

) Dups(X) is @ monomorphism and natural in X.

) If M is a projective A-module, then Dpps(X) is an isomorphism.
) D”ppr(X) is an epimorphism and natural in X.

(5) The sequence

AxoDpp (X) pro(Ny oD’ pps (X))~ Lory

DHom (M, X) Hom (X, v(M)) » D"Hom (M, X)

is exact.

Proof. (1) Since Coker(ups(X)) is a torsion O-module, D'Coker(pps(X)) = 0. Indeed, if
there is a non-zero O-module homomorphism f € D’(Coker(ua(X))), we can take x €
Coker(par(X)) such that f(x) # 0. Let r € O be a non-zero element of O such that
rz = 0. Then, we have rf(z) = f(rxz) = 0, a contradiction. Thus, we have

0 — D'Homa(M, X) 2, b (Hom 4 (M, A) ©4 X) — Exth(Coker(juas (X)), ).
As K is an injective O-module, we conclude that D’Hom 4 (M, X) ~ D'(Hom 4 (M, A)®4 X).

(2) As Coker(upr(X)) is a torsion O-module, we have also DCoker(pps(X)) = 0. Hence,
(2) follows.

(3) If M is projective, the functor pps is an isomorphism. Thus, Dujy is also isomor-
phism since D induces the duality between latt-A and latt- A°P.

(4) As K/O is also an injective O-module, we have Ext})(Coker(uar(X)),/0O) =
Thus, the statement (4) holds.

(5) The exactness of the sequence follows from (1) and the commutative diagram in
Lemma 3.5.2. O
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Lemma 3.5.6 ([AKM, Lemma A.2]). Let M be an A-lattice and py; : P — M the
projective cover. Let L = D(Coker(Hom4(par, A))). Then, the following sequences are
exact in latt-A.

0— L —u(P) " (i) — 0

AoDypips (—)
5

0 — DHom 4 (M, —) Hom s (—,v(M)) — Exty(—,L) — 0

Proof. By applying the functor D to the exact sequence

0 — Hom4 (M, A) Homalpar.A), Hom 4 (P, A) — Coker(Hom4(pas, A)) — 0,

we have the exact sequence

0— L —s v(P) 2 y(0) — 0.

Since v gives an equivalence latt-A — latt-A, v(P) is an A-lattice, so is L.
For any A-lattice X, we obtain the exact sequence

Hom 4 (X, v(P)) — Homa(X,v(M)) — Ext} (X, L) — Ext4(X,v(P)) =0

since v(P) is an injective A-lattice. Thus, by Lemma 3.5.5, we have the following diagram
with exact rows.

v «:=Hom 4 (X,v
Hom(X, v(P)) — = =HomaCtv®an)) o (3 (M) — Extl(X, L) —= 0

0 — DHom4 (M, X) py—— Hom (X, v(M)) — D"Hom4 (M, X)

We show that v(pas)« factors through Ax o Dyups(X). Consider the following commutative
diagram:

p?y] ®1dX

HomA(M,A) R4 X HomA(P,A) ®a4 X

luM(X)
Hom 4 (M, X)

J/MP(X)
Hom4 (P, X)

phri=Homa(prr,X)

By applying D to the above diagram, we obtain the commutative diagram

Hom 4 (X, v(M)) V) Hom A (X, (P))
)\XOD(#M(X))T TAXOD(HP(X))
Dpiy
DHom 4 (M, X) DHom 4 (P, X),
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and Ax o D(up(X)) is an isomorphism. Therefore, v(pas)s« factors through Ax o DuM(X)
Since Dpj, is an epimorphism, the image of v(ps). coincides with Im(Ax o D(up(X))),
and we get the desired exact sequence. O

It follows from Lemma 3.5.6, we have the commutative diagram:

0 ——Im(v(p)x) ——— Homu (X, v(M)) Exty(X,L) —=0
Y,
v

0 — Im(Ax o D(uar(X))) —= Homu (X, v(M)) —— D"Hom 4 (M, X)

We notice that the A-module homomorphism tf’M : Exty(X,L) — D"Homa(M,X) is
injective.

Corollary 3.5.7. Let M be an indecomposable A-lattice and pys : P — M the projective
cover. Then, soc(D"End4(M)) is a simple End 4(M)-module, and there is an isomorphism

soc(Exty (M, L)) ~ {f € D"(Enda(M)) | f(radEnd4(M)) = 0}.
Now, we are ready to give the construction of almost split sequences for latt(®-A.

Theorem 3.5.8 ([AKM, Proposition 1.15]). Suppose that A is a Gorenstein O-order and
M is an indecomposable non-projective A-lattice belonging to latt)-A. Let py i P— M
be the projective cover. For ¢ € Hom (M, v(M)), we consider the pull-back diagram along

(V(pM)v (P):

0 L—r g oy 0
.
0 I v(P) X)) ——

Then the following (1) and (2) are equivalent.
(1) The upper exact sequence 0 — L — E — M — 0 is an almost split sequence.
(2) The following three conditions hold.

(a) ¢ does not factor through v(pyy).
(b) The A-lattice L is an indecomposable.
(c) For all h € radEnd4 (M), ph factors through v(par).

Moreover, any almost split sequence is given in this way.
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Proof. Assume that the upper exact sequence 0 - L — E — M — 0 is an almost split
sequence. Suppose that ¢ = v(pys)s for some s : M — v(P). Then, we obtain the following
commutative diagram by the universality of the pull-back:

w(P) X2 Ly

Thus, g is a retraction, which contradicts with (1). Hence, (a) follows. The condition (b)
follows from the definition of almost split sequences. Let h € radEnd4(M). Since M is
indecomposable, h is not a retraction. Thus, h factors through the A-module homomor-
phism g : E — M since g is right almost split. It implies that ¢h factors though v(pys).
Therefore, (1) implies (2).

We show the converse. Assume that the conditions (a), (b) and (c) hold. By (a), the
exact sequence 0 - L — F — M — 0 does not split. Since L is indecomposable by the
condition (b), it is enough to we show that g is right almost split. As g is not a retraction,
we only prove that any A-module homomorphism h : X — M in latt-A which is not a
retraction factors through g. Consider the following diagram

0 L 0

0 L—t b M 0
P

0 L v(P) Sy VM) ——0

with exact rows, where the first row is the pull-back along (g, h). Let [E] be the equivalence
class in EXTY (M, L) represented by 0 — L — E — M — 0. Then, the equivalence class of
the first row in EXTY (M, L) is [E]h, and h factors through g if and only if [E]h = [0 1].
Since M is indecomposable, the condition (c) is equivalent to [E]i) = [0p,z] for any ¢ €
radEnd4(M). Consider the following commutative diagram:

M

t
0 — Ext! (M, L) ——> D"Hom (M, M)
Ext}q(h,L)l lD”HomA(M,h)

0 — Exty(X, L) D"Hom 4 (M, X).

19Ys
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Let ¢ = t%/{M(EM,L([E])). Since h € rad(X, M), we have hm € radEnd(M) for all
m € Hom (M, X). Thus,

D"Homa (M, h)(€)(m) = £(hm) =t} (EarL([E]) (hm) = t7 3 (Ear,([E](hm))) = 0

holds for all m € Hom (M, X), and hence we have Ext(h, L)(E,..(E)) = 0. This implies
that [E]h = [0x,1]. By the proof of Lemma 3.5.6, any almost split sequence is given in this
way since there is a surjection Hom 4 (M, v(M)) — ExtY (M, L). O

Recall that O is a complete discrete valuation ring.

Definition 3.5.9. Let M be an A-lattice and Q % P ¥ M the minimal projective
resolution of M. Then, we define the transpose Tr(M) of M as the cokernel of the
A-module homomorphism Hom4 (P, A) — Homu(Q, A).

Corollary 3.5.10. If A is a Gorenstein O-order, then we have a functorial isomorphism
7~ Qu. In particular, if A is symmetric, then there is a functorial isomorphism 7 ~ €.

Proof. Let M be an A-lattice in latt®)-4 and let Q % P & M — 0 be the minimal
projective presentation of M. Then, it follows from Lemma 3.5.6 that we have the following
exact sequence in latt-A:

E: 0 D(Coker(Homa(p, A))) —s v(P) “®s v(M) — 0

On the other hand, we have the exact sequence
E': 0 — Coker(Homu(p, A)) — Homa(Q, A) — Tr(M) — 0.

Since the exact sequence E is the projective cover of Tr(M), we have DQTr(M) = 7(M).
The exact sequence E implies that DCoker(Homy(p, A)) = Q(v(M)). Therefore, we have
7~ DQTr ~ Qu. O

Remark 3.5.11 ([Hap]). As A is a Gorenstein O-order, the Nakayama functor v : latt-
A — latt-A is an autofunctor, and latt-A is a Frobenius category. Hence, latt-A is a
triangulated category with the shift functor Q~!'. Then, we have a triangulated equivalence
v:latt-A =5 latt-A, and the AR translation 7 is represented by Qu.

Remark 3.5.12 ([A2, I5]). Let R be a noetherian complete local ring with Kr-dim(R) = d.
If an R-algebra A is Cohen—Macaulay as an R-module, then A is also called an R-order.
Assume that A is an isolated singularity. We denote by CM(A) the category of Cohen—
Macaulay A-modules, that is, the objects of CM(A) are A-modules which are Cohen—
Macaulay as R-modules. Then, we have a duality

Q3Tr : CM(A) +— CM(A°P),

where € is the syzygy functor. In this setting, the AR translation 74 is given by Homg(—, R)Q4Tr.
If d = 0, then R is a field, and CM(A) is just mod-A. If d = 1, then R is a complete discrete
valuation ring, and CM(A) is just latt-A.
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Let A be a symmetric O-order. Since A is symmetric, the AR translation 7 is the syzygy
founctor on latt-A. Thus, it is an additive functor and, for an A-lattice M, 7(M) = 0 if
and only if M is a projective A-module. Furthermore, since A is symmetric, if M is a non-
projective indecomposable A-lattice if and only if 7(M) is a non-projective indecomposable
A-lattice. Let M be a non-projective indecomposable A-lattice in latt()-A. Then, the
middle term of an almost split sequence may have projective direct summands.

Theorem 3.5.13 ([A2, Chapter III, Theorem 2.5]). Let A be a Gorenstein O-order. Sup-
pose that M is a non-projective indecomposable A-lattice in latt®-A. Let 0 — 7M —
E — M — 0 be the almost split sequence ending at M. Then the following are equivalent.

(a) The A-lattice E has a projective indecomposable direct summand.

(b) If X — M is a surjection in latt®-A which is not a retraction, then X has a projective
indecomposable summand.

(¢) 7(M) is isomorphic to a non-projective direct summand of rad P for some indecompos-
able projective A-module P.

3.6 Stable Auslander—Reiten quivers

Throughout this section, we assume that A is a symmetric O-order. The definition of the
stable Auslander—Reiten quiver for latt®-A is given as follows.

Definition 3.6.1. Let A be a symmetric O-order.

(1) The stable Auslander—Reiten quiver for latt®-A is the valued stable translation
quiver (I's(A), 7) defined as follows:

e The set of vertices is a complete set of isoclasses of non-projective indecomposable
A-lattices in latt®-A.

7b . . . .
e We draw a valued arrow M Q N whenever there exist irreducible morphisms

M — N, where the valuation (a,b) means:

(i) a is the multiplicity of M in the middle term of the almost split sequence
ending at .

(ii) b is the multiplicity of N in the middle term of the almost split sequence
starting at M.

e The translation 7 is the AR translation.

(2) A component of I';(A) containing an indecomposable Heller lattice Z is said to be a
Heller component of A, and denoted by HC(Z).
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Remark 3.6.2. For a finite dimensional algebra A over an algebraically closed field k, it
is well-known that the Auslander-Reiten quiver for mod-A has no loops, for example see
[SY1, Chapter III, Corollary 11.3]. However, in the case of an O-order, there are possibility
that I's(A) has loops [Wi]. For example, if A is Morita equivalent to either a Bass order
or a maximal order, then the Auslander—Reite quiver of such an algebra has loops.

Definition 3.6.3. An O-linear map d : A — Endp(M) is called a derivation if

d(ry) = zd(y) + d(x)y

for all z,y € A. We denote by Der(A, Endp(M)) the O-module of derivations. Note that
Der(A,Endp(M)) is an O-order since A and Endp (M) are.

Lemma 3.6.4 ([AKM, Lemma 1.24]). Let A be an O-order, M an indecomposable A-
lattice. Then, there exists an integer s such that M/e¥M is an indecomposable A/e* A-
module, for all k > s.

Proof. Let k be a positive integer. For f € Endp(M) such that af(m +e*M) = f(am +
ek M), for a € A and m € M, we define Dy € Homo(A, Endo(M)) by

Dy(a)(m) = e *(f(am) — af(m))
for a € A and m € M. Then, Dy is a derivation. Indeed,
Dy(zy)(m) = e *(f(xym) — zy f(m))
= F(afym) — zyf(m)) + e " (f(zym) — xf(ym))
= xDy(y)(m) + Dy(x)y(m).

Let Der(k) be the O-submodule of Der(A, Endp(M)) which is generated by all such Dy,
and we define Der(oco) = ;- Der(k). Since Der(A4,Endo(M)) is a finitely generated
O-module, there exists an integer s such that

s—1
Der(o0) = Z Der(k).
k=1
Let py : M — M /¥ M be the canonical projection. Then, for any f € Enda(M), there
exists f € End (M /" M) such that fpy = prf. We show that the algebra homomorphism
Enda(M) > f — f € Endy(M/* M)

is surjective, for all k > s. Let 6§ € Ends(M/e¥M), for k > 5. We fix f € Endp(M) such
that f(m 4 M) = 6(m + ¥ M) for m € M. Then, there exist ¢; € O and f; € Endp(M)
that satisfy

film + €M) = 0;(m + £ M)
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for some 1 < I; < s — 1 and #; € Enda(M/e'"M) such that D; = Zf\il ¢;Dy,. More
explicitly, we have

N

flam) —af(m) =" " lici(fi(am) —afi(m))

=1

for a € A and m € M. It implies that f — ZZ]\LI gk=lic; fi € End4(M). Since it coincides
with 0 if we reduce modulo &, we have proved

Im(End 4(M) — Ends(M/e*M)) 4 eEnd o (M /¥ M) = End s (M /" M).

Thus, Nakayama’s lemma implies that End (M) — Enda(M /M) is surjective, and we
have an isomorphism of algebras Enda(M)/e*Ends(M) ~ Enda(M/ckM). As O is a
complete local ring, the lifting idempotent argument works by Proposition 2.2.4. Hence,
M /¥ M is decomposable for k& > s when M is indecomposable. O

The following lemma is well-known as the Harada—Sai lemma.

Lemma 3.6.5 ([ARS, Chapter VI, Corollary 1.3]). Let A be an Artin algebra, m a positive
integer and

N f1 N, fo o fam_2 Nom_1 fom_1 Nom

a chain of A-module homomorphisms satisfying the following conditions.

(i) The A-modules Ny, ..., Nam are indecomposable with ¢(N;) < m, where ¢(M) is the
length of composition series of M.

(ii) The A-module homomorphism f; : N; — N;;1 belongs to rad(N;, Nit1).
Then we have fom_1--- f1 = 0.

Proof. Let {N; | 1 <1i < 2™} be a collection of indecomposable A-modules such that the
length of composition series of N; is less than or equal to m, for all i. We show by induction

on n that if

f1 fo o fon_2 fon 1

N Ny Non_1 —— Non

is a chain of non-zero non-isomorphisms, then we have £(Im(fan_1--- faf1)) < m —n.

When n = 1, the statement is clear. Indeed, if ¢(Im(f;)) = m, then f; must be
isomorphism. Thus, we have £(Im(f1)) < m — 1. Assume that n > 1. We set f =
fon—1-- faofi, g = fon and h = fon+1_q -+ fonqofonyy. By the inductive assumption, we
have £(Im(f)) < m—nand £(Im(h)) < m—n. Ifeither £(Im(f)) < m—n or {(Im(h)) < m—n,
then the statement is clear. Now, we suppose that ¢(Im(f)) = m —n, {(Im(h)) = m —n
and m > n.
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We prove that £(Im(hgf)) < m—n—1. In order to get a contradiction, we suppose that
(Im(hgf)) >m—n—1. As £(Im(hg ) < /l(Im(h)) < m—n, we have £(Im(hgf)) = m —n,
and the formula

) Im(f)
{(Im(hgf)) =1 (|m(f) N Ker(hg)

yields Im(f) NKer(hg) = 0. On the other hand, the chain of inclusions Im(hgf) C Im(hg) C
Im(h) implies that ¢(Im(hg)) = m — n, so that

) = ((Im(£)) — £(m(f) N Ker(hg))

((Ker(hg)) = £(Nani1) — £(Im(hg)) <m — (m —n) =n.

Thus, we conclude that Non = Im(f) & Ker(hg) since ¢(Nan) = £(Im(f)) + £(Ker(hg)).
By the indecomposablity of Non, the A-module homomorphism hg is injective, hence g
is injective. Similarly, it follows from Im(gf) N Ker(h) = 0 and the indecomposability of
Naony that g is surjective. This is a contradiction. O

The following proposition is a generalization of [ASS, Chapter IV, 5.4 Theorem].

Proposition 3.6.6 ([AKM, Proposition 1.26]). Let C be a component of I';(A). Assume
that A is indecomposable as an algebra and the number of vertices in C is finite. Then C
exhausts all non-projective indecomposable A-lattices.

Proof. We add indecomposable projective A-lattices to I's(A) to obtain the Auslander—
Reiten quiver of A. We show that if C is a finite component of the Auslander—Reiten
quiver then C exhausts all indecomposable A-lattices.

Assume that M is an indecomposable A-lattice which does not belong to C. It suffices
to show that Hom4(M,N) = 0 and Hom4 (N, M) = 0 for all N € C. To see that it is
sufficient, let P be an indecomposable direct summand of the projective cover of N € C.
Then, P belongs to C since N belongs to C and Hom4(P, N) # 0. As A is indecomposable
as an algebra, there is no indecomposable projective A-lattice () with the property that

Hom(Q, R) = 0 = Hom(R, Q),

for all indecomposable projective A-lattices R € C. It implies that any direct summand @)
of the projective cover of M belongs to C. Then Homu(Q, M) # 0 implies that M € C,
which contradicts our assumption. Thus, C exhausts all indecomposable A-lattices.
Assume that there exists a nonzero morphism f € Homa(M,N). As M ¢ C and
N € C, f is not a retraction. We consider the almost split sequence ending at N, and
we denote by Ni,..., N, the indecomposable direct summands of the middle term of the
@, : N; — N be irreducible morphisms. Then, there exist

f= ng)fi-
i=1

almost split sequence. Let g,
fi € Hom4 (M, N;) such that



3. On the shapes of stable Auslander—Reiten components for a symmetric order 53

If N; is non-projective, we apply the same procedure to f;. If N; is projective, f; factors
through the Heller lattice radN; of the simple A-module N;/rad(N;). Thus, we apply the
procedure after we replace N; with radN;. After repeating n times, we obtain,

such that gZ(] ) are morphisms among indecomposable A-lattices in C, h; are morphisms
M — X;, where X; are indecomposable A-lattices in C and they are not isomorphisms.
Since the number of vertices in C is finite, there exists an integer s such that X/e°X is
indecomposable, for all X € C by Lemma 3.6.4. Let m be the maximal length of A/e®A-
modules X/eX, for X € C. Applying Lemma 3.6.5 to the Artin algebra A/e*A with
n =2" — 1, we obtain
Hom4(M,N) = e*Hom 4 (M, N),

and Nalayama’s lemma implies Homy (M, N) = 0. The proof of Homa(N, M) = 0 is
similar. We start with a nonzero morphism f € Homu4 (N, M) and consider the almost
split sequence starting at N. Let Ni,..., N, be the indecomposable direct summands of
the middle term of the almost split sequence as above, and let

gi(l) N — N;

be irreducible morphisms. If V; is projective, then we replace N; with radN;. Then, after
repeating the procedure n times, we obtain

=" hig" g

where h; are morphisms from indecomposable A-lattices in C to M. Then, we may deduce
Hom4 (N, M) = 0 by the Harada—Sai lemma and Nakayama’s lemma as before. Ol

An O-order A is of finite CM type if there are only finitely many isoclasses of inde-
composable A-lattices.

