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Abstract
We study various approximation results of solutions of equations f(x,Y) = 0 where f(x,Y) €
K[xQI[Y]" and x and Y are two sets of variables, and where some components of the solutions
y(x) € K[[x]" do not depend on all the variables x;. These problems were highlighted by M.
Artin.

1. Introduction

Let (R, m) be a Henselian excellent Noetherian local ring, f = (fi,..., f;) a system of
polynomials in Y = (Y4,...,Y,,) over R and § a zero of f in the completion R of R.

Theorem 1 (Popescu [14], [15], Swan [17]). For every c € N there exists a zero y of f in
R such that y = ij modulo m°.

M. Artin proved in [1, Theorem 1.10] the most important case of this theorem, that is
when R is the algebraic power series ring in x = (x,...,x,) over a field K. Usually we
rewrite Theorem 1 saying that excellent Henselian local rings have the Artin approximation
property.

Now suppose that R is the formal power series ring in x = (xi,..., x,) over a field K
and some components of § have some constraints, that is they depend only on some of the
variables x;. M. Artin asked if it is possible to find y € R™ such that the corresponding
components depend on the same variables x; (see [2, Question 4]). More precisely, we have
the following question. For a set J C [n] we denote by K[ x,] the ring of formal power
series in the x; for j € J.

QUESTION 2 (ARTIN APPROXIMATION WITH CONSTRAINTS [16, Problem 1, page 68]). Let R be
an excellent local subring of K[x], x = (x1,..., x,) such that the completion of R is K[ x]|
and f € R[Y]", Y = (Yy,...,Y,). Assume that there exists a formal solution i € K[[x]]" of
f = 0such that §; € K[x;,]] for some subset J; C [n], i € [m]. Is it possible to approximate
by a solution y € R™ of f = O such that y; € RN K[[x; 1, i € [m]?

If R is the algebraic power series ring in x = (xy, x», x3) over C then Becker [4] gave a
counterexample. If the set (J;) is totally ordered by inclusion, that is the so called Nested
Artin Approximation then this question has a positive answer in [14], [15, Corollary 3.7]
(see also [6, Theorem 3.1] for an easy proof in the linear case). However, when R is the con-
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vergent power series ring in x = (xy, x2, x3) over C then Gabrielov [9] gave a counterexample
(see also [10] for a general account on this problem).

A field extension K c K’ is algebraically pure (see [13], [3]) if every finite system of
polynomial equations has a solution in K if it has one in K’. Any field extension of an alge-
braically closed field is algebraically pure [13]. In connection with Question 2 the following
theorem was proved.

Theorem 3 (Kosar-Popescu [11, Theorem 9]). Let K — K’ be an algebraically pure
morphism of fields and x = (xy,...,x,). Let J;, i € [m] be subsets of [n], and A; = K(x,,),
resp. A = K'(x;,), i € [m] be the algebraic power series in x; over K resp. K'. Set
N =A; X XA, and N = Al X---XA]. Let f be a system of polynomials from K(x)[Y],
Y=1,...,Y,), andj € N, such that f(i)) = 0. Then there existy € N such that f(y) =0
and ord(y;) = ord(y;) for i € [m].

The goal of our paper is to replace somehow in Theorem 3 the algebraic power series by
formal power series (see Theorem 14) and to state a certain Artin strong approximation with
constraints property of the formal power series ring in x over a field K which is so-called Ny-
complete (see Corollary 16). This condition on K is necessary (see Remarks 15, 17). Finally
we apply these results to extend approximation results due to J. Denef and L. Lipshitz for
differential equations with coefficients in the ring of univariate polynomials to the case of
several indeterminates (see Corollaries 18 and 20).

Finite fields, uncountable algebraically closed fields and ultraproducts of fields over N
are Np-complete (see Theorem 5). If (K,,), is a sequence of fields and F is an ultrafilter of
N we denote by (K,,)* the ultraproduct (over the natural numbers) defined as ([ ],,e K,) /F,
that is the factor of (][], K,) by the ideal {(x,)nen € ([Tpen Kn) : {(n € N @ x,, = 0} € F}.
When K is a single field, K* denotes the ultrapower ([, K) /F.

