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Abstract

In this thesis, we generalize Gekeler’s results on the integrality and congruences
among Drinfeld modular forms of rank r = 2 ([7]). Let Fq [T ] be the polynomial ring
over a finite field Fq of q-elements. We study the integrality and congruences of Drinfeld
modular forms for GLr(Fq [T ]) for any integer r ≥ 2. Namely, for any integer r ≥ 2, we
prove that the graded ring of integral Drinfeld modular forms of rank r is generated over
Fq [T ] by certain Drinfeld modular forms called the Drinfeld coefficient forms. Lastly,
we determine the relations between their reductions modulo nonzero prime ideals of
Fq [T ].
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1 Introduction

Let A = Fq [T ] be the polynomial ring over the finite field Fq of q-elements. We denote
by C∞ the (1/T )-adic completion of an algebraic closure of the field Fq((1/T )) of the formal
Laurent series. Let | . | denote the absolute value on C∞ normalized as |T | = q. The following
analogy is well-known.

Number Field Function Field
Z A = Fq [T ]
R Fq((1/T ))
C C∞

Here, Z, R and C denote the ring of rational integers, the field of real numbers and the field
of complex numbers, respectively.

Let r ≥ 2 be an integer. Drinfeld modular forms of rank r are C∞-valued functions
on the Drinfeld period domain of rank r satisfying certain conditions. Drinfeld modular
forms are regarded as a function field analog of classical modular forms, which are C-valued
functions on the complex upper half plane. Basson, Breuer and Pink proved that for each
r, the graded ring of Drinfeld modular forms of type zero and rank r is generated over C∞
by certain Drinfeld modular forms {Gi}ri=1 called the Drinfeld coefficient forms ([3], [4], [5]).
In the thesis, we introduce a notion of the integrality of Drinfeld modular forms of any
rank r and prove that for any rank r ≥ 2, the Drinfeld coefficient forms {Gi}ri=1 are integral
(Theorem 1.1). Moreover, we prove that the graded ring of integral Drinfeld modular forms of
type zero and rank r is generated over A by the Drinfeld coefficient forms {Gi}ri=1 (Theorem
3.10). In our function field setting, one may define Eisenstein series, which will turn out to
be a Drinfeld modular form ([5], [9] or Section 2). The integrality of the Drinfeld coefficient
forms enables us to prove that after a certain normalization, the Eisenstein series of a certain
weight is also integral (Proposition 4.7). Moreover we prove that the integral Eisenstein
series of a certain weight is congruent to 1 modulo a nonzero prime ideal p of A (Proposition
4.7). Lastly, we introduce a “modulo p reduction map εr” (Definition 4.3) and give a single
generator of the kernel of εr (Theorem 1.5).

Let us give an overview of some results on the integrality and congruences of classical
C-valued modular forms. For a positive even integer k, we denote the holomorphic Eisenstein
series for SL2(Z) of weight k by Ek normalized as the constant term of the Fourier expansion
of Ek is equal to 1. Then it is known that the graded ring of modular forms for SL2(Z) whose
Fourier coefficients are in Z coincides with

Z[E4, E6,∆],

where ∆ = 12−3(E3
4 − E2

6 ) is the Ramanujan’s delta function. In 1973, Swinnerton-Dyer
determined the “modulo p structure” of modular forms for a prime number p in [15]. Roughly
speaking, his result states that any congruence modulo p > 3 between the Fourier coefficients
of modular forms derives from the following congruence relation

Ep−1 ≡ 1 mod p.

Here the congruence is defined in terms of the Fourier coefficients, that is, the above congru-
ence relation means that for any positive integer n > 0, the n-th Fourier coefficient of Ep−1
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is congruent to 0 modulo p. More precisely, Swinnerton-Dyer proved that the ring of mod p
modular forms is isomorphic to

Fp[X1, X2]/(B̃ − 1),

where B is a unique polynomial in two variables with the coefficients in Zp ∩Q such that

Ep−1 = B(E4, E6)

and B̃ ∈ Fp[X1, X2] is the reduction modulo p of B.
Let us next recall a function field analog of the above Swinnerton-Dyer’s result obtained

by Gekeler for rank 2 Drinfeld modular forms in [7]. Let p be a nonzero prime ideal of A
generated by a monic irreducible polynomial P ∈ A of degree d ≥ 1 and set |p| := |P | = qd.
Gekeler first proved the integrality of certain Drinfeld modular forms, including normalized
Eisenstein series E(|p|−1) of weight |p| − 1. Moreover, Gekeler proved that the ring of rank
2 integral Drinfeld modular forms of type zero is generated over A by the rank 2 Drinfeld
coefficient forms G1 and G2 as we will see in Section 3 (Theorem 3.11). Here we would like
to mention a discrepancy of the notation here and that in [7]. In fact, Gekeler [7] denoted
the normalized Eisenstein series of weight qi − 1 by gi for i ≥ 0. However, we will use the
symbol gi in a completely different sense (see Example 2.7). Next, Gekeler proved that any
congruence modulo p between integral Drinfeld modular forms of rank 2 derives from the
following congruence relation:

E(|p|−1) ≡ 1 mod p.

Here the congruence is defined in terms of the “u-expansion” coefficients, which we will
explain in the next paragraph. More precisely, Gekeler proved that the ring of mod p Drinfeld
modular forms of rank 2 is isomorphic to

Fp[X1, X2]/(Ãd − 1),

where Fp is the residue field of p and Ad ∈ A[X1, X2] is a polynomial such that

E(|p|−1) = Ad(G1, G2)

and Ãd ∈ Fp[X1, X2] is the reduction modulo p of Ad.
In order to explain the u-expansion of Drinfeld modular forms, let us briefly recall some

foundations of Drinfeld modular forms (for more details, see [9], [1], [2] or Section 2 below).
Let us roughly recall the definition of Drinfeld modular forms. A weak Drinfeld modular
form of rank r for GLr(A) is a rigid analytically holomorphic C∞-valued function on the
Drinfeld period domain Ωr which satisfies a certain automorphy condition for GLr(A). It is
known that a weak Drinfeld modular form has a local power-series expansion “at infinity” in
a certain parameter u, which is considered as an analog of the Fourier expansion of classical
C-valued modular forms. More precisely, a weak Drinfeld modular form f of rank r is of the
form

f =
∑
n∈Z

fnu
n,

where fn is the uniquely determined weak Drinfeld modular form of rank r − 1 ([1], [3]).
We note that the u-expansion converges on some “small” admissible set of Ωr but not on all
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of Ωr ([1], [3]). A weak Drinfeld modular form f is called a Drinfeld modular form if the
u-expansion is of the form

f =
∑
n≥0

fnu
n.

Here we give some examples of Drinfeld modular forms in order to state our main result.
Our first examples are so called the Drinfeld coefficient forms {Gi(ω)}ri=1, which are defined
as the coefficients of the defining polynomial ϕA

rω
T of the Drinfeld module ϕA

rω ([5], [6]).
More precisely, for any element ω ∈ Ωr, we denote the defining polynomial of the Drinfeld
module associated to the lattice Arω by

ϕA
rω

T (X) =
r∑
i=0

Gi(ω)Xqi , (G0(ω) := T ∈ A).

