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Abstract

We study kaon-nucleon systems and the A (1405) as a KN Feshbach reso-
nance in the Skyrme model. For the kaon-nucleon systems, we use an approach
based on the bound state approach proposed by Callan and Klebanov, but the
kaon is introduced around the rotating hedgehog soliton. This corresponds to the
variation after projection, changing the order of collective quantization in 1/N,
expansion scheme. However, we consider that the method is more suited to inves-
tigate weakly interacting kaon-nucleon systems including loosely K N bound states
such as A (1405).

We have found that there exists one KN bound state with the binding energy
of order ten MeV and that the KN potential has an attraction pocket in the
middle range and a repulsive component in the short range. We also investigate
kaon-nucleon scattering states and examine phase shifts. The phase shift indicates
that the KN interaction is attractive, while the KN one is weakly repulsive. We
have shown that the difference in the KN attraction and KN repulsion is simply
explained by the w-meson exchange.

As an extension of our approach, we have evaluated the decay width of the
KN Feshbach resonance by combining the Callan-Klebanov’s and our bound state
approaches. The obtained width is few MeV, which means that the KN Feshbach

resonance appears as narrow resonance in our method.
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Chapter 1

Introduction

1.1 Introduction

The A (1405) resonance is considered to be one of the candidates of the exotic
hadrons, whose properties can not be easily explained by a simple quark model.
The A (1405) is a negative parity (P = —1) hadron resonance with spin J = 1/2,
isospin I = 0, and strangeness S = —1 [1]. It is located just below the KN
threshold and above the 73 one. Theoretically, Dalitz and Tuan predicted the
existence of the A (1405) as a KN Feshbach resonance in 1959 [2, 3]. In 1961,
Alston, et al. reported an evidence of the A (1405) resonance by an experiment [4].

There are long-standing discussions for the structure of the A (1405) resonance.
It is well-known that the A (1405) is difficult to be described by a simple three-
quark state [5]. In a quark model, a strange baryon is predicted to be heavier than
a non-strange baryon due to the mass-hierarchy among up, down, and strange-
quarks. However, the mass of the A (1405) is smaller than that of the counterpart
in the nucleon sector, N (1535). Furthermore, considering the mass difference in
the A (1405) (J¥ = 1/27) and A (1520) (J¥ = 3/27) states, which are considered
to be a spin-orbit partner, we find that it is much larger than that in the nucleon
sector, IV (1535) and N (1520). According to these fact, A (1405) is not consider
to de a three-quark state, but to be a meson-baryon quasi-bound state.

Actually, the A (1405) resonance is described as a KN quasi-bound state em-
bedded in 7 continuum in coupled channel approaches with a vector meson ex-
change potential [6]. Recently, there have been many works for the A (1405) in a
couple channel framework with the chiral symmetry in the low-energy quantum
chromodynamics (QCD), which is called the chiral unitary approach [7, 8, 9]. In
this approach, they combine the low-energy effective interaction based on the chi-
ral symmetry and the unitarity condition for the scattering amplitude. There have
been many works for the A (1405) resonance. However, its detailed properties are

yet under debate. One of the possible reasons for this is that the KN interaction



is not understood very well.

Several KN interactions have been investigated by a phenomenological ap-
proach [10, 11] and chiral theories [12, 13, 14]. Akaishi and Yamazaki have con-
structed the K N potential in a phenomenological approach [10, 11]. Their poten-
tial is a strong attraction and it contains several model parameters. The chiral
approach is based on the low-energy theorem of the spontaneously broken chi-
ral SU(3); x SU(3), symmetry, that is called the Weinberg-Tomozawa interac-
tion [15, 16]. It gives the correct scattering amplitude. However, as we mentioned,
it needs unitarization for resonance states which need to introduce a parameter to
regularize divergences in theoretical calculations. It is associated with the point-
like nature of the interaction. Furthermore, in the chiral approach, the potential is
not required if the observables can be calculated from the amplitude. We consider
that the interaction as a potential form is more important when we investigate

few-body nuclear systems with the anti-kaon, which is called kaonic nuclei.

1.2 Purpose of the thesis

In this work, we have investigated the properties of the A (1405) resonance in the
Skyrme model [17, 18, 19]. To do that, we have first constructed a new method
to derive the kaon-nucleon potential. Our approach is based on the bound state
approach in the Skyrme model [20, 21], which is proposed by Callan and Klebanov
to investigate hyperons. In the Skyrme model, the nucleon emerge as a soliton
of a pion non-linear field theory, which is called the Hedgehog soliton. There-
fore, the nucleon appears an object with the finite size in the three-dimensional
configuration space. Due to the finite structures of the nucleon as a soliton, the
resulting interaction reflects nucleon structures. In the Skyrme model, there are
several parameters, but they are determined by the properties of the nucleon and
delta-particle. In this sense, our approach is free from parameters.

As we mentioned, our approach is based on the Callan-Klebanov’s (CK) ap-
proach, where kaons are introduced as fluctuations around the Hedgehog soliton.
Their original bound state approach obeys the 1/N. expansion scheme for the
semi-classical quantization of the kaon fluctuation and Hedgehog soliton. Because
of the strong attraction from the Wess-Zumino term [22, 23, 24], bound states ex-
ist in the K-Hedgehog systems. After collective quantization of the K-Hedgehog
bound system, the quantum number of anti-kaon transmutates due to the strong
correlation between the spin and isospin of the background Hedgehog configura-
tion. Furthermore, the parity of the kaon flips due to the existence the background
Hedgehog [25, 26]. As a result, in the obtained quantized K-Hedgehog system,
the anti-kaon is regarded as an s-quark. We consider that their approach is not



suited to investigation of kaon-nucleon systems.

In the present work, we show an alternative approach for physical kaon-nucleon
systems [27, 28]. We first quantized the Hedgehog soliton by the isospin rotation
to generate the physical nucleon and then the physical kaon is introduced as a
fluctuation around it. However, our approach does not follow the precise 1/N,
counting rule. This is because the contribution of the rotation is the higher order
than the kaon fluctuation.

The difference in the CK and our approach is explained by the coupling of the
kaon and Hedgehog soliton. The CK approach is based on the strong coupling
limit of them, while ours is based on the weak coupling limit.

Using our approach, we have investigated the KN (JP =1/27,1= O) bound
state and its interaction [27, 28]. Furthermore, we have discussed the s-wave KN
and KN scattering states [29]. Related to the scattering states, we have a com-
ment. There are several works for the pion-nucleon and kaon-nucleon scatterings
in the Skyrme model [30, 31, 32, 33]. However, the pion and kaon are introduced
as fluctuations around the Hedgehog soliton in these works, which corresponds to
the CK approach.

Second, we have investigated the A (1405) resonance as an extension of our
approach. It is well-known that K N-7¥ coupling is important for the discussions
of A (1405). It was investigated in Ref. [34], but the CK approach is employed in
the work.

In this work, we have regarded the A (1405) resonance as a KN Feshbach res-
onance as a first attempt. To evaluate the decay width of KN — 7% process,
we introduce an effective Lagrangian and interpret the matrix element of the La-
grangian as a coupling constant. When we calculate the matrix element, we have
combined the CK and our approaches. For the 73 channel, we employ the CK
approach to generate ¥. Contrary, we apply our approach for the KN channel.

1.3 Construction of the thesis

We organize the thesis as follows. In the next chapter, we explain the SU(2)
Skyrme model [17, 18, 19]. In Chapter 3, we extend the SU(2) Skyrme model to
the SU(3) one and introduce the bound state approach in the Skyrme model [20, 21]
which is starting point our study. Then, we show a new method to describe the
kaon-nucleon system in the Skyrme model and investigate the KN bound state
and s-wave kaon-nucleon scattering state. In Chapter 4, we consider the A (1405)
resonance in the Skyrme model. In the present work, we consider the K N Feshbach
resonance as a first attempt. In the end, we summarized this thesis and show our

future plan.
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Chapter 2

The Skyrme model

The Skyrme model [17, 18, 19] is one of the effective models in the low energy
QCD. One of the features in this model is to describe baryons as a mesonic soliton
called the Hedgehog soliton. As 't Hooft and Witten have discussed [35, 36, 37], the
low-energy QCD is written as an effective theory of mesons in the large N, limit.
The Skyrme model is one of the effective mesonic theories and it is constructed by
the pion. In this section, we briefly explain an outline of the SU(2) Skyrme model.
To do that, we first show the model Lagrangian of the Skyrme model. And then,
we introduce the Hedgehog ansatz to describe the baryon. Finally, we show the

static properties of the baryons in the Skyrme model.

2.1 Model Lagrangian

Let us start with the following Skyrme Lagrangian [17, 18, 19],

1 1 2
LSkyrme = EF,ftr (0,U0"UT) + 53t [(0.U) U, (0,U)U']",
(2.1)
where U is the static SU(2)-valued chiral field,
2
U(x) =exp [iFTaﬁa (:B)] , a=1,23, (2.2)

where 7, (a = 1,2,3) are the Pauli’s matrices.
The first term in Eq. (2.1) is the Lagrangian of the non-linear o model. Tt
contains the kinetic term of the meson in the leading order in powers of the pion

field,

1 1 a a 4
1—6F7?tr (0, U0*UY) = 5(%7? o'+ O (7). (2.3)
The second one is a higher derivative term which is so-called the Skyrme term [17,

18, 19], which is important to stabilize the system as we will see.
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The Lagrangian Eq. (2.1) has several parameters: the first one is the pion decay
constant F;, whose experimental value is 186 MeV. The second is a dimensionless
parameter e, which is called the Skyrme parameter. It is related to the size of
the soliton. In this study, we consider chiral limit for the up and down sector for
simplicity.

To demonstrate the stability by the Skyrme term, we first consider a finite
soliton configuration, U (x). The energy of the system with the configuration is
obtained by a volume-integral of the Lagrangian,

/ dgx‘CSkyrme

— /d%{%Fﬁu(@ﬂ@ﬂU*H tr[(@uU)UT,(c‘)VU)UTf}

= E@ 4+ EW, (2.4)

E

where E® and E® are, respectively, the energies from the second-derivative and
fourth-derivative terms.

Next, we rescale the space coordinate in U with a scale parameter A,
U(x) = U((\x). (2.5)

After rescaling, the energy is given by,

EW  — /d?’x {1—16F7$tr (0.U (M) 0"UT (\))

: 21 e [(8,U (M) UT (M), (0,U (M) U (Am>]2}
= / d?’(/\x))\ {Vmﬂfu(aA (A\z) 0"NUT (\x))
+A 233 [(OVU (A)) UT (Az) , (0VU (M) UT (Am)f}
= §E<2>+AE<4>, (2.6)

1
where 8,(3‘) = 0/0 (A\z*). Eq. (2.6) shows that )\E decreases as the scale increases

while AE™ increases as A\ becomes large. Thanks to the Skyrme term, the system
becomes stable. As a result, the total energy E® + E® has a minimum point,
where E® is equal to E®.

2.2 Hedgehog ansatz

In this subsection, we introduce a static ansatz to describe the SU(2) baryons, the
nucleon and the delta-particle. This anstaz is called the Hedgehog ansatz which

12



is constructed by the SU(2) Nambu-Goldstone bosons, that is the pions, and the
ansatz is given by,

Upg(x) =exp[iF (r)T 7] =cos F(r)+i(T-7)sin F (r), (2.7)

where F' (r) is the soliton profile function and 7 is the Pauli’s matrices. In Eq (2.7),
the pion isospin vector is parallel to the pion radial vector, which is definition of
the Hedgehog structure.

We first show the properties of the soliton profile function. By substituting the
Hedgehog ansatz Eq. (2.7) for the SU(2) Skyrme Lagrangian,

tr [(0,0) U, (8,0)UT]*, (2.8)

1, 1
L= sFi (8,U0"U") + 2357

we obtain the equation of motion for the soliton profile function by the variational
principle [38],

(5024 2) ")+ 308 () + sin 2F) (F 1)

_i sin (2F (y)) + Z—z sin (2F (y)) = 0, (2.9)

where s = sin (F' (y) /2) and we introduce a dimensionless radial distance, y, which
is, so-called, the standard unit [39],

y=eF,r. (2.10)

Numerically solving the equation of motion Eq. (2.9) under the following boundary

condition,

Fly=0) == (2.11)

!

(y =o00) =0,

we obtain the soliton profile function, which is shown in Fig. 2.1. For the numerical
calculation, we use a parameter set proposed by Adkins, Nappi, and Witten, F, =
186 MeV and e = 5.45, which reproduces the masses of the nucleon and delta [38].

We mention here the meaning of the boundary condition Eq. (2.11). To do
that, we show the baryon number current, B,, which is derived from the Wess-
Zumino term [22, 23, 24] as the Noether’s current [40] associated with the U(1)

vector transformation,

N,
Bt = me”mﬁtr [L,LoLg], (2.12)

13



w2t

Profile function

0 1 2 3 4 5
Radial distance r [fm]

Figure 2.1: Profile function F'(r) appearing in the Hedgehog ansatz Eq. (2.7).
Parameters for the numerical calculation are F, = 186 MeV and e = 5.45.

where L, = U'9,U. The derivation of the baryon number current from the Wess-
Zumino action is shown in Appendix B. Substituting the Hedgehog ansatz Uy for
U, we obtain,

1 sin®F _,
o2 g2

where B is a baryon number charge density. Taking a volume-integral of B°, we

B = (2.13)

obtain the baryon number, Ng,

1 sin’F
3.0 _ 3
/d JZB = /d xXr (_2_7r2 7‘2 F,)
= / dr (—gsin2 FF’)
0 T

= {% sin (2F (r)) — %F (7")]0 = Np. (2.14)

From the topological point of view, B is a topological charge density for the
Hedgehog configuration. Therefore, the volume-integral of B is identified with a
winding number, which is an integer, Ng = 0,1, 2, ---. Indeed, we obtain Ng = 1,
that is a single baryon state, with the boundary condition Eq. (2.11) for the profile
function. In other words, the boundary condition Eq. (2.11) ensures that the
hedgehog soliton has baryon number one after quantization.

Finally we show important properties of the Hedgehog ansatz. We can easily
check that the Skyrme Lagrangian Eq. (2.1) in invariant under the spin and isospin

rotations,
e Spin rotation
Upg(x) = expl|iF(r)T-7]
— exp [iF (r) T,RapT) (2.15)

14



where R, is a spatial rotation matrix.
e [sospin rotation

Up(x) = exp[il'(r)T -7
— Aexp[iF (r)T - 7] AT, (2.16)

where A is an isospin rotation matrix.

Furthermore, the Hedgehog ansatz, itself, is invariant under the simultaneous
rotation in the configuration and isospin spaces, because the Hedgehog structure,
T - 7, correlates the spin and isospin spaces,

Uy (x) = expliF (r)T 7]
— AexpliF (r) TaRafy) AT = exp [iF (r) T - 7] (2.17)

This means that the spin (J) and isospin (I) are not good quantum numbers but
the grand-spin (K = J + I) is a good quantum number for the Hedgehog ansatz,

K.Uy] = [&x (=iV),Un]+ [, Un]

_ isinF{[mx(—iV),T-f]—I—[%,T~f]} (. Eq. (2.7))

= isin F {—i€uwc pTe + i€apeTpvTe} = 0 (2.18)

where & x (—iV) and 7 are generators for spin and isospin rotations, respectively.
We call this simultaneous rotation symmetry the Hedgehog symmetry. We can
assume that the Hedgehog ansatz describes baryons with K = 0, that is [ = J,
after quantization from above discussion.

2.3 Collective quantization

In the previous section, we have introduced the Hedgehog ansatz and show its
properties. However, since the ansatz is a classical object, it does not have any
quantum numbers. Therefore we quantize it to describe physical particles by the
semi-classical quantization scheme. In this scheme, we introduce the zero-energy
modes around the classical hedgehog configuration, which is important excitation
in the low energy region. They physically correspond to the spin and isospin
rotations for the Hedgehog ansatz. However, as we mentioned in the end of the
previous section, it is enough to consider either spin or isospin rotation for the
Hedgehog ansatz thanks to the Hedgehog structure. Therefore we consider the
isospin rotation and introduce zero-energy excitation around the Hedgehog ansatz,

Up(x) = expl|iF(r)T-7]
— A(t)exp[iF (r)T - 7] AT (1), (2.19)

15



where A (t) is a SU(2) time-dependent isospin rotation matrix,

At)=ao(t) +iT-a(t), > a =L (2.20)

u=0

We regard A (t) as a quantum-mechanical degrees of freedom.
Substituting the isospin rotating Hedgehog ansatz Eq. (2.19) for the Skyrme
Lagrangian Eq. (2.1), we obtain,

L = /d3l’£5’ky,~me (UH = AUHAT)

— M+ Atr [AAT] (A _ %@)

= My +20) (4,) (azd“df)) (- Eq. (2.20)), (2:21)

where M, is the classical soliton mass which is obtained by substituting the
Hedgehog ansatz Eq. (2.7) for the Skyrme Lagrangian Eq. (2.1),

Msol = / dgxﬁSkyrme

oo 2 2 2
= 47r/ dr r? {%Fﬁ [F’Q +2%] 5 [S— +2(F’)2} } (2.22)
0

2e2r2 | r2

and A is moment of inertia of the soliton which is given by,

2 4 sin” F
A="-F2 [ drr?sin® F |1 F)? . 2.23
3 W/ r rosin [ +(€F7T)2 (( )+ 2 ( )
To understand the meaning of A, we write the SU(2) isospin rotation matrix as
follows,
- T
A(t) = exp [ZQ : 575] : (2.24)

where €2 corresponds to the angular velocity and 7 is a generator. Using this, we
obtain from Eq. (2.21),

A
L = _M801+592, (2.25)

which means that the second term is a rotation energy and A is moment of inertia.

