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L? vanishing theorems on Hessian manifolds and geometry of

regular COIVEX COLES

SHINYA AKAGAWA

Abstract

We show vanishing theorems of L?-cohomology groups of Kodaira-Nakano type on complete Hes-
sian manifolds by introducing a new operator . On a regular convex cone ) in R™ with the
Cheng-Yau metric g, we obtain further vanishing theorems of L?-cohomology groups L?H £29(Q) for

p > g. Moreover, we show that g gives a harmonic immersion from Q to Sym™ (n).
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0 Introduction

A flat manifold (M, D) is a manifold M with a flat affine connection D, where an affine connection is

said to be flat if the torsion and the curvature vanish identically. A flat affine connection D gives an
affine local coordinate system {z',..., x"} satisfying
0

57 Oad

A Riemannian metric g on a flat manifold (M, D) is said to be a Hessian metric if g can be locally

=0.

expressed in the Hessian form with respect to an affine coordinate system {z!,...,2"} and a potential
function @, that is,
_ P
Y9 = xioas

The triplet (M, D, g) is called a Hessian manifold. The Hessian structure (D, g) induces a holomorphic

coordinate system {z',...,2"} and a Kihler metric g7 on TM such that
2t =2t + /1y,

95(2) = gij (),
where {x!,... 2" y',...,y"} is a local coordinate system on 7'M induced by the affine coordinate system
{z',...,2"} and fiber coordinates {y',...,y"}. In this sense, Hessian geometry is a real analogue of
Kahler geometry.
A (p,q)-form on a flat manifold (M, D) is a smooth section of AP? := APT*M @ NYT*M. On the
space of (p, g)-forms, a flat connection D induces the Dolbeault-like operator d = 3", e(dx?) D 2 where

dr® = 1®da’ and e(dz?) = daiA. For a flat line bundle (F, D) over M, the operator d can be extended on
the space of F-valued (p, q)-forms and satisfies 92 = 0. Then the cohomology group H g’q (M, F) is defined
with respect to 0. On compact Hessian manifolds, Shima proved an analogue of the Kodaira-Nakano
vanishing theorem for H g’q(M ,F) by using the theory of harmonic integrals when there exist a fiber
metric h on F' and a Riemannian metric g on M such that the second Koszul forms B = —Ddlog h(s, s)
and 8 = %Dd log det[g;;] satisfy B+ 8 > 0, where s is a local frame field on F such that D¥s = 0.

THEOREM 2.2.6. [5] Let (M, D) be an oriented n-dimensional compact flat manifold and (F, DT") be
a flat line bundle over M. Assume there exist a fiber metric h on F' and a Riemannian metric g on M
such that B + (3 is positive definite, where B and 3 are the second Koszul forms with respect to h and g,
respectively. Then we have
HEY(M,F) =0, forp+q>n.

However, many important examples of Hessian manifolds such as regular convex domains (c.f. The-
orem 1.2.4 [3]) are noncompact. In Section 3.2, we prove the following theorem which corresponds to

Theorem 2.2.6 in the case of complete Hessian manifolds

THEOREM 3.2.3. Let (M, D, g) be an oriented n-dimensional complete Hessian manifold and (F, D)
a flat line bundle over M. We denote by h a fiber metric on F. Assume that there exists € > 0 such
that B + 8 = eg where B and § are the second Koszul forms with respect to fiber metric h and Hessian
metric g respectively. Then for p+q > n and all v € L*(M,F ® AP9) such that Ov = 0, there exists
u € L2(M,F @ AP771) such that

du=wv, |lull <{elp+q—n)} 2]

In particular, we have
L*HEY(M,F) =0, forp+q>n.
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The L*-cohomology group L?Hf(M, F) is often also written as H{3{ (M, F).

Note that we cannot use the harmonic theory for the proof and we need the method of functional
analysis as in the case of complete Ké&hler manifolds. To prove Theorem 3.2.3, we introduce the new
operator 9% (c.f. Definition 2.3.1) which is not defined in [5] and we obtain the following as an analogue
of Kodaira-Nakano identity.

THEOREM 2.3.8. Let (D, g) be a Hessian structure. Then we have
Or =0OF + [e(8 + B), Al

where O and O are the Laplacians with respect to 0 and O, respectively, and A is the adjoint operator
with respect to e(g).

An open convex cone §2 in R" is said to be regular if {2 contains no complete straight lines. In Chapter
4, we give some special properties of regular convex cones with the Cheng-Yau metrics (c.f. Theorem
1.2.4 [3]). In Section 4.2, we show vanishing theorems of another type as follows.

THEOREM 4.2.3. Let (Q,D,g = Ddyp) be a reqular convex cone in R™ with the Cheng-Yau metric.
Then for p > q > 1 and all v € L?(Q, AP?) such that Ov = 0, there exists u € L?(2, AP971) such that

= 1
du=v, |ull <@—q) 2|l
In the case of p > q =0, if v € L?(, AP) satisfies Ov = 0, then v = 0. In particular, we have
LzHg’q(Q) =0, forp>q.
In the case of a regular convex cone (R™, D, g = —Ddlog(x! - - - 2™)) , we have sharp vanishing theorem.

THEOREM 4.2.5. For p > 1, ¢ > 1 and v € L*(R,A\P?) such that Ov = 0, there exists u €
LR, AP971) such that
du=v, |ull <pF|o].
In the case of p>q =0, ifv € LQ(RK, AP0 satisfies Ov = 0, then v = 0. In particular, we have
LzHg’q(Ri) =0, forp>1andq>0.
Finally, we show that the Cheng-Yau metrics on regular convex cones define harmonic immersions

into the symmetric space of the positive definite symmetric matrices in Section 4.4.

THEOREM 4.4.4. Let g be the Cheng-Yau metric on a reqular conver cone £ in R™ and h the Cheng-
Yau metric on Sym™*(n). We define a map F, : (,g) — (Sym™(n),h) by Fy(x) = [9:;(x)]1<ij<n. We
denote by V9" the connection over F;TSym"’(n) ® T*Q induced by the Levi-Civita connections V9 and
V", Then

(1) Fy is an immersion.
(2) Fy is harmonic, that is,
try(VI"dF,) = 0.
(3) If Q is a homogeneous self-dual reqular convex cone, then F, is totally geodesic, that is,
vohdE, = 0.
The condition in Theorem 4.4.4 that a regular convex domain is a cone is crucial to obtain a harmonic

map (c.f. Example 4.4.5). Furthermore, the condition in Theorem 4.4.4 (3) that a homogeneous regular
convex cone is self-dual is also necessary to obtain a totally geodesic map (c.f Exapmle 4.4.6).

Acknowledgments. I would like to thank Professor Ryushi Goto for his encouragement.
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1 Hessian manifolds

In this chapter we give a brief review of Hessian manifolds.

1.1 Hessian manifolds

An affine connection D on a manifold M is said to be flat if the torsion tensor TP and the curvature tensor
RP vanish identically. A manifold M endowed with a flat connection D is called a flat manifold, which is
denoted by (M, D). On a flat manifold (M, D), there exists a local coordinate system {x!,... 2"} such
that D%% = 0, which is called an affine coordinate system with respect to D. The changes between
such a fgcal coordinate system are affine transformations.

In this paper, every local coordinate system on flat manifolds is given as an affine coordinate system.

DEFINITION 1.1.1. A Riemannian metric g on a flat manifold (M, D) is said to be a Hessian metric
if g is locally expressed by

g = Ddyp,
that is,
P
95 = Bidwi

Then the pair (D, g) is called a Hessian structure on M, and ¢ is said to be a potential of (D,g). A
manifold M with a Hessian structure (D, g) is called a Hessian manifold, which is denoted by (M, D, g).

Let (M, D) be a flat manifold and T'M the tangent bundle over M. We denote by {z*,... 2" y',...,y"}
a local coordinate system on T'M induced by an affine coordinate system {x!,... 2"} on M and fiber

coordinates {y!,...,4"}. Then a holomorphic coordinate system{z!,..., 2"} on TM is given by
2 =gt + \/jlyi.
For a Riemannian metric ¢ on M we define a Hermitian metric g7 on TM by
gt = Zgijdzi ® dz.
)
It should be remarked that ¢” is a Kahler metric if and only if ¢ is a Hessian metric.

EXAMPLE 1.1.2.
(1) Let (D, g) be the pair consisting of the standard affine connection D and the Euclidean metric on R™.
1 i
Then (D, g) is a Hessian structure. Indeed, if we set p(x) = 3 Z(:UJ)Q7 we have
J
9%
oriox 0ij = 9ig»

where d;; is the Kronecker delta, that is,

(i=1J)

1
52’]’ =
0 (i# 7).

