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In this note, we shall fix up some gaps in my previous papers [2] and [3],
and will discuss related topics. Since [2] is a special case of [3], we may re-
strict our attension to [3] and will retain the notation adopted there throughout
the paper.

In [3], the proofs of Lemma 1 and Proposition in Section 3 were incom-
plete. After some preparations, we will give a detailed proof for each of them
in §3. On the way, we can see some relations between the index of a con-
nected complex semisimple Lie group and the index of its Borel subgroup,
which will be stated in the last part of this note.

I am indebted to Professor Morikuni Goto who pointed out my mistake
and gave me great help to correct it.

1. On a theorem of Kostant concerning three dimensional sub-
algebras

Let G be a complex semisimple Lie algebra, A a nilpotent element (==0) in
G. According to Kostant [1], we can find a semisimple % and a nilpotent B in
G so that

(*) [n,A] = A, [h,B]= —B, [A,B]=h.

Furthermore, the three dimensional subalgebra S=Ch+CA+CB is uniquely
determined by 4 up to conjugacy, i.e. if 4 is conjugate with A’, then a three
dimensional subalgebra S’'=Ch'+CA’+CB’ corresponding to A’ is con-
jugate with S, and so is &’ to A.

Proposition B. If A is a regular nilpotent element in G (c.f. [4]), then the
h satisfying (*) must be a regular semisimple element.

Proof. By [4], we can suppose that A=31]_, e,,. We shall choose BEG
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such that A=33%_, h;, A and B satisfy (*). Notice that a;(k)=1 for j=1,-,
/, and A is regular.

Let ¢;;=—2{ay, ;> [{a;, ;> (k, j=1,-++,]) be Cartan integers. The Cartan
matrix (—r,;) is known to be non-singular and so the system of linear equations

I3
’Z:lykcjk =1 (] =1, l)

has a unique solution y,,-+,y,. We put

! 2

B=>'—=  ye ..
kE" Loy, apy Til-a
Then
! 2 L 2
A,B] = €y, € 0] = — I
[ ] ”z:]‘ {aw A il * k] =1 ay, ak>yk t
I3 ]
= —Zykhtk = —Eyk(—jﬂzlcjkh,-)
=1
and it is easy to see that
[A, 4] = A, [h,B]l= —B. Q.E.D.

2. Akeylemma

G still denotes a complex semisimple Lie algebra of rank

Lemma C. Let G, be a semisimple subalgebra of G with the same rank I, A
a nilpotent element which is regular in G,. Then z,(A) (the centralizer of A in
G={xeG; [x,4]=0}) is composed of nilpotent elements.

Proof. It suffices to prove: for any nonzero semisimple element x,EG,
A is not conjugate with any (nilpotent) element in z4(x,).

Any semisimple element x,&G is conjugate to some element A, in the
(fixed) Cartan subalgebra H. Moreover, if x,=Adg-h,, then <4(x,)=Adg-z(h,).

So we may assume that x,+0 lies in H.
1l

Next, any x,&H can be expressed as x,=>(c;+1id,)h;(c;,d;= R). Denote

j=1

I
xlzgcjhj, x2=jz;_:,djhj, so that x,=x,+ix, with x,, xZEHO(zéRhmszﬂRh,-).

Notice that z,(x,) is generated by H and those e,’s with ¢ € A satisfying 0=a(x,)
=a(x,)+7a(x,), which implies that the two real numbers a(x;) and a(x,) must
be zero, i.e. 25(%))=24(x;) N 2¢(x,). By assumption, x,%0, so x,%0 or x,%0.
Without loss of generality, we may assume that x,=0. Since 2g(x,) C 24(xy), to
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prove the Lemma, we may replace x, by x,, i.e. we assume that x,= H,,.

Denote W,={x€H,; aj(x)>0 j=1, -, I}. Since the Weyl group
Ad(A) acts transitively on the set of Weyl chambers, any element x,in H, is con-
jugate with an element in W,. So we reduce our problem to the case that
x,E Wy, i.e. xp=yhy+-++yh, with ;>0 (j=1,--,]). Tt is easy to see that
26(%,) is generated by H and those e,’s with a €A satisfying the following con-
dition: If a=33}1 nja;, then n;=0 whenever y,+0; i.e. zG(xo)zH—f—BzA}CeB

€8y

where AleﬂZIZai with I={i; 1<i</ and y,=0}. The assumption x,4-0
HS

implies that y; cannot be all zero, say ¥,#0. Thus we have 24(x,) C2.(h;). Let
us prove that a regular nilpotent element 4 is not conjugate with any nilpotent
element in 2g(h,).

Any nilpotent element A'Exz(k,) lies in G,=[24(h,), 2(h:)]. Let & and
B (resp. b’ and B’) be chosen to satisfy relation (*) for the element 4 (resp.
A') in the last section. We may choose £, BEG, and 4',B’eG, (because G,
and G, are semisimple subalgebras). It is easy to see that G, has >3, Ch; as
its Cartan subalgebra, and any element x &3}, Ch; satisfies ar;(x)=0, so x is
non-regular when considered as an element in G. Therefore, the semisimple
element A’ €G, 1s non-regular in G. On the other hand, Proposition B shows
that 4 is regular in G, so k is regular in G because rank G=rank G,. Hence &
cannot be conjugate with A’. By Kostant’s theorem, 4 cannot be conjugate
with A’. This finishes our proof.

3. Corrections to [3]

Throughout this section, we shall follow the notation used in [3].

First, we give a correct proof for Lemma 1 [3].

Let h, and B, -+, 8, be the same as in p. 563 [3].