To perform the quantization, we next introduce the conjugate momenta,

oL :
Ty = 8—% = 4Aa,. (2.26)

16



Then, we can derive the Hamiltonian,
H = m,a,—L
M + 2A (a,,)°

3
1 2
Moo + o5 > (m)? (2.27)
n=0
Performing the canonical quantization scheme, 7, = —id/0da,,, we obtain the quan-

tized Hamiltonian,

H = sol*zAZ( M). (2.28)

The second term in Eq. (2.28) is the four-dimensional Laplacian. Therefore, the
eigen function of the Hamiltonian is given by polynomials of a,, [38] (equivalently
the Wigner’s D-functions [41]).

Next, we consider the wave function in the SU(2) isospin space spanned by a,,.
We show here an important fact that the rotating Hedgehog ansatz, AUy AT, is

invariant under the following transformation,
A— —A (2.29)

According to Ref. [42], we have two choices to quantize the Hedgehog soliton,

W (A) =+ (—A) for boson wave functions (2.30)

W (A)=—1y(—A) for fermion wave functions.

Here we use the lower condition for the nucleon. In other word, we construct the
nucleon wave functions as odd-order polynomials. The normalized nucleon wave

functions are give by [38],

p 1) =

) pl) = T * (ag — ias)
In 1) = (ao + 1a3)
1) = 2 (o i),

\ T

where 1 ({) stands for the third direction of spin.
We can easily check the quantum number of the above wave function by using

(al + ZCLQ)

(2.31)

the spin (J) and isospin(I) operators obtained as the Noether’s charges [38, 43]
whose derivation is shown in Appendix A,

W20 9
" Oay Oaai ik day,

( ; 5 9 ) | (2.32)

aai Z@ao " ]8ak

Il
N = o .

>
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with

J?—I?—li _Z (2.33)
TG da,?) )

pu=0

Furthermore, using the quantized Hamiltonian Eq. (2.28) and the nucleon wave

functions Eq. (2.31), we obtain the mass formula for the nucleon,

13
My = Mgy + ——. 2.34
N l+2A4 (2.34)
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Chapter 3

Kaon-nucleon systems in the
Skyrme model

In this chapter, we discuss the kaon-nucleon systems in the Skyrme model. To
do that, we first extend the SU(2) Skyrme model to the SU(3) one in order to
incorporate the strangeness degree of freedom. In Sec. 3.2, we explain the bound
state approach in the Skyrme model proposed by Callan and Klebanov [20, 21].
They have constructed an ansatz which is the so-called bound state ansatz (ap-
proach) for the study of the properties of hyperons. In Sec. 3.3, we introduce an
alternative ansatz which we consider suitable for physical kaon-nucleon systems.
In the following two sections, we investigate the kaon-nucleon bound state and

scattering states. Finally, we summarize the result of the kaon-nucleon systems.

3.1 Model Lagrangian

Let us start with the SU(3) Skyrme action,

1 1
I = /d% {1—6F3tr (0, U0*U") + ot [(0,0) U, (8,U)UT)* + LSB} +Twz,
e
(3.1)
where U is the SU(3)-valued chiral field,
[ 2
U =exp iF)\a(b“ , a=1,2,3---,8, (3.2)
1, 1
—m + —= 7t K*
1 < Vit 1 1
QS = = >\a¢a - T __770 + —=nN KO R 3.3
Vi i 3
K~ K° ——
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and A\, (a =1,2,---8) are the Gell-Mann matrices.

The first and second terms in Eq. (3.1) are the original Skyrme actions [17, 18,
19] and the third term is the symmetry breaking term due to finite masses of the
SU(3) pseudo-scalar mesons [44, 45],

Ley = %pz (m? +2m2) tr (U +UT —2) + gﬁ (m2 — mZ) tr [\s (U + U]
(3.4)

The last term in Eq. (3.1) is the Wess-Zumino (WZ) action [22, 23, 24|, which is
the SU(3) chiral anomaly,

1N, Vo
~ a0 I’z e [(UT0,U) (UTO,U) (UT9,U) (UT95U) (UT0,U)],

(3.5)

Pwz =

where N, is the number of colors, N. = 3. The Wess-Zumino term, 'y z, is
defined in the fifth-dimensional integral. The boundary of the fifth-dimensional
space corresponds to the space-time four-dimensional space.

Because in the present study, the n-meson is irrelevant to describe the hyperon
and kaon-nucleon systems, we need two decay constants F and Fx. Phenomeno-
logically, they differ only by about 20% [46]. Therefore, we will use a common
value of them, typically their average. Therefore, the parameters of the action
Eq. (3.1) are as follows: the first one is the pion decay constant, F}., whose exper-
imental value is 186 MeV. The second is a dimensionless parameter e, called the
Skyrme parameter, which is related to the size of the soliton. The last ones are the
masses of the quarks. In this study, we consider chiral limit for the up and down
sector for simplicity, while we treat the strange quark as a massive particle. This
means that we treat the pion as a massless particle while the kaon as a massive

one.

3.2 The bound state approach

In this section, we explain the bound state approach in the Skyeme model proposed
by Callan and Klebanov [20, 21], which has become the starting point of our
discussions. First, we explain how to extend the SU(2) Skyrme model to the
SU(3) one. There is a problem which comes from how to treat the SU(3) flavor
symmetry breaking when we extend to the SU(3) sector. To overcome the problem,
there exist two major approaches.

e Collective coordinate quantization method [44, 45]

This approach is based on the weakly breaking of the SU(3) flavor symmetry.
Therefore, we divide the Lagrangian into the two parts: symmetry part and
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symmetry breaking one. The former is quantized by the collective quanti-
zation scheme, which is naive-extension of the SU(2) Skyrme model. The
latter is treated in a perturbative way.

e Bound state approach [20, 21]

In this approach, we assume that the SU(3) flavor symmetry is strongly
broken. Therefore, we need a special treatment for the strangeness degrees
of freedom. To do that, we divide the chiral field, U, constructed from the
SU(3) Nambu-Goldstone bosons into the two parts: the SU(2) part and the
other one. The former is nothing but the pion part (the Hedgehog soliton)
and treated in the same way as the ordinary SU(2) Skyrme model. The
latter is the kaon part which is treated as a small fluctuation (vibration in
the strangeness direction) around the Hedgehog soliton.

In this study, we employ the bound state approach for the kaon-nucleon systems
and A (1405). In the rest of this section, we briefly explain the original bound state
approach proposed by Callan and Klebanov [20, 21].

3.2.1 Callan-Klebanov ansatz

We first introduce the ansatz proposed by Callan and Klebanov (CK ansatz,
Uck) [20, 21], which can describe the hyperons,

Uck = V NuUg+/ Ny, (3.6)

where /N is essentially the Hedgehog soliton with the soliton profile F'(r),

Ny = (UOH 2) Uy =& —expliF (1) -7, (3.7)

and Uy is the kaon field defined by,

22 [0 K Kt
T(KT o)] K_(K°>’ (3.8)

Here we use the pion decay constant F) instead of the kaon one in Ug as we

Uk = exp

mentioned in the previous section.

Callan and Klebanov followed the 1/N. expansion scheme when they con-
structed the ansatz. The Hedgehog soliton is in the leading order of N, and
then the kaon is introduced as a fluctuation, which is in the next-to-leading order,
N.°, around the Hedgehog soliton. Finally, the kaon-Hedgehog system is rotated
in the isospin space and the rotation energy is of order 1/N.,.
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3.2.2 Kaon-Hedgehog bound state

In order to discuss the hyperons, they first have considered the bound state of the
kaon and Hedgehog soliton, and then they have quantized the bound state with
an isospin rotation matrix.

From now on, we review their approach. To do that, we first substitute their
ansatz Eq (3.6) for the SU(3) Skyrme action Eq. (3.1) and then expand Uy up to
second order of the kaon field, K. After some calculations, we obtain,

L= LSkyrme + LKH7 (39>

where Lgpyrme is the classical Skyrme Lagrangian and Ly g is the kaon-Hedgehog
interaction Lagrangian given by,

Lxn = (D.K)'D'K — K'ala"K — mj KK

1 1 ) T ]
+_(6F7r)2 {_gKTKtr [ELUUT,({LUUT} -2 (DMK) D, Ktr (a”a )
1
=5 (Dul)! D' Kt (9,U70°U) + 6 (D, K) ' [a” o] DMK}
3 (D K K - KT(D,K) T 10
+F72 [( i o ( 2 ] . (3.10)

In Eq. (3.10), mg is the mass of the kaon, the covariant derivative D,, is defined
as

D, =0, + v, (3.11)

and the vector and axial vector currents are
1
Uy = (gTauf + gaugr) ) (3'12)

(5*(‘3“5 - gaug) . (3.13)

a, =

N — N

Finally, the last term of Eq. (3.10) is derived from the Wess-Zumino action with

the baryon number current B* [38],
uraf
B! = ———tr[(U'9,U) (U'0.U) (U'9:U)] (3.14)

Next, we consider the stationary energy eigen state of the kaon,

K (r,t) = K (r)e """ (3.15)

where F is the total mass of the kaon which includes its rest mass. If there exists
a solution with E' < my, it corresponds to the kaon-Hedgehog bound state. For

the spatial part of the kaon field, we expand it into partial waves. However, due to
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the Hedgehog symmetry as we mentioned in Sec. 2.2, we do not use the spherical
harmonics but the vector harmonics, Yrrr. (92),

K(r)= Z Cror. Yror, (Q)krp(r), (3.16)
T.LT

where T and L are the grand-spin and angular momentum of the kaon, respectively,
and T, is the third component of T". Using the spherical harmonics, Yz, (€2), the

vector harmonics is written as,

yTLTz (97 (b) = Z(L m 1/2 Tz - m’T TZ)YLm (Q) XTs—m (317>

m

where X1, (T, — m = £1/2) is a two component isospinor,

X1/2 = (é) s X-1/2 = <(1)> . (3.18)

Substituting Egs. (3.15) and (3.16), we obtain,

—Lgcy = h(r)kp, Ky, + Ky pkre (m3 — F(r)E? + Vigg(r)) | (3.19)
where,
1 2
firy=1+ W {2s(r)+d(r)}, h(r)=1+ (eFﬂ)QS (r), (3.20)

F 2 F
d(r):(dd—y)) = (F")?, 5(T)=<Sin2F/7“)2, c(r):sin2§ (3.21)
1 2s I(1+1) 42 +4cI - L

Vers (r) = —Z(d+23)—m($+2d)+ 2
1 d+s
I(14+1)+2c* +4cl - L

TR (I(l+1)+2¢° +4cI - L)
4L 8 s(c2+2cI-L—I-L)+i((c+I-L)F’sinF)

(eFﬂ’)ZTZ dr

N.E sin® F dF

Lo Fd (3.22)

w2 F2 2 dr’

and I = 7/2 is the isospin operator of the kaon. We have performed the angular
integral in this calculation. In the above equations, the terms with the coefficient
1/(eF,)? come from the Skyrme term and the last term in the kaon-Hedgehog
interaction one Eq. (3.22) comes from the Wess-Zumino action.

We can easily obtain the equation of motion for each partial wave from the
Lagrangian Eq. (3.19) via the variational principle,

L d (h () r2%> — E*f(r)k+ (m¥k + Vegp (1) k= 0. (3.23)

r2dr dr
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The first term corresponds to the kinetic energy of the kaon, the second is related to
the eigen energy, the third and last terms are, respectively, the mass and interaction
ones.

The equation of motion Eq. (3.23) looks like the Klein-Gordon (K.G.) equation.
However, due to the existence of the radial-dependent function, h (r) and f (r),
in the first and second terms, Eq. (3.23) is slightly different from the ordinary
K.G. equation. This is because, in the CK approach, the kaon is moving in the
background field of the hedgehog configuration. Therefore, if the kaon is far away
from the Hedgehog soliton (r — c0), the equation of motion Eq. (3.23) reduces to
the ordinary K.G. equation, which is the same situation as our approach which we
will discuss in the next section.

To solve the equation of motion for the bound state, we investigate the short-
range behavior of the wave function. To do that, we consider the profile function
at short distances [38]

F(r~0)=m—ar. (3.24)

Using Eq. (3.24), the equation of motion at short distances reduces to,

Ud [ pdk  lopp(leps + 1
1d <7’2%> y leasllepr 4 1) (3.25)

r2dr 72
where we define an effective angular momentum Iy as
legp(lepr+1)=1(1+1)+4I- L +2. (3.26)

From Eq. (3.25), we find that there exists a repulsive centrifugal force by the
effective angular momentum, l.¢s, in this system. The boundary condition for the

bound state wave function is given by,

k(r ~ 0) oc rlers (3.27)

Table 3.1: values of the effective angular momentum [.s for various kaon partial

waves.
V[ T=T+LT-LTl(eg+1) [l
0 1/2 0 2 1
1 3/2 1/2 6 2
1 1/2 ~1 0 0
2] 5/2 1 12 3
2 32 —3/2 2 1
3 7/2 3/2 20 4
3| 5/2 —2 6 2
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In Tab. 3.1, we show the explicit values of l.¢;. Interestingly, the lowest mode
dose not appear in the s-wave (I = 0) but in the p-wave (I = 1) in this system.
This is one of the nontrivial features in the bound state approach.

Now, we numerically solve the equation of motion Eq. (3.23) for the low-lying
bound states (I = 1,L.sf = 0 and [ = 0,Lesp = 1). We show the normalized
radial wave functions and the bound state properties for the s- and p-waves kaon-
Hedgehog system in Fig. 3.1 and Tab. 3.2. For the numerical calculation, we use
the same parameter set as the Callan and Klebanov did: F, = 129 MeV, e = 5.45,
and the mass of the kaon, myx = 495 MeV |20, 21].

45
41
3.5}
3t
25}
21
1.5}
10
0.5}

P-wave

S-wave

wave function:

0 0.5 1 15 2 25 3
Radial distance r [fm]

Figure 3.1: Normalized radial wave functions for the s- and p-waves kaon with
F, =129 MeV and e = 5.45. They are in units of 1/fm?%/2.

Table 3.2: Bound state properties in the CK approach.

I | lss | BE. [MeV] | (r%)"? || Physical state
0] 1 67.7 1.04 A (1405)
1] 0 218.3 0.67 A(1116)

In Fig. 3.1, we use the following normalization condition ! for both wave func-

tions,

/d% YOk (r)] = /m2 Ik (r)]> = 1. (3.28)

From Fig. 3.1, we can see the s-wave kaon behaves as a p-wave while the p-wave

one does as an s-wave. In Tab. 3.2, we show the binding energy (B.E.), the root

In chapter 4, we will introduce another normalization, which is originally introduced by
Callan and Klebanov. However, the bound state properties discussed in this chapter do not
depend on the normalization scheme.
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mean square radius, and corresponding physical state for each s- and p-wave kaon?.
The p-wave bound state corresponds to the ground state A and the s-wave one
to the A (1405) in the approach. We find that the kaon radii, <r§(>1/2, are about
0.7 fm for the p-wave and 1.0 fm for the s-wave in the CK approach. These small
radii seem to be consistent with their interpretation of the kaon-hedgehog systems
as a strong binding system. We will discuss their result again with comparing with
our approach in Sec. 3.6.

3.2.3 Kaon-Hedgehog potential

Next, we consider the kaon-Hedgehog interaction in the CK approach. We derive
it from the equation of motion Eq. (3.23). However, in Eq. (3.23), the interaction
is defined in the K.G.-like equation. Therefore, it carries dimension MeV2. To
derive the potential in units of MeV, we rewrite Eq. (3.23) into the Schédinger-
like equation with the potential, U (7), in units of MeV,

1 1d ( QdkTL (’f’ )

“mxt Eridr \ d—) TU ) brs(r) = ebre(r), (3.29)

and

U = 1 {h(r)—li(TQd)+dh(r)i}

_mK+E r2  dr dr dr dr

(S -1 E? L Vers(0)

3.30
mK+E mK—i—E’ ( )

where h (1), f (r), and Vg (r) are given in the previous subsection, and ¢ is defined
by

E=mg +e. (3.31)

As we have shown in Eq. (3.30), the obtained potential U (r) is nonlocal due
to the spatial derivative operator. Therefore, we define the following equivalent
quantitiy with the kaon partial wave function,

U (r)krp (T)

U (r) = Frp (1)

(3.32)

2We have performed numerical calculations for the radius in the CK approach.
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Figure 3.2: Kaon-Hedgehog potentials for the s- and p-wave kaon-Hedgehog bound
states.

In Fig. 3.2, we plot the potentials Eq. (3.32) for the s-wave and p-wave kaon-
Hedgehog bound states. For the s-wave, we see a repulsive component at short
distances. This comes from the centrifugal-like component due to the effective
angular momentum, l.¢r. On the other hand, for the p-wave, the potential has a
strong attraction near the origin which makes the strong bound state in the p-wave
bound state. However, near the origin, the potential goes to infinity. Analytically,
the p-wave potential has no centrifugal component because the effective angular
momentum is zero as we shown in Tab. 3.1. This is just a numerical problem for

solving the bound state wave function for small 7.

