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Abstract

In this thesis, we generalize Gekeler’s results on the integrality and congruences
among Drinfeld modular forms of rank » = 2 ([7]). Let F,[T] be the polynomial ring
over a finite field I, of g-elements. We study the integrality and congruences of Drinfeld
modular forms for GL, (IF, [T]) for any integer » > 2. Namely, for any integer r > 2, we
prove that the graded ring of integral Drinfeld modular forms of rank r is generated over
[, [T'] by certain Drinfeld modular forms called the Drinfeld coefficient forms. Lastly,
we determine the relations between their reductions modulo nonzero prime ideals of

Fy [T].
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1 Introduction

Let A = F,[T] be the polynomial ring over the finite field I, of g-elements. We denote
by Co the (1/T)-adic completion of an algebraic closure of the field F,((1/7)) of the formal
Laurent series. Let | . | denote the absolute value on C,, normalized as |T'| = ¢q. The following
analogy is well-known.

Number Field | Function Field
7 A=TF, (T
R F,((1/T))
C Cs

Here, Z, R and C denote the ring of rational integers, the field of real numbers and the field
of complex numbers, respectively.

Let » > 2 be an integer. Drinfeld modular forms of rank r are C.-valued functions
on the Drinfeld period domain of rank r satisfying certain conditions. Drinfeld modular
forms are regarded as a function field analog of classical modular forms, which are C-valued
functions on the complex upper half plane. Basson, Breuer and Pink proved that for each
r, the graded ring of Drinfeld modular forms of type zero and rank r is generated over C,,
by certain Drinfeld modular forms {G;}7_; called the Drinfeld coefficient forms ([3], [4], [5]).
In the thesis, we introduce a notion of the integrality of Drinfeld modular forms of any
rank r and prove that for any rank r > 2, the Drinfeld coefficient forms {G;}_, are integral
(Theorem 1.1). Moreover, we prove that the graded ring of integral Drinfeld modular forms of
type zero and rank r is generated over A by the Drinfeld coefficient forms {G;}/_; (Theorem
3.10). In our function field setting, one may define Eisenstein series, which will turn out to
be a Drinfeld modular form ([5], [9] or Section 2). The integrality of the Drinfeld coefficient
forms enables us to prove that after a certain normalization, the Eisenstein series of a certain
weight is also integral (Proposition 4.7). Moreover we prove that the integral Eisenstein
series of a certain weight is congruent to 1 modulo a nonzero prime ideal p of A (Proposition
4.7). Lastly, we introduce a “modulo p reduction map ¢,” (Definition 4.3) and give a single
generator of the kernel of ¢, (Theorem 1.5).

Let us give an overview of some results on the integrality and congruences of classical
C-valued modular forms. For a positive even integer k, we denote the holomorphic Eisenstein
series for SLy(Z) of weight k by & normalized as the constant term of the Fourier expansion
of & is equal to 1. Then it is known that the graded ring of modular forms for SLy(Z) whose
Fourier coefficients are in Z coincides with

Z[g4a86aA]a

where A = 1273(£3 — £2) is the Ramanujan’s delta function. In 1973, Swinnerton-Dyer
determined the “modulo p structure” of modular forms for a prime number p in [15]. Roughly
speaking, his result states that any congruence modulo p > 3 between the Fourier coefficients
of modular forms derives from the following congruence relation

E-1=1 mod p.

Here the congruence is defined in terms of the Fourier coefficients, that is, the above congru-
ence relation means that for any positive integer n > 0, the n-th Fourier coefficient of &£,_;
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is congruent to 0 modulo p. More precisely, Swinnerton-Dyer proved that the ring of mod p
modular forms is isomorphic to

Fy[X1, Xo] /(B = 1),

where B is a unique polynomial in two variables with the coefficients in Z, N Q such that
(c/,p,l - B((€4,(€6)

and B € F,[X1, X5] is the reduction modulo p of B.

Let us next recall a function field analog of the above Swinnerton-Dyer’s result obtained
by Gekeler for rank 2 Drinfeld modular forms in [7]. Let p be a nonzero prime ideal of A
generated by a monic irreducible polynomial P € A of degree d > 1 and set |p| := |P| = ¢*.
Gekeler first proved the integrality of certain Drinfeld modular forms, including normalized
Eisenstein series EPI=Y) of weight |p| — 1. Moreover, Gekeler proved that the ring of rank
2 integral Drinfeld modular forms of type zero is generated over A by the rank 2 Drinfeld
coefficient forms G and G as we will see in Section 3 (Theorem 3.11). Here we would like
to mention a discrepancy of the notation here and that in [7]. In fact, Gekeler [7] denoted
the normalized Eisenstein series of weight ¢ — 1 by ¢; for i > 0. However, we will use the
symbol g; in a completely different sense (see Example 2.7). Next, Gekeler proved that any
congruence modulo p between integral Drinfeld modular forms of rank 2 derives from the
following congruence relation:

EP=D'=1 mod p.

Here the congruence is defined in terms of the “u-expansion” coefficients, which we will
explain in the next paragraph. More precisely, Gekeler proved that the ring of mod p Drinfeld
modular forms of rank 2 is isomorphic to

—~

Fp[ X1, Xo]/(Aq — 1),
where F, is the residue field of p and A; € A[X;, X5] is a polynomial such that
Eel=1) — Ag(G1, Gy)

and Ay € F,[ X1, X5] is the reduction modulo p of A,.