Then each Gi(ω) turns out to be a Drinfeld modular form of rank r, which is called the i-th
Drinfeld coefficient form of rank r ([9], [1], [5]). It is known that the Drinfeld coefficient
forms {Gi(ω)}ri=1 generate the ring of Drinfeld modular forms of type 0 ([1], [3], [4], [5]). Our
second example is the (Drinfeld-) Eisenstein series E(k) of weight k defined as

E(k)(ω) :=
∑

λ∈Arω\{0}

λ−k,

which is also a Drinfeld modular form of rank r, weight k and of type 0 for a nonnegative
integer k ([1], [5], [9]). We note that Goss first introduced the Drinfeld coefficient forms and
the Eisenstein series and he proved that they are weak Drinfeld modular forms for GLr(A)
([9]).

Now let us go back to the Gekeler’s results for r = 2 ([7]). He first proved the integrality
of the Drinfeld coefficient forms of rank 2 after a suitable normalization of them. Namely, he
proved that the u-expansion coefficients of the (normalized) Drinfeld coefficient forms of rank
2 belong to A. We again note that the normalization amounts to taking a representative of
ω ∈ Ω2 ⊂ P1 whose second coordinate is fixed as ω = (ω1, π̄), where π̄ is the Carlitz period
(see Section 2). The integrality of the rank 2 Drinfeld coefficient forms implies that of the
normalized Eisenstein series βd of rank 2, which is a certain normalization of E(qd−1), since it
is known that there exists a polynomial Ad(X1, X2) ∈ A[X1, X2] such that Ad(G1, G2) = βd.
Next he determined a “modulo p structure” of Drinfeld modular forms of rank 2 for a nonzero
prime ideal p ⊂ A of degree d ≥ 1. For a more precise statement, let us fix some more
notation. We set Fp := A/p. Let us consider the reduction map

ε2 : Fp[X1, X2]→ Fp[[u2]]

defined by
Xi 7→ the u-expansion of Gi mod p.

Note that the map ε2 makes sense since we have the integrality of the Drinfeld coefficient
forms of rank 2. Let Ãd ∈ Fp[X1, X2] be the reduction modulo p of Ad. Then Gekeler proved

ker(ε2) = (Ãd − 1).
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In this thesis, we will prove that the similar assertions hold for Drinfeld modular forms of
arbitrary rank.

Now let us roughly state our main results. Our first main result is the integrality of the
Drinfeld coefficient forms of arbitrary rank in the sense of [1] (see Definition 3.5).

Theorem 1.1 ([14] or see Theorem 3.8). The Drinfeld coefficient forms of arbitrary rank
are integral.

The integrality for r = 2, 3 was shown in [7], [1] respectively. Theorem 1.1 follows easily
from the following two key propositions. In order to state the propositions, we recall and fix
some more notation. Let Gi (resp. gi) be the i-th coefficient forms of rank r (resp. r−1). The
r-th coefficient form Gr of rank r is called the discriminant function of rank r. We denote by
A[G1, · · · , Gr] the ring generated by {Gi}ri=1 over A.

Proposition 1.2 (Proposition 3.6). For a Drinfeld modular form f , write the u-expansion
of f as

f(ω) =
∑
n≥0

fnu(ω)n.

Suppose f ∈ A[G1, G2, · · · , Gr]. Then for any n ≥ 0, we have

fn ∈ A[g1, g2, · · · , g±1
r−1].

The next proposition from [1] plays an important role in our proof of the integrality of
the coefficient forms.

Proposition 1.3 ([1]). Suppose that for any integer i with 2 ≤ i ≤ r, the discriminant
functions of rank i are integral. Then the multiplicative inverse of discriminant function of
rank r is integral.

Moreover, we prove the following.

Theorem 1.4 (Theorem 3.10). The graded ring of integral Drinfeld modular forms of rank
r is generated by the Drinfeld coefficient forms {Gi}ri=1 over A.

In Section 4, we will consider congruences of integral Drinfeld modular forms modulo a
nonzero prime ideal p ⊂ A of degree d ≥ 1. In Definition 4.3, we recursively define reduction

maps {εi} and the rings
{
Ã0(i)

}
of the “modulo p u-expansions”. Then we will give a

generator of the kernel of the reduction map

εr : Fp[X1, X2, · · · , Xr]→ Ã0(r − 1)[[ur]],

which maps Xi to the u-expansion of Gi mod p (see Definition 4.3). In the same way
as the rank 2 case, one can find a polynomial Ad(X1, · · · , Xr) ∈ A[X1, · · · , Xr] such that
Ad(G1, · · · , Gr) = βd, where βd is the normalized Eisenstein series of weight qd − 1 and of

rank r. Then we denote the reduction modulo p of Ad by Ãd. Here is our second main result.

Theorem 1.5 ([14] or see Theorem 4.8). We have

ker(εr) = (Ãd − 1).
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Lastly, let us finish this section with a brief overview of a history and recent researches
on Drinfeld modular forms which are related to this thesis. Goss first introduced and studied
the analytic theory of weak Drinfeld modular forms of arbitrary rank in 1980 ([9]). Algebraic
and analytic theory of Drinfeld modular forms of rank 2 were rapidly developed by Goss,
Gekeler and many others. Recently, p-adic properties of Drinfeld modular forms of rank 2
have been studied analytically and geometrically by Vincent and Hattori ([16], [10]). On the
other hand, the theory of algebraic Drinfeld modular forms of arbitrary rank was established
in [13], [8] and [4]. Moreover, Basson, Breuer and Pink gave some foundations of analytic
and algebraic Drinfeld modular forms of arbitrary rank ([1], [3], [4], [5]). One may find basic
definitions and properties of analytic Drinfeld modular forms of arbitrary rank in [1] and [3].
In [12], Nicole and Rosso have studied geometrically p-adic properties of Drinfeld modular
forms of arbitrary rank. We hope that this thesis gives a first step toward the analytic theory
of p-adic properties of Drinfeld modular forms of arbitrary rank.

Organization of This Thesis
In Section 2, we give an overview of analytic theory of Drinfeld modular forms without

proofs. Note that the missing proof may be found in [1], [2], [3], [5] and [6]. In Section 3,
we introduce a notion of the integrality of weak Drinfeld modular forms and prove that the
Drinfeld coefficient forms of arbitrary rank are integral. Moreover, we will prove the structure
theorem of the integral Drinfeld modular forms. In Section 4, we introduce the modulo p
reduction map εr and give a single generator of the kernel of εr.

Acknowledgment
The author especially thanks his supervisor Professor Seidai Yasuda for his numerous

suggestions and support. Professor Tadashi Ochiai gave the author many helpful comments
on the thesis. The author thanks him very much. The author appreciates that Professor
Florian Breuer gave the author a great opportunity to study mathematics for two weeks at
the university of Newcastle. The author is grateful for many fruitful comments from Doctor
Kohta Gejima when the author started to study this research area. Lastly, the author
expresses his gratitude to my parents and Miki Kobayashi for their support.

