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Abstract

This thesis is devoted to a possible generalization of the entanglement entropy and its
implication to the holography, especially AdS/CFT correspondence. The AdS/CFT cor-
respondence is a way to define the quantum gravity in d + 1-dimensional asymptotically
anti-de Sitter (AdS) spacetime by using the conformal field theory (CFT) in d-dimension.
In this context, it is still unclear how we can realize the d + 1-dimensional full bulk ge-
ometries from the d-dimensional quantum field theories. The main object of this thesis
is the minimal surface not necessarily anchored on the boundary, which has not been de-
rived from the field theory analysis. First, we review how we can obtain minimal surfaces
anchored on the boundary from the entanglement entropy. Then, we introduce a generaliza-
tion of the entanglement entropy for mixed states and discuss its basic properties. Finally,
we argue that we can extract the aforementioned minimal surfaces ending on the bulk from
the generalized version of the entanglement entropy. Our explicit derivations include the
geometries in three-dimensional AdS and BTZ black holes.
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1 Introduction and Summary

1.1 Introduction: towards origin of gravity and spacetime

This thesis is devoted to a better understanding of an interesting duality between a family of
quantum field theories (QFTs) and quantum gravity. The dualities are phenomena that the
seemingly different theories turn out to be just the same one. Hence, deepening our understand-
ing of a given duality will show us a new perspective of the original theories. In particular, our
aim is to understand how and why gravity and spacetime can emerge at the low energy.

The duality which we shall discuss, AdS/CFT correspondence [1] is an explicit realiza-
tion of holography or holographic principle [2, 3]. The ultimate motivation of this principle is
to describe the non-perturbative nature of quantum gravity. Firstly, we explain the historical
background of the holographic principle very briefly. Due to the Einstein equation, strongly
self-gravitating objects eventually become the black holes. If we maintain the second law of
thermodynamics even in the above situation, the black holes must have entropy. The black holes
turn out to possess the entropy which is proportional to the area of the event horizon [4, 5],

SBH =
1

4GN

(Area of event horizon), (1)

where GN is the Newton constant. Through out this paper, we will use the natural unit. Sur-
prisingly, the black hole entropy is not extensive in the usual sense. This fact suggests that
the entropy (namely, degrees of freedom) in a given gravitating system should be bounded
above by the area of the boundary of the system [6]. This observation leads the holographic
principle [2, 3], a quantum gravity on M can be described by the (non-gravitating) quantum
many-body systems on ∂M . The natural questions which we need to answer are as follows:
“How (Why) can we reproduce the classical gravity via the holography?” and “What kinds of
quantum many-body systems can be used?”. To answer these questions, discussing concrete
examples is beneficial. That is the reason why we want to study the AdS/CFT.

The statement of the AdS/CFT correspondence is that d + 1-dimensional quantum gravity
in asymptotically anti-de Sitter (AdS) spacetime is equivalent to certain conformal field theory
in d-dimension (CFTd) which is QFT with scale invariance (and so forth) [1,7–9]. The simplest
consistency check is the agreement of the symmetry acting on the Hilbert space. Indeed, the
AdS side (CFT side) enjoys the SO(d, 2) symmetry as the asymptotic symmetry (conformal
symmetry). We expect that certain states in CFTd can play a role of the background geometry
in AdSd+1 at classical gravity limit. Two examples, which will be also argued in this thesis, are
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(i) empty AdSd+1 and vacuum in CFTd and (ii) Euclidian black holes in AdSd+1 and thermal
states in CFTd.

Even within the framework of the AdS/CFT, there still remain fundamental questions why
and how some given states ensure the existence of background geometry itself. To be more
concrete, how and why we can realize Einstein gravity and local effective field theories on a
fixed background in d + 1-dimension from d-dimensional CFT. In particular, we would like
to understand the fundamental mechanism behind the AdS/CFT correspondence which will
hopefully teach us general lessons about holography and quantum gravity.

Over the last decade, one fundamental relation has been studied extensively, that is, the
relation between geometry in AdS and entanglement in CFT [10–14]. A concrete realization of
this relation is holographic entanglement entropy (HEE) formula [11, 12]1,

S(ρA) =
1

4GN

min
γA∼A
∂γA=∂A

(Area(γA)). (2)

In what follows, we spell out this formula. The left-hand side is the entanglement entropy (EE)
for boundary CFTd with given subregion A. The EE characterizes the quantum entanglement,
especially for pure states. It is defined by the von Neumann entropy of a reduced density matrix
ρA on a subsystem A,

S(ρA) = −TrHAρA log ρA. (3)

We will discuss more the EE in the next section. The right-hand side is the area of the minimal
surfaces anchored on the boundary of asymptotically AdSd+1 spacetime. We normalize it with
the unit of Newtonian constant GN . Here the γA is a co-dimension 2 surface on the bulk and
supposed to be (i) homologous to the boundary subregion A and (ii) ∂γA = ∂A. We shall
pick up the one which minimizes the corresponding area. One can see an example in the bulk
side in the left panel of figure 1. Note that the right-hand side is a purely geometrical object
which is determined by metric in the bulk theory. The prescription in the bulk will be modified
when we consider the time-dependent background; however, the resulting quantity is again
purely geometrical2. This relation has ignited the aforementioned expectation—geometries may
emerge from the entanglement. There are also proofs of this conjecture if one accepts to assume
the AdS/CFT itself [15, 16].

1The (2) is the case for static geometry. For the time dependent background, we should find extremal one rather
than minimal one [12]. Throughout this paper, for simplicity, we will only consider the static geometry.

2As far as the limit of classical Einstein gravity.
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One can regard the HEE formula as a generalization of the black hole entropy (1). Hence,
one can imagine that the minimal surfaces play a role of “the horizon” for a given bulk subre-
gion. In other words, the reduced density matrix in the (2) seems to describe all information
outside of “the horizon”. Nowadays we expect that the subregion/subregion duality — the ρA
can reproduce all information in the entanglement wedge [17–19]: when we compute the mini-
mal surfaces in (2), we have the region MA which is surrounded by the boundary subregion A
and the corresponding minimal surfaces γA. Then, we call MA and its domain of dependence
as entanglement wedge. Since we will only consider the time slice of the bulk in this thesis, we
will loosely say time slice of entanglement wedge as entanglement wedge.

The geometrical objects obtained from the HEE formula are always constrained to the
boundary of asymptotically AdS spacetime. In general, the minimal surfaces cannot probe
the entire bulk region. For example, if we start from the mixed state ρA at the beginning, the
minimal surfaces cannot probe the entire region of the entanglement wedge due to the phase
transition of the minimal surfaces. The regions, the minimal surfaces (ending on the boundary)
cannot probe, are referred to “entanglement shadow” [17, 20–22]. Similarly, on the other hand,
the EE also cannot characterize the whole structure of entanglement for a given state. Therefore,
we should find a more general version of the (2) or much newer notions.

In the light of the bulk, the geometrical objects are not necessarily to be ending on its
boundary. For example, the bulk geodesics can end on the arbitrary bulk points. On the other
hand, it is non-trivial to find which kind of quantities in the boundary QFT can describe it.
Since the surfaces/geodesics anchored on the boundary can be regarded as a special limit of
more general ones, one may imagine it can be extracted from certain generalizations of the EE.

From the viewpoint of the boundary, we do not have the unique entanglement measure for
mixed states, as opposed to the EE for pure states. Naively, some measures of entanglement
for mixed states would give us a nice generalization of the HEE formula. One technical chal-
lenge is that almost all quantities in the literature contain some optimization problem for its
evaluation. There is an interesting conjecture that the entanglement of purification [23] which
measures total correlation (namely, both classical and quantum correlation) is equivalent to the
aforementioned general minimal surfaces, entanglement wedge cross section [24,25] (as an ex-
ample, see the right panel of figure 1). This conjecture is supported by agreement of non-trivial
inequalities in both sides and the tensor network picture of the AdS/CFT correspondence [26].
Unfortunately, this quantity includes the optimization procedure, which makes analytical eval-
uation difficult even for two-qubit systems.

In this thesis, we give a possible generalization of the entanglement entropy and its holo-
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Figure 1: An example of minimal surfaces and corresponding entanglement wedge and its
cross section EW . Inside of the circles corresponds to the interior of AdS time slice. In the
left panel, blue curves represent (disconnected) boundary subregions A. Orange curves are the
minimal surfaces in this setup. In the right panel, we display (time slice of) the corresponding
entanglement wedge as blue shaded region. An orange curve in the right panel is just the
minimal cross section of the entanglement wedge EW .

graphic interpretation. Do we have any quantities which can be evaluated directly in QFT and
can give nice bulk interpretation beyond the original HEE formula? Before guessing this ques-
tion, let us go back to the case of the EE. Actually, we have a nice way to evaluate the EE in
QFT, which is called the replica trick [27]. In addition, we also have (logarithmic) negativ-
ity [28] which is a calculable entanglement measure3 for mixed states. The negativity can also
be calculated by using the replica trick; however, the corresponding bulk objects turn out to be
no longer ones in the original spacetime [29]. This is because the bulk objects inevitably cause
the serious back reaction. The issue is related to the somewhat strange analytic continuation in
the replica trick. We will also see this fact briefly in the upcoming section. Therefore, it would
be nice to find a cousin of negativity which can evade the aforementioned back reaction.

1.2 Summary: what the author has done

In this thesis, we introduce a novel von-Neumann-like entropy into which we assign not a
reduced density matrix but a partially transposed density matrix. We will argue

• It is a generalization of the EE for mixed states,

• It enables us to extract more general minimal surfaces anchored on the bulk.
3Strictly speaking, the logarithmic negativity is the entanglement monotone; namely, its value is monotonically

decreasing under the local operation and classical communication (LOCC). The measure of entanglement should
be defined such that it cannot increase under the LOCC.
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In particular, we compute this quantity explicitly for the two-dimensional CFT with the bulk
dual by using the replica trick. The resulting quantity can be identified with the entanglement
wedge cross section EW , originally proposed in the context of a holographic dual of the entan-
glement of purification. Note that this does not conflict with the original proposal. We guess
that many information theoretical quantities can have the same value at the semi-classical grav-
ity limit. Byproducts are some non-trivial constraints on states dual to the classical spacetime.
The entanglement wedge cross section EW is defined as the minimal cross section of the entan-
glement wedge (see the right panel of figure 1). This cross section allows us to probe the region
where the minimal surfaces anchored on the boundary cannot reach, especially in the context
of subregion/subregion duality.