In order to explain the u-expansion of Drinfeld modular forms, let us briefly recall some
foundations of Drinfeld modular forms (for more details, see [9], [1], [2] or Section 2 below).
Let us roughly recall the definition of Drinfeld modular forms. A weak Drinfeld modular
form of rank r for GL,(A) is a rigid analytically holomorphic C.-valued function on the
Drinfeld period domain 2" which satisfies a certain automorphy condition for GL,(A). It is
known that a weak Drinfeld modular form has a local power-series expansion “at infinity” in
a certain parameter u, which is considered as an analog of the Fourier expansion of classical
C-valued modular forms. More precisely, a weak Drinfeld modular form f of rank r is of the

form
f = Z fnun7

nez

where f, is the uniquely determined weak Drinfeld modular form of rank r — 1 ([1], [3]).
We note that the u-expansion converges on some “small” admissible set of (2" but not on all
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of Q" ([1], [3]). A weak Drinfeld modular form f is called a Drinfeld modular form if the
u-expansion is of the form
f=2 far

n>0

Here we give some examples of Drinfeld modular forms in order to state our main result.
Our first examples are so called the Drinfeld coefficient forms {G;(w)};_;, which are defined
as the coefficients of the defining polynomial ¢4 “ of the Drinfeld module 2™ ([5], [6]).
More precisely, for any element w € Q", we denote the defining polynomial of the Drinfeld

module associated to the lattice A"w by
pr “(X) = ZGi(W)Xqi7 (Go(w) =T € A).
i=0

Then each G;(w) turns out to be a Drinfeld modular form of rank r, which is called the i-th
Drinfeld coefficient form of rank r ([9], [1], [5]). It is known that the Drinfeld coefficient
forms {G;(w)};_, generate the ring of Drinfeld modular forms of type 0 ([1], [3], [4], [5]). Our
second example is the (Drinfeld-) Eisenstein series E*) of weight & defined as

E® (w) = Z AR,

AEATW\{0}

which is also a Drinfeld modular form of rank r, weight k£ and of type 0 for a nonnegative
integer k ([1], [5], [9]). We note that Goss first introduced the Drinfeld coefficient forms and
the Eisenstein series and he proved that they are weak Drinfeld modular forms for GL,(A)
([9)-

Now let us go back to the Gekeler’s results for » = 2 ([7]). He first proved the integrality
of the Drinfeld coefficient forms of rank 2 after a suitable normalization of them. Namely, he
proved that the u-expansion coefficients of the (normalized) Drinfeld coefficient forms of rank
2 belong to A. We again note that the normalization amounts to taking a representative of
w € Q% C P! whose second coordinate is fixed as w = (wy, ), where 7 is the Carlitz period
(see Section 2). The integrality of the rank 2 Drinfeld coefficient forms implies that of the
normalized Eisenstein series 3, of rank 2, which is a certain normalization of £ (qd_l), since it
is known that there exists a polynomial A4(X;, X2) € A[X7, Xs] such that Ay(Gy, G2) = Sa.
Next he determined a “modulo p structure” of Drinfeld modular forms of rank 2 for a nonzero
prime ideal p C A of degree d > 1. For a more precise statement, let us fix some more
notation. We set I, := A/p. Let us consider the reduction map

€r 1 Fp[ X7, Xo] = Fy[[us]]

defined by

X; — the u-expansion of G; mod p.
Note that the map e, makes sense since we have the integrality of the Drinfeld coefficient
forms of rank 2. Let Ay € Fy[X;, X5| be the reduction modulo p of A,. Then Gekeler proved

ker(es) = (Ag — 1).



In this thesis, we will prove that the similar assertions hold for Drinfeld modular forms of
arbitrary rank.

Now let us roughly state our main results. Our first main result is the integrality of the
Drinfeld coefficient forms of arbitrary rank in the sense of [1] (see Definition 3.5).

Theorem 1.1 ([14] or see Theorem 3.8). The Drinfeld coefficient forms of arbitrary rank
are integral.

The integrality for r = 2,3 was shown in [7], [1] respectively. Theorem 1.1 follows easily
from the following two key propositions. In order to state the propositions, we recall and fix
some more notation. Let G; (resp. g;) be the i-th coefficient forms of rank r (resp. r—1). The
r-th coefficient form G, of rank r is called the discriminant function of rank r. We denote by
AlGy,- -+, G,] the ring generated by {G;}i_; over A.

Proposition 1.2 (Proposition 3.6). For a Drinfeld modular form f, write the u-expansion
of f as
flw) =" fau(w)".

n>0

Suppose f € A|G1,Ga, -+ ,G,]. Then for any n > 0, we have

fn € A[917927 e ung"t—ll]

The next proposition from [1] plays an important role in our proof of the integrality of
the coefficient forms.

Proposition 1.3 ([1]). Suppose that for any integer i with 2 < i < r, the discriminant
functions of rank i are integral. Then the multiplicative inverse of discriminant function of
rank r 1s integral.

Moreover, we prove the following.

Theorem 1.4 (Theorem 3.10). The graded ring of integral Drinfeld modular forms of rank
ris generated by the Drinfeld coefficient forms {G;}i_, over A.

In Section 4, we will consider congruences of integral Drinfeld modular forms modulo a
nonzero prime ideal p C A of degree d > 1. In Definition 4.3, we recursively define reduction

maps {¢} and the rings {go(z)} of the “modulo p w-expansions”. Then we will give a

generator of the kernel of the reduction map
e Fo[ X1, Xoy -+, X, — A(r — 1) [[w,]],

which maps X; to the w-expansion of G; mod p (see Definition 4.3). In the same way
as the rank 2 case, one can find a polynomial Ay(X;,---,X,) € A[Xy, -, X,] such that
Ay(Gy, -+ ,G,) = Bg, where 34 is the normalized Eisenstein series of weight ¢¢ — 1 and of
rank r. Then we denote the reduction modulo p of Ay by Ay. Here is our second main result.

Theorem 1.5 ([14] or see Theorem 4.8). We have
ker(e,) = (Ag — 1).
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Lastly, let us finish this section with a brief overview of a history and recent researches
on Drinfeld modular forms which are related to this thesis. Goss first introduced and studied
the analytic theory of weak Drinfeld modular forms of arbitrary rank in 1980 ([9]). Algebraic
and analytic theory of Drinfeld modular forms of rank 2 were rapidly developed by Goss,
Gekeler and many others. Recently, p-adic properties of Drinfeld modular forms of rank 2
have been studied analytically and geometrically by Vincent and Hattori ([16], [10]). On the
other hand, the theory of algebraic Drinfeld modular forms of arbitrary rank was established
in [13], [8] and [4]. Moreover, Basson, Breuer and Pink gave some foundations of analytic
and algebraic Drinfeld modular forms of arbitrary rank ([1], [3], [4], [5]). One may find basic
definitions and properties of analytic Drinfeld modular forms of arbitrary rank in [1] and [3].
In [12], Nicole and Rosso have studied geometrically p-adic properties of Drinfeld modular
forms of arbitrary rank. We hope that this thesis gives a first step toward the analytic theory
of p-adic properties of Drinfeld modular forms of arbitrary rank.

