Osaka University Knowledg

Lower bound estimates for the Lifespan of small

Title solutions to nonlinear Schrodinger equations
Author(s) |{&)ll, 163
Citation | KPrRKZE, 2019, LA

Version Type

VoR

URL

https://doi.org/10.18910/72636

rights

Note

Osaka University Knowledge Archive : OUKA

https://ir. library. osaka-u. ac. jp/

Osaka University




Lower bound estimates for the lifespan of small

solutions to nonlinear Schrodinger equations
(R 2 LT« Y = FRRAD/NSBRIED T 1 7 A3 O FFEH)

Yuji Sagawa

Department of Mathematics, Graduate School of Science,
Osaka University

Doctoral thesis

2019



Contents

1 Introduction 4
2 The lifespan of small solutions to cubic derivative nonlinear Schrodinger
equations in one space dimension 7
2.1 Introduction . . . . . . . ... 7
22 Alemmaon ODE . . . . . . . . .. ... ... 10
2.3 Preliminaries related to the Schrodinger operator . . . . .. . .. ... .. 13
2.3.1 Theoperators J and Z2 . . . .. .. ... ... ... ... .. ... 13
2.3.2 A smoothing property . . . . .. ... 13
2.4 A priori estimate . . . . . ... 15
2.4.1 L%estimates . . . . . . . . . ... 15
2.4.2 Estimatesfora . . . . ... ... 20
2.5 Proof of Theorem 2.1.1 . . . . . . . . . . . . . . ... . ... 22
2.6 Proof of Lemmas 2.4.2 and 2.4.3 . . . . . . . .. ... 22
2.6.1 Proof of Lemma 2.4.2. . . . . . ... ... ... 23
2.6.2 Proof of Lemma 2.4.3. . . . . . ... ... ... .. ... 24
3 The lifespan of small solutions to subcritical nonlinear Schrodinger equa-
tions in dimension d < 3 29
3.1 Introduction . . . . . . . . . .. 29
3.2 Basiclemmas . . . . . ... 33
3.3 A rough lower estimate for the lifespan . . . . . . ... .. ... ... ... 35
34 An ODE Lemma . . . . .. .. ... ... 36
3.5 Bootstrap argument in the large time . . . . . . .. .. ... ... ... .. 41
3.6 Thecritical case . . . . . . . . . ... 44
3.6.1 L?-estimates . . . . . . . . ... 45
3.6.2 Estimatesfora . . . ... . 45



4 The lifespan of small solutions to a system of cubic nonlinear Schrodinger

equations in one space dimension 47
4.1 Introduction . . . . . . . . . 47
4.2 Preliminaries . . . . . . . . 51
4.3 A technical lemma . . . . . . . .. 53
4.4 A priori estimate . . . . ... 57
4.4.1 L%estimates . . . . . . . . 57

4.4.2 Estimates foraand 8 . . . . . ..o 59

4.5 Proof of Theorem 4.1.1 . . . . . . . . . . . . . . . . . ... 60
Acknowledgments 61
List of the author’s papers cited in this thesis 69



Chapter 1

Introduction

This thesis is concerned with the large-time behavior of solutions to the Cauchy problem
with small initial data for nonlinear Schrodinger equations:

A S (101

u(0, x) = ep(x), z €R,

where € > 0 is a small parameter, p > 1, A € C. ¢ = ¢(z) is a C-valued known function
which belongs to suitable weighted Sobolev space H*?(R). u = u(t,z) is a C-valued
unknown function. The equation (1.0.1) appears in nonlinear optical fiber (see [1]). Since
the local existence in H*?(R) is well-known (see e.g., [3] and the references cited therein),
we are interested in large-time behavior of solutions to (1.0.1).

First of all, let us consider the case of A = 0 (which we refer to as free in what follows).
In this case, it is well-known that the following estimates hold:

Ce

lu() 2@y < Ce,  [Ju(t)lzem < T

(t>0).
Next, let us assume that these properties are still valid in the nonlinear case (1.0.1). Then
we would obtain

¢ ¢
/ A w(s) [P~ u(s)]| 2ryds < C'&?p/ (14 5)~?P~D/2ds < Ce?
0 0

when p > 3, ie, (p —1)/2 > 1. From this observation and the smallness of ¢, one
may expect that the effect of the nonlinearity is almost negligible and (1.0.1) could be
regarded as a perturbation of the free Schrodinger equations when p > 3. According to
Tsutsumi—Yajima [76], there exists a unique global solution to (1.0.1), and the global
solution behaves like a free solution as ¢ — oco. On the other hand when 1 < p < 3,



the situation changes dramatically, as pointed out by Strauss [71], Barab [2], Ozawa [62],
Hayashi-Naumkin [28], and so on. Note that this threshold becomes p = 1 + 2/d in the
d-dimensional settings. In the critical case p = 3, the standard perturbative approach is
valid only for ¢ < exp(o(¢72)) in general. This comes from the above heuristic arguement,
that is,

t
/ [Au(s)u(s)| r2myds < Ce - *log(1 + t).
0

Similarly, in the subcritical case 1 < p < 3, the standard perturbative approach is valid
only for t < o(e72P~1/G=P)) "since

t
I (s s < Ce e (1 )P
0

So, our problem is to make clear how the nonlinearity affects the behavior of the solutions
for t > exp(O(¢72)) when p = 3, and for t > O(e~2P~1/G=P)) when 1 < p < 3, respec-
tively.

The purpose of this thesis is to develop the understanding for large-time behavior of
solutions to nonlinear Schrodinger equations in terms of the detailed lifespan estimates.
Our motivation comes from the important works due to John [40] and Hormander [35]
which deal with quasilinear wave equations in three space dimensions. Remember that
the detailed lifespan estimates obtained in [40] and [35] have close connection with the
so-called null condition introduced by Klainerman [50] and Christodoulou [6]. What we
intend here is to reveal analogous structure in nonlinear Schrodinger equations.

This thesis is organized as follows. Chapter 2 deals with the cubic derivative nonlinear
Schrodinger equations in R. We provide a detailed lower bound estimate for the lifespan
of the solution, which can be computed explicitly from the initial data and the nonlinear
term. This is an extension and a refinement of the previous work by Sunagawa [73]. This
part is the joint work [66] with Hideaki Sunagawa. Chapter 3 is devoted to the lifespan of
solutions to subcritical nonlinear Schrodinger equations in R for d = 1,2, 3. We provide
a detailed lower bound estimate for the lifespan of the solution, which can be computed
explicitly from the initial data and the nonlinear term. This is an extension, a refinement
and a generalization of the previous work by Sasaki [69]. This part is the joint work [67]
with Hideaki Sunagawa and Shunsuke Yasuda. Finally, in Chapter 4, we study a two-
component system of cubic nonlinear Schrodinger equations in R. Based on the author’s
paper [65], we provide a detailed lower bound estimate for the lifespan of the solution to
the system, which can be computed explicitly from the initial data, the masses and the
nonlinear term.

Before closing this chapter, we introduce some notation. For 1 < p < oo, LP(R?)
denotes the Lebesgue space on R? and || - | Lr(ray denotes the LP norm of R?. We denote



by (-,) p2(gay the L? inner product of R?. For m € N and 1 < p < oo, we denote by
WmP(RY) the LP(R?)-based Sobolev space of order m

WmP(RY) = {f € L"(R?) | 07 f € L"(RY) (a € (NU{0})*, |a| <m)}

equipped with the norm

Hf”WmvP(IRd) = Z HangLP(Rd)-

la|<m
For s, o > 0, we denote by H*?(R?) the weighted Sobolev space
H**(RY) = {f € L*(RY) | (1+[a])72(1 = A)2f € L*(RY)}
equipped with the norm

1.f1

We write H*(R?) = H*°(R?) for simplicity. We write C'(I; X) for the space of continuous
functions from an interval I of R to a Banach space X. The Fourier transform of ¢ is
defined by

Hs:o (Rd) ‘= (1 + ’$|2)U/2(1 - A)s/2f”L2(Rd)-

Fole) = g [ e ota)de (¢ <R

and the inverse Fourier transform of ¢ is defined by

Fele) = (2—7T1)d/2 /R o) s (x € RY).

We denote several positive constants by C, which may vary from one line to another.



Chapter 2

The lifespan of small solutions to
cubic derivative nonlinear
Schrodinger equations in one space
dimension

2.1 Introduction

This chapter is based on the joint work [66] with Hideaki Sunagawa. Throughout this
chapter, we focus on the following initial value problem:

{ 10U + %qu = N(u, az’u)v t>0, zeR, (2.1.1)

u(0,2) = ep(x), z €R,

where i = /—1, u = u(t, z) is a C-valued unknown function, ¢ > 0 is a small parameter
which is responsible for the size of the initial data, and ¢ = ¢(x) is a C-valued known
function which belongs to H*> N H*'(R). N = N(u,d,u) is the nonlinear term which is
always assumed to be a cubic homogeneous polynomial in (u, %, d,u, O,u) with complex
coefficients.

Let us recall some known results briefly. The most well-studied case is the gauge-
invariant case, that is the case where the nonlinear term N satisfies

N(e?z,e?¢) = e N(z,(), (2,() eCxC, HeR. (2.1.2)

There are a lot of works devoted to large-time behavior of the solution to (2.1.1) under
(2.1.2) (see e.g., [75], [44], [63], [16], [28], [27], [70], [55], [26] and the references cited
therein). On the other hand, if (2.1.2) is violated, the situation becomes delicate due
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to the appearance of oscillation structure. It is pointed out in [19] (see also [18], [74],
[59]) that contribution of non-gauge-invariant terms may be regarded as a short-range
perturbation if at least one derivative of u is included, whereas, as studied in [20], [21],
22], [23], [60], [24], etc., it turns out that contribution of non-gauge-invariant cubic terms
without derivative is quite difficult to handle. In what follows, let us assume that the
nonlinear term N satisfies

N(e" 0) =€“"N(1,0), 0€R, (2.1.3)

3 2

to exclude the worst terms w3, u?u and u® (see Section 2.6 for explicit representation of
N satisfying (2.1.3)). We also define v : R — C by

1 dz
v(€) = 5 L N(z,z{z);, £eR.
Roughly speaking, this contour integral extracts the contribution of the gauge-invariant
part in the nonlinear term N. Remark that v(§) coincides with N(1,i€) in the gauge-
invariant case (see also (2.6.7) below). Typical previous results on global existence and
large-time asymptotic behavior of solutions to (2.1.1) under (2.1.3) can be summarized in
terms of v(&) as follows:

(i) HFImwy(€) <0 for all £ € R, then the solution exists globally in time for sufficiently
small €. Moreover the solution satisfies

Ce
1+t

where the constant C' is independent of ¢ ([19], [26], etc.).

|u() || zoom) <

; t20,

(ii) If Imwv (&) = 0 for all £ € R, then the solution has a logarithmic oscillating factor in
the asymptotic profile, i.e., it holds that

2

u(t,z) = %d(x/t) exp (z';—t —i|a(x/t)]* Rev(z/t) log t) +o(t™1/?)

as t — oo uniformly in € R, where a is a suitable C-valued function on R

satisfying ||@||z~m®) S €. In particular, the solution is asymptotically free if and
only if v(€) vanishes identically on R ([75], [44], [16], [28], [27], [19], etc.).

(iii) If supger Imv(§) < 0, then the solution gains an additional logarithmic time-decay:

Ce
= VA + {1 +e2log2 + 1)}

where the constant C' is independent of ¢ ([70], [26], [52], etc.).

t>0

[ =gy

Y
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Now, let us turn our attentions to the remaining case: Imv (&) > 0 for some &, € R.
To the author’s knowledge, there is no global existence result in that case, and many
interesting problems are left unsolved especially when we focus on the issue of small data
blow-up. In the previous paper by Sunagawa [73], lower bounds for the lifespan 7. of the
solution to (2.1.1) are considered in detail under the assumption (2.1.2). It is proved in
[73] that

.. 2 1
liminf e“log T, > = 7p. (2.1.4)

e—+0 ~ 2sup (| Fp(&)]? Im N(1,i€))
geR

He proved it by constructing an approximate solution u, which blows up at the time
t = exp(7p/e?) and getting an a priori estimate not for the solution w itself but for the
difference u—u,. What is important in (2.1.4) is that this is quite analogous to the famous
results due to John [40] and Hérmander [35] which concern quasilinear wave equations
in three space dimensions (see [36], [57], [8] for analogous results on the Klein-Gordon
equation, and also [56], [41], [9], [55], [72], [78], [38], etc. for related works of them).
Remember that the detailed lifespan estimates obtained in [40] and [35] are fairly sharp
and have close connection with the so-called null condition introduced by Klainerman
[50] and Christodoulou [6]. However, the approach exploited in [73] has the following two
drawbacks:

e it heavily relies on the gauge-invariance (2.1.2),

e it requires higher regularity and faster decay as |z| — oo for ¢ than those for u(t, -).