Organization of this thesis is as follows. In section 2, we briefly review the entanglement
entropy, partial transposition, and related topics. In section 3, we introduce a generalization
of entanglement entropy which we will call odd entanglement entropy (OEE). We will show
some generic properties of OEE with proofs. Up to here, our argument is purely quantum
mechanical. Then, in section 4, We move to the CFT in two-dimension. We compute OEE in
QFTs by using the replica trick. In particular, for the holographic CFT2 at the leading order of
large-c limit, almost all calculation reduces to the calculation of the conformal blocks. We also
discuss how the conformal block can tell us the geodesics in dual gravity theory. In section 5,
we conclude with a few remarks and discuss future directions. We put off many technical but
important parts until appendices. In appendix A, we leave some proof of useful facts which are
applied in section 2 and 3. In appendix B, we review the replica trick, especially in CFT2. In
appendix C, we note the embedding formalism in AdS/CFT correspondence. In appendix D,
we verify the geodesic approximation of the conformal blocks from Zamolodchikov’s recursion
relation [30, 31]. This thesis is mainly an extended version of the author’s work,

[32] K. Tamaoka,
“Entanglement Wedge Cross Section from the Dual Density Matrix,”
arXiv:1809.09109 [hep-th],

where we have introduced the OEE and considered its holographic counterpart. Some argu-
ments in section 4.4 were originally emphasized in

[33] H. Hirai, K. Tamaoka and T. Yokoya,
“Towards Entanglement of Purification for Conformal Field Theories,”
PTEP 2018, no. 6, 063B03 (2018), arXiv:1803.10539 [hep-th].
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2 Preliminaries: quantum entanglement

Before discussing the entanglement in quantum field theories (QFTs), we shall start our argu-
ment from the quantum mechanics that is enough to discuss some basic properties of entan-
glement. We review the entanglement entropy (in section 2.1) and the partial transposition (in
section 2.2) very briefly.

2.1 Entanglement entropy

Let us consider the EPR state living on bi-partite Hilbert space HA ⊗HB
4, which is the spin-0

singlet consists of two spin-1/2 particles,

|EPR〉 =
1√
2

(|0A1B〉 − |1A0B〉), (4)

where each Hilbert space HA, HB spans eigenvectors for Pauli matrix σz |0〉 = |0〉 , σz |1〉 =

− |1〉. Suppose A(lice) and B(ob) are far from each other, but they share the EPR state. Al-
though Alice cannot manage Bob’s spin, she can measure her spin for z-direction, and predict
Bob’s spin from her outcome. This is because there are perfect (non-local) correlation between
Alice’s and Bob’s spin. This kind of correlation is a typical feature of the quantum world and
we call it entanglement. This is not the case for the state as like

|product〉 = |0A1B〉 , (5)

which has no correlation between Alice and Bob.

The entanglement entropy (EE) quantifies bi-partite quantum correlation for pure states with
the unit of the EPR state. It is defined by the von-Neumann entropy with respect to the reduced
density matrix for a subregion; namely, Alice’s spin or Bob’s one. Let ρAB be a state (density
matrix) acting on bi-partite Hilbert spaceHA ⊗HB. Then, the EE is defined as

S(ρA) = −TrHAρA log ρA, (6)

4We should keep in mind that existence of bi-partition is just an assumption. This is not the case especially for
the gauge theories (and gravity) even after the lattice regularization. Due to the gauge constraints as like Gauss’
law in U(1) Maxwell theory, the physical Hilbert space in these theories cannot have such bi-partite structure (in
other words, the bi-partite structure does break gauge-invariance). We can avoid this issue by simply starting from
the extended Hilbert space which also includes gauge-variant states. This prescription is, as of now, consistent
with the replica trick; hence, the AdS/CFT correspondence. For further detail, see [34–40], for example.
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where
ρA = TrHBρAB. (7)

We will abuse the similar notation in what follows. If we have a state σXY acting onHX ⊗HY ,
σX is supposed to be σX = TrHY σXY and vice versa.

In the previous example, we simply have

S(ρA) = S(ρB) = log 2 (for ρAB = |EPR〉〈EPR|), (8)

S(ρA) = S(ρB) = 0 (for ρAB = |product〉〈product|). (9)

Note that the EE for pure state is mutual, S(ρA) = S(ρB). Moreover, we have S(ρA) = 0 for
pure states if and only if a given state is not entangled (product state). In this way, the EE nicely
quantifies how a given pure state is entangled.

Unfortunately, this is not the case for mixed states. For example,

ρAB =
1

2
|0A0B〉〈0A0B|+

1

2
|1A1B〉〈1A1B| , (10)

is just a classical mixture of product states |0A0B〉 and |1A1B〉; thus, there should be no quantum
entanglement. On the other hand, its reduced density matrix gives rise to the same one for the
(4). Therefore, the EE is not so good measure for the mixed states — in this case, it also counts
the classical correlation.

2.2 Partial transposition

So far we did not explicitly define entangled states. To this end, we first define not-entangled
states, separable states. Let ρAB is a state acting on bi-partite Hilbert space HA ⊗HB. We say
the given state is separable if it can be written as a classical mixture of the product states,

ρAB =
∑
i

piσAi ⊗ τBi, (11)

where 0 ≤ pi ≤ 1,
∑

i pi = 1. Then, we also define the entangled states as the non-separable
states.

It is difficult in general to see whether a given state is entangled or not. For example, let us

9



consider interpolation of an entangled state and a separable state,

ρAB = q |EPR〉〈EPR|+ (1− q)IA
2
⊗ IB

2
, (12)

where the IA(B) is identity operator acting on HA(B). In this case, we have S(ρA) = log 2 for
all values of 0 ≤ q ≤ 1.

One nice way to see this is the partial transposition introduced by Peres [41]. Let ρAB be
a state acting on Hilbert space H = HA ⊗ HB and let |e(A,B)

i 〉s (i = 1, 2, · · · , dimHA,B) be a
complete set thereof. Using this basis, we can expand a given density matrix,

ρAB =
∑
ik

∑
j`

〈e(A)
i e

(B)
j |ρAB|e(A)

k e
(B)
` 〉 |e

(A)
i e

(B)
j 〉 〈e(A)

k e
(B)
` | . (13)

We define the partial transposition of the ρAB with respect toHA,B as

〈e(A)
i e

(B)
j |ρTAAB|e

(A)
k e

(B)
` 〉 = 〈e(A)

k e
(B)
j |ρAB|e(A)

i e
(B)
` 〉 , (14)

〈e(A)
i e

(B)
j |ρTBAB|e

(A)
k e

(B)
` 〉 = 〈e(A)

i e
(B)
` |ρAB|e

(A)
k e

(B)
j 〉 . (15)

Note that the partial transposition does not change its normalization TrHρ
TA
AB = TrHρ

TB
AB =

TrHρAB = 1, whereas it changes the eigenvalues. Since the partial transposition is not a com-
pletely positive map, the ρTBAB can include negative eigenvalues5. Interestingly, there is a nice
theorem which relates negative eigenvalues of partially transposed states to the entanglement of
original states:

Theorem (Peres) Let ρAB be a physical state acting on Hilbert space HA ⊗HB. If ρTBAB has the
negative eigenvalue, the ρAB has entanglement between subregions A and B.

For the proof, please see appendix A (very simple!). This theorem implies that the negative
eigenvalues of ρTBAB are just a sign of the quantum entanglement. Note that the opposite is not
always true—there are some entangled states whose partial transposition have only non-negative
eigenvalues. However, only for the 2-qubit or qutrit systems, the opposite turns out to be also

5This technical statement may be understood more intuitively as follows: the transposition for a physical state
is equivalent to its complex conjugate, ρTphys = ρ∗phys; hence, it is closely related to the time reversal of the given
physical state. Of course, the time reversal maps a given physical state to (another) physical one. On the other
hand, nobody can guarantee so time reversal for partial region does. Eventually, the resulting “state” would be no
longer a physical state — it could include the negative “probability distribution”.
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true [42]. Since

Spec(ρTBAB) =

{
1− 3q

4
,
1 + q

4
,
1 + q

4
,
1 + q

4

}
, (16)

for the previous state (12), we can conclude that our state is entangled if 1/3 < q, otherwise
separable.

Negativity and Replica trick Motivated by this observation, there is a quantification of en-
tanglement for the mixed states, called logarithmic negativity [28],

E ≡ log

(
1 + 2

∑
λi<0

|λi|
)
, (17)

where λis are the eigenvalues of the ρTBAB. Although the logarithmic negativity is not the main
scope of this thesis, let us play a bit with this quantity.

We introduce another way to express the right-hand side of the above equation (17), which
is called the replica trick. This expression will be useful when we consider the QFTs. First, we
note the EE can be written as

S(ρA) = − lim
n→1

1

n− 1
log TrHA(ρA)n = − ∂

∂n
TrHA(ρA)n

∣∣∣
n→1

. (18)

Although we need to take the analytic continuation of the integer n, computing Tr(ρ)n is rela-
tively easier than doing −Tr(ρ log ρ). In the same way, we can write the negativity (and OEE
introduced in the next section) by using n-th power of the ρTBAB. Since ρTBAB may contain the
negative eigenvalues, the n-th power of the ρTBAB depends on the parity of n:

TrH(ρTBAB)n =

{ ∑
λi>0 |λi|n −

∑
λj<0 |λj|n (n : odd),∑

λi>0 |λi|n +
∑

λj<0 |λj|n (n : even),
(19)

If one starts from the even integer ne and take analytic continuation to the real value, we have

E = lim
ne→1

log TrH(ρTBAB)ne . (20)

This expression may look strange, but consistent with the original definition. From the bulk
perspective, this analytic continuation gives rise to the back reaction into the original spacetime.
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3 An odd generalization of the entanglement entropy

In this section, we define a generalization of the entanglement entropy which is the main theme
of this thesis. We will tentatively call it “odd entanglement entropy”, OEE in short. This
quantity reduces to the usual entanglement entropy if a given state is a pure state. For the mixed
states, it measures total correlation (both classical correlation and quantum entanglement). We
start from the definition of OEE in section 3.1. Then, we see some general features of the OEE
in section 3.2. We also discuss the behavior of OEE in a two-qubit system, as a simple example
(section 3.3).