Organization of This Thesis

In Section 2, we give an overview of analytic theory of Drinfeld modular forms without
proofs. Note that the missing proof may be found in [1], [2], [3], [5] and [6]. In Section 3,
we introduce a notion of the integrality of weak Drinfeld modular forms and prove that the
Drinfeld coefficient forms of arbitrary rank are integral. Moreover, we will prove the structure
theorem of the integral Drinfeld modular forms. In Section 4, we introduce the modulo p
reduction map €, and give a single generator of the kernel of ¢,.
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2 Preliminaries

In this section, we first fix our notation and recall the definition of Drinfeld modular
forms. Next we give an overview of analytic Drinfeld modules in order to give some examples
of Drinfeld modular forms. For more details of this section, one can refer to [1], [2], [3], [6],
[7] and [9)].

2.1 Notation

Let A = F, [T] be the polynomial ring over the finite field IF, of g-elements. We denote by C,
the (1/T)-adic completion of an algebraic closure of the field F,((1/7)) of the formal Laurent
series. For an integer > 2, the Drinfeld period domain of rank r is the rigid analytic space

defined by
Q" =0"(Cy) = PPl(COO) \ U(H(Cm))a



where H runs through all F,((1/7"))-rational hyperplanes ([6]). We note that the point
set )" has a natural structure as an admissible open subspace of ]P’E;l. We always write
and normalize an element w € Q" as a column vector w = *[wy,w'] with w; € Co, W' =

Hewo, -+ ,w,] € Q71 and w, = 7, where 7 is a fixed Carlitz period, which satisfies
A= (T -T) Y a'e
acA\{0}

Next we consider the following action of GL,(A) on 2" which preserves the above normal-
ization w, = 7. For 7 € GL,(A) and w € ", we set

j(,w) := 7 *(the last entry of yw),

where yw denotes the usual matrix product. Then the general linear group GL,(A) acts on
Q" as
Y(w) = j(y,w) w.

2.2 Drinfeld modular forms

Now we are ready to define weak Drinfeld modular forms for GL,.(A).

Definition 2.1. For nonnegative integers k,m € Z, a function f : Q" — C, is called a weak
Drinfeld modular form of weight k and type m for GL,.(A) if f satisfies the following:

e f is holomorphic on Q" in the rigid analytic sense,

o f satisfies the automorphy condition:

F(y(w)) = det(y)™"j(7. w)" f(w)
for any v € GL,.(A) and w € Q".

Remark 2.2. More generally, one may define weak Drinfeld modular forms for a subgroup
I' of GL,(F,(T)) which is commensurable with GL,.(A) ([9], [1], [3]). In this thesis, we shall
deal only with I' = GL,(A). Thus we omit the words “ for GL,(A)” in the rest of this thesis.

Next we give a quick review of the u-expansions of weak Drinfeld modular forms, which is
analogous to the Fourier expansions of classical elliptic modular forms. In order to explain the
u-expansion, we need to define a local parameter “at infinity”. We say that a subset A C C,
is a lattice if A is a finitely generated A-submodule of C., which has finite intersection with
any finite radius disc in C,,. The lattice associated to w = *[wy, -+ ,w,] € Q" with w, = 7 is

given by
A'w = Z Aw;.
i=1

For a lattice A C C,,, we define the exponential function e, associated to the lattice A as
follows:

en:Co = Co, 2 2 H (1—-<).
AeA\{0}



Definition 2.3 (Local parameter “at infinity”). For w = ‘[wy,w'] € Q" with w; € Cy, W' €
Q1 we set
u(w) = up(w) = egr1(wr) "
Moreover for a € A, we set

Uy = ua(w) = eAT—lw/(Gwl)il — Spfr_lw/(ufl)fl.

Note that the dependence of r is implicit in the notation u, and that we will deal with
u, mainly in Section 3. On the other hand, only in Section 4, we will the notation u,., which
implies the dependence of r. Thus, we hope that the above similar symbols w, and u, will
make no trouble. Now let us define the u-expansion of weak Drinfeld modular forms.

Theorem 2.4 ([9], [1], [3]). Let f be a weak Drinfeld modular form f : Q" — Cu of weight k
and type m. Then, for each integer n € 7, there exists a unique weak Drinfeld modular form
fn: Q1 = Co of weight k —n and type m such that f is expressed as an infinite sum

F@) = fale)u(w)",

ne”

which converges on a suitable admissible subset of Q7. The above infinite series expression
of f is called the u-expansion of f.

Note that Goss showed the above theorem for » = 2. In [1] and [3], Basson, Breuer and
Pink proved the theorem for any r > 2, using the local parameter u, defined by themselves.
We are now ready to define Drinfeld modular forms.

Definition 2.5. For a weak Drinfeld modular form f, let us write its u-expansion as

f@) = falwu(w)"

nez

We say f is a Drinfeld modular form if f is holomorphic “at infinity”, that is, f, is identically
equal to zero for any n < 0.

Let us give a first example of Drinfeld modular forms.

Example 2.6 (Eisenstein series). For a non-negative integer k, we set

E® (w) = Z (aw)™*,

aceA™\{0}

where aw = Y., aw; with a = [a1, -+ ,a,] € A" ,w = *wy,--- ,w,] € Q. Then E®) s a
Drinfeld modular form of weight k, type 0 and of rank r ([1],[5],[9]). Moreover, we set

EO(w) := —1.

We shall often encounter the Fisenstein series of weight ¢* —1. Then we denote the Eisenstein
series of weight ¢* — 1 of rank r (resp. rank r — 1) by

Br(w) := B9 "D(w) (resp. by := EY" "D (W").

Note that in Section 4, B denotes another normalization of E@*-D (Definition 4.5).
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Let us briefly recall analytic Drinfeld modules in order to give another important example
of Drinfeld modular forms. Recall that a lattice associated to w = ‘[wy, - ,w,] € Q" with

w, = T is given by
ATw = Z Aw;.
i=1
Then the Drinfeld module associated to the lattice A"w is an Fg-algebra homomorphism
e A — Ende(G,), a— @'

which makes the following diagram

inclusion C EATw
)

0 —— A"w » Coo —— 0

lxa lxa l%fjrw

0 —— A"w y Coo » Coo —— 0

inclusion eAT W

commutative for each a € A, where G, is the additive group scheme over C,,. It is known
that for each a € A, we have

rdeg(a)
P2 Gy — Gy, x> Z Gia(w)z?