2. Solutions of countable systems of polynomial equations

DeriniTion 4. Let K be a field. We say that K is Ny-complete if every countable system
S of polynomial equations (in a countable number of indeterminates) has a solution in K if
and only if every finite sub-system of S has a solution in K.

Theorem 5. The following fields are Ry-complete:
a) Every finite field.
b) Every uncountable algebraically closed field.
c) Every ultraproduct of fields over the natural numbers.

RemARK 6. Every ultraproduct is either finite or uncountable. So every algebraically
closed field which is an ultraproduct is necessarily uncountable.

Proof. Let S be a system of countably many polynomial equations with coefficients in
a field K. We list the polynomial equations of S as Pi,..., P,,... which depends on the
variables xi,...,x, .. ..
For any N € N let Dy be an integer such that the polynomials P;, for i < N, depend only on
the x; for j < Dy.
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Let us define the canonical projection maps:
K=K KPS KE Vi k> 1
that sends the vector (xy, ..., x;) onto (x1,. .., x;). We also define the projection maps
o KN — KF V> 1

that send the sequence (x, ..., X;,...) onto (xy, ..., Xx).
Let

Voo 1= {x = (x)n € K | Pi(x) = 0 Vi € N}
and
Vyi={x=()n e K| Pi(x) =... = Py(x) =0} VN e N.
Then we have that V, = Nyen V. By assumption, for every integer N > 1 we have that
Vy = mpy (Vi) x K h-Prd,
For every positive integers N and k we define
Ck = m(Vy).
Now set

ct= ¢k

NeN
We claim that, if for every k, C;y # 0, then S has a solution; indeed, by construction
(x1,...,x¢) € C*if and only if for every N and k there exists (x;1,...,) € K such that
(X15 vy Xy Xkt 15 - - -) € V. In particular 7rk+1,k(Ck+1) = C* for every k.
Now let x; € C!. Then there exists x, € K such that (x;, x,) € C. By induction we can find
a sequence of elements x, € K such that for every k

(x1,...,x) € C.

Thus the sequence x = (x,),, € Vy for every N so it belongs to V. Hence S has a solution.

a) Let us assume that K is a finite field.
Then the C%, are finite subsets of K*. Since Vi, C Vy for every N, the sequence (C})y is
decreasing so it stabilizes. Therefore C; # @ and S has a solution.

b) Now let us assume that K is an uncountable algebraically closed field. We have that
Cl = m(Vy) = mpyu (1x = (x1,....xp,) € K™Y | Py(x) = ... = Py(x) = 0}).

Thus the C;‘\, are constructible subsets of K¥ since K is algebraically closed (by Chevalley’s
Theorem). Let us recall that a constructible set is a finite union of sets of the form X\Y
where X and Y are Zariski closed subsets of K*.

Thus the sequence (C1’§,)N is a decreasing sequence of constructible subsets of K*. Let F 1]§/
denote the Zariski closure of Cfv. Then the sequence (F 1’§,)N is a decreasing sequence of
Zariski closed subsets of K*. By Noetherianity this sequence stabilizes, i.e. Fy, = Fy for
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every N > Ny and some positive integer Ny. By assumption Cj‘\,o #0soF 5‘\,0 # (. Let F be
an irreducible component of F 1"\,0.

Since Cj‘\, is constructible, Cj‘\, = U; (XlN \Y lN ) for a finite number of Zariski closed sets XIN
and YV with X¥\Y" # 0 and X" is assumed irreducible. Since XV is irreducible the Zariski
closure of XM\ Y is X¥. Therefore for N > Ny we have that

Fy, = Fy=UX".

But F being irreducible, for every N > Nj one of the XlN has to be equal to F. Thus for
every N > N there exists a closed proper subset Yy C F such that

F\Yy C C% VN > N,.

Since K is uncountable

This is a well known fact (see for instance Exercice 5.10, [12] p. 76). This implies that
C* # 0 and S has a solution.

Finally c) is given as in Lemma 2.17 [13]. m]

Remark 7. It is quite straightforward to prove that a field K that is N;-saturated is Ny-
complete (for the definition of a saturated model see [7, Section 2.3]). One can prove that
the three fields of Theorem 5 are N-saturated providing an alternative proof of the fact that
these fields are Ny-complete.