Moreover, the Kahler metric g7 on TR™ ~ C" is also the Euclidean metric.
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(2) We set Ry = (0,00). Let D be the standard affine connection, that is, the restriction of the standard

affine connection on R™ to R"t. We define a Riemannian metric g on R’ by

di;
9ii(x) = (zjj)2'
Then (D, g) is a Hessian structure. Indeed, if we set p(x) = —log(z!---2™), we have
0%p
oxt0xI
When n = 1, the Kihler metric g7 on TR, ~ R, @ /—1R is the Poincaré metric.

DEFINITION 1.1.3. Let M be a manifold and D a torsion-free affine connection on M. We denote by
g a Riemannian metric on M, and by V the Levi-Civita connection of g. We define the difference tensor
~v of V and D by
vy=V —-D.

We denote by 2 (M) the space of vector fields on M. Since V and D are torsion-free, it follows that
for X,Y € 2 (M)
xY =y X.

It should be remarked that the components ~* i of v with respect to affine coordinate systems coincide
with the Christoffel symbols of V.

DEFINITION 1.1.4. Let M be a manifold and D a torsion-free affine connection on M. We denote by

¢ a Riemannian metric on M. We define another affine connection D* on M as follows:
Xg(Y,2) = g(DxY, Z) + g(Y. D% Z), X.Y,Z € 2 (M)
We call D* the dual connection of D with respect to g.

PROPOSITION 1.1.5. Let (M, D) be a flat manifold and g a Riemannian manifold on M. Then the

following conditions are equivalent.

1) (D, g) is a Hessian structure.

_ 09k Ogir
2) (Dxg)(Y.2) = (Dyg)(X.2). X.Y.Ze2(M) (& T =),

(

(2)

(3) g(’YXYaZ):g(Ya’YXZ)a X?Y7Z€%(M) (<:>'Yijk:'7jilc)-
591'3'

(4)

(5)

4
5

(Dxo)(Y, Z) = 2( Y, 2), X.V.Ze 2 (M) (& 25 =2).

D+ D* =2V.

PROOF. By the definition of Hessian metrics, (1) implies (2). Since the components ~*;; coincide
with the Chiristoffel symbols of V, we have

Oxd ~ OxF Oz
Hence (2), (3) and (4) are equivalent. By the definition of v and V*, we obtain

1 (agik 09ij 8gjk)
Yijk = 5 .

9((D + D*)xY, Z) = g(DxY, 2) + g(Dx Y. Z)

(
(V—=7)xY,Z2)+ Xg(Y,Z) — g(Y,Dx Z)
(
(

VxY,Z) - g(vxY,Z2) + g(VxY,Z)+ g(Y,VxZ) — g(Y,Dx Z)

g
g
g
92VxY,Z) — g(vxY, Z) + g(Y,7x Z).
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This implies that (3) and (5) are equivalent. Finally, we show that (2) implies (1). Let h; = Y. g;;da".
Then we have

dhj:;(giig - aag’”)d Ada = 0.
<i

Hence by Poincare’s lemma, there exists ¢; such that h; = dy;. If we put h = Zj pjda’, then dh =
> j hi A dx? = 0. Applying Poincare’s lemma again, there exists ¢ such that h = dp. Therefore we have
D¢ _Opj
dridxi oz 9
This completes the proof. O

1.2 Koszul forms on flat manifolds
We introduce Koszul forms which play important roles in Hessian geometry.

DEFINITION 1.2.1. Let (M, D) be a flat manifold and ¢ a Riemannian metric on M. We define a
d-closed 1-form « and a symmetric bilinear form 3 by

1
a= §d10g detlg;;], S = Da.

Remark that since the changes between affine coordinate systems are affine transformations, « and
are globally well-defined. We call o and 3 the first Koszul form and the second Koszul form for (D, g),
respectively.

PROPOSITION 1.2.2. Let (M, D, g) be a Hessian manifold. Then we have the following equations.

A ( ) = Z”W’ B”::'B<axz aij): - 863;7'

PRrOOF. From Proposition 1.1.5 (4), we have

10 Kl 3gkz k
G =557 log det[gx] Z Z
,8" - 804j o 8'7 kj
YU xt - oxt

O

DEFINITION 1.2.3. Let (M, D, g) be a Hessian manifold. If there exists A € R such that 5 = Ag, we
call g a Hesse-Finstein metric.

It should be remarked that a Hessian metric g on M satisfies the Hesse-Einstein condition 8 = Ag if
and only if the Kahler metric g7 on TM satisfies the Kahler-Einstein condition Ric = —%)\gT [4].

A convex domain in R™ which contains no full straight lines is called a regular convex domain. By
the following theorem, on a regular convex domain there exists a complete Hesse-Einstein metric g which
satisfies 8 = g. It is called the Cheng-Yau metric.

THEOREM 1.2.4. [3] On a regular conver domain Q@ C R™, there exists a unique convex function ¢

such that 92
14 _ 2
det| o) =€
p(z) = 0 (x — 00Q)

and the Hessian metric g = Ddp is complete, where D is the standard affine connection on 2.
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ProproOsSITION 1.2.5. The Cheng-Yau metric g defined by Theorem 1.2.4 is invariant under affine
automorphisms of 0, where an affine automorphism of 0 is restriction of an affine transformation A :
R™ — R™ to Q which satisfies AQ = Q2.

PRrROOF. An affine transformation A is denoted by

Az = ((Ax),..., (Az)") Za b

We define a function ¢ on 2 by
B(x) = (Ax) + log| detla]|.
Then we have
o) = 0o (x— 00).

Moreover we obtain

8:1:’03:3 Zal ]8$k8$l (Az).

Hence ¢ is a convex function. Furthermore, it follows that

62¢ 1712 82
det[ T (x)} — | det[a]| det[ e

Therefore ¢ is also a convex function which satisfies the condition of Theorem 1.2.4. From the uniqueness

( Ax)} = 2(p(An)Hog | det[ajll) — 25(x)

of the solution we have ¢ = ¢, that is,
p(2) = p(Az) + log| det[a5]].

Hence we have

gij(x Z @; a_]gkl(Ax)
k.l

This implies that ¢ is invariant under affine automorphisms. O

COROLLARY 1.2.6. Let Q be a regular convex domain in R™ and x¢ a fived point in Q). Assume that
a € C*(Q, GL(n,R)) satisfies © = a(x)xg for all x € Q. Then the Cheng-Yau metric g = Ddyp on Q is
expressed by
g = —Ddlog | det a(z)].

PRrROOF. By the proof of Proposition 1.2.5 we obtain
p(x) = pla(z)zo) = ¢(x0) — log|det a()|.
Hence we have
g = Ddp = —Ddlog| det a(z)].
O
EXAMPLE 1.2.7. Let (R%, D, g = Ddp) be the same as in Example 1.1.2 (2). Then ¢(z) = —log(z! - - - z™)

satisfies the condition of Theorem 1.2.4.

2 (p,q)-forms on flat manifolds

Hereafter, we assume that (M, D) is an oriented flat manifold and ¢ is a Riemannian metric on M. In
addition, let F be a real line bundle over M endowed with a flat connection D¥ and a fiber metric h.

Moreover, we denote by s a local frame field on F such that D's = 0.
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2.1 (p,q)-forms and fundamental operators

We denote by AP9(M) the space of smooth sections of AP9 := APT* M @AT*M. An element in AP7(M)
is called a (p, g)-form. For a p-form w and a g-form n, w ® n € AP9(M) is denoted by w ® 7.

Using an affine coordinate system a (p, ¢)-form w is expressed by
w= Y wy,da"r @ de’a,
Ip,,Jq

where
IP:(ila"'7ip)a 1Sll<<lp§n7 Jq:(jla“-ajq)a 1S]1<<.7q§n7
delr = da™ Ao ANdatr,  dz?e = dadt A A daa.

EXAMPLE 2.1.1. A Riemannian metric g and the second Koszul form S (Definition 1.2.1) are regarded
as (1,1)-forms;
gzzgijdxi(g)w, ﬁ:Zﬁ”d.ﬁZ@@

4,J 2%
DEFINITION 2.1.2. We define the exterior product of w € AP9(M) and n € A™*(M) by

wAn = E wlqunKTLdeIP A dx®r @ da’a A dals,
IpquvKraLs

where w = E wIpJqdacIP ®dzx/s and n = E nKTLdeK" ® dxls.
Ip7Jq KL

DEFINITION 2.1.3. For w € A™*(M) we define an exterior product operator e(w) : AP9(M) —
APTTAtS(M) by
e(wn =wAn.