1=0

for some G, ,(w) € Cx.
Now we are ready to give another example of Drinfeld modular forms.

Example 2.7 (Drinfeld coefficient forms). For w € Q" and a € A = F,[T], we denote the
Drinfeld module associated to the lattice A™w by

rdeg(a)

Qpérw(x): Z Gi,a(w)xqi'
=0

The function G;.(w) is a Drinfeld modular form of weight " — 1 and type O for each a € A
(11],19)). We set Gi(w) = G;r(w). Then for an integer i with 1 < i < r, the Drinfeld
modular form G; is called the i-th coefficient form of rank r. Moreover we denote the Drinfeld
coefficient forms of rank r — 1 by g;(w'), where W' € Q"1

In [9], Goss introduced the above two kinds of examples and proved that they are weak
Drinfeld modular forms for any r > 2. Moreover, Goss defined the rank 2 local parameter
uy and proved that, for r = 2, the above two examples are actually Drinfeld modular forms.
Recently, Basson, Breuer and Pink defined the local parameter u, for any » > 2 and they
proved that the above examples are holomorphic “at infinity” ([1], [3], [5]).

We should keep it our mind that we always normalize w = *[wy, -+ ,w,] € Q" as w, = 7
since in some papers (e.g. [9], [7],[1]), an element w € Q" is normalized as w, = 1.

Note that we may encounter the Eisenstein series (i (w) in the logarithm function for the
lattice A"w ([9],[7],[1]) as we explain next. Since the differential €’y (z) is identically equal
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to 1, there exists a composition inverse of e4r,(z). We denote the inverse by log 4, (z). Then
we have the following relation between log 4, (z) and S (w)

logsr,(2) = > _(—Br(w))z? .

We note that the sign of 5y defined in [1], [7] and [9] is different from that of ours.

Recall that the classical C-valued Eisenstein series &4 and & of weight 4 and 6 appear
in the defining equation of the universal elliptic curve over C. Since Drinfeld modules are
regarded as an analog of elliptic curves, one may expect that the coeflicient forms G; of rank
r are related to the Eisenstein series [, of rank r. Then we next recall certain important

relations in oder to describe the u-expansions of the coefficient forms and the Eisenstein series
from [1], [7] and [9].

Proposition 2.8 ([1],[7],[9]). For 0 < n, the coefficient form G, of rank r is determined
recursively as follows:

Gn(w) = f1(w)Gn1(w)? + 52(W>Gn—2(w)q2 T + ﬁnfl(w)Gl(w)qn_l + [n]Bn(w),

where we set [k] == T" —T € A (k> 0), Go := T and Gy := 0 if | > r. Moreover, for a
nonnegative integer j, the Eisenstein series of rank v of weight ¢ — 1 is computed in terms
of the rank r — 1 FEisenstein series as follows:

Bi(w) = bi(w) + > (bo(w)ul =t +by(w)ud T+ + by (wul "),
a€At
where At denotes the set of monic elements of A.
We will often encounter the following.
Definition 2.9. For a positive integer i, we set

i_
v; = E ud 71,

acAt

Moreover, we set vy := 1.

Here, we give some examples:

o hi(w) = fqro1, ba(«) = gz (g2 — 7).

o Bi(w) = g1 — v, Ba(w) = g ((ge — g1 ™) — va + frgrvf,

o Gh(w)=g1 — [N, Go(w) = g2 — givs + 1o + [1]’1113“1 — [2]vs.

Remark 2.10. For convenience, we set By = by = —1. Then for n,7 > 0, we may rewrite
the above formulas as follows:

o Yy Bi(w)Groi(@)” = Tha(w),
o Bi{w) = Tlovi-ibi(),
o 2o bi(w)gni(W)" = Thy(w),
where we set Go = go =T and G, =0 (resp. ¢, =0) ifl >r (resp. 1 >r—1).

11



3 Integrality of Drinfeld Modular Forms

The aim of this section is to prove that the coefficient forms of any rank r are integral
(Theorem 1.1). Note that the definition of the integrality of weak Drinfend modular forms
is given in Subsection 3.2.

As noted in Section 2, Proposition 1.2, 1.3 play crucial roles in our proof of Theorem 1.1.
Since Proposition 1.3 follows easily from an induction on r ([1]), we first focus on Proposition
1.2. At the end of this section, we prove that the coefficient forms of rank r generate the
graded ring of integral Drinfeld modular forms of rank r.

3.1 Key Proposition for Theorem 1.1

Recall that the Drinfeld coefficient forms {G;};_; and the Eisenstein series {f;};>0 are de-
termined recursively as noted in Proposition 2.8 and Remark 2.10. In order to prove the
integrality of the Drinfeld coefficient forms, we need another relation between them (Propo-
sition 3.4). Note that Theorem 1.1 easily follows from the following key Proposition.

Proposition 3.1. For 0 <n <r, we have G, € Alg1,- "+ , gr_1,01," "+ , Uy].
In order to prove Proposition 3.1, we fix some more notation.
Definition 3.2. For0 < j <n <r, we define elements A, ;, Bn; € K[g1," - , Gr—1,V1," -+ , Ur
as follows:
J J g J
Ay = Tvqu—j - Z Uig—ngL—i’ By ;= dn ;T — ggL—j?
i=j
where we set K = F,(T) and 6, ; is the Kronecker delta. For instance, we have A, , =
By, = —[n].

Remark 3.3. From Remark 2.10 and Definition 3.2, we have

zn: An,jbj = 0, zn: Bnﬂ'bj = 0.
=0 J=0

Then the following holds.