The purpose of this chapter is to improve these two points. To state the main result,
let us define 7y € (0, 4+00] by

To = ! (2.1.5)
" 2sup (IFe(OF mv(©)) -

where we associate 1/0 = +oo. Remark that the right-hand side of (2.1.5) is always
positive if ¢ € H*!(R), because Im v(£) = O(|£]?) and |Fp(&)]? = O(|¢]*) as |¢| — .
In particular, we can easily check that 75 = +oc if Imv(£) < 0 for all £ € R. We also note
that 7y coincides with 7y in the gauge-invariant case. The main result of this chapter is
as follows:

Theorem 2.1.1. Assume that ¢ € H* N H*Y(R). Suppose that the nonlinear term N
satisfies (2.1.3). Let T. be the supremum of T > 0 such that (2.1.1) admits a unique
solution in C([0,T); H> N H*'(R)). Then we have

liminf e?log T, > 7,
e—40



where Ty € (0,400] is given by (2.1.5).

Remark 2.1.2. The above theorem concerns only the forward Cauchy problem (i.e., for
t > 0). For the backward Cauchy problem, we can obtain a simliar lower bound 7 which
can be written explicitly in terms of N and ¢. Indeed, if u(¢,x) is a solution to (2.1.1)
for t < 0, then u(—t, z) is also a solution to the Schrodinger equation with another cubic
derivative nonlinearity for ¢ > 0. However, it should be noted that 7 does not coincide
with 75 in general. For example, when N = —i|u|*>u and ¢ # 0, we can check that
7o = +0o0 and 7)) < +00, whence the small data global existence is expected only for the
positive time direction. On the other hand, if Imv(§) = 0 for all £ € R, then we have
To = T4 = +00. In fact, the solution exists globally in both time directions in that case.

We close this section with the contents of this chapter: Section 2.2 is devoted to a
lemma on some ordinary differential equation. In Section 2.3, we recall basic properties
of the operators J and Z, as well as the smoothing property of the linear Schrodinger
equations. After that, we will get an a priori estimate in Section 2.4, and Theorem 2.1.1
will be proved in Section 2.5. The proof of technical lemmas will be given in Section 2.6.

2.2 A lemma on ODE

In this section we introduce a lemma on some ordinary differential equation, keeping in
mind an application to (2.4.10) below.
Let K, 6y : R — C be continuous functions satisfying

sup [w(€)] < 00, sup [0p(§)| < 0o,  sup(|0o(€)[* Im(€)) > 0.
£eR £eR £eR

We set C1 = supgcg |#(£)| and define 7, € (0, +o0] by
1
2sup (|6(¢)[* Im #(£))’

£eR

T =

where 1/0 is understood as +o0. Let fy : [1,7) x R — C be a solution to

i0:Bo(t,€) = @Wo(tf”%o(taf)a t>1 R, (2.2.1)

ﬁ0(17§) - 590(5)7 5 € R7

where ¢ > 0 is a parameter. Multipling the equation (2.2.1) by B, and taking the
imaginary part of the result, we have

0, (5(t.9F) = 2 g o 151 cem
B()(l:g) 2660(§)7 56 R.

10



Solving this ordinary differential equation by separation of variables, we have

£2100(8)?
1 —2e2]00()|? Tm k(&) log t’

’60 (ta 5 ) ’2 =
as long as the denominator is strictly positive. In view of this expression, we can see that

sup 1Bo(t, &) < Cae (2.2.2)

(t,E)€[L,e7/=*|xR

for o € (0,7), where

1
Cy = ——= sup|th(§)| (< +o0),
V1—0/m ¢k
while
sup |Bo(t,€)] — +oo as t — exp(r1/e?) — 0
EER
if 71 < 00.

Next we consider a perturbation of (2.2.1). For this purpose, let T > 1 and let 6; :
R —=C, p:[1,T) x R — C be continuous functions satisfying

sup |6 (€)] < Che'*?, sup (1, €)] < Cuet
£eR (t,£)€1,T)xR

with some positive constants C3, Cy, 6 and u. Let 5: [1,T) x R — C be a solution to

060, = " OPB©) 1 (1.6), (16 € (LT) xR,
5(1.€) = <60(©) + 6u(6), fcR

The following lemma asserts that an estimate similar to (2.2.2) remains valid if (2.2.1) is
perturbed by p and 6;:

Lemma 2.2.1. Let o € (0,71). We set T, = min{T, e?/<*}. Fore € (0, M%), we have

sup 1B(t,6)| < Cae + M,
(t,£)€[1,Tx) xR

where
M = (203 + %) 601(1+3Cz+3022)0’.
1

11



Proof. We put w(t, &) = B(t,&) — Bo(t,€) and

T., = sup{T € [1,T,) ‘ sup  |w(t,9)] < M51+5}.
(t.€)€[1l,T)xR

Note that T,, > 1, because of the estimate
w(l = 101(8)] < Cye'™0 < %EH_&
(L] = 61(§)] < Cac'* < 5

and the continuity of w. Since w satisfies

it =" (w4 42+ 80) — 150P0) + .
we see that
O (lw]*) = 21m<@ : i@tw)

2
<G <M252+2‘5 430, M 30352) |2+ |w]|p|

C4€1+5
titu

2

S ;é€2|w|2+ |’UJ|

for t € [1,T.,), where C' = C1 (14 3C,+3C2). By the Gronwall-type argument, we obtain

b Cyuelt? 521
(el < (100 + [ S5 s ) v

146 N
< (C’351+5+ 04#) oo
2(n+ Ce?)
M

< = 1+6

=5 €
for (¢,€) € [1,T.) x R. This contradicts the definition of Ty, if T.. < T. Therefore we
conclude T, = T,. In other words, we have

sup  fw(t, &) < Me',

(,6)€[L,Te) xR
whence
BEOI< 180t O + [0t )] < Coe + MM
for (¢,€) € [1,T,) x R. This completes the proof. O

12



2.3 Preliminaries related to the Schrodinger opera-
tor

This section is devoted to preliminaries related to the operator £ = i0; + %82

2.3.1 The operators J and Z

We introduce J = x + it0d, and Z = x0d, + 2t0;, which have good compatibility with the
operator L. Then the following relations hold

[axaj]:17 [‘Caj]:()7 [63372]:813’ [£7Z]:2‘C7

where [-, -] stands for the commutator of two linear operators. Another important relation
is

J8, = Z + 2itL, (2.3.1)

which will play the key role in our analysis. Next we set

1
v 2mit

for ¢t > 0. We will occasionally abbreviate U(t) to U if it causes no confusion. The
following lemma is well-known.

U(1)9)(x) = 2% () =

i ("E*y>2
/ 5 g () dy
R

Lemma 2.3.1. We have
0] Lo vy < £7° [FU 0| ey + Ct (vl 2y + | Tl z2(r))
fort > 0.
We skip the proof of this lemma (see the series of papers by Hayashi and Naumkin

[16]-]24]).

2.3.2 A smoothing property

In this subsection, we recall a smoothing property of the linear Schrodinger equations,
which will be used effectively in Step 3 of §2.4.1. As is well-known, the standard energy
method causes a derivative loss when the nonlinear term involves the derivatives of the
unknown function. To overcome this difficulty we make use of smoothing effect. Among
various kinds of smoothing properties, we will follow the approach of [25], whose original

13



idea is due to Doi [10] (see also [5] and the references cited therein for the history and
more information of this subject). Let H be the Hilbert transform, that is,

Ho(x) = lp.v./]R v(y) dy.

r—Y

With a non-negative weight function ®(z), let us define the operator Sg by

Sav(z) = {Cosh (/_Oo B(y) dy) } o(z) — i {Smh (/_OO B(y) dy) } Ho(z).

Note that S is L?-automorphism and both ||Sp||z2_z2 and [|Sg'||z2—z2 are dominated
by Cexp(||®||z1r)). Roughly speaking, the operator Sg is chosen so that

(L, Ss] = —i®Sp|0,| + ‘harmless terms’,

and the first term in the right-hand side enables us to gain the half-derivative |0,|'/2.
More precisely, we have the following two lemmas:

Lemma 2.3.2 ([25]). Let v = v(t,x) and » = (t,x) be C-valued smooth functions.
We set ®(t,z) = n([v)]* + |¢2|*) with n > 1. Then there exists the constant C, which is
independent of n, such that

2

d ) 1/2
dt||S¢U(t)||L2(R) + H\/@(t)S(I)|8x| v(t)‘ L2(R)

< MOy (Il () |2z + 72160 [Gne + 1O s 1LEE) [11) ()] 2 e
+2 ‘(5@1}@), S¢£v(t)>L2(R)‘ .

Lemma 2.3.3 ([25]). Let v = v(z) and ¢ = ¢(x) be C-valued smooth functions. Suppose
that q, and qo are quadratic homogeneous polynomials in (1,1, Vs, ¥,). We set ®(z) =
n(|Y|* + |¥2|*) with n > 1. Then there exists the constant C, which is independent of n,
such that

(Sov, Sa1 (1, V2)00) 2y | + (S, Soa (1, 12)00) |

2
\@5¢|ax|1/%‘
L2(R)

Cnllvl2
+ M (14 2y + 7210 oy ) 160 0o

2

For the proof, see Section 2 in [25] (see also the appendix of [52]).

14



2.4 A priori estimate

Throughout this section, we fix o € (0,7) and T € (0,e/*’], where 7, is defined by
(2.1.5). Let u € C([0,T); H> N H**(R)) be a solution to (2.1.1) for ¢t € [0,T'), and we set
a(t, &) = FlU(t)u(t, )] (€), where U(t) is given in Section 2.3. We also put

B(T) = sw (140 (@)l + 17u(0)]lm) + sup((€)lat )

te[0,T)
with v € (0,1/12) and (¢) = (1+]€|?)/2. The goal of this section is to prove the following;

Lemma 2.4.1. Assume that the nonlinear term N satisfies (2.1.3). Let o, T and v be as
above. Then there exist positive constants €9 and K, not depending on T', such that

E(T) < &3 (2.4.1)

implies
E(T) < Ke,

provided that € € (0, o).

We divide the proof of this lemma into two subsections. We remark that many parts
of the proof below are similar to that of Section 3 in [19], although we need modifications
to fit for our purpose.

2.4.1 L?-estimates

In this part, we consider the bound for |u(t)|msmw) + ||Ju(t)|| m2m). By virtue of the
inequality

u() ||l gy + | Twt)] g2
< C(flu®)ll 2wy + 102u(t) | 2@y + (| Tw®)] L2y + 00T Ou(t) || 2r)) » (2.4.2)

it suffices to show that each term in the right-hand side can be dominated by Ce(1 +t)7.
We are going to estimate these four terms by separate ways.

Step 1: Estimate for ||u(t)||r2®). First we remark that the assumption (2.4.1) yields

C 2/3
u(®) 2@ <~
(1+1)172

for ¢ € [0, 7). Indeed, the Sobolev embedding H*(R) < L>*(R) and (2.4.1) yield

[u(t) lw2eo ) < Cllu®)|| o) < Ce*?

15



for t < 1, while it follows from Lemma 2.3.1 that

C C Ce2/3
()] w200 @) < TQSUP(<§>2|a(ta§)|) + ﬂ(”u(t)Hm(R) + | Tut) r2®) < =775~
t1/ £€R 3/ t1/

for t € [1,T). Now, by the standard energy method, we have

d Ce?
a1y <IN (. us) @) < Cllu(®) s luWlln @ < G-y
whence
t CEQ
t < 0 —d
) oo < IOl + | eyt
< Ce+C(1+t)
< Ce(1+1t) (2.4.3)

for t € [0,7).

Step 2: Estimate for || Ju(t)| 2. If ¢ < 1, there is no difficulty because we do not have
to pay attentions to possible growth in . Indeed, since

17N Cult), w02y < OO+ ) ullyr o (1Tl gy + Il ) < C2,

we have
1
ITu(®lle) < Cla®) oy + | 1IN w(r), e < Ce + C2
0

for t < 1. To consider the remaining case t > 1, let us first recall a remarkable lemma
due to Hayashi-Naumkin [19]:

Lemma 2.4.2. Assume that the nonlinear term N satisfies (2.1.3). Then the following
decomposition holds:

TN (u,uz) = L(LP) + Q,

where P is a cubic homogeneous polynomial in (u, @, u,, Uy ), and Q) satisfies
Q1122 () < Cllullfyzco (el @y + | Twllm2@) + 1 2ull @)
C
+ S lullweee @) (|7l 2y + ol b))

fort > 1.