3.2.4 Collective quantization as hyperons

Finally, we briefly explain how the hyperons are generated in the CK approach.
The kaon-Hedgehog system is in the zeroth order of N, and it is a classical system.
To obtain the quantum numbers, we must introduce the 1/N, contributions. To
do that, we quantize the system by the collective quantization scheme,

U — A(t) € (r) Uy (r,t) € () AT (¢), (3.33)

which corresponds to,

E(r) = E(r,t) = A(t) € (r) AT (1)
K(rt)— K(rt)=A{t)K (r,t),

(3.34)

where A () is a time-dependent SU(2) isospin rotation matrix. In Eq. (3.34), K is
the kaon field observed in the body-fixed frame of the Hedgehog soliton, whereas
K is the one in the laboratory frame of the soliton.
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After quantization, a nontrivial phenomena occurs in their approach [20, 21]:
due to the background field of the Hedgehog soliton, the kaon quantum number
transmutates. To show it explicitly, we consider an isospin and a spatial rotations
of the rotating system.

e [sospin rotation

When D (6) is an isospin rotation matrix, & and K transform as,

£(r,t) = D(0) A(t)¢ (r) AT (t) DT (0) (3.35)
K (r,t) = D) A®#)K (r,1), '
which means,
A(t)— D(0)A (@) (3.36)

K (r,t) — K (r,t).

From Eq. (3.36), we find that the isospin rotator, A (t), change after the
isospin rotation while the kaon field in the Laboratory frame, K (7,t), does
not change after rotaion. This means that the isospin rotator carries the
isospin of the kaon field in the Laboratory frame in the CK approach. In other
words, K (r,t) dose not have the isospin quantum number after collective

quantization.

e Spatial rotation

Under the spatial rotation, the tilded variables transform as,

E(ryt) > A1) R(G)E(r) BT (6) AT (0 s
K(r,t) = A(t)R(¢) K (r,1),
where R (¢) is a spatial rotation matrix,
R(¢) = €. (3.38)

Furthermore using the Hedgehog symmetry mentioned in Sec. 2.2, we can

write,

E(r,t) = A(t) &7 (1) e 0T AT (1) = A(t) e TE (1) 9T AT (1)

N , o (3.39)
K(r,t) = A@t) e K (r,t) = A(t) e L@ TK (v t).

The above equations mean that under spatial rotation A (t) and K (r,t)

transform as,

A(t) = A(t)ei#t

. (3.40)
K (r,t) — e?TK (r,t),
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which shows that the spatial rotation operator acting on the kaon field,
K (r,t), is €T which means that the spin operator of the kaon field is the
grand spin, T'.

Let us summarize above discussion. After collective quantization, the kaon has
the isospin (I) and spin quantum (J) numbers, (I, J) = (0,7). From Tab. 3.1, we
find that the kaon has (1, .J) = (0,1/2) for the lowest kaon-Hedgehog bound state.
This quantum number is nothing but that of an s-quark. On the other hand, the
Hedgehog soliton is quantized as a [ = J state. To generate the hyperons, we
integrally quantize the Hedgehog soliton (I = J =0,1,2,--+).

As a result, the anti-kaon (s@ or sd) behaves as an s-quark while the kaon (
su or 8d) does as an s-quark. At the same time, the Hedgehog soliton is not
quantized as a nucleon but a di-quark. Therefore, we obtain the hyperons as a

bound state of the s-quark and di-quark.

3.3 Alternative ansatz for kaon-nucleon systems

In the previous section, we have introduced the CK ansatz for the hyperons but
it is not suited to the kaon-nucleon systems. Therefore, we have constructed an
alternative ansatz (Ugy) for the physical kaon-nucleon systems [27, 28]

Uy = A(t) V/NyAt () Uc A (t) /Ny A (t) . (3.41)

where Ny is and Uk is defined by Eq. (3.7) and Eq. (3.8) in the previous section,
respectively, and A (t) is a time-dependent isospin rotation matrix. This ansatz
is constructed as follows: we first generate the nucleon by rotating the Hedgehog
soliton and then we introduce the kaon fluctuation around the nucleon.

At a single glance, our ansatz is very similar to the Callan-Klebanov one as
shown below.

e Callan-Klebanov (CK) ansatz
Uck = /NuUx/Ni — A () /NuUg~/Ng At (¢) (3.42)
e Ezoe-Hosaka (EH) ansatz
Uy = A(t) V/NyAL () U A (t) /Ny A () (3.43)

The difference in them is where A and A" appear. In the CK approach, we rotate
the hole system. On the other hand, we rotate only the hedgehog soliton in our
approach. However we consider that this tiny difference makes a big difference in
physics.
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Here, we would like to summarize the difference in the CK and our ansatzes.
In the CK ansatz, the kaon is introduced as the fluctuation around the Hedgehog
soliton and then we quantize the kaon and Hedgehog soliton system by isospin
rotation. Their quantization method Eq. (3.42) is based on the picture that the
kaon is strongly bound to the hedgehog baryon. As a result, the hyperons are
generated as a bound state of a strange quark and a di-quarks.

On the other hand, in our ansatz, the kaon is introduced as the fluctuation
around the rotating Hedgehog soliton. What is important here is that the Hedge-
hog soliton is first rotated in our ansatz Eq. (3.41). As a result, we obtain the
kaon and rotating Hedgehog soliton systems, which is eventually the kaon-nucleon
systems. This is based on the picture that the kaon is weakly bound to the nu-
cleon as expected to hadronic molecules. In short, we can explain the difference
in the two approach as follows: the CK approach corresponds to the projection
after variation whereas ours to the variation after projection in the many-body
physics [47].

Furthermore, let us consider the difference in the two approaches from the point
of the 1/N, expansion. As we mentioned in the previous section, the CK approach
follows the 1/N, expansion scheme. We would like to explain again. The classical
Hedgehog soliton is the leading order on N.. The kaon fluctuation is introduced
around the Hedgehog soliton, which is zeroth order of N.. Finally, we quantized
the kaon-Hedgehog system by the isospin rotation and the rotation energy is of
order 1/N..

Contrary, in the EH approach, we first generate the nucleon by rotating the
Hedgehog in the isospin space and then we introduce the kaon fluctuation around
the nucleon. Therefore, our approach violates the 1/N. expansion.

3.4 Equation of motion

We have introduced the ansatz for the kaon-nucleon systems in the previous sec-
tion. Now, let us derive the equation of motion for the kaon. To do that, we
first substitute our ansatz Eq. (3.41) for the SU(3) Skyrme action Eq. (3.1) and
then expand Uyg up to second order of the kaon field, K, which corresponds to the
harmonic oscillator approximation. After hard exercise, we obtain,

L= LSU(z) + Lgn (344)

LSU@):% e (9,050°0}) + 32162“[(@#0},) 0. (0.00) 0] (3.5)
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Lgy = (DK)'D'K — K'ala"K — m3 K'K

1 1 s 19
_ it T t . t oy
AP { K [auUU ,(%UU} 2(D,K)" D, Ktr (a*a”)

—% (D.K)! D' Ktr (ayzﬁ 8“0) +6(D,K) [a”, a" D“K}
3 Ju T ]
+B [(DMK) K- K (DNK)], (3.46)

where the first term Eq. (3.45) is the quantized SU(2) Skyrme Lagrangian which
describes the properties of the nucleon and delta-particle [38] and the second one
Eq. (3.46) is the kaon-nucleon effective Lagrangian.

In Eq. (3.46), the covariant derivative is defined as

D, =0, +v,, (3.47)

and the vector and axial vector currents are
o= 5 (f08+@.8). (3.43)
0 = 5 (60.6-Ead). (3.49)

Finally, the last term of Eq. (3.46) is derived from the Wess-Zumino term with the

baryonic current B* [3§],

ghval

Bt — _
2472

w[(019,0) (00.0) (e0,07)). 850

In the above equations, the tilded quantities are the rotating Hedgehog soliton as
our ansatz requires;

U=A@t)EA (1), E=A@1)EAT(1). (3.51)

Next, we decompose the kaon field into the two part: isospin and spatial parts,

KT —iEt
K = (KO) =YK (r,t) > YK (r)e "™, (3.52)

where 17 is the two-component isospinor. Furthermore, we expand the spatial
component K (r) by the spherical harmonics,

K(r) =Y CimaY™ () K (r), (3.53)

Ima

where [ is the orbital angular momentum of the kaon, m is the third component

of [, a stands for other quantum numbers, and €2 for angles, # and ¢.
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Finally taking a variation with respect to the kaon wave function, we obtain

the equation of motion for each partial wave, kf* (r).

LN <r2h (r) dk (7”)) — E2f(r) K} (r) + (m%k + V (1) K (r) =0, (3.54)

2 dr

where F is the total energy of the kaon including its rest mass, h(r), f (r), and
V (r) are radial dependent functions,

2
hr)=1+ P sin® F, (3.55)
1 2 2 12
f(?”)zl—f—m T—2S111 F+F s (356)
€Ly

V(r)=Vi(r) +VE(r) Igy + V& (r) Jen + VES (r) JenIxw, (3.57)

and
Iy =17 -1V, Jgn = L% - JV. (3.58)

In Eq. (3.58), the nucleon spin and isospin operators, J¥ and IV, are given by [43],
JY = At [TAT () A (t)] , (3.59)
IV = iAte [TA (1) At (t)] , (3.60)

where A (t) is the time derivative of A (t), T is the 2 x 2 Pauli matrices, and A is
the soliton moment of inertia which is given by [38]

2 4 in? 7
A= _”Fj/dr r2sin® F {1 b (F’2 + 2 )] . (3.61)
3 (eFy) r?

The kaon isospin operator, IC, is given by the 2 x 2 Pauli matrices

1% = % (3.62)

Lastly, L¥ in Eq. (3.58) is the orbital angular momentum operator for the kaon
L* =r x p™. (3.63)

In the equation of motion Eq. (3.54), the first term corresponds to the kinetic
term of the kaon, the second one is related to the eigen energy, ¢ = £ — mg, and
the third and last terms are mass and kaon-nucleon interaction terms, respectively,

whose explicit form is shown in Appendix C.
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Using our ansatz Eq. (3.41), the resulting Lagrangian and interaction term,
V (r), in Eq. (3.54) contain the rotation matrix A (¢) in several places. This means
that, in these equations, terms with different order of 1/N, exist simultaneously,
indicating the violation of 1/N, expansion. This, however, is the feature of the
present approach which we consider suited to the study of the physical kaon and
nucleon interaction. We emphasize that the interaction Eq. (3.57) has four com-
ponents; the isospin independent and dependent central forces, Vj; and V°, respec-
tively, and similarly for the spin-orbit (LS) forces V¥ and V.2, which completes
the general structure of the potential between the isospinor-pseudoscalar kaon and

isospinor-spinor nucleon.

3.5 Kaon-nucleon bound state

In this section, we consider the kaon-nucleon bound state. By solving the equa-
tion of motion Eq. (3.54) for various channels, we have found one bound state in
KN (JP =1/27,1 =0) channel, where it is considered that the A (1405) appears.
In our approach, there are three parameters: the pion decay constant, F}, the
Skyrme parameter, e, and the mass of the kaon, myg. We keep my at 495 MeV
and consider three parameter sets for F; and e shown in Tab. 3.3.

Table 3.3: Parameter sets for numerical calculations.
F, [MeV] | e

Set A 205 4.67
Set B 186 4.82
Set C 129 5.45

These parameter sets reproduce the same moment of inertial, which means that
they reproduce the experimental mass difference in the nucleon and A. We would
like to make more detailed explanation below.

1. Set A:

We employ a slightly large pion decay constant (in our notation, the physical
value of the pion decay constant is 186 MeV). This is motivated by the fact

that the kaon decay constant, F, is larger than the pion one (Fx = 221 MeV) [46].
In this study, we consider the physical systems with the pion and kaon.
Therefore, we choose the 10%-large value (186 x 1.1 = 205 MeV) as the pion
decay constant in order to effectively take into account the difference in the

pion and kaon decay constants. The Skyrme parameter, e, is determined to
reproduce the mass difference in N and A with F,; = 205 MeV.
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2. Set B:

The Skyrme parameter e is determined to reproduce the experimental mass
difference between the nucleon and A-particle when we take the pion decay
constant at its physical value, 186 MeV.

3. Set C:

This is proposed by Adkins, Nappi, and Witten [38], which reproduces the
physical masses of the nucleon and A.

3.5.1 Wave function and bound state properties

We first consider the bound state properties for each parameter sets. As Callan
and Klebanov discussed [20, 21], the bound state properties are different in the
kaon (K) and anti-kaon (K) for the SU(3) Skyrme model. This is due to the
Wess-Zumino term which physically corresponds to the w-meson exchange [48]: it
is attractive for the K whereas repulsive for the K. Therefore, bound states exist

for the K N systems and we have numerically confirm it.

Table 3.4: Parameter sets and binding energies for KN (I = 0) channel.
F,. [MeV] | e | B.E. [MeV]
Set A 205 4.67 20.0
Set B 186 4.82 31.4
Set C 129 5.45 79.5

Table 3.5: Parameter sets and binding energies for KN (I = 1) channel.
F. [MeV] | e | B.E. [MeV]
Set A 205 4.67 —

Set B 186 4.82 | almost 0
Set C 129 0.45 33.0

We have numerically solved the equation of motion Eq. (3.54) for various KN
channels with the three parameter sets discussed above. As a result, we have found
one bound state in the K N (J P=1/ 2_) channel and we summarize the result in
Tabs. 3.4 and 3.5. For the set A, one bound state exists in J© = 1/27,1 = 0
channel and the total mass of the KN bound state is close to the one of A (1405)

For the sets B and C, we have found one bound state in both I = 0 and 1
channels. Let us consider the I = 0 bound states for the set B and C. The binding

34



energies are 31.4 MeV and 79.5 MeV for the set B and C, respectively. These
bound states should be identified with A (1405), but their binding energies are
large, especially for the set C.

Contrary, for I = 1 channel, there is no bound state for the set A as we
mentioned. For the sets B and C, one bound state exists. However the binding is
very weak for the set B: its binding energy is almost zero (but finite). For the set
C, the binding energy is 33 MeV. This bound state may be identified with a -
hyperon. There are several ¥ resonances but with weak significance [1] Considering
the mass difference in the KN bound states with I = 0 and 1, the latter might be
Y (1480).

From Tabs. 3.4 and 3.5, we can see that the binding energy becomes larger
as the pion decay constant gets smaller. This is similar to what is expcted in the
Weinberg-Tomozawa (WT) interaction [15, 16], which is proportional to 1/F2. We
consider the leading contribution to the interaction obtained from our approach is
the WT (type) interaction. It seems important to use the experimental value of
F, in order to numerically reproduce the properties of the K N systems.

Now we study more detailed properties of the bound state. In Fig. 3.3, we
show the normalized radial wave function for the bound state anti-kaon for three

parameter sets. The normalization condition is as follows:

/d% YOk ()| = /CW k() = 1. (3.64)

They are numerically obtained from the equation of motion Eq. (3.54).
From Fig. 3.3, we can find that the wave functions vanish at the origin even
though we consider the s-wave kaon-nucleon bound state. This is because of the

existence of the repulsive core which we will mention in the next subsection.

2.5 :
SetA ——

SetB ——
SetC —— |

Wave function

0 05 1 1.5 2 25 3
Radial distance r [fm]

Figure 3.3: Normalized radial wave functions for the KN (J P=1/271= O) for

the parameter sets A, B and C. They are in units of 1/fm3/2,
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Furthermore, in Tab. 3.6, we show the parameter sets and bounding ener-
gies (B.E.), and root mean square radii for the baryon number distribution of the
nucleon and kaon wave function. The former radius is defined by,

(ry) = /d3x7’2BO (r)= /000 drr?pp (1), (3.65)

where BY (r) and pg (r) are, respectively, the baryon charge and baryon charge
density given by [38],

1 sin2FF,

BY(r) = =530 (3.66)
and
2 R0 2 . 2 /
pp =4mr°B° (r) = ——sin” F'F'. (3.67)
T
The latter is,
* 1
0h) = [ el = [Canee, - eey
0

Table 3.6: Parameter sets and bound state properties.

Fy [MeV] | e |B.E. [MeV]| (2)"? [fm] | (#2)"? [fm)]
Set A 205 4.67 20.0 0.44 1.34
Set B 186 4.82 31.4 0.46 1.17
Set C 129 5.45 79.5 0.59 0.99

From Tab. 3.6, we easily find that the baryon number radius, which corresponds
to the nucleon core size, is about 0.5 fm, while the anti-kaon wave function extends
up to 1 fm or more. This indicates that the KN bound state is a weakly binding
object like as a hadronic molecule.

Looking at Tab. 3.6 a bit more carefully, we observe that as the pion decay
constant increases, the baryon number radius decreases whereas the anti-kaon
distribution increases. This comes from different reasons. The former comes
from the parameter dependence of the Hedgehog soliton. As we have shown in
Egs. (3.65), (3.66), and (3.67), the baryon number radius is determined by the
soliton profile. Naively thinking, the Hedgehog soliton is regarded as the nucleon
in the Skyrme model. Therefore, as the Hedgehog soliton extends more, the nu-
cleon size, that is the baryon number radius, becomes large. We numerically solve
the equation of motion for the soliton profile, Eq. (2.9), for the three parameter
sets and show their shapes in Fig. 3.4. Actually, the soliton profile function ex-
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Figure 3.4: Profile functions for the three parameter sets A, B, and C.

tends in the order of set A, B, and C, which is consistent with the ordering of the
baryon number radii in Tab. 3.6.

