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Studies of closed/open mirror symmetry
for quintic threefolds through log mixed
Hodge theory

Sampei Usui

Dedicated to Kazuhiro Konno and dedicated to James D. Lewis on
his sixtieth birthday

ABSTRACT. We correct the definitions and descriptions of the integral structures in
[30]. The previous flat basis in {ibid] is characterized by the Frobenius solutions
and is integral in the first approximation by mean of the graded quotients of
monodromy filtration, but it is not integral in the strict sense. In this article, we use
f“—integral structure of Iritani in {7] for A-model. Using this precise version, we
study open mirror symmetry for quintic threefolds through log mixed Hodge
theory, especially the recent result on Néron models for admissible normal
functions with non-torsion extensions in the joint work [14] with K. Kato and C.
Nakayama. We understand asymptotic conditions as values in the fiber over a base
point on the boundary
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2.2. Picard-Fuchs equation on B-model of mirror V°
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0 Introduction

In a series of joint works with K. Kato and C. Nakayama, we are constructing
a fundamental diagram which consists of various kind of partial compactifica-
tions of classifying space of mixed Hodge structures and their relations. We try
to understand mirror symmetry in this framework of the fundamental diagram.
In this paper, we first complete the insufficient results 3.5-3.6 in the previous
paper of Usui [30] (see Remark in 2.6 below), and then study open mirror
symmetry for quintic threefolds through log mixed Hodge theory, especially
the fine moduli of log Hodge structures and Néron models over it.

0.1. Fundamental Diagram

For a classifying space D of Hodge structures of specified type, we have

Dsiyva = Dasw
J d
F\Dgya < Dﬁz‘,,val 5 Dse Dgs
v 4
r\py; <« DL

(" is a monodromy group) in pure case: [15], [16], [17]. For mixed case, we
should extend to an amplified diagram: [9], [10}, [12], [13], continuing.

0.2. Mirror symmetry for quintic threefolds

Let V be a quintic threefold in P* and V; be its mirror family (cf. [1], Sect.
4.2). For simplicity, we denote the family V§ simply by V° if there would be
no confusions.

Mirror symmetry for the A-model of quintic threefold V and the B-model
of its mirror V° was predicted by Candelas—de la Ossa—Green—Parks in
the famous paper [2]. We recall two styles of the theorem 0.2.1 and 0.2.2
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below. Every statement in the present paper is near the large radius point
qo of the complexified Kéhler moduli XAM(V) and the maximally unipotent
monodromy point pg of the complex moduli M(V®).

Let t :=y,/yo, 1 :=t/27 i be the canonical parameters and g := &' = ¢**/* be
the canonical coordinate for B-model in 2.2 below and the respective ones for
A-model in 2.3 below.

The following theorem is due to Givental {5] and Lian~Liu—Yau [20].

Theorem 0.2.1. (Potential). The potentials of the two models coincide:
DLy, () = L ().

Morrison [22] formulated the following style Theorem 0.2.2 and proved the
theorem except integral structure. Iritani [7] defined I'-integral structure for
A-model and proved the theorem completely for wider objects.

Theorem 0.2.2. (Variation of Hodge structure). The isomorphism (qo €
KM(V)) < (po € M(V®)) of neighborhoods of the compactifications, by
the canonical coordinates q = exp(2x iu), lifts to an isomorphism, over the
punctured neighborhoods KM(V) < M(V®), of polarized Z-variations of
Hodge structure with a specified section

#HY,S, V1Y B T3 <« (HY,0, VM HY  F.0).

Our Theorem 0.2.3 below is equivalent to Theorem 0.2.1 and Theorem 0.2.2
by a log version [17], Theorem 2.5.14 of the nilpotent orbit theorem of Schmid
[27] (this part of [30] is valid).

Theorem 0.2.3. (Log Hodge structure, Log pperiod map). The isomorphism
(g0 € KM(V)) <= (po € M(V®)) of neighborhoods of the compactifications
uniquely lifts to an isomorphism of B-model log variation of polarized
Hodge structure with a specified section Q for V° and A-model log
variation of polarized Hodge structure with a specified section T> for V,
whose restriction over the punctured KM(V) < M(V®) coincides with the
isomorphism of variations of polarized Hodge structure with specified sections
in Theorem 0.2.2.