DEFINITION 2.1.4. We denote by 2" (M) the set of smooth vector fields on M. For X € 27 (M) we

define interior product operators by

i(X) : APYM) — APH(M), (X w =w(X,...;...),

i(X): APYM) — AP Y M), (X )w=w(...;X,...).

We denote by {E1, ..., E,} an orthonormal frame field on TM and {6',...,6"} the dual frame field
of Fv,...,E,. It should be remarked that

0 =i(Ej)g, 6 =i(E))g.
DEFINITION 2.1.5. We define L : AP9(M) — APTLITL(M) and A : AP9(M) — AP~L971(M) by

L:=e(g) = Ze(@j)e(éj), A= Zz(EJ)E(EJ)

J J
ProPOSITION 2.1.6. We have

[L,A]=p+q—mn, on API(M).
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Proor. We obtain
AL =) i(E))i(Ej)e(8*)e(6") = i(E))e(6*)i(E))e(6")
3k ik
=D {6) — e(0")i(By) Hay — e(0")i(E))}
ik
=n— Z e(67)i(E;) — Z e(09)i(E;) + LA.
On AP'9(M) we have Ze(@j)i(Ej) =pand ), e(67)i(E;) = q. Hence

[L,Al=p+q—n.

0
DEFINITION 2.1.7. We define the star operator % : AP4(M) — A" P"~9(M) by
wA %k = (w,Nvg @y, w,ne API(M),
where (, ) is a fiber metric on A?T*M ® A?T*M induced by g and v, is the volume form of g.
For a multi-index I, = (i1,...,%,) such that 1 <4y < --- <4, <n,let I,_, = {ip41,...,in} satisfies
1 <ipy1 <--- <ip <n and the condition that (I, I,_,) is a permutation of (1,...,n). We denote by

€(1,.I,,_,) the sgnature of the permutation (Ip, I,—p). By the definition of the star operator, we have
*(HI" X ng) = e(Ip’In_p)G(quJn_q)elnf’) X 97‘]”*".

LEMMA 2.1.8. (1) The following identities hold on AP9(M).

i(X) = (=D, e(i(X)g)k,  i(X) = (1) kT e(i(X)g) k-

(2) The following equations hold for w € AP9(M), n € AP~L9(M),p € AP~ (M) and X € X (M).

({(X)w,n) = (w,e(i(X)g)n), (I(X)w,p) = (w, e(i(X)g)p),
where { , ) is a fiber metric on APT*M @ N1T*M induced by g.

(3) The following equation holds for w € AP9(M) and n € AP~1LI=1(M).

(Aw, ) = {w, Ln).
PrOOF. If i ¢ I,, we have i(E;)(#"» @ 67¢) = 0 and e(6*)(8%» @ 87¢) = 0. For i), € I, we put
P P

1% =1, \ {ix}. If iy is the [-th index in I}, we have €k ok )= (—1)pthtitle ;). Hence

we obtain
k+1*(9ip71 ® 670)

. N fn—p+1 Jn—
6(112*1;17171)‘#1)6(](1!‘]"*(1)9 ®0 e

p+1e(1p,1,,ﬁp)e(‘]qJ’”iq)e(oik)elnfp © 07—

PHLe(97) S (0 ® §7a).

(=1)
(=1)
= (1P ey 1)y dn 07 @ 070
(=1)
(=1
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This implies (1). It follows from (1) that

(((X)w, n)vg @ vg =1 A Hi(X)w

N A (1P e(i(X)g) kw
e(i(X)g)n A Hw

(w, e(i(X)g)n)vg @ v

This implies (2) and we immediately have (3) from (2). O

2.2 Differential operators for (p, q)-forms
We define two operators 9 and 0 by using the flat connection D.

DEFINITION 2.2.1. We define 9 : AP9(M) — APYL4(M) and 9 : AP9(M) — AP9TL(M) by
0= Zi:e(da: )D%, 0= zi:e(dxz)D%.

Since D is flat, we immediately obtain the following lemma.

LEMMA 2.2.2. We have
=0, 9°=0, 089=200.

We denote by AP*4(M, F') the space of F-valued (p, ¢)-forms. Since the transition functions of {s} are
constant, @ and O are extended on AP9(M, F) by

(s @w) =s® dw,
(s @w) =5® dw.

DEFINITION 2.2.3. We denote by A5?(M, F) the space of elements of AP?(M,F) with compact
supports. We define the inner product (, ) on AFY(M, F) by

I
M
where v, = /det[g;;]dz' A--- Adz™, and (, ) is the metric on F @ APT*M @ AYT*M induced by g and
h. We set ||w|| = v/ (w,w).
DEFINITION 2.2.4. We define A € AY°(M) and B € AM1(M) by
A= -0logh(s,s), B=0A.

We call A and B the first Koszul form and the second Koszul form with respect to the fiber metric h,

respectively.
Remark that since the transition functions of {s} are constant, A and B are globally well-defined.

EXAMPLE 2.2.5. Let a and 8 be the first Koszul form and the second Koszul form with respect to
the Riemannian metric g, respectively. Then the the first Koszul form A and the second Koszul form
By with respect to the fiber metric g on the canonical bundle K = A™T™*M are given by

AKZZ(X, BKZQﬂ
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The following theorem is an analogue of the Kodaira-Nakano vanishing theorem.

THEOREM 2.2.6. [5] Let (M, D) be an oriented n-dimensional compact flat manifold and (F, D) be
a flat line bundle over M. We set

Ker [ 8 : AP4(M, F) — APa+1 (M, F) |
Im [0 : Apa—L(M,F) — Ara(M,F) ]’

HYY(M,F) =

Assume there exist a fiber metric h on F' and a Riemannian metric g on M such that B + [ is positive

definite, where B and B are the second Koszul forms with respect to h and g, respectively. Then we have
Hg’q(M7 F)=0, forp+q>n.
The star operator % is extended on AP4(M, F) by
*(sQw) =5® kw.

DEFINITION 2.2.7. We define §p : AP4(M, F) — AP~14(M, F) and §p : AP9(M, F) — AP9~Y(M, F)
by
op = (=1)P% 10k +i(Xata), Op = (=1)7k 0% +i(Xata),
where i(Xa1a)g = A+ a. The operators will be denoted by § and § if (F, D', h) is trivial.
PROPOSITION 2.2.8. The operators g and 6 are the adjoint operators of O and 0 with respect to the

inner product ( , ) respectively, that is, for w € APYM,F), n € Ag_l’q(M, F)andpe Ag’q_l(M, F) we
have

(5FW777) = (Man)» (Spw,p) = (w,ap).

PROOF. Asumme w and 7 are locally expressed by w = s ® w’ and n = s ® . Then we have

h(s,s)n’ A %w)

h(s,s)n' A (=1)P0%kw’ + h(s,s)e(A)n’ A dw’
h(s,s)n' A %kw') —

+
+ (((—1)P %~ 0%w, n) + (w, e(A)n)) vy ® U

Let v} € A%°(M, K*) be the dual section of v, and ¢ € A" 10(M) satisfy ¢ @ v, = h(s,s)n’ A kw'.

Since dv; = —v; ® a and 9(v; ® v,) = 0, we obtain
vy @ A(h(s,s)n' A dkw') = (v ® ¢ ® Ty) — dvy @ h(s,s)n" A hkw'
= v, @ do ® Uy + vy ® (w, e(a)n)vy @ .

Taking the contraction of vj and vy, we have

(w,0n)vg = do + (((—=1)PH " Odkw,n) + (w, e(A+ a)n)) vy
= do+ (((—1)P %1% +i(Xata)) w, )0y,

where the last equality follows from Lemma 2.1.8 (2). From Stokes’ theorem we obtain

(w,0n) = (6pw,n).
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DEFINITION 2.2.9. We define the connection 2 and 2 on APT* M @AIT*M as follows: For w € AP(M)
and ne AI(M), X € (M)
Ix(w@n) =2yxw® 17+ Dx(w®10),
Zx(w®n) =2w@7x7 + Dx (w @ 7),
where v = V — D and V is the Levi-Civita connection of g (c.f. Definition 1.1.3) .
We obtain the following lemma by definition.
LEMMA 2.2.10. We have

D(vg @ Ug) = D(vy ®Vy) = 0.
LEMMA 2.2.11. The following conditions are equivalent.
(1) (D,g) is a Hessian structure.
(2) dg=0 (& dg=0).
(3) 29=0 (& Zg=0).