Lemma 3.4. For 0 < j5 <n, we have
. n-j -
. J J J
Apj = _[]]ngfj - Zgg U?L—j—k)
k=0

Proof. We prove the assertion by induction on n. If n =1, we have A9 = —g1, 411 = —[1]
since we have G7 = g1 — [1]v;. Suppose that the assertion holds for n — 1. Then we note that
for any n > j > 1, we have a simple relation

Ay ;= Al [1]o?

n—1,7—1 " n—j*

12



The induction hypothesis and the above relation imply that the assertion holds for A, ; with
1 < 7 <n. Thus it suffices to prove

n
k
— E q
An’70 - gkvn—k'
k=0

We put 1 x (n+ 1) matrices A,, and By (1 < k <n) as follows:
An = |: Amo An71 Amg An,n ], Bk = |: Bk70 Bk,l Bk,k 0 ... 0 } .

Then we have the following equation on the determinant of an (n + 1) x (n + 1) matrix

A
By
. 1=0
B,
since we have linear relations between by(= —1 # 0), by, - - - , b, from Remark 3.3. Recall that
we have By = —[k] and set L, := [[,_,[k]. Then let us denote the cofactor expansion of

the determinant along the first column by
(—1)"LpAng + > (=1)*Byody, = 0,
k=1
where dj, is the cofactor of the entry By o(= —gi). Moreover, we have
i k
[An,l An72 An,n } :Z’Z)Z_k [ Bk71 Bk,k 0 ... O}
k=1

since the assertion holds for A, ; with 1 < j < n. This implies that we have an equation on
dj, the cofactor of the entry By o(= —gi);

dy = (1) LT
Then the cofactor expansion implies that the assertion holds for A, . n
Now it is easy to show Proposition 3.1.

Proof. [Proof of Proposition 3.1] Applying Lemma 3.4 for A, o, the assertion follows from
an induction on n. O

3.2 Integral Drinfeld Modular Forms

In this subsection, we first prove that the Drinfeld coefficient forms are integral. We again
state Proposition 1.2 and 1.3 and give proofs for them. First of all, let us recursively define
the integrality of weak Drinfeld modular forms ([1]).
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Definition 3.5. We say a weak Drinfeld modular form of rank 2 is integral if any coefficient
of its u-expansion is in A. Forr > 2, let f be a weak Drinfeld modular form of rank r. Then
f is said to be integral if f is of the form

= fau"

nez
with f, is an integral weak modular form of rank r — 1 for any n € Z.
We need the following proposition in oder to prove Theorem 3.8.

Proposition 3.6 (Proposition 1.2). For a Drinfeld modular form f, write the u-expansion
of f as
F@) =" falwulw)™

n>0

Suppose f € A|G1,Ga, -+ ,G,]. Then, for any n > 0, we have

fn(w/) € A[g17g27 e 7grifll]

Proof. 1t suffices to show that the assertion holds for G, (w) (1 < n < r). By Proposition
3.1, it suffices to check that the coefficients of v; (1 <1 < r) as a power series in u belong to
Algr, g2, , g1 ]. Note that as a power series in u , u, (a € AT) is of the form

_N_ g(r—1) deg(a) (r—1) deg(a)+1
grqu’ + o(u? )

with the coefficients in A[gi, g, - -, g",] for some positive integer N since we have u, =
AT (1) 7L Thus, as a power series in u, only finitely many u, (a € AT) contribute to
the coefficient of v in v; for any fixed n > 0. Therefore, the coefficients of v; as a power

series in u belong to Algi, ga, - - - ,gf_ll]- —~

Recall that for any rank r > 2, the r-th coefficient form G, is called the discriminant
function of rank r. Then the following proposition and its proof are taken from [1, Proposition

3.6.6.(a)].

Proposition 3.7 (Proposition 1.3). Suppose that for any i with 2 < i < r, the rank i
discriminant functions are integral modular forms. Then the multiplicative inverse of the
rank r discriminant function is an integral weak modular form.

Proof. Tt is known that the rank 2 discriminant function is of the form —u?"! + o(u?) ([7]).
Thus the assertion easily follows from an induction on r. O

Now we are ready to prove Theorem 3.8. Gekeler and Basson proved the following theorem
for r = 2 and r = 3, respectively. Note that since they normalize an element w € Q" as w, =1
for r = 2,3, they need a certain normalization which amounts to taking a representative of
w € Q" whose last coordinate is fixed as w, = 7.

Theorem 3.8 (Theorem 1.1). For any r > n > 2, the rank r coefficient form G, (w) is an
integral modular form.
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Proof. The assertion follows from an induction on 7. It holds true when r = 2 ([7]). Suppose
it holds true for r — 1. Then the induction hypothesis and Proposition 1.3 imply that 1/g,_4
is integral, where g, ; is the rank r — 1 discriminant function. Then again the induction
hypothesis and Proposition 1.2 complete the proof. O

Lastly we prove that the graded ring of integral Drinfeld modular forms of rank r and of
type 0 are generated over A by the coefficient forms {G;}/_, of rank .

Definition 3.9. For a nonnegative integer k, let M be the set of Drinfeld modular forms of
rank r, weight k and type 0. We set

M= M.
k>0

Similarly, we denote by M} (A) the set of integral Drinfeld modular forms of rank r, weight
k and type 0. We set

M"(A) = €D M (A).

k>0
Our final aim of this section is to prove the following.

Theorem 3.10. The graded ring of integral Drinfeld modular forms of rank r and of type 0
are generated by the coefficient forms {G;}._, of rank r, that is, we have

M"(A) = A[Gy,---,G,].
Theorem 3.10 for r = 2 has already been shown by Gekeler in [7].

Theorem 3.11 ([7]). We have
M?*(A) = A[Gy, Gy).

Moreover, we need the following to prove Theorem 3.10.

Theorem 3.12 ([3], [4], [5]). The Drinfeld coefficient forms {G;};_, of rank r are alge-
braically independent over C.,. Moreover, we have

M" = Cy |Gy, - ,G,l.
Let us prove Theorem 3.10.