This rephrases as follows. Let o be the common monodromy cone,
transformed by a level structure into End of a reference fiber of the local
system, for the A-model and for the B-model. Then, we have a commutative
diagram of horizontal log period maps

(g0 € KM(V)) « (po € M(V°))
N e
(I ,exp(oc)Fol € T(0)P\D,)
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with extensions of specified sections in Theorem 0.2.2, where [0 ,exp(oc)Fo] is
the class of the nilpotent orbit, regarded as a boundary point, and T (¢ )8P\D,
is the fine moduli of log Hodge structures of specified type which will be
explained in Section I below.

0.3. Open mirror symmetry for quintic threefolds
The following theorem is due to Walcher [31] and Morrison—Walcher [231.

Theorem 0.3.1. (Inhomogenous solutions). The potentials of the two models
coincide: Let L be the Picard-Fuchs differential operator for quintic mirror
family (c¢f. 2.2 below). Let

el T
odd

be the A-model domainwall tension in [23], where the ny are open
Gromov-Witten invariants, and
Cy
T=[ "

be the B-model domainwall tension, where Cy. C V° are the disjoint smooth
curves coming from the two conics in {x) +x3 =x3+x4 =0}NV, C P4(C)
[ibid].

Then

LOATH) =L@ = 7555v8) (2= )

Concerning this, we have the following observations.

0.4. Log mixed Hodge structure, Log normal function

We describe for B-model. The same holds for A-model by 0.2-0.3 and the
correspondence table in 2.5 below..

Put H :=H" and T := Tp. We use ® € I°, ¢! € I'"! which are a part of
a basis of He respecting the Deligne decomposition at pg (see 2.5 (3B)) and
a part of flat basis s° = ¢%, s' =¢' — (u— 1)e® of Hz (see 2.5 (7B)). To make
the local monodromy of 7~ unipotent, we take a double cover z'/2 — z. Let
Lq be the translated local system comparing to the trivial extension Q(—2) &
Ho by (0, —(T /y0)s®) in Ext' (Q(—2),Hg). Let Jiq be the Néron model on a
neighborhood $ of pg in the z'/2-plane which lies over Lq in [14] (there is a
difference of Tate twist). Then, Jr, = Ext{py /s(Z(—2),H) (extension group
of log mixed Hodge structures over S} in the present case (cf. [13], Corollary
6.1.6, and 1.8 below), and we have the following theorem.
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Theorem 0.4.1. (Log normal function).

(1) The normalized tension T /yo is understood as a multi-valued truncated
normal function by (T /yo)s®. Then it lifts and extends uniquely to a
single-valued log normal function S — Ji, so that the corresponding
exact sequence 0 — H — H — Z(—2) — 0 of log mixed Hodge structures
over S is given by the liftings 1z and 1p in H of Qni)™% -1 € Z(-2)
respecting the lattice and the Hodge filtration, respectively, which are
defined as follows: 1z := (i)™ - 1, —(T/y0)s®) with (T /y0)s® €
Hoos = (&Y ) oor, and 1p — 1z, := (3(T /y0))e' — (T /y0)e®, where § :=
2rmiqd/dq.

(2) A splitting of the weight filtration W of the local system Hz e, a splzttmg
compatzble with the monodromy of the local system Hy, is given by 1 P
1z +5'/2, and the log normal function over it is given by 15" — 17 =
O(T /yo))e' — (T /yo)e®, where § is as in ().

(3) Theorem 0.3.1 says that the inverse of the normal function in (1)
from its image is given by 16x%/15 times the Picard—Fuchs differential
operator L.

Theorem 0.4.1 is proved in Section 3, and after these proofs some geometric
backgrounds are discussed in Section 3.3.

0.5.

The organization of this paper is as follows. Section 1 is a summary of log
mixed Hodge theory mainly from [17], [13] and [14], which is used to study
mirror symmetry in later sections and also is expected to work as a brief guide
of this theory. In Section 2, after preparations including f-integral structure
in [6] and [7], we give a correspondence table of closed mirror symmetry for
quintic threefolds and their mirrors, which is the precision and the expansion
of our previous paper [30], Sect. 3. In Section 3, we prove log mixed Hodge
theoretic interpretation Theorem 0.4.1. We also give some discussions on the
related geometries and local systems in Section 3.3.