ExampLE 8. Let K = @ be the algebraic closure of Q. Since @ is countable we may list
its elements as ay, a1, ..., @, .... Let S be the system of equations:

P1=0,P1:(x1—a'[)x1—1:0 V122

For every integer N > 1 the vector

1 1
(CUN, ey )EKN_]
ay —an ay — aN-]

is a solution of

Pi=---=Py_; =0.
But S has no solution. Indeed if x = (x,...,X,,...) € K was a solution of S then we
would have that
2.1) (xy—apx; =1 VI>2.

But x; € @ so x; = qy, for some /y > 0. Thus (3.2) for / = [, would give
0= ()Cl - a/lo)xlo =1

which is impossible. So @ is not an Ny-complete field.
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ExampLE 9. Let K = R be the field of real numbers. Let S be the system of equations:
Pi=0,P=x—(x;-0)=0VI>2.

Then Py = --- = P; = 0 has a solution x = (x1,...,x,) if and only if x; — [ > 0.
In particular S has no solution. So R is not an Ny-complete field.

3. Approximation with constraints

We recall some elementary facts on algebraically pure field extensions, referring to [13]
and [3, (2.3)] for details.

Remark 10. (1) If K — L is a field extension of real closed fields then it is alge-
braically pure.

(2) If K is an infinite field and x = (xi,...,x,) then K — K(x) is algebraically pure.
[13]

(3) If Kis a field and x = (xy, ..., x,), we denote by K{x)) the field of algebraic power
series, and by K{x}} the field of convergent power series (when K is a complete
valued field). Then K{x) — K{{x}} and K{{x}} — K(x)) are algebraically pure by
Artin approximation theorem. [1]

4) fK; — K, and K, — Kj are algebraically pure then K; — Kj is algebraically

pure. [13]
Lemma 11. [3] Let K be a field and let K* be an ultrapower of K. Then the morphism
K — K* sending every element a € K onto the constant sequence (a,...,a,...) is alge-
braically pure.

Proof. Let S = (P;);e; be a finite system of polynomial equations with coefficients in K
in the indeterminates Y1, ..., Y,,. Let us assume that there exists y* € (K*)” such that

Py )=0 Viel.

Let (y,)nen € (K™Y be a sequence whose image in (K*)™ is y*. Therefore for every i € I
there exists U; € F (here F denotes the ultrafilter such that K* = K/F) such that

Vn € Ul', Pi(yn) =0.
Since [/ is finite the intersection U" := N;g;U; € F. Thus for every n € U" we have that
Pi(y,) =0 Viel.

Hence S has a solution in K. Therefore K — K* is algebraically pure. O

Proposition 12. Let K be a Ng-complete field. Let x = (x1,...,x,), ¥ = (Y1,...,Y,),
f=U,..., ) e KXY and J; C [n], i € [m].

If for every ¢ € N there exists y'© € K[x]", with y(c)

i

€ Kllx; 1 for every i, such that
f(y'9) = 0 modulo (x)°
then there exists y € K[x]I", with y; € Kllx; 1l for every i, such that

fy)=0.
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Proof. Let us set
Bj := N x . X Nomi
where g;; = 1 ifk € J;, &; =0if k ¢ J;, and
Yi= ) Yigx® Vi=1l,...,m.

aEeB;
We denote by Py g the coefficient of »* in Se(Xaen, Y1,0X"5 .., Daep, YmaeXx®). Let us denote
by S the system of polynomial equations

3.1) Pip=0, kepl, BeN".

depending on the variables Y;, for i € [m] and a € B;.
Since K is a 8p-complete field and every finite sub-system of S has a solution, S has a

solution (y; o )ierm].cep, With coeflicients in K. Thus if y = (y, ..., y») with
Yi = Z .’/i,ozxa
a€eB;
then we have that f(y) = 0. m|

ExampLE 13. In [5] two examples are given that show that this statement is no longer
true without the condition of K being Ny-complete: the first one is a system of polynomial
equations over the algebraic closure of F, (see Example (i) p. 200 [5]) and the second one
is an example of polynomial equations over Q (see Example (ii) p. 200 [5]).