The argument in p. 563 [3] proves that we can find a positive integer d
and some element A&’ such that B;(dh,+k)=0 for j=1,---,7, i.e. a(dh,+h)=0
for all a=A(h). Let d be the smallest positive integer for this to be true,
then ind(exp %,-exp N) is a factor of d.

Assume that B3;,=>)i_.g;;a;. Consider the following system of linear
equations in the unknowns y,, **+,¥;:

g+ gay = 2mik; i=1,-r;
gyt +quy =0 i=r+1, 1.

Since (g;;) is a nonsingular matrix (because 8,,-+,8; is linearly independent),
this has a (unique) solution which is nontrivial because some k;40 by our
assumption on A,

Let ho’=2§=1yjhjy then 16)1(]"0’)=B1(ho)a"')Br(ho'):Br(ho) and ﬁl;"'nele
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A(hy"). Suppose that d” is the smallest positive integer for which we can find
h'eQ’ satisfying B;(d’h/+h")=0 for j=1,--,1, then a(d'h,/+h")=0 for any
aEA because o can be written as a rational linear combination of 3,--+, 5,
(they are linearly independent and /=rank G), this implies that d's,+A'=0, or
d'hy=Q’', and d’ is the smallest positive integer for this to hold.

On the other hand, B;(d'hy+h")=R;(d hy)+B;(h")=B;(d'h,")+B;(h")=
Bi(d'hy'+h")=0 for j=1,---,7, so that &’ must be a multiple of d, and hence
a multiple of ind(exp k,-exp N).

The proof of Lemma 1[3] will be complete after we prove the following
lemma.

Lemma 1 A. There exists a nilpotent element N'E3 peasn* Cep so that
ind(exp hy'<exp N') = d’ .

Also, we need a more detailed discussion in the proof of section 3 [3] for
that element we chose to have index exactly equal to p;m;.

Proof of Lemma 1 A. Recall that 4,"& H was chosen so that z(%,") has car-
dinality /=rank G, i.e. G;=G(1, Ad exp k") is a semisimple subalgebra of G
with rank . If ®, is the connected Lie subgroup of & with G, as its Lie algebra,
then exp %, is a central element in @,. Note that d’ as we have chosen is ex-
actly equal to the order of this central element.

Let N'€3X3scagn* Ces be a regular nilpotent element in G, and g=
exp hy'+exp N'. We claim that ind(g)=d".

Let g be a positive integer so that g’=exp x for some x&G. Consider
the Jordan decomposition of x: x=x,-+N,, where x, is semisimple, N, is nilpotent
and [x, No]=0. The equality exp x,-exp N,=exp x=g'=exp g¢h,’-exp gN’
and the uniqueness of decomposition imply that exp Ny=exp ¢N’. But the
exponential map is one-one on the nilpotent part, so Ny=¢N'. Therefore
x=x,-+¢N’ with x, semisimple and [x, N']=0. Since N’ is a regular nilpotent
element in the semisimple subalgebra G,, which has rank /=rank G, we con-
clude from Lemma C that x,=0, i.e. (exp &, )’=exp x,=1. This implies that
g must be a multiple of &’ and proves that ind(g)=d’. Q.E.D.

A similar argument can prove the assertion we made in section 3 [3]. Let
hy=2mih;/m;, N=2<;<; i+ifs;, N is a regular nilpotent element in the semi-
simple subalgebra G,=G(1, Ad exp h,), and rank G,=I=rank G.

Let g=exp hycexp N. If g 1s a positive integer so that g?=exp x for some
xG, then x=x,+¢N with x, semisimple satisfying [x,,N|=0. Apply Lemma
C again, we conclude that x,=0, so (exp 4,)’=exp x,=1. This implies that
gh,=Q*, the smallest g for this to hold is p;m;, so that ind(g)=pm;.

This gives a complete proof for the main theorem in [3].
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4. ind (B) (B denotes a Borel subgroup of ®)

In this section, we let & be a connected complex semisimple Lie group, B
a Borel subgroup of & (it is well known that % is uniquely determined up to
conjugacy). We like to study the relation between indg(g) and indg(g) for
g€®B, where inds(g) (resp. inds(g)) denotes the index of g regarded as an el-
ement in B (resp. in @). Clearly, indg(g)>indg(g) for any gB.

We may assume that the Lie subalgebra B corresponding to ¥ is given
by B=H-+>ca+Ces.

Any element in B can be expressed as exp hy-exp N with exp hy-exp N=
exp N-exp h,. In the proof of Lemma 1[3], we may choose 8, -+, 8, from A*,
so that the discussion can be restricted on B. We have proved that inde(g) is
a factor of d’. Moreover, for the particular element 4,” we chose and the cor-
responding regular nilpotent element N’ in gcaqyn*Ces(C2luent Cea),
indg(exp A,"-exp N')=d’. But it is clear that

(exp &y +exp N')* = exp d'N'e®B

and (exp hyrexp N)?=exp (dhy+h+dN)EB (for some A= Q’). Therefore
inde(exp A,-exp N) is also a factor of d’ and inds(exp Ag-exp N')=d’. We have
proved the following:

For any g€, we can find ¢g’€%, so that inds(g), as well as inds(g) is a
factor of ind®(g’)=inds(g’).

If ind(g') =ind®(g')=d=gr, then clearly ind(¢'‘)=inds(g')=r. We con-
clude that:

Proposition. If & is a connected complex semisimple Lie group, B its Borel
subgroup, then {indv(g); g =B} = {inds(g); g&B} = {inds(g); g=G}. In par-
ticular ind(B)=ind(S).

This is also true for a connected complex reductive Lie group.

ReMARK. It is not clear to me whether indg(g)=inde(g) for any g&B.
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