ProoF. We have
0gi

dg = B(Z gijdr’ @ dad) = Z 3:1:"? dz® A da' @ dxd
i, k,i,j
99ij _ OGkj\ &\ :
= Z(Z(ﬁxk = i Jdat A dat) @ da?,

j k<i
(Zx9)(Y;2) = Xg(Y; Z) = 9((27x + Dx)Y; 2) = g(Y; Dx Z)
=9(VxY;2) +9(Y;VxZ) — g((vx + Vx)Y;2) = g(Y; Dx 2)
= —9(xY;2) +9(Yix 2).
Hence it follows from Proposition 1.1.5 that the conditions (1) — (3) are equivalent. O
Let D* be the dual connection of D with respect to g (c.f. Definition 1.1.4) . We obtain the following
from Proposition 1.1.5.
LEMMA 2.2.12. Let (D, g) be a Hessian structure. Then we have
Px(w®7) =Dyw®7+w® Dx1,
Dx(w®1) =Dxw @ +w® Dy,
forw e AP(M) andn € AY(M),X € Z(M).
LEMMA 2.2.13. Let (D, g) be a Hessian structure. Then we have
Tk =*9.
PrOOF. For w,n € AP9(M) we have
Dx(wA%hkn) = Dxw A hkn+wA Dxk.
From Lemma 2.2.10 and 2.2.12, we also have
Dx(w A Sn) = Dx ((w,n)vg @ Ug)
= X(w,n)vg ® U4
= ((Zxw,m) + (w, Dxm))vg @ T
= DxwAkn+wA*kDxn.
Hence we obtain % = % %. O
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When (D, g) is a Hessian structure, the operators 0, 9, 6 and dp are expressed with 2 and 2.

PROPOSITION 2.2.14. Let (D, g) be a Hessian structure. Then we have

0= Z 6(0j).@Ej, 5 = 26(97)9@,
J J

0p ==Y i(B) P, +i(Xara), Or=—D i(E;)Zp, +i(Xata),
J j

where i(Xa1a)g = A+ a.

PROOF. Since D* is torsion-free, on AP(M) we have

> e(0))Dy, =Y e(6?)Dg, = > _e(da?)D

J J J

Hence by Lemma 2.2.12, for w € AP(M) and n € A%(M) we obtain

> e0)Zg,(w@n) = et?)(Dp,w @0 +w® D)
J J
=> e(0")(Dpw @0 +we Dg,n)
J

= Z e(0?)Dp, (w @ 1)
=0(w®T7).

This implies 9 = Ze(@j)@Ej. Furthermore, by Lemma 2.2.13 and 2.1.8 (1), on AP%4(M, F') we have
J

(—1)Pk ok = (—1)PK 1D e(07) 75, %

=Y (~1)Ph (¢ kD5,
=Y i(E;})Zg,.

J

Hence we obtain ép = — Zi(Ej)gEj +i(Xata)
J

2.3 The new differential operator 0
We introduce the operator 0% which is not defined in [5].
DEFINITION 2.3.1. We define the differential operator 8}, : AP4(M, F) — AP*L4(M, F) by
Op=0—e(A+a).
The operator will be denoted by ' if (F, D', ) is trivial.
THEOREM 2.3.2. We have

(0p)2 =0, 070 — 00} =e(B+p).
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PROOF. We obtain

(05)? = (0 —e(A+))(0 —e(A+a))
=0?—e(0(A+a))+e(A+a)d—e(A+a)d+e(A+a)e(A+ )

)
and

058 = (0 — e(A+a))d =80 — e(A +a)d,
80y = 80 — e(A+a)) = 90 — e(B + B) — e(A + a)d.

Hence

Opd — 0y = e(B + B).

DEFINITION 2.3.3. We define &%, : AP9(M, F) — AP~L4(M, F) by
0 = 0r —i(Xata),
where i(X)g = A + a. The operator will be denoted by ¢’ if (F, DY, h) is trivial.
We obtain the following Corollaries from Lemma 2.1.8, Proposition 2.2.8 and 2.2.14.

COROLLARY 2.3.4. The operator 0% is the adjoint operator of 0% with respect to the inner product
(, ), that is, forw € AP9Y(M,F), n € Agil’q(M, F) we have

(0pw,n) = (W, Ipn).

COROLLARY 2.3.5. Let (D, g) be a Hessian structure. Then we have

The following theorem is an analogue of the Kéahler identities.
THEOREM 2.3.6. Let (D, g) be a Hessian structure. Then we have
Ay + OpA = —6p, AO+OA = —6,
L8 + 8wl =—0, Lip+0rL = —0}.
Proor. It follows from Corollary 2.3.5, Proposition 2.2.11 and 2.2.14 that
SpL ==Y i(E))Pg, L=~ i(E)LPg,

J

= Z i(E;)e(0)e(0") D g,
ok

= =" e(8) (8% — e(0")i(E;)) D,
g,k

== e(0")ZE, + > _e(0")e(0")> i(E;)Zs,
j k

J
=—0— L&p.
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Similarly, we have

=Y i(BE)Z5,L=-0+LY i(E;)7s,.
J J

Moreover,
= k
Z(XA+a —ZXA+Q Zeﬁ
k

:Z (0"){(A+ ) (Ex) — e(0%)i(Xa1a)}

k
—e(A+a) — Li(Xata)-

Hence it follows from Proposition 2.2.14 that

0L = (=Y i(E}) 78, +i(Xata))L
J
— (0 e(A+ ) — L= S UE) T, + (Xara))
J

= —0p — Lip.

We have the other equalities by taking the adjoint operators. O
DEFINITION 2.3.7. We define the Laplacians [, and O with respect to 9%, and d by

The Laplacians will be denoted by (' and OJ if (F, DY h) is trivial.

The following theorem is an analogue of the Kodaira-Nakano identity.

THEOREM 2.3.8. Let (D, g) be a Hessian structure. Then we have
Or =0OF + [e(8 + B), Al
ProoF. It follows from Theorem 2.3.2 and 2.3.6 that
Op = 00p + 0p0 = —0(AOp + 0pA) — (A0 + 0RA)0
= (AD + 8%)0% — 00 A — A0 + 0% (OA + 65)
= 040 + 05 + (050 — 00%)A — A(9%0 — 00)
= 0% + [e(B+ ), Al

3 Vanishing theorems of L?-cohomology groups

We introduce L2-cohomology groups on flat manifolds and some vanishing theorems.

3.1 L?-cohomology groups on flat manifolds

We denote by L?(M, F @ AP:?) the completion of A5?(M, F) with respect to the L*inner product ( , )
induced by g and h. The space L?(M, F ® AP+?) is identified with the space of square-integrable sections
of FF® NP1,
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DEFINITION 3.1.1. For w € L?(M, F ® AP9) we define 0w and dpw as follows:
(Ow,n) = (w,0pn), forne AP (M, F),
(6pw, p) = (w,dp), for p € ALY (M,F).
In general, we cannot say dw € L?(M,F @ AP9%1) and dpw € L?(M,F ® AP9~1). We set

W(M,F & A") = {w € L*(M,F @ A1) | Qw € L*(M, F & A", 6pw € L*(M, F @ A™17 1)},
D(M,F @ AP) = {w € L*(M,F @ AP%) | 0w € L*(M,F @ A\P9T1)}.

In addition, we define the norm || ||w on W (M, F @ AP:?) by
lwllw = llwll + 10wl + llopw]l,  w e W (M, F @A),
The space W (M, F' @ AP9) is complete with respect to || ||w.

PROPOSITION 3.1.2. [7] If g is complete, the space Ay (M, F) is dense in W (M, F @ AP*?) with respect

to the L*-norm || ||w .

DEFINITION 3.1.3. We define the L2-cohomology group of (p, q)-type by

P, ) = Ker[é D(M,F @ AP9) — D(M, F @ AP+ |
0:

m [8: D(M,F @ Ara=1) — D(M,F ® Ava) ||

where Im [ 9 : D(M, F @ AP4—1) — D(M,F ® AP+4) | is the closure of Im [  : D(M,F @ AP4~1) —
D(M, F ® AP) | with respect to the L?-norm || ||.

3.2 Vanishing theorems of Kodaira-Nakano type

In this section we show vanishing theorems of Kodaira-Nakano type.

LEMMA 3.2.1. Assume g is a Hessian metric and B + B is positive definite. For the eigenvalues

A <o < A, of the matriz {Z ng B+ ﬂ)k]} we set by = Z/\ Then we have
j=1

_ - 1
10w]|® + 16pw]|* 2 [Ibjw]?,  for w € Ag*(M, F).
PrOOF. By Theorem 2.3.8 we obtain

10w]|* + |0pw]* = (Orpw,w)

( Fw UJ) ([6(34—5),1\]&)70))
> ([e(B + B), Alw,w)

=

e(B+ 8)Aw,w).