We can understand the parameter dependence of the profile function in terms
of the standard unit introduced in Eq. (2.10). In the SU(2) Skyrme, there are two
parameter, F. and e. They are scaled-out by the standard unit, where the radial

distance is, we would like to show again, expressed by,
y = elrr. (3.69)

By using this, soliton profiles for various parameter sets are related by a simple
scale transformation to each other. The soliton profiles as functions of the physical
radial distance r for the three parameter sets A, B, and C, which are obtained from
the standard profile function with the scaling rule Eq. (3.69). From Fig. 3.4, we
find that the profile function for the set C is the most extended among the three
parameter sets; soliton size is inversely proportional to eF.

On the other hand, the F-dependence of the anti-kaon distribution is explained
by the bound state properties. The wave function less extends for the larger
binding energy, which is seen in Tab. 3.6. We consider that this behavior comes
from the WT interaction, which is inversely proportional to FZ [15, 16].

3.5.2 KN potential

In this subsection, we discuss the kaon-nucleon potential. As we have shown in the
equation of motion Eq. (3.54), the interaction term V' (r) is defined in the Klein-
Gordon like equation. Therefore, it carries the dimension MeV2. We consider that
it is convenient to define a potential in units of MeV in order to discuss few-body

systems. To do that, we first rewrite the equation of motion into the Schrodinger
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like equation, and define the potential U (r) as follows, which is in units of MeV,

L 1d [ ,dk () 0N e
e+ Erdr (7‘ o | TUK(r) =k (1), (3.70)

and

0 = g [M () -0

GO -DE | V)
mg + E myg + E’

(3.71)

where F is the total energy of the kaon, which is introduced in Sec. 3.4, and ¢ is
introduced in Eq. (3.31),

e=F—mg. (3.72)

The r-dependent functions, h(r), f(r), and V (r), are, respectively, given by
Egs. (3.55), (3.56), and (3.57).

The obtained potential U (r) has several properties: First, it is nonlocal and de-
pends on the energy of the kaon. The nonlocality comes form the spatial derivative
operators. Second, it contains four components, isospin dependent and indepen-
dent central forces, and the similar spin-orbit forces as we mentioned in Sec. 3.4.
Finally, at short distances, this potential behaves as an attractive or a repulsive
force proportional to 1/r? depending on the total isospin and total spin. Since the
potential contains the spatial derivative operators, we define the following quantity
as we have done in the Sec. 3.2.3, what we call equivalent local potential,

g U(r) ki (r)

U (r) S (3.73)
In this study, we have numerically calculated it with the partial wave function,
especially with the bound state wave function. Therefore, exactly speaking, the
potential derived here is for the KN (I =0,J" = 1/2*) bound state. However,
we can in principle derive the potentials for all states.

The resulting potential is shown in Fig. 3.5 for the three parameter sets A, B,
and C. From this figure, we find that the minimum of the potential moves from
inside to outside in the ordering of A, B, and C. This property is explained by the
parameter dependence of the profile function shown in Fig. 3.4 and is consistent
with the shapes of the kaon wave functions explained in Sec. 3.5.1.
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Figure 3.5: The equivalent local potential U (r) for the KN bound state.

In Fig. 3.5, we find an attractive pocket in the middle range. This pocket is
dominantly made by the Wess-Zumino action, which physically corresponds to the
w-meson exchange. At short distances, we see a repulsive component. We will
discuss it in the next section.

3.6 Comparison with the CK approach

In this section we compare our results with those of the Callan-Klebanov. In our
approach, the lowest bound state exist in the s-wave kaon-nucleon channel. On
the other hand, in the CK approach, it does in the p-wave kaon-Hedgehog channel.

We summarize several results for the set C in Tab. 3.7.

Table 3.7: Comparisons between the EH and CK approaches

Ezoe-Hosaka approach Callan-Klebanov approach Physical state
B.E. [MeV] | (%) [fm] || I | Iy | B.E. [MeV] | (r2)"? [fm]
0 79.5 0.99 0] 1 67.7 1.05 A (1405)
— — — 1] 0 218.3 0.67 A (1116)

From Tab. 3.7, we find that the kaon radius, (r%)lﬂ, is about 0.7 fm for the
lowest bound state (the p-wave one) in the CK approach, which is slightly smaller
than that of our present approach. This result for the small radius seems consistent
with their interpretation of the kaon hedgehog system as the strange quark and
di-quark system for hyperons.
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Figure 3.6: The s-wave KN potential in the EH approach and s-wave kaon-
Hedgehog potential in the CK one.

In Fig. 3.6, we show the potentials for the s-wave bound states for the EH and
CK approaches, which correspond to the interaction in the A (1405). However,
its structure is different in the EH and CK approaches: in the EH approach, the
A (1405) is a weekly binding object of the anti-kaon and nucleon, while, in the CK
approach, it is a first excitation state of the ground state A. From Fig. 3.6, we
find that these potentials look very similar. There is an attractive pocket in the
middle range and is a repulsive core at short distances. In the CK approach, the
repulsive core comes from the effective angular momentum, l.;; as we mentioned
in Sec. 3.2.3. We consider from this fact that the presence of the centrifugal-like
potential in the CK approach is related to the exsistence of the repulsive core in
our approach.

3.7 Kaon-nucleon scattering states

In the end of this chapter, we consider the kaon-nucleon scattering state [29]. As we
shown in Eq. (3.54), we have already obtained the equation of motion. Therefore,
it is possible to discuss any kaon-nucleon channels. However, we would like to
concentrate on the lowest spin-parity channels in this study. We have calculated
s-wave kaon-nucleon scattering states for the all parameter sets. However, for the
realistic situations of the kaon-nucleon systems, it turns out that the use of the
physical pion decay constant is important. Therefore, we will show the results for
the sets A and B in the following discussion.
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Figure 3.7: Phase shifts for the kaon-nucleon scattering states with J” = 1/2~ for
the parameter sets A (left) and B (right)

First, we show the scattering phase for the various s-wave channels as functions
of the kinetic energy, ¢, defined in Eq. (3.72) in Fig. 3.7. For the set A (left panel),
the phase shift of KN (I = 0) channel starts from 7 at zero kinetic energy due to
the Levinson’s theorem [49]. For the I = 1 channel, the phase shift indicates that
the interaction in attractive but it is not enough strong to form a bound state. On
the other hand, for the KN channels, the phase shifts show that the interaction
is repulsive but that for the I = 1 channel is more strong.

For the set B, the KN bound state exists in both 7 = 0 and I = 1 channels
as we discussed in Sec. 3.5.1. However, for the I = 1 channel, the bound is very
shallow, which is consistent with the phase shift in Fig. 3.7. The I = 1 bound state
disappears by using the slightly larger pion decay constant. It may be meaningful
to fine-tune the parameter set, but we will not do because our approach contains
only kaon-nucleon channels. Physically, the 7¥ channels are very important to
make further discussion of the kaon-nucleon system. In Chapter. 4, we will include
the w3 channel as a extension of this approach.

From Fig. 3.7, we find that the strength of the attraction in the KN channels
and the repulsion in the KN channels for the set A are weaker than that for the
set B. This reflects that the obtained potential is approximately proportional to
1/F? as the WT thorem [15, 16].

To complete the discussion up to here, we consider the phase shift for the
KN (I = 0) channel for the all parameter sets. In Fig. 3.8, the phase shift indicates
that the attraction between the anti-kaon and nucleon becomes weaker in the order
of C, B, and A, which is consistent with the bound state properties shown in
Tab. 3.6.

Finally, let us consider the scattering length, a, for the KN (J P =1/ 2_) scat-
tering state, which is defined by,

.. tand (k)
a=— 11613{1] — (3.74)
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Figure 3.8: Phase shift for the KN (JP =1/27,1= 0) bound state for the three
parameter sets, A, B, and C.

where k is the wave number and § (k) is the phase shift. Using this equation, we
have derived the scattering lengths for the isospin 0 and 1 channel which denoted
aj—o and aj—q, respectively. The results are summarized in Tab. 3.8.

Table 3.8: Scattering length for the KN (JP = 1/2_) scattering state.
Set A Set B
aj—g | 1.58 fm | 1.32 fm
aj—1 | -3.41 fm | 8.22 fm

From this table, we find that a;—o for the set A is longer than that for the
set B. This is because the KN attraction for the set B is stronger than for the
set A. For the isospin 1 case, the situation is the same as the isospin 0 case. As
we summarized in Tab. 3.5, there is no bound state in KN (J¥ =1/27,1 =1)
channel for the set A, whereas one bound state with a few binding energy for the
set B. Therefore, the sign of a;—; is different in the set A and B, and the absolute
value of ay—; is smaller for the set A then for the set B.

All scattering lengths summarized in Tab. 3.8 are real. However, those obtained
from theoretical calculations and experiments are complex, for example [50, 51, 13].
The reason is that we do not consider the coupled channel effect, which is important
for more realistic discussion. Because of this, in the present study, we will not make
further quantitative discussions here.

We have also shown the scattering lengths for the KN channels in Tab. 3.9. All
scattering lengths shown in this table indicate that the K'N interaction is weakly
repulsive, which is consistent with the properties of the KN interaction shown in
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Fig. 3.7. We find that the scattering lengths for the set B is slightly longer than
those for the set A. The reason is the same as the case of KN scattering length.

Table 3.9: Scattering length for the KN (JP = 1/2*) scattering state.
Set A Set B

ar—o | 0.028 fm | 0.029 fm
ar—1 | 0.46 fm | 0.53 fm

The scattering lengths shown in Tab. 3.9 are real because it is considered that
the KN channel does not couple to the other channel. Actually, the empirical
K N scattering lengths are from 0.03 fm to 0.1 fm for the I = 0 channel and about
0.3 fm for the I = 1 channel [52, 53, 54]. We consider that our result is in good
agreement with these results.
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Chapter 4

A (1405) as a KN Feshbach
resonance

In the previous chapter, we have shown that there exists one bound state in
KN (JP =1/27,1= O) channel with the binding energy of order ten MeV. Fol-
lowing the result, we extend our approach to the A (1405) resonance. As we have
mentioned, the A (1405) is considered to be a resonance state of the KN and 7%
channels. Therefore, we need to solve a coupled channel equation to discuss the
A (1405). However, in this study, we regard the A (1405) as a K N Feshbach reso-
nance and investigate it in the Skyrme model. In this chapter, we will first derive
a formula for the decay width of the A (1405). Next, we explain the formalism in
the Skyrme model and then we show numerical results.

4.1 Formula for the decay width

In this section, we consider the KN Feshbach resonance from the point of view of

an effective field theory. Let us start with the following effective Lagrangian,

Lepr = gy + (h.c.), (4.1)

where ¢ is a dimensionless coupling constant for the A (1405)-7% vertex, a is the
isospin indices, a = 1,2,3, and (h.c.) stands for the Hermitian conjugate of the
first term. The field operators for ¥, 7, and A (1405) stand for ts, 7, and -,
respectively. For our convenience, we abbreviate A (1405) to A* in the Lagrangian.
The Feynman diagram for the A (1405) — 7% process is shown in Fig. 4.1.
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Figure 4.1: The Feynman diagram for the K N Feshbach resonance.
Using the Lagrangian Eq. (4.1), we first consider the following matrix element
with the initial A (1405) and final 7% states,
(5] Loy A (1405)) = (%] gdgm®dhy- |A (1405))
= g (a7 |0) (£]¢5[0) (0] ¥a- |A (1405)) . (4.2)

Furthermore, we derive the invariant amplitude from the matrix element,

M (A (1405) = 7%) = /d4x<7rz\£effyA(14o5)>

= gty (Ps) Uy (pa) (21)"0W (pa- — pr — ps), (4.3)

where 4, (ps) and u, (pa+) are two-component spinors for 3 and A (1405), respec-
tively, and p (p) is the four-momentum (three-momentum) for the corresponding
particles.

Finally, we obtain the decay width for A (1405) — 73 process by using the
amplitude,

P = 3555 [ (11 555
A*—=7¥  — 9 - - 2mA Pt (27'[')3 2Ef

? (27)4 5@ (PA* — Pr — Dx)

x g*|s (Ps) ur (Pa+)
2§|p|M
™ 4(E2+E7r)’

where the factor 3 in the first line comes from the fact that A (1405) can decay into

=g (4.4)

%0, 77X~ and 77X, and |p| is the momentum transfer, which is determined
by the energy-momentum conservation. The mass and energy are denoted by m
and FE, respectively,

E?T = \/m
Ey, = /mx? + p%.

In this approach, we determine the coupling constant g to reproduce the experi-

(4.5)

mental data. The detailed derivation of Eq. (4.4) is shown in Appendix D.
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4.2 KN Feshbach resonance in the Skyrme model

As we discussed in the previous section, we need decay width as an input to
determine the coupling constant in the field theoretical approach and the decay
width is observed by experiments. Contrary, our approach shown in this section
does not need the decay width as the input because it is possible to derive the
decay width as a theoretical prediction. The key in our approach is that the matrix
element is interpreted as the coupling constant g. Once we obtain the coupling
constant as the matrix element, the decay width can be calculated through the
formula Eq. (4.4).

In this section, we explain how to derive the coupling constant for the A (1405)-

7w vertex. To do that, we need to evaluate the following matrix element,
(75| Lint 1A (1405)) (4.6)

where L;,; is the interaction Lagrangian. The Feynman diagram corresponding to
this matrix element has already been shown in Fig. 4.1. To calculate the matrix
element, we first introduce the interaction Lagrangian for the A (1405)-73 vertex
and then we construct the initial and final states. The initial A (1405) appears as
the KN bound state in our approach, while the final ¥ is constructed in the CK
approach. Finally, using the wave functions, we evaluate the matrix element.

We summarize the necessary quantities to calculate the matrix element below
and explain one by one in the following subsections.

1. Interaction Lagrangian
2. Initial and final states

3. Wave functions for the particles

4.2.1 Interaction Lagrangian

First, we construct the interaction Lagrangian for the A (1405)-7% vertex. To do
that, we employ a current-current interaction in this study,

2 a a
Ez’nt = E@”W JE’ R (47)
where 971 is the pion axial current and Jjj is the baryon axial current and they
couple to the A (1405)-7% vertex. Taking a matrix element of the interaction
Lagrangian with the initial A (1405) and final 73 states, we obtain,

(S| Lant | (1405)) = — (] 9 0) (] J5 | A (1405)) (4.8)

™
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In this study, we combine the CK and our approaches to describe the A (1405)
as we have shown in Fig. 4.2; the A (1405) is realized as the KN (quasi-)bound
state in our approach and the ¥ is done as the bound state of the s-quark and
di-quark in the CK approach. Therefore, the matrix element Eq. (4.8) is rewritten
as follows,

2 _
(3] Ling | A (1405)) = o (| 0#7®|0) (sd| J,‘;”a |KN) , (4.9)

™

where s and d stand for the s-quark and di-quark, respectively.
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| > X >

N Lo ~ 7S Di-quark

Figure 4.2: The A (1405)-7% vertex in this study.

In Eq. (4.9), the first term on the right hand side is the one pion matrix element
and is computed trivially. But the second one is not. Therefore, we concentrate
on the second term of the right hand side in the rest of this subsection. To do
that, we derive the axial current J»*, which is obtained from the SU(3) Skyrme
Lagrangian as a Noether’s current [40].

We show the SU(3) Skyrme action again,

1 1
I = / dix {—F%r (0,U0"UT) + ok [(0,U) U, (0,U) UT]* + LSB} +Twaz.

16 ™
(4.10)
Under the axial transformation, the variable U transforms as follows,
U— gaUga. (4.11)
In Eq. (4.11), g4 is an axial transformation operator,
ga = €O = (4.12)

where T = T%(a =1,2,3,---,8) is the Gell-Mann matrices and 6 is a rotation
angle.
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Using Egs. (4.10) and (4.11), we obtain the axial current .J>* form the Noether’s
theorem,

.F2
Jo = S [1° (R — L)
l

a v uwll _ [TV I3
bt [T ([ (R, B (1 L. )
N, Te
__¢ mwaf i
487'('26 tr 5 (LVLaLﬂ—i-R,,RaRg) , (413)

where IR, and L, are defined by

foy = UOU! (4.14)
L,=U",U.

The first term of Eq. (4.13) comes from the second derivative term, the second one
from the Skyrme term, and the last from the Wess-Zumino action. The derivation
of Eq. (4.13) is shown in Appendix E.

The obtained axial current has time and spatial components. In this study,
we consider the most dominant component of the axial current as a first attempt.
To do that, we consider the non-relativistic limit of the axial current Eq. (4.13).
Following the discussion in Appendix F, the time component of the axial current
is dominant due to the parity conservation between the KN and .

Now, we consider the variable U. It is given by the the Callan-Klebanov ansatz
Eq. (3.6) in the classical level,

U=/ NuUk\/Na. (4.15)

From now on, we consider the second derivative term of the Lagrangian as an
example because the contributions from the Skyrme term and Wess-Zumino action
are very complicated. Substituting above ansatz for the axial current Eq. (4.13),
we obtain the leading contribution,

2
gBa=0.2)  _ zF—’? 2v2
H=0 16 \ F,

tr {73 {% (€K (k™) € — €T (0K T) €]
5 @) K¢ — ¢ (@) K¢ H » - (416)

where the superscript (2) shows that the contribution from the second derivative
term. Here, we consider A (1405) — 7°%° process, for simplicity. In Eq. (4.16),
what is important is that one K and one KT operators appear in the current. We
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Table 4.1: Identification of creation and annihilation operators for the kaon and

s-quark.
Kaon Anti-kaon s-quark s-quark
K || Annihilation Creation Creation Annihilation
Kt Creation Annihilation | Annihilation Creation

identify K and KT with kaon annihilation and creation operators, respectively, and
then we obtain several relations summarized in Tab. 4.1.