Acknowledgments. The author thanks Kazuya Kato and Chikara Nakayama for
series of joint works on log Hodge theory, from which he learns a lot and enjoys
exciting studies. He thanks Hiroshi Iritani for pointing out insufficient parts in
the previous paper [30]. He also thanks Yukiko Konishi and Satoshi Minabe,
together with Iritani, for stimulating seminars on the present topic. The author
thanks the referees for careful readings and useful comments.

Notation.
Fix A := (Ho, W, ({, )w)w, (#*9),4), Where
Hj is a free Z-module of finite rank,
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W is an increasing filtration on Hy g = Q ® Ho,

(, )w is @ non-degenerate (—1)¥-symmetric bilinear form on gr!,

(h™7),,4 1s a set of Hodge numbers.

D : the classifying space of graded polarized mixed Hodge structures for the
data A, consisting of all Hodge filtrations.

D : the “compact dual” of D.

Ga = Aut(Hop, W, {(, Yw)w)s Where Hop := AQ® Hy (A=17,Q,R,C),

g4 = LieGy = End(Hoa, W, ({, }w)w) A=Q,R,C).

1 Log mixed Hodge theory

This section is a summary of log mixed Hodge theory from [17], [13], and
[14]. We write a general form of these results as a brief guide for future use.
Section 1.8 is adapted for the use in Section 3. The corresponding results in
[13] and {14] are written in more general settings.

1.1. Category B(log)

Let S be a subset of an analytic space Z. The strong topology of S in Z is the
strongest one among those topologies on S in which, for any analytic space A
and any morphism f : A — Z with f(A) C S as sets, f : A — S is continuous. §
is regarded as a local ringed space by the pullback sheaf of Oy.

Let B be the category of local ringed spaces S over C which have an open
covering (U,); satisfying the following condition: For each A, there exist an
analytic space Z;, and a subset S, of Z; such that, as local ringed space over
C, U, is isomorphic to an open subset of S; which is endowed with the strong
topology in Z; and the inverse image of Oy, .

A log structure on a local ringed space S is a sheaf of monoids M on §
together with a homomorphisim a : M — Oy such that a ~! OF > O¢. fslog
structure means, locally on the underlying space, the log structure has a chart
which is finitely generated, integral and saturated.

Let B(log) be the category of objects of 8 endowed with an fs log structure.

A log analytic space is called log smooth if, locally, it is isomorphic to
an open set of a toric variety endowed with the canonical log structure. A
log manifold is a log local ringed space over C which has an open covering
(U1, satisfying the following condition: For each 4, there exist a log smooth
fs log analytic space Z;, a finite subset [; of global log differential 1-forms
re, ’“’]Zg)’ and an isomorphism of log local ringed spaces over C between U
and an open subset of S, := {z € Z, | the image of I, in the stalk coz‘ is zero} in
the strong topology in Z;.
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1.2. Ringed space (S8, (’)};’g)

The ringed space (5'°8, Oy®) was defined for fs log schemes by K. Kato and C.
Nakayama in [8]. It was generalized for the category B(log) in [15].

Let S € B(log). As a set define

S8 = {(s,h)|s € S,h : M® — S' homomorphism s.t. h(u) = u/|ul
ifue (’);, o)
Endow S'® with the weakest topology such that the following two maps are
continuous.

(1) 7 : 5" — S, (s,h) > s.

(2) For any open set U C S and any f € T'(U,M®), z~1(U) — S!, (s,h)
h(f).

Then, 7 is proper and surjective with fiber z 7' (s) = (8')"®), where r(s) is
the rank of (M® /O¢"), which varies with s € S.

Define a sheaf £ on S'°8 as the fiber product:

exp

L —— (M) > (fat(s,h))

l l !

Cont(*,iR) —= Cont(x,S') 3 h(f).
Let:: 77 '(Os) — L be a morphism induced from

f e 0 —25 NOF) (M=)

l l l

(f—j_r)/2 € Cont(%,iR) G N Cont(x,S").
Define
Olog o ! (Os) ®S)’mz(£)
ST fR1I-1i(f)If €71(O)

Thus 7 : (S8, O8) — (S, Os) is a morphism of ringed spaces over C. For s € §
and ¢ € S'°¢ lying over s, let £; € £, (1 <j < r(s)) be elements such that their
images in (M8 /O5); of exp(t;) form a basis. Then, Of;,g =0O0s (1 <j<

r(s))] is a polynomial ring.