Corollary 3.6.7. A symmetric O-order is of finite CM type if and only if the stable
Auslander—Reiten component has a finite component. Moreover, if A is of finite CM type,
then A is an isolated singularity.

Proof. The first half of the statements immediately follows from Proposition 3.6.6. We show
the last half of the statements. If A is of finite CM type, all non-projective indecomposable
A-lattices belong to the stable Auslander—Reiten quiver. We apply the arguments in the
proof of Proposition 3.6.6 for arbitrary A-lattice M. It implies that lattW-A = latt-A. O

Remark 3.6.8 ([A3]). Corollary 3.6.7 had proven by M. Auslander in [A3], namely if A
is a Gorenstein O-order, which is of finite CM type, then A has an isolated singularity.
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3.7 On the shape of the stable Auslander—Reiten quiver

To determine the shapes of Auslander—Reiten quivers is one of classical problems in rep-
resentation theory of algebras. There exist strong restrictions on the shapes of stable
Auslander—Reiten quivers for important classes of finite dimensional algebras. In [We], P.
J. Webb studied the stable Auslander-Reiten components of group algebras. Let G be a
finite group and k an algebraically closed field with characteristic p such that p divides the
order of G. Then, the tree class of any stable component of the group algebra kG is one
of infinite Dynkin diagrams A, Boo, Coo, Do 0or A, or else it is A, or one of Euclidean
diagrams ([B, Theorem 4.17.4]). Moreover, Erdmann showed that the tree class of any
stable component of a wild block of kG is Ay, [Erd]. For another example, Riedtmann
and Todorov showed that the tree class of any stable component of a finite dimensional
self-injective algebra of finite representation type is one of finite Dynkin diagrams [Ri2, T].
However, if the base ring is not a field, then the shapes of (stable) Auslander—Reiten com-
ponents are mostly unknown. In this section, we give restrictions on the shape of certain
stable Auslander—Reiten components [AKM, M1].

Throughout this section, we assume that A is a symmetric O-order and C is a connected
component of I';(A). By the definition of the stable Auslande-Reiten quiver, C is valued
stable translation quiver. Assume that C has no loops. Then, it follows from the Riedtmann
structure theorem that there exists a directed tree T' and G C Aut,,(ZT') such that C is
isomorphic to ZT'/G. In order to get a restriction on the shape of C, we give candidates
for the tree class T

First, we consider the case of finite CM type. This case had already given in [Lu].
Assume that C has finitely many vertices. By Corollary 3.6.7, the O-order A is an isolated
singularity. In this case, latt-A is a Hom-finite triangulated category. Therefore, the
following result follows from [XZ, Theorem 2.3.5].

Theorem 3.7.1 ([Lu, Theorem 2.18]). Let A be a symmetric O-order, which is of finite
CM type. Then, the tree class of I's(A) is one of finite Dynkin diagrams.

From now on, we assume the following.

Assumption 3.7.2. The stable Auslander-Reiten quiver I's(A) has infinitely many ver-
tices.

Lemma 3.7.3. Let C be a component of I's(A). Then, C has infinitely many vertices.

Proof. This follows immediately from Corollary 3.6.7 and Assumption 3.7.2. U

Lemma 3.7.4. Let C be a periodic component of I's(A) without loops and T the tree class
of C. Then, the function R : Cy — Q>0 defined by

’I’Lx—l ;
rank(7"X)
R(X) := E R
i=0 nx
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where nx is a positive integer such that 77X (X) ~ X, is subadditive on 7'

Proof. Let C be a periodic component of I'y(A) without loops and T the tree class of C.
For each X € T, the inequality

Z dy xrank(Y) < rank(X) + rank(7X) (3.1)
Yex-
implies that R satisfies
R(X) > D dyxRY)+ Y. dxyR(Y (3.2)
YexX—nT Yex+nr

for all X € T'. This is shown as follows. By the definition of R, it is a 7-invariant function.
Let n = [[y_, x ny. Then, we have

nxn—1 nxn—1
Xz: (Z drky rhxrank(T kY ) Z Xz: dYXrank(T Y))

k=0 \Y—=X Y—=X k=0
ny—l
=) dy, s Z rank(7*Y)
Y—=X k=0
= Z dy}XanR(Y).
Y—=X
On the other hand, we have
nxn—1 n nnxfl
Z (rank(7F X)) + rank(7FH1 X)) = 222 Z rank(7%X) = 2nxnR(X).
nx
k=0 k=0

Thus, the inequality (3.1) yields the inequality (3.2) since C is a valued stable translation
quiver. By Remark 2.5.7, the restriction R|p is subadditive. Ol

Proposition 3.7.5 ([AKM, Lemma 1.23]). Let C be a component of I's(A). If C has loops,
then C is 7-periodic. Furthermore, C \ {loops} is of the form ZA,, /(7). In this case, there
exists exactly one loop and it appears at the endpoint of C such that the valuation of the
loop is trivial.

Proof. First, we show that if X € C has a loop, then X ~ 7X. Suppose that X € C has a
loop and X 22 7X. Then the almost split sequence ending at X is of the form

057X 5 X% g Exy orX%2 5 X -0,
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where Ex is an A-lattice and [q,ls > 1. Therefore,
rank(X) + rank(7X) = lyrank(X) + larank(7X) + rank(Ex),

implies rank(Ex) = 0 and l; = lo = 1. However, it follows from Theorem 2.3.3 that the
almost split sequence ending at X splits, a contradiction. Therefore, if X has a loop, then
X and 7X are isomorphic.

We notice that C \ {loops} is also a valued stable translation quiver, and we may apply
the Riedtmann structure theorem. We write C\ {loops} = ZT'/G, for a directed tree T" and
an admissible subgroup G. By Lemma 3.7.4, the function R is subadditive on T'. Since
C has a loop, R|r is not additive. Then, Lemma 2.5.8 implies that T = A, since C has
infinitely vertices. Thus, we may assume without loss of generality that 7" is a chain of
irreducible maps

X1—oXo— =X, — -

by Lemma 2.5.3. We assume that X, has a loop. If » > 1 then the almost split sequence
starting at X, is

0—X, = XYoX 10X, 16P — X, —0,
where [ > 1 and P € proj-A. Since R(X;) > 1 for all ¢ > 1, we have
R(X,) > 2-DR(X;) > R(Xp41) + R(Xp—1) > R(Xp41) + 1.

We show that R(X,,) > R(Xy41) + 1 for m > r. Suppose that R(Xpm—1) > R(Xp,) + 1
holds. The same argument as above shows 2R(X,,) > R(Xp—1) + R(Xsn+1), and the
induction hypothesis implies

QR(Xm) > R(mel) + R(Xm+1) > R(Xm) + R(Xerl) + 1.

Hence R(X,,) > R(Xm+1)+ 1. Thus, there exists a positive integer ¢ such that R(X;) < 0,
which contradicts with R(X;) > 1. Hence r = 1, that is, the deleted loops appear only at
the endpoint of the homogeneous tube. Then, [ =1 by 2 x rank(X;) > [ x rank(X7). We
have proved that the loop is unique and it appears at the endpoint of the homogeneous
tube such that the valuation is (1,1). O

Theorem 3.7.6 ([AKM, Theorem 1.27]). Let C be a 7-periodic component of the stable
Auslander—Reiten quiver. If C has no loops, then C is of the form ZT/G, where T is
a directed tree whose underlying graph is one of infinite Dynkin diagrams and G is an
admissible group.

Proof. Since C has no loops, the statement follows from Theorem 2.5.8 and Lemmas 3.7.3
and 3.7.4. ]
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Corollary 3.7.7. Let C be a periodic component of I's(A). For X € C, we denote by Ex
the middle term of almost split sequence ending at X. Assume that

(i) there exists a vertex X of C such that the number of non-projective direct summands
of E'x is one, and

(ii) Ex does not have X as a direct summand.
Then, C dose not have a loop.

Proof. 1f C has a loop, C \ {the loop} ~ ZA,,/(7), and the loop only appear the boundary
of C by Proposition 3.7.5. By our assumption that Ex has exactly one non-projective
indecomposable direct summand, the A-lattice X appears on the boundary of C and Ex =
X & P for some P € proj-A. This contradicts with the assumption (ii). O

Corollary 3.7.8. Let C be a periodic component of I's(A). If there exists a vertex X of
C such that the following conditions hold:

(i) The number of non-projective indecomposable direct summands of Fx is 1. We
denote by Y the unique non-projective direct summand.

(ii) The number of non-projective indecomposable direct summands of Ey is 2.
Then, C is a tube.

Proof. By the assumption (i) and (ii), we have Y # X. Thus, it follows from Corollary
3.7.7 that C has no loops. Thus, the tree class T" of C is one of infinite Dynkin diagrams.
By the assumption (i), T # AX. By the assumption (ii), T # Boso, Coo, Doo. Therefore, T
is Aso. O

By Proposition 3.7.5, we may assume the following.
Assumption 3.7.9. A stable Auslander—Reiten component of I's(A) does not have a loop.

The following proposition is effective to determine the shapes of stable components of
A.

Proposition 3.7.10 ([K3, Proposition 4,5]). Let A be an O-order and L an indecompos-
able A-lattice, and let
0=7L—-ELL -0

be the almost split sequence ending at L. Assume that L is not a direct summand of any
Heller lattice. Then, the induced exact sequence

0—>7TLxk > FEFk—L®Kk—0

splits.



3. On the shapes of stable Auslander—Reiten components for a symmetric order 58

Proof. Let P — L ® k = L/ecL be the projective cover of L ® k as an A-module. Set
Q = eP and Z = Q(L/eL). Then, we have eZ C Q C Z C P and an isomorphism
0:Q/eZ = L/eL. Leti:Q — Z and 1 : Q/eZ — Z/<Z be the inclusions, u : Q — Q/eZ,
v:L— L/el and w : Z — Z/eZ the projections. Since @ is projective, there exists an
A-module homomorphism ¢ :  — L such that the following diagram is commutative:

Q
/
y iu
/
25/
1, QleZ
/
/ ~
/ wl
’/ v
L L/eL 0

As vG(eZ) = pu(eZ) = 0, we have §(¢Z) C eL. Thus, we may extend ¢ to an A-module
homomorphism ¢ : Z — L. Let G : Z/eZ — L/cL be the induced morphism from ¢. Then,
the equations

YU = vq = vqi = qWi = qLu

hold. Thus, ¢ factors through g : Z/eZ — L/eL. By our assumption that L is not a direct
summand of Z, g is not a retraction. Thus, ¢ factors through the morphism g:

0 TL E L 0

Since 115, = Gup~', the identity morphism 174, factors through the induced morphism
g:FE/eE — L/eL. O

We define the function D : latt®-4 — Z>q by the following.
D(X) := f{non-projective indecomposable direct summands of X ® k}

Lemma 3.7.11 ([M1, Lemma 3.2] and [M2, Lemma 1.16]). Suppose that A is a symmetric
O-order. Then, for any non-projective A-lattice M, there is an isomorphism 7(M) ® xk =~

Q(M ® k). In particular, we have the equality D(X) = D(7X).

Proof. Let M be an A-lattice and 7 : P — M the projective cover. Let Q @ k > M ® k
be the projective cover. Then rank @ < rank P. On the other hand, it lifts to  — M and
it is an epimorphism by Nakayama’s lemma. Thus, we have rank @) = rank P and P ® r is
the projective cover of X ® k. Therefore, we have 7(M) ® k ~ Q(M ® k) as objects in the
stable module category mod-A. Since the functor — ®  is exact on latt-A, the assertion

follows. [
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Lemma 3.7.12 ([M1, Lemma 3.3]). If a short exact sequence 0 - 7L — E — L — 0 in
lattV-4 is the almost split sequence ending at L, then the equality

D(L)+D(rL) = D(E)
holds whenever L is not isomorphic to any direct summand of Heller lattices.

Proof. Let L be an indecomposable A-lattice in latt()-A. Suppose that L is not isomorphic
to a Heller lattice. Let 0 -+ 7L — E — L — 0 be the almost split sequence ending at L.
By Proposition 3.7.10, the induced exact sequence

0—>7TLk > FEFk—L®krk—0

splits, which gives the desired conclusion. O

Corollary 3.7.13 ([M2, Lemma 1.19]). Let C be a component of I';(A). For an indecom-
posable Heller lattice Z € C, let Ez be the middle term of the almost split sequence ending
at Z. If D satisfies 2D(Z) > D(Ey) for any indecomposable Heller lattice Z € C, then D
gives rise to a subadditive function on T', where 7' is a directed tree such that C ~ ZT'/G.
In particular, D|r is additive if and only if the equalities hold for any Z.

Proof. The assertion follows from Lemmas 3.7.11 and 3.7.12. O

Theorem 3.7.14 ([M1, Proposition 5.4]). Let C be a component of the stable Auslander—
Reiten quiver of A. Assume either

(i) C does not contain Heller lattices or
(ii) A is of finite representation type.
Then, the tree class of C is one of infinite Dynkin diagrams or Euclidean diagrams.

Proof. If C is 7-periodic, the statement had proven by Theorem 3.7.6. Thus, we may
assume that C is not 7-periodic. Since C has no loops, there exist a directed tree T and
an admissible group G such that C ~ ZT /G by Theorem 2.5.4. Suppose that C does not
contain Heller lattices. In this case, the function D is additive with D(X) = D(7X), for
all X € C by Lemmas 3.7.11 and 3.7.12. Thus, the assertion follows from Theorem 2.5.8.
Suppose that A is of finite representation type. Since the number of isoclasses of Heller
lattices is finite, there exists an integer nx such that both 77X X and 7"X*1X are not
Heller lattices for any vertex X € C. Thus, D is an additive function on T'. Ol



4. HELLER COMPONENTS: THE CASE OF TRUNCATED POLYNOMIAL
RINGS

In this chapter, we determine the shapes of Heller components when A = O[X]/(X™). The
results in this chapter appear in [AKM]. Since A ® K = K[X]/(X™) is not semi-simple, A
is not an isolated singularity. In particular, latt-A is of infinite representation type, and
the stable Auslander-Reiten quiver I's(A) has infinitely many vertices. Since A is of finite
representation type, the tree class of any Heller component of A which has no a loop is one
of infinite Dynkin diagrams or Fuclidean diagrams by Theorem 3.7.14.

In this chapter, we use the same symbol X as X + (X™). It is well-known that the
stable Auslander—Reiten quiver is given as follows:

T T T T

]\41 ]\42 ...... My_o— ]\jn_1

Here, the indecomposable A-module M; is given as follows. As a k-vector space, M; is a
(n — i)-dimensional k-vector space

n—i—1
M= @ rxF,
k=0
and the action of X is given in natural way. We denote by Z; the first syzygy of M; in
latt-A. Then, Z; is indecomposable (Lemma 4.1.1).
The second main result of this thesis is the following:

Main Theorem (Proposition 4.2.1, Theorem 4.4.1). Let O be a complete discrete valua-
tion ring, A = O[X]/(X™), for n > 2. Then, the Heller component containing Z; and Z,_;
is ZAs/(T?) if 20 # n, and ZA, /() (i.e. homogeneous tube) if 2i = n. Moreover, any
Heller lattice appears on the boundary of a Heller component.

4.1 Heller lattices

We view M; as an A-module. Then, the A-module homomorphism pys, : A — M, defined
by 1+ X is the projective cover of M;. Therefore, the first syzygy Z; := Q(M;) is given
as follows:

Z;i=0e®O0eX @ DO X" La0X" T O0X" Hlg...o0x" !
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Lemma 4.1.1 ([AKM, Lemma 2.1]). We have the following.
(1) The Heller lattices Z1, ..., Z,_1 are pairwise non-isomorphic indecomposable A-lattices.

(2) If p € radEnd4(Z;) then p(e) has the form
ple) =ape+ -+ ni1e X" b, i X 4 by XL
where a; € O, for 1 <i<n—1, and ag € €O.

Proof. (1) The representing matrix of the action of X = (x;;) on Z; with respect to the
above basis is given by the following matrix

e ifi=n—i4+1,j=n—1,
0 otherwise.

Then, the endomorphism algebra End 4(Z;) is isomorphic to {M € Mat(n,n,O) |[MX = XM}.
The right hand side is contained in the set:

a O 0
: aecO

* 0

a

Hence, End4(Z;) is local. The statement (2) follows immediately from the proof of (1). [

We now consider the following pullback diagram along (pz, ¢;):

00— Ker(pzi) E; Z,' 0
0— ~Ker(py) —~Aa A2~ 7 0

Here, ¢; is the A-module homomorphism defined by ¢;(¢) = X" ! and py, : A® A — Z;
is defined by e; — X" 7% ey — . Then, pz, is the projective cover of Z;, and the kernel
of pz, is given by

Olee; — X”fieg) B P O(EXiflel — X”fleg) BO0Xe ® - ®OX" ey~ 7,

Lemma 4.1.2 ([AKM, Lemma 2.3]). The upper exact sequence in the above commutative
diagram is the almost split sequence ending at Z;.
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Proof. By Theorem 3.5.8, it is enough to show the following two statements.
(1) The A-module homomorphism ¢; does not factor through pz,.
(2) For any p € radEnd4(Z;), ¢ip factors through pz,.

Suppose that there is a morphism p = (1, p2) : Z; — A @ A such that pz,u = ¢;. Then
we have X"y (e) — epa(e) = e(pu1 (X" %) — uz(e)) = X! a contradiction. Thus, (1)
follows.

Next, we show (2). Write p(¢) = age+- - -+an_i—1e X" "1 ta, ;X" i+ +a, 1 X" L
Then, by Lemma 4.1.1, there exists a € O such that ag = ea. We define u € Hom4(Z;, A®
A) by u(e) = —aX" ey, Then, it is easy to check that pz u = p;p holds. O

By the above lemma, we have the almost split sequence 0 — 7, ; — E; — Z; — 0,
where

E; =0(e, X" 0)® OEX, X" )@ 90X X1 0)
®O(X,0,00®0(XT0,0)---®0(X"1,0,0)
® OX"10,6)®0(0,0,eX) @ --- @ 00,0,e X" 1)
® 00,0, X" @ 00,0, X" @ 00,0, X771,

To simplify the notation, we define ag = by = 0 and

[ (X™)0,0) if 1<k<n-—i,
T (eXR, X2k 0) ifn—i < k <,
(0,0, X"7%) if 1 <k <i,

b =< (0,0,eX™ %) ifi <k <n,
(X1 0,e) if k=n.

Then, we have

[ ap ifk#En—itl,
Xak_{sak_l ifk=n—-—1i4+1,
b1 ith£it1n,
Xb, = ebr_1 (/{Z =i+ 1)
Up—i + bp—1 itk =n.

and
Ker(X*) = EB (Oa; @ Ob;).

1<j<k
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4.2 The middle terms of almost split sequences ending at Heller lattices

In this section, we show that the middle term FE; of the almost split sequence ending at
Z; is indecomposable, for 2 < i <n — 1, and the middle term of the almost split sequence
ending at Z; has only one non-projective indecomposable direct summand.

Proposition 4.2.1 (JAKM, Proposition 2.4]). The following statements hold.

(1) A is an indecomposable direct summand of Ej, and the other direct summand is
indecomposable.

(2) For 2 <i <mn—1, the A-lattice E; is indecomposable.

Proof. (1) As Z,_1 = radA, it follows from Theorem 3.5.13 that A is a direct summand of
E7. We also give more explicit computational proof here. Define xy,y, € Eq, for 1 < k <mn,
as follows:

a1 +ebp if k=1,

T = ap+b, if2<k<n-—1,
by if k=n,
by, f1<k<n-1,
Yk = : _
an —eby, if k=n.

Then they form an O-basis of E1. Moreover, we have Xx; =0 and Xy; =0,

€Y1 if k=2,
Xz =xp_1, for 2<k<n, and Xyr =< yr_1 if3<k<n-—1,
—E&Yn—1 if k=mn.