Hence it is sufficient to show (e(B + 8)Aw,w) > ||bq%w||2.

We take the orthonormal frame field {E4,...,E,} on T'M, where the matrix [(B + 3)(E;, E;)] is
diagonal. We set u; = (B + B)(E;, E;j). Using the dual frame field {6,...,0"} of {E1,...,E,} ,
w e Ay?(M, F) is denoted by

MZZWJQ®9_JQ, WJQEAS(M,F).
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Then
e(B—I—B)szZ,uj (67)e ZzEk (Ey) ZWJ ® 074
k Jq
= ZM]qu (Ej)ng
= Z Z Hijwg, @ 7.
Jq J€Jq
Therefore

(e(B+ B)Aw,w) = /ZZMJWJ‘I’WJ

Jq JE€EJq

> [ bulsn g = 3l
M

Jq
O
THEOREM 3.2.2. Let (M, D, g) be an oriented n-dimensional complete Hessian manifold and (F, D)
a flat line bundle over M. We denote by h a fiber metric on F'. Assume B+ 8 is positive definite, where
B and B are the second Koszul forms with respect to fiber metric h and Hessian metric g respectively.

For q > 1 let b, be the same as in Lemma 3.2.1. Then for allv € L*(M, F ® AN™9) such that Ov =0 and
_1
by 2v € L>(M,F ® N™9), there exists u € L*>(M, F @ A9~ 1) such that

_ _1
u=wv, |lul <[bg vl
In particular, if there exists € > 0 such that B + 8 — g is positive semi-definite, we have
L*H(M,F) =0, forq>1.

ProOOF. The theorem can be shown by applying the method as in complex analysis in several variables
(c.f Lemma 4.1.1 of [8]) to the case of Hessian manifolds.

We set Kerd = {w € L}(M,F ® A™%) | 0w = 0}. Since Kerd is a closed subspace in L?(M, F @ A™),
we have

L*(M,F ® A™9) = Kerd @ (Kerd)™,

where (Kerd)* is the orthogonal complement of Kerd. A (n,q)-form w € L?(M,F ® AP9) is expressed
by
Ww=wi +wsy, wi€Kerd, wse (Kerg)L.

For n € A9~ (M, F), we have
(SFWW) = (0‘%577) =0,

and so
5Fw2 =0.

Since v € Kerd by assumption, we obtain
_1 1 _1 1
(v, @)|* = [(v,w1)[* = |(bg 20,03 w1)|* < ||bg 20]?[|bG w1 ||*.
Assume w € W(M, F ® A™9). Then

5(,01 = O, 517(».11 = SFOJ € L2(M,F® /\n’qil),
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and so w; € W(M, F ® A™?). Hence by Proposition 3.1.2, wy satisfies the inequality in Lemma 3.2.1:
[bZeorl? < 10wr | + 15 pwil|? = 15rwi|* = [8rw]l® < oc.
Therefore for w € W(M, F @ A™7) we have
W) < by 2ol2rw]® < oo.

By this inequality a linear functional A : 6pW (M, F ® A™9) 3 dpw + (v,w) € R is well-defined and the
operator norm C' is
_1
C < ||bg 2| < 0.

We set Kerdr = {w € L2(M, FRA™) | §pw = 0}. Kerdr is also a closed subspace in L?(M, F @ A™?)
and
L*(M,F @ N™) = Kerdp ® (Kerdp)*t,

where (Kerdp)* is the orthogonal complement of Kerdr. In the same way we have (Kerdp)t C Kerd
and for & € (Kerdp)t NW (M, F @ A1),
1 ~ a A T A T A~
16 &11* < (100]1* + 16r@ ) = [|opa]|.

Let {ni} C 6pW (M, F ® A™%) be a Cauchy sequence with respect to the norm || || on L2(M, F @ A™4~1).
Each 7y is denoted by
N = SFCDIm wg € (KGI‘SF)J' n W(M,F & /\n’q),

and by the said inequality {@;} is also a Cauchy sequence with respect to the norm || || on L2(M, F@A™9).
This implies {&} is a Cauchy sequence with respect to the norm || ||w on W(M, F ® A™?). Hence by
completeness of W(M, F @ A™%) with respect to || ||w, we have

O >0 eW(M,Fe A1) (k— o0),
and
e — SF(ZJ (k — OO)

Therefore, 6 W (M, F ® A™) is a closed space of L?(M, F ® AP9~1) with respect to the norm || ||.
From the above, by applying Riesz representation theorem to the linear functional \ : pW (M, F ®
A™4) — R, there exists u € §pW (M, F ® A™?) such that

A(n) = (u,m), 1 €6pW(M,F®A™)
_1
[ull = C < [bg *v]].
By the first equation, for all w € Aj'?(M, F') we have
(0.0) = AFrw) = (u,Fr).

and so

Oou = v.

This implies the first assertion.
Suppose there exists € > 0 such that B + § — g is positive semi-definite. Then by the definition of
by, by > £q. Hence for all v € L*(M, F ® A™1) we obtain

/ <b;%v,b;%v>vg < (6(])71/ (v,v)vg < 00,
M

M
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that is,
by 2v € L2(M,F @ A™).

This implies the second assertion. O
The following theorem corresponds to Theorem 2.2.6 in the case of complete Hessian manifolds.

THEOREM 3.2.3. Let (M, D, g) be an oriented n-dimensional complete Hessian manifold and (F, D)
a flat line bundle over M. We denote by h a fiber metric on F. Assume that there exists € > 0 such
that B + B = €g where B and B are the second Koszul forms with respect to fiber metric h and Hessian
metric g respectively. Then for p+q > n and all v € L*(M,F @ AP9) such that v = 0, there exists
u € LA2(M,F @ AP971) such that

du=v, |lull <{clp+q—n)}"2|v|.

In particular, we have
L2Hg"q(M,F) =0, forp+q>n.

PRrROOF. By Proposition 2.1.6, on AP¢(M, F') we have
[e(B +5), Al = e[L,A] = e(p + ¢ — n).
Hence by Theorem 2.3.8, for all w € A5?(M, F') we obtain
10w]|* + |6pwll* > e(p + g — n)lw]|*.
Then the assertions are proved similarly to Theorem 3.2.2. O

COROLLARY 3.2.4. Let (R™,g) be the Euclidean space, D be the canonical affine connection on R™,
and (F = R" x R, D) be the trivial flat line bundle on R™. In addition, we define a fiber metric h on F
by

h(s,s) =e %,
1 .
where p(x) = B Z(z’)2 and s : R" >z~ (x,1) € F. Then for ¢ > 1 and v € L*(R", F ® AP%) such

%

that Ov = 0, there exists u € L?(R™, F @ AP9~1) such that
5 _1
u=v, |ull <g =l

In particular, we have
LQHqu(Rn,F) =0, forp>0andq>1.

PrOOF. The Hessian metric g = Ddyp is complete and the second Koszul forms with respect to h and
g are

_ _ 1=
B=-00logh(s,s) =00p =g, B= §3adet[§ij] =0.

Hence by Theorem 3.2.3, for p = n we obtain the assertion.
Next, we consider the case of p = 0. For v € L2(R", F @ A%9) we set

b=dz' A---ANdz" @0

Then we have ¢ € L*(R", F® A™9) and ||9]| = ||v||. Since dv = 0 and 99 = 0 are equivalent, by Theorem
3.2.3 there exists @ € L2(R™, F @ A™% 1) such that & = o and ||a| < ¢~ = ||9]|. Here @ can be expressed
as

t=dz' A ANde" @u, uwe LYY R, g, Fh),
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and so

de* Ao ANd2" @ Ou =04 =0 =dr' A Ada" @ .
Therefore, we have du = v. Moreover, we obtain
. 1. _1
[ull = llall < ¢ 2[|o]| = ¢~ 2 [|v].

Hence the assertion for p = 0 follows.
Finally, for p > 1, v € L2(R", F ® AP*?) can be expressed as

v=> da" @uy,, I,=(ir,...,0p), 1<i1<---<ip<n, v, €L*R"FaA"),
IP

and we have

loll? = llor, 1%
II’

If dv = 0, for all I, we obtain dv;, = 0. Hence by the case of p = 0, there exists {u7,} C L*(R", FQA%?1)

such that duy, = vy, and |uy, || < q*%Hv]pH. Here we set
U= deIP ®ur,.
IP

Then we have

ou = Zdar[” ® 5u1p = ZCMCI” ®vr, =,
T I

p p
> =3 llur, I < g Hor, 1P = a7 il
IP IP

This completes the proof. O

COROLLARY 3.2.5. Let Q2 € R™ be a regular convex domain, D be the canonical affine connection on
Q, g be the Cheng-Yau metric defined by Theorem 1.2.4. Then for p+q > n and v € L*(2, AP9) such
that Ov = 0, there exists u € L*(Q, AP~ 1) such that

_ 1
du=wv, |lul| <@p+qg—n)"=|v|.