2 Preliminaries

In this section, we first fix our notation and recall the definition of Drinfeld modular
forms. Next we give an overview of analytic Drinfeld modules in order to give some examples
of Drinfeld modular forms. For more details of this section, one can refer to [1], [2], [3], [6],
[7] and [9].

2.1 Notation

Let A = Fq [T ] be the polynomial ring over the finite field Fq of q-elements. We denote by C∞
the (1/T )-adic completion of an algebraic closure of the field Fq((1/T )) of the formal Laurent
series. For an integer r ≥ 2, the Drinfeld period domain of rank r is the rigid analytic space
defined by

Ωr = Ωr(C∞) := Pr−1(C∞) \
⋃
H

(H(C∞)),
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where H runs through all Fq((1/T ))-rational hyperplanes ([6]). We note that the point
set Ωr has a natural structure as an admissible open subspace of Pr−1

C∞ . We always write
and normalize an element ω ∈ Ωr as a column vector ω = t[ω1, ω

′] with ω1 ∈ C∞, ω′ =
t[ω2, · · · , ωr] ∈ Ωr−1 and ωr = π̄, where π̄ is a fixed Carlitz period, which satisfies

π̄q−1 = (T q − T )
∑

a∈A\{0}

a1−q.

Next we consider the following action of GLr(A) on Ωr which preserves the above normal-
ization ωr = π̄. For γ ∈ GLr(A) and ω ∈ Ωr, we set

j(γ, ω) := π̄−1(the last entry of γω),

where γω denotes the usual matrix product. Then the general linear group GLr(A) acts on
Ωr as

γ(ω) := j(γ, ω)−1γω.

2.2 Drinfeld modular forms

Now we are ready to define weak Drinfeld modular forms for GLr(A).

Definition 2.1. For nonnegative integers k,m ∈ Z, a function f : Ωr → C∞ is called a weak
Drinfeld modular form of weight k and type m for GLr(A) if f satisfies the following:

• f is holomorphic on Ωr in the rigid analytic sense,

• f satisfies the automorphy condition:

f(γ(ω)) = det(γ)−mj(γ, ω)kf(ω)

for any γ ∈ GLr(A) and ω ∈ Ωr.

Remark 2.2. More generally, one may define weak Drinfeld modular forms for a subgroup
Γ of GLr(Fq(T )) which is commensurable with GLr(A) ([9], [1], [3]). In this thesis, we shall
deal only with Γ = GLr(A). Thus we omit the words “ for GLr(A)” in the rest of this thesis.

Next we give a quick review of the u-expansions of weak Drinfeld modular forms, which is
analogous to the Fourier expansions of classical elliptic modular forms. In order to explain the
u-expansion, we need to define a local parameter “at infinity”. We say that a subset Λ ⊂ C∞
is a lattice if Λ is a finitely generated A-submodule of C∞ which has finite intersection with
any finite radius disc in C∞. The lattice associated to ω = t[ω1, · · · , ωr] ∈ Ωr with ωr = π̄ is
given by

Arω :=
r∑
i=1

Aωi.

For a lattice Λ ⊂ C∞, we define the exponential function eΛ associated to the lattice Λ as
follows:

eΛ : C∞ → C∞, z 7→ z
∏

λ∈Λ\{0}

(1− z

λ
).
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Definition 2.3 (Local parameter “at infinity”). For ω = t[ω1, ω
′] ∈ Ωr with ω1 ∈ C∞, ω′ ∈

Ωr−1, we set
u(ω) = ur(ω) := eAr−1ω′(ω1)−1.

Moreover for a ∈ A, we set

ua = ua(ω) := eAr−1ω′(aω1)−1 = ϕA
r−1ω′

a (u−1)−1.

Note that the dependence of r is implicit in the notation ua and that we will deal with
ua mainly in Section 3. On the other hand, only in Section 4, we will the notation ur, which
implies the dependence of r. Thus, we hope that the above similar symbols ur and ua will
make no trouble. Now let us define the u-expansion of weak Drinfeld modular forms.

Theorem 2.4 ([9], [1], [3]). Let f be a weak Drinfeld modular form f : Ωr → C∞ of weight k
and type m. Then, for each integer n ∈ Z, there exists a unique weak Drinfeld modular form
fn : Ωr−1 → C∞ of weight k − n and type m such that f is expressed as an infinite sum

f(ω) =
∑
n∈Z

fn(ω′)u(ω)n,

which converges on a suitable admissible subset of Ωr. The above infinite series expression
of f is called the u-expansion of f .

Note that Goss showed the above theorem for r = 2. In [1] and [3], Basson, Breuer and
Pink proved the theorem for any r ≥ 2, using the local parameter ur defined by themselves.
We are now ready to define Drinfeld modular forms.

Definition 2.5. For a weak Drinfeld modular form f , let us write its u-expansion as

f(ω) =
∑
n∈Z

fn(ω′)u(ω)n.

We say f is a Drinfeld modular form if f is holomorphic “at infinity”, that is, fn is identically
equal to zero for any n < 0.

Let us give a first example of Drinfeld modular forms.

Example 2.6 (Eisenstein series). For a non-negative integer k, we set

E(k)(ω) :=
∑

a∈Ar\{0}

(aω)−k,

where aω :=
∑r

i=1 aiωi with a = [a1, · · · , ar] ∈ Ar, ω = t[ω1, · · · , ωr] ∈ Ωr. Then E(k) is a
Drinfeld modular form of weight k, type 0 and of rank r ([1], [3], [9]). Moreover, we set

E(0)(ω) := −1.

We shall often encounter the Eisenstein series of weight qk−1. Then we denote the Eisenstein
series of weight qk − 1 of rank r (resp. rank r − 1) by

βk(ω) := E(qk−1)(ω) (resp. bk := E(qk−1)(ω′)).

Note that in Section 4, βk denotes another normalization of E(qk−1) (Definition 4.5).
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Let us briefly recall analytic Drinfeld modules in order to give another important example
of Drinfeld modular forms. Recall that a lattice associated to ω = t[ω1, · · · , ωr] ∈ Ωr with
ωr = π̄ is given by

Arω =
r∑
i=1

Aωi.

Then the Drinfeld module associated to the lattice Arω is an Fq-algebra homomorphism

ϕA
rω : A→ EndC∞(Ga), a 7→ ϕA

rω
a

which makes the following diagram

0 −−−→ Arω
inclusion−−−−−→ C∞

eArω−−−→ C∞ −−−→ 0y×a y×a yϕArω
a

0 −−−→ Arω −−−−−→
inclusion

C∞ −−−→
eArω

C∞ −−−→ 0

commutative for each a ∈ A, where Ga is the additive group scheme over C∞. It is known
that for each a ∈ A, we have

ϕA
rω

a : Ga → Ga, x 7→
r deg(a)∑
i=0

Gi,a(ω)xq
i

for some Gi,a(ω) ∈ C∞.
Now we are ready to give another example of Drinfeld modular forms.

Example 2.7 (Drinfeld coefficient forms). For ω ∈ Ωr and a ∈ A = Fq [T ], we denote the
Drinfeld module associated to the lattice Arω by

ϕA
rω

a (x) =

r deg(a)∑
i=0

Gi,a(ω)xq
i

.