16



We will give a sketch of the proof in Section 2.6. Now we are going to apply this lemma.
Let t € [1,T). Since the above decomposition and the commutative relation [£, J] = 0
allow us to rewrite the original equation as

the standard energy method yields

t
|Tu(t) = tP|| L2y < C(e + &%) +/ 1Q(T)[| 2=y .
1
By the relation (2.3.1), we have

| Zullgrmy < 1T Opl| g1 (my + 28| N (u, ve) || 1)
< Ce¥B(14)7 + C2(1 + 1)~
< Ce¥3(1+1),

which leads to

Ce?
||Q(t)||L2(R) < m
Also we have
5 Ce?
[Pl z2@) < Cllulliyrcemllullme < (EDEE
Summing up these, we have
|Tu®)ll < Pl + [ Tult) = Pl < CeL+8) (244)

fort € [1,7).

Step 3: Estimate for ||@2u(t)||,2r). As we have mentioned in Section 2.3, the standard
energy method causes a derivative loss. So we make use of smoothing effect. We apply
Lemma 2.3.2 with v = du, ¥ = u and = e~%?. Then we obtain

d
S ISe0Ru(t) 32a) + || V@Sol0.| 2020

2
L2(R)

—2/3 u 2
_ O lull%1 gy (8_2/3’|U(t)”%/v2yoo(R) + 5_2Hu(t)H?;V1,oo(R)

2t ¥ 1) o )
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Since (2.4.1) yields
de \ 2
u(®ll sy < Clla®) o < € ( / —2) sup((€)%a(t,€)]) < C=12
r (€) EER

we see that B(t) can be dominated by Ce*?(1 +¢)~!. Also we observe that the usual
Leibniz rule leads to

8§N(u, ua:) = QI(u7 uz)aa:(agu) + Q2(Ua uac)@m(agu) + P1,

where ¢, ¢ are defined by

ON 0N

QI(ZaC) = a_c(za C)v QQ(27C) - 8_2(27C)7 (245>

and p; satisfies
lpullze) < Cllulliy @ lull ma.
By Lemma 2.3.3, we have
‘<S¢8§U,S¢8§N(u, UI)>L2(R)‘

< [(Sa02u, Soqi (u, 1) 05 (03u)) 12wy | + [(Sa02u, Sego(u, uy) 0y (03u)) 2(m)|
+ C|Sedul| 2@ | Sop1 | 2y

VOS850, 03u

—2/3 2

2

’LQ(R)
Ce=2/3[ul2 - -

+ e M (14 el gy + el ey ) Ml e 19502

Ce—2/3 2
+ 0TI |2 1 sy

2/3|| /@ 1/293 2 Ce®/
< Cpe H <I>S<p|8m| ou ‘LQ(R) + m

with some positive constant Cjy not depending on e. Piecing the above estimates all
together, we obtain

C(g? + €8/3)
_'_

d 3 2 2/3 1/2 93 2
G500 e < (200220 1) [VeSsla 0|, +

< Ce?
— (14t

provided that ¢ < (2C)~%2. Integrating with respect to ¢, we have

|Sedu(t) |72 < CeC’ 2 4 C2(1 4+ 1) < CX(1+ )™,
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whence

0572/3”"“(75)”?_11(]1{) ‘

102u(t)|| r2) < € |Se02u(t) |12y < Ce(1+1t) (2.4.6)

for t € [0,7).

Step 4: Estimate for ||0,J0,u(t)||r2®). We also make use of Lemmas 2.3.2 and 2.3.3 in

this step. By using the commutation relation [£,0,Z] = 20,L and the Leibniz rule for
Z, we have

L0, Zu = q1(u, uy)0:(0: 2Zu) + q2(u, uy) 0, (0 Zu) + po,
where 1, g2 are given by (2.4.5), and p, satisfies
lp2llz2@) < Cllullfyzce@ (lullm@ + |1 Zullm ).
Since the relation (2.3.1) leads to

1Zullm @y < 1Tl gy + 2N (u, ws) || 1y < Ce¥3(1 +1)7,

we see that 02
€
< —\
||p2HL2(R) = (1+t)1_7
Thus, in the same way as Step 3, we have
d ) Ce?
EHS@@ZU(??)HH(R) < e

which yields
[0z Zu(t)||r2m) < Ce(1+1¢)7.
Finally, by using the relation (2.3.1) again, we obtain
10:T 0pu(t)|| L2m) < (|0 2ullr2@) + 26| 0N (u, us) || 22w)
Ce?
(1+t)t
< Ce(l+1t) (2.4.7)

< Ce(l+1t)"+2t

for t € [0,7).

Final step. Substituting (2.4.3), (2.4.4), (2.4.6) and (2.4.7) into (2.4.2), we arrive at the
desired estimate

lu@ @ + | Tu®) | m2@ < Ce(1+1)7
for t € [0,7).
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2.4.2 Estimates for o

In this part, we will show (£)?|a(t,&)| < Ce for (¢,£) € [0,T) x R under the assump-
tion (2.4.1). If ¢ < 1, the Sobolev embedding H'(R) < L*(R) yields this estimate
immediately. Hence we may assume 7" > 1 and ¢ € [1,7) in what follows.

Now let us introduce a useful lemma, which is due to Hayashi-Naumkin [19], though
the expression is slightly different. We write ay,(t,€) = a(t,{/w) for w € R\{0}.

Lemma 2.4.3. Assume that the nonlinear term N satisfies (2.1.3). Then, forl € {0,1,2},
the following decomposition holds:

&) eist
FU®O 9N @))€ = PO japa 4 S5 (el

gei%SQ _\3 feité
; H2,z(f)(0473) + ;

2

* psa(€)laci Pazr + Ry, (24.8)

where p11(§), p21(8), psi(§) are polynomials in & of order at most 2 + 1, and Ry(t,§)

satisfies
2

C
D ROy < w57z () sz + 1700 lr202)”

1=0
fort>1.

The proof of this lemma will be given in Section 2.6. It follows from this lemma that

(&)%i0a = FUH(1 — 0?) Lu
= FU'N(u,u,) — FU 02N (u, uy)

_ <§>2ty(§> ’04‘206 +V + Ry — Ry, (2.4.9)
where ite2 /3 2ite? /3 itE2
V(1,6 = (€} + e + (e Pa
with p(€) = pro(§) — tw2(§) (k=1,2,3). We deduce from (2.4.1) and (2.4.9) that
C 2
0O < o WO ELT) xR

Also, by using the identity

gete? [ —igeE iwte? A, §)
ALY =i (mA<t’f>>‘te o (i3 )
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we see that V' can be rewritten as 10,1, + V5 with suitable Vi, V5 satisfying

Ce? Ce?
ntol< S meel< S
Note that
S D S D O
ek | T+ iwte2| = 1172

E“w € R\{0}. Now we set B(t,€) = (£)%a(t, &) — Vi(t,€) and k(&) = (&) *w(€). Then we

(5)

i0uB(1,6) = —>~|B(t, Bt ) + p(t, £), (2.4.10)

where
p(0.6) = " (|(6al* €7 ~ 1816 + Valt, ©) + Rolt.€) ~ Ralt .

Remark that p can be regarded as a remainder because we have

Ce?2 Ce2 ¢ 3 Ce?

L (Ce¥3)?. T Tt (CFFP0) <

with = 1/4 — 3y > 0. Moreover we have

B(1,€) — e(€)* Fop(€)]
<ol -a) @) u(l, ) —w)H”2 = a2y tu(l, ) —ep) || e
4—zg£!¥ﬁ(l,ﬁﬂ

1 1/2
< ¢ (/ HN(u(t)aux<t))HH2(R)dt> 51/2 + CEQ
0

< Ce?,

where we have used the Gagliardo-Nirenberg inequality |||z~ < C’||<b|]1/2 10201} 12 There-
fore we can apply Lemma 2.2.1 with 6y(&) = (£)?Fp(€) and 71 = 7 to obtain |B(t, §)| <
Ce, whence

(€)|a(t, )] < 1B, O] + Va(t,§)| < Ce
for (t,€) € [1,T) x R, as desired. O
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2.5 Proof of Theorem 2.1.1

Now we prove Theorem 2.1.1. First we state a standard local existence result without a
proof. Let tg > 0 be fixed, and consider the initial value problem

{ Lu= N(u,u,), t>ty, v€R,

u(ty,z) = y(x), = €R. (2.5.1)

Lemma 2.5.1. Let the nonlinear term N be a cubic homogeneous polynomial in (u, @, g, Uy).
Let ¢ € H* N H*Y(R). Then there exists Ty = To(||¢||u3r)) > 0, independent of ty, such
that (2.5.1) has a unique solution u € C ([to, to + Tp); H> N H>Y(R)).

See [45], [30], [4], [44], [25], etc., for more details on local existence theorems.

Proof of Theorem 2.1.1. Let T be the lifespan defined in the statement of Theorem 2.1.1.
We remark that Lemma 2.5.1 with {5 = 0 and ¥ = cp implies 1. > 0. Next we set

T* =sup{T € [0,T.) | E(T) < &*/*}.

Note that 7* > 0 if ¢ is suitably small, because of the estimate F(0) < Ce < (1/2)e?/3 and
the continuity of [0,7.) 3 T — E(T). Now, we take o € (0,7,) and assume T* < e°/",
Then Lemma 2.4.1 with T' = T yields

1
E(T*) < Ke < 552/3

if ¢ < min{eg, (2K)73}. By the continuity of [0,7.) > T + E(T), we can choose A > 0
such that
E(T* +A) < &3

This contradicts the definition of T*. Therefore we must have T* > ¢/ e if ¢ is suitably
small. Consequently, we have

lim inf 2 logT. > o.
e—+4+0

Since o € (0,7p) is arbitrary, we arrive at the desired conclusion. O

2.6 Proof of Lemmas 2.4.2 and 2.4.3

In this section, we will prove Lemmas 2.4.2 and 2.4.3 along the idea of [19].
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2.6.1 Proof of Lemma 2.4.2

At first we will prove Lemma 2.4.2. We observe that the nonlinear term N satisfying
(2.1.3) can be written as N = F' + G, where

F = ayutu, + aQuui + agui + biudu, + bgu_ug%, + bgu_g’: (2.6.1)

+ Py + colul*Ty + csuul + cqlug|*a + cslu| iy
and
G = Mulu + Ao|ulPu, + A3’y + A|ug|*u + Astiu? + Ag|ug|*u, (2.6.2)

with a;, b;, ¢;, A; € C. Note that G is gauge-invariant, while F' is not. By using the
identities

POup = (0r0)1 +o (QUZD (T ) (2.6.3)
and
¢ = —(0:0)¢ + — ((5925)1/) 0TV), (2.6.4)
we see that F' can be rewritten as 0, F; + EFQ, where
_ M 3 a3 2 bimg b | bs
F = 3u—|—3uum—|—3uxu+3u+3uum—|—3uum

+ (c2 — c)|ulu + eslul?uy + cattu, + cs|ug)*u

and
F, = %u(ujux uxju) — 2%% (ujux — umju)
— %u(ujur uxju) 2; Uy (ujur uxju)

+ (c2 — QCl)E(uﬁ — Eju) — cgﬂ(ﬂx]u — ujux)
— c4ﬂ(ﬂjux — uxﬁ) — c5ﬂ(ﬂxjux — uxjux).
We deduce from the relation (2.3.1) that

TN(u,wy) = (Z + 2tL)F, + %ng + TG = L(tP) + O,

where P = 2iF; and Q = (£ 4+ 2)Fy + 2JF> + JG. By the Leibniz rule for Z, we have

1(Z +2)Fi||z2 < Cllullfyree (| Zull g + [Jull ).
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On the other hand, since G is gauge-invariant, we can use the identity

T (fifof3) = (T f) fofs + [1(T f2) 5 — [if2T f3

to obtain

ITGlr2 < Cllullfyee (17wl + llullz).
In order to get the L2-bound for iltj 5, we apply the identities

T (fifafs) = it{0:(fifofs) — (Ouf1) fofs} + (T f1) fofs,

T (fifafs) = it{ax(f1f2f3) + (833f1)f2f3} + (T fr)fofs
to each term of F, multiplied by 7, and use the inequality

|T0:lloe < C(1 TN r> + 1l 1)
Then we have
2
|TFall 2 < Ctllullfyace (|Tullmz + [Jull ) + Cllullwzee (1T wllz2 + lullm)”.