In particular, we have
L*HEY(Q) =0, forp+q>n.

PROOF. Since g is complete and 8 = g, the assertion follows from Theorem 3.2.3. O

Let Q € R"™! be a regular convex domain and we set V = {(ty,t) € R” | y € Q,¢ > 0}. Let D be the
canonical affine connection on V' and § be the Cheng-Yau metric on (V, D) defined by Theorem 1.2.4. In
addition, we define an action p : Z — GL(V') by

p(k)x=e*z, keZ, xcV.

Then we have Z\V ~ 2 x S*. Moreover, by Proposition 1.2.5 this action preserves (ﬁ, g) and so a Hessian
structure (D, g) on Q x St is defined by projecting (D,g) on € x S'. The Hessian metric g is complete
and the second Koszul form with respect to g is equal to g. Hence the following theorem follows from
Theorem 3.2.3.
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COROLLARY 3.2.6. Let (2 x S, D, g) be as above. Then for p+q > n and v € L?(Q x S, AP?) such
that Ov = 0, there exists u € L?(2 x S, AP94~1) such that

_ _ 1
du=wv, |ull <(p+qg—n)"2v.

In particular, we have
LPHZY Q% 8') =0, forp+q>n.

4 Regular convex cones as special Hessian manifolds

A regular convex domain §2 in R"™ is said to be a regular convez cone if, for any z in 2 and any positive
real number A, Az belongs to . In this Chapter, we show special properties of the Cheng-Yau metric on

regular convex cones.

4.1 The Cheng-Yau metrics on regular convex cones
In this section, we give some important propositions.

PROPOSITION 4.1.1. Let (2, D,g = Ddyp) be a regular convexr cone in R™ with the Cheng-Yau metric.

Then we have the following equations.

.[)sp
L 0p 0 .0
— ij - _ J
(2) gradyp : ;g D D zj:x el

(3) Zxk%‘jk = —Yij-
k

PRrROOF. By the proof of Proposition 1.2.5, for ¢ > 0 and x € €2 we have

o(tz) = p(x) —nlogt.

Then we obtain

p(tx) = —n.
t=1

ijai _4d
oI dt

J

Taking the derivative of both sides with respect to x* we have

2
0 2203w TPy
J

ozt 0xi0xI

82
Since pre g; 5 = 9ij we obtain

. O0p 0 .0
— ig OF 9 i <
gradp = izj:g Oxd Oxt Zx xI’
Equation (%) is equivalent to
Op k
@ + ; T gk = 0.

Taking the derivative of both sides with respect to z* and applying Proposition 1.1.5 we have

9ij + gis + Z 2%, = 0,
%
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that is,

Z =M yijk = —gij-
k

PROPOSITION 4.1.2. Let g = Ddy be the Cheng-Yau metric on a reqular convex cone  in R™. Then
we have
Va =Vdp =0.

PRrOOF. It follows from Proposition 4.1.1 that

g 0 0% y Op
4 (a7 527) = Gt ~ 2=

dp
ki
= Gij — Zg Vij 5%

v ox
= gij + Z xl%ij

l
=0.

O

A regular convex cone 2 in R” is called homogeneous if a subgroup of GL(R™) acts on 2 transitively.
In addition, a regular convex cone ) in R™ is said to be self-dual if there exists a inner product (-,-) of
R"™ such that the dual cone Q* = {y € R" | (x,y) > 0 for all x € Q\ {0}} coincides with . Tt is known
that a homogeneous self-dual regular convex cone is a Riemannian symmetric space with respect to the
Cheng-Yau metric (c.f. Theorem 4.6 in [4]). Moreover, it is known that a homogeneous self-dual regular

convex cone satisfies the following stronger condition than Proposition 4.1.2.

PROPOSITION 4.1.3. (c.f. Proposition 4.12 in [}]) Let g be the Cheng-Yau metric on a homogeneous

self-dual regular convex cone € in R™. Then we have

Vy =0.

4.2 L*-cohomology groups on regular convex cones

In this section we show vanishing theorems for regular convex cones with the Cheng-Yau metrics which
differ from Corollary 3.2.5.

.0
We set H = Z x’ a7 and denote by £y Lie differentiation with respect to H.
. iz
J
PROPOSITION 4.2.1. For o € AP(Q)) we have

ZLyo = Dygo + po.

PrOOF. For X € 2 (Q2) we obtain
DxH = X,

and so
[H,X]=DyX — DxH=DygX - X.
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Then for X,...,X, € Z(Q) we have

(Luo)(X1,. .., Xp)
=Ho(Xy,...,X,) =Y o(X1,...,[H X],... X;)

=Ho(X1,...,Xp) =Y _o(X1,...,DuXi,...,Xp) + po(Xy,..., X})
[

=(Dyo)(X1,...,X,) +po(Xi,.... X,).

By Cartan’s formula we have the following.

COROLLARY 4.2.2. For w € AP4(Q) we have

(0i(H) +i(H)d)w = Dpw + pw,
(9i(H) +i(H)d)w = Dpw + qu.

THEOREM 4.2.3. Let (Q,D,g = Ddy
Then for p>q > 1 and all v € L*(Q, AP

be a regular convexr cone in R™ with the Cheng-Yau metric.
such that dv = 0, there exists u € L*(Q, AP971) such that

)
)
du=wv, |ull < (p—a)%]ol.
In the case of p > q =0, if v € L?(, AP) satisfies Ov = 0, then v = 0. In particular, we have
L2H§’Q(Q) =0, forp>q.
PROOF. As a corollary of Theorem 2.3.6 we obtain

AO+ 0N = -6 +i(X,), AO+OA=—0+i(X,).

Then we have
06 = 0(—Ad — A +i(X,))
= (MO + 0 —i(X,))0 — 00N + Di(X,)
0 —i(Xa)0 + 0i(X,) + AJO — QOA,
60 = (=N — 0N +1i(X,))0
—AIO+ (0N + 8 —i(X,)) +1i(Xa)0
=06 — 0i(X,) +1(X4)0 — AOD + OOA,

and so
O=0-(0i(Xa) +i(Xa)0) + (0i(Xa) + i(Xa)0),

where (1 = 9§ 4+ §0. Let ¢ is the solution of the equation in Theorem 1.2.4. From Proposition 4.1.1 we

obtain
X, =gradp = —H.

Hence by Corollary 4.2.2, we have
O=0+p—gq.
Therefore, for w € AJY(Q) we obtain

10w + [l6w]|* = (p — q)l|w]*.

Then the assertions are proved similarly to Theorem 3.2.2. O
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We have the following from Theorem 4.2.3 and Theorem 3.2.5.

COROLLARY 4.2.4. Let (Q,D,g = Ddy) be a reqular convex cone in R™ with the Cheng-Yau metric.
Then we have

L2H§’q(Q) =0, forp+g>norp>q.

d i
The Cheng-Yau metric on a regular convex cone R is g = —Ddlog(z"' -+ - 2") = Z( x )2, We can
apply Corollary 4.2.4 to (R}, D, g). However, we have a stronger vanishing theorem.

THEOREM 4.2.5. For p > 1, ¢ > 1 and v € L*(R,A\P?) such that Ov = 0, there exists u €
LR, AP971) such that
= _1
du=wv, |ull <p~z|].

In the case of p > q=0, ifv € LQ(]Ri7 AP0 satisfies Ov = 0, then v = 0. In particular, we have
LQHg’q(Rﬁﬁ) =0, forp>1andq>0.

Hereafter in this section, we show Theorem 4.2.5. For the canonical coordinate z = (z',...,z") on

R%, we set ¢t = (t',...,t") = (logz',... ,loga").

LEMMA 4.2.6. The following equations hold.

0 0
(1) g(atl,aﬁ) dij
0 0 0 0
2 D . — 045> D* - — 04y~
(2) Do 55 =g o Ot % 50
(3) Do dt?! = —57dt?, D*, dt’ =657dt.
ot 2¢0

— Zdtj, where « is the first Koszul form for (D, g).