3.1 Definition

Let ρAB be a mixed state acting on bi-partite Hilbert space H = HA ⊗ HB. Then we define a
quantity which measures the correlation between A and B;

S(no)
o (ρAB) ≡ 1

1− no
[
TrH(ρTBAB)no − 1

]
, (21)

where TB is the partial transposition [41] with respect to the subsystem B. Namely, we will
consider the Tsallis entropy [43] for the partially transposed ρAB. We are especially interested
in the limit no → 1,

So(ρAB) ≡ lim
no→1

S(no)
o (ρAB), (22)

where no is the analytic continuation of the odd integer. Since the odd integer analytic continu-
ation is crucial in the later discussion, we will call So as “odd entanglement entropy” or OEE in
short. Loosely speaking, the OEE is the von Neumann entropy with respect to ρTBAB; however,
ρTBAB potentially contains negative eigenvalues.

The main difference in the OEE, compared with the negativity, is that we are just choosing
the odd integer. Therefore, OEE can be formally written as

So(ρAB) = −
∑
λi>0

|λi| log |λi|+
∑
λj<0

|λj| log |λj|, (23)

where λis are the eigenvalues of the ρTBAB.
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3.2 Basic properties of OEE

Here we argue generic properties of the OEE. There must be more, but we leave it for interesting
future work.

3.2.1 Mutuality

The above definition used the partial transposition with respect to the second Hilbert spaceHB.
Equivalently, one can use the one for the first Hilbert spaceHA. Indeed, we have

TrH(ρTBAB)n = TrH({ρTBAB}n)TAB = TrH({ρTBAB}TAB)n = TrH(ρTAAB)n. (24)

Here we used the properties of the (usual) transposition T ≡ TAB within the trace.

3.2.2 Pure states

Let |ΨAB〉 be a pure state in bi-partite Hilbert space H = HA ⊗ HB. Using the Schmidt
decomposition, we can write the |ΨAB〉 as a simple form,

|ΨAB〉 =
N∑
n=1

√
pn |nA〉 |nB〉 , (25)

where 0 ≤ pn ≤ 1,
∑

n pn = 1. We leave a proof of Schmidt decomposition in appendix A.
The N can be taken as min(dimHA, dimHB). One can show that the corresponding density
matrix ρAB = |ΨAB〉〈ΨAB| and its partial transposition ρTBAB have the eigenvalues,

Spec(ρAB) = {1, 0, · · · , 0}, (26)

Spec(ρTBAB) = {p1, · · · , pN ,+
√
p1p2,−

√
p1p2, · · · ,+

√
pN−1pN ,−

√
pN−1pN}. (27)

Here each ±√pipj (i 6= j) in (27) appears just once respectively. Here we have eigenvectors of
ρTBAB as follows:

pn : |nA〉 |nB〉 , (28)

±√pnpm :
|nA〉 |mB〉 ± |mA〉 |nB〉√

2
. (29)

13



Notice that ρTBAB has the maximal rank N2. In particular, from the definition of the (23), these
contributions completely cancel out. Thus, one can conclude that

So(ρAB) =
N∑
n=1

(−pn log pn) = S(ρA) (for pure states). (30)

3.2.3 Product states

Let ρA1B1 ⊗ σA2B2 be a product state with respect to the bi-partitionHA1B1 ⊗HB2A2 . Then the
So is additive,

So(ρA1B1 ⊗ σA2B2) = So(ρA1B1) + So(σA2B2). (31)

Here we are taking the partial transposition with respect to B1 and B2. In particular, if

τAB = τ ′A ⊗ τ ′′B, (32)

we have TrHτnAB = TrH(τTBAB)n. This fact immediately leads So(τAB) = S(τAB).

3.3 Example: two-qubit Werner state

Let us consider the following state for two-qubit system as a simple example,

ρAB = q |EPRAB〉〈EPRAB|+
(1− q)

4
IA ⊗ IB, (33)

where the IA(B) is the identity operator acting on HA(HB) and the |EPRAB〉 is the singlet EPR
state, 2−

1
2 (|0A1B〉−|1A0B〉). (This is just the same one in the previous section.) The eigenvalues

of this density operator and its partial transposition are given by

Spec(ρAB) =

{
1 + 3q

4
,
1− q

4
,
1− q

4
,
1− q

4

}
, (34)

Spec(ρTBAB) =

{
1− 3q

4
,
1 + q

4
,
1 + q

4
,
1 + q

4

}
. (35)

Then one can easily compute the So(ρAB), the difference between OEE and EE,

EW (ρAB) ≡ So(ρAB)− S(ρAB), (36)

14



and the mutual information,

I(A : B) = S(ρA) + S(ρB)− S(ρAB), (37)

respectively. See figure 2.

Figure 2: Plot of the So(ρAB) (blue), the EW (ρAB) (orange) and half of the mutual information
(green) for the (33). The horizontal axis represents the value of q. For sufficiently large mixture
of the entangled state and classical state, we have EW < 0. The inflection point appears at
q = 1/3. The states with q ≤ 1/3 are separable.

From this example, we can notice that both the So(ρAB) and the EW (ρAB) do not take the
lowest value for separable states; hence, we can not say these are measures of the quantum en-
tanglement. Please remind the Peres and Horodecki criterion [41, 42] explained in the previous
section. If all eigenvalues for the ρTBAB is non-negative, our given state ρAB is separable. This is
just the case for 0 ≤ q ≤ 1/3. In other words, if q ≤ 1/3, the ρAB can be constructed from the
product state via the LOCC process.

Rather interestingly, the So(ρAB) takes the lowest value for the pure state |EPRAB〉 and is
bounded below by its EE S(ρA). It implies the So(ρAB) measures total correlation between A
and B.
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4 AdS geometries from conformal field theory

In this section, we derive the entanglement wedge cross section from the reduced density matrix
supposed to be dual to the corresponding entanglement wedge. In particular, we would like to
argue

1. How the evaluation of EE and OEE in the holographic CFT2 boils down to the conformal
blocks analysis

2. How the conformal blocks can capture the geodesics in asymptotically AdS3 spacetime

Since the classical gravity limit is quite similar to the thermodynamical limit, both EE and OEE
in this limit are captured by the universal (kinematical) object, the conformal blocks.

In section 4.1, we first review the argument in the case of usual EE. From the next section, we
start to compute the OEE. We consider the case of the subregion of vacuum (in section 4.2) and
thermal state (in section 4.3). In both cases, we will see the agreement with the entanglement
wedge cross section EW in AdS3 and (planar) BTZ black hole respectively,

EW (ρAB) ≡ So(ρAB)− S(ρAB)︸ ︷︷ ︸
previous section

to be shown
= EW .

Section 4.4 is devoted to some technical but important results on the conformal blocks which
are applied extensively in this section.

4.1 EE in holographic CFT2 (vacuum)

In this subsection, we briefly review the evaluation of the usual EE for the holographic CFT2

(on R1,1). We take canonical time slice R and divide the total Hilbert space into HA ⊗ HAc
6,

where the corresponding subregion A and its complement Ac are not necessarily connected.
In general, we can relate TrHAρ

n
A to correlation function of twist operators. Let us first

consider the case of single interval A = [u, v]. In this case, we have

TrHAρ
n
A ∝ 〈σn(u)σ̄n(v)〉 ∝ 1

|u− v|2∆n
, (38)

6We again assume that our Hilbert space is enlarged such that we can realize the tensor product structure. The
way of extension gives rise to an ambiguity of the contribution from boundary of subregions A in general. Since
the boundaries of our subsystem (called entangling surfaces) consist of points, the ambiguity coming from the
boundary at the entangling surfaces (the boundary of our subregion) will not affect the leading term of the EE (and
OEE) in two-dimensional CFT.
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where σn(u) (σ̄n(v)) is the (anti-)twist operator in two-dimension. For more detail, see the
appendix B or [44]. Then, we can obtain

S(ρA) = − ∂

∂n
TrHAρ

n
A

∣∣∣∣∣
n→1

=
c

3
log
|u− v|
ε

+ const., (39)

where we recovered UV cutoff ε from dimensionality. If we use the famous relation among the
central charge c in CFT2, the radius of AdS3 `AdS and the three-dimensional Newtonian constant
GN [45],

c =
3`AdS

2GN

, (40)

we can reproduce the simplest example of the Ryu-Takayanagi formula. (In the three-dimensional
gravity, the area of minimal surfaces is nothing but the length of spacelike minimal geodesics
in AdS3.) Since the two-point function of local operators is universal in CFT, the (39) always
agrees with the gravity calculation (superficially, of course).

This is not the case for more than one (disconnected) interval. Next, let us see the case of two
disconnected intervals, A = A1∪A2 withA1 = [u1, v1] andA2 = [u2, v2] (u1 < v1 < u2 < v2).
In this situation, we should compute 4-point function of twist operators,

TrHA(ρA1A2)n = 〈σn(u1)σ̄n(v1)σn(u2)σ̄n(v2)〉 , (41)

which depends on the dynamical information of CFT. We may expand (41) in terms of the
(Virasoro) conformal blocks:

〈σn(u1)σ̄n(v1)σn(u2)σ̄n(v2)〉

=
1

|u1 − v1|2∆n|u2 − v2|2∆n

∑
p

apF(c, hσn , hp, x)F̄(c, h̄σn , h̄p, x̄), (42)

where aps are the OPE coefficients. We defined the cross ratio,

x =
(u1 − v1)(u2 − v2)

(u1 − u2)(v1 − v2)
, (43)

and impose x = x̄ since we are interested in the time slice. Note that the above correlator is
expanded in the s-channel (x→ 0).