The function Gi,a(ω) is a Drinfeld modular form of weight qi − 1 and type 0 for each a ∈ A
([1], [9]). We set Gi(ω) := Gi,T (ω). Then for an integer i with 1 ≤ i ≤ r, the Drinfeld
modular form Gi is called the i-th coefficient form of rank r. Moreover we denote the Drinfeld
coefficient forms of rank r − 1 by gi(ω

′), where ω′ ∈ Ωr−1.

In [9], Goss introduced the above two kinds of examples and proved that they are weak
Drinfeld modular forms for any r ≥ 2. Moreover, Goss defined the rank 2 local parameter
u2 and proved that, for r = 2, the above two examples are actually Drinfeld modular forms.
Recently, Basson, Breuer and Pink defined the local parameter ur for any r ≥ 2 and they
proved that the above examples are holomorphic “at infinity” ([1], [3], [5]).

We should keep it our mind that we always normalize ω = t[ω1, · · · , ωr] ∈ Ωr as ωr = π̄
since in some papers (e.g. [9], [7], [1]), an element ω ∈ Ωr is normalized as ωr = 1.

Note that we may encounter the Eisenstein series βk(ω) in the logarithm function for the
lattice Arω ([9],[7],[1]) as we explain next. Since the differential e′Arω(z) is identically equal
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to 1, there exists a composition inverse of eArω(z). We denote the inverse by logArω(z). Then
we have the following relation between logArω(z) and βk(ω)

logArω(z) =
∑
k≥0

(−βk(ω))zq
k

.

We note that the sign of βk defined in [1], [7] and [9] is different from that of ours.
Recall that the classical C-valued Eisenstein series E4 and E6 of weight 4 and 6 appear

in the defining equation of the universal elliptic curve over C. Since Drinfeld modules are
regarded as an analog of elliptic curves, one may expect that the coefficient forms Gi of rank
r are related to the Eisenstein series βk of rank r. Then we next recall certain important
relations in oder to describe the u-expansions of the coefficient forms and the Eisenstein series
from [1], [7] and [9].

Proposition 2.8 ([1],[7],[9]). For 0 ≤ n, the coefficient form Gn of rank r is determined
recursively as follows:

Gn(ω) = β1(ω)Gn−1(ω)q + β2(ω)Gn−2(ω)q
2

+ · · · · · ·+ βn−1(ω)G1(ω)q
n−1

+ [n]βn(ω),

where we set [k] := T q
k − T ∈ A (k > 0), G0 := T and Gl := 0 if l > r. Moreover, for a

nonnegative integer j, the Eisenstein series of rank r of weight qj − 1 is computed in terms
of the rank r − 1 Eisenstein series as follows:

βj(ω) = bj(ω
′) +

∑
a∈A+

(b0(ω′)uq
j−1
a + b1(ω′)uq

j−q
a + · · ·+ bj−1(ω′)uq

j−qj−1

a ),

where A+ denotes the set of monic elements of A.

We will often encounter the following.

Definition 2.9. For a positive integer i, we set

vi :=
∑
a∈A+

uq
i−1
a .

Moreover, we set v0 := 1.

Here, we give some examples:

• b1(ω′) = 1
[1]
g1, b2(ω′) = 1

[1][2]
([1]g2 − gq+1

1 ),

• β1(ω) = 1
[1]
g1 − v1, β2(ω) = 1

[1][2]
([1]g2 − gq+1

1 )− v2 + 1
[1]
g1v

q
1,

• G1(ω) = g1 − [1]v1, G2(ω) = g2 − gq1v1 + g1v
q
1 + [1]qvq+1

1 − [2]v2.

Remark 2.10. For convenience, we set β0 = b0 = −1. Then for n, j ≥ 0, we may rewrite
the above formulas as follows:

•
∑n

i=0 βi(ω)Gn−i(ω)q
i

= Tβn(ω),

• βj(ω) =
∑j

i=0 v
qi

n−ibi(ω
′),

•
∑n

i=0 bi(ω
′)gn−i(ω

′)q
i

= Tbn(ω′),

where we set G0 = g0 = T and Gl = 0 (resp. gl = 0) if l > r (resp. l > r − 1).
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3 Integrality of Drinfeld Modular Forms

The aim of this section is to prove that the coefficient forms of any rank r are integral
(Theorem 1.1). Note that the definition of the integrality of weak Drinfend modular forms
is given in Subsection 3.2.

As noted in Section 2, Proposition 1.2, 1.3 play crucial roles in our proof of Theorem 1.1.
Since Proposition 1.3 follows easily from an induction on r ([1]), we first focus on Proposition
1.2. At the end of this section, we prove that the coefficient forms of rank r generate the
graded ring of integral Drinfeld modular forms of rank r.

3.1 Key Proposition for Theorem 1.1

Recall that the Drinfeld coefficient forms {Gi}ri=1 and the Eisenstein series {βi}i≥0 are de-
termined recursively as noted in Proposition 2.8 and Remark 2.10. In order to prove the
integrality of the Drinfeld coefficient forms, we need another relation between them (Propo-
sition 3.4). Note that Theorem 1.1 easily follows from the following key Proposition.

Proposition 3.1. For 0 ≤ n ≤ r, we have Gn ∈ A[g1, · · · , gr−1, v1, · · · , vr].

In order to prove Proposition 3.1, we fix some more notation.

Definition 3.2. For 0 ≤ j ≤ n ≤ r, we define elements An,j, Bn,j ∈ K[g1, · · · , gr−1, v1, · · · , vr]
as follows:

An,j = Tvq
j

n−j −
n∑
i=j

vg
j

i−jG
qi

n−i, Bn,j = δn,jT − gq
j

n−j,

where we set K := Fq(T ) and δn,j is the Kronecker delta. For instance, we have An,n =
Bn,n = −[n].

Remark 3.3. From Remark 2.10 and Definition 3.2, we have

n∑
j=0

An,jbj = 0,
n∑
j=0

Bn,jbj = 0.

Then the following holds.

Lemma 3.4. For 0 ≤ j ≤ n, we have

An,j = −[j]vq
j

n−j −
n−j∑
k=0

gq
j

k v
qj+k

n−j−k

Proof. We prove the assertion by induction on n. If n = 1, we have A1,0 = −g1, A1,1 = −[1]
since we have G1 = g1− [1]v1. Suppose that the assertion holds for n− 1. Then we note that
for any n ≥ j ≥ 1, we have a simple relation

An,j = Aqn−1,j−1 − [1]vq
j

n−j.

12



The induction hypothesis and the above relation imply that the assertion holds for An,j with
1 ≤ j ≤ n. Thus it suffices to prove

An,0 = −
n∑
k=0

gkv
qk

n−k.

We put 1× (n+ 1) matrices An and Bk (1 ≤ k ≤ n) as follows:

An :=
[
An,0 An,1 An,2 . . . An,n

]
, Bk :=

[
Bk,0 Bk,1 . . . Bk,k 0 . . . 0

]
.