1.3. Toric variety

Toric varieties offer typical examples of $'°® and also they are building blocks
of fine moduli spaces of log mixed Hodge structures.

Let o C ggr be a nilpotent cone, i.e., a sharp cone, o N(—o ) = {0}, generated
by a finite number of mutually commutative nilpotent elements. Assume that
the cone generators of ¢ can be taken from gq. Let I' be a subgroup of Gz.
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Define a monoid I'(¢) := ' Nexp(o) and the dual monoid P(g) :=T'(c)" =
Hom(I'(¢),N). Define a toric variety and a torus by
toric, : = Spec(C[P (e )])(C)=Hom (P(c ), C™") > torus, :
= Hom (P(c)?,C>),
where C™! is C regarded as a monoid by multiplication and P(c)®P is the

group generated by the monoid P(¢). The exponential sequence 0 — Z —
C — C* — 1 induces the universal covering of the torus

0 — Hom (P(c)®?,Z) — Hom (P(c )%, C) > Hom (P(c)®,C*) — 1,

where Hom (P(0)®,Z) = I' (0 )®P is considered as the fundamental group of
torus,, and e(z®y) :=e**2®y (z€ C, y € I['(c)® = Hom (P(c )%, Z)).

Fix the above cone ¢ . For a face p of o, define P(p) := {l € P(c )& | I(p) > O}.
Then we have an open covering

toric, = Spec(C[P(e)])(C) = | Spec(CIP(p)](C).

p=<o

We now recall a stratification. Fix the above cone ¢ and let p be a face of the
cone o. Then, we have a homomorphism P(p)AP(c) and hence a morphism
toric, — toric, . The origin O, € toric, is the monoid homomorphism P(c) —
C™! sending 1 to 1 and all the other elements of P(p) to 0, which is sent to a
point of toric, by the above morphism. Then, as a set, we have a stratification
into torus orbits

toric, = {e(2)0,|p < 0,z€ oc/(pc +logI'(0)*F)}.

Here e(clogy) :=e(c®y)=¢e*“®y (c€ C,y € ['(o)P).
For § := toric,, the polar coordinate R>g x 8! = Rx0S' = C induces 7 :
S8 5 S as

z : §° =Hom (P(s),RT" x Hom (P(5),S")
= {(e(iy)0p,e(x))| p < 0, x € or/(pr +10g'(0)*), y € oR/ PR}
— S=Hom (P(s),C™M),

7(e(ib)0,,e(a)) = e(a+ib)0,.

Since 0 — pr/log'(p)8P — or/logI'(0)8? — or/(pr +1logI'(c)&P) = 0
1s exact, the fiber of 7, as a set, is described as

' (e(a+ib)0,) = {(e(ib)0,,e(a+x)) |x € pr/log[(p)} =~ (S')",

where r = r(p) :=rank p varies with p <.
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Let H, = (H,z,W,({, )uw)w) be the canonical local system endowed
with the weight filtration and the polarizations on graded quotients on
S'°, which are given by the representation z;(5'%8) = I'(¢)® C Gz =
Aut(Ho, W, ({, )w)w)-

1.4. Local systems on (S'°g,(915°g)

We recall three results about local systems on (S]°g,(’)lS°g) € B(log) from [17],
Sect. 2.3.

Let L be a locally constant sheaf of abelian groups on S'°. For s € S and
t € §'°8 lying over s, we call the action of 7 (s'°8) = 71 (v ! (5)) on L, the local
monodromy of L at t. We say the local monodromy of L is unipotent if the local
monodromy of L at ¢ is unipotent for any ¢ € S'°.

Let s € S. Let (g))1<<n be a finite family of elements of My, whose
image in (M% /Og)s is a free basis, and let (y;)i<j<» be the dual basis of
m1(s'°), that is [y}, qx] = (27 §)Jy where [, ] is the pairing given by 7 (s'°¢) =~
Hom (M /O, Z).