Theorem 14. Let K c K’ be an algebraically pure field extension where K is Ny-
complete. We set x = (x1,...,x,) and f € K[x[[Y]), Y =1,..., Y.
Assume that there exists a solution ij € K'[x]|"" of f = 0 such that
gi € K'l[lx]
for some subsets J; C [n], i € [m]. Then there is a solution y € K[[x]|" of f = 0 such that
yi € Kllxy, 1| and ord(y;) = ord(§;), i € [m].

Proof. Let us write §; = X’ ,ep, §i.ox"® Where B; C N" denotes the support of j;.
We have that

f() =0 fild)=0Vk=1,....r
& Vk, VB € N" the coefficient of x* in fi(§) is O.

Let us denote by Pyg the coefficient of X in f; after replacing each Y; by the term
2.eeB,; Yiox®, and let S be the system of equations

Pig=0 VkeN, vgeN"

in the indeterminates Y;, fori = 1,...,m and @ € B;. Since S has a solution in K’ every
finite sub-system of S has a solution in K’ and, since K — K’ is algebraically pure, every
finite sub-system of S has a solution in K. Then, since K is a No-complete field the system S



REMARKS ON ARTIN APPROXIMATION WITH CONSTRAINTS 437

has a solution (¥; 4 )ie[m).ccp, With coeflicients in K. This means thatif y = (yy, ..., y,) with
Yi= Z YiaX"
a€B;

then f(y) = 0. Since B; is the support of §;,the support of y; is included in the support of j;
for every i. In particular we have that ord(f;) < ord(y;) for every i.

Now let us assume moreover that ord(j;) = ¢; and that, for every i = 1,...,m, Jio, # 0
with |a;| = ¢; (here for 8 = (B1,...,8,) we set |B] := B + --- + B,). Then there exists, for
i=1,...,m, an element Z; € K’ such that

gi,(lizi = 1, Vi = 1, NN ([
By adding the equations
(3.2) Yio Zi =1, Vi=1,....m

to the system S we can suppose that there exists z; € K for every i such that Equations (3.2)
are satisfied. Thus

ord(y;,) =c;=ord(y;) Vi=1,...,m

and the theorem is proven. |

Remark 15. By Lemmas 5.1 and 5.2 [16] every system 7 of partial polynomial differ-

ential equations with coefficients in K[x]] (with x = (xi,...,x,)) and indeterminates Y,
..., Y, provides a system S of polynomial equations with coefficients in K[[x][[¢] (with
t = (t1,...,1)) and indeterminates Y1, ..., Yy, Z1,..., Z; such that y € K[[x]"" is a solution

of 7 if and only if there exists z € K[[x, #]* such that (y, z) is a solution of S and z satisfies
some constraints conditions as in Proposition 12.

By Corollary 4.7 [8] there exists a system of partial differential equations 7 defined over Q
having a solution whose components are in C[[x]] but no solution whose components are in
QIx]™. So it shows that there exists a system of polynomial equations S with coefficients
in @[x] which has no solution y € @[[x]]’71 such that y; € @[[x ]l for every i for some J; C [n],
but has a solution " € C[[x]" such that y; € C[[x,,]| for every i.

This shows that Theorem 14 is no longer true in general if K is not Ny-complete.

Moreover since this system S has a solution with coefficients in C satisfying the constraints
conditions and since Q — C is algebraically pure, for every ¢ € N there exists y© € Q[[x]"
(satisfying the constraints conditions) such that f(y“) € (x)°. But there is no y € @[[x]]m
(satisfying the constraints conditions) such that f(y) = 0. This also provides an example
showing that Proposition 12 is not true if k = Q.

Corollary 16. Let K be a 8y-complete field. Let us set x = (x1,..., %), f = (fi,..., [) €
KIxNYY, Y = (Yy,...,Y,) and J; C [n], i € [m]. Then there exists a map v : N — N
suchthatify’ = (y',...,y,) y. € Klx; 1, i € [m] satisfies f(y') = 0 modulo (x)"© for some
c=(ct,...,cn) € N" and ord(y}) = c;, i € [m] then there exists y; € K[[x;,] for all i € [m]
such thaty = (y,...,Yn) is a zero of f and ord(y;) = c; for all i € [m].