Thus, the O-span of {z | 1 < k < n} is isomorphic to the indecomposable projective
A-lattice A. In particular, A is an indecomposable direct summand of Fy, and the other
direct summand is indecomposable, because it becomes A ® K after tensoring with .

(2) E,—1 does not have a projective direct summand by Theorem 3.5.13. As F,,_1 ~
7(E1), the A-lattice E,_; is indecomposable. We assume 2 < i < n — 2 in the rest of the
proof.

Suppose that E; = E'® E"” with E' # 0 # E” as an A-lattice. Since E; ® K is projective
as an A ® K-module and rank(E;) = 2n, we have ' @ K ~ A® K ~ E” ® K. In particular,
rank(E’) = n = rank(E"). Since

0 — FE'nKer(X*) — E' — Im(X*) = 0
and Im(X*) is a free O-module, we have the increasing sequence of O-submodules

0C---CE NKer(XF) € E'NKer(X*1) C ... C ' NKer(X") = '
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such that all the O-submodules are direct summands of E’ as O-modules. Thus, we may
choose an O-basis {€} }1<r<n such that ¢} € E' N Ker(X*)\ Ker(X*~1). Similarly, we may
choose an O-basis {€}}1<r<n of E” such that e} € E” N Ker(X*) \ Ker(X*~1). Write

e, = ogap+ Prby + Aj, for ap, B € O and A € Ker(X*—1),
ey = wak+ 0pbr + A), for 4,0, € O and Af € Ker(X*~1).

Without loss of generality, we may assume A} € Ker(X* 1)NE” and A} € Ker(X*~1)nE'.
Since {e}, e} } and {ay, by} are O-bases of Ker(X*)/Ker(X*~1), we have a6y, — Bk € 0.
As Xe), € Ker(X*~1) N E', there are f,g’i)l, e 1(k) € O such that

Xel = f el + -+ fVe).

Similarly, there are gl(i)l, . ,gik) € O such that

X = el o0l

The coefficient of aj_1 in Xe) is given by

ap ifk#£#n—i+1,
e, fk=n—1i+1.

Thus, we have

(k) | oo ifEFEN—i41,
fk—la’“‘l_{ cap ifk=n—i+1.

Similarly, we have the following:

(k) _ G ifk#i+1,
fk—lﬂ’“—l_{eﬁk if k=i+ 1.
(k) o itk#En—i+1,
gk”’“‘l_{ ey ifk=n—i+1.

k) 5 o ifk#i+1,
=17 g6, ifk=i+1.

We shall deduce a contradiction in the following three cases and conclude that F; is
indecomposable for 2 <i < n — 2:

(a)2<n—i<i (b)y2<i=n-—i (c)2<i<n-—i
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Suppose that we are in (a). We multiply each of e}, and e} by suitable invertible
elements to get new O-bases of E' and E” in order to have the equahtles

k |1 ifk#n—i+1, and (k) 1T i k#FiI+1T,
1T e ifk=n—i+]1, he— e ifk=i4+1,

in the new bases. For k = 1, we keep the original basis elements €} and e}. Suppose that
we have already chosen new e and e for 1 < j <k —1. Ifk#n—i+1,i+1, then it
follows from

f;gk)ﬂk 1(0p—10p—1 = Br—1Vk—1) = ardr — Br 1k

that f ~, and g( ) are invertible. Thus, multiplying €} and e} with their inverses respec-

(k )

tively, we have f.™ (k ) =1, g, = 1 in the new basis. Note that we have

(a1 ,6’1>_<a2 ,32>_m__<anz’ an)
7 01 Y2 02 Tn—i On—i/)

If Kk =n — i+ 1, then, by using ¢ # n — ¢, we have

(n— z+1) n—i+1
fo_ Gy ) B = €Qn—i+10n—i+1,

1 1
f(n H_) (n H_ )671 iYn—i =ebn- i+1Yn—i+1-

It implies that f(n Hl)gf{l /H) € €0\ £20. Thus, we may assume f(n "D — 2 oand
(n—i+1)
g

n—i

= 1 by swapping E’ and E” if necessary. Then, we have

(an—i 5n—z‘> _ (an—i+1 5_1ﬁn—i+1> o (Oéi 5_1@')

Yn—i  On—i EYn—i+l  On—i+l ey 6 )’

Finally, if & = ¢ 4+ 1, then the similar argument shows f(i_H) ) ¢ .0 \ €20, and we
may assume that (fi(lﬂ),gl”l)) is either (¢,1) or (1,¢). In the former case, we have the

<041 51) - <04i 8_1@') _ (5_1ai+1 5_1/8i+1>
v 0 ey 0 €Yi+1 €dit1 )’
(i+1) _

which implies that «;41, Bi+1 € €O, a contradiction. Thus, we obtain fi(iH) =1, g
€. Therefore, we have obtained the desired formula. In particular, we have

equalities

k
Q—1 = Q, f 15k 1 —9 ﬂk, gk 1% 1= f,E_)m, Ok—1 = O,

Xay = fk,lakfly Xb = g,(g,)lbkq + Ok nGn—i.
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Suppose that 1 < k <n — 1. Then, we have
XAy =X (e — akak — Brbr)
= Xej, — fk 1Oékak 1—gk 1/3kbk: 1
AL = 1 (e _ak 10k—1 — Br—1bk-1)
;ik)le fk 10k 1 —gk 1ﬁkbk 1.

We compute Xej, — 1@16;@—1 in two ways:
Xef— fMef =X, — fP A, eE
Xej, — f(k)1ek 1—f(k)€k 2 T +f(k),€E/

This implies Xe) = f(k)leﬁg_1 for1<k<n-1.
Next suppose that k = n. Then, the similar computation shows

Bran—; + X A], — f(”) Al =Xe, f(") f(n)26n7 L. f(n) /

By computing X" *le/ — f(n) X"~te! | in two ways as before, we obtain

Xn7i+1A/ f(”) b'eln 1A/ f(n) X" z / . _|_f1(n)Xn7i€/1 =0.
Hence, we have f(n) =- f(n)2 41 = 0. Now, define
oy =€l ze=ep+ X" 1(f(n)2'nl o 1M

for 1 <k <mn—1. Then, {2z | 1 <k < n} is an O-basis of E’, since X””‘”"l(ffln)Z

-+ fln) ) belongs to Ker(X*~1). Further, we have z;, = ¢}, for 1 <k <i—1. In
particular, z,_; =€/ _, by n —i <4i—1. Then, we can check that

o M k#En—i+1,
sz_{ ezp_q fk=n—i+ 1.

Thus, we conclude that B’ ~ Z,_;. Recall that the exact sequence
0—=Zp—i =B —Z; =0

does not split. On the other hand, E; ~ Z,,_; @& Z; implies that it must split by Theorem
2.3.3. Hence, F; is indecomposable in (a).

Next assume that we are in (b). Then, For k # i+ 1, f ~, and g,(c )1 are invertible as

before, and we may choose f ~; = and g(k) =1.



4. Heller components: the case of truncated polynomial rings 67

If Kk =17+ 1, note that
;= e, 18 = eBivt, 0y = evipr, gl V6 = b

Thus, a4, 8; € €O if f(+) is invertible, and ~;,6; € €O if g(+) is invertible. But

both are impossible. Further, f; (i+1) gZ(Hl)(ozzé — @%) = e2(i110i41 — Bit17vir1) implies
fi(Hl (1) ¢ 220 \ e30. Thus, we may choose f(H =¢ and gi(Hl) = ¢. Hence, we may

assume without loss of generality that

f(k) (k) 1 i RE#FiI+1T,
1) e fk=di+1,

<a1 ﬂ1) L (ai @‘) _ (Oéz'+1 5i+1) _ _ (an /Bn>
Mo 01 Y Oi Yit1  Oit1 Yn  On
and Xa, = f,gli)lak,l, Xb, = g,(i)lbk,l + 0pna;. For 1 <k <n—1, we have
k k k k
XA, - k(:—)lA;c—l = Xej — /g )1ek 1= flg )zek: 2 - Jrf( )6’17
and the same argument as before shows that
k .
Xel, = e, if k #n,
fg”)len L e fe i k=,
Now, we compute
X le Cp—1 = f(n b "fr(anl+1)e/rL i 5627
X'ay = f(’i)l o f Ve = ca,
X'y = X" (b1 +a;) = 95:1__21) o '97(;:1)51' + fi(i)l e f1(2)a1 = ¢eb; + ay.
Thus, we have
X'el, — X" el = X' (anan + Buby + Al,) — €€}
= e(ana; + Bub; — €)) + X' Al + Bray.
Ifi+1<k<n—1,thenk—i+1<n—i=1and X"'e;C :f,gli) f(k z+1)e;€ . ceFE.
Thus, X?A!, € eE’ follows. On the other hand, we have
X — X7l | =X"Y(Xel, —€, )
= XN e )
7 T
— fz(”)Xz—le;
= VX N auai + Bibi + A7)
= fi(n)(OéiXi_lai + Bi X )
= fi(n)(aial + Bib1).
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Hence, we obtain S,a1 = fi(n)(aial + Sib1) mod £0. The similar computation using e}/
shows d,a1 = f(n) (fyzal + 0;b1) mod €O. If f ") was invertible, it would imply 3;,d; € €O,

which contradicts «;0; — B;v; € O*. Thus, f( ") ¢ O and we have Bn, 0n € €0, which is
again a contradiction. Hence, E; is indecomposable in (b).

Finally, suppose that we are in (c). Since E; ~ 7(E,—;), for 2 <i<n—2, and E,_; is
indecomposable by (a), the A-lattice E; is indecomposable in (c). O

Corollary 4.2.2. The following statements hold.

(1) Any Heller component does not have a loop.

(2) Any Heller lattice appears on the boundary of a Heller component.

Proof. 1t is enough to show (1). However, the claim follows from Corollary 3.7.7 and

Proposition 4.2.1 immediately. O

4.3 The almost split sequence ending at F;
Recall that the A-lattice E; is given by

E; =0, X" 0)® OEX, X" )@ 90X X1 0)
®O(X,0,00®0(XT 0,00 -@0(X"1,0,0)
© OX"10,6) @ 0(0,0,eX) @ - @ 00,0,e X" 1)
® 00,0, X" )@ 00,0, X" " a... .3 00,0, X",

and

(X"=*0,0) if 1<k<n-—i,
T\ (xR, X2k 0) if i< k <,
(0,0, X"7%) if 1 <k <1,
b =< (0,0,eX™%) ifi<k<n,
(X1 0,e) if k=n.

In this section, we construct the almost split sequence ending at F; for 2 < i <n — 2. For
2 <i<n—2, wedefine 7: A% — E; by

7(1,0,0,0) = ap, m(0,1,0,0)=b,, w(0,0,1,0)="by_1, =(0,0,0,1)=20;.

Lemma 4.3.1 ([AKM, Lemma 2.5]). Let 7 : A®* — E; be as above. Then, the following
statements hold.

(1) The A-module homomorphism 7 is an epimorphism.



4. Heller components: the case of truncated polynomial rings 69

(2) There is an isomorphism Ker(m) ~ E,,_; for 2 <i <mn — 2.

Proof. (1) It is easy to check that ag, by € Im(7) for 1 < k < n. Note that E; is generated
by {an,bn,bp—1,b;} as an A-module and a,,—; = Xb, — bp_1.
(2) We define an A-module homomorphism ¢ : E,,_; — A®% by

L(fvgah> = <gva+ Xngilhmfa h) ’

where (f,g,h) € E,—;. Since h € Z;, one can write h = hge + hjeX + -+ + hi_1e X1+
hiX*+ -4+ hy_1 X" ! where h; € O. Then, we have

Xn—ih ) )
=ho X" '+ thn_H_l + -+ hilen_l.

Note that (f,g,h) € A®3 belongs to E,_; if and only if h € Z,,_; and X' f —eg = ho X" L.
It is clear that ¢ is a monomorphism and it suffices to show that Im(:) = Ker(m). Since

) n—lh ) n—i )
Fb(f,g,h) = <Eg_XZf+ >Xn_zgae<_Xf+ > +€Xf_Xn_7’h>
) nflh )
— (x0T g0
= (0,0,0),

we have Im(1) C Ker(r). Let (p,q,7,s) € Ker(w). Then we have ep+ X' 1q =0, X" Ip=0
and eq+eXr+ X" s = 0. The third equation shows that the projective cover A — M,,_;
given by f — X" 'f 4 cA sends s to 0. Thus, we have s € Z,_;. Further,

X" s te(—ep+ Xir) = X" s 4 (X7l + Xr) = XU X" s +eqg+ Xr) =0

Xn_l(—8>

. Hence, we have (r,p, —s) € E,_; and
5

implies X'r — ep =

n—i

S

L(rapa _S) - (p> _XT - Ty S) = (p?Qa r, S)'

Therefore, we have Ker(7) = Im(¢), which implies Ker(mw) ~ E,_;. O

We consider the following pullback diagram

0 E,_; F; E; 0
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where ¢ is the isomorphism E,_; ~ Ker(7) defined in the proof of Lemma 4.3.1, and

di(ag) =0 for 1 <k <n,
oi(br) 0 for 1<k<n-—1,
(bz(bn) bl for k =n.

Lemma 4.3.2 ([AKM, Lemma 2.6]). Suppose that 2 < i < n —i. Let p € radEnd4(FE;)
such that

plan) = aa, + Bb, + A, p(b,) = d’a, + B8'b, + B,
where o, 3,0/, 3 € O and A, B € Ker(X™1). Then we have the following.

(1) B €0, and a € €0 if and only if 5’ € O.
(2) ap’ —pa’ € 0.

Proof. (1) We compute p(e X" b, — X" 1a,) in two ways. Since X" b, = eb; + a; and
X" ta, = eay, we have p(e X" b, — X" La,) = 2p(b;) € €2E;. On the other hand, since
X"b,, = eb; + a1, we have

p(eX" b, — X" a,) = X" (dan + B'by + B) — X" Y(aay, + Bb, + A)
= e’ X" a, +28'b; + e(f' — a)a; —efby + eX"'B.

Then, X" ‘a = €ap_ni; and X" by = ebp_p4y, for n —i +1 < k < n — 1, imply that
eX" B € 2E;. Hence, we may divide the both sides by . Reducing modulo &, we have

(8" — a)a; — Bby =0 mod €E;

since X" *a,, = 0 mod €E;. Now, the claim is clear.
(2) Since p(az), p(by) € Ker(X*), we may write

plai) = agar + Brbr + Ag,
p(by) = agar + Brby + By,

where ag, Sk, o, B, € O and Ay, By, € Ker(X*™1). We claim that
arfy, — Bray, = af’ — pa’.
To see this, observe that we have the following identities in F;/Ker(X*~1).
aay, + Bby = p(X"*a,) = p(ax)  mod Ker(X*=1) if k> n — i,

agay + Bby = p(X"*a,) = eplar) mod Ker(X* 1) if i <k <n—i,
agay + Beby = p( X" *a,) = ep(ar) mod Ker(X*1) if k <,
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ag + B'by, = p(X"Fb,) = p(bx)  mod Ker(XE=1) if k> n —i,
cag + B'b, = p(X"Fb,) = p(br)  mod Ker(XF~1) if i < k <n —1i,
cay + Bleby = p(X"Fb,) = ep(by) mod Ker(X*1) if k <.

Thus, if we put
(ak)gk) — (ak + Ker(kal), bk + Ker(kal))’
(62,5;) = (p(ag) + Ker(X*1), p(br) + Ker(X* 1)),

then we have )

(@, br) @: gz> = (@ by) = (@, by) (g g/)
(@, br) (5?‘1 Oﬁ) .

Therefore, we have o), — fro), = ' — o/ In particular, if af’ — fa’ € O%, then p is
surjective, which contradicts with p € radEnd4(E;). O

or

Lemma 4.3.3 (JAKM, Lemma 2.7]). Suppose that 2 < i <n — i, and let ¢; € End4(E;)
be as in the definition of the pullback diagram. Then we have the following.

(1) ¢; does not factor through 7.
(2) For any p € radEnd 4(FE;), the A-module homomorphism ¢;p factors through .

Proof. (1) Suppose that there exists 1 = (1,2,%3,%4) : E; — AP* such that m = ¢;.
Then, we have

0= m(an) = (e¥1(an) + X a(an), X" "1 (an), etha(an) + eX3(an) + X" "a(ay)),
by = m(by) = (€1 (bn) + X 1o (by), X" 41 (bn), €02 (by) + X b3 (by) + X" “4ha(by)).

The first equality implies 14(X" a,) € €2A by the following computation:

¢4(Xn_1a'n) = Xi_l(Xn_iw4(an)> = _Xi_l(ng(an) + 8Xw3(an))
= —e X" M(an) — e3(X'an) = 21 (an) — £7¢3(an—s)

Thus, we conclude 4(X" *b,) =0 mod A from

ey (X" by,) = etpy (X" g + X", 1) = ety(ay + €by)
= a(ear) + ea(by) = P(X" lan) + *u(b) € 2 A.

On the other hand, by using b; = (0,0, X"~ 1), the second equality implies

ea(bn) + eXh3(bp) + X" "a(bn) = X",
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It yields t4(X" b, ) #Z 0 mod A. Hence, we have reached a contradiction.

(2) Let p € radEnd4(E;). We write p(a,) = aa, + b, + A and p(b,) = o/a,, + 8'b, + B,
where a, 3,0/, 5" € O and A, B € Ker(X"!). Then, ¢;p(a,) = by and ¢;p(b,) = B'b
hold.

By Lemma4.3.2 (1), 8 € €O and if ' was invertible then o would be invertible, which
contradicts with Lemma 4.3.2 (2). Thus, 3, 5" € €O follows, and we may define 15 : E; — A
by

Banlf B/anlh
(figh) = —m—+—5—
where (f,g,h) € E;. The A-module homomorphism 1), is well-defined. Indeed, we have
Ya(ar) =0 and o(b) =0 for 1 <k <n—1 and

/
vafan) = 2xn1 (o) = Lot
Then ¢ = (0,12,0,0) : B; — A% satisfies m) = (X" 1aba, 0, e102) = dip. O

By Proposition 3.5.8 and Lemma 4.3.3, we obtain the almost split sequence
0O0—-F,;,—>F,—>FE —0,

where F; = {(p,q,7,5,t) € AP D E; | m(p,q,7,8) = ¢i(t)} for 2<i<n—i. For 1 <k <n,
we define z; = (0,0,0,0,a) € F; and xy, yi, wi € F; by

- (0,0,0, X" ay) if1<k<n-—i,
Tk (0,0, —X2n—i=k=1 cxn=k o) ifn—i<k<n.

(0,0,0,0,b) if 1 <Fk<i,
Y = (07 07 07 XT'L—H_k_la bk + ak*i+1) ifi<k< n,
(0,0,0, X1 b,) if k= n.
B (0, =X =kt xn=F 0, 0) if 1<k<i,
Wk = (Xnk —e Xkl e Xk 0,0) if i < k < n.

Note that (p, q,7,s,t) € F; if and only if
(ep+ X7lq, X" p,eq + eXr + X" s) = Buby,
where t =Y 1 (agay + Biby).
Lemma 4.3.4 ([AKM, Lemma 2.8]). {z, Yk, 2k, wr | 1 <k < n} is an O-basis of F;.