To go further, we should assume the spectrum of conformal families. Since our interest is
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CFT with the bulk dual, we only assume

1. Unitarity and compactness

2. Large central charge limit c� 1

To make theory have classical bulk dual, we should take the classical limit GN � `AdS;
hence, we will take c � 1 limit. Thus, we assume that we can take large-c limit which is
consistent with the analytic continuation n→ 1.

3. Sparse spectrum
Assume that we have only O(c0) degeneracies for each “light” primary operators whose
scaling dimension scale O(1). This condition is necessarily to reproduce the black hole
entropy at the semi-classical regime (c → ∞ and ∆ = O(c)) [46]. Remind that the con-
ventional Cardy formula can be applied only for the primaries with the scaling dimension
∆� c.

Then, we can show that the dominant contribution at the large-c limit will come from a confor-
mal family with the lowest scaling dimension in the appropriate channel [47]7. In this corre-
lation function, this is just the vacuum block. At the large-c limit, the Virasoro vacuum block
reduces to the global vacuum block; namely, it becomes trivial. Thus, we simply have

〈σn(u1)σ̄n(v1)σn(u2)σ̄n(v2)〉 ∼ 1

|u1 − v1|2∆n|u2 − v2|2∆n
, (44)

When t-channel (x→ 1) is preferred, we instead obtain

〈σn(u1)σ̄n(v1)σn(u2)σ̄n(v2)〉 ∼ 1

|u1 − v2|2∆n|u2 − v1|2∆n
. (45)

Eventually, we have reproduced the minimal geodesics from the entanglement entropy,

S(ρA1A2) =
c

3
min

{
log
|u1 − v1|

ε
+ log

|u2 − v2|
ε

, log
|u1 − v2|

ε
+ log

|u2 − v1|
ε

}
(46)

(40)
=

1

4GN

min

{
2`AdS log

|u1 − v1|
ε

+ 2`AdS log
|u2 − v2|

ε
,

2`AdS log
|u1 − v2|

ε
+ 2`AdS log

|u2 − v1|
ε

}
. (47)

7For this conclusion, we also assume that each OPE coefficients grow at most O(ec).
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In the similar way, we can discuss the entanglement entropy for excited states, thermal states
and so forth. In every cases, we can see the agreement with the holographic calculation.

4.2 OEE in holographic CFT2 (vacuum)

In this section, we compute the So and the EW for mixed states in CFT2. We again divide
the total Hilbert space of CFT into HA ⊗ HAc , where the corresponding subregion A and its
complement Ac are not necessarily connected. Then we can prepare a mixed state ρA1A2 ≡
TrHAc |0〉〈0|, where |0〉 is the vacuum state in CFT. Here we further divided the remaining
subspaceHA into two pieces,HA1 andHA2 . We focus only on the holographic CFT2.

4.2.1 Two disjoint intervals

First, we consider disjoint interval A1 = [u1, v1], A2 = [u2, v2] on a time slice τ = 0. In order
to compute the So and the EW , we can apply the replica trick. See appendix B.2 or [48, 49]. In
particular, one can write n-th power of the density matrix (with partial transposition) in terms
of the correlation functions of twist operators,

TrHA(ρ
TA2
A1A2

)n = 〈σn(u1)σ̄n(v1)σ̄n(u2)σn(v2)〉 , (48)

where σn(σ̄n) is the (anti-)twist operator with scaling dimension hσn = h̄σn = c
24

(n − 1
n
).

Notice that the order of σn and σ̄ are flipped in contrast to the previous section. Let us expand
(48) into the conformal blocks in t-channel,

〈σn(u1)σ̄n(v1)σ̄n(u2)σn(v2)〉/(|u1 − v2||v1 − u2|)−
c
6

(n− 1
n

)

=
∑
p

bpF(c, hσn , hp, 1− x)F̄(c, h̄σn , h̄p, 1− x̄), (49)

where F(c, hσn , hp, x) and F̄(c, h̄σn , h̄p, x̄) are the Virasoro conformal blocks and bps are the
OPE coefficients.

The dominant contribution at the large-c limit will come from a conformal family with the
lowest scaling dimension in the channel [47]. This approximation should be valid only for some
specific region xc < x < 1. We can not specify the lower bound xc, but just expect xc ∼ 1

2
as

like previous subsection. In this channel, the dominant one is universally σ2
n (and σ̄2

n) due to the
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twist number conservation,

〈σn(u1)σ̄n(v1)σ̄n(u2)σn(v2)〉 /(|u1 − v2||v1 − u2|)−
c
6

(n− 1
n

)

∼ bσ2
n
F(c, hσn , hσ2

n
, 1− x)F̄(c, h̄σn , h̄σ2

n
, 1− x̄). (50)

Next we would like to specify the analytic form of the above conformal blocks. First, the scaling
dimension of the σ2

n depends on the parity of n [48, 49] (see also appendix B.2),

hσ2
n

= h̄σ2
n

=


c

24

(
n− 1

n

)
(n : odd),

c

12

(
n

2
− 2

n

)
(n : even).

(51)

Since we are interested in the odd integer case, this coincides with hσn . Second, this contribution
of the conformal block consists only of light operators in the heavy-light limit [50]. In this limit,
these analytic forms are known in the literatures [33, 50–53]. In our situation, the block for σ2

n

has a simple form,

logF(c, hσno , hσ2
no
, 1− x) = −hσno log

[
1 +
√
x

1−√x

]
, (52)

where we assumed analytic continuation of odd integer n ≡ no and the light limit c � 1 with
fixed hi/c, hp/c � 1. Here we took the normalization in [51]. Since all internal/external op-
erators are light, the resulting Virasoro conformal block reduces to the global one. To respect
course of argument, we put off derivation of the (52) until section 4.4. In a nut-shell, we can
use the saddle point approximation of the geodesic Witten diagrams [51] because our Virasoro
conformal block can be approximated by the global one. Attentive readers may worry about
the sub-leading contribution of the approximation since eventually we will take hi/c, hp/c→ 0

limit. One can independently check this is indeed consistent with the Zamolodchikov’s recur-
sion relation. See appendix D. Therefore, we have obtained

So(ρA1A2) = S(ρA1A2) +
c

6
log

[
1 +
√
x

1−√x

]
+ const. , (53)

where
S(ρA1A2) =

c

3
log
|u1 − v2|

ε
+
c

3
log
|v1 − u2|

ε
. (54)

Here we introduced UV cutoff ε. The constant terms do not depend on the position. For a while,
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Figure 3: Left: Calculation of (53) in the bulk side. The vertical direction corresponds to
the radial direction of AdS3. The t-channel corresponds to the length of minimal geodesics
anchored on the boundary points (blue semi-circles) plus the minimal cross section (blue dotted
line) of the connected entanglement wedge (shaded region). Right: One of (56). The s-channel
corresponds to the usual holographic EE calculation; hence, no connected entanglement wedge
and its cross section.

we just assume the contribution from bσ2
n

is negligible at the large-c limit. This assumption will
be justified when we consider the pure state limit discussed in the next subsection.

Let us briefly comment on the case of logarithmic negativity. In this case, we cannot use the
light operator (hσ2

n
/c � 1) approximation of the t-channel conformal blocks — the h̄σ2

n
with

even integer n is indeed heavy enough to cause the back reaction.

In the same way, we can compute the s-channel limit x → 0. In this case, the dominant
contribution will be the vacuum block as like the EE. Hence, we obtain

So(ρA1A2) =
c

3
log
|u1 − u2|

ε
+
c

3
log
|v1 − v2|

ε
(55)

= S(ρA1A2). (56)

Therefore, we have confirmed

EW (ρA1A2) =


1

4GN

log

[
1 +
√
x

1−√x

]
(t-channel, x ∼ 1),

0 (s-channel, x ∼ 0).

(57)

in the two disjoint interval case. Here we again used the relation between the central charge
and the three-dimensional Newtonian constant c = 3

2GN
[45]. The (57) precisely matches the

minimal entanglement wedge cross section for AdS3 (see figure 3).
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4.2.2 Pure state limit

Let us consider the single interval limit u2 → v1 and v2 → u1, that is, Ac → ∅ limit. This
corresponds to the pure state limit for the initial mixed state. In this case, our calculation
reduces to two-point function of the twist operators,

TrHA(ρ
TA2
A1A2

)n = 〈σ2
n(u1)σ̄2

n(v1)〉 , (58)

Hence, we can get the usual EE with single interval A = [u1, v1] in this limit. Notice that this
is consistent with a basic property of OEE discussed in section 3. The above is the generic
statement for any CFT2, of course, but let us see this behavior from (53). If one takes the
distance |u2 − v1| and |v2 − u1| to the cutoff scale ε, the second term of right-hand side of (53)
reduces to the length of the geodesics anchored on the boundary points u1 and v1. Moreover,
this argument guarantees the constant terms from bσ2

p
is irrelevant at the large-c limit because of

the position independence.

4.2.3 Multiple disjoint intervals

We briefly illustrate the case of more than two disjoint intervals. In general, the previousA1 and
A2 themselves also have disconnected pieces within their subregions. To compute TrHAρ

n
A1A2

,
we assign twist operators σn and σ̄n for each boundary of subregions. This was considered in
[47] and reproduces the usual Ryu-Takayanagi formula. We can also compute the TrHA(ρ

TA2
A1A2

)n

from the twist operators’ correlation function by just flipping the order of σn and σ̄n belonging
to the A2. Let us consider

〈σn(z1)σ̄n(z2)σ̄n(z3)σn(z4)σn(z5)σ̄n(z6)σ̄n(z7)σn(z8)〉 , (59)

which corresponds to TrHA(ρ
TA2
A1A2

)n for left panel of figure 4, for concreteness. If two-points
belonging to A1 and A2 respectively are sufficiently close, the OPE channel in which twist
operators σns (or σ̄ns) on these points fuse into σ2

n (σ̄2
ns) will be favored. Here we just assume

the lightest conformal block approximation could still work. Eventually, we can pick the OPE
channel in right panel of figure 4.