Then we have the following equation on the determinant of an (n+ 1)× (n+ 1) matrix∣∣∣∣∣∣∣∣∣
An
B1
...
Bn

∣∣∣∣∣∣∣∣∣ = 0

since we have linear relations between b0(= −1 6= 0), b1, · · · , bn from Remark 3.3. Recall that
we have Bk,k = −[k] and set Ln :=

∏n
k=1[k]. Then let us denote the cofactor expansion of

the determinant along the first column by

(−1)nLnAn,0 +
n∑
k=1

(−1)kBk,0dk = 0,

where dk is the cofactor of the entry Bk,0(= −gk). Moreover, we have

[
An,1 An,2 . . . An,n

]
=

n∑
k=1

vq
k

n−k
[
Bk,1 . . . Bk,k 0 . . . 0

]
since the assertion holds for An,j with 1 ≤ j ≤ n. This implies that we have an equation on
dk, the cofactor of the entry Bk,0(= −gk);

dk = (−1)n−k+1Lnv
qk

n−k.

Then the cofactor expansion implies that the assertion holds for An,0.

Now it is easy to show Proposition 3.1.

Proof. [Proof of Proposition 3.1] Applying Lemma 3.4 for An,0, the assertion follows from
an induction on n.

3.2 Integral Drinfeld Modular Forms

In this subsection, we first prove that the Drinfeld coefficient forms are integral. We again
state Proposition 1.2 and 1.3 and give proofs for them. First of all, let us recursively define
the integrality of weak Drinfeld modular forms ([1]).
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Definition 3.5. We say a weak Drinfeld modular form of rank 2 is integral if any coefficient
of its u-expansion is in A. For r > 2, let f be a weak Drinfeld modular form of rank r. Then
f is said to be integral if f is of the form

f =
∑
n∈Z

fnu
n

with fn is an integral weak modular form of rank r − 1 for any n ∈ Z.

We need the following proposition in oder to prove Theorem 3.8.

Proposition 3.6 (Proposition 1.2). For a Drinfeld modular form f , write the u-expansion
of f as

f(ω) =
∑
n≥0

fn(ω′)u(ω)n.

Suppose f ∈ A[G1, G2, · · · , Gr]. Then, for any n ≥ 0, we have

fn(ω′) ∈ A[g1, g2, · · · , g±1
r−1].

Proof. It suffices to show that the assertion holds for Gn(ω) (1 ≤ n ≤ r). By Proposition
3.1, it suffices to check that the coefficients of vl (1 ≤ l ≤ r) as a power series in u belong to
A[g1, g2, · · · , g±1

r−1]. Note that as a power series in u , ua (a ∈ A+) is of the form

g−Nr−1u
q(r−1) deg(a)

+ o(uq
(r−1) deg(a)+1

)

with the coefficients in A[g1, g2, · · · , g±1
r−1] for some positive integer N since we have ua =

ϕA
(r−1)ω′

a (u−1)−1. Thus, as a power series in u, only finitely many ua (a ∈ A+) contribute to
the coefficient of un in vl for any fixed n ≥ 0. Therefore, the coefficients of vl as a power
series in u belong to A[g1, g2, · · · , g±1

r−1].

Recall that for any rank r ≥ 2, the r-th coefficient form Gr is called the discriminant
function of rank r. Then the following proposition and its proof are taken from [1, Proposition
3.6.6.(a)].

Proposition 3.7 (Proposition 1.3). Suppose that for any i with 2 ≤ i ≤ r, the rank i
discriminant functions are integral modular forms. Then the multiplicative inverse of the
rank r discriminant function is an integral weak modular form.

Proof. It is known that the rank 2 discriminant function is of the form −uq−1 + o(uq) ([7]).
Thus the assertion easily follows from an induction on r.

Now we are ready to prove Theorem 3.8. Gekeler and Basson proved the following theorem
for r = 2 and r = 3, respectively. Note that since they normalize an element ω ∈ Ωr as ωr = 1
for r = 2, 3, they need a certain normalization which amounts to taking a representative of
ω ∈ Ωr whose last coordinate is fixed as ωr = π̄.

Theorem 3.8 (Theorem 1.1). For any r ≥ n ≥ 2, the rank r coefficient form Gn(ω) is an
integral modular form.
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Proof. The assertion follows from an induction on r. It holds true when r = 2 ([7]). Suppose
it holds true for r− 1. Then the induction hypothesis and Proposition 1.3 imply that 1/gr−1

is integral, where gr−1 is the rank r − 1 discriminant function. Then again the induction
hypothesis and Proposition 1.2 complete the proof.

Lastly we prove that the graded ring of integral Drinfeld modular forms of rank r and of
type 0 are generated over A by the coefficient forms {Gi}ri=1 of rank r.

Definition 3.9. For a nonnegative integer k, let M r
k be the set of Drinfeld modular forms of

rank r, weight k and type 0. We set

M r =
⊕
k≥0

M r
k .

Similarly, we denote by M r
k (A) the set of integral Drinfeld modular forms of rank r, weight

k and type 0. We set

M r(A) =
⊕
k≥0

M r
k (A).

Our final aim of this section is to prove the following.

Theorem 3.10. The graded ring of integral Drinfeld modular forms of rank r and of type 0
are generated by the coefficient forms {Gi}ri=1 of rank r, that is, we have

M r(A) = A[G1, · · · , Gr].

Theorem 3.10 for r = 2 has already been shown by Gekeler in [7].

Theorem 3.11 ([7]). We have
M2(A) = A[G1, G2].

Moreover, we need the following to prove Theorem 3.10.

Theorem 3.12 ([3], [4], [5]). The Drinfeld coefficient forms {Gi}ri=1 of rank r are alge-
braically independent over C∞. Moreover, we have

M r = C∞[G1, · · · , Gr].

Let us prove Theorem 3.10.

Proof of Theorem 3.10. We prove the inclusion M r(A) ⊂ A[G1, · · · , Gr] by induction on the
rank r ≥ 2 since the opposite inclusion follows from Theorem 3.8. When r = 2, the assertion
is nothing but Theorem 3.11. For any positive integer k and any f with

f ∈M r
k (A) ⊂M r(A) =

⊕
k≥0

M r
k (A) ⊂M r,

it follows from Theorem 3.12 that there exists a polynomial Ff = Ff (X1, · · · , Xr) ∈ C∞[X1, · · · , Xr]
such that

f = Ff (G1, · · · , Gr).
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We need to prove that the polynomial Ff is in A[X1, · · · , Xr]. Let us write the polynomial
Ff as

Ff =
n∑
i=0

F i(X1, · · · , Xr−1)X i
r

for some nonnegative integer n and F i = F i(X1, · · · , Xr−1) ∈ C∞[X1, · · · , Xr−1]. Then
it suffices to show that F i is in A[X1, · · · , Xr−1] for any i with 0 ≤ i ≤ n. In order to
prove F i ∈ A[X1, · · · , Xr−1], we again use an induction on i. Thus let us first show F 0 ∈
A[X1, · · · , Xr−1]. Since the u-expansion of the j-th coefficient form Gj is written as

Gj =

{
gj + o(u) (0 ≤ j ≤ r − 1)
−gqr−1u

q−1 + o(uq) (j = r)
,

the constant term of the u-expansion of f is given by F 0(g1, · · · , gr−1). Thus by definition of
the integrality, F 0(g1, · · · , gr−1) is an integral Drinfeld modular form of rank r−1. Then the
induction hypothesis on rank r implies that F 0 ∈ A[X1, · · · , Xr−1]. Next we suppose that
F l ∈ A[X1, · · · , Xr−1] for any 0 ≤ l ≤ i− 1. Then

h :=
i−1∑
l=0

F l(G1, · · · , Gr−1)Gl
r

is an integral Drinfeld modular form. It follows from Proposition 1.3 that

(f − h)/Gi
r = F i(G1, · · · , Gr−1) + F i+1(G1, · · · , Gr−1)Gr + · · ·

is also integral. Again by looking at the constant term of u-expansion of (f −h)/Gi
r, we have

F i ∈ A[X1, · · · , Xr−1].