Let L be a locally constant sheaf on S'°8 of free Z-modules of finite rank.
Let s € S and ¢ € t7!(s), and assume that the local monodromy of L at  is
unipotent. For a fixed ¢, we denote Lo the constant sheaf on $'°% with fiber L,.
Let Lo,g = Q®a4 Lo, and let N; : Ly g — Lo, be the endomorphism of constant
sheaf which is induced by the logarithm of the monodromy action of y; on the
stalk L, of the locally constant sheaf L. Lift g; in I'(S,M5") (by replacing S by
an open neighborhood of s), and let

n
¢ =exp()_(2zi)log(g) ®N,) : OF* ®q Lag > O5* ®q Log.
j=1
Note that the operator ¢ depends on the choices of the branches of log(g;)
in Olsog locally on S'°¢, but that the subsheaf ¢~!(1 ® Lg) of (’)ls"g ®z Ly is
independent of the choices and hence is defined globally on S5'°%.
The following proposition shows that the locally constant sheaf L is
embedded in O ® Lo.

Proposition 1.4.1. ([17], Prop. 2.3.2). Let the situation be as above. If we
replace S by some open neighborhood of s, we have an isomorphism of
OLE-modules

V: Olsog Q4L > Olsog ®a Lo

satisfying the following condition (1).

(1) The restriction of v to L = 1 ® L induces an isomorphism of locally
constant sheaves v : L = £~1(1 ® Lo).
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If we take suitable branches log(g;).o in O;?,g of the germs log(q;); at t
(1 <j < n), we can take an isomorphism v which satisfies above (1) and
also the following (2).

(2) The branch &, of the germ &, defined by the fixed branches log(g;):o of
the germs log(q;);, satisfies v(1 @ v) = d‘,})‘ (1®w) forany v e L, = L.

The following proposition yields a log Hodge theoretic understanding [ibid,
Sect. 2.3.6] of the canonical extension of Deligne in [3].

Proposition 1.4.2. ([17], Prop. 2.3.3). Let S € B(log) and let L be a locally
constant sheaf of finite dimensional C-vector spaces on S'°¢.

(1) If the local monodromy of L is unipotent, the Og-module M =
t*((’)éog ®c L) is locally free of finite rank, and we have an isomorphism
OFE®o; M > O @c L.

(ii) Conversely, assume that there are a locally free Os-module M of finite
rank on S and an isomorphism of O 8-modules OF® @ oy M ~ O ®c L. Then
the local monodromy of L is unipotent and M > 7,(Og® ®c L).

Proposition 1.4.3. ([17], Prop. 2.3.4). Let S € B(log), let L be a locally
constant sheaf on S'°® of free Q-modules of finite rank. Assume that the local
monodromy of L is unipotent.

(i) There exists a unique Q-homomorphism

N:L—> MP/OFH®L

satisfying the following condition (1).
(1) For any s € S, any t € S8 lying over s, and any y € m(s'8), if h, :
(ME /055 — Z denotes the homomorphism corresponding to y by m(s'°8) ~

h
Hom (M$*/OX,Z), the composition L, A M /0F)s® L, = Ly coincides with
the logarithm of the action of y on L,.
(ii) Assume that S is an fs log point {s}. Let

N:L—> o ®L

be the composition of N' and the Q-linear map M5* /OX ® L — o! ®L, fQu >
Q@ri)~'dlog(f) ®v, and let QN : OB QL — wy'*® ® L be the O -linear
homomorphism induced by N'. Let M := H(s'8, Ot g L) =1 (0 QL)
Then the restriction M — 0! @c M of d® 1, ORERL - " @ L coincides
with the restriction of 1@ N to M.

N in the above proposition is described as follows. Assume L =¢~1(1® Lo)
as in the first proposition. Then N(¢ ™' (1®v)) := Y1, ¢; ®¢ ' (1 ® Njv) for
v € Ly.
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1.5. Graded polarized log mixed Hodge structure

Let S € B(log). A pre-graded polarized log mixed Hodge structure on S is
a tuple H = (Hz,W,((, )w)w,Ho) consisting of a local system of Z-free
modules Hz, of finite rank on $'°8, an increasing filtration W of Hqg:=Q®Hz,a
non-degenerate (—1)%-symmetric Q-bilinear form (, ),, on gr”, a locally free
Os-module Hp on S, a specified isomorphism Ols°g ®z Hy ~ (’)ls°g ®o; Ho
(log Riemann-Hilbert correspondence), and a specified decreasing filtration
FHp of Hp such that FPH» and Hp/FPHe are locally free. Put FP :=
O?g ®og FPHo. Then 1,FP = FPHo. For each integer w, the orthogonality
condition (FP(gr), F4(grly))w =0 (p+ ¢ > w) is imposed.