The corresponding eight point conformal blocks factorizes into four-point ones due to the
identity exchange with no external/internal heavy operators. Hence, we can reproduce the cor-
responding entanglement wedge cross section from the EW .
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Figure 4: Left: Calculation of (59) in the bulk side. Each line and region represent the same
one as figure 3. At the boundary, we have disconnected subregion for both A1 and A2. In the
boundary calculation, we flip the order of twist operators on A2 in contrast to the entanglement
entropy. Right: the OPE channel we took in the calculation of the left panel. The 1, · · · , 8
corresponds to operators sitting on z1, · · · , z8. In particular, this conformal block factorizes
into two pieces due to the identity exchange.

4.3 OEE in holographic CFT2 (thermal state)

In this section, we consider the thermal state in CFT2 with the bulk dual, which is genuinely
mixed state and is dual to the static (planar) BTZ black hole [54]. Namely, we will consider
the CFT2 on cylinder S1

β × R, with single interval on the time slice, A = [−`/2, `/2]. The Ac

denotes its complement on the slice.

In order to compute TrH(ρTAcAAc)
no by using the replica trick, one needs to take care about the

location of branch cut, which cannot be realized as the naive conformal map from the plane z
(previous results in section 4.2) to the cylinder w = σ + iτ . The correct prescription [55] is
given by

TrHAAc (ρ
TAc
AAc)

no = 〈σno(−L/2)σ̄2
no(−`/2)σ2

no(`/2)σ̄no(L/2)〉
β

(60)

where we introduced a finite but large cutoff L so that the conformal map can work. Thus, our
“complement” Ac is now [−L/2,−`/2] ∪ [`/2, L/2], although the true time slice is the infinite
line. After taking the limit no → 1, we let L→∞ [55]. Here the suffix of correlation function
β denotes the inverse temperature. Then the corresponding Tr(ρAAc)no should be

TrHAAc (ρAAc)
no = 〈σno(−L/2)σ̄no(L/2)〉β (61)
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Figure 5: Calculation of EW for the static planar BTZ black hole. The inverse temperature β
is determined by the radius of the horizon. If the subsystem A is sufficiently small ` � β, the
EW computes the geodesics anchored on the boundary of A (black curve) which agrees with
the (64). For ` � β, the EW does the disconnected surfaces (dotted vertical lines) which is
consistent with the (65).

By using the conformal map z = e2πw/β , one can write the above correlation function as

TrHAAc (ρ
TAc
AAc)

no

=

(
2π

β

)8hσno

〈σno(e−
πL
β )σ̄2

no(e
−π`
β )σ2

no(e
π`
β )σ̄no(e

πL
β )〉 , (62)

TrHAAc (ρAAc)
no =

(
2π

β

)4hσno

〈σno(e−
πL
β )σ̄no(e

πL
β )〉 . (63)

Then one can expand the (62) by using the conformal blocks. The dominant contribution can
be again approximated by the single conformal block contribution which depends on the value
of the cross ratio. Here the cross ratio is x = e−

2π
β
` for sufficiently large L.

First, we consider the t-channel (x→ 1) limit, `� β. Then the dominant contribution from
the channel is the vacuum block; hence, the (62) reduces to the product of two-point functions.
After simple calculation, we obtain

EW =
c

3
log

β

πε

(
sinh

π`

β

)
+ const. (x ∼ 1), (64)

where we introduced the UV cutoff ε form the dimensional analysis. The constant term comes
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from the normalization of two-point functions. This precisely matches the EW for the planar
BTZ black hole (see figure 5).

Next, we consider the s-channel (x → 0) limit, ` � β. The dominant contribution in the
channel is now the twist operator σn(σ̄n) because of the twist number conservation. Then we
have obtained

EW =
c

3
log

β

πε
+ const. (x ∼ 0), (65)

where the constant terms come from the normalization of two-point functions and the OPE
coefficients. This again agrees with the EW ; however, it is important to note that this result is
exact at the leading order of small x expansion. There is the position dependent deviation of
order O(x1).

4.4 Technical side: geodesics from conformal blocks

In this subsection, we will see the detailed reason why the conformal blocks for local operators
in two-dimension can tell us the geodesics in AdS3. The best way to see this fact is using
the geodesic Witten diagram (GWD) [51] which is an integral representation of the (global)
conformal partial waves (and blocks) for local operators in arbitrary spacetime dimension. We
will use an useful notation called the embedding space formalism (or ambient space formalism
in some literature). We leave the detail of the formalism extensively in appendix C, but it may
not be necessary for readers who only want to scratch the surface.

It is well known that the global conformal symmetry determines the two-point and three-
point correlation functions up to constant. In addition, the operator product expansion (OPE)
that relates higher point functions to lower ones converges. Therefore, we have the universal
basis of more than three-point functions in CFT. These are called the conformal partial waves
(CPWs). For example, the four-point function of scalar operators O∆i

(Pi) with scaling dimen-
sion ∆i can be expanded as follows:

〈O∆1(P1)O∆2(P2)O∆3(P3)O∆4(P4)〉
=
∑
p,`

C12pC34pW∆i,∆p,`(Pi) (66)

=

(
P14

P23

)∆34
2
(
P24

P14

)∆12
2 1

(−2P12)∆1+∆2(−2P34)∆3+∆4

∑
∆p,`

C12pC34pG∆i,∆p,`(u, v), (67)
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where we defined the cross ratio

u =
P12P34

P13P24

, v =
P23P14

P13P24

. (68)

Here the Cijks represent the OPE coefficients. Each ∆p, ` in the summation labels the irre-
ducible representation of conformal algebra. We also used Pij ≡ Pi · Pj and ∆ij ≡ ∆i − ∆j

for brevity. The relation between conformal partial waves and conformal blocks is given by

W∆i,∆p,`(Pi) =

(
P14

P23

)∆34
2
(
P24

P14

)∆12
2 1

(−2P12)∆1+∆2(−2P34)∆3+∆4
G∆i,∆p,`(u, v), (69)

so these are essentially the same object.

Let us consider amplitude of an exchange diagram in AdSd+1, where we are integrating
cubic interactions only on the geodesics anchored on the boundary points,

W∆i,∆p,0(Pi) =

∫
γ34

dλ′F∆1,∆2,∆p(P1, P2, X
′(λ′))G∆3

b∂ (X ′(λ′), P3)G∆4
b∂ (X ′(λ′), P4), (70)

where

F∆1,∆2,∆p(P1, P2, X
′(λ′)) =

∫
γ12

dλG∆1
b∂ (X(λ), P1)G∆2

b∂ (X(λ), P2)G
∆p

bb (X(λ), X ′(λ′)). (71)

Here the scalar bulk-boundary propagator in AdSd+1 is given by

G∆i
b∂ (X,Pi) =

1

(−2X · Pi)∆i
, (72)

and the scalar bulk-bulk propagator satisfies[
∇2
X −∆p(∆p − d)

]
G

∆p

b∂ (X,X ′) = δ(X,X ′). (73)

For later use, we also note the explicit form in three dimension (d = 2),

G
∆p

b∂ (X,X ′)|AdS3 =
e−∆pσ(X,X′)

1− e−2σ(X,X′)
, (74)
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where σ(X,X ′) is the geodesic distance between X and X ′;

σ(X,X ′) = log

(
1 +

√
1− ξ2

ξ

)
, ξ−1 = −X ·X ′. (75)

Geodesics γij anchored on the boundary points Pi and Pj are given by

XA(λ) =
PA
i e

λ + PA
j e
−λ√

−2Pi · Pj
. (76)

The derivation is noted in appendix . The most important property of GWDs is that it satisfies
the conformal Casimir equation,

− 1

2
(LP1 + LP2)2W∆i,∆p,0(Pi) = C∆p,0W∆i,∆p,0(Pi), (77)

where C∆p,0 = ∆p(d − ∆p) is the quadratic conformal Casimir for the scalar primary field in
d-dimension. The sketch of the proof is as follows:

1. The F∆1,∆2,∆p(P1, P2, X
′) is invariant under simultaneous rotation about P1, P2, and X ′.

Hence, we have

(LP1 + LP2 + LX′)ABF∆1,∆2,∆p(P1, P2, X
′) = 0. (78)

2. Using the above relation twice, we can obtain

−1

2
(LP1 + LP2)2F∆1,∆2,∆p(P1, P2, X

′) = −1

2
L2
X′F∆1,∆2,∆p(P1, P2, X

′) (79)

= ∇2
X′F∆1,∆2,∆p(P1, P2, X

′). (80)

Here we use the relation between quadratic Casimir and Laplacian in AdS, −1
2
L2
X = ∇2

X .
This is just the same logic in the QM where we related the angular momentum L2 to the
Laplacian on S2.

3. The (73) relates ∇2
X′ to ∆p(∆p − d). The point is that the delta function in the (73) does

not contribute within the geodesic integral (70). Finally, we obtain the (77).

The (77) is a defining property of the conformal partial waves8 for external/internal scalar pri-

8When we say conformal blocks rather than conformal partial waves, we focus on the part depend only on the
cross ratio u and v.
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maries. Moreover, at the OPE limit (P4 → P1), the asymptotic behavior does match with one of
the CPWs. The same local scaling properties under Pi → λ(Pi)Pi will obey from the properties
of bulk-boundary propagators (72).

Thus, one can conclude that “GWD is CPW”. Notice that we did not assume the AdS/CFT
correspondence. Therefore, one can use GWD expression of CPW for any CFT even without
the bulk dual. This is because CPWs are merely kinematical objects. Indeed, “which ∆p do
enter the spectrum?” is a physical question (dynamics), whereas “what is the form of the CPW
with fixed ∆p?” is nothing to do with the dynamics of CFT.