4 Congruences among Integral Drinfeld Modular Forms

In Section 3, we obtained the structure theorem of integral Drinfeld modular forms. Let
p ⊂ A be a nonzero prime ideal ofA generated by a monic irreducible polynomial P (T ) ∈ A[T ]
of degree d ≥ 1. In this section, we consider the congruences among integral Drinfeld modular
forms modulo p ⊂ A.

From now on, we denote the rank r local parameter at infinity by ur(ω). We give a
recursive definition of the congruence between integral weak Drinfeld modular forms modulo
the prime ideal p.

Definition 4.1. For rank 2 integral weak Drinfeld modular forms

f =
∑
n∈Z

fnu2(ω)n, h =
∑
n∈Z

hnu2(ω)n,

where fn, hn ∈ A and ω ∈ Ω2, we write

f ≡ h mod p
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if
fn ≡ hn mod p

for any n ∈ Z.
Let

f =
∑
n∈Z

fnur(ω)n, h =
∑
n∈Z

hnur(ω)n

be rank r ≥ 3 integral weak Drinfeld modular forms, where fn and hn are rank r− 1 integral
weak Drinfeld modular forms and ω ∈ Ωr. We denote

f ≡ h mod p

if
fn ≡ hn mod p

for any n ∈ Z.

Remark 4.2. Let Gr (resp. gr−1) be the discriminant function of rank r ≥ 2 (resp. r− 1).
Then the u-expansion of Gr is of the form −gqr−1ur(ω)q−1+o(ur(ω)q) ([1], [7]), where the rank
2 discriminant function is of the form −u2(ω)q−1 + o(u2(ω)q) ([7]). Thus the discriminant
function of any rank is never congruent to zero modulo p.

We recursively define the ring Ã(r) of “u-expansions modulo p ” for each r ≥ 2. Let Fp

be the residue field A/p.

Definition 4.3. (1) Let ε2 be the Fp-algebra homomorphism

ε2 : Fp[X1, X2]→ Fp[[u2]],

which is defined by

Xi 7→
∑
n≥0

(a(i)
n mod p)un2 ,

where u2 is an indeterminate and∑
n≥0

a(i)
n u2(ω)n (a(i)

n ∈ A)

is the u-expansion of the i-th Drinfeld coefficient form of rank 2 with i = 1, 2.

(2) If an Fp-algebra homomorphism εj−1 on Fp[X1, X2, · · · , Xj−1] is defined for j ≥ 3, we

denote the image of εj−1 by Ã(j − 1). Moreover Ã0(j − 1) denotes the localization of

the ring Ã(j − 1) with the multiplicative set {εj−1(Xj−1)m}m≥0. Then εr−1 is naturally
extended to

ε0j−1 : Fp[X1, X2, · · · , X±1
j−1]→ Ã0(j − 1).

(3) Under the conditions (1) and (2), we define the Fp-algebra homomorphism εr (r ≥ 2)

εr : Fp[X1, X2, · · · , Xr]→ Ã0(r − 1)[[ur]] (Xi 7→ G̃i),
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where ur is an indeterminate and G̃i is defined as follows. From Proposition 1.2, the
u-expansion of the i-th Drinfeld coefficient form Gi of rank r is of the form

Gi =
∑
n≥0

P (i)
n (g1, · · · , gr−1)ur(ω)n

for some P
(i)
n ∈ A[X1, · · · , X±1

r−1]. Let the P̃
(i)
n ∈ Fp[X1, · · · , X±1

r−1] denote the reduction

modulo p of P
(i)
n . Then, we set

G̃i :=
∑
n≥0

ε0r−1(P̃ (i)
n )unr =

∑
n≥0

P̃ (i)
n (εr−1(X1), · · · , εr−1(Xr−1))unr .

For r ≥ 2, let Gr be the discriminant function of rank r. We note that Theorem 1.1
and Proposition 1.3 imply that the multiplicative inverse of Gr is an integral weak Drinfeld
modular form for any r ≥ 2. Moreover, we have Gr = −gqr−1ur(ω)q−1 + o(ur(ω)q) ([1], [7]).
Thus the following makes sense.

Lemma 4.4. For an integral weak Drinfeld modular form f ∈ A[G1, · · · , G±1
r ], we de-

note by Pf the element of A[X1, · · · , X±1
r ] such that Pf (G1, · · · , Gr) = f . Moreover P̃f ∈

Fp[X1, · · · , X±1
r ] denotes the reduction modulo p of the polynomial Pf . Let f, h ∈ A[G1, · · · , G±1

r ]
be integral weak Drinfeld modular forms. Then the following are equivalent:

(1) f ≡ h mod p,

(2) ε0r(P̃f ) = ε0r(P̃h).

In particular, let f, h ∈ A[G1, · · · , Gr] be integral Drinfeld modular forms. Then

f ≡ h mod p

if and only if
εr(P̃f ) = εr(P̃h).

Proof. Let f be an integral weak modular form of rank r. Suppose f ∈ A[G1, · · · , G±1
r ]. It

suffices to show that f ≡ 0 mod p holds if and only if ε0r(P̃f ) = 0. This follows from an
induction on r since we can show

ε0r(P̃f ) =
∑
n∈Z

ε0r−1(P̃fn)unr ,

where r > 2 and the u-expansion of f is of the form f =
∑

n∈Z fnur(ω)n.

We have another natural way to understand Lemma 4.4 as we explain below. Let f be
an integral weak modular form of rank r with the u-expansion

f =
∑
n∈Z

fnur(ω)n.
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Since fn (n ∈ Z) is also an integral weak Drinfeld modular form of rank r− 1, we may again
write

fn =
∑
j∈Z

fn,jur−1(ω′)j,

where fn,j is an integral weak Drinfeld modular form of rank r − 2. This recursive process
says that f can be formally written as

f =
∑
I

fIu
I ,

where I = (i2, · · · , ir) ∈ Zr−1, fI ∈ A and uI := ur(ω)irur−1(ω′)ir−1 · · ·u2([ωr−1, ωr])
i2 . Let

f, h be integral weak Drinfeld modular forms. Suppose f, h ∈ A[G1, · · · , G±1
r ] and formally

write
f =

∑
I

fIu
I , h =

∑
I

hIu
I (fI , hI ∈ A).