Piecing them together, we arrive at the desired decomposition. O]

2.6.2 Proof of Lemma 2.4.3

Before proceeding to the proof of Lemma 2.4.3, we introduce some notations. We put

iz 1 z _ -1
(MW9)(w) = eo(e), (D)) = =0 (3), Wo=FMOF s,

so that U(t) is decomposed into U(t) = M(t)D(t)FM(t) = M(t)D(t)W(t)F. Note that
IOV(E) = Dl + W@ = Déll= < OtV I6 ], (2.6.5)
which comes from the inequalities [e? — 1| < C|0]'/2 and |||l < C||¢||5]|0u0]1a

In what follows, we will occasionally omit “(¢)” from M(t), D(t), W(t) if it causes no
confusion, and we will write D,, = D(w) for w € R\{0}.

Lemma 2.6.1. We have

— C
IFU frfafalloee + IFUT [ frfe sl < sl fallez (1 fallee + 11T fillz).
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Proof. From the relation FU ™' = WID~IM~! and the estimate [|[W 16|~ < CtY2||6]| L1,
it follows that

IFU fifofalllzm < CEPIDT M ffo follln
= Ct'/?. t_1/2||f1f2f3||L1
< CllAllel fallze | f3]l e
< Ct 2N fullsz I follee (1 fsll e + 1T fllzz).-

We have used the inequality || f||p~ < C’1€*1/2||f||1/2||‘7f||1/2 in the last line. The estimate
for || FUY(f1fof3)||L~ can be shown in the same way. O

Next we set (E“(t)f)(y) = ei‘”%f(y) and A, (t) = V()" 1€ (t) — £ (t)D...
Lemma 2.6.2. For w € R\{0}, we have
IO fllze < CE f .

Proof. 1t follows from the relation W(t)™! = %) that

WHTET D10 = 2m/ MR () dy
_ i, | (59 f(y)d
= 27?@/ Y

— g =)
Hence we deduce from (2.6.5) that

LA f Lz = €55 () DWW (=wt) — 1) ]| 1o
< O W(=wt) = 1)1
< Y f .

]

Now we are going to prove Lemma 2.4.3. For simplicity of exposition, we consider only
the case where

N (u, 1) = Mug|*uy + au? + bud + c|u,|*;. (2.6.6)
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General cubic terms N satisfying (2.1.3) (or, equivalently, N = F' + G with (2.6.1) and
(2.6.2)) can be treated in the same way. Note that

27
v(§) = i€3/ (Ae’ — ae®® + be™¥% — ce™ ) e’ied—(9 =i\
0 2m
if N is given by (2.6.6), whereas
V(&) = M+ i(Aa — Xg)E + (s — A5)E% + iXeE? (2.6.7)

if N = F + G with (2.6.1), (2.6.2).
First we consider the case of [ = 0. We put a'® = (i¢)*a so that dfu = MDWa'?).

We also set (M“(t)f)(y) = ¢ f(y). Then it follows that

N(u,u,) = AM|DWa VY PDWaV + a M3 (DWaD)?
+ M 3(DWaW)? + cM DWWV PDWa

- %MD[’VO&(DFVQ(D] + %M?’D[(ww)ﬂ
+ 2 MED[Wal)] + E M D[ [Wa W]
By the relation FUIMYD = W71 we have
FU N (u,u,) = ?Wl [ywaWWa(ﬂ + %W*e? [(WOAD)S}
+ %’wlw [(W)?’] + EW*1€*2 [|Wa<1>12m}
= %i§3]a|204 + %8%D3 [—ifgag}
+ %53733 [i£3@3] - 55229,1 [—z’éﬂaﬁ@] - %
where
Qo = = A(Ja®Pa = Wa®PWal) + AW = 1) WaDEva®]
= a€3 (D3| (@)’ = Wa®)*] +ads(t) | (Wa®)’|
—bEH (D5 | (@M)? — (WalP’| +bA ()| (Wa)?]
— 21D [Ja® e — [Wa®EWal| + eA (1) [ Wal PWa)|.
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By virtue of (2.6.5) and Lemma 2.6.2, we see that

C
190llze < sz (lullez + [T ulla)®.

Therefore we obtain (2.4.8) with [ = 0 by putting u10(§) = —i2=£2, pao(§) = %52,

273
f13,0(8) = €.
Next we consider the case of [ = 1. It follow from the identity (2.6.4) that

- 1
0N (1, ty) = Mg [Pty + 30U sy + 3bURUyy + |ty |*lUzs + ,—trl,
i

where 71 = (Auy + cti,) (T ue)Us — uzJu). By Lemma 2.6.1, we obtain
17U il < oo (el + 1T ule)
We also set hy = Mg |*tae + 3002 Uay + 30Uy, + || *Tag so that
FUO.N (u,u,) = FU 1 hy + %Fu_lrl.
Then, as in the previous case, we have
FU hy
_ —%§4|a\2a + i—agipg ] + %bgépg e'a] + 2D [~¢'lala] + %
where
0 = = A(Ja®Pa® = Wa®PWwa®) 4 A(W! = 1) [[Wal 2va)]
— 3aE5 (t)Dy [(01(1))204(2) _ (Wa(l))2Wa(1)] + 3aAs(t) [(Wa(l))QWa@)}

= 33 (0D | (@D2a® — WaDPWal | + 364 5(t) [ WaD)Wal]
+ 21D, [|a(1)|2m — Wa® |2Wa<2>} + A (t) [|wa<l>\2wa<2>} |

By (2.6.5) and Lemma 2.6.2, we have

C
[Qullze < sz (lullas + [T ullu2)’.

Therefore, by setting uy1(§) = 27%53, pa1(§) = 273@53, ps1(§) = —icg®, we obtain
(2.4.8) with [ = 1.
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Finally we consider the case of [ = 2. From the identities (2.6.3) and (2.6.4), it follows
that

2N (u, uy) = Mg - UpOy (Ugs) + Uy + U0y (Tz) + (Ml + €l O (|1|)

1
+ 3au, (2uim + uxé?x(um)) + 3bu, (2u%x + ux&c(um)) + E@ﬂ’l
1
= hy + ETQ’

where hy = —A|uge|?us + 9au? u, + 9bu2 u, — clug,|*u; and

— 3bty (Up T gz — (T tig)Ugs) + Oy

We deduce as before that

FU " hy
9a
t

9_b
t

A 0
= 2igBlafPa + 2eiD, [7;55@3] +Zesp, [—2'55@3] _Sep | [ _ ¢g5\a\2a] 4+

t t t
with

C
190l < sz (lulls + | Tull ).

We also have C
B 3
[ FU ol < o (e + (| Tl 22)

by virtue of Lemma 2.6.1. Now we set p o(§) = 2;\%54, p2,2(8) = #54, p3a(€) = —c€t.
Then we arrive at (2.4.8) with [ = 2. This completes the proof of Lemma 2.4.3. O
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Chapter 3

The lifespan of small solutions to
subcritical nonlinear Schrodinger
equations in dimension d < 3

3.1 Introduction

This chapter is based on the joint work [67] with Hideaki Sunagawa and Shunsuke Yasuda.
We consider the following initial value problem:

. e _ p—1
{ i0u + 5890“ = AMuff"u, t>0, zeR, (3.1.1)

u(0, z) = ep(x), z €R,

where i = v/—1, u = u(t, r) is a C-valued unknown function, A € C and p > 1. ¢ = ¢(z)
is a prescribed C-valued function which belongs to a suitable weighted Sobolev space, and
€ > 0 is a small parameter which is responsible for the size of the initial data. We are
interested in the lifespan 7. for the solution wu(t,z) to (3.1.1) in the case of p < 3 and
Im A > 0. Before going into details, let us summarize the backgrounds briefly.

First we consider the simpler case p > 3. In this case, small data global existence for
(3.1.1) is well-known. Moreover, the solution behaves like the free solution in the large
time (see [76]). On the other hand when 1 < p < 3, the situation changes dramatically,
as pointed out by Strauss [71], Barab [2], Ozawa [62], Hayashi-Naumkin [28], and so on.
Note that this threshold becomes p = 1 4 2/d in the d-dimensional settings.

Next let us turn our attention to the critical case p = 3. In [28], it has been shown that
the solution to (3.1.1) with p = 3 and A € R behaves like

u(t,x) — &(x/t)ei{xZ/(Qt)f/\\&(:p/t)‘2logt} + 0<t71/2) in LOO(Rx)

1
Vit
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as t — oo with a suitable C-valued function & satisfying |G|/ ~®) < Ce. An important
consequence of this asymptotic expression is that the solution decays like O(t~'/2) in
L>(R,), while it does not behave like the free solution unless A = 0. In other words, the
additional logarithmic factor in the phase reflects the long-range character of the cubic
nonlinear Schrédinger equations in one space dimension. This result has been extended
in [12] to the case where p is less than and sufficiently close to 3. When A € C, the
situation changes slightly. Indeed, it has been verified in [70] that the small data solution
to (4.1.1) decays like O(t~*/2(logt)~*/?) in L>(R,) as t — oo if p = 3 and Im A < 0. This
gain of additional logarithmic time decay should be interpreted as another kind of long-
range effect (see also [72] for a closely related result for the Klein-Gordon equation). The
above-mentioned result has been extended in [48], [49], [14], [39], etc., to the subcritical
case p < 3 and Im A < 0. However, it should be noted that these results essentially rely
on the a priori L?-bound for the solution u coming from the conservation law

t
lut, M Zeq — 2ImA/O la(r, M gy dr = (0, )72z,

which is valid only when Im A < 0. In what follows, we focus on the remaining case p < 3
and Im A > 0. This is the worst situation for small data global existence because the
nonlinearity must be considered as a long-range perturbation and the a priori L?-bound
for u is violated. To the author’s best knowledge, there is no positive result in that case.
As for the lifespan T, the standard perturbative argument yields a lower estimate in the

form ,
T > eCle (when p = 3)
= | Ce2=V/BG-P) (when 1 < p < 3)

with some C' > 0, provided that ¢ is suitably small (see Chapter 1, as well as Section 3.3
below for more detail). In other words, we have

T, o \p-1
lim inf/ (—) dt > 0.
e—=+0 Jy t1/2

However, this estimate does not tell us the dependence of 7. on Im A\. So we are led to
the question: how does T. depend on Im A? In the cubic case (p = 3), the following more
precise estimate for T, has been derived in [73] and [66]:

1
lim inf(e?log T,) > ’
Pl R )_QImx\sup|f90(€)|2
£eR

as we have seen in Chapter 2. This gives an answer to the question raised above for the
cubic case. In fact, more general cubic nonlinear terms depending also on d,u have been
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treated in [73] and [66] (see also [58] for a related work). When p < 3 and Im A > 0, the
situation is the most delicate and quite little is known so far. To the author’s knowledge,
there is only one result which concerns the dependence of 7, on Im A in the case of p < 3:

Proposition 3.1.1 (Sasaki [69]). Assume 2 < p < 3, ImA > 0 and (1 + 2?)p € X. Let
T. be the supremum of T > 0 such that (3.1.1) admits a unique solution u € C([0,T); ).
Then we have

2/(3-p)
lim inf (52(7’—1)/(3—P)T€) > 3—p _ |
£—+0 2(p — 1) Im Asup |Fe(&)|?
£€R

where & = {f € L*(R) [ || flls < oo} with |[flls = [Ifllr2r) + [10: fllr2@e) + |2 f |22 -
However, the approach exploited in [69] has the following two drawbacks:
e the detailed lifespan estimate is unknown in the case of 1 < p < 2,
e it requires faster decay as |x| — oo for ¢ than that for u(t,-).

The purpose of this chapter is to improve these two points and to give a higher dimensional
generalization. In what follows, we consider a d-dimensional generalization of (3.1.1). For
the notational convenience, we write the power p of the nonlinearity as p = 1+ 260/d so
that the condition 1 < p < 1+ 2/d is interpreted as 0 < 6 < 1. Then we are led to the
following initial value problem:

. . 20/d d
{ O+ SAu = Nul"u, t>0, 2 € R, (3.1.2)

u(0,2) = ep(), z € R,

where A = (9/0x1)* + -+ + (0/0z4)? for x = (11,...,24) € RL To state the main
result, let us introduce some notation. We define X% := H* N H%*(RY) with the norm
1fllss o= 1S | s may + 1S || o may. We set U(t) := exp(%A) so that the solution v to the
free Schrodinger equation

10w + %Av =0, v(0,z)=¢(x)

can be written as v(t) = U(t)¢. The main result is as follows.