Let us consider t-channel GWD in AdS3 with identical external operators ∆i ≡ ∆. Then,
the (70) reduces to

W∆,∆p,0(Pi) =
1

(−2P1 · P4)∆(−2P2 · P3)∆

∫
γ14

dλ

∫
γ23

dλ′G
∆p

b∂ (X(λ), X ′(λ′)), (81)

where

XA(λ) =
PA

1 e
λ + PA

4 e
−λ

√−2P1 · P4

, (82)

X ′A(λ′) =
PA

2 e
λ′ + PA

3 e
−λ′

√−2P2 · P3

. (83)

It turns out that the integrand only depends on the conformal cross ratio; hence, we can identify
the integral part as the conformal block:

G∆,∆p,0(v, u) ≡
∫
γ14

dλ

∫
γ23

dλ′G
∆p

b∂ (X(λ), X ′(λ′)), (84)

Compared with the (67), the order of u, v in the argument of conformal block is interchanged.
This is because we are considering the t-channel expansion (just flipping all 2 and 4 in the (84)).

Let assume both ∆ and ∆p are sufficiently heavy such that 1 � ∆,∆p � c, where c is
the Virasoro central charge. In this regime, one can show that the Virasoro conformal blocks
reduce to the global ones at the leading order of 1/c expansion. We can further use saddle point
approximation for the integrand of the (81), since we have

G
∆p

b∂ (X,X ′)|AdS3 ∼ e−∆pσ(X,X′). (85)

Then, the dominant contribution will come from the minimal distance between two geodesics
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γ14 and γ23. Since

∂σ

∂λ
=

1

ξ−1 +
√

(ξ−1)2 − 1

(
1 +

ξ−1√
(ξ−1)2 − 1

)
∂ξ−1

∂λ
, (86)

as same as ∂σ
∂λ′

, ∂ξ
−1

∂λ
= 0 = ∂ξ−1

∂λ′
are necessarily for the minimization. It determines the value

of λ (λ′) and then ξ−1;

λ =
1

4
log

P12P13

P24P34

, λ′ =
1

4
log

P12P24

P13P34

, ξ−1 =
1√
v

(
1 +
√
u
)
. (87)

Finally, we have obtained

logG∆i,∆p,0(v, u) ∼ −∆pσmin = −∆p log

(
1 +
√
u+

√
(1 +

√
u)2 − v√

v

)
. (88)

One can also obtain the s-channel result by u↔ v.
Let us rewrite it for more usual convention in the two-dimensional CFT [56],

logF(h, hp, 1− x) ∼ −hp log

(
1 +
√
x

1−√x

)
, (89a)

logF(h̄, h̄p, 1− x̄) ∼ −h̄p log

(
1 +
√
x̄

1−
√
x̄

)
, (89b)

where we introduced a different convention,

x =
(z2 − z1)(z4 − z3)

(z4 − z2)(z3 − z1)
, x̄ =

(z̄2 − z̄1)(z̄4 − z̄3)

(z̄4 − z̄2)(z̄3 − z̄1)
, (90)

where z = σ + iτ ∈ C. The dictionary is just x =
√
u, 1 − x =

√
v, h + h̄ = ∆, |h − h̄| = `

and G∆i,∆p,0(u, v) = F(h, hp, x)F(h̄, h̄p, x̄). If we assume τ = 0, we have x = x̄ in the above
expression (89). Note that one can check the (89) from Zamolodchikov’s recursion relation of
the Virasoro conformal blocks. We leave this argument in appendix D.
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5 Concluding remarks

In this section, we conclude with some discussion about our results. We also note some possible
future direction including ongoing works.

Comments on EW

We firstly make comments on the possible connection of EW to the entanglement of purification
(EoP). In [33], the calculation of the EoP has been identified with the conformal blocks with
internal twist operators with the aid of the holographic code model [57]. In this case, the corre-
sponding correlation function consists of twist operators with the twist number±n+1

2
where n is

an odd integer. From the path integral perspective, these operators and σn(σ̄n)s would play the
same role effectively. The EW is not the EoP in general. In particular, the EW can be negative;
thus, the EW is farther from the entanglement measure than the EoP.

The EW (ρAB) is rather similar to the coherent information [58, 59]

I(A〉B) ≡ S(ρB)− S(ρAB), (91)

or equivalently, the conditional entropy with the minus sign S(A|B) ≡ −I(A〉B). Remark-
ably, these quantities can have either positive and negative values. The conditional entropy has
already been discussed in the context of the differential entropy from which one can draw the
bulk (closed) convex surfaces [60, 61]. In particular, these were defined together with its ori-
entation (with ± sign) [62, 63]. For the differential entropy, one needs infinite series of density
matrices associated with each infinitesimal subregion. On the other hand, our present result has
been derived from a single density matrix ρAB dual to the entanglement wedge. This is a cru-
cial difference compared with the differential entropy. It is very interesting to study operational
interpretation of So as like the differential entropy [64].

We have seen that the holographic states should satisfy

EW (ρAB) ≥ 1

2
I(A : B) =

1

2
(S(ρA) + S(ρB)− S(ρAB)), (92)

where ρAB is a state dual to the bulk classical geometry. On the other hand, we also discussed
the 2-qubit state, which satisfied the opposite inequality. Therefore, the above relation is a
special feature of the “holographic state” as like monogamy of mutual information [65]. Under-
standing when such constraints can be satisfied is a very interesting future direction. It might be
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understood as the specific nature of the “holographic states” such as the absolutely maximally
entangled (AME) states [57].

Comments on OEE and future direction

It is also natural to study the general properties of OEE itself. In particular, these studies might
give us series of new constraints on the holographic CFT. The proof for general properties may
be technically challenging since the OEE is not convex function as opposed to the usual EE. One
possible way is to study various setup such as spin systems, free theories, gauge theories on the
lattice and so forth. Extensive studies would suggest some generic features of the OEE. Besides
such indirect studies of holography, it is very interesting to see the OEE in the holographic code
model [57] and path integral optimization [66–68].

This thesis argues only the AdS3/CFT2 setup, so higher dimensional cases are still conjec-
ture. In the CFTd with d > 2, the twist operators become non-local operator (co-dimension
2). Hence, we cannot use the geodesic Witten diagram argument (for local operators) at all.
The geodesic Witten diagrams (GWD) [51] has been extensively discussed in the case of local
operators, including spinning fields [69–74], fermions [75], thermal background [76, 77] and
boundary/defect [78–80]. However, we do not know the explicit form for ones with non-local
operators—it may be referred as “surface Witten diagrams” [81]. It might give us some insight
in the case of higher dimension. Of course, it is not clear that we can follow the similar argu-
ment in d = 2. It is nice to use gravitational path integral [15, 82, 83]. It is also intriguing to
consult with “quantum correction” of the OEE and the entanglement wedge cross section.

Towards the reconstruction of entire spacetime

To prove the entire spacetime region, especially the interior of the horizon in black hole ge-
ometries, the entanglement wedge cross section is not enough [84, 85]. From the viewpoint
of the co-dimension 2 surfaces, we need extremal (but non-minimal) surfaces. To extract such
non-minimal ones, one may need to use the internal (gauged) degrees of freedom in the string
theory [22]. Besides the black hole geometries, it is still unclear how to obtain the information
of time-like component of metric gtt from a given state. How can we extract the time-like curves
from a given state; namely, how does the holographic state realize the gravitational force? We
conclude this thesis with a hope that we will be able to address these challenging but interesting
issues in the future.
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A Some useful facts in Quantum Mechanics

Here we note simple proofs for the facts used in section 2 (Peres’ theorem) and section 3
(Schmidt decomposition).

Peres’ theorem Suppose our state acting on bi-partite Hilbert spaceHA ⊗HB is separable,

ρAB =
∑
i

piσiA ⊗ τiB, (93)

its partial transposition with respect to B is given by

ρTBAB =
∑
i

piσiA ⊗ τ ∗iB. (94)

Here we used the fact that τT = (τ †)T = τ ∗ for any physical states τ . Note that the complex
conjugate does not change eigenvalues of Hermitian matrices. Therefore, each σiA⊗τ ∗iB still has
non-negative eigenvalues. We can conclude that if a given state has the form (93) (a separable
state), 〈ψ| ρTBAB |ψ〉 ≥ 0 for all |ψ〉. In other words, taking contraposition, if a given ρTBAB has at
least one negative eigenvalue, the state ρAB is entangled.

This simple but powerful argument has been presented by Peres [41]. After that, Horodecki-
Horodecki-Horodecki [42] have displayed, explicit examples which are entangled but have no
negative eigenvalues for its partial transposition.

Schmidt decomposition Any pure state on bi-partite Hilbert space HA ⊗HB can be written
as

|ψ〉 =
∑
nα

ψnα |nA〉 |αB〉 ≡
∑
n

|nA〉 |ψ(n)
B 〉 , (95)

where
|ψ(n)
B 〉 ≡

∑
α

ψnα |αB〉 . (96)

Without loss of generality, we can take the above |n〉s as the eigenvectors for the reduced density
matrix of A;

ρA = Tr
HB
|ψ〉〈ψ| =

∑
n

pn |nA〉〈nA| , (97)
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where 0 ≤ pn ≤ 1 and
∑

n pn = 1. Then, from the definition of partial trace, we should
conclude ∑

m

〈mB|ψ(i)
B 〉 〈ψ

(j)
B |mB〉 = 〈ψ(j)

B |ψ
(i)
B 〉 = piδij. (98)

Therefore, our |ψ(j)〉s must be orthogonal to each others. Hence we can identify |nB〉 ≡
|ψ(n)
B 〉 /

√
pn which leads the Schmidt decomposition,

|ψ〉 =
∑
n

√
pn |nB〉 |nB〉 . (99)
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B Replica Path Integral and Partial Transposition

In this appendix, we review the replica trick which is a methodology to compute n-th power
of reduced density matrices [27, 44] (and its partial transposition [48, 49, 55]). For technical
reason, we are especially interested in the two-dimensional CFT. In section B.1, we explain the
path integral representation of TrρnA and specific simplification for CFT2. In section B.2, we
describe how we can realize the partial transposition in terms of the replica trick. In particular,
we argue that the scaling dimension of some twist operators depends on the parity of n.