By induction on r, we can show that f ≡ h mod p if and only if fI ≡ hI mod p for any I.
Thus the following are equivalent:

(1) f ≡ h mod p,

(2) ε0r(P̃f ) = ε0r(P̃h),

(3) fI ≡ hI mod p for any I ∈ Zr−1.

One may think the equivalence of the above (1) and (3) is naive and natural. However, the
equivalence of (1) and (2) works well in this section.

4.1 Eisenstein Series

In this subsection, we define the normalized Eisenstein series and observe their properties.
Recall that for a nonnegative integer k, we set [k] = T q

k − T and Ln =
∏n

k=1[k] (L0 := 1).

Definition 4.5. From now on, for a non-negative integer k, we set

βk(ω) := (−1)k+1LkE
(qk−1)(ω) and bk(ω) := (−1)k+1LkE

(qk−1)(ω′),

where E(qk−1)(ω) (resp. E(qk−1)(ω′)) is the Eisenstein series of weight qk − 1 of rank r (resp.
rank r − 1) defined in Example 2.6.

Remark 4.6. By the normalization of the Eisenstein series, we may rewrite Proposition 2.8
as follows:

(−1)n+1Ln−1Gn(ω) =
n−1∑
i=1

(−1)n−i
Ln−1

Li
βi(ω)G(ω)q

i

n−i + βn(ω),

βk(ω) = bk(ω
′) + [k]

∑
a∈A+

k−1∑
i=0

(−1)k−i
Lk−1

Li
bi(ω

′)uq
k−qi
a ,

where n, k ≥ 0. Here we set G0 = T and Gl = 0 if l > r.
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By the above normalization, we can prove the integrality of βk.

Proposition 4.7. For a nonnegative integer k, the normalized Eisenstein series βk is an
integral Drinfeld modular form. Moreover let d ≥ 1 be the degree of the prime ideal p. Then
we have βd ≡ 1 mod p.

Proof. The assertion follows from an induction on the rank r ≥ 2. In fact, the assertion was
obtained in [7] when r = 2. For a general rank, the integrality of the normalized Eisenstein
series βk follows from the first displayed equation of Remark 4.6, the induction hypothesis,
Theorem 1.1 and Proposition 1.3. The congruence follows from the second displayed equation
of Remark 4.6 and the induction hypothesis.

We note that the first displayed equation of Remark 4.6 implies that there exists a poly-
nomial Ak ∈ A[X1, X2, · · · , Xr] satisfying

Ak(G1, G2, · · · , Gr) = βk(ω).

Let Ãk ∈ Fp[X1, X2, · · · , Xr] be the reduction modulo p of Ak. Then Proposition 4.7 and

Lemma 4.4 imply that Ãd − 1 ∈ ker(εr).
Our aim of the rest of the thesis is to prove the following.

Theorem 4.8. ker(εr) = (Ãd − 1)

Gekeler proved Theorem 4.8 for r = 2 ([7]) by using the Hasse invariant of a Drinfeld
module of rank 2. Then let us define the Hasse invariant of rank r ≥ 2.

4.2 Hasse Invariant

In this subsection, we define the Hasse invariant of a Drinfeld module of arbitrary rank. We
first recall that for ω ∈ Ωr, the associated Drinfeld module ϕA

rω satisfies

ϕA
rω

T (X) =
r∑
i=0

Gi(ω)Xqi ,

where we set G0 = T . Let p be a prime ideal of A generated by an irreducible monic
polynomial P (T ) ∈ A of degree d ≥ 1. Then we write

ϕA
rω

P (T )(X) =:
rd∑
i=0

HiX
qi .

Thus we have a polynomial Fi ∈ A[X1, X2, · · · , Xr] such that Hi = Fi(G1, · · · , Gr) for each

0 ≤ i ≤ rd. We denote the reduction modulo p of Fi by F̃i ∈ Fp[X1, · · · , Xr].

Definition 4.9. For each 0 ≤ i ≤ rd, we set

H̃i := εr(F̃i) ∈ Ã(r) ⊂ Ã0(r − 1)[[ur]].

We say that H̃d = εr(F̃d) is the Hasse invariant of rank r. Moreover, we denote the corre-
sponding objects of rank r − 1 in the above process by the corresponding small letters. For
instance, we denote the Hasse invariant of rank r − 1 by h̃d = εr−1(f̃d).
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We note that by induction on r, we easily see that Ã(r) is an integral domain. Let us write
the canonical maps as pr : A → Fp (a 7→ ã) and ι : Fp ↪→ Fp[X1, · · · , Xr]. The composition

(εr ◦ ι ◦ pr) gives A-algebra structure on Ã(r). Then we define the Drinfeld module ϕ̃ over

the fraction filed of Ã(r) as follows:

ϕ̃T (X) := T̃X +
r∑
i=1

G̃iX
qi ,

where G̃i = εr(Xi) ∈ Ã(r) is defined in Definition 4.3. Then we have

ϕ̃P (T )(X) =
rd∑
i=0

H̃iX
qi .

Since the Drinfeld module ϕ̃ is of characteristic p = (P (T )), we have

H̃i = 0 (0 ≤ i < d).

Next let us prove

H̃d = 1 ∈ Ã(r).

From Lemma 4.4, it suffices to show Hd ≡ 1 mod p. We use the following formula ([1],[7],[9])
in order to describe Hd in terms of the Eisenstein series.

Proposition 4.10. For a lattice Λ ⊂ C∞, let ϕΛ be the Drinfeld modules associated to the
lattice Λ. Then for an element a ∈ A, write ϕΛ

a =
∑

j gj(a,Λ)Xqj . Then for k ≥ 1 and
a ∈ A, we have

(a− aqk)E(qk−1)(Λ) =
k−1∑
i=0

E(qi−1)(Λ)gk−i(a,Λ)q
i

,

where E(qk−1)(Λ) :=
∑

λ∈Λ\{0} λ
−(qk−1) is the Eisenstein series of weight qk − 1 associated to

the lattice Λ.

Remark 4.11. Recall p = (P (T )) is of degree d ≥ 1. We have the following congruence
relations:

• Li 6≡ 0 mod p for 0 ≤ i < d,

• for 0 ≤ i < d, H̃i = 0, that is, Hi ≡ 0 mod p,

• (−1)dP (T )
Ld

≡ 1, P (T )q
d

Ld
≡ 0 mod p ([7]).

Note that the congruences make sense since P (T ) divides Ld exactly once.

Proposition 4.12. Hd ≡ 1 mod p. Namely we have F̃d(X1, · · · , Xr)− 1 ∈ ker(εr).
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Proof. Recall that we put βk(ω) := (−1)k+1LkE
(qk−1)(ω) in this section. By putting a :=

P (T ), Λ := Arω and k := d in Proposition 4.10, we have

Hd + (−1)d
P (T )q

d

Ld
βd = βd

(−1)dP (T )

Ld
+

d−1∑
i=1

(−1)i+1 βi
Li
Hqi

d−i.

Then Remark 4.11 implies Hd ≡ βd mod p. Thus the assertion follows from Proposition
4.7.