Theorem 3.1.2. Let 1 <d<3,0<6<1and X € C withIm\ > 0. Assume

d/2 < s < min{2,1+ 26/d} (3.1.3)
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and ¢ € ¥°. Let T, be the supremum of T > 0 such that (3.1.2) admits a unique solution
w satisfying U(-)"tu € C([0,T); 3%). Then we have

1—
lim inf (529/dT£1_9) > (1= 6)d So7d" (3.1.4)
e5+0 20 Tm \ sup | Fop(&)|*

¢eRd

Remark 3.1.3. The assumption (3.1.3) is never satisfied when d > 4. That is the reason
why Theorem 3.1.2 is available only for d < 3. When d = 1 or 2, (3.1.3) is satisfied for
any 0 < 6 < 1. In particular, our result can be viewed as an extension of Proposition 3.1.1
because it corresponds to the case of d =1, 1/2 < 6 < 1 and s = 1 in Theorem 3.1.2.
On the other hand, when d = 3, (3.1.3) is satisfied only if 6§ > 3/4 (or, equivalently,
3/2 < p < 5/3 with p=1+26/3). The author does not know whether the same assertion
holds true or not when d > 4 or d = 3 with 6 < 3/4.

Remark 3.1.4. The author does not know whether (3.1.4) is optimal or not. An example
of the blowing-up solution to (3.1.1) with arbitrarily small € > 0 has been given by Kita
[47] under a particular choice of ¢ and some additional restrictions on A and p. However,
it seems difficult to specify the lifespan for the blowing-up solution given in [47].

Now, let us explain the differences between the approach of [69] and ours. The method
of [69] consists of two steps: the first step is to construct a suitable approximate solution
u, which blows up at the expected time, and the second step is to get an a priori estimate
not for the solution w itself but for their difference u — u, (see also [73] for the cubic case).
Drawbacks of this approach come from the first step. In fact, according to Remark 1.3 in
[69], this approach can not be used in the case 1 < p < 2. Remark that this implies the
method of [69] is not suitable for d-dimensional settings when d > 2, because our main
interest is the case of p < 1+ 2/d. Also, in view of Proposition 3.1 in [69], the additional
decay assumption on ¢ as |z| — oo (i.e., higher regularity for F¢) seems essential for
the method of [69]. On the other hand, our approach presented below does not rely on
approximate solutions at all. Instead, we will reduce the original PDE (3.1.2) to a simpler
ordinary differential equation satisfied by A(t,&) = F[U(t) " u(t,-)](£) up to a harmless
remainder term R (see (3.5.1) below). An ODE lemma prepared in Section 3.4 below will
allow us to get an a priori bound for u directly. Similar idea has been used in [66] for
one-dimensional cubic derivative nonlinear Schrodinger equations, but we must be more
careful because we are considering the situation in which the degree of the nonlinearity is
lower.

We close this section with the contents of this chapter. In the next section, we state
basic lemmas which will be useful in the subsequent sections. In Section 3.3, we will derive
a rough lower estimate for 7;, that is, harg Jir%f (e20/471-9) > 0. Section 3.4 is devoted to an

32



ODE lemma which plays an important role in getting an a priori bound for the solution.
After that, Theorem 3.1.2 will be proved in Section 3.5 by means of the so-called bootstrap
argument. Finally, in Section 3.6, we discuss the critical case 6 = 1.

3.2 Basic lemmas

In this section, we introduce several lemmas that will be useful in the subsequent sections.
Lemma 3.2.1. Let s > d/2. There exists a constant C' such that

C _
[0]] oo ey < WHU@) "6l

fort > 0.
Proof. We start with the standard Gagliardo-Nirenberg-Sobolev inequality:
|6l z=ze) < Cllol a1 (=) 26 ot (3.2.1)
We also introduce M(t) = exp( ) for ¢ > 0. Then we can check that
UD|zlUt) " o = M) (—*A)PM(t) "o
(see e.g., [30]), from which it follows that
tY2) 6]l oo ey = 72| M) 6| o ey
< CIIMO) ™l s 1~ AV 2ME) ™ 6l 1
< Cl16 g 21U ()™ St

for t > 0. Combining the two inequalities above, we obtain

_C(l + t) S s s s d/2s
(1426l < 1 gamy WOl (1) 200z, + [l ()70l )
< C (19l ety + U™ 0l 105 )

= Clu(t) " ¢l

Lemma 3.2.2. Let v € (0,1] and s > d/2 + 2. There exists a constant C' such that

1 _ C _
19l] e ey < 3 IFU@) 'Ol Lo () + s IU(2) 10| 0.5 (e

fort > 1.
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See Lemma 2.2 in [28] for the proof.

Next we define G, : C — C with p > 1 by G,(z) = [z[P7!z for z € C. Note that the
nonlinear term in (3.1.2) can be written by AG1429/a(u) with 0 < § < 1 and Im A > 0.
The following lemmas are concerned with estimates for Gy:

Lemma 3.2.3. For z,w € C, we have
|Gp(2) = Gp(w)] < pl|2] + w7z — wl.

Proof. Without loss of generality, we may assume |z| > |w|. For v > 0, we observe the
relations

21" = Jw]” = (|2] - !w|)/0 v(tlz] + (1= t)wl)"" dt

and

(Il + )| (v > 1)
sup (t]2] + (1 — £)[u) |w|§{ . }s<|z|+|w|>”.

te(0,1]
Then we have
[l = o] < 1] = fol | - (2] + hol)” < w(l2] + w])|z — w].
We apply the above inequality with v = p — 1 to obtain

|G (2) — Gp(w)| < [(121P7F = |w]P~Yw| + 2Pz — w]| < p(J2] + [w])" |z — wl.

Lemma 3.2.4. Let 0 < s <min{2,p}. There exists a constant C' such that

1Go (@) < CHOIE g ]

3 (RY)
and
I4(8) " Gp() 10ty < Ol gy U D) 7"l 110.5ey
fort > 0.
For the proof, see Lemma 3.4 in [11], Lemma 2.3 in [28], etc.
Corollary 3.2.5. Let d/2 < s < min{2,p}. There exists a constant C' such that

C

—1
< T hap oz 1) ¢l

B p
~(1+1) e

l4(2) " Gy (0)ls

fort > 0.
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Proof. By Lemmas 3.2.4 and 3.2.1, we have

(&) Gp(D)lne = 1Gp(D)lreey + [UE) T Co( D) 0,0 gy

< I oy (1]l y + 1A Bl 700 )

C

< W”u(ﬂ_lﬂﬂ

p
s

]

Lemma 3.2.6. Let v € (0,1/2] and d/2 4+ 2y < s < min{2,p}. Then there ezists a
constant C' such that

C

1 .
S td(p—l)/Q—‘,-'y Hu(t) ¢||H0,5(Rd)

— o Ce (FU) )

|Fucrc 0

Lo (RE)
fort > 1.

This lemma can be shown in almost the same way as the derivation of (3.16) and (3.17)
in 28] (see also Lemma 2.2 in [48]), so we skip the proof.

3.3 A rough lower estimate for the lifespan

In what follows, we write N(u) = Au[*/% = AGii29/a(u) and ® = |¢||ss, where s
satisfies (3.1.3). The goal of this section is to derive a rough lower estimate for 7. The

argument of this section is quite standard and any new idea is not needed, so we shall be
brief.

Proposition 3.3.1. Let T. be the lifespan defined in the statement of Theorem 3.1.2.
There exists Dy > 0 such that T. > Doe=20/0=9d " NMoreover the solution u satisfies

l24(8) " u(t)]

5o < 2Pe (3.3.1)

for t < Dye=20/(1=0)d

Proof. Since the local existence in ¥* is well-known (see e.g., [3] and the references cited
therein), what we have to do is to see the solution u(t) stays bounded as long as t is less
than the expected value.

Let T' > 0 and let u(t) be the solution to (3.1.2) in the time interval [0,7). We set

E(T) = sup |[[U#)  u(t)]ss.

t€[0,T)
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Then, it follows from Corollary 3.2.5 that
C E<T)20 /d+1
s — (]_ + t)@
for t < T'. Therefore the standard energy integral method leads to

[t4() 7" N (w)]

T
E(T) < ||u(0)]|s: +c/0 (24 N ()|t
< g|lg|lss + CE(T)?/4+1 /T dt
) o (L41)°

< e + C,E(T)»/ 111
where the constant C, is independent of € and T'. With this C,, we choose Dy > 0 so that
C,3120/dg20/d ) 1-0 < 1

Now we prove Proposition 3.3.1 via the bootstrap arguement. We assume a weak bound
E(T) < 3%e. Then the above estimate yields the stronger bound

E(T) < ®e 4 C,(30e)?0/4H1(Dye20/d1=0)1-0 < 9¢¢

if T < Doe=2/41=9)  This shows that the solution u(t) can exist as long as t < Dye~20/4(1-9),
In other words, we have T, > Dye20/41=9)  We also have the desired estimate (3.3.1). [

Remark 3.3.2. In the proof of Proposition 3.3.1, we do not use any information on the
sign of Im A. We need something more to clarify the dependence of T, on Im A, that is
our main purpose of the present work.

3.4 An ODE Lemma

In this section, we introduce an ODE lemma which will be used effectively in Section 3.5
and Section 3.8. The argument in this section is a modification of that of §2 in [66] to fit
for the present purpose.

We suppose 0 < a < 1,b >0 and A € C with Im A > 0, so that we will choose a = 6
and b = 2 in Section 3.5. Let 1y : R — C be a continuous function satisfying

d
Uy := sup |o(&)| < 0.
£eRd

We set ¢ = 2(1;‘7@ and define 7y > 0 by

1 = (2¢Im )\\Ifob)l/(lfa).
1
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For fixed t, > 0, let ng : [t, T) X R? — C be a solution to

_ A
{ Zaﬂ]o = t_a‘ﬁo|b7707 t> t*a 5 € Rda (341)
770<t*a§) - 5%(5)7 5 € Rda
where € > 0 is a parameter. It is immediate to check that
‘nﬂ(t 5)’b _ (€|w0(£)|>b
’ 1+ 2¢ Tm Ao (€) [Pt — 2 Tm Ao (&) Pebt! =
as long as the denominator is strictly positive. In view of this expression, we see that

sup 1n0(,€)| < Coe (3.4.2)

(t,g)e[t*’o—€72q] xR

for o € (0,7), where
Vo

/b
(1= (o/m)=)"
Next we consider a perturbation of (4.3.1). Let T > t, and let ¢y : R — C, p :
t.,T) x R? — C be continuous functions satisfying

[P (8)] < Cre'™?

and C 14649
2&
(1, 6)] < = —

with some positive constants C;, Cy and 4. Let 1 : [t,,T) x R? — C be a solution to

{ 0y = %Inlbwp, te(t,T), € €RY
n(te, &) = ebo(&) + 1 (€), &€ R

The following lemma asserts that an estimate similar to (3.4.2) remains valid if (4.3.1) is
perturbed by p and ;:

Lemma 3.4.1. Let 0 € (0,71) and let n(t,&) be as above. We set T, = min{T, ce~21} for
0 < e <min{l, M~/%}. We have

In(t, &)| < Coe + Me'*? < (Cy+1)e
fOT (tag) S [t*;T*) X Rd, where

02 1/2 C O.lfa
_ 2 , 2 S
M—2<Cl+203> eXp(Q(l—a))

Cy = 2\ (b + 1)(2C, + 1) + %

with
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Proof. We set w =n — ny and
T., = sup{T € [t., T}) ‘ sup lw(t, &)| < MeH‘S}.