Proof. It suffices to show that they generate F; as an O-module since rank F; = 4n. Let

F! be the O-submodule generated by {zg,yk, 2k, wr | 1 < k < n}. We show first that

(Ker(m),0) C F]. Recall that any element of (Ker(w),0) = (Im(¢),0) is of the form

Xn=ip
€

<g7_Xf+ 7f7_h70>7
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where (f,g,h) € A A® Z,_; and X'f —eg = X" 'h/e. Thus, X" ‘g = 0 and g is
an O-linear combination of X" *+¢ for i < k < n. Thus, subtracting the corresponding
O-linear combination of wy, for i < k < n, we may assume g = 0. Since

hEZyi=0cd - ®O0X 10X ® - -d0OX" L,

we may further subtract an O-linear combination of x, for 1 < k£ < n, and we may asume
g = h = 0 without loss of generality. Then, (0, —Xf, f,0,0), for f € A with Xf =0, is
an O-linear combination of wy, for 1 < k < i. Hence, (Ker(7),0) C F/. Next we show that
(0,0,0,0,Ker(¢)) C F'. But it is clear from (0,0,0,0, ax) = z; and

e if1<k<i,
(07070707b/€){ Yk — Theit1 lf’L<k<n

Suppose that (p,q,r,s,t) € F;. Write t = b, + t' such that § € O and t' € Ker(9).
In order to show that (p,q,r, s,t) € F!, it is enough to see (p,q,r,s,Bb,) € F!. Since
eq+eXr+ X" s = BX" 1 we have (p,q, 7,5 — BX'"1) € Ker(r). Therefore, we deduce

(p,q,7,s,8bs) = (p,q,7, 8 — BX1,0) + £(0,0,0, X7, b,) € F,
because (0,0,0, X1, b,) = y,. Ol

Let F! be the O-span of {xy, yg, wr | 1 <k <n} and F the O-span of {z; | 1 < k <n}.
It is easy to compute as follows.

w1 ifk#i+ 1,
cw; if =i+ 1.

Xw, = {
Xop = {xkl ifk#n—i+1,

EXp_s —w1 Hk=n—i+1.
Yk—1 ifk#1+1,
ey; +x1 if k=1i+ 1.

Xz = {Zkl ifk#n—i+1,

ka =

EZp—i fk=n—i+1.

Hence, the direct summands F] and F)' of F; = F] & F] are A-lattices and F, ~ Z,_;.

Lemma 4.3.5 (JAKM, Lemma 2.9]). Assume 2 < i < n — 2. Then the middle term of
the almost split sequence ending at FE; is the direct sum of Z,,_; and an indecomposable
A-lattice.

Proof. Since 7(Z;) ~ Z,—; implies 7(F;) ~ E,_;, we may assume 2 < i < n — ¢ without
loss of generality. Let F] be the A-lattice as above. Then, we have to show that F is
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an indecomposable A-lattice. Suppose that F} is not indecomposable. Then, there exist
A-sublattices Z and L such that F/ ~ Z® L and Z® K ~ A® K. Since

Ker(X*)N F/ = @ (Ow; + Ox; + Oyj),
1<j<k

we may choose an O-basis {e; | 1 < k < n} of Z such that
e = W + Brxr + Yy + Ak,

where ag, g, v € O with (ag, B, Vi) & (€0)®3 and Ay, € Ker(X*~1) N L. Then, we have
Ker(X¥)NZ = Oe; @ --- @ Oey, and at least one of ag, By, vi is invertible. Write

Xek = f]ili)lek—l + -+ fl(k)eh

where fl(k), e k(;]i)l € O. We first assume that 2 < i < n — 7. Note that
apwi—1 + BrTr—1 + WeYr—1 + X Ag fk#i+ln—i+]1,
Xep =19 Qnoit1Wni+ Brnoiy1(6Tn—i — w1) + Yn—it1¥Yn—i + XAn_ip1 ifk=n—i+1,
Qir1EW; + Bip1x; + ’yi+1(€yi -+ :L‘l) + XA if k=144 1.

This implies the equation

i (ks Brs i) if k#i4+1,n—i+1,
27)1 (=1, Bo—1,Mh-1) = § (Qn—it1,8Bn—it1, n—i+1) if k=n—i+1,
(etit1, Biv1,€%it1) if k=1i+1.

We may assume one of the following two cases occurs.

M) f®P =1 (kgn—it1), ;o =,

@ f® =1 k£i+1), £V =

In fact, since at least one of ayg, Bk, i is invertible, f,gli)l is invertible when k # n—i+1,i+1.

By multiplying its inverse to ey, we obtain f1(2) =...= fi(i)l =1and (aq,B1,m) ==

(v, Biyvi) in the new basis. By the same reason, we have f,gli)l ¢ €20 for all k. Suppose

that both fé’:iﬂ) and fi(iH) are invertible. Then, we may reach
(@is Biyvi) = (etit1, Bit1,€%i41) = =+ = (E0n—i, Bn—iy €Yn—i) = (EQn—it1,EBn—it+1, EVn—i+1);
a contradiction. Suppose that both ff::”l) and fi(Hl) are not invertible. Then,

(i, Bisyi) = (st e Big1, Yir1) = - = (i € Bris Yni)

1 —1 ~1
= (¢ n—it1,€  Bnoit1,€  Vn—it1)s
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which implies that none of oy —i41, Bn—i+1, Yn—i+1 is invertible. Thus, we have proved that
we are in the case (1) or the case (2). Suppose that we are in the case (1). Then, we have

Xey, — f;gli)lekq = f,ffi)QeH +-oe fl(k)€1
XA, — A4 ifk#n—i+1,i+1,
= XAp—iv1 —€An—i — Bn—itiwr ifk=n—i+1,
XAi+1 —A; + Yi+121 ifk=14+1.

Since Ay € Ker(X*) N L, we obtain the equations

€r—1 ifk#n—i+1,i+1,
Xep, =< eeqp_i+ fl(n_lﬂ)el ifk=n—i+1,
€; + fl(l_‘—l)el if k=741,
and XA, ;41 = X?A,_;40="---= X'A,. As we are in the case (1),
(a1, B1,m) = (az, B2,72) = - = (i, Bi, Vi)
= (i1, Biv1,€%i41) = -+ = (€0n—i, Bn—i, €Vn—i)
- (an—i—klvﬁn—i—i—l,’yn—i—i—l) == (Oén,ﬁn,’}/n>

follows so that we may write

o — cawg + Bxp +eyyp + A f1<k<iorn—i+1<k<mn,
| awg + Bz + Yyr + Ag ifi+1<k<n-—i,

with a,v € O and 8 € O*. Then, Xe, ;11 =cep_; + fl(n_iﬂ)el implies

ewn—; + B(ETp—i — w1) + eYYn—i + X" A, = i + fl("_iﬂ)(eam + 1+ evy1).
We equate the coefficients of w; on both sides. Since contribution from X?A,, comes from
X'w;41 = ewy only, we conclude that 3 € €@, which contradicts with 5 € O*.

Suppose that we are in the case (2). Then, the same argument as above shows that

€r—_1 ifk#n—i+1,i+1,
Xep={ eni+ " ey ifk=n—i+1,
ge; + fl(zﬂ)el ifk=i+1.

We define an O-basis {e]} of Z as follows:
(i) ef =ep (1 <k <i).

P — 1(i+1)en722’+1 + fl(nfiﬂ)el-
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(111) // = en 1 — 1(7,+1 fl(l+1)f(n Z+1)
(iv) e} = e — 1(i+1)ek,i+1 (it+1<k<n, k#n—i,n—1).
Then, we have Z ~ Z;. To summarize, we have proved that if there is a direct summand
of rank n then it must be isomorphic to Z;. As there is an irreducible morphism Z; — E;,
the A-lattice E; must be a direct summand of E,,_; and we conclude F; ~ E, ;. Then,
there exist a}, b} € En—;, for 1 <k < n, such that
an = aay, + b, + A,
by, = va,, + 6b,, + B,
where o, 3,7,6 € O with ad — By € O*, A, B € Ker(X" 1), and
Xq. — a,_y (k#n—i+1)
K ear_; (k=n—-i+1),
b1 (k#i+1,n)
Xb, =1 b, (k=i+1)
al_;+b,_, (k=n).
We compute X" ‘a,, and X" b, as follows.
ca; = e(aal + Bb;) + Ba) + X" A,
eb; = e(yal, + ob) + da} + X" 'B.
Since X" 'A, X" B € €E,,_; by 2 < i < n—1, we have 3,8 € €0, which is a contradiction.
Thus, F! is indecomposable if 2 < ¢ < n — i. It remains to consider 2 < i =n —i. We
choose an O-basis {ej | 1 <k < n} of Z and write
ex = apwk + Brxk + Ykyk + A,
as before. Then, we have
Xep = { apwi—1 + BeTr—1 + WYk—1 + X Ak if k#£i+1,
Qir1EW; + ,6’i+1(€:vi - w1) + ’yi+1(€y,- + l‘l) + XA ifk=i+1,
and it follows that
(k) _ (o, Bry ) if k#i+1,
fk_1<ak‘—17 ﬁk‘—l? ’Yk—l) - { (Eai_l,_l,gﬁi_l,_l, E’Yi+1) lf k — Z + 1

£+

Hence, we may assume flgi)l =1, for k #i+1, and = g, without loss of generality.

Since Ay, € Ker(X*~1) N L, we obtain from the computation of Xey — f,gli)lek_l that

k1 if k£iQ+1,
Xekz (i+1) . .
ge; + fi e1r ifk=i+1,
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and XA; 1 = X?A; 0 =---= X'A,. Let A\, u and v be the coefficients of w,_;41, Tn_it1
and yp—;y+1 in Ay, respectively. Then the coefficients of wy, z1, y1 in X A;41 are e, ep,
ev. Since fl(Hl)el = XA;41 —eA; — Biy1wi + Yir1x1, we have

oy = 41 mod €0, fIHYB) =510 mod £0, f7V41 = 0 mod 0.

We may show that fl(iH) is not invertible, but whenever it is invertible or not,

M=mp=c = and fi=Fy=-=fy

imply that 8 = 0 mod €O and v, = 0 mod €O, for 1 < k < n. It follows that we may
choose an O-basis {a},, b}, | 1 <k <n} of L as

aj, = A\wy + T + Al
/ n /
k = MWk + Yk + By,

where X', \" € O and 4}, B, € Ker(X*~1)n Z. Write

S

—1

Xaf,€ = (g](k)a} + hg-k)b}).
1

J
By multiplying aj, = Awy, + x5 + A}, with X, we obtain

Xd. — ;ka,l + XTp—1 + )(14;C if k#£4i+1,
k= 8/\;+1wi+8$i—w1+XAg+1 ifk=di+1.

Thus, g,g]i)l =1,fork#£i+1, g(iﬂ) =¢, and h,(f_)l = 0 for all k. Further, we have

(2

S W XA — A i kA1

Xl = ghm1 01 = { XA, —cAl—w ifk=i+1

We obtain Xgﬁe —ay_y =0if k #4+1, and if K = i + 1 then Xaj, , — ea] is §qua1 to
ggﬂ)a’l + hg”l)b’ = XAl —eA] —w;. Since XA, = X2?A] , = = X""'A, the
coefficient of z1 in X A]_ | is in €O. This implies the equation

Mg XY L Dy + g0y + Ry = 0 mod eF.

We must have g§i+1), hgiﬂ) € €0, but then w; = 0 mod eF], which is impossible. Hence,

F! is indecomposable if 2 <n — i =i. O
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4.4 The shapes of Heller components

Now, we determine the shapes of Heller components of the truncated polynomial rings.

Theorem 4.4.1 (JAKM, Theorem 3.1]). Let O be a complete discrete valuation ring,
A = O[X]/(X™), for n > 2. Then, the Heller component containing Z; and Z,_; is
LA /(T?) if 2i # n, and ZA./(7) if 2i = n.

Proof. Any Heller component does not admit a loop by Corollary 4.2.2. Let C be the Heller
component containing Z; and Z,,_; and T the tree class of C. If i = 1 or i = n — 1, then
Proposition 4.2.1 (1) implies that the subadditive function R|r is not additive. Thus, the
tree class of C is As. For the remaining cases, the assertion follows from Corollary 3.7.8
and Lemmas 4.2.1 and 4.3.5. O



5. HELLER COMPONENTS: THE CASE OF THE SYMMETRIC
KRONECKER ALGEBRA

In this chapter, we determine the shapes of Heller components when A is the symmetric
Kronecker algebra O[X,Y]/(X?2,Y?). The results in this chapter appear in [M1, M2].
Throughout this chapter, we assume that x is algebraically closed. Since A ® K =
K[X,Y]/(X?,Y?) is not semi-simple, A is not an isolated singularity, and it is of infinite
representation type. In particular, the stable Auslander—Reiten quiver I's(A) has infinitely
many vertices. It is well-known that the stable Auslander-Reiten quiver of A is of the form

,,,,,, M(—2) K
//\\//\\//\ N /

,,,,,, M (=1) -

Here, we denote by 1, and 0, the identity matrix of size n and the zero matrix of size

n, respectively. We denote by Z, and Z the first syzygy of M(n) and M(\), in latt-A,

respectively. Then, Heller lattices Z, and Z) are indecomposable (Proposition 5.1.5).
The last main result of this thesis is the following.

Main Theorem (Theorems 5.5.1, 5.8.4 and 5.9.5 ). Let O be a complete discrete valuation
ring and A = O[X,Y]/(X?,Y?). Assume that the residue field » is algebraically closed.
Then, the following statements hold.

(1) There is a unique non-periodic Heller component HC(Zy), and it is isomorphic to Z A
Moreover, the Heller lattice Z,, belongs to HC(Zp) for all n € Z.
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(2) If the characteristic of & is 2, then HC(Z)) ~ ZAy/(7) for all A € P!(k) for all n € Z.

(3) If the characteristic of # is not 2, then HC(Z)) ~ ZA /(1) if X\ = 0 or oo, HC(Z)) ~
ZA/{T?) otherwise.

(4) Any Heller lattice appears on the boundary of a Heller component.
Throughout this chapter, we use the symbol X and Y as X +(X?2,Y?) and Y +(X2,Y?),

respectively. For a positive integer n, we denote by eq,...,e, the standard basis of Q%"
and we adopt ej, Xey,Yer,XYeq,...,en, Xen, Ye,, XYe, as an O-basis of A9". The
symmetric Kronecker algebra A is the bound quiver algebra over x defined by the following
quiver and relations:

x(T17)y; X?=Y?=0, XY-YX=0.

Since x is an algebraically closed field, a d-dimensional A-module M is of the form

M= M CKdDMQ,

where M; and Mj are square matrices of size d which commute and square zero by Theorem

2.6.2. To simplify, we denote by (d, My, M) the A-module M. Since A is a special biserial

algebra, we may give all finite dimensional indecomposable modules by Theorem 2.6.4.
We note that the “Kronecker algebra” over a ring R usually means the generalized

triangular matrix R-algebra
R 0
R> R )

However, the R-algebra R[X,Y]/(X?,Y?) is also called the “Kronecker algebra”, see [Erd,
Chapter I, Example 4.3]. These two algebras are not isomorphic each other, but there is a
functorial relation, which is explained in [G, Section 5], [ARS, Chapter X Section 2] and
[SS, Chapter XIX, 1.13 Remark]|. In order to distinguish these two Kronecker algebras, we
called the algebra R[X,Y]/(X?2 Y?) the “symmetric” Kronecker algebra.

5.1 Heller lattices

First, we give a complete list of Heller lattices. By Theorem 2.6.4, all finite dimensional
indecomposable A-modules are classified into string modules, band modules and projective-
injective modules. We notice that the unique indecomposable projective-injective module
A is given by

0 00O 00 00

4 10 00 00 00
"l 0000 | 1T 00O
0 010 0100
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Now, we present a complete list of the other finite dimensional indecomposable A-modules,
which are denoted by M (m), M(—m), M (), where m € Z>o, n € Zso and A lies on the
projective line P!(k) = x U {oo}.

(i) The string module M (m) := M ((87F2)™) (m € Z>p) is given by the formula:

~Om 1 Oy ~Om 1 Oy
M(m)=|2m+1,| 1, ,0ps |, 0---0,0---0
0 0'0 0 1, ! Om+1

0m+1 ;Om 0m+1 ;Om

M 2 i o ] o

e e T o K T
0\ O |

(v) Let V be a finite-dimensional indecomposable left [z, !]-module. Assume that V/
is represented by x — J(A,n) with respect to a basis of V' for some A € k* and
n € Zso. The band module M (M), := N(85/51,V) is given by the formula:

o= (e (3900) - Cogariar)

Lemma 5.1.1. The set of the A-modules

{M(m)|meZYU{MN), | X€eP(r), n€Zs1}U{A}
forms a complete set of isoclasses of finite dimensional indecomposable modules over A.
Proof. The assertion follows from Proposition 2.6.4. See also [B, Theorem 4.3.3]. O

For simplicity, we visualize an A-module as follows:
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e Vertices represent basis vectors of the underlying k-vector spaces.
e Arrows of the form — represent the action of X, and --» represent the action of Y.

e If there is no arrow (resp. dotted arrow) starting at a vertex, then X (resp. Y)
annihilates the corresponding basis element.

By using this notation, the indecomposable modules listed above are represented as follows:

/UO
Xep_ u == —>v

N / \S
1. A= e1’ XYe; . 2. M(m):
~. 7 : :
Yer Um—1 — — =Um—1
Um = — — >=Um
U—=2u U——=3u
Uy = > VU9 U= > Vg
3. M(—m) = 4. M(O)n =
_ 7’Um—1 Un—1 */;vn—l
Um —2Um Up —> Up,
Um+1"
A
e - N
s N\
Uy —=01
Uy ————-—="01 -7
Uy = — — — >V UQ//—>’U2
NP
* N AN 7
5. M(c0)y, = : 6. M(\), = Z
Up—1— — =Un-1 Un—1 *;Un—l
Up= — — =0 =7
n = Up T > Uy,
h ~ A /1
Vi—1
- 7 . .
Here, - in the picture 6 means Yu; = Av; + v;_1.
ui/ (o
7
\\ i -

From now on, as a k-basis of a non-projective indecomposable module over A, we adopt
the above k-basis.
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Remark 5.1.2 ([ARS, ASS, Erd, SY1]). Almost split sequences for mod-A are known to
be as follows:

0— M(-1) — A® M(0)® M(0) — M(1) — 0

0—Mn-1 —Mn)®Mn) — Mn+1) —0 (n#0)

0— M(\); — M(N)g — M(\); — 0 (A € PL(k))
00— MN\)p — MA\)p—1®MN)ps1 — M(N)y — 0 (n>1,) € P(r))

Lemma 5.1.3. For all m € Z, A € P!(k) and n € Z~q, there are isomorphisms
QM (n)) =~ M(n—1), UMN)n) = M(=N)n, QM(00)n) 2 M(00),.

Proof. Since A is symmetric, the functor Q on mod- A is an autofunctor. Note that Remark
5.1.2 implies that there are isomorphisms O2(M(l)) ~ M(l — 2) in the stable module
category mod-A for any [. -

First, we show that Q(M(n)) ~ M(n — 1) in mod-A for n < 0 by induction on n. It is
c~lear for n = 0. Assume that the statement holds for n < k < 0. The induction hypothesis
Q(M(n)) ~ M(n — 1) implies

Q(M(n —1)) ~Q*(M(n)) ~ M(n — 2)
in mod-A and the statement is true for n — 1.

Now, we show thaEQ_l(M(n)) ~ M(n + 1) in mod-A for n > 0 by induction on n. It
is easy to check that Q(M (1)) ~ M(0). Thus, the statement is true for n = 0. Assume
that the statement holds for 1 < k < n. The induction hypothesis Q=1 (M (n)) ~ M (n+1)
implies B B

Q7N M(n+1)) = Q73 (M(n)) ~ M(n +2)
in mod-A and the statement is true for n + 1.

Next, we consider the case of M(A),. For )\ € PY(k) and n > 0, we define a map
lé : (A)®" — M(M\), by m) : e; = u;. Then, 7, is the projective cover of M(\), as an
A-module. First, we assume that A # co. In this case, the kernel of 7\ is given by

k(Yer —AXep) @ kXYey
@D kr(Yea —AXex — Xep) @ k(XYes)
@ r(Ye, — AXe, — Xepo1) @ kXYep,,

and it is isomorphic to M(—\), in mod-A. Next, we consider A = oo case. A k-basis of
the kernel of 72° is given by
kXe1 @ kXYey
k(Xez —Yer) ® k(XYes)
K(Xen—Yen_1) ®kXYey,,
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and it is isomorphic to M(00), in mod-A. In the both cases, the isomorphisms are lifted
in mod-A since the kernels have no A4 as a direct summand. O

Let M be a non-projective indecomposable A-module listed in Lemma 5.1.1. For each
m, n and A, the projective cover of M as an A-module ), is given by

A@m_>M7 e; — U; lfMﬁM(m), m>07
A®m+1_>M’ e; — Uu; ifMﬁM(—m), m > 0,

MY A M, e — uy if M ~ M(0),
A®n 5 M, ei—>u; if M~ M(\),, n>0 \cPl(k).