Proof. Let ¢ be as above. For proof by contradiction suppose that for each g € N there
exists J, € K[[x]I" with f(#) = 0 modulo x4, j,; € K[[x, ]I, ord(§,,;) = c;, but there exists no
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solution y” in K[[x]] with y € K[[x,,]l, ord(y!) = ¢;. Then let us define y: = [(y4:),] € Kl[x;, 1"
So we have that f(y*) € NX/K[[x]*. Set j = y* modulo N, x?K[[x]]* which corresponds to
an element in K*[[x]] with f(y) = O (see Lemma 3.4 [5]), ord(y;) = ¢; and ; € K*[[x,].
By Lemma 11 and Theorem 14 there exists y € K[x]" with f(y) = 0, ord(y;) = ¢; and
yi € K[[x;,]l. We obtain a contradiction, so the theorem is true. |

Remark 17. In Example (iii) p. 201 [5] an example of a system of polynomial equations
over C with constraints is given for which the following is shown: there is no v € N such
that if there exists § € C[x]|"" with f(x, ) € (x)” with the given constraints then there exists
a solution y € C[[x] of f = 0 with same constraints and such that y = § modulo (x).

4. Approximation for differential equations

Corollary 18. Letr K be a 8y-complete field. Let F be a system of polynomial equations
inzi,...,zq and some of their differentials Az, jox), ..., 0Wlz; [0x%, iy, ..., i € [q], and
Jis---sjs € N, with coefficients in K[[x]l. If F = 0 has approximate solutions up to any
order then F = 0 has a solution with coefficients in K[ x]|.

Proof. Exactly as in Remark 15, Lemmas 5.1 and 5.2 [16] show that for such a system
F = 0 there is a system of polynomial equations G = 0 with coeflicients in K[[x]|[¢] (with
t = (t1,...,1)) and indeterminates Y1, ..., Yy, Z1,..., Z; such that y € K[[x]"" is a solution
of F = 0 if and only if there is z € K[[x, #]* such that (y,z) is a solution of G = 0 with
constraints.
Moreover y € K[[x]" is an approximate solution of F' = 0 up to order c if and only if there
is z € K[[x, ]* such that (y,z) is an approximate solution of G = 0 up to degree ¢ with
constraints. This shows that Proposition 12 implies Corollary 18. |

Remark 19. This theorem has been proven in [8] in the case of a single indeterminate x
under some different hypothesis on K, namely K has to be a characteristic zero field which
is either algebraically closed, a real closed field or a Henselian valued field. Still in [8] they
remark that this theorem is quite easy to prove when K = C.

Again in [8] is given an example of a system of partial differential equations with coefficients
in R[[xy,...,x,]] for n > 2 having approximate solution up to any degree, but no exact
solution (see Corollary 4.10 [8]). And Corollary 4.7 [8] provides an analogous example in
the case where K = Q. These examples show that the univariate case and the case of several

variables x are different.

Corollary 20. Let K be a 8y-complete field. Let F be a system of differential equations

inzi,...,zy and some of their differentials 8”"2[1 JOxT1, ... ,(9|js|zl-s/8xjs, i1,...,is € [q], and
Jis+-.» js € N" with coefficients in K[x]. Then there exists a map T : N** — N such that if
7 =(2),...,z,), satisfies

F(Z, 07 jox7, ..., 0%z [0x/*) = 0 modulo (x)™

for some ¢ = (c1,...,¢q,Ciy jis -5 Ci ) € NI and ord(z) = ¢, i € [q],
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Ol Zl{k
ord = Cipjis

OxJk
k € [s] then there exists z = (z1,...,24) € K[[x]|? a solution of F together with its corre-
sponding differentials such that ord(z;) = c; for all i € [q] and
Ol Z
ord( axfkk) = Cije» k€ [s].

Proof. Let f € K[[x]I[Y], Y = (Y1,...,Yn), m > g + s be the transformation of F in an
algebraic system of equations with constraints as done in the proof of Corollary 18. Assume
that z; corresponds to ¥; and 8"z, /0x/* corresponds to Y, Then applying Corollary 16 to
f we get a function 7 : N7** — N which works also in our case F. |
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