(t,6)E[t,T)x R4
We observe that
, A
0w = 2 (Ino -+ wl" G +w) = o' ) +p, w(ts, &) = va(€).
We also note that T,, > t,, because of the estimate

lw(t., )| = 1 ()] < Cre'™ < %51—&-6

and the continuity of w. Now we set
CQ
£E) = lw(t €)]2 4+ 2 2428
£ = [u(t, OF + 522
Then it follows from Lemma 3.2.3 that

< 2201 (2] + ol o + Lol

< W(Me + J\4sl+‘5)b|w|2 + |wl - @
< i—:{ (Cs - %) wl|® + |w] - ngH}

< i—j(cs|w|2 + %352“5)

- S

for t € (t., T.v), as well as

f(t 5) < (0151+6)2 + 0_2262+2(5 < 02 + 0_22 52—{—25‘
)= 2C5 — UM 20,

These lead to

oe—2a b
F(1.6) < f(t.. O esp ( [ = df)
tx
02+C_22 2+25 Ca0'™® 4 ayi—a)
e R Ul

2
M
2 Y

IN

IN
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whence I
[w(t, )] < Vf(t,€) < '

for (¢,€) € [t., Tis) X RY. This contradicts the definition of T, if T, < T,. Therefore we
conclude that T, = T,. In other words, we have

sup  |w(t, &) <V f(t,€) < Me',

(£,€)€[ts,Tu) xRY
Going back to the definition of w, we have
[, )] < |no(t, )] + [w(t, §)] < Coe + M
for (¢,€) € [t., T.) x R4, as desired. O

Next we consider the case of @ =1 and b = 2/d. We suppose A € C with Im A > 0. Let
@y : R — C be a continuous function satisfying

sup [go(&)| < oo

geRrd
We define 7 > 0 by
d
Ty = .
2Tm \ sup | (€)]?/¢
£eRrd
Let By : [1,T) x RY — C be a solution to
, A
{ Zatﬁo = ?‘50‘2/(1507 t> 17 5 € Rda (343)
BO(L&) = 6900(£)7 é- S Rd?

where € > 0 is a parameter. Then it is easy to see that

(elgo(E))*
2 Y
1-— p Im Ao (€)% P log t

|Bo(t, )2/ =

as long as the denominator is strictly positive. In view of this expression, we can see that

sup |Bo(t,&)| < Doe (3.4.4)
(t,€)€[1,e0/=%/ M Rd
for o € (0, 72), where
1
Dy = .
0= T (o S ol
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Next we consider a perturbation of (3.4.3). Let T > 1 and let ¢, : R — C, p: [1,T) x
R? — C be continuous functions satisfying

sup |p1(€)] < D', sup  t"H|p(t, €)| < Doe™?
£€Rd (t,€)€[1,T) x R4

with some positive constants Dy, Do, § and p. Let 8: [1,T) x R? — C be a solution to
A
{iatﬁzﬂﬁﬁ/dmp, te(1,T), € €RY,
/B(LE) = 5@0(5) + 901(5)7 5 € Rd'

The following lemma asserts that an estimate similar to (3.4.2) remains valid if (3.4.3) is
perturbed by p and ¢1:

Lemma 3.4.2. Let 0 € (0,73) and let 5(t,€) be as above. We set T, = min{T, e”/=""}
for 0 < & <min{1, M=/}, We have

|B(t,€)| < Do + Me'*® < (Do + 1)e

for (t,€) € [1,T,) x R, where
D
M = <2D1 + —2) el
0

with
Dy = |\|(1 4 2/d)(2C, + 1)¥14.

Proof. We set w = 8 — By and

T, = sup{T e LT ( sup  |w(t, )] < MEM}.

(t,6)€[1,T)xRd

Note that T, > 1, because of the estimate
w(l, &) = [¢1 < D't < %81%
w(L,)] = 1¢1(€) )

and the continuity of w. We observe that

0 = % (10-+ WP/ (Bo -+ w) = 5ol 450) + .
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Then it follows from Lemma 3.2.3 that

O (lw?) = 2Im(18tw w)

2 A 2/d
214 27a) (21501 + ) " l? + ol

2IAI

2/d
< 221+ 2/d) (2D05+M5”5) |w]* + |p||w]

D2€1+§

2 2/d), |2
S;DE}S |w| + t]_+u

|w]

for t € (1,T.s). By the Gronwall-type arguement, we obtain

t 1+6
Dae Dse?/dlogt
I (R e

D261+§
<D 1+6 Dso
< (2t )

M
< = 1+6
=7 €
for (t,€) € [1,T.,) x R% This contradicts the definition of T}, if T}, < T,. Therefore we
conclude that T, = T,. In other words, we have

sup  |w(t,€)] < Mt
(t,6)€[1,Tx) x R4

whence

Bt O] < |Bo(t, )] + |w(t,§)] < Doe + Me'™
for (¢,€) € [1,T,) x R?, as desired. O

3.5 Bootstrap argument in the large time

Now we are ready to pursue the behavior of the solution u(t) of (3.1.2) for t > o(g=20/4(1=9)),
For this purpose, we set t, = e%1794 and let £ be small enough to satisfy 59/ (1=0)d < D).

Then, since t, < Dye=20/(1=0)d Pr0p0s1t10n 3.3.1 gives us F(t,) < 2®e. Next we set
1/(1-6)
(1—0)d

20 Tm \ sup | Fop(€)[*%/¢
£cRe

T0 - —
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and fix o € (0,79), T € (t,,0e~2/41=9] Note that the right-hand side in (3.1.4) is equal
to 73~ , and that 79 = 71, when we choose a = 6 and b = 2. For the solution u(t) in the

interval t € [0,T), we put

E(T) = sup [[U(t)  u(t)]

te[0,T)

ES

as in the proof of Proposition 3.3.1. The following lemma is the main step toward Theorem
3.1.2.

Lemma 3.5.1. Let 0 and T be as above. Then there exist constants €9 > 0 and K > 4P,
which are independent of T, such that the estimate E(T) < Ke implies the better estimate
E(T) < Ke/2 if e € (0,&0).

Proof. 1t suffices to consider ¢ € [t,,T), because we already know that E(t,) < 2®e. For
t € [t.,T), we set A(t, &) = F[UE) u(t,)](€) and
R(t,€) = F[U(t)'N(u(t, )] (&) — t " N(A(t,€)),

so that
1
10 A = FU(t)™! (z'at + EA) w=FUt)'N(u) = %|A|29/d,4 + R. (3.5.1)

Next we take v = (25 — d)/8 € (0,1/2]. Note that s —d/2 = 4y > 2v. Since R can be
written as

R(ta 5) = )‘ (m(t)_1G1+20/d(u> - t_eGlJng/d(JT"Z/{(t)_lu)) s
Lemma 3.2.6 yields
(g 1+26/d+76/2d(1-6)

Cel+20/d
L —
te

S BIHT < —

Kl—l—?@/dt*—’y S

if B(T) < Ke and K't20/dg70/2d0=0) < 1 Moreover, when we put (§) = A(t,, &) —
eFp(€), we have

_ 1—-d/2s _ d/2s
()] < CIUE) M ulte, ) — el agua U () ulta, ) = el o
1—d/2s

ts

<o [ e Nl ) 2
0
c—0/(1—0)d

1-d/2s
2be 1+26/d .
off ) e

< (Cglt+30(1/d—1/2)

— )

IA
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where we have used the Gagliardo-Nirenberg-Sobolev inequality (3.2.1), Lemma 3.2.4,
Lemma 3.2.1 and Proposition 3.3.1. Therefore we can apply Lemma 3.4.1 with n = A,
a=0,b=20/d, 6 =min{30(1/d — 1/2s),70/2d(1 — 0)}, Yo = Fp, Y1 =1 and p = R to
obtain
|A(t, &) < (Co+ 1)e
for (t,&) € [t., T) x R, where
1

(= (o /ry oy sk, 7918

Co =

Note that () is independent of ¢, K and T'. By this estimate and Lemma 3.2.2, we have
()| ooy < EVPAE | oo gy + CEPTUE) ™ u(t)]
gt%ﬂ<&%+1kr+0Kd:Q

ZS

< ¢4/ (Cs X CKE1+79/d(1—9)>
< Cet™ %2,

if £79/41-0) < 1. By the standard energy inequality combined with Lemma 3.2.4, we
obtain

T
sup [|U)  u(t)|lgs < (Ut ult,)||gs exp </ C||u(t)\|iiéc(le)dt>
t.<t<T ta

<2 cooa [ dt
< 2Peexp | Ce i %

< (2(1960*)5
for t € [t.,T), where the constant C, is independent of e, K and T. Now we set K =
4®e%. Then we arrive at the desired estimate E(T) < Ke/2. O

Proof of Theorem 3.1.2. Let T be the lifespan defined in the statement of Theorem 3.1.2.
We fix o € (0,79) and set

T* =sup{t € [0,T.) | E(t) < Ke},

where K is given in Lemma 3.5.1. Now we assume 7™ < oe=20/d(1-0) Then, Lemma 3.5.1
with 7' = T™ implies F(T*) < Ke/2 if ¢ < g;. By the continuity of [0,7;) > T +— E(T),
we can choose 0 > 0 such that F(T* + ) < Ke, which contradicts the definition of 7*.
Therefore we must have T* > ge=20/40-9) if ¢ < ¢). As a consequence, we obtain

lim inf 529/dT51*0 > gl7?,
e—+0

Since o € (0,7p) is arbitrary, we arrive at the desired estimate (3.1.4). O
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3.6 The critical case

We consider the critical case § = 1, that is,

, 1
{ 10pu + éAU = Mu|2/du7 t>0, z € R, (3.6.1)

u(0,) = 2o(a), e RY,

where A € C with Im A > 0. As mentioned in Section 3.1, one dimensional case (d = 1)
has been covered in the previous works [73] and [66]. Minor modifications of the method
in the previous sections allow us to treat the case of d = 2, 3.

Theorem 3.6.1. Let 1 < d < 3 and A € C with ImA > 0. Assume ¢ € X° with s
satisfying (3.1.3). Let T. be the supremum of T > 0 such that (3.6.1) admits a unique
solution u satisfying U(-)"'u € C([0,T); X%). Then we have

d
lim inf (82/d log Ta) > 2/d"
m 2Im A sup | Fo (€)Y
ger?

Since the proof of Theorem 3.6.1 is almost the same as that for Theorem 3.1.2, we only
prove an a priori estimate for the solution to (3.6.1).
Throughout this section, we fix o € (0,72) and T" € (0, e”/E(Q/d)], where

d

T 2Tm A sup |Fo(6)]PT
£cRd

Let u be a solution to (3.6.1) satisfying U(-)"'u € C([0,T); X*). We set
alt,§) = FUt) u(t, )] (S).

To

We also define

E(T) := ol Rd(la(t,£>|) + sup. (L4 8) ([ () u(t)]

with 7 = (2s — d)/8 € (0,1/2]. Our goal here is to prove the following:

5]

Lemma 3.6.2. Let o, T' and v be as above. Then there exist positive constants €y and
K > C + 1, where C is defined by (3.6.4) below, not depending on T', such that

E(T) < Ke (3.6.2)
implies the stronger estimate

K
B(T) < 5

67
provided that € € (0, &¢).

We divide the proof of this lemma into two subsections.
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3.6.1 L’-estimates

In the first part, we consider the bound for ||U(¢) " u(t)|
and the assumption (3.6.2) lead to

sis. We first remark that Lemma 3.2.2

Ce
|w(t)]] oo ey < 2

fort > 1. Note that s—d/2 = 4y > 27. Indeed the Sobolev embedding H?*(R?) — L>(R?)
yields

||u(t>||L°°(]Rd) < O||U<t>| Hs(R9) < Ce

for t < 1. From these, we have

Ce

v o7 (3.6.3)

|w(t)]] oo ey <

for t € [0,T). It follows from Lemma 3.2.4, (3.6.3) and the assumption (3.6.2) that

1+2/d - Celr2/d
+ < Ol <o O )l < 5

[t ()~ N (u(t))]

by

for t < T. Therefore the standard energy integral method leads to

t
e )l < @)l + € [ Jutr) Nt i
K dr
< . 1+2/d
R e =

< Che(1 +1)7,

where the positive constant C, is independent of ¢ and T.

3.6.2 Estimates for a

In this part, we will show |a(t,€)| < Ce for (¢,€) € [0,T) x R? under the assumption
(3.6.2). When 0 < t < 1, the desired estimate follows immediately from the Sobolev
embedding H*(RY) — L>*°(R?) and (3.6.2). Hence we have only to consider the case of
T>1landte[l,T). We have

i0ie = FU() ™ (z’@t + %A) u=FUt)"'N(u) = %|a\2/da + Ry,
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where
Ru(t,€) = FU@) "N (ult, )] (€) —t"N(a(t,€))
= MFUW) " Cryzpalu) = 7 Crooya FUW) ).
The proof of Lemma 3.2.6 yields

Oc2/d+1

1+

|Ra(t, )] <

Moreover we have

(1, €) — eFp(6))]

_ 1—-d/2s — d/2s
< CUM) M u(l, ) — el agu U u(l, ) = el e gy

<o [ e V) cop

1 142/d 1-d/2s 42
< - S
<C (/0 TS dT) (Ce)

< C€1+3(1/d71/2s)

where we have used the Gagliardo-Nirenberg-Sobolev inequality (3.2.1), Lemma 3.2.4,
Lemma 3.2.1 and Proposition 3.3.1.

Therefore we can apply Lemma 3.4.2 with § = «, 6 = min{3(1/d — 1/2s),2/d}, @9 =
Fo, o1 = a(l) —eFp and p = Ry to obtain

la(t,€)] < (C+1)e
for (¢,€) € [1,T) x R, where

(1— <0-1/7-2)>d/2 sup [Fo()]- (3.6.4)

£€Re

é:

Now we set K = 2max{C,,C + 1}. Then we arrive at the desired estimate F(T) <
Ke/2. O
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Chapter 4

The lifespan of small solutions to a
system of cubic nonlinear
Schrodinger equations in one space
dimension

4.1 Introduction

This chapter is based on the author’s work [65]. We consider the following initial value
problem:

{ Lpuj = Fj(u), t>0, v€R, (41.1)

u;(0,2) = epj(x), z€R
for j =1,...,N, where L,, = i0, + 3=02, i = /=1, m; € R\{0} and u = (u;(t,z))1<j<n
is a C"-valued unknown function. The nonlinear term F = (F})i<j<y is assumed to be a
cubic homogeneous polynomial in (u, ). Also we assume that the system (4.1.1) satisfies

the so-called gauge invariance:
im10 im0 im;0
Fi(e"%2,...,e"N2y) = €™ Fi(21,...,2N)

for j=1,...,N and 6 € R, 2 = (z)1<j<n € CY. & > 0 is a small parameter which is
responsible for the size of the initial data, and ¢ = (p;(z))i1<j<n is a CV-valued known
function which belongs to (H' N H%!(R))™. We are interested in large-time behavior of
the small amplitude solution for (4.1.1).