For m € Z, n € Z>o and A € P!(k), we define the Heller A-lattices Z, and Z,, to be the
A-lattices Zp, := Ker(mys(n)) and Z;) := Ker(myy(y),). We denote by B(m) and B()),, the
following O-basis of Heller lattices Z,, and Zfl‘, respectively: For m > 0,

Zm = Oce; @ 0eXeg @ O(Yer — Xeg) @ OXYey
® Ocex @ OcXex d O(Yey — Xes) ® OXYes
® Ocepm1 ®O0cXepm1 @ OYepn—1— Xep) ®OXYenm
@ Oce,, ® OcXep @ OcYe,, @ OXYe,,,

Zy= Qce; OXe dOYe; ®OXYey,

Zm=0ce; ®O0cXe1 ®OYe; OXYey

@ Ocea ® OcXea®O(Yey — Xep) ®OXYey
® Ocen, ® OcXey, ®O(Yey, — Xep—1) @ OXYe,,
@ Ocemi1 ®O0Xepi1 OYeme1 — Xem) ®OXYe 1.

For n > 1,

Zfl‘ = Qce; ® O0cXey ®O(Ye; — AXep) ®O0OXYey
@ Ocea ® OcXea ®O(Yey — AXeg — Xep) D OXYey
@ Oce,, ® OcXe, ®O(Ye, — AXe, — Xe,—1) @ OXYe,
ZX = Qee; ®0Xeg @O(Yer — Xeg) OXYey
@ Ocea ® OcXea®O(Yey — Xesz) D OXYey
@ Ocep—1 ®O0cXep1®O0Yep1 — Xep) ®OXYe,
@ Oce, B OcXe, ®OcYe, ® OXYe,,
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and

Zf\ = Qce1 @ OcXey ® O(Yel — /\Xel) @ OXYeq,
Zloo = 0ce1 9 O0OXe1 ®O0cYer ® OXYey.

To simplify the notations, we use the following symbols:
e For the Heller lattice Z,, (m > 0), we put

a1,1 a1,2 ai3 a1.4 geq €X€1 (Y€1 — X62) XYel

a2 1 a22 a3 a24 ge9 €X€2 (Y62 — X€3) XY@Q
am-1,1 am-12 3am-13 am-14 cem-1 eXem1 (Yem—1—Xem) XYen 1

am,1 am,2 am3 am.4 gem eXenm eYen XYe,,

when m > 0, and if m = 0, we put
(a1,1,a1,2,21,3,a1,4) = (ee1, Xep, Yer, XYep).

We understand that apj; = 0 for j=1,2,3,4. Then, X and Y act on Z,, as follows. If
m > 0, then

. _ _ ey .
ajr1 ifj=1, caiz+ait12 ifi#mandj=1,

- i . €as3 ifi=mandj=1,
Xaij = aI’J+1 lf I 7é m andJ. o 37 Yaij = €aj4 ifj = 2,
’ c€amg4 ifi=mandj=3, ’ L ifi£mandj=3
0 otherwise, 4 . 1=
0 otherwise.
If n =1, then
g€ai2 lfJ = 1, €ai3 lfJ = 1,
Xalyj = a1 4 lf_j = 3, YaLj = a1 4 lfJ = 2,
0 otherwise, 0 otherwise.
e For the Heller lattice Z_,, (m > 0), we put
b171 b172 b173 b174 geq €X€1 Y€1 XY61
b271 b272 b273 b274 [ €X€2 (Yeg — Xel) XY€2
bm,1 bm 2 bm,3 bm,4 cem eXem (Yen—Xepn—1) XYep

bmi1,1 bmi12 bmi13 bmiis cemi1 Xemgp1 (Yemqr — Xem) XYenmpr
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We understand that bg; = 0 for j = 1,2,3,4. Then, X and Y act on Z;° as follows.
Ebi73 + bi,172 ifi=1and j=1,

; if i 1 j=1 . .
:if ;f : f T:l ;Ildd.J_ 1 ’ ebi 4 ifi#Au+1andj=2,
Xby ={ comt12 M= =5 Yhj={ bmiia if i=u+1andj=2,
bi,4 lf.] = 37 b lf_j -3
0 otherwise, 0 o otherwgse
e For the Heller lattice Z; (\ # 00), we put
€1 €2 €23 €24
A x
Cn;l,l Ch—12 Cn/\1,3 Ch-14
Cn,l Cn,2 Cn,3 Cn,4
geq eXey (Yer — AXeq) XYe;

€es eXeq (Yea — AXex — Xeg) XYes

Een—1 EXen_l (Yen_1 — )\Xen_l — Xen_2> XYen_l
gen eXe, (Ye, — A\Xe, — Xen—1) XYe,,

when n > 1, and if n = 1, we put
(ci"l,ci‘,z,ci& ci‘74) = (ee1,eXeq, (Yer — AXep), XYey).
Then, X and Y act on Z as follows. If n > 1, then

A A by e
ec3 + )\ci72 +clin ifj=1,

Xt = { G Hi=13 ] e if j=2,
" 0 otherwise, W —)\ci):4 — Ci/\71,4 if j = 3,
0 otherwise.
If n =1, then
ecis+Act, ifj=1,
A e 2 P
c7 ifj=1,3 ec ifj=2
X = 1j+1 1 Y. — 1,4 )
1 { 0 otherwise, 1] —)\cf4 if j = 3,
0 otherwise.

e For the Heller lattice Z;°, we put

d1,1 d1’2 d1,3 d1,4 geq X€1 (Y€1 — Xez) XYel
d2,1 d2’2 d2,3 d2’4 () 6X62 (Y€2 — Xeg) XY€2
dn—11 dno12 dpo13 do—14 cen—1 eXep1 (Yen—1 —Xen) XYep

dn.1 dn2 dn3 dn 4 cen eXep, eYe, XYe,
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when n > 1, and if n = 1, we put

Then, X and Y act on Z2° as follows. If n > 1, then

Xdij =

If n =1, then

Xdi :{

Lemma 5.1.4 ([M1, Lemma 2.5]). Let Z be a Heller lattice over A. Then, the rank of Z

(d11,d12,d13,d14) = (ce1, Xey,eYer, XYey).

edi2
di2
dia
5dn,4
0

edyjy1
0

ifi=j=1,
ifi£l, j=1,
ifi#n, j=3,
ifi=n, j=3,
otherwise,

as an O-module is divisible by four.

Proof. Let Z be a Heller A-lattice. Then, Z ® K is projective as an A ® KC-module. On the
other hand, the unique projective indecomposable A® KC-module is A® K, whose dimension
is four. This gives the desired conclusion.

Proposition 5.1.5 ([M1, Proposition 2.4] and [M2, Proposition 2.8]). For m € Z, n € Z>

ifj=1,3,
otherwise,

Ydij =

and A € P!(k), the following statements hold.

(1) There are isomorphisms

Zm @k~ M(m—1)® M(m),

where we set —oo = 00.

(2) The Heller lattices Z,, and Z; are indecomposable.

Proof. (1) We show the following five isomorphisms:

(i) Zm @Kk~ M(m)® M(m — 1) for m > 0.

(ii) Zo ® K ~ M(0) @ M(—1).

(iv) Z) @ k>~ M(A\), @ M(=\), for n > 1 and \ # co.

)
)
(ill) Z_m ® K~ M(—m) & M(—m — 1) for m > 0.
)
)

(V) Z2° ® Kk ~ M(00)P? for n > 1.

ediz +dip12 ifi#n, j=1,
dns ifizn, j=1,
dis ifi=1, =2
edis i1, =2,
—diy14 ifi#n, j=3,
0 otherwise.
L dl,j+2 lf.] = 1727
Ydij= { 0 otherwise.

Z) @k~ M(N)p & M(=A)n,
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(i) For any m > 0, we define A-submodules Z(m, 1) and Z(m,2) of Z,, ® k by

Z(m,1) :=Span,{ai1, aj2,am3 | i=1,...,m},
Z(m,2) :=Span,{ai3, ajs | i=1,....m—1,j=1,...,m}.

Obviously, Z,, ® k = Z(m, 1) ® Z(m,2). Then, it is easy to see that Z(m, 1) ~ M(m) and
Z(m,2) ~ M(m —1).

(ii) The isomorphism Zy ® k ~ M (0) & M(—1) is clear.

(iii) For any m > 0, we define A-submodules Z(—m, 1) and Z(—m,2) of Z_,, ® k by

Z(—m,1) :=Span,{bi1, bjo | i=1,....m+1, j=1,...,m},
Z(—m,2) :=Span,{bm+12, biz, bia | i=1,...,m+1}.

Obviously, Z_,, ® k = Z(—m,1) & Z(—m,2). Then, it is easy to see that Z(—m,1) ~
M(—m) and Z(—m,2) ~ M(—m — 1).
(iv) For any n > 0, we define A-submodules Z(\,n,1) and Z(\,n,2) of Z} @ k by

Z(A\,n,1) ::Spann{ci’}l, c{}2 | i=1,...,n},
Z(A\,n,2) ::Spann{c{g, c{}4 | i=1,...,n}

Then, Z)®k is decomposed into Z(\, n, 1)@ Z(\, n,2) as A-modules. Define A-homomorphisms
I M(A)p = Z(A\,n,1) and f;" : M(=N), — Z(A,n,2) by

) =, [ ) = f2" () = (1), and £ (vi) = (—1) e

As these morphisms are isomorphisms, we have Z) ® k =~ M (), @ M(=\),.
(v) Finally, we show that Z° @ k ~ M (c0)®2. For any n > 0, we put

Z(o0,n, 1) :=Span, {di1, djo,dn3 | i=1,...,n, j=2,...,n},

i=1,...,n—1,
Z(50,n,2) i=Span, {dl’zv digy dnay dia | 5y g } |

Then, one can show that Z(co,n, 1) ~ Z (oo, n,2) ~ M(c0), by using similar arguments in
the proof of the case of A # oo.

(2) First, we prove that the Heller lattice Z,, is indecomposable for any integer m.
We obtained an isomorphism Z,, ® k ~ M(m) @ M(m — 1) by (1). Assume that Z,,
is decomposable. We write Z,, = Z! @ Z? with Z! # 0 # Z? as A-lattices. By the
Krull-Schmidt-Azumaya theorem, we would obtain two isomorphisms Z! ® x ~ M (m)
and Z? ® k =~ M(m — 1). On the other hand, the dimension of M (m) as a k-vector space
is odd, a contradiction with Lemma 5.1.4. Therefore, Z,, is an indecomposable A-lattice.
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From now on, we show that the Heller lattice ZT)L‘ is indecomposable for any n > 0 and

A € Pl(k). Let X, Y and Y be square matrices of size 4 defined by

0 00O 00 0 O 0 0
> 10 00 > A0 0 O S 10
X = 0000 Y= e 0 0 O Y= 0 0
0 010 0 e =X 0 0 0

Then, the representing matrices of the actions of X and Y on Z (A # oo)
the O-basis B are of the form:

X Y Y
% 0 v v 0
X = Y =
X v v
0 X 0 ¥

Obviously, the Heller lattice Z7' is indecomposable since Z7; ® K ~ A

o O O
o O O O

-1

with respect to

€ Mat(4n,4n, Q)

® K. We prove

that idempotents of End4(Z;) are only 14, and Oy4y,. Let M = (m; ;) be an idempotent of
Enda(Z)). We partition M into n? blocks of size 4 x 4, and denote by M, ; € Mat(4,4, O)
the (4, j)-block of M and by «; j the (4i—2,4j —1)-entry of M. The equalities M X = XM

and MY =Y M yield that the block M; ; is of the form

d; j 0 0 0
Moo= | THi-245-3 d; Cij 0
MmMy4;—1,45-3 i,j
M4 4j—3  Mai—145-3 Maidj—1 dij
where
mia if 4 :] = 1,
j—1 e
M1+ €4 Mot ifti=j>1,
dijj = 3Zi:1 Qi—j—1+kk ifn>i>j2>1,
m1,4;5-3 ifn>j>i=1,
i—1 . L
M 4(j—i) 41 T €D jmy Qkjitiek i n>5>1>1,
0 ifi=mn,j=1,
Cij = ij if i # n,

— S iy ifn=i>5>1.

(5.1)

Here, we have to choose each element my; in M; ; in such a way that the equation MY =
Y M holds. By comparing the (1, 1)-entries of M and M?, we have the equation

n—1

2
mi1 = miq +¢€ E M1 4k+1M4k—2,3-
k=1
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We write T for the coset in the residue field K = O/eO represented by z € O. The above
equation implies that my7 is either 0 or 1.

Assume that m1; = 0. Then, the element d;; belongs to €O for all ¢ by (5.1). By
comparing the (1,4k + 1)-entries of M and M?, we have

k n—1
M1 4k+1 = M11M 4k+1 + Zm1,4l+1dl+1,l+1 +e Z my a+1P (1) (5.2)
=1 I=k+1

for some P(l) € O, and hence my 4441 € €O for all k. From (5.2), mj 4541 belongs to 'O
for all t > 0. It implies that mj 4x4+1 = 0 for all k. Therefore, the first row of M is zero.
By comparing the (5,5)-entries of M and M?, the following equation holds:

€2m277 if n = 2,
Emar = 2 9o n—2 .
e'ms, +¢ > 1 M2 akt7dit22 ifn > 2.

In the case n = 2, ma 7 = 0 because 1 — emg 7 is invertible. Therefore, we have:

0 0 0 0 0 0 0 0

ma1 0 ma3 0 mas 0 0 0

ms1 0 0 0 mss O 0 0

Mo | ™Mar man mag 0  mas m3s my7 O
£ma3 0 0 0 0 0 0 0

me,1 €ma.3 0 0 mes 0 —ma2;3 0

mr1 0 €ma 3 0 mrs 0 0 0

ms1  Mm71  Mmg3 €mag mgs M5 mgr 0

By M = M?, all elements of M must be 0.

In the other case, first we prove that the (4k—2)-th row of M is zero for all k = 1,2,...,n
by induction on k. By comparing the (2,4s — 1)-entries of M and M?, the following
equations hold:

n—1
Moas1 =Y Maagadiirs, s=1,2...,n (5.3)

=1
Since the first row of M is zero, each djy1 s of the right hand side of (5.3) belongs to €O
and so is mo4s—1 for all s = 1,2,...,n. Thus, for s = 1,2,...,n, the element mo 451

lies on 'O for all ¢ > 0. It implies that ma4s—1 = 0 for all s = 1,2,...,n. Then, the
(2,45 — 3)-entries of M and M? yield

n—2
Moges =Y Momssdiias, $=1,2,...,n.
1=1
As each dj 9 belongs to €O, so is mg 4s—3 for all s = 1,2, ..., n. It implies that the element

ma 45—3 lies on et© for t > 0, and hence the second row of M is zero.
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Assume that the statement holds for 2 <t < k — 1, we will show the statement for k.
Then, by the induction hypothesis, we have
n—1
Mak—245—1 = Z Mak—241+3d1+1,s, sS=1,2,...,n.
=1
Thus, we obtain myk_24s—1 = 0 and
n—2
Mak—2,45—3 = Z Mag—241+5d1420, $=1,2,...,n
=1
by similar arguments to the proof of the case of k = 1. It implies that the (4k — 2)-th row
of M is zero for all k =2,...,n.
Since the first and the (4k — 2)-th row of M are zero for all k, the (4, j)-block of M is
of the form

0 0 0 0
0 0 0 0
Mij = M4i—1,45—3 0 0 0

Myi45-3  Mai—14j-3 Mai45-1 0
Therefore, we obtain M = 04, by comparing each entry of M and M?.
Next we assume that m1 1 = 1. Then, 14, — M is an idempotent whose (1, 1)-entry is
belongs to €O and M = 14, follows. Therefore, the Heller lattice Z; is indecomposable.
Finally, we show the indecomposablity of Z7°. Let X(,4), Y(ap), Y2 be square matrices
of size 4 defined by

000 0 000 0 00 0 0
a 0 0 0 000 0 10 0 0
Xav =19 0 0 0 Ye = 4 0 0 o0 o=l 00 0 ol
00 b 0 0 b 0 0 00 -1 0

where a, b € {1,e}. Then, the representing matrices of the actions of X and Y on Z°
with respect to the O-basis BS° are of the form:

X
X — .
O X(1,1)
Xa,0)
Y,
(e1)
Yo Yo 0
Y =
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Then, any endomorphism M : Z>° — Z2° satisfies M X = XM and MY = Y M. Thus,
the endomorphism ring of Z°>° is subset of

MG i = Mi41,i+1 for all 1 S ) S 4n — 1,
(mij)i; € Mat(4n,4n,O0)| m;; =0 for i < j whenever (i,5) # (2,3),(2,5),(4,5)
(4,7) or (8,9).

Let M be an idempotent of the endomorphism ring of Z>°. It follows from the above
observation that M must be either the zero matrix or the identity matrix by comparing
all entries of M with those of M?2. Therefore, the A-lattice Z* is indecomposable. O

Proposition 5.1.6 ([M1, Proposition 2.7] and [M2, Proposition 2.15]). For m € Z, X €
P!(k) and n > 0, the following statements hold.

(1) There exists an isomorphism 7(Z,,) ~ Zy,—1.

(2) If X # oo, there exists an isomorphism 7(Z)) ~ Z;* .

(3) If A = oo, there exists an isomorphism 7(Z:°) ~ Z2°.

In particular, I's(A) admits the unique non-periodic Heller component containing Zj.

Proof. (1) we prove that the indecomposable Heller lattice Z,, is not periodic in T's(A). In
order to do this, we introduce another O-basis of Z_,,, for each m > 0 as follows;
Z—y=0ce; ®O(Xe; —Yer) ®OYe; ® OXYey
® Ocea ® O(Xega —Yez) d OcYead OXYeo
® Ocen, @ O(Xey, — Yeme1) @ OcYe,, @ OXYe,
@ Ocemt1 B OXepr1 @ OcYenmi1 @ OXYepia.

We denote by B(m) this O-basis of Z_,.
We compute 7(Zp,) in the following five cases.

(aym=1, (bym>1, (¢)m=0, (d)m=-1, (e)m<—L.
Suppose (a). Since the projective cover of Z; is given by
m:ADA— 7y, e1—r a1, €2+ a4,

we have 7(Z1) = O(—=XYe1 +cea) @ OXea @ OY ey @ OXYey ~ Z.
Suppose (b). Since the projective cover of Z,, is given by

T @ APl Zm
{am ifi:2k—1,k21,2,3,...,m,

€ as ifi=2k k=1,23....,m—1,
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we have

T(Zm) = (O(Yegk_l — X62k+1 — Eegk) D O(XYegk_l — EXegk)

(—Xepps - Year) @ 0(—XYe2k>)

o O
® O(Yean—3+ Xeam—1 — ceam—2) ® O(XYea,—3 —eXean_2)
D O(XYegmfl — EY@Qm,Q) D O(—XYegm,Q).

We change the above O-basis of 7(Z,,) by using the invertible matrix P = (P, ;) of size 4m
defined by P, j := (—1)'§; j14. Then, the representing matrices of the actions of X and Y
on 7(Z,,) with respect to the new ordered O-basis coincide with those on Z,,_1. It follows
that 7(Z) ~ Zm-1.

Suppose (c). Since the projective cover of Zj is given by

7r0:A€BA®A—>Z(), ey —ay1, e2 — a12, ez +— ai3s,
we have an isomorphism

T(Zp) = O(=Yey +ce3) ®O(—XYe; +eXes) DOYe3® OXYes
DO(—Xep +eer) DOXeadO(Yey — Xes) dOXYey
~ Zfl.