B.1 Path integral representation of reduced density matrices

Firstly, we write the vacuum wave functional Ψ0[φ] by using the Euclidean path integral,

Ψ0[φ] = 〈φ| lim
∆τ→∞

e−∆τH |Ψ〉 = 〈φ|0〉 , (100)

where |0〉 is the ground state such that H |0〉 = 0. We obtain

Ψ0[φ1] = N− 1
2

∫
Dφ

(∏
~x∈A

δ(φ(−ε, ~x)− φ1(~x))

)
exp

[
−
∫ −ε
−∞

dτ L[φ(τ, ~x)]

]
, (101)

Ψ∗0[φ2] = (N ∗)− 1
2

∫
Dφ

(∏
~x∈A

δ(φ(+ε, ~x)− φ2(~x))

)
exp

[
−
∫ ∞

+ε

dτ L[φ(τ, ~x)]

]
, (102)

which may be pictorially written as

τ = −ε
φ1

τ = −∞

τ =∞

Ψ0[φ1] =

τ = −∞

φ2

τ =∞

τ = ε
Ψ∗0[φ2] =

(103)
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Then, we can make its reduced density matrix ρA just by gluing the boundary conditions im-
posed on Ac,

ρA[φA1 , φ
A
2 ]

= 〈φA1 |
(

TrHAc |0〉〈0|
)
|φA2 〉

= |N |−1

∫
Dφ
(∏
~x∈A

δ(φ(+ε, ~x)− φ2(~x))δ(φ(−ε, ~x)− φ1(~x))

)
e−S[φ]. (104)

Demanding TrHAρA = 1, we can identify N =
∫
Dφe−S[φ] ≡ Z1. By using the above expres-

sion (104), one can express the trace of ρnA in the similar way:

TrHAρ
n
A = |N |−n

∫
Dφ1 · · · Dφn

(∏
~x∈A

δ(φ1(−ε, ~x1)− φ2(ε, ~x2))

δ(φ2(−ε, ~x2)− φ3(ε, ~x3)) · · · δ(φn(−ε, ~xn)− φ1(ε, ~x1))

)
exp

[
−

n∑
i=1

S[φi]

]
(105)

φA1

φA2
=

φA2

φA3 · · ·
φAn

φA1

(106)

The last line is a schematic picture of the TrHAρ
n
A where we are gluing each boundary condition

φis on a sheet into another sheet with the same φis. In this way, we can regard the TrρnA as a
partition function on the n-sheeted geometry (Riemann sheet),

TrHAρ
n
A = Zn/Z

n
1 , (107)

where each Z1 comes from the normalization factor N .

To be concrete, we shall consider the time slice of two-dimensional conformal field theories.
We can treat this Zn in two different ways. First, by using the conformal transformation, we can
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relate Zn to the theory on a single plane with a deficit angle. Second, we remind the original
motivation to introduce the Riemann surface. That was to avoid the multi-valued function on
a single sheet. This can be regarded as the orbifold theory CFTn/Zn with insertions of twist
operators which play a role of branch points. In the second viewpoint, we simply have

Zn ∝ 〈σn(u)σ̄n(v)〉CFTn/Zn , (108)

where σn(u) and σ̄n(v) are the (branch point) twist and anti-twist operators. Notice that the
right-hand side is just the two-point function of local operator. We can fix it by conformal
symmetry once we determine the scaling dimension of twist operators. To this end, Calabrese
and Cardy computed the one point function of the stress tensor in the aforementioned two ways
and equate with them. We skip the detail of calculation but finally they obtained

hσn = h̄σn =
c

24

(
n− 1

n

)
. (109)

We can straightforwardly write the above ones in the case of multipleN -interval cases (N > 1).
In this case, we finally obtain Zn as partition function on the Riemann surface with genus
g = (n− 1)(N − 1) or 2N -point correlation function for CFTn/Zn,

Zn ∝ 〈σn(u1)σ̄n(v1)σn(u2)σ̄n(v2) · · ·σn(uN)σ̄n(vN)〉CFTn/Zn . (110)

The latter can be evaluated in the holographic CFT2 since it reduces to the vacuum conformal
blocks (at the leading order of large-c limit).

B.2 Replica trick including the partial transposition

The partial transposition (of the reduced density matrix) can be also expressed in terms of the
replica partition function and correlators of twist operators. For simplicity, let us consider the
two disjoint interval case:

〈φA1 φB1 |ρAB|φA2 φB2 〉 = |N |−1

∫
Dφ

 ∏
~x∈A,B

δ(φ(+ε, ~x)− φ2(~x))δ(φ(−ε, ~x)− φ1(~x))

 e−S[φ].

(111)
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Then, we take the partial transposition for the second disconnected peace B:

〈φA1 φB1 |ρTBAB|φA2 φB2 〉 = 〈φA1 φB2 |ρAB|φA2 φB1 〉

= |N |−1

∫
Dφ
(∏
~x∈A

δ(φ(+ε, ~x)− φ2(~x))δ(φ(−ε, ~x)− φ1(~x))

)
(∏
~x∈B

δ(φ(+ε, ~x)− φ1(~x))δ(φ(−ε, ~x)− φ2(~x))

)
e−S[φ].

(112)

Therefore, TrH(ρTBAB)n can be written schematically as follows;

TrH(ρTBAB)n

φB2

φA2

φA1

φB1
=

φB3

φA3

φA2

φB2

· · ·
φBn

φAn

φAn−1

φBn−1

φB1

φA1

φAn

φBn

, (113)

where the same φA,Bi are glued each others. Since the row and column in the second subregionB
are interchanged, the replicated geometry is also changed compared with the original TrHρnAB.

We can easily write its counterpart in the orbifold CFT,

TrH(ρTBAB)n = 〈σn(u1)σ̄n(v1)σ̄n(u2)σn(v2)〉CFTn/Zn . (114)
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' ' '

Figure 6: These figures show a pictorial explanation of the pure state limit. Let us concentrate
on a single replica sheet (very left panel). We shall view each complex plane as a 2-sphere as
usual (middle left panel). Each line and arrows (blue/orange) represent the branch cut connected
with the upper or downer sheet. One can deform each cut in topologically equivalent manners
(middle right panel; for brevity, let us do it only for upper hemisphere). Finally, we obtain a
single branch cut but this cut skips the next upper sheet and connects to the next-next upper
sheet (very right panel).

Notice that the order of twist and anti-twist operators on the subregion B is flipped. Let us
consider the pure state limit; namely, the limit with (A∪B)c → ∅. For the replicated geometry,
this may be understood as like figure 6. In the terminology of (114), it corresponds to the limit
with u2 → v1, v2 → v1,

TrH(ρTBAB)n → 〈σ2
n(u1)σ̄2

n(v1)〉CFTn/Zn , (115)

where σ2
n(σ̄2

n) are the (ant-)twist operators with twist number±2. An important point is that the
n-sheeted geometry is dramatically different between even n and odd n. In particular, for even
n, our replicated geometry decouples to two independent n/2-sheeted geometry each of which
is equivalent to the path integral of TrHAρ

n/2
A . On the other hand, for odd n, it reduces to the

TrρnA after changing the label of each sheets. Therefore, the scaling dimension of σ2
n(σ̄2

n) can be
determined from the one of σn(σ̄n):

hσ2
n

= h̄σ2
n

=


c

24

(
n− 1

n

)
(n : odd),

c

12

(
n

2
− 2

n

)
(n : even).

(116)

In the main text, we will omit the suffix of the correlation function, CFTn/Zn, for brevity.
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C Embedding formalism in AdS/CFT

We use the embedding definition of (Euclidian) AdSd+1 and its conformal boundary Rd. This
idea was first initiated by Dirac [86] and recently revived by Weinberg [87]. We also recommend
to see [88–90]. Let us consider Rd+1,1 and its sub-manifolds

AdSd+1 : X2 = −`2
AdS ≡ −1, X0 > 0, (117a)

∂AdSd+1 : P 2 = 0, PA ∼ λPA (λ ∈ R). (117b)

Here we used the light cone metric

A ·B = ηABA
ABB = −1

2

(
A+B− + A−B+

)
+ δabA

aBb (for all vector A,B in Rd+1,1).

(118)
These sub-manifolds indeed represent the AdSd+1 and its conformal boundary. Especially,

XA = (X+, X−, Xa) =
1

z

(
1, z2 + x2, xa

)
, (119)

and
PA = (P+, P−, P a) =

(
1, x2, xa

)
, (120)

describe the Poincaré patch and its boundary Rd (see figure 7).d+2次元時空にAdSd+1/CFTdを埋め込む

P 2 = 0

P +P�

X2 = �1

・さらに、テンソルの足を補助場で潰す
F (X,⇥) ⌘ ⇥A1⇥A2 · · ·⇥ApFA1···Ap

表現の種類 = 補助場の多項式の次数

・SO(d+1,1)が線型変換に！Figure 7: Euclidian AdS (red hyperboloid) and its conformal boundary (blue light cone) in the
embedding space. The blue light ray shows the identification of the boundary points PA ∼
λPA. The black hyperbolic curve displays one choice of the flat section for CFT (the Poincaré
section).
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C.1 Embedded fields in AdS/CFT

We would like to embed the fields in AdSd+1/CFTd into a flat space Rd+1,1. To this end, we
must impose constraints in order to adjust the total d.o.f. to the original one. We can employ
“transverse condition” for tensor fields

PA1T
A1A2···A`
∂ (P ) = 0, XA1T

A1A2···A`
b (X) = 0, (121)

where T∂ is a tensor field in the CFT and Tb is one in the AdS. Note that these conditions are
imposed only on the physical space (117). We further impose the condition to the primary field
TA1A2···Al
∂ (X) as

T∂(λP ) = λ−∆T∂(P ), (122)

which can be realized as
T∂(λP ) = (P+)−∆t∂(P

a/P+), (123)

where we omitted the tensor indices for brevity. Having the (123) with the Poincaré patch (120),
one can show that t∂ satisfies conformal algebra for primary fields with scaling dimension ∆

and spin `9. It is worth noting that the usual scaling limit of the AdS/CFT fields,

T∂(P ) = lim
X+→∞

(X+)∆Tb(X = X+P + · · · ), (124)

also reproduce the (122).