Let us recall the backgrounds briefly. We begin with the single case (N = 1):

1
10 + 5351@ = Mul*u, t>0, z€R (4.1.2)
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with A € R. According to Hayashi-Naumkin [28], the solution to (4.1.2) with small initial
data exists globally in time and the global solution behaves like

2
u(t,x) = %&(w/t) exp (Z;_t - i)\\d(a:/t)\zlogt) +o(t71/?)

as t — +oo uniformly in x € R, where & is a suitable C-valued function on R satisfying
||| o (r) S €. Animportant consequence of this asymptotic expression is that the solution
decays like O(t~/2) in L>=(R,), while it does not behave like the free solution unless A = 0.
In other words, the additional logarithmic factor in the phase reflects the long-range
character of the cubic nonlinear Schrodinger equations in one space dimension. If A € C
in (4.1.2), another kind of long-range effect can be observed. Shimomura [70] showed that
the small data solution to (4.1.2) exists globally in time and decays like O(t~*/2(logt)~/?)
in L*(R,) ast — oo if Im A < 0. This gain of additional logarithmic time decay should be
interpreted as another kind of long-range effect. If Im A > 0, Sunagawa [73] and Sagawa—
Sunagawa [66] have derived the following more precise estimate for the lifespan 7. of the
solution to (4.1.2) with initial data u(0,z) = e¢(x):

liminf(e?log T.) > ! (4.1.3)

e 10 ~ 2Im Asup | Fo(&)[*
¢eR

as we have mentioned in previous chapters. This estimate tells us the dependence of T}
on Im A. Roughly speaking, the estimate (4.1.3) is derived from the ordinary differential
equation

{ WO f(t,8) =2 f(L,OIPf(E,E), t>1, E€R,

f(L,§) = eFo(8), R
This ordinary differential equation can be solved explicitly as follows:
2IFo())?
(P 7o)

T 1-2Im MF (&) 2e?logt’
as long as the denominator is strictly positive. Hence the solution f(¢,&) blows up at

1

2Im Asup |Fo(€)*
£eR

e?logt =

This observation implies that the small data solution wu(t, z) of (4.1.2) with Im A > 0 may
blow up in finite time. An example of the blowing-up solution to (4.1.2) with arbitrarily
small € > 0 has been given by Kita [47] under a particular choice of ¢ when Im A > 0.
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However, it seems difficult to specify the lifespan for the blowing-up solution given in [47],
and the optimality of (4.1.3) is left to be unknown. Next let us turn our attentions to
the system case (N > 2). An interesting feature in the system case is that the behavior
of solutions are affected by the combinations of the masses as well as the structure of the
nonlinearity (see e.g., [7], [14], [15], [31], [34], [37], [43], [46], [51], [52], [53], [61], [64], [68],
[77], etc.). In [52], several structural conditions on F' have been introduced under which
small data global existence holds, and time-decay properties of the global solutions have
been investigated. As a result, we come up with the following question: what happens if
the structural conditions on F given in [52] are violated? However, it seems difficult to
treat the general N-component system (4.1.1). As the first step we consider the following
two-component system (N = 2):

Lo ui(t,z) = Mug(t, 2)|Pus(t,2), t>0, v €R,
Lo,ua(t, ) = pluy(t, z)Pus(t,z), t>0, r€R, (4.1.4)
U,l(O,x) = EgO([E), Ug(O,Qf) = €¢($), reR

with my, my € R\{0}, A\, p € C and ¢, v € H' N H*(R). This kind of the two-
component nonlinear Schrédinger system appears in physics (see [32] and [33]). The
approach of Li-Sunagawa [52] implies small data global existence and boundedness of the
solution u = (uq,us) for (4.1.4) under the either of the following three conditions:

e Im)\ <O,
o Impu <0,
e ImA=Imu=0.

According to [52], large-time behavior of the solution for (4.1.4) deeply relates to the
following system of ordinary differential equations:

iatAl(tvg) = %|A2(ta€)|2A1(ta€)> > 1a 5 € R,
10, Aa(t,6) = B|A1(t, &) [P As(2, €), t>1, £ €R, (4.1.5)
A1<17£) = 8~Fm190<€>7 AQ(L&) = 8fm2¢(f), é € R,

where F,, denotes the scaled Fourier transform which will be defined in the next section.
We note that global existence and boundedness of the solution A = (A;, Ay) to the reduced
system (4.1.5) holds in this case. We check it for Im A < 0 (the same is true for the other
cases). Multiplying the equations of system (4.1.5) by A; and A, respectively, and taking
the imaginary part of the result, we have

O(|AL(t, ) = 22 AL P A (8, O, t>1, EER,
8t(’A2(t>€>|2> = QI_TH’Al(t>§>|2|A2(t7£)’27 > 17 5 € R,
A1(17£) = €fm1g0<§), A2<17§) = 5fm2¢(§)7 §eR.
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Therefore we see
~ 2Im A(| Tm g — Tmope)

(| Tm ] | A1 (¢, €)* — Im Al As (2, €)[%) "

|A1P|As> <0

for Im p # 0, and
9 9 2Im A 9 4 12
014, I + A, E)7) = —— A4z < 0
for Im 1 = 0. Hence we obtain

A1 (£, O + [Ax(t, O < C*(|Fm, (O + [ Fr o (S)I)

for ¢ > 1 and some constant C' > 0. This observation yields global existence and bound-
edness of the solution u = (uj,us) to the original system (4.1.4) (see [52] for details).
However, the remaining cases are left unsolved so far, that is,

e ImA>0and Imu >0,
e ImA>0and Imu=0,

e ImA=0and Imy > 0.

The aim of this chapter is to clarify large-time behavior of the solution to (4.1.4) with
ImA > 0 and Imp > 0. Since the solution of the reduced system (4.1.5) blows up at
finite time when Im A > 0 and Im > 0 (see Section 4.3 for details), it could be natural
to expect that the lifespan of the solution to the original system (4.1.4) is characterized
by the blow-up time of the solution to the reduced system (4.1.5). We will justify the half
of this expectation.

To state the main result, let us define 75 € (0, +00] by

g (B g OF) e N b))y
Im 1] Fo, (€)1 — T A[Frny 0 (§)[?
We remark that if Tm p|F, 0(£9)]? = Im M| Fn, 0 (€%)[* at some £* € R, then we define
log(Im | i, 0(€7)|*) — log(Im A[Fm, 0 (€7)1) 1
Iy Fony (62 = Im AIFn(69)1F Tm g Foy (€92
We also remark that the right-hand side of (4.1.6) is always positive. Because of | F,,, p(&)| <
+00, | Fm,¥(§)| < 400 and mean value theorem, we have

log(Tm | Fon, (§)[?) — log(Im A Fon, ¥ (§) )
Tm | Fony 0 (€) 2 — Tm AL Fo, 90 (€)]

. . 1 . 1
= min {%%ﬁ (ﬂmmfmlso(sn?) ¥ <2Imx|fm2¢<g>|2)} >0

The main result of this chapter is as follows:

To = —
0 2 geRr
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Theorem 4.1.1. Assume that ¢, ¢ € H*NH*Y(R), and that \, p € C with Im X\ > 0 and
Impu > 0. Let T, be the supremum of T > 0 such that (4.1.4) admits a unique solution
u = (uy,up) € (C([0,T); H N H*Y(R)))>. Then we have

liminf 2 log T, > 79, (4.1.7)
e—+0

where 1y € (0,400] is given by (4.1.6).

Remark 4.1.2. From this result, we clarify that the lower bound estimate for the lifespan
of the solution to (4.1.4) holds when Im A > 0 and Im & > 0. Moreover the lower bound
estimate (4.1.7) is different from single case one (4.1.3) in general. It is caused by the
initial data and the structure of the nonlinearities on the system (4.1.4) (see Section 4.3 for
details). Therefore Theorem 4.1.1 tells us another kind of large-time behavior of solutions
which does not correspond to the single case and heavily depends on the initial data and
the structure of the nonlinearities on the system. This is new knowledge on the system
case. However the author does not know whether (4.1.7) is optimal or not.

Remark 4.1.3. As for the remaining cases, that is,
e ImA>0and Imu =0,
e ImA=0and Impu > 0,

the solution of the reduced system (4.1.5) grow up at t — +o00. Therefore it is natural to
expect that the solution of the original system (4.1.4) also grow up at t — 4+00. However
the author does not know whether this expectation is true or not. Even the small data
global existence is not trivial at all, and what we can show by the present approach is
only lisrgi%f e2log T. = +o0.

We close this section with the contents of this chapter. In the next section, we state
preliminaries. Section 4.3 is devoted to a lemma on some system of ordinary differential
equations. In this section, we derive the Riccati-type differential equation from the re-
duced system (4.1.5). This is the new ingredient of the proof. After that, we will get an
a priori estimate in Section 4.4, and Theorem 4.1.1 will be proved in Section 4.5.

4.2 Preliminaries
In this section, we summarize basic facts related to the Schrodinger operator £, = 10, +
ﬁ@g. We set J,,(t) = 2+ ;;taz. It is well-known that this operator has good compatibility

with £,, as follows:

[‘Cmvjm(t)] =0, [a:vvjm<t>] =1,
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where [-,-] stands for the commutator of two linear operators. Next we set the free
Schrodinger evolution operator

Un(t)o)a) = eo(a) = \[ole3mm) [ am i oy

for m € R\{0} and ¢ > 0. We also introduce the scaled Fourier transform F,, by

m|

(Find)() 1= [m|'2e 2800 Fo(me) = [

i [ i
R

as well as auxiliary operators

(M ()9)(z) = ™5 6(2), (D)) = -6 ().

Wm<t)¢ = mem(t)F7;1¢a
so that U, (t) can be decomposed into
U (1) = M (8)D(t) FrnMin (t) = Mo () D(E) Wi () Fin.-

In what follows, we will occasionally omit “(t)” from J,,(t), Up(t), My (t), D(t) and
Win(t), if it causes no confusion.

Lemma 4.2.1. Let m, jq, po, pt3 be non-zero real constants satisfying m = py + po + 3.
For smooth C-valued functions fi, fo and fs5, we have

TnlF112T5) = B (T I T + B2 (G T + B2 (T o).
Lemma 4.2.2. Let m be a non-zero real constant. We have

16 — M DFulhy, dl < Ot/ (||l 2 + | Tl 2)

and

I6llzee < 721 Fnlhiy Dl e + O (I6]] 2 + | Ton ]| 22)
fort > 1.

Lemma 4.2.3. Let m be a non-zero real constant. For smooth C-valued functions fi, fo
and f3, we have

1Fmtdy (frfofs)llee < Cllfillzzll foll 2l fll e
We skip the proof of these lemmas (see e.g., §3 of [52] and its references cited therein).
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4.3 A technical lemma

In this section, we introduce a lemma on some system of ordinary differential equations
which will be used effectively in the next section. Throughout this section, we always
assume that A\, g € C with ImA > 0 and Im y > 0. Let g, ¥g : R — C be continuous
functions satisfying

sup |po(§)] < 0o, sup [1o(§)| < oo.
EER £eR

We define 7; € (0, 00] by

S {10g(1mM|900(£)|2) - 1og<1mA|wo<£>\2>}
P 2¢em Tm 2] o (€) |2 — Im N[t (€) 2 '

We remark that if Tm p|p(€%)|? = Im Ao (€¥)]? at some £ € R, then we define

log(Im lio(€7)%) — log(Im Alo(€)2) 1
Tm paopo (€[ — Tm Afgpo(£7) 2 Im il epo (€)%
Let (ap(t, &), Bo(t,&)) be a solution to
iatOéo( ) t|60(t,§)|20é(]( f) t > ]., § < R,
Z@t@o( §) = Hlao(t, &) fo(t, §), t>1 ¢eR, (4.3.1)
ao(1,€) = epo(§), Bo(1,§) = etho(§), € €R,

where € > 0 is a parameter. If po(£*) = 0 or 1y(£*) = 0 at some £* € R, then we can
immediately solve the system (4.3.1) to find that |ag(¢,&*)|> + |Bo(t, £%)]? < Ce?. In what
follows, we consider (4.3.1) at £ € R with ¢y(§) # 0 and 1y(§) # 0. At first we consider
the case of £ € R with Im p|po(€)[* > Im Mo(€)>. Multiplying the equations of system
(4.3.1) by ag and f respectively, and taking the imaginary part of the result, we have

Oc(|ew(t, ©)7) = 252 ao(t, )| Bo(t, )PP, t>1, EER,
| ?) = 21m“|04 (L PRI, t>1, CER,
ao(1,€) = epo(§), Bo(1,€) = eto(§), £eR

Therefore we see
Oy (Im pelevg (£, ) ]> — Im A|Bo(¢,€)[*) = 0
so that

T pafa (£, ) — Im Alfo(t, €)= £(Im prlpo(€)” — Im Al (€)]?) (4.3.2)
— £0(¢),
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to obtain the Riccati-type differential equation

Ou160(1, ) = 716o(t, ) {Tm N (1, ) + G(E)}.