Next, we consider the case (d) and (e). The projective cover of Z_,, (m > 1) is given
by
T A®ZMH3 Z—m
b1  fi=2k—1k=1,2...,m+]1,
bes  ifi=2k k=1,2,...,m,
bm+172 if i =2m + 2,
bm+173 if i = 2m + 3.

€i —

Thus, an O-basis of 7(Z_,,) is given as follows. If m = 1, then

T(Z-1) = Oeea —Ye1) ®O(Xea+Yes) @ OYes @ OXYesy
@ O(Yes — Xep —ce;) O(—Yeqs + Xes)
@ O(XYe +eYes) @ OXYes
D O(Xeg —ceq) DO0Xes @ O(XYes+eYey) B OXYey,
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and if m > 1, then

T(Z_m) = OYer —cea) ®O(Yes + Xea) ®OY ey @ OXYes

m—2

> D

(O(Y€2k+1 — Xegp—1 — €eari2) ® O(Yeopps + Xeogyo)
k=1

D O(XY@Qk—l + €Y€2k+2) 5 OXY62k+2)

® O(Yeom+1 — Xeam—1 — ceams3) ® O(=Yeamia — Xeamt3)
® O(XYeom—1+eYeants) ® OXYeonis
® O(Xegm+1 — ceamt2) ® OXeopmia

® O(XYeom+1 —eYeamta) ® OXYeopio.

In the both cases, we have an isomorphisms 7(Z_,,) ~ Z_,,—1 for each m > 1.
(2) The map 7, » defined by

oA - AP Z;L\
. cpy ifi=2k—1,k=1,2,...,n,
€ ¢}y ifi=2kk=1,2...,n

is the projective cover of Z) as an A-module. Tts kernel 7(Z)) is given by

O(eeg — Yer + )\Xel) D O(€X€2 — XY€1) & O(Y@Q + )\Xeg) B OXYey

n

(O(—l)k_l(éezk — Yeop—1 + AXeop1 + Xeap—3) ® O(—1)" ! (eX ey — XYeop_1)
f—2

D O(—l)k_l(YGQk + AXegp + X@gk_g) @D O(—l)k_lXY€2k> .

Then, the actions X and Y on 7(Z)) coincide with those on Z;*.
(3) We define an A-module homomorphism by

Tnoo @ APy g%
dyg ifi=1,
d ifi =2
e; 1,2 3

dk73 ifi=2k+1,k=1,2,...,n—1,
dk71 if’iZQk, k:2,3,...,n.

Then, the 7, o is the projective cover of Z:°, and an O-basis of the kernel of m,, o, is given
as follows. If n = 1, then the kernel of 7  is

0(—X€1 + 662) O O0Xey d O(—XYel + 8Y€2) ® OXYeq,
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and it is isomorphic to Z{°. If n = 2, then the kernel of 73 o is

O(—XY61 —+ 662) D OXey ® O(—X@g + Y@z) D OXYey
BO(—Ye; + Xeg+ee3) DO(—XYe; +eXeg) ®O(XYeys+eYes)  OXVYes,

and it is isomorphic to Z5°. Suppose that n > 3. Then an O-basis of the kernel of m,, o is
given by

0(662 — Xel) D O0Xey ® O(Yeg — Xeg) D OXYey
D 0(663 + Xey — Yel) D O(6X€3 — XYel) D O(Yeg + X€5) ® OXYes

n—2

&b <O(_1)k+1(5€2k+1 + Xeggrr) — Year) ® O(=1)" (e Xegp 1 — XYeay)
k=2

& O(—1)F (Yegpr1 + Xegprs) @ O<—1)k+1XY€2k+1)

® O(—1)"(eean-1 + Xean — Yeg_1)) ® O(=1)"(eXe2n—1 — XYey(n_1))
D O(—l)n(5Y€2n_1 + XY@Zn) D O(—l)nXYQQn_l.

Then, it is easy to check that the actions X and Y on the kernel of m, o coincide with
those on Z:°. O

5.2 Almost split sequence ending at non-periodic Heller lattices

By Lemmas 3.4.4 and 5.1.5, there are almost split sequences ending at the Heller lattices Z,,
and Z) for each m € Z, n € Z~g and \ € P!(k). Furthermore, it follows from Proposition
5.1.6, there is the unique non-periodic Heller component HC(Zy), which contains Z,, for
all m € Z. In this section, we explain some properties of the middle term of the almost
split sequence ending at the Heller lattice Z,, in order to determine the shape of HC(Zp).
Since the stable Auslander—Reiten quiver I'y(A) is stable translation quiver, it is enough
to consider n = 1.
Recall that the projective cover of Z; is given by

mM:iADA— Zq, ey —ayl, €z+—>aia.

Then, the representing matrix of 7 is:

1000 0O0O0O
01 00O0O0O0OO
001 0O0O0O0OOQO
000 1000
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Let ¢ € Hom4(Z1,A® A), and we write

(ailei 4+ appXe; +ai3Ye; + a,-4XYei),

M)

P(ee) =

1

.
Il

(bilei + bioXe; +bisYe; + bi4XY€i).

M

B(XYe) =
1

Since ep(XYe) = XY1)(ce), the representing matrix of ¢ is:

€b14 0 0 0
a1 6614 0 0
ais 0 ebia O
aig a3 a2 by
Eb24 0 0 0
a2 6b24 0 0
a3 0 €b24 0
azs a3 azy  bag

<.
Il

Thus, the set of endomorphisms of Z; factorizing through = is:

e 0 0 O
6 ea 0 0
v 0 ea O
ed ey e€f ea

o, f,7,0€0

On the other hand, the radical of the endomorphism ring of Z; is given by

ea 0 0 O
b ea 0 O
c 0 e O
d ec ¢eb ea

radEnd4(Z1) = a,b,e,d € O

Therefore, we may take an endomorphism ¢ which satisfies conditions (i) and (iii) in
Theorem 3.5.8 as

Sp:

— o O O
o O O O
o O O O

0
0
0
0
(

and we consider the pullback diagram along (71, ¢):

0 Zy F1 A 0

|k

0 Zo ADA

1
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Since Zj is indecomposable, the upper exact sequence is the almost split sequence ending
at Z1. Then, an O-basis of F; is given by

E1 ={(f1, fo,x) € A® A® Z1| m1(f1, f2) = ()}
= (9(62 + 863) POXesdOYes dOXYey
@ O(XYer + 6263) @ O(eXe3) ®O(eYe3) ® O(XYes).

Proposition 5.2.1 ([M1, Proposition 2.7]). For any integer m, the Heller lattice Z,,
appears on the boundary of HC(Zy).

Proof. Tt is enough to show that the A-lattice E1 has exactly one non-projective indecom-
posable direct summand since 7(Z,,) ~ Z,,—1 for all m. Note that, since rad(A) = Zy,
the A-lattice E; has projective direct summands by Theorem 3.5.13. In fact, we have
isomorphisms

E1~ O(eg +ee3) @ O(Xex+eXe3) @O(Yey+eYes) O(XYey +eXYes)
® O(e%e3) D O(eXe3) ® O(eYe3) ® O(XYes)
~ A® Oc’e3 ® OcXes ® OcYez ® OXYes.

Let By = Oc?e3 @ OcXe3 @ OcYes & OXYes. Then, E; is not isomorphic to A. Since
E1 K~ AR K, the A-lattice F; is indecomposable. O

Corollary 5.2.2 ([M1, Proposition 2.12]). Let E,, be the middle term of the almost split
sequence ending at Z,,.

(1) For any integer m # 1, the A-lattice E,, is indecomposable.
(2) For any m € Z, we have an isomorphism E,, ® k ~ M(m — 1)%4.

Proof. (1) For any m # 0, the Heller lattice Z,, is not a direct summand of rad(A4). Thus,
the assertion follows from Theorem 3.5.13 and Proposition 5.2.1.
(2) Applying — ® k to the A-lattice

FE = 06263 @ OcXeg® OcYes ® OXYes,

we have E1 ® x ~ M(0)®4. Thus, Lemma 5.1.3 implies our claim. O

5.3 Excluding the possibility B, Cs and D

The Heller component HC(Zy) does not have a loop. Let T be the tree class of HC(Zp).
It follows Corollary 3.7.13 that the function D gives a additive function on 7. Thus, T
is one of infinite Dynkin diagrams or Euclidean diagrams. In this section, we exclude the
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possibility that T' = By, Co 0or Do. From now on, we denote by E,, the unique non-
projective indecomposable direct summand of the middle term of the almost split sequence
ending at Z,,. Let F,, be the middle term of the almost split sequence ending at Z,,,.
The aim of this section is to show that, for any m € Z, the non-projective indecomposable
direct summands of F,, are Z,,_; and an indecomposable A-lattice F},,. Moreover, for all
m, neither Z,, nor E,, are isomorphic to F,, (n € Z).

It is enough to show the assertion for the case F;. We construct the almost split
sequence ending at Fj. Since the projective cover of Ej is given by

b A% Ei, el e’e, eg— eXe, e3—> eYe, eqs —> XYe,

where e is the identity element of O, the representing matrix of 7% is the following:
100 0 0O0OOOOOOOO®OOO
000 10O0O0O0OO0O0O0ODO0OO0OO0TO 0O
00 0 0O0O0O0OO0OD1O0O0OO0OO0OOTO OO
000 00e00¢e001000
On the other hand, the radical of End4(E7) is given by
ea 0 0 O
b ea 0 0
radEnd4(E7) = c 0 e 0O a,b,c,de O
d ¢ b ea

Lemma 5.3.1 ([M1, Lemma 2.17]). Any endomorphism of E; which factors through 7
is reprsented by
ea 0 0 0
e?b e%a 0 0
e 0 e%a 0
2

e2d e2c £%b 2

for some a,b,c,d € O.
Proof. The proof is straightforward. O

Let ¢ : E1 — E1 be the endomorphism defined by ¢(2e) = eXYe. Note that p(cXe) =
o(eYe) = (XYe) = 0. We consider the pullback diagram along (71, ¢):

0 EO Fl El 0
i lw (5.4)
0 Ey AP Ey 0

mE1
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Lemma 5.3.2 ([M1, Lemma 2.18]). The following statements hold.
(1) ¢ does not factor through 7.
(2) For each f € radEnd4(E}), ¢ o f factors through 7f1,

Proof. (1) If ¢ factors through 71, then it contradicts with Lemma 5.3.1.

(2) Let f € radEndA(E1). Assume that f(c%e) = ea(c?e)+b(eXe)+c(eYe)+d(XYe) for
some a,b,c,d € O. Since e2f(XYe) = XY f(e?e) = e3aXYe, we have f(XYe) = caXYe,
and hence ¢ o f(e2e) = c2a(XYe). Define v : By — A% by (c%e) = aXYe;. Then, it is
easy to check po f = wF1 o). ]

By Proposition 3.5.8, the upper short exact sequence in (5.4) is the almost split sequence
ending at Fj.

Proposition 5.3.3 ([M1, Proposition 2.16]). For any m € Z, the non-projective indecom-
posable direct summands of F,,, are Z,, 1 and an indecomposable A-lattice F},,. Moreover,
for all m, neither Z,, nor E,, are isomorphic to F, (n € Z).

Proof. The A-lattice F'; is a direct sum of Fy and F{, where

Fi =0(Xe; —eez) @ O0Xea ® O(XYep —eYer) ®OXYey
DO(Ye —ce3) dO(Xes —Yer) ®OYe3sd OXYes
®O(Xez+ %) ®OcXe® OcYed OXYe,
F| =0(ces + %) ® O(Xegs +cXe) @ O(Yey +eYe) D O(XYey+eXYe).

Obviously, the A-lattice FJ is isomorphic to the Heller lattice Zy. We show that the A-
lattice Fi is indecomposable. The actions of X and Y on F; with respect to the above
basis are given by the following matrices:

0o o 0 0 0 0 00
- 0 0 0 0 0 00
000010000
0 0 — 0 0 -1 00
0 0 00
- 0 00
X= O 00000
0 0 10
0 0 00
e 0 00
O O 0 0 00
0 0 € 0
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O = O O
_— o O O

00
00
00
0 0
0
0
—€
0

— o O O
o O OO
O O O O

0

-

O OO O OO
Hh OO OO o oo
OO OO oo oo
O O O OO o oo

Let M = (x;;) € Enda(F1) be an idempotent. By the equalities M X = XM and MY =
Y M, the idempotent M is of the form M = (M; M,), where My and My are

M,y

x1,1 0 0
2,1 1,1 0
3,1 €32 x1,1
T4,1 T42 21
—ET32 0 0
Z6,1 —ET32 0
—exgs 0 elaso
8,1 8,2 g3
x9,1 0 0
T101  —T9,1 0
11,1 0 €%9,1
T12,1  —%11,1 €T10,1
0 0
0 0
x3,7 0
Ty4,7 —EXx37
0 0
0 0
T1,1 — ET36 0
8,7 T1,1 — ET3,6
0 0
0 0
—Z9,5 0
T12,7 —ET95

0 —EX3,7 0
0 —ET4,7 —EX3,7
0 x3,5 z36
x1,1 T4,5 4,6
0 X1,1 —ET36 0
0 6,5 T1,1 —ET36
0 75 EX3 2
—E€T32 z85 8,6
0 Z9,5 0
0 —T12,7 —Z95
0 Z115 T91
—ET9,1 Z12,5 x12.6
€T3,11 0 0 0
Tog  —ET311 0 0
3,9 —xg12 3,11 0
T4,9 T410  T411  —T311
—ET8 12 0 0 0
x6,9 £28,12 0 0
ET810 0 ET812 0
T8 9 8,10 T8,11 €g,12
x99 0 0 0
10,9 Z9,9 0 0
T11,9 0 x9,9 0
T12,9 11,9 T12,11  X99




5. Heller components: the case of the symmetric Kronecker algebra 101

such that

To9 +ex3y —ewg 11 =0,

ex31 — €T42 + 61 = 0,

€x3,9 + €r4,10 + 6,9 = 0,

6,9+ T99 = X1,1 — ET36 + X8 11,
Te,1 — T83 + T91 = 0,

Tes +EXg 7T+ T95 = 0,
75 —x83 +ewgs =0,
T95 + 2109 — 712,11 = 0,
—10,1 + 11,5 + T12,6 = 0.

Note that, it follows that we have x69 € €O and x99 = 11 — €f for some f € O. Since
M is an idempotent, the following equality holds:

r11(1 —211) = ew311291 + 52333,2383,7- (5.5)

Assume that 211 = 0 mod €0. By the assumption, the element x99 belongs to ¢O0. By
comparing the (9, 1)-entries and (3,2)-entries of M and M?, respectively, we have

T91 = T11T91 + T91T99 — ET32Tg 5 € €0, (5.6)

32 = T1,1T32 + X1,1732 — €3 2736 + T9,178,12- (5.7)

It follows from (5.25) and (5.7) that the equality
.’Eg’g(l — 21’171 + ex36 + 6$9’5(1 —x11 — x979)71$8’12) =0 (5.8)

holds. Thus, the elements x3 2 and g 1 are zero, and hence x1 1 = 0. Let M be M mod £O.
As M? = M, it suffices to show that M is the zero matrix to conclude that M itself is the
zero matrix. Let e; (1 < i < 12) be standard row vectors. Then, the span of e, es, eg is
stable by M and the representing matrix is nilpotent. Thus, e;M = 0 holds for i = 1,5, 9.
From the equalities

eaM =T 1e1 +Tageg, egM = Tg1e1 — Teoeg, and erM = T7es,

we also obtain e¢,M = 0 for ¢ = 2,6,7. Then a similar argument shows e,M = 0 for
1 =10,11, and then for ¢ = 3,12, and finally for ¢ = 4, 8.

Assume that z1; = 1 mod €O. Then, 1,2 — M is an idempotent whose (1,1)-entry is
zero modulo €O, and M = 115 follows.

On the other hand, since Fj; is not isomorphic to a Heller lattice, the induced sequence

0—E®k—F10k—E®Kk—0
splits by Proposition 3.7.10. Thus, there is an isomorphism
Fi®k~ MO e M(—1)%,

and hence F} ® k ~ M (0)®3 @& M (—1)®3 as F| ~ Z,. Tt follows from Proposition 5.1.5 and
Corollary 5.2.2 that F} is neither isomorphic to Z,, nor E,, for all m. O
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5.4 Valencies of vertices in the non-periodic component

In this section, we observe the number of arrows from each vertex in HC(Zp). From
Proposition 5.2.1, the Heller lattice Z,, appears on the boundary in HC(Zp), and it follows
from Proposition 5.3.3 that we have

f#{arrows starting at E, } = t{arrows ending at E,,} = 2

for all n € Z. Thus, the component HC(Zy) admits the following valued subquiver with
trivial valuations:

S \/ \/ N N,
\/ \_1/:\ / \ /\

Recall that the function D : HC(Zy)o — Z> is defined by
D(X) = g{non-projective indecomposable direct summands of X ® x}.

It follows from Corollaries 3.7.13, 5.2.2 and Proposition 5.1.5 (2) that the function D :
HC(Zy) — Z~o gives an additive function on the tree class T' of HC(Zy). Thus, Theorem
2.5.8 implies that T is one of infinite Dynkin diagrams or Euclidean diagrams.

Given a vertex X of HC(Zy), we define a non-negative integer d(X) to be the number
of arrows from X in HC(Zp). In order to exclude some candidates for the tree class T of
HC(Zp), we introduce a pair of integers (q(M), H(M)) for M € HC(Zy) as follows. If M
is isomorphic to the Heller lattice Z,,, then (¢(M), H(M)) = (1 n). Otherwise, we may
choose n such that a composition of irreducible morphisms fj o---o fi : Z, — M has the
minimum length, and define (¢(M), H(M)) = (k + 1,n + k). For an A-lattice M, we also
define the equilateral triangle T'(M) C HC(Zy) as follows:

e The vertices of T(M) are M, Z, and Zg(ar).-

e The edge T(M); is a chain of irreducible morphisms from Z,, to M.

e The edge T((M)2 is a chain of irreducible morphisms from M to Zg(ar)-

e The edge T((M)3 is a chain of the Auslander-Reiten translation from Zg ) to Z,.
The set of vertices of HC(Zp) is the disjoint union of the following three sets:

HCup+ = {X € HC(Zy) | H(X) > 0},
HCupo = {X € HC(Zy) | H(X) = 0},
HCop— = {X € HC(Zo) | H(X) < 0}.



5. Heller components: the case of the symmetric Kronecker algebra 103

From now on, we assume that HC(Zy) # ZAx. Then, there exists an A-lattice X such
that

(i) the A-lattice X is not isomorphic to Z,, and E,, for all m.
(ii) the triangle T'(X) is contained in HCyp—,

(iii) the number of outgoing arrows is two for each A-lattices on the edge T'(X); except
for Zp(x)-q(x)+1 and X, and the number of indecomposable direct summands of Ex
is not 2, where Ex is the middle term of the almost split sequence ending at X.

(iv) valuations of arrows in the triangle 7'(X) is trivial.

By the construction of T'(X), we have D(M) = 2¢q(M) for any M € T'(X). We may assume
that ¢(X) > 3 and H(X) = —1. We set ¢(X) = ¢. Assume that the almost split sequence
ending at X is given by

p
E(X): 0—>TX—)@WZ‘—>X—>O,
i=1
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where W), € T(X). Then, the neighborhood of X in HC(Zy) is given as follows.

(5.9)

Here, we allow the possibility that W; ~ W}, for some i # k instead of writing the valuation.
If D(W;) = s;, then the values of D of (5.9) are as follows:

(5.10)

Lemma 5.4.1 ([M1, Lemma 3.6]). The following statements hold:
(1) The sum of sy, s2,...,sp—2 and sp_1 is 2(q + 1).

(2) The inequality s; > ¢ is satisfied for any .

Proof. (1) By Lemma 3.7.12, we have

tg= Y DOV + D%, = Y51 4200~ 1),

It follows that (1) holds.
(2) Since D is additve, we obtain that 2s; > 2q. O
Lemma 5.4.2 ([M1, Lemma 3.7]). Suppose that ¢ < co. Then, d(X) is precisely three.