One can also embed Dirac fermions for even d [75, 87],

PAΓAΨ∂(P ) = 0, XAΓAΨb(X) = ΓchiralΨb(X), (125)

where ΓA (Γchiral) are the (chiral) gamma matrix in the embedding space.

The covariant derivative is given by

∇A = GAB∂
B
X +XBΣAB, (126)

where we defined the induced metric

GAB = ηAB +XAXB, (127)

9Here we should use SO(d + 1, 1) (Lorentz) generator LAB(P ) = PA∂B − PB∂A + ΣAB , where ΣAB is
generators associated with the rotational representation.
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and the generator of rotation for non-trivial spin representation ΣAB. It is worth noting that
XA∇A = 0 = XAGAB on the AdS sub manifold X2 = −1.

By using the embedding space, one can algebraically determine the two and three-point cor-
relation functions in CFT without using the conformal Ward-Takahashi identity. Furthermore,
one can also fix the bulk-boundary propagator in AdS. (Of course, we cannot do the overall
constants though.) We listed the result only the case for scalars since we use it explicitly in this
thesis:

G∆,0
∂∂ (P1, P2) =

1

(−2P1 · P2)∆
, (128)

G∆,0
b∂ (X,P ) =

1

(−2X · P )∆
, (129)

where the bulk scalar field has the mass m2 = ∆(∆ − d). Notice that these are the unique
choice up to constant. This fact obeys from the scaling property of primaries, Pi → λ(Pi)Pi.
For non-trivial representation, please see [74, 75, 90] and references therein.

C.2 Geodesics in AdS

In this section, we use Lorentzian signature. We note the case of AdS3 (R2,2) hereafter, but the
generalization is obvious. We take our metric on R2,2 as

ds2 = −dX2
0 + dX2

1 + dX2
2 − dX2

3 . (130)

Then, AdS3 is defined as a timelike surface in R2,2;

X2 ≡ −X2
0 +X2

1 +X2
2 −X2

3 = −`2
AdS (131)

First of all, let us consider the geodesics on AdS3. Geodesic equation can be derived from free
particle Lagrangian,

L =
1

2
Ẋ2 + λ(X2 + `2

AdS), (132)

where Ẋ ≡ dX

dτ
and λ is the Lagrange multiplier. The 2nd term is necessarily for a particle to

stay on AdS3. Then, the equation of motion is,

ẌA = 2λXA. (133)
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Since our Lagrangian is invariant under the SO(2, 2) rotation, we have the conserved currents;

JAB = XAẊB − ẊAXB,

dJAB
dτ

(133)
= 0. (134)

We also have

JABX
B = `2

AdSẊA, (135)

JABẊ
B = Ẋ2XA, (136)

JABJ
AB = −2`2

AdS(Ẋ)2. (137)

Therefore,
d

dτ
ẊA

(135)
=

d

dτ

(
1

`2
AdS

JABX
B

)
(134)
=

1

`2
AdS

JABẊ
B (136)

=
Ẋ2

`2
AdS

XA. (138)

Thus,

λ =
Ẋ2

2`2
AdS

, λ̇
(137)
= 0. (139)

Let us consider spacelike geodesics. We can easily obtain the generic solution,

XA(τ) = mAe

√
Ẋ2

`2AdS
τ

+ nAe
−
√

Ẋ2

`2AdS
τ

(140)

with
m2 = n2 = 0, 2(m · n) = −`2

AdS. (141)

Note that
√
Ẋ2τ is related to the geodesic distance. Therefore, the spacelike geodesics an-

chored on the boundary points should have the form (76). Let us define a parameter ξ as

ξ−1 = −X(τ1) ·X(τ2) = `2
AdS cosh

[√
Ẋ2(τ1 − τ2)

]
. (142)

Since
√
Ẋ2(τ1 − τ2) is nothing but the geodesic distance σ, we have obtained

σ(X(τ1), X(τ2)) = cosh−1

(
1

ξ

)
= log

(
1 +

√
1− ξ2

ξ

)
, (143)

where we took `AdS = 1.
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D Virasoro conformal blocks from recursion relation

In this appendix, we introduce another way to obtain the Virasoro conformal blocks, introduced
by Zamolodchikov. The goal of this section is to reproduce the (52) by using Zamolodchikov’s
recursion relation.

In the two-dimensional CFT, we have the infinite-dimensional conformal symmetry. The
generators obey the Virasoro algebra:

[Lm, Ln] = (m− n)Lm+n +
c

12
(m3 −m)δm+n,0, (144a)

[L̄m, L̄n] = (m− n)L̄m+n +
c̄

12
(m3 −m)δm+n,0, (144b)

where Ln and L̄n corresponds to the generators for left and right movers (z and z̄). The c, c̄
are the central charges and we will consider the case c = c̄. The sub-algebra associated with
the global conformal symmetry is the part n,m = 0,±1. One can construct the highest weight
representation (conformal family) of each algebra labelled by the eigenvalues of (L0, L̄0) =

(h, h̄). The highest weight state is called primary states. Due to the factorization of left/right
modes in CFT2, we can often discuss the holomorphic or anti-holomorphic part individually.
For further detail, see [56].

Note that the asymptotic symmetry in the three-dimensional AdS spacetime also turns out
to be the same one (144) [45]. Hence, by using the Virasoro conformal blocks, we can take
into account the “quantum gravitational effect” naturally for each conformal blocks because the
Virasoro confromal blocks include stress tensor contributions in the global ones.

In what follows, we consider a four-point function of the identical operator φ. We may
expand CFT2 correlators in terms of Virasoro conformal blocks not merely the global ones,

〈φ(0)φ(x, x̄)φ(1)φ(∞)〉 =
∑
hO,h̄O

aOF(c, hφ, hO;x)F̄(c, h̄φ, h̄O; x̄) (145)
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D.1 Zamolodchikov’s recursion relation

The holomorphic part of Virasoro conformal blocks for the (145) can be obtained from the
following recursion relation [30, 31]

F(c, hφ, hO;x) = [x(1− x)]
c−1
24
−2hφ [16q(x)]hO−

c−1
24 ϑ3(q(x))

c−1
2
−16hφH(c, hφ, hO; q(z)),

(146)

H(c, hφ, hO; q(x)) = 1 +
∑
m,n≥1

(16)mnRm,n(c, hφ)

hO − hm,n(c)
H(c, hφ, hm,n(c) +mn; q(x)), (147)

where,

q(z) = exp

[
−π 2F1(1

2
, 1

2
, 1; 1− x)

2F1(1
2
, 1

2
, 1;x)

]
= e−π

K(1−x)
K(x) , (148)

ϑ3(q(x)) =
∑
n∈Z

qn
2

(x), (149)

hm,n(c) =
c− 1

24
+

(α+m+ α−n)2

4
, α± =

√
1− c

24
±
√

25− c
24

, (150)

Rm,n(c, hφ) = −1

2

∏
r,s

(
2`φ −

`r,s
2

)2(
`r,s
2

)2∏
a,b

(
1

`a,b

)
. (151)

Here the labels inside of Rm,n is given by

r = −m+ 1,−m+ 3, · · · ,m− 3,m− 1 (152)

s = −n+ 1,−n+ 3, · · · , n− 3, n− 1 (153)

a = −m+ 1,−m+ 2, · · · ,m (154)

b = −n+ 1,−n+ 2, · · · , n (155)

except for (a, b) = (0, 0), (m,n).

To solve the recursion relation, first we expand H(q) as

H(q(x)) = 1 +
∞∑
k=1

ck(hO)qk(x), c0(hO) = 1, (156)
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and assign it into (147). Then, we get

∞∑
k=1

ck(hO)qk(x) =
∑
m,n≥1

∞∑
`=0

(16)mnRm,n

hO − hm,n(c)
c`(hm,n +mn)q`+mn(x). (157)

Though we have c`(hm,n+mn) in the right-hand side rather than ck(hO), we can obtain one for
c`(hm,n +mn) by simply replacing hO = hm,n +mn.

We can solve it order by order. Firstly, if mn is an odd number, we always have Rm,n = 0.
Iterating this fact, we get c2k+1(hO) = 0. Then, we obtain

c2k(hO) =
k∑
i=1

∑
mn=2i

Rm,n

hO − hm,n(c)
c2k−2i(hm,n + 2p). (158)

For the open source code for Mathematica, which implements the above recursion relation,
see [91].

D.2 Conformal blocks with internal twist operator

Let us compare the results (52) (and (89)) with the one obtained from the above recursion
relation. To obtain the analytic expression, we need to truncate the power of q(x) at finite order.
Therefore, let us consider the OPE limit x → 0. (Here we are discussing about the s-channel
conformal blocks. In terms of the t-channel blocks, flip x → 1 − x and take x → 1.) In this
limit, the q(x) and ϑ3(q(x)) behave as

q(x) =
x

16
+
x2

32
+

21x3

1024
+

31x4

2048
+

6257x5

524288
+

10293x6

1048576
+O(x7), (159)

ϑ3(q(x)) = 1 +
x

8
+
x2

16
+

21x3

512
+

993x4

32768
+

6273x5

262144
+

5169x6

262144
+O(x7). (160)

Then, we can expand logF(c, cδ, cδ;x) around x = 0:

logF(c, cδ, cδ;x) = −cδ log x+ cδ

(
x

2
+

3

16
x2 +

5

48
x3

+
35

512
x4 +

63

1280
x5 +O(x6) +O(δ)

)
+O(c0). (161)
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Here we first set hφ = hO = cδ and expanded F(c, cδ, cδ;x) around x = 0. Here δ ≡ n2−1
24n

is
supposed to be very small. Then, we took the large-c limit and after that we further expanded
the conformal block around δ = 0. Notice that there are no singular terms like O(δ−1). One
can compare it with the saddle point approximation of the geodesic Witten diagrams. These
two expression agree with order by order except the position-independent term −cδ log 4. This
term appears from the small x-expansion of the geodesic Witten diagrams. However, this is just
the matter of the normalization of conformal blocks. Besides choice of the normalization, we
are free to choose the UV cut off ε for the calculation of the EE or the OEE.
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