Proof of Theorem 3.10. We prove the inclusion M"(A) C A[Gy,--- ,G,] by induction on the
rank r > 2 since the opposite inclusion follows from Theorem 3.8. When r = 2, the assertion
is nothing but Theorem 3.11. For any positive integer k£ and any f with

f e M{(A) c M"(A) = @ Mi(A) c M,

k>0

it follows from Theorem 3.12 that there exists a polynomial Fy = Fy(Xy, -+, X,) € Coo[ X1, -+, X,]
such that
f:Ff(Gh'” 7G7’)'
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We need to prove that the polynomial Fy is in A[Xj,---,X,]|. Let us write the polynomial
Fy as
Fr=>Y F(Xi,-, X)X}
=0
for some nonnegative integer n and F' = F'(Xy, -, X, 1) € Cy[X1, -+, X,_1]. Then
it suffices to show that F* is in A[Xy, -+, X,_4] for any ¢ with 0 < ¢ < n. In order to

prove I € A[X;, -+, X, 1], we again use an induction on i. Thus let us first show F° €
A[Xy,---, X,_1]. Since the u-expansion of the j-th coefficient form G; is written as

a. g; + o(u) 0<j<r-—1)
S ) G=r)

the constant term of the u-expansion of f is given by F%(gy, -+, g,_1). Thus by definition of
the integrality, F°(gy, - ,g,_1) is an integral Drinfeld modular form of rank r — 1. Then the
induction hypothesis on rank r implies that F° € A[Xy,- -, X,_1]. Next we suppose that
Fle A[Xy, -+, X,_q] forany 0 <1 <i—1. Then

i—1

h:=Y F(Gi,-,G1)G.

=0

is an integral Drinfeld modular form. It follows from Proposition 1.3 that
(f - h)/G:' = Fi<G17 Tt 7GT71) + Fi+1(G17 e JGT71>GT‘ + -

is also integral. Again by looking at the constant term of u-expansion of (f —h)/Gt, we have
Fie A[Xy, -, X 0

4 Congruences among Integral Drinfeld Modular Forms

In Section 3, we obtained the structure theorem of integral Drinfeld modular forms. Let
p C A be anonzero prime ideal of A generated by a monic irreducible polynomial P(T') € A[T]
of degree d > 1. In this section, we consider the congruences among integral Drinfeld modular
forms modulo p C A.

From now on, we denote the rank r local parameter at infinity by u,(w). We give a
recursive definition of the congruence between integral weak Drinfeld modular forms modulo
the prime ideal p.

Definition 4.1. For rank 2 integral weak Drinfeld modular forms

f=Y fauz(@)", h=")  hpus(w)",

nez nez

where f,, h, € A and w € Q2, we write

f=h modp
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if
fn=h, modp
for any n € Z.
Let

f= Z fnur(w)na h = Z hnur(w)

neL neL

be rank r > 3 integral weak Drinfeld modular forms, where f, and h,, are rank r — 1 integral
weak Drinfeld modular forms and w € Q2". We denote

f=h modp
if

fn=h, modp
for any n € Z.

Remark 4.2. Let G, (resp. g,—1) be the discriminant function of rankr > 2 (resp. r—1).
Then the u-expansion of G, is of the form —gl_u,(w)? ' +o(u,(w)?) ([1], [7]), where the rank
2 discriminant function is of the form —ug(w)?' + o(ug(w)?) (7). Thus the discriminant
function of any rank is never congruent to zero modulo p.

We recursively define the ring g(r) of “u-expansions modulo p ” for each r > 2. Let F,
be the residue field A/p.

Definition 4.3. (1) Let €5 be the Fy-algebra homomorphism
€9 ]Fp[Xl,XQ] — Fp[[l/@]],

which is defined by
X; — Z () mod plu

n>0
where uy 18 an indeterminate and

Za (a € A)

n>0
18 the u-expansion of the i-th Drinfeld coefficient form of rank 2 with ©+ = 1, 2.

2) If an F,-algebra homomorphism €;,_1 on F,| X1, Xo, -+, X;_1] is defined for j > 3, we
p J p J

denote the image of €;_1 by A(j — 1). Moreover A°(j — 1) denotes the localization of

the ring A(j — 1) with the multiplicative set {e;—1(X;-1)™},,5o- Then €1 is naturally

extended to B
&) Fp[X1, Xo, -+, X5 = A% — 1).

3) Under the conditions (1) and (2), we define the Fy-algebra homomorphism €, (r > 2
p

e o[ X1, Xy, X,] = A20r — D[] (X = Gy,
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where u, 1s an indeterminate and él 1s defined as follows. From Proposition 1.2, the
u-expansion of the i-th Drinfeld coefficient form G; of rank r is of the form

Gi=3 PPg1, . grr)ur ()"

n>0

for some P" € A[Xy, -, XE]. Let the JRIONE Fo[ X1, -+, X4 denote the reduction
modulo p of rY. Then, we set

Gi=Y & (POyuy =Y P (e, 1(X1),- s era(Xo)ul
n>0 n>0

For » > 2, let GG, be the discriminant function of rank r. We note that Theorem 1.1
and Proposition 1.3 imply that the multiplicative inverse of GG, is an integral weak Drinfeld
modular form for any r > 2. Moreover, we have G, = —g? u, (W) + o(u,.(w)?) ([1], [7]).
Thus the following makes sense.

Lemma 4.4. For an integral weak Drinfeld modular form f € A[Gy,---,GFY, we de-
note by Py the element of A[Xy, -, XE'| such that Py(Gy, -+ ,G,) = f. Moreover ﬁf €
Fy[ X1, -, XE] denotes the reduction modulo p of the polynomial Py. Let f,h € A|Gy,--- ,GF]
be integral weak Drinfeld modular forms. Then the following are equivalent:

(1) f=h mod p,
(2) €(Py) = €X(Pp).
In particular, let f,h € A[Gy,--- ,G,] be integral Drinfeld modular forms. Then
f=h modp

if and only if B B
GT(Pf) = ET(Ph).