Proof. Lemma 5.4.1 implies that

2(g+1) = 2_:81' > (p—1)q.
i=1
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Thus, the inequality —2 < ¢(3 — p) holds. Since p and ¢ are positive, we have p = 1,2, 3.
If p=1, then ¢ = —1 from Lemma 5.4.1 (1), a contradiction. If p = 2, then s; = 2(¢ + 1),
which contradicts with the maximality of ¢ namely, the condition (iii). Therefore, we have
p = 3. Then, we may assume that the almost split sequence ending at X is of the form

00— 17X W1 eWoaY — X —0

with Y € T'(X). We show that the three non-projective indecomposable A-lattices Wy, Wo
and Y are pairwise non-isomorphic.
Suppose that Y ~ W; for some i. Since Y € T'(X), there exist arrows in 7'(X) such

that their valuations are not trivial, a contradiction.
Suppose that W7 ~ Ws. Then, the neighborhood of X in HC(Zy) is the following
valued quiver:

TWy <o

)1 2 e 1{\ )1 2{1 }2 1&

Indeed, if we write the value W1 M X, then clearly a = 2 by the assumption. Thus, the

almost split sequence ending at X becomes
0—7X —WPoY — X —0

and we have D(W;) = ¢ + 1 from Lemma 3.7.12. Suppose that the almost split sequence
ending at W7 is

EWY): 00— W) — 17X aU; — W, — 0,
where U; is an A-lattice. If Uy = 0, then Lemma 3.7.12 implies that
q+1="D(W1) = qb,

hence ¢(b — 1) = 1, which contradicts with ¢ > 3. Thus, U; # 0 and ¢(b — 1) < 1. Since
b>1, we have b = 1.

From the almost split sequence &(W71), we have D(U;) = 2, and it implies that U is
indecomposable. Therefore, we have ¢ = 3 from the inequality

4=D(Uh) +D(r(U1)) = D(r(W1)) =q+ 1.
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Note that HC(Zy) is the following valued stable translation quiver.

/\/\/\/\

T W1< ~TWh =< e T W1
(2:1) (1:2/)1 (\271) (175 (271) (12/)’ (2, 1) (1 2)
\ \ /
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, (5.11)
It follows from Propositions 3.7.10, 5.1.5 and 5.2.2 that there is an isomorphism
WP @k~ M(-3) @ M(—2)%? @ M(-1)3,
a contradiction. Ol

5.5 The shape of the non-periodic Heller component

Now, we determine the shape of the non-periodic Heller component HC(Zy).

Theorem 5.5.1 ([M1]). Let O be a complete discrete valuation ring, A = O[X, Y]/(X?,Y?)
and T';(A) the stable Auslander-Reiten quiver for latt®-A. Assume that the residue field
k is algebraically closed. Then, the component HC(Zy) is isomorphic to ZA

Proof. Assume that T # A. It implies from Propositions 5.1.6 and 5.3.3 that T i is one of
EG, FEr, Eg, F41 or F42 On the other hand, Lemma 5.4.2 implies that 7T is neither F41 nor
Fy.

First, we suppose that HC(Zy) = ZEg. Then, HC(Zy) has the following subquiver with
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bounds U,, and V,,:
Ui U,
Wo/ Vi \W1/ Va \W2
> >
F 1/W6 Fy ><W1’ Iy ><W2’\ Fy (5.12)
I NN
By writing the ranks as O-modules of vertices in (5.12), we obtain:
« o
x / p \ x B \J;’ !
< >< >N
36 Y 24 Yy’ 12 y” 8 (5.13)

12

/NN
N/
/N

—
[\)
oo
B
B

Thus, we have the following system of linear equations:

B+p = y’ ......... (1) r4+x = 244+a -o----
a+o = .. (2) y_|_y’ = 244+pB eeen
r+y = 40 ---ooonen (3) o+ = 124+ -
z + y/ = 24 ... (4) y’ + y” = 1248 -

From the equations (1), (2), (5) and (6), we have x = 24 — o’ and y = 24 — 3'. Using
these equations and (3), we have o/ + 8/ = 8. On the other hand, the equations (4),(7),
(8) and o + ' = 8 imply 2" +¢” = 8. Thus, we have v = 0, a contradiction. Therefore,

HC(Zo) # LEs.

Next we suppose that HC(Zy) = ZFE7. Then, HC(Zy) has the following subquiver with
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upper bounds Up,:

<
>

\

Vo

N\

N\

VAV
\/

\

/IN/

Gy = Woy = G —=Wo——=Go—~Wi——= G Wg’\@
9 ' ) : 1
By writing the ranks as O-modules of vertices in (5.14), we obtain: (5.14)
Y '
a o N
72/.7;\56/ /\ A ,,\ e ,,,\
Y 40 Yy 24 y 12
\4 / \ / \ / \ /
8 "’ B - (5.15)

where these unknown letters are the ranks of the corresponding vertices. Thus, we have
the following system of linear equations:

z+y = 80 0 ... (1

) ;o

d by = 60 e 2) vty o= 56 (8)

" " T D 3 Y +y = 40 @ e (9)
' +y = ( ) y//er/// — 9% . (10)
2"y = 24 (4) . : /
Pl = e I R T PR
! + = 40+ o e (6) vt ry/ _ (13>
I’” + .CU”/ — 24 + CY” ........ (7) = (¥ 0 s

From the equations (1), (2), (5) and (8), we have o = 28. Similarly, the equations
(2), (3), (6) and (9) yield o/ = 20. By adding both sides of the equations (11) and (12), we
obtain the equation

2 2y =a+2d +a
From (6) and (13), the left hand side of the above equation is 40 + 2a/. Then, from (3),
(4), (7), (10), we have

60 — (:L_l/ + :L‘”/) + (y// + y///) — 64,
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a contradiction. B
Finally, we assume that HC(Zy) = ZEs. Then, HC(Zy) has the following subquiver
with upper bounds V,, with H(Kj5) = 5:

/K4\ /K5\
/Ug\ /U4\ /Us\
VZ\Ug/VS\Ug/w\Ug/%
Wi Wa W3
(5.16)
By writing the ranks as O-modules of vertices in (5.16), we obtain
ol s
/ v < \ e / \$//
48\ y /44<y/>48<y//>60
32 32 40
(5.17)
such that these unknown values satisfy the following system of linear equations:
€ + y — 60 ......... (1) x/ + .'I;// — 48 + ﬁ ......... (5)
x/ + y/ — 60 ......... (2) y _|_ y/ — 44 ......... (6)
(L*// _|_ /y” — 68 ......... (3) /y/ + y// — 48 ......... (7)
T + x/ = 44 +a e (4) o+ /8 = CC', ......... (8)

From (1), (2), (4) and (6), we obtain
120=a+2 +y+9y =8 +aqa,

and hence, a = 32. Similarly, using equations (2), (3), (5) and (7), we have § = 32. The
equation (8) implies that 2’ = 64, which contradicts with the equation (2). Thus, the
above system of linear equations has no solutions, and we conclude that HC(Zy) # ZEg.
Therefore, we have HC(Zy) = ZAco. O

5.6  Endomorphims of periodic Heller lattices

Lemma 5.6.1 ([M2, Lemma 3.1 and 4.1]). The following statements holds.

(1) An endomorphism p € End4(Z}) is determined by P(Ci\,1)7 e ,p(c;\’l).
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(2) An endomorphism p € End4(Z;°) is determined by p(d1,1),...,p(dn1).

Proof. Let p € End4(Z)). For any k = 1,2,...,n, since p is an A-module homomorphism,
we have Xp(cﬁ:l) = p(Xcﬁ‘J) = p(cﬁ‘g) and p(cﬁ‘74) = 8_1XYp(Cﬁ"1). Assume that n = 1.
In this case, Yp(cf}’l) = EP(Cﬁ\g) - )\p(cﬁ‘g) holds. Thus, p € End4(Z)) is determined by
p(Cil)- Now, we assume that n > 1. Then, we have

ek = { L) i) =1,
3 Efl(YP(Cﬁ,l) + AP(CQ\,z) + P(C@\—Lz)) k# L
(2) The proof of (2) is similar. O

Lemma 5.6.2 ([M2, Lemma 3.2 and 4.2]). The following statements hold.
(1) Let p € radEnda(Z)). If we write

=3 u¥ed + AK),  A(K) € Spanp{c ] # 11,

where ul(kl) € O, then the following statements hold.

(a) det(u})i € €O.
(b) ul) €O forall k=1,2,.
(2) Let p € radEnd4(Z5°). If we write

p(di1) val’dl L+ B(k), B(K) € Spane{dij | j # 1},
=1

where vl(kl) € O, then the following statements hold.

(c) det(vl(l)) 1k € €0.
(d) vg% €eOforallk=1,2,...,n

Proof. (1) (a) Let p € radEnd 4(Z))). Assume that
Zu(k)ql + Ak (5.18)

as above. We show that if the matrix C := (Ufli))l,k is invertible, then p is surjective. As
XYcl’}1 = ECﬁ‘4 holds for all | =1,...,n, we have

<p(ci\,4)7 s ap(cﬁA)) = (Ci\,47 cee 7Cﬁ\,4)c‘
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Thus, c{‘74, ce cﬁ’4 are contained in the image of p. By (5.18), we have

=S uMedy + X AK).
=1

For each k, since X A(k) belongs to Spano{cﬁ4 |I=1,...,n}, there exists z(k) € Span@{cﬁ‘4 |
| =1,...,n} such that p(z(k)) = X A(k). Hence, we have

(p(ciz = 2(1)),- .. plchz = 2(n) = (A2, -, 22)C.

Therefore, c1\72, . ,c;\z belong to the image of p. Finally, we show that c{‘73, ces cﬁ73 belong
to the image of p. By the equation (5.18), we have

n
k k
Yp(chy) = uf(ects +Acts) + Y uf (eqs + Aty + ¢ty ) + YAK)
1=2

n

k k
= Zeul c’\3 + Z )\u( )c| o+ Z u|(+)171c|’}2 +YA(k).
=1

On the other hand, Yp(cﬁ‘l) is ep(cﬁ‘3) + p(/\cﬁ‘vz) + p()\cﬁfm). Let y(k) € Z) such that
p(y(K) = Sy AV, + S0 ulh 1oty + Y A(K). Then, we have

Z ey, Cl '3+ P(=Ackn — cio12 + y(K)). (5.19)

Put z(k) = —)\CQ2 _Cﬁ\—l,2 +y(k). By the construction of z(k), we note that p(z(k)) belongs
to Spano{ci’}2,ci‘4 |i=1,...,n}. Since the restriction of p to Span@{cﬁz,ci}"4 [i=1,...,n}
is a bijection from Spano{ci’fz,cﬁ“1 | i=1,...,n} to itself, the equation (5.19) implies that
there exists 2/(k) € Z) such that z(k) = £2/(k). Then, we have

(P(C%s - Z’(l)% e 7P(Cf\\,3 - Z’(”))) = (Ci& e ,CE\3)C-

)

This completes the proof of the statement (1).

(b) The statement for n = 1 is clear by (1). In order to prove this statement for n > 1,
we compute f(Yc/k\1 - )\ch(\,l - Xc/k\—l,l) in two ways. Since Ycﬁ:l = 5cﬁ‘,3 + Acko + cﬁ‘_m
and cﬁz = Xcﬁ‘l, we have

P(ch},1 - >\ch<\,1 - Xcﬁ\—l,l) = Ef(Cﬁ,a)- (5.20)
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Now, we assume that A(k) = ZF:1(U|(|;)C|2 + ul(k3 3+ ul(i)cl’\4) For k > 1, the left-hand
side of (5.20) is

n—1

k k—1 k—1
Z(U|(+)1 17 u|(1 )) 2~ Uﬁ,l )Cﬁ‘,z
I=1

+e€ Z u c, 3+ Z(eu(k) - 2)\u|(7k) - ul(k3 2 ul(_t)m)c, 4+ (Eu(k) - 2)\u(k) - ur(]k3 1))cn74.

Thus, the coefficients ul(i)l 1 ul(z b (I=1,...,n—1) and usfl_l) belong to eO. It implies

that strictly lower triangular entries of the matrix C belong to eO. On the other hand, by
the statement (1), we have

detC = ugll : (n) Z (g(l . u,(&(n)) =0 modcO,

e#0€Sy
where S, is the symmetric group of degree n and e is its identity element. Hence, uﬁki =0
modulo €O for some k. Since ul((l:rll% — uﬁki €e0 (k=1,...,n—1), the assertion follows.

(2) (c) We show that any p such that the matrix D := (Vf,li))l,k is invertible is surjective.
As XYdj4 =ed4 holds for | =1,...,n, we have

(p(d1,4),...,p(dna)) = (d14,...,dn4)D.
Hence, dy4,...,dn 4 are contained in the image of p.
Assume that n = 1. By acting X to the both sides of p(d1 1) = vﬁdm + B(1), we have
Ep<d1,2) = Evg }d172 + XB(1).

Thus, we get evg %d172 = ep(dy12) — etdy 4 for some ¢t € O since X B(1) € eOdy 4. It implies
that

diz = p((v{) Mdi2 — (W) 2td1)).

By letting Y act on the both sides of p(dy,1) = vi%dl,l + B(1), we have
p(di3) = Vﬁdls +YB(1) = v{! 1)0'1,3 + sd14 = Vfl)dl,s + p(sv§ Jd14)

for some s € O since YA(1) € Odj 4, and hence di3 = p((vﬁ)’ldm — (avﬂ)’Qde)).
Therefore, the morphism p is surjective.
Next, we assume that n > 1. We note that

~ J ep(d1p) ifk=1, | pledis +diyr2) ifk#n,
X““”‘{mwg k21, P = ) if k = n,
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<§:v di1 + Bk >._wﬁd2+§:v diz + X B(K),

n—1
Y (Z vdi1 + B(k)) =3 v (edis + disr) + v dns + YB(K),
=1 =1

and we also note that X B(k) and Y B(k) belong to Spanp{dis |i=1,...,n}.
Assume that k = 1. Then, the equality

a’:‘p(dl,z) =é&v; id| 2+ Zvl(l)dl 2+ XB(].)
1=2

implies that v( ) (1=2,3,...,n) are in €O and X B(1) = 0 modulo £O. Thus, there exists
x(1) € Z° such that Ep( ( )) = X B(1). If k > 1, then, for each k, there exists xz(k) € Z°
such that p(z(k)) = X B(k). Therefore, it is easy to see that

(1) (2) (n)

T 1(1) 6\/(12)1 V(l )1

6_1V \% V. "

(p(d12 — 2(1)),..., p(dn2 — z(n))) = (d12,...,dn2) 2 et 21
ey v v

Since the determinant of the rightmost matrix in the above equation equals to det D, each
element d; » belongs to the image of p.
For each k = 1,2,...,n, let y(k) and z(k) be elements of Z>° such that p(y(k)) = Y B(k)

and p(z(k)) = L‘f V|(|§)d|+1,2~ Then, we have the equations

p(dk3) = ZEV diz+ V,(Hdns + p(y(k) + z(k) —dkg12) fork=1,2,...,n—-1

and

n—1
p(dn3 —y(n) —z(n)) = Zevl(’q)d|’3 + Vﬁ?{dns.
1

As p(y(k)+2(k) —dk+1,2) belongs to Spanp{di2,dia | i=1,...,n}, p(y(k)+2(k)—dkt12) =0
modulo €O. Since the restriction of p to Spanp{dis,dis | i=1,...,n} is a bijection from
Spanp{di2,dia | i=1,...,n} to itself, one can define w(k) € Z>° by

[ e p(y(k) + 2(k) — dks12) ifk#n,
plao) = { 5 AL T e R
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This gives the following equation:

Vi1 EVil

(p(d1’3—w(1)),...,p(dn,3—w(n))) = (d1,3v""dn,3) (1:) (ni_l) (n)
Vn-1,1 V-1,1 EVh_1,

Eflvgilz e )

Since the determinant of the rightmost matrix in the above equation equals to det D, each
element d; 3 belongs to the image of p. Therefore, the A-morphism p is surjective.
(d) The statement for n = 1 is clear by (1). In order to prove this statement for
n > 1, we compute p(Ydx1 — Xdky1,1), for k =1,2,...,n— 1, in two ways. Set W (k) =
YB(k) — XB(k+1). Since Ydy 1 = edi 3 + dkt12 and dy 2 = Xdy 1, we have
p(Ydk1 — Xdky11) = ep(d3)-

On the other hand, we have
p(Ydiy — Xdis11) = —eviVdin+ Z o v )i +st dig +vidns + W (K).

Thus, we have

vl(k)11 vl(’lfl)z()mod e, vr(]?EOmod eO I=2,....n, k=1....n—1.

This means the strictly lower entries of the matrix D belong to eO. By the statement (1),
detD = vglivg v,(:? + Z sgn(a)vfl(l)) . (U(n) g% 52% - v,(:? mod €O,
e£o€ESy

where S, is the symmetric group of degree n and e is its identity element. Now, the claim
is clear. Ol

5.7 Almost split sequences ending at periodic Heller lattices

First, we construct the almost split sequence ending at Z,)L‘, where A # oo. For each n > 1,
we define an endomorphism ®) : Z) — Z) by

Ao
C)\ Cn,4 lf k = n,
ki1 0 otherwise.

Recall that the projective cover of Z) is given by

. 2 A
T - AP Zn

cp, ifi=2k—1, k=1,2,...,n,
G, ifi=2k k=1,2,...,n.
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Lemma 5.7.1 ([M2, Lemma 3.3]). Let ®) be the endomorphism of Z, as above. Then,
the following statements hold.

(1) @} does not factor through m,, .
(2) For any p € radEnd4(Z,), ®)p factors through 7, ).

n

Proof. (1) Suppose that ®} factors through the map m, . Let ¥ = (¥1,...,%2,) : Z) —
A®2" guch that &) = m, 1. Put

Yr(cly) = al(ci,)l + al(ei,)QX + ai(gi,)s,Y + a&XY.

By comparing coefficients in Wn’AI/J(Ci‘l) with those in @g(cﬁ‘l), we have the following
equations:

5‘12—1,4 + agg,Q - Aagg,:s - ag3+2,3 =0 ifs#mn, (5.21)
0 0 0 1 ifi=n,
€agn_1,4+ Agn2 — Mg g = { 0 otherwise. (5-22)

On the other hand, as wk(ci‘z) = X?/Jk(ci‘l), it follows from €¢k(ci‘3) = ka(ci)"l)—)\q/]k(ci‘z)—
Pr(ct ) that

eti(cs) = —(Aaf — al T)X + 0L Y + (0, — A — o V) XY, (5.23)

where a,(f; =0,1<k<2nand1<i<n. In order to obtain a contradiction, we show

that ag;l)g — )\ag:l),‘g € €0. By the equation (5.23), this is equivalent to aér;;gl) € 0. The

equation (5.21) implies that ag;;;) € €0 if and only if ag;z_—12)2 - )\ag;l__g)’?) € €0. By

repeating this procedure, we deduce that the claim is equivalent to aé}% — )\aég € 0.
(1)

However, ay 5 — )\agg € €0 follows from the equation (5.23). Now, we obtain

1= 56‘%2—1,4 + ag:’t),Q - /\ag;l)s €0,

a contradiction.
(2) Let p € radEnd4(Z)). We put

n
s = Sl + ol el + el
i=1

Lemma 5.6.2 yields that there exists frskl) € O such that 5fr(]|.(1) = ufllfi for each k. We define

an A-module homomorphism 1 : Z} — A%?" by w(cﬁvl) =(0,...,0, fr(]lfl)XY, 0). Then, it is
easy to check that v is well-defined and Qﬁp(cal) = uffficﬁ,4 = 7rn7,\1/1(cﬁ‘71). O
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Therefore, we have obtained the following proposition.

Proposition 5.7.2 ([M2, Proposition 3.4]). Consider the following pull-back diagram:

0 ZA E) z) 0
|
0 ZA ASI == T 0

Then, the upper exact sequence is the almost split sequence ending at Z;).
Proof. The statement follows from Proposition 3.5.8 and Lemma 5.7.1. O]

Next, we construct the almost split sequence ending at Z>°. Recall that the projective
cover of Z°° is given by

Moo @ AW 7o
diy ifi=1,
d ifi =2
e; 1,2 ;

dvs ifi=2k+1, k=1,2,...,n—1,
dkl if’i=2k, k:2,3,...,n.