According to Tab. 4.1, we identify K with the s-quark creation operator acting
on the final state and KT with the K annihilation one acting on the initial state.
Therefore, K is regarded as a s-quark in the CK appraoch while KT remains a
kaon in our approach after quantization,

K — AK
or (4.17)
Kt — KLy,
and the Hedgehog soliton is quantized by isospin rotation,
£ — A(t)EAT (1), (4.18)

where A (t) is an SU(2) isospin rotation matrix.

Here, we show several techniques for explicit calculations. We first consider the
properties of the hedgehog soliton. As we have mentioned in Sec. 2.2, the hedgehog
soliton is invariant for the simultaneous rotation in the isospin and spatial spaces,
Therefore, we obtain the following relation,

A (t) 6iT~fF(r)AT (t) — eiTaRab(A)f“bF(r)’ (419>

where R, (A) is a spatial rotation matrix. Here, let us recall what we would like

to calculate. Our purpose is to evaluate the following matrix element,
/de (TS| L|KN) ~ /dgzc (%] 731" |K N)
- / Bz (x| (0) (5] SO KNY . (4.20)

Therefore, if we change the angle variables by the spatial rotation matrix R (A),

P — 7 =R(A)T, (4.21)
then the integral measure is also changed,
dr — dr’. (4.22)
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However, as long as 7 runs over 0 < § < 7 and 0 < ¢ < 27, the angular integral

measure is invariant for the above variable transformation,

/ d = / dF (: / d(R(A) f)). (4.23)

Therefore, if we redefine 7 as 7 after isospin rotation, we obtain,
A (t) ei’rvﬁF(T)AJf (t) — eiTaRab(A)be(r)

— ei‘rafle(r)

el ) = Uy = €, (4.24)

and the integral measure apparently does not change.

According to the redefinition, the matrix element of the pion current and the
kaon operator in the CK approach change. For the former, the matrix element is
given by the partially conserved axial current (PCAC) relation (Ref.),

0] 9,7 |7b) = ip,ePr6e, 4.25
n u

where p,, is the pion momentum. Next, we expand the pion plane wave part with
the Rayleigh formula,
e*'ip:p — e*ipofboeip'w — efipoxoeiprcose
= e PN (214 1)il5 (pr) P (cosf), (4.26)
1=0
where j; (px) and P, (cosf) are the spherical Bessel function and the Legendre
polynomial, respectively. We show their explicit forms, for example, [ = 0,1, 2,

sin z

Jo(z=pr) = . (4.27)
sinz  coSz
(2 = = — 4.28
hie=pr) = F (4.28)
, 3 1) . 3cosz
Jo(z=pr) = (; — Z) sinz — — (4.29)
and
Py(cosh) = 1 (4.30)
P, (cos®) = cosb (4.31)
1
Py (cosf) = 3 (3cos® —1). (4.32)

Due to the spin-parity conservation, the s- and d-waves pion is allowed in the
KN — 7¥. However, in the low-energy region, the s-wave contribution is more
dominant than the d-wave one. Therefore, we consider the s-wave pion,

emPT s eimomo —Smp(fr), (4.33)
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which is independent of the angular variables.

For the latter, as we mentioned in Sec. 3.2.2, the ¥-hyperon is generated as a
bound state of the p-wave kaon and Hedgehog soliton. Because the kaon is the
p-wave, it depends on the angular variables. To make a further discussion, we
need to introduce the kaon wave function in the CK approach. Therefore, we will
consider again in Sec. 4.2.3

Let us go back to the derivation of the axial current. Using the quantization
rule Eq. (4.17), we obtain from Egs. (4.16),

2
a= F? (22
J57 _07(2) Z s < \/_>

$=0 16 \ F,
Xtr {73 {% [fAKCK (30K1T;H> ¢ — ¢l AKecx (80K2H> 4
—% [@4 (OoKck) KL‘HgT - fTA (OoKck) KLH&} }}
LOWN). (4.34)

Here, the 1/N. contributions comes from the time-derivative of the isospin rotation

matrix and we neglect them because it is higher-order correction.

4.2.2 Initial and final states

Here, we construct the initial KN and final ¥ states. First of all, we show our
phase convention for the s-quark two-component spinor and kaon isospinor.

e s-quark spinors

If we naively introduce,

s = <3T> , (4.35)
Sy
which means

1 0
Sy = (0) = Xu=+1/2; S, = (1> = Xp=—1/2- (4-36)

e Kaon isospinors

If we introduce the kaon iso-spinor as,
K+
K= (KO) , (4.37)
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which corresponds to
Kt = <1> ., K= (0> . (4.38)
0 1

Kt = (K*, KO) , (4.39)

. Then, we obtain

which meams

K= (1, o) R (0, —1> , (4.40)
due to the charge conjugation.

Now, we construct the 3 state by combining the spin 1 di-quark and spin 1/2
s-quark to form spin 1/2 by using the Clebsch-Gordan (C.G.) coefficients,

X (JSs=1/2)) = )s(J=1/2))

- \[\d (Js=1)s,) — \/7|d (Js=0)sr).  (4.41)

On the other hand, for the KN state, it is given by
EN) = Lk = (/S
Ve 2 "
1, . 1, —
= 3 IpK™) + 3 InK") . (4.42)

4.2.3 Wave functions for the particles

Finally, we consider the wave functions for the s-quark, anti-kaon, di-quark, and
nucleon in terms of collective coordinates. First, we introduce the nucleon and
di-quark wave functions, which are defined in the SU(2) isospin space. For the

nucleon wave functios, we have already shown in Sec. 2.2 and we give them again

here,
(p1) = <a1 T ia)
p )= 7r ( ap — ias) (4.43)
In 1) = (ao + iag)
\ Inl) = 71T (ay — iag).
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For the di-quark, it is possible to construct the wave function by regarding the
proton (neutron) as u-quark (d-quark),

(Ip 1) ~ |ut)
4y ~ [u d) i)
n 1) ~ |d 1)

Ind) ~[d ).

For example, di-quark with J; = 1, I3 = 0 state is given by

A D) + @) ). (4.45)

Therefore, the wave function is written by,

JE @)+ (@) )

— % K% (ay +m2)> (% (ag +ia3)) + (% (ag +m3)) (% (a1 +z‘a2)>}

V3

—  — (apay + iajaz + iapay — asaz)  with normalization

S

= — (a1 + iag) (ag + tas) . (4.46)

Its detailed derivation is sown in Appendix G

Next, we consider the kaon and s-quark wave functions which are defined in
the configuration space. The radial part of the kaon wave function is obtained
by solving the equation of motion Eq. (3.54) and the angular part is given by
the spherical harmonics Y = 1/ V/4m Therefore, we obtain the spatial kaon wave
function in the following form,

K (r) = \/%k (r), (4.47)
where k (r) is obtained by solving Eq. (3.54).

For the s-quark, the radial part is obtained by solving the equation of motion
Eq. (3.23), which is the same as the case of the kaon wave function. However the
angular part is different from the kaon case. As we mentioned in Sec. 3.2.4, the
s-quark spin J is equal to the kaon grand-spin T' = I + L in the CK approach. The
kaon isospin is 1/2 and the lowest bound kaon is a p-wave in the CK approach.

Therefore, the angular part of the s-quark is a combination of the spin 1 and spin
1/2,

m [l
[Yy 71/2]2/:211/2 = - ET'TX;“ (4.48)
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where y,, is a two-component spinor. As a result, the s-quark wave function is

s(r) = —\/gr XS (1), (4.49)

where s (1) is obtained by solving Eq. (3.23).

As we mentioned in Sec. 4.2.1, the s-quark for ¥ is in p-wave and its wave

written as,

function depends on angles. Therefore, it is modified after an isospin rotation as
follows,

AKeg (r) = — At 7 (ATA) xus (r) e !

1 —i
= s ) e
1 i
= — ET'TAX“S(T>€ Est, (4.50)

Here, we define the two kaon operators f(gK and K gy With their wave func-

5~

tions. To do that, we first expand KCK and K rH operators as follows,

(

Ko = bl s, (r) + b1 0y, (r) + -+

Klye = byl (r) + siw%( r)+ (451)
IA(EH:a}(OdJ o(r)+aK Vg- (r)+---

| Kby = agotle (r) + axc- vl (1) + -+,

where dots parts (---) in the equations are the higher excited states, which are
irrelevant for the present study. Here, we would like to explain the notations in the
above equations. First, b and b; (i = st,s,) stand for s-quark creation and anni-
hilation operators with spin 4+1/2 states, respectively. In the below two equations,
al, and a, (x =K' K _) represent the creation and annihilation operators, respec-
tively. The wave functions for the particle is denoted by 2/1;- (r) ( j=sn8,K" K _).

Using the creation operators in Eq. (4.51), we define the following one-particle

quark and meson states,

lsy) =l [0)
=5l 10
|K0> = Qpo |O>
|[K7) = ale_[0).
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The wave functions of the s-quark and anti-kaon have already been obtained,

)
1 -
U, (r,1) = — T X (r) emiBst
1 4
Vs, (r,t) = — [ —T - 7xs,5(7) e Bt
14” (4.53)
VYio (r,t) = Eq)[’(ok (r) e"ibxt
1 .
VY- (r,t) = | — Pk (r) e Fxt,
\ 47

where x and ® are the s-quark two component spinor and K isospinor, respectively.
To calculate the matrix element Eq. (4.9), we consider the correspondence
between the two component spinor (isospinor) in Eq. (4.53) and the s-quark (anti-
kaon) spin (isospin) states. To do that, we first consider the anti-kaon case because
it is simpler than the s-quark one.
If we naively define the kaon operator Kgy as,

. K+
we obtain the following operator,
Ky = (K- K°), (4.55)

and KE g 1s an annihilation operator for the anti-kaon.
From Eq. (4.42), we can write the A (1405) state as,

A(1405)) = |KN(I

= \[W( \/7|nK0 (4.56)

Therefore, acting K g g from the left side of the ket-vetcor, we obtain,

K;H\KN 1=0))

- K KO [\[U}K \/>!nK0]
o <dK*¢K*a &i{olbf(*) [\/g|pK_>+\/g|nK0>]
= L) w S (0 ) ke, )

where a, (95 =K, K 0) is the annihilation operators defined in Eq. (4.51).
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Next, we consider the Kcg operator. We start with the kaon two-component

. K+
K= (KO) , (4.58)

As we mentioned in the previous chapter, the kaon is quantized as an s-quark in

isospinor,

the CK approach. Therefore, K+ corresponds to a spin-up state and K° does to a
spin-down one. Furthermore taking into account that the kaon does not contain the
s-quark but s-quark, we obtain the following relation due to the charge conjugation,

&m:<%) (4.59)

and Ko is the annihilation operator of a s-quark, equivalently the creation op-
erator for an s-quark, from Tab. 4.1
The ¥ state has been given in Eq. (4.41)

X (s=1/2)) = =1)s(J=1/2))
\/7‘61 Si \/7|d J3 = 0 ST (460)
Therefore, (¥ is written as,
Eh=12] = \2h= sl A =05l (@8

Operating Ko from the right side, we obtain

(S (J5 =1/2)| Kok
= \/g(d(Jg =1) 8| Kex — \/%(d(nfs = 0) 51| Kox

2 s L i
_ \/;<d (J3 = 1) S¢| <—§¢> - g <d(<]3 = 0) 3T| <—§T>

2 bsiw% ( ) 1 _ blﬁﬁsi (T)
= g(d(Jz’):l)SH ( b, (7 )> 5 (d(J3=0) 54 ( )

2 1 1 0
X g <d (J3 = 1)' 1/1% (T) <0> - g <d<J3 = O>| ¢5T (7“) (_1> ) (4'62>

where b (i = s4,5,) is the s-quark creation operators defined in Eq. (4.51).
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From Egs. (4.41), (4.42), (4.57), and (4.62), it is possible to evaluate the fol-
lowing matrix element,

(2| Kok KLy IKN)

= { §<d(J3 =1)sy| - \/§<d(J3 =0) SH}KCK
<Ky {\/g!pKW + \/g!nffo)}

2 N R
= 3<d(J3=1)8¢|KCKK]T;H\/;|pK )

2 . . 1, -

1 o 1
- §<d(J3 =0) ST|KC’KKI?H\/;|pK )

1 N N 1
~\3 (d(J3=0) EN KCKKTEH\/QWK%

§<d<J3=1>\<;> (1. 0) \p>+ﬁ<du3=1>\<é> (0. 1))
- é<d<J3=o>|<_01) (1. 0) 19—/ @ =0) (_01) (0. 1)Inm).

K

In the end of this subsection, we introduce normalization conditions for the
kaon and s-quark wave functions which is consistent with the solutions of the
Klein-Gordon equation.

First, in the CK approach, the normalization is given by [20, 21],

47 [ ek (1) Ko () [ () (@ + ) + 22 ()]
4r [ derI%Z (r) k., (r) [f () (@n + ©m) — 2 ()]
4r [ drr2k? (r) k., () [f () (wn — @) + 2X (1)]

57’1/771
- (4.64)
0,

where w,, an w,, are the energies of the s-quark and s-quark in the m-mode,
respectively and k,, () and k., () are the wave functions for the s- and s-quarks,
respectively. The radial dependent functions are given by,

1 sin? I’ 9
fr) = 1+(6Fﬂ)2 {2 5 +F} (4.65)
N,E sin®>F
Alr) = —27T2F7r2 3 F’ (4.66)
1 sin? I
h(r) = 1+ 2 : 4.67
I (1.67)
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These normalization conditions are derived from the canonical commutation rela-
tion. Using them, the dimension of the wave function turns out to be MeV.
On the other hand, in our approach, the normalization conditions are given by,

’47rfdrr2k;’; (r) ki (7) -f (Wn + W) +2{p1 + M} — %di (r pg)- = Gpm

Az [ drr2kE (r) ko (1) -f (On + @Om) —2{p1 + M1} + i?di (r*p ) = Opm (4.68)

4 [ drr*k (r) fem (1) -f (W — Om) +2{p1 + M1} — %di (r” pg)- =0,

where
p1(r) = _WIK In [1 + (elj’ﬂ)Q (% sin? F + F’2)1
_sin® EXF/2) [1 + (e;ﬂ)Z (752 sin® F + F’2)1 (4.69)

o (r) = ﬁ {#F (AT - Iy + 3)} (4.70)
Aulr) = _27r]2V}677r2 SH;ZFF,

where w,, and k,, (r) are the anti-kaon energy and the wave function, respectively,
and the tilded variables stand for the kaon.

4.3 Result and discussion

Using the guidelines shown in the previous section, we obtain the following matrix
element,

<EO|J5a 3|KN>
= (PO RN + (S P RN + (S0 RN,
(4.72)
where the first term is the contributions from the second derivative term, the
second from the Skyrme term, and the last from the Wess-Zumino action.