A pre-graded polarized log mixed Hodge structure on S is a graded polarized
log mixed Hodge structure on S if its pullback to each s € § is a graded
polarized log mixed Hodge structure on s in the following sense.

Let (Hz,W,({, Yw)w,Ho) be a pre-graded polarized log mixed Hodge
structure on a log point s. It is a graded polarized log mixed Hodge structure
if it satisfies the following three conditions.

(1) (Admissibility). For each logarithm N of the local monodromy of the
local system (Hg, W, ({, )w)w), there exists a W-relative N-filtration M(N, W).

(2) (Griffiths transversality). For any integer p, VFP C "% @ FP~! is
satisfied, where w,"'°8 is the sheaf of O'°8-module of log differential 1-forms on
(s'°8,0®), and V = d® lhy O t @ Hy — w,"*® ® Hy is the log Gauss-Manin
connection.

(3) (Positivity). For a point ¢ € s'° and a C-algebra homomorphism a:
Oif”g_> C, define a filtration F(a):= C®010‘g F,on Hc,. Then, (Hz,,(gr), (, )w,
F(a)) is a polarized Hodge structure ofSWeight w in the usual sense if a is
sufficiently twisted, i.e., for (g;)1<j<» C M; inducing generators of M;/O},
|exp(a(logg)))| < 1 for any j.

1.6. Nilpotent orbit

Let 6 C gr be a nilpotent cone (see 1.3). A subset Z C Dis o -nilpotent orbit
if the following (1)—(4) hold for F € Z.

(1) Z=exp(oc)F.

(2) For any N € g, there exists W-relative N-filtration M(N, W).

(3) Forany N € ¢ any p, NFP C Fr~!.

(4) IfNy,...,N, generate o and y; > O for any j, then exp(3_; iy;N))F € D.

A weak fan I in gq is a set of nilpotent cones in gg, defined over Q, which
satisfies the following three conditions.

(5) Every o € X is admissible relative to W.
6) Ifco eXandz <o,thent € X.
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(7) If 6,0’ € Z have a common interior point and if there exists F € D such
that (o, F) and (¢’, F) generate nilpotent orbits, then o =",

Let £ be a weak fan and I" be a subgroup of Gz. £ and T are strongly
compatible if the following two conditions are satisfied.

(8) Ifo e £ and y €T, then Ad(y)o € Z.
(9) For any ¢ € X, o is generated by log (), where T'(¢) := T Nexp(o).

1.7. Moduli of log mixed Hodge structures of type ©

Let @ := (A, Z,T’) be adata consisting of a Hodge data A (in Notation), a weak
fan X and a subgroup I' of Gz such that £ and I are strongly compatible (1.6).

Let 0 € ¥ and S :=toric,. Let H, = (H, 7, W,{({, )w)w) be the canonical
local system H, z endowed with the weight filtration W and the polarizations
(, )w on the graded quotients gr¥ (w € Z) over S'°¢, which is determined by
the representation I' C Gz = Aut(Ho, W, ({, )w)w)-

Let E, := toric, x D. The universal pre-graded polarized log mixed Hodge
structure H on E, is given by H, together with the isomorphism Og’f ®z
H,7 = Og’f ®0; Ho (1.5), where Ho := Op, ® Hy is the free O_-module
coming from that on D endowed with the universal Hodge filtration F.

LetE, :={xe E, | H|, is a graded polarized log mixed Hodge structure on x}.
Note that slits appear in E, because of log-pointwise Griffiths transversality 1.5
(2) and positivity 1.5 (3), or equivalently 1.6 (3) and 1.6 (4) respectively.

As a set, define Dy := {(o,Z)|nilpotent orbit, c € £, Z Cb}. Leto € .
Assume that ' is neat. A structure as an object of B(log) on I'\Dgy is
introduced by a diagram:

GPLMH . .
E, C E :=toric, x D

lac-lorsor

[(0)®*\D,

llm. isom.

I'\Ds

The action of k € o¢ on (e(a)0,,F) € E, is (e(h+ a)0,,exp(—h)F), and the
projection is (e(a)0,,F) —> [p,exp(pc + a)F].