LEmMA 4.2.7. On (R, D, g) we have

=T 74

J

PRrOOF. By Proposition 2.2.14, Lemma 4.2.6 and 2.2.12 we obtain

- Z E( at] au Z at]

)

Z—Z{Z atﬂ VD o +Z(Da i)}

otd 2t7 Otd

= Z Q%i(%).
J

PROPOSITION 4.2.8. Let w = Z w;pJthIf’ ® dtle € Ap’q(]Ri). Then we have

ljw - Z (A +p) wIpJthIp ® dth7
I,,Jq4

where A = — 2:(—)2
- ot
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fdtlp ® dt/e. For a multi-index Jy =

Proor. It is sufficient to show the equation when w =
- < Jn, where (Jg, Jn—q) is a

7jq)7j1 < e < jqa we define Jn—q = (jq+17---7jn)ajq+l < -

(J1,---
,n). By Lemma 4.2.6 and 4.2.7 we obtain

permutation of (1,

= af _— — — —
w = Z @dtlp Q dtt A dtda — Z fdtIP ® dtt A dt’a,

i€Jn—q i€l,NTn_y
I a
E Do (fdt'r @i(— )dtJ)
017 ot
JEJq
== Ll o 6 —=)dtla — " fdt @i(4- 0 )dtda
8tﬂ 8tﬂ ot ’
JE€Jq JEILNJT,

= 82f I - a 71 BT
w=— > > Sror dt'» ®z(%)(dt A dt7a)

i€Jn_q jeJLU{i}

S Y Y amei Ly @
, , ot ot
1€Jn—q jEILN(Jq U{z})

+ ) Z dtl ®z(£ ) (dE7 A dt’a)

i€I,NTn_q jEJLU{i }

0
I % I
+ > | > | ' @i ) (dtF A dt),
1€lpNIn—q jelp,N(JqU{i})
2f ; 0 P
—Z_ > iop ® dtt Az(a ) dta
JE€Jqi€Tn_qU{j}

of .1, ; 9 \—3
+Y > 505t ® dtt /\z(at ) dt

JE€EJqi€lpN(Jn—qU{j})

8f 1, i 0 J
> > o U ®dtm(8t)dt

JEINJgi€Tn_qU{j}

0
+ ) > fdt™ @ dit A i(55) dt’.

JelpNJgi€Ipn(Jn-qU{i})

We denote by (§0w);, and (9dw) the k-th terms of §0w and déw respectively, where k = 1,2,3,4. Then

we have
__ __ "9 I
(60w)1 + (Bdw); = —JZ((,%J) fdt'r @ dt’a,
_ b o T
(60w)2 + (dw)3 Z ot @adt
jel,
_ .
(00w)s + (90w 2—28 dt' @ dt’a,
J€lp
(00w)s + (Ddw)y = Y fdt™ @ dt’s = pf dt'r @ dt’a.
j€ly

This completes the proof.
COROLLARY 4.2.9. For w € APY(R") we have

10w + [lw]* > pllw]*.
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PROOF. A (p,q)-form w € AfY(R") is expressed by w = Z wr, ,dt"» @ dt’s. By Lemma 4.2.6 and
Ip,Jq
Proposition 4.2.8 we obtain

18] + (8w = (Ow,w)
= > (Awr,,wr,s,) +plwl?
IP"]Q

> pllwl.

Using the above, we have Theorem 4.2.5 similarly to Theorem 3.2.2.

4.3 The symmetric space of positive definite real-symmetric matrices

We put Sym(n) = {X € M(n,R) | *X = X} and Sym™ (n) = {P € Sym(n) | P is positive definite.}. In
this section, we give a brief summary of the Cheng-Yau metric h on a regular convex cone Sym™ (n) in
Sym(n) which is identified with R*“2™ . Since GL(n,R) acts on Sym™ (n) transitively by A- P :=*APA
for A € GL(n,R) and P € Sym™(n), Sym™(n) is homogeneous. Further, Sym™(n) is self-dual with
respect to an inner product (P, Q) := tr (PQ) (c.f. Example 4.1 in [4]).

We denote by P = (Pi;)1<i<j<n the standard coordinate of Sym™ (n). The Cheng-Yau metric h on

Sym™ (n) is expressed by

n+1

h=— Ddlogdet P.

LEMMA 4.3.1. For all Xy, Xo, X3 € Sym(n) and o € S3, we have
tT(XU(l)XU(Q)XJ(g)) = tT(X]XQXS).
ProOOF. We have

tr (X1X2X3) = tI‘t(X1X2X3)
= tr (thtXQtXl)
= tr (X3X2X1).

The other equations follow from the commutativity of the trace. O

PROPOSITION 4.3.2. Let P € Sym™ (n). Weidentify X = [X;j]1<i j<n € Sym(n) with ZXij (8%)19 €
i<j 9
TpSym™*(n). Then we have

n+1

h(X,Y) = tr(P~*XP7Y),

(Dh)(X,Y,Z) = —(n+ 1) tr(P'XP~'YP'2),
1
YX,Y) = yxY = —§(XP_1Y +YPIX).

- P .
ProoOF. For X € Sym(n) we define a vector field X = ZXU@T € 2 (Sym™(n)). Since DzY =0
i<j "
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for all X,Y € Sym(n), we have

hX,Y)=-" ;r LDy dlog det P)p(X)
:_n—i—l ?XlogdetP P
2
1 - -
:_”; (¥ tr (P1X))p
= ”;r L Py P ix)
- n—;ltr(P_lXP_lY),
n+1
nt+l o o
= "L ZNR V)
n+1

=t (P1ZP~'XP7 'Y + P'XP 1 ZP7YY).

Since P € Sym™ (n), there exists pP3 € Sym™(n) such that (P%)2 = P. Hence it follows from Lemma
4.3.1 that

1

tr (P~ ZP'XP YY) = tr (P2 ZP ' XP P ly P 3)
tr(P~2ZP~%)(P X P~%)(PT2YP"%))
( Z
(

N|=

tr (P2 XP 2)(P 3YP 3)(P 2ZP %))
tr (P~ XP Yy P 127).

Therefore we have
(DR)(X,Y,Z) = —(n+ 1) tr (P'XP'YP'2).
Moreover, we obtain

1 1
h(_i(prly + Yple),Z) _ _”Z tr (PLXPYP1Z + P lYPIXP12)

1
- f”; tr (P-1XPlY P~12)

= L(D)(X.Y,2)

= h('Y(X’Y)’Z)»

where the last equality follows from Proposition 1.1.5. Hence we have

1
Y(X,Y) = —i(XP*Y +YPX).

4.4 Harmonic immersions into Sym™ (n)

Let g be a Riemannian metric on a domain © in R™ and h the Cheng-Yau metric on Sym™(n). In
this section, we consider the map F, : (,g) — (Sym™(n),h) such that Fy(z) = [gij]1<ij<n. Since
TSym™ (n) = Sym™(n) x Sym(n), the space of all C*®-sections of FrTSym™(n) can be identified with

o 0
C>(£2, Sym(n)). In particular, (V9"dF,) (w, @> and tr,(V9"dF,) belong to C*°(§, Sym(n)), where
V9" is the connection over Fg"TSym+(n) ® T*Q induced by the Levi-Civita connections V9 and V".
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PROPOSITION 4.4.1. We have

g 0 1
g,h 2 9 _Z
(v ng)(&J;“axl) 833’“83:1 2 a:k Fy ol 8331 9 Oz

8F,  OF OF OF,

h _ Kl - r

try(V7hdEy)) =3 g (8xkﬁgxl - axZFg 1 Baj = 2_0)" &UT)
k,l r

_,10F, 8F _10F, , OF
! - 179) _Z(Vg) szxf»

PROOF. We obtain

(vgthng)<%’%> :Vh dF (83l> dr, (vakail)
32

= W@gxl + (W) F, (ng ) ZZ ) — dF, (2(79)%18270)

o°F, 71<5Fg _,0F, 0F, ,1%)72(7” OF,

= 9cFor! ozk 9 ozt Ox; 7 Oxp K dar?
. . . OF, OF,
where the last equality follows from Proposition 4.3.2 in the case of X = Dk Y = W and P = Fj,.
x

We also have

o 0
b (V9dE,) = 37 g (VR (5 o)
Tl

0°F, OF, OF, OF,
_ Kl g 9fg . 08y r Olg
o ; g (axkaxl Oxk Fy ox! Z(%) kS ) ‘

9 9
dxk’ Ozt
) and try (V9" dF,), respectively.

We denote by (Vg’hng)ij(
0 0
k9l
THEOREM 4.4.2. If g is a Hessian metric, then we have

ot e ) (0 2 22

o 0
tr, (V7" dF,) 5 = 2((By)is = (0g)" (ig)rig) = 2AV70g) (5. 5= )

) and tr,(V9"dF,);; the (i,j)-components of

(vg’hng)(

0 9
dxk’ Ozt
PRrROOF. From Proposition 4.4.1 and Proposition 1.1.5 we obtain

o 0 02g;j 1 0g; 0g9s; . 0g; 09s;j 0gij
SRR .. — g 72 : ir rsYYsj ir rsYYsj _} : r ij
((vehd g)”(c?xk’é)xl> dxkoxt 2 4= (5‘xkg Ox! + Ox; g 8xk) . (%)

In particular, (Vg’hng)Z-j( ) is symmetric with respect to i,7j,k,1.