In this section, we consider the contribution form the second derivative term
(29 J;’ZOZ @ |KN) as an example. We would like to show the axial current
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J5,a:O,(2)

=0 again,
2
JHa=0.2) @F—Tg 2V2
H=0 T 16\

xtr {73 {% [gAKCK <60KTEH> ¢ — ARk (aoKTEH> 5}
—% [514 (OnKcx) Kjpé' — 1A (00 Kox) KJT«;Hf] H :
(4.73)

First, we take the matrix element of J Z’ﬁoz “() with the initial KN and final &

states,
(S S @R N)
= (3
xtr [T?’ {% [gAKCK (aOKjEH) et~ et AK (aoK;H) 5}
€4 @ukien) K€l - €14 @nken) K] | 1),
(4.74)

1
2

Here, we can replace time-derivative operators with +¢F because they act on the
exponential part of the K and s-quark wave functions,

OKex — —iE Kok (4.75)
KL, — iEgKgy.
Therefore, the above equation is rewritten by,
(=] L K N)
1
= (l;
xtr [73 {’ETK [gAKCKKTEHgT - gTAKCKKgHg}

+iES
2

[gAKCKKgHg - gTAKCKK;Hg] H IKN)

1
xtr [73 {gAKCKKgHgf - gTAKCKK;Hg}] IKN).  (4.76)

= (-

Expanding the Hedgehog soliton as follows,

F F
§:cos§+i(7'~f)sin§Ec+@'(7-f)s, (4.77)
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we obtain,

(20 122 RN
i(Bg + Ey)sin F
1
x (X0 tr [73 {(7‘ ) AKex Ky — AKox Ky (- f)H [KN).
(4.78)

Next, we replace two kaon operators, Kox and Kgpy, with their wave functions
given by Eqgs. (4.50) and (4.53) as we have done in Eq. (4.63),

5,a=3,(2) | >
<EO|JH:0 ( )’KN>

| (Ex + E,)sin F 1 4 1 .
_ _Z( K +4 s) Sin (_ 47T> s (7”‘) ezEst\/;k* (T‘) ezEKt

- QMh=m#wa91’®“¢W>
1 o 1)@

fdo  i(Ei+ Es)sinF

s (7,) E* (T) efi(Es*EK)t

X

4
i\/gﬂd(Jg = 1) A1 |p) = (d(J3 =1)| A1 |n)}
4

+3éﬂah=mmmmuw=®MMM4’@W>

where A is the SU(2) isospin rotation matrix and it related to the nucleon wave
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functions,
A = CLO—F?;TZ‘CL“ 2:1,273
ap +ias ia; +a Ay A
_ o 3 Lt azy) 11 Az (4.80)
ta;p —az ag —1ias Agp A
and we use several techniques in calculations. The first one is a property of the
Pauli’s matrices,

(T-7)(T-7) = 1oxo (4.81)

TaTvTa = —Th,

where 1oy is the 2 X 2 unit matrix. Second, we perform the angular integral
because the contribution from the pion part is independent of the angles as we

have shown in Eq. (4.33). Performing tha angular integral, we obtain,

4
/ dQ (7 -P) 13 (T 7) = ?WT@TL%T@- (4.82)

Using the wave function of the nucleon and di-quark summarized in Appendix G,

we obtain,

5,a=3,(2) |
(20 2@ | KNy

fdQ\ i (Ef( + ES> Sians (7,) L* (7”) efi(EstK)t

1 . 2
\/;/ d:u (A) wd]i;:()”]?):l %wd%zo,t&:l
\/>/d,u deS =0,J3= f( %3 —0,J3= )]

. EK + E ) sin I 4 % —Z(Es EK)t
i(Eg + Es)sin I’ CiFa-F

_ 1 (1) e 1B Ex)t 1.83

B E (1) e (1) BB, (483

where the integral in the isospin space is defined by,

s 2m
/d,u (A) = / d91d92 / d93 sin2 91 sin 92, (484)
0 0

and the relation between the three angles and the SU(2) rotation matrix is given
by,

(
ag = cos 6,

a1 = sin 0 sin 6, cos O3 (4 85)

ay = sin 01 sin 0, sin 05

Ch sin 64 cos 0.
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Finally, we obtain the matrix element of the second derivative term on the
effective Lagrangian Eq. (4.7),

/ &z (1050 I P K N)

(] 0°7*|0) (3] Jg | KN)

SEPLITLEE
T

{ (Ex +9E ) sin F’ s () k" (r) ei(ESEK)t}

2 Er (Eg + Ej) o i(Bnt Bo— i)t
E, 9
X / dr r? (sm (pr) sin F's (r) k* (7‘)) : (4.86)
0 pr

where F; and FEj are the energies of the bound state anti-kaon and s-quark,

ol
Ly

respectively, and p = p, = (E,;, p) is the pion four-momentum in the final state
and we use Eqgs. (4.25), (4.33), and (4.83). The wave functions for the anti-kaon
and s-quark are denoted by k (r) and s (r), respectively,

It is possible to derive the other contributions with the same way as we men-

tioned above after painful calculations,

E. ‘
/ Ao (P8 STV | KNY — T et B Bt / dar ?S20T) 7 (4.87)

eQF,r3 pr
where
T = —4mi (26°F?) (20| JE== K N)
_ s 02
= —(ES—EEK)S(T') E* (r) [; sinF{(F')2+ SH;QFH
Ex . 4c%sin F E, 4 s2sin F
H2E e ) [3ERE 62 =)+ B o) [ (-2 459
EK/ * / _5702 LSQ % */ / L02_5732
3 ()k()[QF( 3+3 +3s(r)l<: (r) |2F 3 3 ,
(4.88)
and
/ &z (n°%°| IV KN
o N Ex o {(BrtEs—Eg)t
18m2F.3
i 4sin FF' 2sin® F
« far I (i (0 2 4 e ) 2
. 2sin® F
i ) 25 ) (4.80)



In the above equations, s = sin (F’/2), ¢ = cos (F”/2). The prime symbol stands
for the r-derivative, for example,
dF (r)

F'(r) == (4.90)

Now, we have analytically derived the coupling constant for the A (1405)-7°%°
vertex as the sum of Eqs. (4.86), (4.87), and (4.89). We would like to show the
numerical result for the decay width of the KN Feshbach resonance. To do that,

we first show parameters in numerical calculations below.

e Pion decay constant F) and the Skyrme parameter e

They are the basic parameters in our study and we use the same three
parameter sets A, B ;and C as we have introduced in Sec.3.5. If we determine
the parameter set, the profile function F (r) is obtained and the binding
energies of the anti-kaon and s-quark, Fz and E;, are derived.

e Masses and energies of particles, and momentum transfer

They are requested when we evaluate the decay width from Eq. (4.4). The
particles related to our purpose are the ¥, 7, s-quark, K and A (1405).

We first consider the 3, m, and A (1405). To determine the energies of ¥ and

7, we need to introduce their masses because their energies are determined

by,
Ey, =/ p|* +m? (4.91)
Er=1/Ip|* +m2, (4.92)

where p is obtained from the energy-momentum conservation,

and

Es. + Er = Enq1405) = MA(1405)

(4.93)
ps+p-=0, (|p|=|p=| = |px|)

To decide the Energies, Ey, and E,, we introduce the masse of X and 7. In
this study, we take their masses at their experimental values,

my = 1193 MeV,  m, = 138 MeV, (4.94)

where we take an isospin average of masses of 7 and X
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For the mass of the A (1405), we take it at 1420 MeV which corresponds to
the mass of the higher pole in the chiral unitary approach, which originates
in the KN bound state [55],

TN A(1405) = 1420 MeV. (495)
Therefore, we obtain the energies of ¥ and 7 from Eq. (4.93),
By = 1204 MeV,  E, =216 MeV, p = 166 MeV. (4.96)

As we have shown, we choose the experimental values for the masses of 7,
Y, and A (1405) because we consider that it is important to use the physical
values for the realistic situations.

Next, we consider the energies of the s-quark and K. They are related to
their binding energies.
Es=mg —Epp

(4.97)
EI_( = MK — EgEa

where E} , and Eg g are the binding energies of the kaon-Hedgehog and
kaon-nucleon systems, respectively, and we take the mass of the kaon, mg
at 495 MeV.

To summarize the numerical parameters, we would like to classify them into

to group: one is independent of F and e and the other is dependent on F, and

e. The former are the masses and energies of the hadrons (m,, E,, mg, ms, Ex,

and m(1405)) and the momentum transfer p is also independent of F, and e. We

summarize them in Tab. 4.2.

Table 4.2: Parameters independent of F; and e

My

Er

mg

my

Ex,

A (1405)

p|

138 MeV

216 MeV

495 MeV

1193 MeV

1204 MeV

1420 MeV

166 MeV

The latter are the energies of the s-quark and anti-kaon. We summarize them

for each parameter set in Tab. 4.3.

Table 4.3: Parameters for the decay width.

F, [MeV] | e | Es [MeV] | Ex [MeV]
Set A 205 4.67 360.8 475.0
Set B 186 4.82 345.3 463.7
Set C 129 2.45 276.7 415.5
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We numerically calculate the coupling constant for the A (1405)-7°%° vertex
and the result is shown in Tab. 4.4. The A (1405) can decay three 7 states, 7°2°,

Table 4.4: Coupling constant for the A (1405)-7°2Y vertex.

F, [MeV] | e | gasgoxo
Set A 205 4.67 | 0.187
Set B 186 4.82 1 0.223
Set C 129 5.45 | 0.333

737, and 7~ X1, Therefore, the total coupling constant gy«.x, is given by,

QA*wE = \/ggA*ﬂ.OEO. (498)

In Tab. 4.5, we show the total coupling constant and the decay width obtained
from Eq. (4.4).

Table 4.5: To total coupling constant ga(i405)~x and the decay width of the KN
Feshbach resonance.

F. MeV] | e | gaqaos)es | Dasrx [MeV]
Set A 205 4.67 0.324 2.3
Set B 186 4.82 0.386 3.3
Set C 129 5.45 0.576 7.4

From this table, we find that the decay width is few MeV for the sets A and
B. For the set C, the width is slightly larger than those of the other sets but it is
about 7 MeV. As a result, the A (1405) as the KN Feshbach resonance turns out
to be a narrow resonance in our approach.

We can see that the width becomes larger as the coupling constant gets large.
This is because the factor without the coupling constant in the formula for the

decay width Eq. (4.4) is common among the three parameter sets in our study,

2 lp| Ex +ms o 2

gA(1405)7rE?4 (EZ + Eﬂ) = gA(1405)ﬂ.E x 22.3 MeV.

| P (4.99)
Therefore, the reason for small width is the same as that for the coupling constant.

We consider why the coupling constant turns out to be narrow. It is related to
the wave functions of the s-quark and anti-kaon. As we have shown in Eqgs. (4.86),
(4.87), and (4.89), the coupling constant depends on the overlap of the wave func-
tions, s (r) k* (r). The s-quark wave function is obtained by the CK approach and

it behaves as an s-wave shown in Fig. 3.1. On the other hand, the anti-kaon wave
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function is derived from our approach and it behaves a p-wave shown in Fig. 3.3.
Therefore, the coupling constant is suppressed because the overlap of the two wave
functions, s (r) k* (r), is that of the s-wave and p-wave.
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Chapter 5

Summary

In this study, we have investigated the A (1405) as a KN Feshbach resonance
in the Skyrme model. To do that, we have first constructed a new approach to
describe the kaon-nucleon systems and investigated the kaon-nucleon interactions.
Our approach is based on the bound state approach in the Skyrme model proposed
by Callan and Klebanov [20, 21]. In our approach, we first quantize the Hedgehog
soliton as a nucleon and then introduce the kaon as fluctuations around the physical
nucleon, which corresponds variation after projection. This is the different point
from the Callan-Klebanov’s (CK) approach [20, 21]. In their approach, we first
introduce the kaon fluctuation around the Hedgehog soliton and then the kaon-
Hedgehog system is quantized as a hyperon. The CK approach corresponds to
projection after variation. Changing the order of variation and projection, our
approach does not obey the 1/N, expansion but we consider that our approach is
more suitable to physical kaon-nucleon systems.

For the kaon-nucleon interaction, it contains central force with and without
isospin dependence and the similar spin-orbit ones, which completes a general
structure between isoscalar-pseudoscalar kaon and isospinor-spinor nucleon. A
nontrivial finding in our study is that there exists a repulsive component propor-
tional to 1/r? for small . This repulsion is considered to be a centrifugal-like force
by the isospin rotating Hedgehog soliton. For the s-wave kaon-nucleon interaction,
the resulting potential turns out to contain the repulsive core at short distances
and the attractive pocket at the middle range. The attractive pocket comes from
the Wess-Zumino action, which physically corresponds to the w-meson exchange.
As a result, the KN bound state is generated as a weekly binding object. Fur-
thermore, the existence of the repulsive core should influence the properties of the
high density nuclear matter with anti-kaon.

For the kaon-nucleon scattering states, we have investigated the phase shifts for
the s-wave KN and KN scatterings. The obtained phase shifts indicate that the
KN interaction is attractive and KN one is repulsive, whose difference is simply
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explained by the Wess-Zumino action. Then, we have calculated the scattering
length for the KN scattering state but the resulting length turns out to be larger
than the experimental results and other theoretical calculations [52, 53, 54].

Second, we have constructed a new method to investigate the decay width of
A (1405). In the present study, we have regarded the A (1405) as a K N Feshbach
resonance as a first attempt and have evaluated its width. To do that, we have
introduced an effective Lagrangian which is given by the pion axial current and
the baryon axial current. Taking a matrix element of the effective Lagrangian with
the initial A (1405) and final 7% states, we have derived the coupling constant for
the A (1405)-7% vertex. To compute the matrix element, we have combined the
CK and our approach: the ¥ hyperon is constructed in the CK approach and the
A (1405) appears as the KN bound state in our approach. The obtained coupling
constant and width is few MeV and the KN Feshbach resonance is realized as a
narrow resonance in this study.

Finally, we show our future plan. In the present work, we have considered the
A (1405) resonance as the KN Feshbach resonance. However, in the real situation,
the A (1405) is a resonance of the KN and 73 channels. We are planning to
investigate the coupled channel of the KN and 7.
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Appendix A

Spin and isospin operators

Here, we derive the spin and isospin operators in the Skyrme model. We show the
Skyrme Lagrangian with the rotating Hedgehog ansatz for later convenience,

L = / P2 Lspyrme (U = AU AT)

= — My + Atr [AAT] (A = %}f”) , (A1)

where My, is the classical soliton mass, A = A () is an SU(2) isospin rotation
matrix, and A is the moment of inertia. The second term in Eq. (A.1) is the
contribution of the rotation energy.

To derive the spin and isospin operator, we first consider the spatial and isospin

rotations.

e Spatial rotation

AUR At = Aem 0 AL AeimeRanF () gt = ARTFFORIAT (A.2)

where R is a spatial rotation matrix with a generator 7 and a rotation angle
0,

R=expliJ - 6], J:%. (A.3)

e Isospin rotation

AU AT = Ae™ P AT 5 DA™ ATDT (A4)

T

5 and a rotation angle

where D is a spatial rotation matrix with a generator

@,
D =exp[il - ¢], I:%. (A.5)
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As a result, we find that the spatial and isospin rotations correspond to the

following transformations,

A — AR for spatial rotation

(A.6)
A — DA for isospin rotation.
Therefore, the rotation energy part in Eq. (A.1),
L, = Atr [AAT] (A.7)

is relevant under these rotations. Thanks to the trace properties, we can easily
check that L, is invariant under the two transformations Eq. (A.6).

Now, we derive the spin and isospin operators as the Noether’s charge. We
first consider the spin operator. From Eq. (A.6), the infinitesimal spatial rotation

is given by,

A—>AR:A(1+%T-0), (A.8)
and the Noether’s current [40] related to the infinitesimal transformation is written
as,

8L?”ot
gt = 09, A9
00,0 )

p=A, AT

Therefore Noether’s charge, that is classical spin operator J, is given by,
J,=7" = Atr {AT%AT;C} + Atr |:<—%TkAT) A}

iAtr [ATATk] ( AtA = —ATA> , (A.10)

where k is the three-dimensional space indices, k = 1, 2, 3.
Next, we express the obtained spin operator with the collective coordinates,
a, (p=0,1,2,3). To do that, we introduce a, as follows,

AICLQ—i-’iCLiTi € SU(Q), (ZI 1,2,3) (All)

then L, and the spin operator Jj are, respectively, given by,

Lot = 2A (af + @) (A.12)
and
Jk = —2A (doak — dkao + eijkdiaj)
& J = —2A (C'L()CLZ‘ — ;a0 + eijkdjak) . (A13)
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Furthermore, the conjugate momenta is defined by,

oL

T, = —
o
da,,

= 4Aa,. (A.14)

Using 7, the spin operator, J; is written as,

1

Ji = —5 (Woai — ;o + Eijkﬂjak)
— J i(9 a 0 ap + 0 a
i= 5\ a7 %~ 3~ €ijk
2 6a0 8@2- 0 ]kaaj b
L1 0 0 0
i= =zl aGiz7——ao7— —€ja;— |, L =1,2,3), A.15
& : (a ay 05 ik 8ak> © ) (A.15)

where we perform the canonical quantization, m, — —id/0a, in the second line.

The isospin operator is obtained with the same way as the case of the spin one,

I, = iAtr [AAT ra} : (A.16)
and
L 0 0 0 .
I; = 5 (ao(?_ai — aia—ao - Gijkaja—ak) ;o (1=1,2,3). (A.17)

From Egs. (A.10) and (A.16), we find that it is possible to obtain J, from I,
by exchanging A with AT, which reflect the strong correlation of spin and isospin
in the Hedgehog ansatz.
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Appendix B

Baryon number current

In this appendix, we derive the baryon number current from the Wess-Zumino
action [22, 23, 24] as the Noether’s current [40] associated with the U(1) vector
transformation, The Wess-Zumino action is given by,

1N,

Twz = 24072 dw Tt [LuLyLaLgLs]
Z.]\fc 5
= gm0z | Tl (B1)

where L, = U TﬁuU and we introduce an 1-form « for our convenience,
a=U'9,Uds" = U'dU, (B.2)
which satisfies,
do+o® = 0, (U',U) da" Ada” + (UT9,Udz") A (UT9,Udz)
= 0,U'0,Udx" N dx” — 0,U'0,Udx" A dx”
=0 (B.3)

First of all, we derive the general expression for the vector current from the
Wess-Zumino action. To do that, we consider the following vector transformation,

U— gUgt, ¢g=e%T/2 = ¢, (B.4)

where # and 1" are a rotation angle and generator, respectively.
Under this transformation, we derive the vector current as the Noether’s cur-

rent. First, we consider how the variable, o transforms.
a = UldU
— (gU'g")d(gUg"), g=¢"
~ (1+ig) U (1 —ig)d[(1+i) U (1 —i¢)]
= a+iUdoU — idp — iad + ida
= a+da. (B.5)
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Here we consider the infinitesimal transformation and we define,
Ta
da = iUTdoU — idd — iag +iga, dé = d@“ (B.6)

Then we obtain,,

lwz = Twzlv—gugt —Twz lu=v

e e [l 0] ~ o))

/ S (5t [faa])

2

= tr [doUa*UT — dpa’]

[(ZUTd¢U —ido — i + z¢a) }

— / 5 [doa’ — doB?] (B.7)
where a = UTdU, = —-UaU' =UdU" = R,dx", and a 1-form §3 satisfies,
B*4ds = 0. (B.8)

As we shown in Eq. (B.1), the Wess-Zumino action is defined in the five dimen-
sional space, Ds. Therefore we next change the five-dimensional integral into the
four-dimensional one by using the Stoke’s theorem. To do that, we use Eqs. (B.3)
and (B.8) for the above result,

/ ot [da® — dop'] = _/ fesats [dodac’ — g’
_ /D 4]8V7T _d (tr [dgaa? — depA?])