Let S € B(log). A log mixed Hodge structure of type ® on S is a pre-graded
polarized log mixed Hodge structure H = (Hz, W, ({, )w)w, Ho) endowed with
T-level structure x € HO(S"8, T\ Zsom((Hz, W, ({ , ) w)w), (Ho, W, ((, )w)w)))
satisfying the following condition: For any point s € S, any point t € 77! (5) =
s'2 and any representative i, : Hz, 5 Hy, there exists 0 € X such that o
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contains 2,7, (s'8)&2;" and (o, /i,(C ® oz F1)) generates a nilpotent orbit.
St

Here x,' (s°8) := Image(Hom ((Ms/ O3 )5, N) < 7,(s'°8) — Aut(Hz,)) is the
local monodromy monoid of Hyz, at s (cf. [17], Sect. 3.3.2). (Then, the smallest
such o exists.)

Theorem 1.7.1. For a given data ®, we have the following.

(i) '\ Dx € B(log), which is Hausdorff. If T is neat, I' \ Dy is a log manifold.
(i) On B(log), I'\Dsx represents a functor LMHe of log mixed Hodge
structures of type ®.

Log period map. Given ®. Let S € B(log). Then we have an isomorphism

LMHg(S) = Map(S,T"'\Ds),
H+> (S3 s+ [o,exp(oc) i (C ® e F(1 € z7(s)),

which is functorial in S.

A log period map is a unified compactification of a period map and a normal
function of Griffiths.

The above I" \ Dy, is the fine moduli of log mixed Hodge structures of type
®, whose underlying coarse moduli, in the sense of log points, is the set of
equivalence classes of all nilpotent orbits of specified type.

1.8. Néron model for admissible normal function

We review some results from [14], Theorem 1.3, [13], Section 6.1, and [11],
Section 8 adapted to the situation 0.4 in Introduction.

For a pure case W7 =1 (p+q =3, p,q = 0) and "7 = 0 otherwise, a
complete fan is constructed in [17], Section 12.3. For a mixed case #”7 = 1
(the above (p,q), plus (p,q) = (2,2)) and h”? = O otherwise, over the above
fan, a fan of Néron model for given admissible normal function is constructed
in [14], Theorem 3.1, and we have a Néron model in the following sense.

Let S € B(log), U := Siiy C S (consisting of those points with trivial log
structure), H_y be a polarized variation of Hodge structure of weight —1
(Tate-twisted by 2 for H in Introduction 0.4) on U and Lq be a local system of
Q-vector spaces which is an extension of Q by H(_1),q. An admissible normal
function over U for H(_y underlain by the local system Lq can be regarded as
an admissible variation of mixed Hodge structure which is an extension of Z
by H(_1y and lies over local system Lq.

For any given unipotent admissible normal function over U as above, H(_y)
and Lq extend to a polarized log mixed Hodge structure on S and a local system
on S8, respectively, denoted by the same symbols, and there is a relative log
manifold Ji, over S which is strict over S (i.e., endowed with the pullback log
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structure from S) and which represents the following functor on B/S° (S§° € B
is the underlying space of S):

S+ {LMH H on § satisfying H(gr") = Hy)ly (w = —1,0) and (*)
below}/isom.
(*) Locally on §, there is an isomorphism Hg =~ Lo on (5')"°8 preserving W.

Here H .|y is the pullback of H(,,) by the structure morphism §’ — $°, and §’
is endowed with the pullback log structure from S.

Put H' := H(_y). In the present case, we have J, = Ext]y\y,s(Z,H') by
[13], Corollary 6.1.6. This is the subgroup of z, (Hé,og/ (F° + Hy)) restricted
by admissibility condition and log-pointwise Griffiths transversality condition
([111, Section 8, cf. 1.5). Let_JLQ be the pullback of~J1Q by t*(Hblog/FO) -
tu(Hl0g/(F® + Hz)), and Ji, be the image of Ji, by zu(H,,/F°) —
r*(Héplog /F~1). Then, by using the polarization, we have a commutative
diagram:

Jig= Exthyns @ H') C tul(H s /(F + Hy)) 5 2, (FO)*/Hy)

t t t
Tig c WHo/F) B w7
} } '
Ty c WHye/F) B n@).