Proof. Let f be an integral weak modular form of rank r. Suppose f € A[Gy,--- ,GF. Tt
suffices to show that f = 0 mod p holds if and only if €?(P;) = 0. This follows from an
induction on r since we can show

(Pr) =D e (P )y,

ne”Z
where r > 2 and the u-expansion of f is of the form f =" _, fou,(w)". O

We have another natural way to understand Lemma 4.4 as we explain below. Let f be
an integral weak modular form of rank r with the u-expansion

f= Z fnur<w)n'

nel
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Since f, (n € Z) is also an integral weak Drinfeld modular form of rank r — 1, we may again

write
Jo= Z fn,jurfl(w/)jv
jEL
where f, ; is an integral weak Drinfeld modular form of rank r — 2. This recursive process
says that f can be formally written as

f = Zf[ula
I

where I = (ig,-++ ,i,) € Z"1, fr € A and u! = u, (W) u,_1 (W)= ug([wr_1,w,])2. Let
f, h be integral weak Drinfeld modular forms. Suppose f,h € A[Gy,- -+ ,GF] and formally

write
F=Y_fr,h=> " hp' (fi,hs € A).
I I

By induction on r, we can show that f = A mod p if and only if f; = h; mod p for any I.
Thus the following are equivalent:

(1) f=h mod p,
(2) 2(Py) = (D),
(3) fr=hy mod p for any I € Z" 1.
One may think the equivalence of the above (1) and (3) is naive and natural. However, the

equivalence of (1) and (2) works well in this section.

4.1 Eisenstein Series

In this subsection, we define the normalized Eisenstein series and observe their properties.
Recall that for a nonnegative integer k, we set [k] = 7% — T and L,, = [[1_,[¥] (Lo :=1).

Definition 4.5. From now on, for a non-negative integer k, we set
Br(w) = (=DM LB D (W) and by(w) := (—1)* 1L, B9 (W),

where B =Y (w) (resp. B =Y (w)) is the Eisenstein series of weight ¢* — 1 of rank r (resp.
rank r — 1) defined in Example 2.6.

Remark 4.6. By the normalization of the Fisenstein series, we may rewrite Proposition 2.8
as follows:

(" L aGale) = Y1) B GG + Bule),
/ — j—i k-1 N, q"—q*
i) = ) + 11 Y Y- g,
a€At i=0 !

where n, k > 0. Here we set Go =T and Gy =0 if [ > r.
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By the above normalization, we can prove the integrality of (.

Proposition 4.7. For a nonnegative integer k, the normalized Fisenstein series [ is an
integral Drinfeld modular form. Moreover let d > 1 be the degree of the prime ideal p. Then
we have B3 =1 mod p.

Proof. The assertion follows from an induction on the rank r > 2. In fact, the assertion was
obtained in [7] when r = 2. For a general rank, the integrality of the normalized Eisenstein
series () follows from the first displayed equation of Remark 4.6, the induction hypothesis,
Theorem 1.1 and Proposition 1.3. The congruence follows from the second displayed equation
of Remark 4.6 and the induction hypothesis. O

We note that the first displayed equation of Remark 4.6 implies that there exists a poly-
nomial Ay, € A[Xy, Xy, -+, X,| satisfying

Ak(GbGQ) T 7GT> - 61€<w)

Let A, € Fp[X1, Xo,- -+, X,] be the reduction modulo p of A;. Then Proposition 4.7 and
Lemma 4.4 imply that Aq — 1 € ker(e,).
Our aim of the rest of the thesis is to prove the following.

Theorem 4.8. ker(e,) = (Ag— 1)

Gekeler proved Theorem 4.8 for r = 2 ([7]) by using the Hasse invariant of a Drinfeld
module of rank 2. Then let us define the Hasse invariant of rank » > 2.

4.2 Hasse Invariant

In this subsection, we define the Hasse invariant of a Drinfeld module of arbitrary rank. We
first recall that for w € 7, the associated Drinfeld module 4% satisfies

P (X)) =) Gi(w) X,
=0

where we set Gy = T. Let p be a prime ideal of A generated by an irreducible monic
polynomial P(T) € A of degree d > 1. Then we write

rd
Yo (X) = ZHinl-
=0
Thus we have a polynomial F; € A[X;, Xy, -, X,| such that H; = F;(Gy,--- ,G,) for each

0 <i <rd. We denote the reduction modulo p of F; by F; € Fy[X,---, X,].

Definition 4.9. For each 0 < i < rd, we set

H; = e.(F,) € A(r) € A°(r — 1)[[u,]).

We say that [:Td = er(ﬁd) 1s the Hasse invariant of rank r. Moreover, we denote the corre-
sponding objects of rank r — 1 in the above process by the corresponding small letters. For
instance, we denote the Hasse invariant of rank v — 1 by hg = €,_1(f4).
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We note that by induction on r, we easily see that A (r) is an integral domain. Let us write
the canonical maps as pr: A — F, (a — a) and ¢ : F, — F,[Xy,---,X,]. The composition

(er o v o pr) gives A-algebra structure on A(r). Then we define the Drinfeld module ¢ over
the fraction filed of A(r) as follows:

Pr(X)=TX+) GX",

=1

where G; = €,(X;) € A(r) is defined in Definition 4.3. Then we have

rd
Py (X) =) HX"
i=0

Since the Drinfeld module ¢ is of characteristic p = (P(7")), we have

Next let us prove

Hy=1¢€ A(r).

From Lemma 4.4, it suffices to show H; =1 mod p. We use the following formula ([1],[7],[9])
in order to describe Hy in terms of the Eisenstein series.

Proposition 4.10. For a lattice A C Cy, let o™ be the Drinfeld modules associated to the
lattice A. Then for an element a € A, write ¢ = >0, 9i(a, )X . Then for k > 1 and
a € A, we have

o
=

(@ —a®)BCDA) =3 BCD(A)gp_i(a, A)T,

7

Il
=)

where E(qkfl)(A) = Z)\EA\{O} A=) s the Eisenstein series of weight ¢* — 1 associated to
the lattice A.

Remark 4.11. Recall p = (P(T)) is of degree d > 1. We have the following congruence
relations:

e [;Z0 modp for0<1<d,

o for (0 <1 <d, f{ri:o, that s, H; =0 mod p,
d

3 —(_I)Ldf(T) =1, —P(Zd)q =0 modp ([7).

Note that the congruences make sense since P(T') divides Lq exactly once.

Proposition 4.12. H; =1 mod p. Namely we have ﬁd(Xl, < X)) — 1€ ker(e,).
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Proof. Recall that we put Sz(w) := (=1)*L,E@ D (w) in this section. By putting a :=
P(T), A:= A"w and k := d in Proposition 4.10, we have

P(T ¢ d—1 ’
Hq+ (_1)d—( ) Ba= 5d( + Z 1)ttt b Hg N
=1
Then Remark 4.11 implies H; = 4 mod p. Thus the assertion follows from Proposition
4.7. O]

We again note that Gekeler proved Proposition 4.12 for r = 2 ([7]).