= / 42[ tr [dqﬁaa — d(bﬁﬁ}
(.- Stoke’s theorem) , (B.9)

where 0Ds is the boundary of the five-dimensional space which corresponds to the
four-dimensional space-time. We will discuss it later.

As a result, we obtain the vector current, J*®,

N. T°
Ha prap —
J 487T2e tr [ 5 (LuLaLg RZ,RQRB)]
N. T°
= pvof
24ﬂ_2€ tr l 5 LVLQLB} : (B.10)
where,
L, = U9U (B.11)
R, = UJU =~-L,. (B.12)
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For the case of the U(1) vector transformation, the baryon number current is given

by,

NC vo
T =55 Ptr[L, Lo Lg) (B.13)

Finally, we have a comment for the space where the Wess-Zumino action is
defined. It is defined in the 5-dimensional space, D5, given by,

Ds = R® x R?, (B.14)

where R3 is the 3-dimensional space and R? stands for the time and fifth directions.

Then, we compactify the these spaces as follows,

R3 ~ §3

R oo (B.15)

where S™ is the n-sphere which is a n-dimensional sphere defined in the (n + 1)-
dimensional space. Furthermore S? is generally written by

S% ~ St x [~1,1] (B.16)
\ ‘
v dDs+ = R4
Ds = Ds* + Ds"

Figure B.1: Schematic description of the five dimensional space.
Next, we decompose Dj into two hemisphere, DF and D;,

DI =53 x S} x[0,1]

f (B.17)
Dy = 8% x S} x [-1,0],

where S} stands for the time direction and we decompose S? into the two hemi-
sphere with Eq. (B.16). The boundary of the 5-dimensional space, D3, is given
by the Euclidean space, R* = S3 x S}, in the above equation (see Fig. B.1).
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Appendix C

Explicit form of the interaction

In this appendix, we show the explicit form of the interaction term Eq. (3.57) in
Sec. 3.4. As we shown, the interaction term are written as follows,

V(r)=V5(r)+ V() Igy + Vi (r) Jen + VE2 (r) Jrn Ik, (C.1)

where the first and second terms are the isospin independent and dependent central
ones, respectively, and the third and last terms are the isospin independent and
dependent spin-orbit ones, respectively. Their explicit form are given by,

. 1/ sin® F st 1 sin? F\]1(l+1
Vi(r) = —= (2 +(F’)2>+2ﬁ+ [1+(€F % (F’2+ > )} (r2 )

4 72

1 sin? F [sin? F 9 st o  sin?F
— 2 2(F' —2= ([ (F
(eFﬁ)Q{ r? < ZER )> v“?(( S ﬂ
1 6 [stsin®F  d
— {S = —i—%{szsinFF’}}

(eFp)?r* [ 12
ook (o730
R { (* ““F)} S G
0 - oo (7)) - (2]
(C.3)

1 2Esin’F 3 sin’F

LS
O CF)y A7 T EIE AR (©4)
and
1 sin? F\ ] 16s2 1 8[d
VLS - — |1 F')? 44 _ 21X (sinFF)| .
) [ TR << S )} 32 (eFy)P [dr (sin )}
(C.5)
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In the above equations,

s=sin(F (r)/2), (C.6)
,_ dF(r)
F' = :
PR (c7)
and
Ign =I5 -1V, Jgy = L% - JV, (C.8)

where I and IV stand for the isospin of the kaon and nucleon, respectively. The
kaon angular momentum and nucleon spin are L¥ and J¥, respectively. The

((F’)2 LS F )] | (C.9)

r

moment of inertia A is given by

2
A= gﬂ?/drrz sin? F [1 +

4
(eFr)”
The last terms of Eq. (C.2) and Eq. (C.4) are derived from the Wess-Zumino
term, which is attractive for the KN potential and repulsive for the K N potential.
These equations are general for any partial waves of the kaon. For instance, the

s-wave potential is obtained by setting [ = 0 and removing the terms including
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Appendix D

Decay width in the field theory

D.1 Notations

We first show our notations, which is based on those of M. E. Peskin and D. V. Schroeder [56].

D.1.1 ~-matrices

~v-matrices are defined by,

where

and

D.1.2 Free boson field

e Mode expansion

0@ = [GrAmlt@e T e 0y
If ¢ is real, the a = b.

e Commutation relation

(¢ (@), 7 (y)] =6 (x —y), (D-5)

and
la(p).a’ (q)] = (27)* 6@ (p—q). (D.6)
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e One particle state

p) = /2B, (p)[0). (D.7)
e Wave function
0lo@lp) = o [ 5 s (@) @) ]2 ()
— e, (D.8)

D.1.3 Free Fermion field

e Mode expansion

¢ ($) = / 27T \/ﬁ Z ar ur —ipx + bi (p) v, (p) eipw] ’

(D.9)
and
(o) = / ;ZW ﬁ%Z vt al (p) W (p) €]
(D.10)
e Anti-commutation relation
{va(@). 0] ()} =9 (@ —y) du, (D.11)

and
{a, (p),as (@)} = {b. (P) . bs (@)} = (27)° 6 (p — q) 6,5, etc.  (D.12)

e Normalization and explicit form of the spinor

Uy, (p) us (p) = =0, (P) vs (P) = 2mMdys
ul (p) us (p) = vf (P) vs (P) = 2Ep0, (D.13)
ul (p) vs (—p) =0,

and

Y us(p)us(p)=p+m, D v (p)0(p)=p—m. (D.14)
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Forr=1,2

" (D.15)

( \
v (p) = (Vp'a)xr (D.16)

(1)> o X2 = <(1)> ) (D.17)

ot=(1,0), o'=(1,-0o). (D.18)

X1 =

where

e One particle state
[p.s) = \/2Epal (p) |0) . (D.19)
e Wave function

(0] (2) [p. 5
dgp/ 1 ’ N —ip'z ’ N ip'z

= 00 f G 2 Lo 0w 0 e bl 0 ()]
x /250, (p)0)

= u, (p)e P (D.20)

D.2 Decay width

We derive the decay width for the A (1405) — 7% process from a effective La-
grangian. To do that, let us start with the following Lagrangian,

Leps = gUsm™Pas, (D.21)

where g is a dimensionless coupling constant for the A (1405)-7% vertex and a is
the isospin indices, a = 1,2,3. The field operators for X, 7, and A (1405) stand
for 1)y, 7, and -, respectively. For our convenience, we abbreviate A (1405) to
A* in the Lagrangian.

To derive the decay width for the A (1405) — 73 process, we first consider the
following matrix element of the effective Lagrangian,

<7TZ|,Ceff |A(1405)> . (D22)
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Using the wave functions discussed in the previous section, we obtain,
(2] Lepr |A(1405)) = gt (ps) uy (pa-) e Par—prmr)r, (D.23)

Performing space-time Integral, we obtain the invariant amplitude, which is a
probability amplitude for this decay process

M (A (1405) — 7)) = /d4x (75 Lops |A (1405))
= gl (ps) ur (pa-) (27)" 6 (pae — pr — p) -(D.24)

Here, we perform the space-time integral in order to estimate the total probability
in the whole universe.

Therefore, we obtain the probability as follows,

2 £(2m)" 6@ (pre — pr —pi) )

(D.25)

IM (A (1405) — 7X) |* = ¢*|us (px) ur (Pa-)

Now, we consider the meanings of the square of the delta-function. The delta-
function is defined as,

(2m)* 6™ (ps — pr — px) = /d4xe‘i(pA_p“"’E)a’, (D.26)

which corresponds to the space-time volume, V1. For the decay width (and the
cross-section), it is important to consider the unit space-time volume. Therefore,
we can remove the one delta-function for our purpose.
Next, let us move on to the integral measure, which is given by
d3pf 1

ERiTR (D.27)

We need the first factor d®ps/ (27) to sum up the final states with momentum
interval [ps, pr + dpy]. The rest one, 1/ (2Ey), reflects that there 2E; particles in
the unit space-time volume. To verify this, we consider the time-component of the
current, j°, which corresponds to the charge density. For example, we consider the
fermion current. It is given by,

GH = hytap. (D.28)
therefore, we obtain
§° =9l =2E, (D.29)

which shows that there is 2F fermions in the unit space-time volume.
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Let us go back to the derivation. The decay width is given by,

ZZ o ( C;f)f » >g . (ps) ur (pac) |

x (2m)"1 09 (pa- — pr — p3) - (D.30)

In this equation, my« is the mass of the A (1405), my- = 1405 MeV. Here the

spinor part is given by,

YD s (ps) ur (pas) I
- Z Z Us,q (px) Ur,a (pa+) Us,3 (px) (] (pa-)

— Z Z [, (pa) @y (pA)]aﬁ [ty (PA) U (pA)]ﬁa

= tr[(py +ma) (s +ms)]
= 4 (pA - Py + mATFLz) . (D.31)

In the decay process, the decaying particle is at rest. Therefore, due to the energy-

momentum conservation, we obtain the following relations,

Pau = (mA7 O) y  Pru = (Empw) y P = (EE,pE)
my = Es+ Bz, 0=p;+ps, (D.32)

with E? = m? + p? for each patrticle. As a result, we obtain,

Z Z s (Ps) ur (PA)|? = 4(pa - ps +mamy)

= 4 (mAEg + mAmg)

= 4mA (EE + mg) . (D33)

Using the above result, the decay width reduces to

r - E/L (H @py L) g [4ma (Bs, + ms)] (21)" 69 (ps — pr — ps)
f=m

2 2mp ~L (Qﬂ)i% 2F;
1 d3p dgpz
=g = Es + my)] 6@ —p -
g (27)2/ 15 By, |(Estms)] 0 (pa = pr = ps)
- Y (271')2 4E7|—EE = = A 7T ¥) |pr=—pPs=p - .

In the last step of Eq. (D.34), we use the momentum conservation, 0 = p, + ps.
Defining p = p, = —ps, the energies of the m and ¥ are written by,

Br= v 9" (D.35)
EE = \/mgz —|—p2 = \/mﬂ'2 + E22 — m22. '
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As a result, we obtain,

r =g 12/ il [(Es +ms)] 0 (ma — Er — Ex)

(2) 4F, by,
1 Exy+m
2 2 )
— —Fb,—F
g 2 / dqb/ sm@dé’/ Ip|2d|p| —=—— 15 B, d (my 77 o)
B 1 [ Ey +my
—9—/ pl*dlp \WCS( — Er — Ey)
T ) E +m
= g—/ Eg — mx dEg > Z (mA—\/mWQ—i—Eg — myx, —Eg)
E —|—m 1
=49 —/ V Es? — my2dEs = = J(Eyx)
T Jo 4F
—1

™ Es,
\/’I’)’Lﬂ—2 —|— EEZ — m22
Esx +my  E;

1 [~
= ¢*— dE ) (F
J 7r/0 pldEs AF,. by + E; ()

1 Ey +m
2 P b))
. D.36
P (D.36)
In this calculation, we use a formula for the delta-function,
1
) =D tar0(r—ri), (D.37)
27

d
where [ (r) = de) and f (r =1m;) = 0.
Finally, taking into account that the A (1405) is allowed to decay in to the

790 7+t¥~, and 7~ X1 stats, we obtain,

(D.38)

82



Appendix E

Axial current in the Skyrme
model

In this appendix, we derive the axial current from the SU(3) Skyrme Lagrangian
via the Noether’s theorem [40]. To do that, let us start with the SU(3) Skyrme

action,

1 1
_ 4 2 nadi
r= /d v {—16Fﬂtr (U0U") +

tr [(8MU) UT, (&,U) UT}Q + LSB} + sz.

(E.1)
The SU(3) axial transformation for the variable U is given by,
U — gaUga, (E.2)
where g4 is an axial transformation matrix,
ga =0T =% ~ 14 g, (E.3)

and 7% (a = 1,2, --8) are the eight Gell-Mann matrices. In the following sections

we derives the axial current from each term in the SU(3) action.

E.1 Second derivative term

First, we consider the second derivative term L®),

1
L = glatr (8, U0"U"). (E.4)

Under the infinitesimal axial transformation Eq. (E.3), a variation of L) is given
by,
5L

L(U = gaUga) — L (U)

2
f—gtr [0, (i) UO*UT + 9,U0" (—ig) UT + 0,UU 0" (—igp) + U, (ip) 9"U"]
= f—gzm (0.0 (UOFUT —UO*U)], ¢=6-T/2, (E.5)

12
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where we use the following relation between U and UT
Uo,Ut = —-o,UU". (E.6)

As a result, we obtain the Axial current from the second derivative term,

2
Joma(?) — f—gm [T (U9, U — U'a,U)] . (B.7)

E.2 Skyrme term

Next, we consider the Skyrme term,

1 2
4
LW = ok [(0,U) U, (0,U) U]

For our later convenience, we consider the following values,

R,=U9,U!
L,=U",U.

By using them, we rewrite the Skyrme term as,

1

32¢2
1
= 5at R, R, (E.10)

L® tr [(8,0) U, (0,U) UT]?

For the trace part, we obtain,

tr[R,, R,)’
— 2tr[R,R,R*R" — R,R"R,R"]. (E.11)

Because only the trace part of the Skyrme term changes under the axial transfor-
mation, we concentrate on it for a while. Under the axial transformation Eq. (E.3),
R,, transforms,

R, = U@uUT — gUg0, (gTUTgT)
~  —iU(9.0) Ut + R, +i(¢R, — Ruo) — 10,9
= R, —iU(9.9) Ut +i (R, — Ruop) — 10,9
— RO 4 RY (: (R+ R(l))u) =R, (E.12)
where the superscripts, (0) and (1), stand for the order of ¢,

RO =R,, (E.13)
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and

RY = —iU (9,0) U +i (pR, — Rup) — i0,0. (E.14)

i

Therefore, we obtain,

oLW = LW(R,) - LYW (R,)

1 1 v 1 v 1 v 1 v

~ oo [RORRURY + RVR,RURY — (RDR'R,RY + R{VR, VRV ) |

_ 1 1 1 1

= [2RL ) X1 — (Rg Y* + R )Z“)} , (E.15)

where we define,

X*=R,R'RY
Y# = RFR,R (E.16)
Z* = R,R'R".

Substituting the explicit form of R,(}), Eq. (E.14), we obtain,

LW~ 32162 Atr [2{=iU (8,0) Ut — i0,0} X*
—{=iU (8,0) UT — 0,0} (Y* + ZM)]
= 32% it [0,0 {(Y* 4+ ZF — 2X*) + UT (Y* + ZF = 2X*) U }]
1
= 3 it 0.0 {— [RY (R R+ (L7 (18 LY, (E.17)

where ¢ = 0-T'/2. As a result, we obtain the axial current from the Skyrme term,
7
16'62
= 162 2tr [T“ {[RV’ [RI/7RNH _ [LV, [LmLMH}] (E.18)
e

with R, = U@UT and L, = UT@LU.

JBoma(4) tr [T°{—[R",[R", R,)] + [L",[L", L,]]}]

E.3 Wess-Zumino term

Finally, we consider the Wess-Zumino term,

tN,

I'wz = 510,72 dox Pty [L,L,LoLgL,]
iN, .
= 500 tr [o”] (E.19)

where o = U'dU is an 1-form introduced in Appendix B and it satisfies,

da +ao? = 0. (E.20)
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After the axial transformation Eq. (E.3), we obtain,

a ~ a+iUldeU +i(ag — pa) + idp
= o+ oo, (E.21)
where we define as
Ta
Sa = iUTdoU + i (ap — ¢a) +idp, dp = do* - (E.22)

Using the above result, The Wess-Zumino action changes as follows,

lwz

I'wz lv=gug —T'wz lu=v

1N,
/487r2tr [(5&@4]

12

= — / 421; tr [dpa* + doB*] (E.23)
where
a = U'dU, (E.24)
p=UdU’, (E.25)
and
3%+ dp = 0. (E.26)

Using the Stoke’s theorem as we have done in Appendix B, we obtain,

N, N,
[ s lasnt o) = - | ot fd6an +aos] (20

As a result, we obtain the axial current, J>*¢ from the Wess-Zumino term

N, ™
JS,;,L,CL,(WZ) e —@euyaﬁtr |:7 (LVLQL/B + R[/RQRB) I (E28)
where,
L, = UlgU (E.29)
R, = U(“)HUT. (E.30)
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Appendix F

Dominant contribution of the

axial current

In this Appendix, we consider the dominant contribution of the axial current in
the non-relativistic limit. To do that, we first explain the general properties of
the axial current. After that, we consider the KN Feshbach resonance. In the
non-relativistic limit, the axial current for the -decay is given by

Ty =i (ps) yuvsu (pi) (F.1)

where u (py) and u (p;) are the two-component spinor wave function with final and

initial momentum p; and r;, respectively, and, in the non-relativistic limit, u (p)

1 1 0
u(p):(a’-p)x, X:<> or () (F.2)
oM 0 1

In the above equation, M is the mass of the particle, o is the Pauli matrix, and y

is given by

is the two-component spinor.
Using it, we obtain the axial current for u = 0 and p = k components,

. 1
o pf
o~ X (1 S )707,475 (0 ~pi> Xi

oM
o
= Xygp7 PP (F.3)
. 1
o p
T = (1 552) omas (ﬂ) Xi
M
1
.I.
= op +—— (o - o (o - p; i F.4
Xf{ k (2M)2( py) ok ( p)}x (F.4)

Furthermore, in the non-relativistic limit, the velocity of the particle, v ~ p/M,
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is much smaller then 1,

—_— —_— 1. F.
< 2M < 2M < (F.5)

Therefore, the spatial component of the axial current is dominant,

J,i:o < J[Z):k ~ X}Usz’- (F.6)

Now, let us consider the K N Feshbach resonance. To do that, we consider the

following matrix element,
(eS| 07 I3 |[KN (I = 0)) = (x| 9"x*[0) (X[ J* |[KN (I = 0)). (F.7)

What is important here is that the parity is different in the initial and final
states for the matrix element of the baryon axial current, (X|J>*|KN (I =0)):
)y (JP = 1/2*) and KN (JP = 1/2*). Therefore, we need to employ the axial
current with parity minus, in order to satisfy the parity invariance.