Solving this Riccati-type equation, and applying the result to (4.3.2), we have

B Im A\ G(§) G(¢)
o (t, )> =& (EWO(S)PIHIMSDO( )|26-22G©) — Tm AJao (&) 2 * Im,u) ’

G(§)
Im 1|0 (€)[2726*G©) — T Ao (€)?

|Bo(t, €)[* = %[0 (§)]?

as long as the denominators are strictly positive. Similarly if £ € R with Im pu|p(€)]? <
Im Al (€)]?, we can see that

2 _ 2 2 é(g)
o (t, E)I° = 7|0 (§)] TIm |t (€)[2t=252G©) — Tm pu|po(€)[2

5 Im G(€) G(¢)
[Bo(t, )I* = ( NP e 0O Tl @l ImA)’

where G(€) := Im \tho(€)[> — Im p|go(€)]?. At last, we consider the remaining case £ €
R with Tm u|po(€)|> = ImA|eg(€)[®. From (4.3.2), we can see that Im u|ag(t,&)]* =

Im A|By(t, €)|? to obtain

au(|Bo(t, ©)) = 212

Solving this equation, we have

%o (§)[?
1 —2e21o(&) )2 Tm Alog t’

[Bo(t, ).

&2l ()]
— 22|t (§)[?Im Alog ¢

| (t, €)= [Bot, ) =
Note that the solution (ag(t, &), Bo(t,€)) blows up at the time ¢ = e™/¢* which comes
from the minimum time that the denominators Im | (€)% 2°¢©) — Tm A|the(€)]? = 0

at some £ € R. This is the reason why 7y appears in the lower bound estimate (4.1.7).
Therefore we see that

sup  (lao(t, &) + [Bo(t, €)P) < CFe? (4.3.3)
(t,6)€[1,e7/<* xR

for o € (0,71), where

= y/max{A4, B, D}
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and

Im pepo (€) [ -1
Im Al Gg
A= s [(po©F + o)) '“5"1 )
¢€R, Im plpo(€)[2 mp
Im g (€) [ Tm Afgho ()2 d
Im X[t (€)[2
mAgo(©)2 _ ¢ -
Im 2 G(S)
B=swp | (g + [to(€)?) 8T T
¢ER, Al )" ¢
Im pleg (€)% 1 | Im plpo(€)]? i
Tm Al (€)]2
1 2 2
D= swp | (wl@F + [P
E€ER, T
Impleg@2 _,
Im Alyg ()12

Next we consider a perturbation of (4.3.1). Let 7" > 1 and let o1, 9
v:[1,T) x R — C be continuous functions satisfying

R — C, p,

sup £ (|p(t, )] + v (t,€)]) < Cae'™?

sup(|p1(&)] + [¢1(8)]) < Coe™?,
£cR (LE)E[L,T) xR

with some positive constants Cy, C3, 6 and w. Let (aq(t,€), f1(t,€)) be the solution to

’iath(t 5) %| <t7§)‘2061(t, 5) + p(taf)a > 17 g € Ra
iatﬁl(t 5) %| (t7§>|251(t7£> + V<t7£)7 t> 17 g S R,
a1(1,§) = epo(§) + ¢1(8), Ai(1,€) = eo(§) +¥1(§), £ ER,

The following lemma asserts that an estimate similar to (4.3.3) remains valid if (4.3.1) is
perturbed by p, v and ¢y, ¥y:

Lemma 4.3.1. Let o € (0,71). We set T, = min{T, e”/<’}. Fore € (0, M~'/%], we have

(Jaa (1. )| + 151, €)]) < V2Cie + M,

sup
(t,€)€[1, T ) xR

where

M = (202 + %) e EA (301G
W

Proof. We put w(t, &) = aq(t, &) — ap(t, §),

T** - Sup{T € [17T*) ‘

Z(t, 5) = ﬁl (t’ 5)

sup (o (t, )] + [2(t,€)]) < M},

(t,£)e[1,T)xR

— Bo(t, &) and
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Note that T,, > 1, because of the estimate

M
L O]+ [2(1,€)] = le1(€)] + [ (€)] < Coe™? < !’
and the continuity of w and z. Since w satisfies
, A
0w = % (I + Bol? (w + a0) = [Bol*a0) + p.

we see that
2Im A
< ZIA L (022242 4 30,0Me2 12072 Y ul 2| + O3} +

for t € [1,T,.). Similarly we see that

2Imp

a, (12) < {<M252+25 430 M2+ 4 201252) wl|2] + 01252|z|2} + 12w

t
for t € [1,T.s). From these, we have
2 - Cyelt?
O([wl® +121%) < ZCe(|wl + |2°) + ;1+w (Jwl® + |21,

where C' = W(l + 3C + 4C?%). By the Gronwall-type argument, we obtain

t ) _
(ol + [22)2 < (<|¢1<5>|2 @R+ [ C—d)

251+w+6~’62

146 ~
S (C2€1+5+ 038 _ >GCO'
2(w + Ce?)

for (¢,€) € [1,T.) x R. Hence

M
lw(t,&)| + 122, €)] < V2(Jw]” + [2]*)"? < —=&"*.
V2
This contradicts the definition of T, if T,. < T,. Therefore we conclude T, = T,. In
other words, we have

sup  Jw(t,€)| + [z(t,€)| < Me'?,
(t,6)€[1,Tx) xR

whence
laa (8, )] + |81t )] < lao(,€)] + [Bo(t,€)| + [t )| + [2(t,€)| < V2Che + Me'™?
for (¢,€) € [1,T,) x R. This completes the proof. O
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4.4 A priori estimate

This section is devoted to getting an a priori estimate for the solution to (4.1.1). Through-
out this section, we fix o € (0,7) and T' € (0, /%], where 7, is defined by (4.1.6). Let
u = (u1,uz) € (C([0,T): H* N H*Y(R)))” be a solution to (4.1.1) for ¢ € [0,T'). We set

a(t, &) = Fony [Unmy (8) " ur (8, ) [(€), B(E,€) = Fony [Uny (1) ua(t, )] (£).
We also define

E(T):=  sup (Ja(t, )] +|B(t €)])

(t,£)€l0,T)xR
s [+ 7 (@l + ua (Ol + [Ty wa (Ol 2 + | Tingua () 22)]
with v € (0,1/12). The goal of this section is to prove the following:

Lemma 4.4.1. Let o, T and v be as above. Then there exist positive constants €y and
K, not depending on T, such that

E(T) <&*3 (4.4.1)

implies the stronger estimate
E(T) < Ke,

provided that € € (0, &¢).

We divide the proof of this lemma into two subsections. We remark that many parts
of the proof below are similar to that of Section 3 in [52], although we need modifications
to fit for our purpose.

4.4.1 L*-estimates

In the first part, we consider the bound for ||ui(¢)|| g, [|u2(t)||mr, ||Tmiuwi(t)|r2 and
| Ty ua(t)]| 2. We first remark that Lemma 4.2.2 and the assumption (4.4.1) lead to

052/3
lur(@)l] o + fluz(®) | = < =775

for t > 1. Indeed the Sobolev embedding H'(R) < L>*(R) yields

lur (D)2 + Juz(®lz < CUlur @l + ua(®)llm) < C>?
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for t < 1. From these, we have

[ua (8) | oo + [Juz () ]| e <

for t € [0, 7). Now we see from the standard energy method that

% (N (@) |z + ua (B[] 1)
< [N @Jlur (O] ool ()| llua @l + o @)l 7o lua () )

+ [l (2] (£) | oo 1wz (8) || oo Nua () v+ [ (£)[|7oe 12 (8) [ 211

< Ce?
— (140
whence
t C€2
Jur ()| 4 Nlua (O] < el + 1] a1) +/ T ds < Ce(1+1)". (4.4.2)
o (I+s)t

Next we deduce from Lemma 4.2.1 that

m mo —
jm1(|u2|2U1) = _2(x7m2u2)u_2u1 — —2(ij“2)%2“1 + |u2|2(jm1U1)-
my my

We also remember the commutation relation [L,,,, T, ] = 0. From these, it follows that

Lo, Tmtn = A (@(szm)u_zm — @(szuQ)uQm + |u2|2(\7m1u1)) .
m mq

1

Therefore the standard energy method leads to

t 082
||jm1u1||Lz S €||$g0||L2 + /0 mds S 06(1 + t)'y (443)
In the same way, we have
||jm2u2||L2 S C&f(l"—t)’y (444)

Collecting (4.4.2), (4.4.3) and (4.4.4), we arrive at the desired estimate
[ @)l + l[ua (@)l + [Ty O 22 4[| Tony ua (B)]| 22 < Ce(1 +2)7

for t € [0,7).
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4.4.2 Estimates for o and

In this part, we will show |a(t,&)| + |B(t,&)] < Ce for (t,£) € [0,T) x R under the
assumption (4.4.1). When 0 < ¢ < 1, the desired estimate follows immediately from the
Sobolev embedding H'(R) < L*°(R) and (4.4.1). Hence we have only to consider the
case of T'> 1 and ¢t € [1,T"). We have

iata(ta 6) = ‘/T_.m1ur;11 [£m1u1] = fm1u7;11 [>\|U2|2U1]

— ?|ﬁ(t,f)|2a(t,f) + p(t,€),

where

A A
pl(t7§) = ?Wn_m} [|Wm25|2Wm1a} - ?|6|2a

In the same way, we have
iatﬁ(t 5) - 'Fm2un_121 ['szu?] - ‘szun_wl [:u|u1|2u2]
1
= Lla(t PB(.E) + palt, ),

where i i
p?(tag) = ?Wr:z; [|Wm1a|2Wm2/6] - ?|a|26
Note that the inequality ||( Wy —1)|| zoo+|| (Wit =1)¢| 1 < Ct~Y4||¢|| s and Lemma 4.2.3
lead to o2
€
o1 ()] + o2t )| < 5
with w = 1/4 — 3y > 0. Moreover we have
|a(1a 5) - 5‘7:771190(5”
< Cllua(1,) = U, (V]| 27| Tony ()11 (L, ) = Unny (a0} 12
= Cllus(1,+) = U, (V@] 2N T (Vi (1, ) = Usm, (V)|

1 1/2
<C (/ H)\\ug(s)\zul(s)Hdes) gl/?
0

< Ce?,

where we have used the Gagliardo-Nirenberg inequality |||z~ < C H(leL/fH@xnglL/f and
the relation J,,,(t) = Uy, (t)aU,,(t)~". In the same way, we have

1B(1,€) — eFm,(€)] < Ce.

Therefore we can apply Lemma 4.3.1 with ¢q(&) = Fn,0(€), ©o(§) = Fmn,0(€), 0 = 1,
w=1/4—3vy >0 and 11 = 79 to obtain

la(t, &) + |8(,§)| < Ce.
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4.5 Proof of Theorem 4.1.1

Now we prove Theorem 4.1.1. At first, local existence of the solution to (4.1.4) is proved
in a standard way applying the contraction mapping principle (see [3]). Let 7. be the
lifespan defined in the statement of Theorem 4.1.1. Next we set

T* =sup{T € [0,T.) | E(T) < &*/*}.

Note that 7* > 0 if ¢ is suitably small, because of the estimate E(0) < Ce < %52/3 and
the continuity of [0,7.) 3 T — E(T). Now, we take o € (0,7y) and assume T* < e°/",
Then Lemma 4.4.1 with T'= T yields

1
E(T*) < Ke < 552/3

if ¢ < min{eg, (2K)3}. By the continuity of [0,7.) 2 T + FE(T), we can choose A > 0
such that
E(T* + A) < /3.

This contradicts the definition of 7*. Therefore we must have T* > ¢/ e if ¢ is suitably
small. As a consequence, we obtain

lim inf 2 logT. > o.
e—+4+0

Since o € (0,7p) is arbitrary, we arrive at the desired conclusion. O
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