We again note that Gekeler proved Proposition 4.12 for r = 2 ([7]).

4.3 Irreducibility of F̃d − 1

In this subsection, we prove the irreducibility of the polynomial F̃d − 1 ∈ Fp[X1, · · · , Xr],

which is necessary to show F̃d− 1 generates ker(εr). The irreducibility of F̃d− 1 follows from

the square-freeness of F̃d. The argument below is quite similar to that in [7].
We first study the polynomials Fi and fi. A commutation equation

ϕA
rω

T ◦ ϕArω
P (T ) = ϕA

rω
P (T ) ◦ ϕA

rω
T

implies that the elements {Hi}rdi=0 are defined recursively as follows.

Proposition 4.13. H0 = P (T ). For n ≥ 1, we have

n∑
i=0

HiG
qi

n−i =
n∑
i=0

Gn−iH
qn−i

i ,

where we set G0 = T and Gi = Hj = 0 for i > r, j > rd.

Thus we have the following.

Proposition 4.14. F0 = P (T ). For n ≥ 1, we have

n∑
i=0

FiX
qi

n−i =
n∑
i=0

Xn−iF
qn−i

i ,

where we set Xi = Fj = 0 for i > r and j > rd.

By the same argument, the similar holds true for fj.

Proposition 4.15. f0 = P (T ). For n ≥ 1, we have

n∑
i=0

fiX
qi

n−i =
n∑
i=0

Xn−if
qn−i

i ,

where we set Xi = fj = 0 for i > r − 1 and j > (r − 1)d.

Now we can prove the square-freeness of F̃d ∈ Fp[X1, · · · , Xr] by induction on rank r.
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Proposition 4.16. The polynomial F̃d ∈ Fp[X1, · · · , Xr] is square-free.

Proof. The assertion holds when r = 2 [7]. For r > 2, Proposition 4.14 and Proposition
4.15 imply Fi(X1, · · · , Xr−1, 0) = fi(X1, · · · , Xr−1) for i ≥ 0. Then the induction hypothesis

implies that F̃d(X1, · · · , Xr−1, 0) is square-free. Thus for a square factor S(X1, · · · , Xr) of

F̃d(X1, · · · , Xr), we have S(X1, · · · , Xr−1, 0) ∈ Fp. We note that the polynomial S must be

homogeneous (of course, we assign the weight qi − 1 to Xi for each 1 ≤ i ≤ r) since so is F̃d.
Therefore if S(X1, · · · , Xr−1, 0) ∈ F×p , then we have S(X1, · · · , Xr) = S(X1, · · · , Xr−1, 0) ∈
F×p . When S(X1, · · · , Xr−1, 0) = 0, Xr divides S and thus Xr divides F̃d. This contradicts
Proposition 4.12 since we have Gr = −gqr−1ur(ω)q−1 + o(ur(ω)q).

By the same argument in [7], we may prove the irreducibility of F̃d − 1.

Corollary 4.17. The polynomial F̃d − 1 ∈ Fp[X1, · · · , Xr] is irreducible.

Proof. Suppose that we have a nontrivial factorization F̃d − 1 = RS. Writing

R =
m∑
i=0

Ri, S =
n∑
j=0

Sj

as the sums of the homogeneous components, we have

• RmSn = F̃d

• Rm−1Sn +RmSn−1 = Rm−2Sn +Rm−1Sn−1 +RmSn−2 = · · · = 0

• R0S0 = −1

since F̃d is of homogeneous (of degree qd−1). Since m,n ≥ 1 and F̃d is square-free, Rm and Sn
have no common factor. This leads to Rm−1 = Sn−1 = 0 since we have Rm−1Sn+RmSn−1 = 0.
Recursively one has Ri = Sj = 0 for any i < m, j < n. This contradicts R0S0 = −1.

4.4 Proof of Theorem 1.5

In this subsection, we give an explicit generator of the kernel of εr (Theorem 1.5, 4.8). Similar
to the proof in [7], our proof of Theorem 1.5 consists of the following two steps

Step. 1 ker(εr) = (F̃d(X1, · · · , Xr)− 1)

Step. 2 Ãd(X1, · · · , Xr) = F̃d(X1, · · · , Xr).

Then let us first prove that the polynomial F̃d(X1, · · · , Xr)− 1 generates ker(εr).

Proposition 4.18. We have

(F̃d(X1, · · · , Xr)− 1) = ker(εr).
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Proof. We first note that ker(εr) is a prime ideal since Ã(r) is an integral domain. Let us
prove the proposition by induction on r. The assertion holds when r = 2 [7]. Then for r > 2,
let

ev : Ã0(r − 1)[[ur]]→ Ã0(r − 1)

be a morphism defined by
ur 7→ 0.

Since we have
Gi = gi + o(ur(ω)), Gr = −gqr−1ur(ω)q−1 + o(ur(ω)q)

for 1 ≤ i < r ([1]), we have Image(ev ◦ εr) = Ã(r− 1). The induction hypothesis implies that

the ring Ã(r−1) is of dimension r−2. Thus the ideal ker(ev◦εr) is a height 2 prime ideal. Then
we see that the prime ideal ker(εr) is of height 1 since we have ker(εr) ⊂ ker(ev◦εr), εr(Xr) 6= 0
and (ev ◦ εr)(Xr) = 0. Thus the assertion follows from Proposition 4.12 and Corollary 4.17.

Lastly it suffices to prove the equation Ãd(X1, · · · , Xr) = F̃d(X1, · · · , Xr). Let us recall
some notation. Since we have

(−1)n+1Ln−1Gn(ω) =
n−1∑
i=1

(−1)n−i
Ln−1

Li
βi(ω)G(ω)q

i

n−i + βn(ω),

there exists a polynomial Ak ∈ A[X1, X2, · · · , Xr] satisfying

Ak(G1, G2, · · · , Gr) = βk(ω).

In particular, we see that Ak is monic of degree (qk − 1)/(q − 1) as a polynomial in X1.

Lemma 4.19. As a polynomial in X1, the polynomial Fd is monic of degree (qd−1)/(q−1).

Proof. Recall that from Proposition 4.14, we have F0 = P (T ) and for n ≥ 1,

n∑
i=0

FiX
qi

n−i =
n∑
i=0

Xn−iF
qn−i

i ,

where we set Xi = Fj = 0 for i > r, j > rd. It follows from an induction on i that Fi ∈
A[X1, X2, · · · , Xr] is of degree (qi − 1)/(q − 1) in X1 for i ≤ d. Then, for i ≤ d, let ci be the

coefficient of X
(qi−1)/(q−1)
1 of Fi. Then the elements {ci}ri=0 satisfy

• c0 = P (T ) ∈ A,

• ci = [i]−1(cqi−1 − ci−1) ∈ A (i ≥ 1).

The above relations imply cd = 1.

Corollary 4.20. We have

Ãd(X1, · · · , Xr) = F̃d(X1, · · · , Xr).

Proof. From Proposition 4.7 and Proposition 4.18, we deduce that F̃d − 1 divides Ãd − 1.
Then the assertion follows from the fact that both of Fd and Ad are of monic of degree
(qd − 1)/(q − 1) in X1.
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