According to this, for the K N Feshbach resonance, we use the following current,

Ty = a(pg) v (pi) - (F.8)

The spatial and time components of the axial current Eq. (F.8) is given by,

. 1
o p
T =~ X <1 —2Mf>70w (wpi) Xi
oM
1
T
_ 1+ ——(o-pf)(o-p;) b vs F.9
W e i) P fx (F.9)
. 1
o-p
T =~ X <1 2—Mf>%% <a~pi> Xi
oM
o-p;, O-p

Therefore, in the non-relativistic limit, the time component is dominant,

To < Jizg ~ X (F.11)
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Appendix G

Di-quark wave function in the
isospin space

In this appendix, we construct the di-quark functions in the isospin space. To

do that, we first show the normalized nucleon wave functions which are given in

Ref. [38],

(1p1) = <a1 T ias)
4= = oo =) .
In 1) = (ao + iag)

L Inl) = 71T (a1 —ias),

where T ({) shows the spin up (down) state and a, (a =0, 1,2,3) are the SU(2)
collective coordinates defined by,

3
A(t) = ap+iam € SUQ2), > a’=1 (G.2)

To construct di-quark wave functions, we identify the proton (neutron) with
the an up quark (down quark). Therefore, we obtain the following relations,
(Ip1) = <a1 +iag) ~ ut)

p ) = = = (ap —iaz) ~ u |)
In 1 (ao +iaz) ~ |d 1)
) = L (a1 = ) ~ 10,

) =
) =
where u and d stand for the up and down quarks, respectively, and the meanings

of the up- and down-arrows are the same as those of the nucleon wave functions.
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Using Eq. (G.3), we construct di-quark wave functions. For example, the di-
quark with J = I = 1 wave function is constructed by the sum of two p 1 states,

D(Js=113=1)=[(u?)(u1)], (G.4)

where, D stand for the d-quark in this Appendix, J and J3 are the spin and its third
component, respectively, and I and I3 are the isospin and its third component,
respectively. Therefore, we obtain the wave function without normalization,

D(J=1L=1)=w?)(u?l) x [(ag+ iag)]Q
= (af — aj + 2iayay) . (G.5)

Actually, we can easily check that it has J = I = 1 by acting the spin and isospin
operators on the wave function, and the operators are given by [38],

I —12 4 —ai—e ai
k= Sar @ k@ao klm l@am

J_l A
E= 3t 8 ” aoaak lemalaam

Finally, we show the di-quark wave functions for (J3, I3) = (1,0) and (J3, I3) =

(G.6)

(0,0) states. For the other states, we can derive the wave functions in the same
way.

o D(J3=1,I;=0)

D(J;=113=0) = [(w 1) (d 1)+ (d 1) (u1)]

=N

= ? (a1 + 'iCLQ) (ao + ia3) . (G7)

e D(I;=0,J5=0)

D (I3 =0,J; =0)

- VFIVF{UT (d4)+ (ud)( dT}+vfde ) (wd)+(d])(ut)}

= \/;W(CL02—CL12—CL2 +CL3). (G8>

Using Eq. (G.6), we verify that the wave functions have their proper quantum

numbers.

90



Appendix H

Normalization of the wave
functions in the CK and EH

approaches

In this appendix, we show the normalization conditions for an s-quark in the CK
approach and for a kaon in our (EH) one. Under the normalization condition, their
wave functions carries a dimension of MeV, which is consistent with the solution
of the Klein-Gordon equation.

The CK approach

First, we review the normalization condition in the CK approach [21]. In their

approach, the Lagrangian and the equation of motion for the kaon are, respectively,

written by,
L= fr)VETE+ir(r) (k»*ic - ic*k;) (H.1)
dkt dk
—h(r) e k'k [mj + Vegg (T =1+ L,L)]
and
—f (r) k4 2i\(r) k + Ok = 0, (H.2)
where
14T, dk ) o
Ok =5 {(r h(r)) dr} —mik —Vegs (T =1+ L, L)k (H.3)
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is an hermitian operator. The explicit expressions for f (r) and the other terms

are given in Ref. [20, 21],

1 sin® I’ ,
F = o {2 - +p2} (H.4)
N.E sin®F _,
M) = g F (H5)
1 sin? F
h =1 2 . H.
v +&af[ﬂ] o

and k = kpp, (r,t) is the radial part of the kaon field, K (r,t) = > Yrrr, (7) krg (1, 1),
and the second term in the above Lagrangian comes from the Wess-Zumino term.
Expanding the kaon as follows,

k)= [kn () @bt 4k, (1) e_i“"tan] , (H.7)

n>0

we obtain the following equations for each eigen mode,
[f (M) w2 + 20 () w, + O]k, =0,  [f(r)@2 —2X\(r)@, + O] k, =0, (H.8)

where @, and w, are the energies including the rest mass of the kaon.

Using the hermiticity of O, we derive the following orthonormal relations,

4 [ drr2kE (v) km (7) [f () (wn + W) + 2X (7)]
47 [ drr2k: (1) ko (7) [f (1) (@ 4 Om) — 24 ()]
4 [ drr*k; (r) fem () [f (1) (wp — @) + 2 ()]

6nm
O (H.9)
0.

To verify them, we recall the orthogonal condition and the definition of the
Hermicity in the elementary quantum mechanics. For the orthogonality, we sup-
pose that the eigen energies for n and m modes are different, F,, # E,, (E € R).
Then, the energy eigen equation for an operator, H, is defined by,

Hwn = nd]na (HlO)

where 1), is the eigen state for n-mode. Now, we consider the following values,

(Hn) o = (Buthn) - (V2 HD) Yy = Byt

(H.11)
(Htpn) ¥f = (Enthm) ¥ Un (HYm) = Enyibm.

If H is Hermitian, then

(H.12)
U (HYm) = Eqn .
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Therefore, we obtain,

0= /d% (Ep — Ep) V5. (H.13)

Because F,, # F,,, we obtain the orthogonal relation by spatial integral,
/dgrw:;wm X G- (H.14)

Next let us recall the definition of the Hermicity. For an operator, H, defined
in the Hilbert space, H, if the following relation satisfies,

(Hgln) = (¢|Hy)  for any & € H, (H.15)
the operator, H , is the Hermitian operator. In other words,

[ (i) ) = [ [¢ (i) (H.16)

Now, let us go back to the verification for the orthonormal conditions. The

equation of motion Eq. (H.8) is rewritten as follows
[fw? + 20w, + Ol ky = ES¥k, =0, [fw&,® — 20&, + O] k,, = Bk, = (H.17)
Therefore, we obtain as we have done in Eq. (H.11),

(ES%k,) k= 0

(H.18)
ki (ESKky,) = 0.
Therefore, from Eq. (H.18), we obtain
& | (ES5k,) k| =0
[ de [k} (ES5hy)] = 0
3z (w2 klkm + 2w\ (1) Kk + KOk = 0
o VPR () Kk + 200 (1) Koo + 5 O] (1.20)
[ B2 f (1) Kk + 2w (r) Kk + k5 Oky,) =

where O is Hermitian. If n # m (w, # wn), we can derive from the above equa-
tions,

/d3 [(w — w? ) F(r)E k4 2 (wn, — win) A(7) k;‘lkm} =0
& /d3a: (wn, + wm) f (1) Ky ko + 20 (r) k) K] =0, (H.21)

which is nothing but the orthogonal condition for k,, in Eq. (4.64). For ky, the

situation is the same as the above case. However we keep in mind that the sign of
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A (r) changes because it comes from the Wess-Zumino term. The last relation is

easily derived from the equations,
(EC% k) o = 0

o (EﬁK%m) . (H.22)

From now on, we identify a,, and b,, with the annihilation operators for the s-
and §-quarks, respectively. In other words, k, corresponds to the s-quark wave
function and k, to the s-quark one. Next, we derive the momentum conjugate to
k,

_ 9L _ ) EN X (r) k. (H.23)
ok
Then canonical commutation relation is given by,
[k (7,1) , T (@, 1)] = 16,0 (7 — q) . (H.24)

By substituting the explicit forms of K and 7 for the commutation relation, we
verify the normalization condition. To do that, we impose the operators a, and
b, on the following commutation relation,

e For the bound states,

[an, al,] = [ba,b],] = S (H.25)

ny Ym

e For the continuum states,

la (k) ,a' (p)] = Const. x 6 (k — q). (H.26)
Therefore,
Fin (7, 8) 7o (7, 8)] = [, S+ 0K
LG AR A (H.27)

Using Eq. (77),
[k (7, 1) , 70 (7, 8)] = f(—mm> {k i ei@n—wm)t} (b}, by]
(iwm {k: ke G “’")t} [an,ain]
+z)\{k:nk;* e'@n=amth (8], b,
+id { ko ke Cn et a, af ]
= i (fO, = N kk: + 1 (fw, + A) kK
i6® (0) (H.28)

After operating the spatial integral, [ d*r, we obtain the canonical commuta-

tion relation,

[k, 7] = i. (H.29)
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The EH approach

From now on, we consider the orthonormal condition for the anti-kaon field, k,
in the EH approach, with the same way as we have done for the CK one. In our
approach, the Lagrangian is given as follows,

d dr
. dit dk dk dk
; 1. _ Lt _ oo - T
i () (kk: k:k) hir) = dr+J(r)(di:+k dr)
—k'k [mj, + Vegp (r I%, L5 IV, TV) 4+ X0 ()] (H.30)

L= fr) kk+ip (r) (k% _ ka) ips (1) (dka dek)

where

Fr) = 1+(€Fl B [fijf +F’2] (H.31)

4sin® (F/2 sin? (F
p1(r) = —%IK Iy ———F—

[
sin” (F/2)

F 2) (5
sm (F/ (— sin F+F'2)}
4sin? (F/2)

1 4 .

_sin® (F/2) [1+ L (3 sin F+F’2)} (H.32)

in? F + F’2> Ix Iy

A (eFW) r2
1 sin F’
p2(r) = —(eF 7 [—A F/(4IK‘IN+3)] (H.33)
N. sin®’F
M= o
Ne o 0 1 sin®F _,
_ = 34
FWQB, B sz 7 L (H.34)
N, sin®(F/2)sin® F _,
Ao (1) = pyoE Y o F (H.35)
1 sin? F
hir) = 1+(6F » {2 > } (H.36)
1 in? (F/2) sin F'
J(r) = ~ {681]& (F/ 2) o F’]. (H.37)
(eF,) r

In the above equations, A (r) and Ay (r) come from the Wess-Zumino term and the
other functions come from the normal SU(3) Skyrme Lagrangian. The equation
of motion is derived from the Lagrangian Eq. (H.30) by taking an variation for &,
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that is,

/ Pzl (k, k' + 0kT) — / Pzl (k, k') = 0. (H.38)
As a result, we obtain,
L . . 1d ., :
—f(r) k4 2ipy (r) k4 20 (r) k — s [7%ps (r)] k + Ok =
& —f(r)Vk+2iX, (r)k—iYs(r)k+ Ok =0, (H.39)

where we define the real functions, X, Y;, and O as follows,

Xi(r) = pr(r)+ A (r) (H.40)
V() = o [ ()]
= %pQ (r)+ dp;r(r) (H.41)

_ (rdfapd 1d
Ok = {7’2 dr <T hdr) r2dr <T J)
— (M4 Vigy (ry 15, L5 IV JN) + 00) ] k. (H42)

Here, the problem is whether O is hermitian or not. To verify this, we calculate
the following value with eigen function ki, ks € R,

/ Pz (Oky)' ky

1d d 1d
_ 3 - 2p ) T (2
B /d v <L’2 dr (T hdr) r2dr (r*7)

— (M2 4+ Vi (r; T, L5 TN IN) 4+ 29) ] ) g

= /d% Q%% (ﬂhdii) - V} kl)Tkg. (H.43)

for the first term,

/ Pz (Oky) ky =

1d dk
- / d*x {ki‘ﬁ% (rth—:)} : (H.44)



and for the second term,

/ Pz (Oky) ky = — / &P (Vi) ky
= - / PrVEiky = / Pkt (—Vks), (H.45)

Therefore,

/d%ww
Jooe ([ () =) o
el (o)

= / k! (Oky) (H.46)

Therefore, we conclude that O is hermitian. Next, we expand kaon field and derive
the eigen equations,

r) = [ (1) €010+ ki (r) e Ma ] (H.47)

n>0

and we obtain,

[fwn? +2Xw, — Yow, + Ol k, = EFfk, =0

" (H.48)
[f&? —2X @, + Yoi, + Ol k, = EPHE, = 0.
Now, we consider the orthonormal condition. For k,,, we obtain,
EE L) K =0
(57 (H.49)
ki (EﬁHkm) =0.
Therefore, from Eq. (H.49), we obtain
o [ (EF k) k| = 0
/ ( ) (H.50)
[ &z [k (EER k)] =0
B [fWik! by + 2Xwnk ky — Yown ki + k2 Ok, = 0
| &xlf ' et 2Okl (H.51)

[ 3 [fw? Kk + 2X 1wk ki — Yownk ko + k2 Oky] =

where we use the fact that O is Hermitian as we have proven above. If n #
m (w, # wm), we can derive from the above equations,

/d3 [f(w —w )k*k: + (2X; — Yg)(wn—wm)k;}km} =0

& /d3a: [f (wn + wm) Kk + (2X) — Y2) kK] = 0. (H.52)
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For l;;n,

L
J & | (BEE,) k:m} —0
N (H.53)
J & K (EE R )| =
J & | J@2Rikm — 2X1 Gk + Yotk + KOk | = 0 (H "
[ & | fO2 ko — 2X 10k o + Yo o + & Ol ] '
If n#m (w, # wn), we can derive from the above equations,
/d% [f (@2 — @2) ki — (2X1 — Y2) (G — @) %;Em} —0
o /d% [f (@n + @) Kk — (2X1 — Y3) /%;lém} = 0. (H.55)
Finally,
J & [ (EE k) T | = 0
S de ki (BE R )| = 0.
[ & | fo2 ko + 2X 00k o — Yawn ki + k;‘;Ol%m} —0 56
[ da fw2 K B — 2X0@ ko + Yokt o + k;Ol%m] —0.
As a result, we obtain,
/de [f (W2 = @2) Kk + (2X1 — Ya) (W + @) k:;;l%m} =0
& /d% [f (W — @) K- Fo + (2X — Y) k;;/%m] —0. (H.57)

Let us summarize the above results for the normalization,

(47der7‘2k,’; (r) km (7) f (Wn +wm) +2{p1 + M} — idi (r* pg)- = Onm
47rfd7’7"2k'* (r )l% (r) -f (On +Om) —2{p1 + M1} + lzdi ( Pg)- = Opm (H.58)
\47der7“2k:*( )/~€ (r) -f(wn—@m)—i-Q{pl-l—)\l}—%di( ) =0
To verify them, we introduce the momentum conjugate to k given by,
_ oL . ,
= = F(r) kM i () KN iy (r) KT 0N () KT, (H.59)

where O is hermitian.
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Now, we perform the canonical-quantization. To do that, let us start with,

[kn (q7 t) s TTm (7', t)] = Zdnm5(3) (q — r)

‘ H.60
WEa—L.::fkT—i—z'(pl—i—)\l)kT—i—ink’T (H.60)
ok
and require the following commutation relation,
[an,a;] = [bn,bm = Onm- (H.61)
Therefore, we obtain,
[kn (’I’, t) » TTm (ra t)] = f [kna k:;rn,i| + i (pl + )\1) [kna k:;rn,] + ip? [km kgz]

= if (a;nfcnfc;; + wnknk;';>

= 0@ (0). (H.62)

Here, what is the problem is the third term is the left-hand-side. Therefore, we

consider the spatial integral of this part, especially for k, as an example,
/de pokn ks = 47T/dr 2 pokn kI
= 47T/d7”i[7’2p]€]{7*]—47T/d7’i[7’2,0]{2]]€*
d
= —47r/d7“ o (72 pa] Kk — /d3:r; pokl k. (H.63)
r
Because the wave function is k, is real, k,, = k;, we obtain
3 I£3 d 2 *
2 | d°z poknk, = —4m [ dr . [7“ pg] knk;,
r
d
= —47r/d7‘ 7"2—d— (7% pa] k. (H.64)
r

As a result, after spatial integral we obtain,

4#/dr’r2k;km [fwn +{p1+ M} — %%d% (7’2/)2)]
+47T/d7”7‘2];2*/;3m {f&)n —{p1+M}+ lli (T2p2):|
" 2r2dr
N (H.65)

This equation is completed due to the orthonormal conditions Eq. (H.58).
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