5(’7 )'kl rs
= 2# QZQ 'Yg)rzk('}/g)sgl + (’}/g)zlr ’YQ ]ks QZ ’7g kl ’7_(] rij

= 2(% - XT: ((v)irt(vg) ik + (Ya) e (Yg) a1 + (vg)rkl(vg)ﬁ-j))

=20((V%, ) (505 58 ) )
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It follows from Proposition 1.2.2 that

829.. 69, 89 . 89..
g,h I kl vy o rs s] r 1]
tr!] (v ng)ZJ Ek l g (895’“8:101 - Ok g ozl Er (79) kl or" )

D? gy OGkr s 09st 09i;
_ kl _ T orsZJst\ r I
_;g (axiaxa‘ 2 gt ! 0xj) Zr:(o‘g) PrG

= 2((ﬁg)ij - Z(ag)r(%})ri]’)
= Q(Vgag)(%, %)

O

COROLLARY 4.4.3. If g is a Hessian metric on a domain  in R™ and the map Fy, : (Q,9) —

(Sym™(n), h) is harmonic, then try8, is nonnegative constant.

PROOF. Since Zgij try (V9"dF,);; = 0, it follows from Theorem 4.4.2 that

4,J
0= Zgij((ﬁg)ij - Z(QQ)T(’Yg)rij)
] r
= trgfy — Z(ag)r(ag)r-
Moreover, since V9ay = 0 by Theorem 4.4.2, Z(ag)r(ag)r is nonnegative constant. 0

T

THEOREM 4.4.4. Let g be the Cheng-Yau metric on a reqular convex cone 2 in R™ and h the Cheng-
Yau metric on Sym™(n). We define a map F, : (Q,g) — (Sym™*(n),h) by Fy(x) = [gij(x)]1<i j<n. We
denote by V9" the connection over F;TSym"’(n) ® T*Q induced by the Levi-Civita connections V9 and
V", Then

(1) Fy is an immersion.

(2) Fy is harmonic, that is,
try(V9"dF,) = 0.

(3) If Q is a homogeneous self-dual reqular convex cone, then Fy is totally geodesic, that is,

vehdE, = 0.

0 0g; i
PROOF. Let a = Zak(w)w € Ker(dFy),, that is, ; &ig a¥ =0foralll< 1,7 < n. It follows

k
from Proposition 4.1.1 that

0= in gilg ak = —Q;gjkak

ik
Hence a = 0. This implies that F,; is an immersion. It follows from Theorem 4.4.2 and Proposition

4.1.2 that try(V9"dF,) = 2V9a, = 0. If Q is a homogeneous self-dual regular convex cone, we have
Vg’hng = 2V97, = 0 from Theorem 4.4.2 and Proposition 4.1.3. O

The condition in Theorem 4.4.4 that a regular convex domain is a cone is crucial to obtain a harmonic

map. The following example is a regular convex domain which does not give a harmonic map.
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EXAMPLE 4.4.5. Let Q = {z = (2',2%) € R? | 2? — —(2")? > 0}. The regular convex domain

with the Cheng-Yau metric g is known as an example of Hessian manifolds of constant Hessian sectional
curvature (c.f. Proposition 3.8 in [4]). The solution of the equation in Theorem 1.2.4 is

=3 oe(a? — L1y 3
p(z) = —5 log(a” — (27)7) +log 5.
We have
3 1
dp = =2 1d 1_d 2
QD 2 CE2 _ (%((El)z) (x x xz )?
. _§ 1 I2+%(I1)2 *SCl
T2 (@) | - 1|
12,0 140 1 a!
Fom=3@ =@ 0 ey |
dp
BN P I P DY
mady = | 507 05| | = e
922
Hence we obtain
trg(Viag) = trgfy — > _(ag)" (ag)r

r

= trgg — dp(grady)

3
=2 —
2
1
=-#0.
5 7

Therefore F, : (€, g) — (Sym™(n), k) is not harmonic from Theorem 4.4.2.

The condition in Theorem 4.4.4 (3) that a homogeneous regular convex cone is self-dual is also

necessary to obtain a totally geodesic map. The following example is a homogeneous regular convex cone
which does not give a totally geodesic map.

ExXAMPLE 4.4.6. We define a 5-dimensional vector space V and a regular convex cone €2 in V' by

vt 0?2 ot
V=qv=1|v* ¥ 0 | €Sym(3),,
vt 0 WP
1,2 4
R
0= — 2 3 1% [ at a? " at ot S +2
=qz=|2* 2° 0 eViz=1| , S|, a"=| ", . |€Sym"(2)
P x? oz x* oz

The regular convex cone 2 is called the Vinberg cone, which is known as an example of non-self-dual
homogeneous regular convex cones [6]. Let

Geda—wan={1% " | 1% ") carer?|ac,e>0b.
bl C1 b2 Co

Then we can define a group representation p : G — GL(V') by

(p(A)v) = AW TA . (p(A)w) = A"v"'A” forveV and A= (A, A") € G.
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We obtain p(A)x € Q for all z € Q and all A € G, that is, p(G) acts on Q2. We define B : Q — G by

Val 0 1 [ Vat 0
B(Cﬂ) = e zlad —(32)2 ’ 24 2125 —(24)2 .
vaa Voo 1L =
Then we have _
1 00 rt 2?2t
p(B(z))| 0 1 0| =|2% 22 0 | =ua.
0 0 1 L zt 0 2
Hence p(G) acts on Q transitively. Let B(z) € GL(5,R) be the matrix representation of p(B(z)) € GL(V)
with respect to the standard basis
1 0 0 01 0 0 0 O 0 0 1 0 0 O
oo0oo0¢(,]r00}],{f01O0},/00O0],]000
0 0 O 0 0 O 0 0 O 1 0 0 0 01
Then we obtain
[zt 0 0 0 0 i
x? xlad — (22)? 0 0 0
Bla)= | & 2VrotGR el 0 0
xt 0 0 xlad — (z4)? 0
4 —\T rzx’—(x
i (241)2 0 0 2 /7.1:.15 (z)2 1 5m1( 42 |

Therefore it follows from Corollary 1.2.6 that the Cheng-Yau metric g on {2 is expressed by

—Ddlog | det B(z)|
1.3

— (@)

= —Ddlog((aj @)

fDd(g log(z'a® — (22)?) +

(w4)2)3)

glog(xlzc‘r’ — (zh)?) — logwl),

that is,
3(2‘5 2 + 3(1‘) 2 _ 1 73(15211,'3 3<12 2 — 1'415 3(14 2
2@ —(a2)2)2 T 2@l —(aD)D)?  (@)? (@B -@2)?)? 2@l —(a2)2)2 @lad—(aD)2)? 2(alzd—(ad)2)?
35243 3(al e +(22)?) _aplg? 0 0
(zlzts—(:cz)2)2 (x1z3—(9:2)2)2 ($1x3—(x2)2)2
2,2 _ z112 1,2
Fg = T GG ST T 0 0
— 32425 0 0 3(1115+(Z4)2) —3zlzt
(@b — (@h)2)2 @ld—@D)2)? (alab—(@1)2)2
3(at)2 gl 3(al)2
I TS (1)) 0 0 @ -GEI2? 2@les (w172 |
Let 20 be the unit 3 x 3 matrix in , that is, 2} = 23 = 23 = 1 and 22 = 24 = 0. Si _ 1992
et o be the unit 3 x 3 matrix in 2, that is, ) = 2§ = 23 = 1 and 2§ = 23 = 0. 1nce('yg)ggr—§6xr,
we obtain
(Yg)221(w0) = (7g)223(z0) = —3
(Yg)222(w0) = (7g)224(0) = (7g)225(70) = 0,
0(vg)222
=0.
92 2 (wo) =
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We also have

>

-

8

(=}

N

I
©c o o oW
o oo w o
oS ovw O O
o w o o o
v © O O O

Hence

s (72,0 (0 52 ) + 5 ) = 22 an) =3 3 (e o) (3o

T

- %(xo) - 3(911(960)(79)221(950)2 + 933(79)223@0)2)

~0-3(3 () 50

9
== #0.
g7

Therefore Fy : (22, g) — (Sym™(n), h) is not totally geodesic from Theorem 4.4.2.
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