4.3 Irreducibility of F;, — 1

In this subsection, we prove the irreducibility of the polynomial Fd —1 e Fy[Xy, -, X,],
which is necessary to show F,—1 generates ker(e,). The irreducibility of Fy;— 1 follows from

the square-freeness of F,. The argument below is quite similar to that in [7].
We first study the polynomials F; and f;. A commutation equation

P70 WPp(h) = Pty © P
implies that the elements {Hi}:io are defined recursively as follows.

Proposition 4.13. Hy = P(T'). For n > 1, we have

n ) n )
qZ . qn—’L
=0 i=0

where we set Gy =T and G; = H; =0 fori>r,j > rd.
Thus we have the following.

Proposition 4.14. Fy = P(T). For n > 1, we have

E XY —E X, 9
1 n—i n—+ g )
=0 1=0

where we set X; = F; =0 fori>1r and j > rd.
By the same argument, the similar holds true for f;.

Proposition 4.15. fy = P(T). Forn > 1, we have

n ) n )
¢ gt
=0 =0

where we set X; = f; =0 fori>r—1and j > (r — 1)d.

Now we can prove the square-freeness of Fy € Fy[X1,- -+, X,] by induction on rank r.
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Proposition 4.16. The polynomial Fd e Fp[ Xy, -, X,] is square-free.

Proof. The assertion holds when r = 2 [7]. For r > 2, Proposition 4.14 and Proposition
4.15 imply F;(Xq, -+, X,-1,0) = fi( X1, -+, X,_1) for i > 0. Then the induction hypothesis

implies that Fy(Xy, -+, X,_1,0) is square-free. Thus for a square factor S(Xi,---,X,) of
fd(Xl, -+, X,), we have S(Xy,---,X,.1,0) € F,. We note that the polynomial S must be
homogeneous (of course, we assign the weight ¢* — 1 to X; for each 1 < i < r) since so is ﬁd.
Therefore if S(Xy,---, X,1,0) € F), then we have S(Xy, -, X,) = S(Xy,--+, X, 1,0) €
Fy. When S(X1,-++,X,-1,0) = 0, X, divides S and thus X, divides ﬁd. This contradicts
Proposition 4.12 since we have G, = —g?_ u,. (W) + o(u,(w)?). O

By the same argument in [7], we may prove the irreducibility of F,—1.

Corollary 4.17. The polynomial F,—1¢€ Fo[ Xy, -+, X,] is irreducible.

Proof. Suppose that we have a nontrivial factorization fd — 1= RS. Writing

R: iRZ,S - iSJ
1=0 Jj=0

as the sums of the homogeneous components, we have

L] RmSn = ﬁd
L Rm—lsn + RmSn—l = Rm—QSn + Rm—lsn—l + RmSn—Z =--=0
[ ] R()SO =—-1

since Fy is of homogeneous (of degree ¢¢—1). Since m,n > 1 and Eyis square-free, R, and S,
have no common factor. This leads to R,,—1 = S,,—; = 0 since we have R,,,_1.5,+ R,,5,—1 = 0.
Recursively one has R; = S; = 0 for any ¢ < m, j < n. This contradicts oSy = —1. O

4.4 Proof of Theorem 1.5

In this subsection, we give an explicit generator of the kernel of €, (Theorem 1.5, 4.8). Similar
to the proof in [7], our proof of Theorem 1.5 consists of the following two steps

Step. 1 ker(e,) = (Fy(Xy,---,X,) — 1)

Step. 2 Ag(Xy, -, X,) = Fy(Xy, -+, X,).
Then let us first prove that the polynomial fd(Xl, -+, X,) — 1 generates ker(e,).
Proposition 4.18. We have

(Fy(X1, -+, X)) — 1) = ker(e,).

23



Proof. We first note that ker(e,) is a prime ideal since A(r) is an integral domain. Let us
prove the proposition by induction on r. The assertion holds when r = 2 [7]. Then for r > 2,
let

ev: A°(r — D[[u,]] = A°(r — 1)

be a morphism defined by
u, — 0.

Since we have
Gi = gi +o(u,(w)), Gy = =gl jur ()" + o(uy(w)?)

for 1 <i < r ([1]), we have Image(evoe,) = A(r — 1). The induction hypothesis implies that
the ring A(r— 1) is of dimension r—2. Thus the ideal ker(evoe, ) is a height 2 prime ideal. Then
we see that the prime ideal ker(e,.) is of height 1 since we have ker(e,) C ker(evoe,), €,.(X,) # 0
and (ev o €,)(X,) = 0. Thus the assertion follows from Proposition 4.12 and Corollary 4.17.

[

Lastly it suffices to prove the equation gd(Xl, e X)) = ﬁd(Xl, -+, X,). Let us recall
some notation. Since we have

[aary

(1™ LGl = 3 (1)

1

P )G + ule).

%

there exists a polynomial A, € A[Xy, Xo, -, X,] satisfying

Ap(G1, Gy, -+, Gy) = Br(w).

In particular, we see that Ay, is monic of degree (¢* — 1)/(q — 1) as a polynomial in X;.
Lemma 4.19. As a polynomial in X1, the polynomial F, is monic of degree (¢*—1)/(q—1).
Proof. Recall that from Proposition 4.14, we have Fy = P(T) and for n > 1,

n n

qi qnfi
E Fanfi = E Xn—iFi )
i=0 =0

where we set X; = F; = 0 for ¢ > 7,5 > rd. It follows from an induction on ¢ that F; €
A[X1, X, -, X,] is of degree (¢" —1)/(q — 1) in X for i < d. Then, for i <d, let ¢; be the
coefficient of X/ of F; Then the elements {¢;}}_, satisfy

o cp=P(T) €A,

o ;=[] |, —c1)€eA(i>1).
The above relations imply ¢ = 1. O
Corollary 4.20. We have

A X1, X)) = Fy(Xa, -, X)),

Proof. From Proposition 4.7 and Proposition 4.18, we deduce that Fy; — 1 divides Aq — 1.
Then the assertion follows from the fact that both of F; and A; are of monic of degree
(¢ —=1)/(¢g—1)in X;. O
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