Now, for each n > 1, we define an endomorphism ®5° : Z°° — Z>° by

dn74 if k= n,
0 otherwise.

dk,l — {

Clearly, ®5° gives an endomorphism of Z:°. First, we construct the almost split sequence
ending at Z° by using ®°.

Lemma 5.7.3 ([M2, Lemma 4.3]). Let ®° : Zp° — Z° as above. Then, the following
statements hold.

(1) ®$° does not factor through 7 .
2) For any p € radEnd 4 (Z°), ®7°p factors through 7 .
1 1 ,

Proof. (1) Suppose that there exists ¢ = (¢1,12) : Z7° — A & A such that ®° = my 3.
Then, we have

dig4 = ®7°(d1,1) = T1,00¥(d1,1) = Y1,00(d1,1)d1,1 + P2(d11)d1 2. (5.24)

If we put

¢1(d171) =a1+ aoX + azY + as XY, ¢2(d1,1) =b1 + bo X + b3Y + by XY,
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where ai,...,a4,b1,...,bs € O, the rightmost side of (5.24) equals to
a1d171 + (5(12 + bl)dl’z + a3d1,3 + (E(I4 + b3)d174.

Thus, we have ¢(d11) = —eag + b2 X + (1 — eaq)Y + b4 XY . Multiplying X to v2(d1.1),
we have
ea(dip) = Xpo(d11) = —caa X + (1 — caq) XY,

a contradiction.

(2) Let p € radEnd4(Z7°). We write p(d1,1) = ady,1 + B(1), where a € O and B(1) €
Spanp{di2,di3,d14}. By Lemma 5.6.2, a = ea/ for some o/ € O. Define an A-module
homomorphism ¢ : Z° — A@® A by ¢(d11) = o/ XYe;. Then, since 7 oo(a’XYe) =
O/XYdLl = €O/d174, we have (I)(fof<d171) = Oéd174 = 7T17oo¢(d1,1). ]

From now on, we construct the almost split sequence ending at Z:>° for n > 2.

Lemma 5.7.4 ([M2, Lemma 4.4]). Let ®° : Z°° — Z>° as above. Then, the following
statements hold.

(1) ®2° does not factor through m, .
(2) For any p € radEnd4(Z°), ®3°p factors through 7, .

Proof. (1) Suppose that there exists ¢ = (¢Y)k=1,. 20 : Z3° — AP?" such that ®° =
0. We put
Yi(de1) = alf) + o) X + oY + o) xY.
Then, we notice that, for all k=1,...,nand I = 1,...,2n, al(kl) belongs to €O since
XYdi1 = edgy for all k =1,...,n. By comparing the coefficient of dn 4 in ®5°(d, 1) with
(n) (n)

that in 7, 009 (dn,1), we have eay,, , — ag, ;3 = 1. In order to obtain a contradiction we

show that ag:l)_m € 0.

For s=1,...,nand t=1,...,n—1, by comparing the coefficient of di4 in ®;°(ds 1)
with that in 7, »0?(ds1), we obtain the following equations:

5a§s’21 + agf)g + a:(;; =0 t=1, (5.25)
—af) g beas) tashi s =0 t>1. (5.26)

On the other hand, for t = 1,...,2n, the following equations hold:

Yi(ds2) = Xihi(dsy) = at(,s%X+a§i%XY s#1 (%)
ePr(dsa) + Ue(dsr1p) = You(dsy) = afY +al9XY s#n (sx)

In particular, it follows from (%) that t9,—1(dn2) = agr;z)_l,lX + ag;l)_l’?)XY holds. As

ag,:l)fm €0, ag;l)fm belongs to €O if and only if 12,1 (dn 2) belongs to e A. It is equivalent
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to ag;;ll)g € €O by the equation (xx). Then, it follows from the equation (4.4.2) that

ag;__ll)g € €O if and only if ag;__?ﬁ € 0. By repeating this procedure, we deduce that
agr;llm € €0 if and only if ag% € 0. Since eya(d12) = Xe2(d11) = ag)X + aggXY, agg
belongs to €O. It implies that a:(;g € €0 by (5.25).

(2) Let p € radEnd 4(Z5°). We put

n
p(di1) = ZVI(,I?dl,l + B(k),
I=1
where B(k) € Spanp{dij | j # 1}. By Lemma 5.6.2, there are er(ﬁ such that vﬁk% =
5e,(1|fi. Define an A-module homomorphism ¢ = (Vg)g=1, 20 : Z25° — A®* by ¢(dy 1) =

0,...,0, ef]lf%XY). Then, it is easy to check that ®;°p(dy1) = vfgdn,z; = Tnoot¥(dk1). O

-----

Summing up, we obtain the following proposition.

Proposition 5.7.5 ([M2, Proposition 4.5]). Consider the following pull-back diagram:

0 Zy’ s Zy 0
s
0 Zo° ABn > 7 0

Then, the upper exact sequence is the almost split sequence ending at Z:>°.

Proof. The statement follows from Proposition 3.5.8 and Lemmas 5.7.3 and 5.7.4. O

5.8 The shape of the Heller component containing Z (A # co)

We denote by E;) the middle term of the almost split sequence ending at Z;'. By Proposition
5.7.2, the A-lattice E) is of the form

Ep={(z,y) € A" © Z} | map(z) = Op(y)}.
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Then, an O-basis of the A-lattice E; is given as follows:

E) = O(ces — A\Xep — Yey) D O(eXey — XYe1) ® O(Yeg + AXep) @ O(XYey)

n

@ <O(€€2k + AXegp_1 — Yeor_1 + Xegk_g) D O(&‘X@gk — XY@gk_l)
k=2

D O(YGQk + AXeor + Xer_g) D O(XYezk)>

n

1
<Oaﬁ‘71 ©® Oaﬁ\72 ) bi\’3 (&) Obﬁ\74>
=1

& (’)(a;\l — Xeap) ® 033,2 ® C’)aﬁ73 ® (’)aﬁA

~

Lemma 5.8.1 ([M2, Lemma 3.5]). The following statements hold.

(1) There is an isomorphism E) @ &~ M(X)p—1 ® M(A)pi1 © M(—\)$2.
(2) We have an isomorphism 7(E}) @ & ~ M(=X)p11® M(=\)pr1 M (NP2,
(3) E) is a non-projective indecomposable A-lattice.

Proof. (1) We define A-submodules of E)) ® & as follows.

(662 — )\Xel — Yel), (€X62 — XY@l)
E()\,n)l := Span,, (Segk—i-)\Xegk,l —Yeor 1 —|-X'€2k,3)7 k=2,...,n
(EXegk —XY62;€,1)

E(X,n)z := Span, { aﬁ’3, aﬁ‘,4 | k=1,...,n}

(Yea + AXea), (XYeq),

(Yegk + AXeop + Xegp_o — aﬁ‘_lyl),
(XYegy, — ai\flg)v

aﬁ\,l - Xe2n)7 aﬁ\727

E(X\,n)s := Span, { aﬁl, aﬁ‘72 | k=1,...,n—1}

E(\,n)s := Span,, k=k=2,...,n

Then, there are isomorphisms EX° ® k = E(A,n)1 ® E(A\,n)2 ® E(\,n)3 ® E(\,n)4 and
EM\n)1 ~EAn)2 >~ M(=N)n, EAn)s>~MAMNnpt1, EAn)s>~MN)n,_1.

(2) This follows from Lemmas 3.7.11, 5.1.3 and the statement (1).
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(3) Suppose that E,)l‘ is decomposable. We write E% = F1 @ Es with F1 # 0 # Es as A-
lattices. Then, the ranks of the A-lattices F1 and Es are divisible by four. The statement
(1) implies that By ® k ~ M(=A)$? and By ® k =~ M(A\)p+1 D M(A\),—1. Assume that n is
odd. If n = 1, then, E5 is not isomorphic to any Heller lattice, and it is indecomposable.
Let 0 = 7By — Z, AW — By — 0 be the almost split sequence ending at Es. By
Lemma 5.1.3, we have 7Ey ® k >~ Q(M(AN)p+1) ~ M(—A)pt+1. On the other hand, the
induced sequence

0= (TEy®K) = (Z7 @K) & (WRK) = (E2®K) =0

splits, which contradicts with Proposition 5.1.5 (3). Now, suppose that n > 1. Then,
Er® kK > M(N)p—1® M(N)p+1 and Es is indecomposable. Indeed, if Ey = E5 1 @ Eg 2 with
Ey1 # 0 # Ep9 as A-lattices and Fo1 ® k &~ M(\)p41, then we have a splitable exact
sequence

00— M(Npy1 —m WEMN)pdM(=N)y — M(N)py1 — 0

for some W € mod-A, a contradiction. Thus, F5 is indecomposable. Then, the indecom-
posability of E; follows by the same method as in the proof of n = 1.

Assume that n is even. Then, F, is indecomposable since the rank of any direct
summand of Efl‘ is divisible by four. In this case, we can prove the indecomposability of
E) by using similar arguments. O

Corollary 5.8.2. For any n > 0 and A € x, the Heller component HC(Z;)) has no loops.

Lemma 5.8.3 ([M2, Lemma 3.7]). Let C be a component of stable Auslander—Reiten
quiver of A. Then, C has infinitely many vertices.

Proof. The assertion follows from Corollary 3.6.7. O
Now, we are ready to determine the shape of HC(Z)).

Theorem 5.8.4 ([M2, Theorem 3.8]). Let O be a complete discrete valuation ring, & its
residue field and A = O[X,Y]/(X?,Y?). Assume that  is algebraically closed and A\ # oco.
Then HC(Z0) ~ ZA, /() if A = 0, otherwise HC(Z))) ~ ZA./{7%). Moreover, any Heller
lattice Z) appears on the boundary of HC(Z)).

Proof. Lemma 5.8.1 implies that every Heller lattice Z} appears on the boundary of
HC(Z)) (= HC(Z;?)). Tt follows from Proposition 3.7.6 and Lemma 5.8.3 that the tree
class T of HC(Z))) is one of Auo, Beo, Coo, Do or AZ.

Let F' be the middle term of the almost split sequence ending at Eﬁb‘ Then, F is the
direct sum of Z,* and an A-lattice F. By Proposition 3.7.10, we have

Fp @k M(MNngp1 @ M(Nn-1 @ M(=Nn1 © M(—=N)n-1 @ M(N)n & M(=A)p.
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Suppose that F;l\ is not indecomposable. Then, there is an indecomposable direct summand
W of F such that the almost split sequence ending at W is of the form 0 — 7W — E;* —
W — 0. As rank(E}) = 8n, we have rank(W) = 4n. If W is a Heller lattice, then W ® x
must be isomorphic to M (\),, ® M(—\),. Then, F}/W is indecomposable, and it is not a
Heller lattice by Proposition 5.1.5. Let 0 — 7(F)/W) — E;* @ G — F2/W — 0 be the
almost split sequence ending at F?/W. Then, the induced exact sequence

0= TEMNWRKk—=E 0@ GoK = F) /WK =0

splits, a contradiction. Thus, W is not a Heller lattice. This implies that the induced exact
sequence
0=>TWeKk > E @k Wk —0

splits. However, one can check that this situation does not occur for any W by using
Proposition 5.8.1. Therefore, F} is an indecomposable A-lattice, and T = A. O

5.9 The shape of the Heller component containing Z;°

In the last of this chapter, we determine the shape of the Heller component containing the
Heller lattice Z2°.

Lemma 5.9.1 ([M2, Lemma 4.6]). (1) An O-basis of E{° is given by

0(562—Xel)@OXGQ@O(EYQQ—XY€1)@OXYGQ@O(I)L]_+Y€2)@Ob1’2®0b173@0b1’4.

(2) There is an isomorphism E° & k o~ M(00)$? @ M (00)s.
(3) We have an isomorphism (7E{°) ® k =~ M (00)? @ M(c0),.
(4) Ef° is a non-projective indecomposable A-lattice.

Proof. (1) Straightforward.
(2) We put

E(00,1); := Span,{(cea — Xey),(eYe; — XYer)},
E(00,1)2 := Span, {b12,b14},
E(OO7 1)3 = Spanﬁ{(Xez), (XY@Q), (b171 + Y@Q), b173}.

Then, it is easy to check that E(oo,1); ~ F(00,1)2 ~ M(00); and E(co,1)s ~ M(c0)s.
(3) This follows from Lemmas 3.7.11, 5.1.3 and the statement (2).
(4) Suppose that E{° is decomposable. We write E{° = E; @ Ea as A-lattices with
E1 # 0 # Es. Then, the ranks of F; and FEjy are divisible by four. Thus, one can
assume that 4 @ k ~ M(oo)ﬁm, Ey ® k ~ M(0)2, and E; and Es are indecomposable.
Then, the A-lattice Fy is not isomorphic to any Heller lattices by Proposition 5.1.5. Let
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0—=7Ey = Z° @ W — Ey — 0 be the almost split sequence ending at Fo. By applying
— ® K, the induced sequence

0=>TE@Kk = Z7kOW Kk — E2®Kk —0
splits, which contradicts with Proposition 5.1.5 (3). O
By the definition of E3, we have

E3° =0(cea — Xe1) @ O(Xez) @ O(Xes —Yer) & O(XYer)
®O(ces+ Xeg —Yer) @ O(eXez — XYe1) ®O(eYe3s + XYey) & O(XYes)
@ Oby 1 & Oby 2 ® Oby3® Obyg
® O(bz1 — Yez) ® Obao ® Obyz @ Oby 4.

Lemma 5.9.2 ([M2, Lemma 4.7]). The following statements hold.

(1) There is an isomorphism E° @ k =~ &M (00)5% @ M(00); ® M (00)s.
(2) We have an isomorphism (7" E$°) ® k =~ M(00)§? @& M(00); & M(c0)s.
(3) ES° is a non-projective indecomposable A-lattice.

Proof. (1) We put

E(00,2)1 := Span, {(cea — Xe1),(eXes — XYey), (ce3 + Xeqg — Yey), (eYes + XYey)},
E(OO, 2)2 = Span,{{bLz, b173, b1’47 b274},

E(00,2)3 := Span, {(Xe2),(Xes —Yea —b11),(XYes), (XYesz —bo2), (b1 — Yes),bas}
E(OO7 2)4 = Span,{{bl,l, b272}

Then, it is easy to check that F(00,2); ~ E(00,2)s ~ M(00)a, E(00,2)3 ~ M(c0)s and
E(00,2)4 ~ M(c0)1.

(2) This follows from Lemmas 3.7.11, 5.1.3 and the statement (1).

(3) Suppose that ES° is decomposable. We write ES® ~ E; & Ey as A-lattices with
E; # 0 # E5. Then, we may assume that F1®k ~ M(oo)g92 and Ea®k ~ M (00)1 &M (00)s.
Note that the A-lattice F» is not isomorphic to any Heller lattices and it is indecomposable.
Let 0 = 7Ey = Z5° @ W — E3 — 0 be the almost split sequence ending at E,. It follows
from Lemma 5.1.3 that (7Ey) ® k ~ Q(M(c0); & M(c0)3) ~ M(co); & M(co)s. Then,
the induced sequence 0 — 7E; @ k — (Z5° @ k) & (W ® k) — Ea ® k — 0 splits, which
contradicts with Proposition 5.1.5 (3). O
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From now on, we assume that n > 2. Then, an O-basis of the A-lattice ES° is given as

follows:

Ey = O(cea — Xep) @ O(Xez) ® O(Yea — Xez) & O(XYey)

n

D 0(663 + X fy— Yel) D O(EXeg — XY€1) D O(Y@g + X€5) D O(XYeg)
n—3

@ <O(5€2k+3 + Xeopra — Yeopyo) ® O(eXeapys — XYeopi2)
k=1

® O(Yeopqs + Xeapys) ® O(XY621<:+3)>

(ean—1 + Xeap — Yeon—2) ® O(eXegp—1 — XYeo,_2)
(eYean—1 + XYes,) @ O(XYes,-1)

> O O
S

1
Oby1 © Oby» © b3 & Obk,4>
1

O(bn 1— )/anl) @ Obn,2 @ Obn,3 D Obn74

)

© 7

Lemma 5.9.3 ([M2, Lemma 4.8]). The following statements hold.

(1) There is an isomorphism EX° @ k =~ M (c0)P2 @ M (00),11 & M(00),_1.

(2) We have an isomorphism (7E°) ® k =~ M (00)P? @& M (c0),—1 @ M(00)n11.

(3) EfF° is a non-projective indecomposable A-lattice.

Proof. (1) The statement is true for n = 1,2 by Lemmas 5.9.1 and 5.9.2. Assume that



5. Heller components: the case of the symmetric Kronecker algebra 124

n > 2. We define A-submodules of EX° ® k as follows.

(662 — Xel), (€X63 — XYel)
L (ceopt1 + Xeopyo —Yeop—1), | k=1,...,n—1,
B0, n)s := Span, (eXea13 — XYeyya), l=1,...,n—2
(€Y62n—1 + XYeQn)

E(oco,n)g := Spanﬁ{ b12, bk 3, bia

k=1,...,n—1,
I=1,...,n
Xeg, XYeg,
(Y€2 — Xesg + b1 1)
Yeop1 + Xeoprs + bt 1),

(
(XY625+1 — bi+12),
(bn1 —Yean—1), bng3,

E(00,n)3 := Span,,

E(OO,TL)4 = Span,i { bs,l, bt72

Then, it is easy to check that

EX ®k=FE(co,n)1 @ E(co,n)s @ E(co,n)s3 @ E(co,n)y,
E(co,n); E(oo n)y =~ M(c0)y,

E(Ooan)?) ~ M(00)n+1,

E(oo,n)q ~ M(00)p—1.

(2) This follows from Lemmas 3.7.11, 5.1.3 and the statement (1).

(3) We can prove the indecomposability of E by using similar arguments of the proof
of the case A # oo. O

Corollary 5.9.4. HC(Z°) # HC(ZY) whenever n # m. Moreover, HC(Z5°) has no loops.
Now, we determine the shape of HC(Z5°).

Theorem 5.9.5 ([M2, Theorem 4.10]). Let O be a complete discrete valuation ring,
Kk its residue field and A = O[X,Y]/(X?%,Y?). Assume that k is algebraically closed.
Then, HC(Z°) ~ ZA~ /(7). Moreover, the Heller lattice Z;° appears on the boundary of
HC(Z°).

Proof. Lemmas 5.9.1, 5.9.2 and 5.9.3 imply that every Heller lattice Z>° appears on the
boundary of HC(Z:°). It follows from Proposition 3.7.6 and Lemma 5.8.3 that the tree
class T of HC(Z®) is one of Aso, Booy Cooy Do or AX.
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Let F be the middle term of the almost split sequence ending at E2°. Then, F is the
direct sum of Z;° and an A-lattice F);°. By Proposition 3.7.10, we have

Fro @k~ M(oo)72y @ M(0o)i2, @ M(co) 2.

Suppose that F>° is not indecomposable. Then, there is an indecomposable direct summand
W of F° such that the almost split sequence ending at W is of the form 0 — W — E>° —
W — 0. As rank(EZ°) = 8n, we have rank(W) = 4n. If W is a Heller lattice, then W ® x
must be isomorphic to M (oc0), @& M (00)y,. Then, F°/W is indecomposable, and it is not
a Heller lattice by Proposition 5.1.5. Let 0 — 7(F;°/W) — EX & G — F°/W — 0 be
the almost split sequence ending at FS°/W. Then, the induced exact sequence

0=7F°/WRKk—=E’Qk®GRkKk — F.°/W®Kk—0

splits, a contradiction. Thus, W is not a Heller lattice. This implies that the induced exact
sequence
0=TWRKk—=>E"0k—=>W&k—0

splits. However, one can check that this situation does not occur for any W. Therefore,
F° is an indecomposable A-lattice, and T' = A. O
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