2 Quintic threefolds

Let V be a quintic threefold in P* and let V; be its mirror family (cf. [1], Sect.
4.2).

In this section, we give a correspondence table of A-model for V and
B-model for Vy. This is a precision and an expansion of our previous [30],
Sect. 3 by using f-integral structure of Iritani [7]. We will use this table in
Section 3 below.

2.1. Quintic mirror family

Following [21], [23], etc., we briefly recall the construction of the mirror
family V; by quotient method. Let V,, : f := ZL, xf —Sy ]—[; x=0(y eP")
be the Dwork pencil of quintics in P*. Let x5 be the group consisting of the fifth
roots of the unity in C. Then the group G := {(g;) € (#5)°|a ...as =1} acts on
Vy by xj > a;x;. Let V7 be a crepant resolution of quotient singularity of V, /G
(cf. [21], [23]). Divide further by the action (xi,...,xs) = (a~'x1,x2,...,xs)
and y — ay (a € us).
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2.2. Picard-Fuchs equation on the mirror V°

Let Q be a 3-form on V§, with a log pole over y = oo induced from

(Z—ft—z)3 S"v'(;/ i( 1Y~ xydxy A< Adxg A /\dxs).

=1
Let z:=1/(5y)’ and 6 := zd/dz. Let
L:=6*—5z(50 + 1)(50 +2)(56 + 3)(56 + 4)

be the Picard-Fuchs differential operator for Q, i.e., £LQ = 0 via the
Gauss-Manin connection V. There are three special points of the complex
moduli:

z=0: maximally unipotent monodromy point,
z =00 : Gepner point,
z=1/5% : conifold point.

At z = 0, the Picard—Fuchs differential equation Ly = 0 has the indicial
equation p* = 0 (p is indeterminate), i.e., maximally unipotent. By the
Frobenius method, we have a basis of solutions y;(z) (0 <j < 3) as follows.
Let ‘

_ _ ]_[ ](5p+m) n+
¥(=zp) = ,,Z_;—_m—n(P-F )5( )"’

be a solution of L(¥(—z;p)) = p*(—2z)”, and let

¥(=zp)=30@+11@p+72@p*+y3@)p*+---, @)= l : y(a,of 2

be the Taylor expansion at p = 0. Then, y; (0 <j < 3) form a basis of
homogeneous solutions for the linear differential equation Ly = 0. We have

Yo=Jo=Dneo %42"*

|p—0

i =fologz+fi =yologz +532, EX (", D",
21y, =fo(log2)” + 2fi logz + f2,

3lys = fo(logz)® + 3fi (logz)? + 3flogz + f,

where all f; are holomorphic functions in z with f5(0) = 1 and £;(0) = O for
j>0.

Define the canonical parameters by ¢ := y; /yg,  :=t/2x i, and the canonical
coordinate by g := e’ = ¢*** which is a specific chart of the log structure given
by the divisor (z = 0) of a disc in P! and gives a mirror map.
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Write z = z(g) which is holomorphic in g. Then we have

Sn

| 5 i(Sn)!(Zl)()n
0gz=2miu— - )z(q)".
s Yo@(@) & (5 \ & ]

= J=n+1
The Gauss-Manin potential of V; is

o _é(y_wz_y_a),

M7 2030 o
Let Q := Q/y and 6 := 2wigd/dq = du. Then, the Yukawa coupling at
z=0is s o
~ ~ qQaz
Yi=— Q/\VVVQ:————(—).
/ o 2T (14 55)y0(0)? \2dg

2.3. A-model of quintic V

Let V be a general quintic hypersurface in P*. Let H be the cohomology class
of a hyperplane section of V in P*, K(V) = R, H be the Kihler cone of V,
and u be the coordinate of CH. Put ¢ := 27 iu. A complexified Kihler moduli
is defined as

KM(V) := (H*(V,R) +iK(V))/H*(V,Z) 5> A*, uH > q:= ™™

Let C € Hy(V,Z) be the homology class of a line on V.
For B =dC € H,(V,Z), define ¢# := ¢. The Gromov-Witten potential of V
is defined as

1 5
Dl = g / QriuH) + § . Nigf = 3(2’”)3"3 + § Nug®.
4 0£BcH,(V,Z) d>0

Here the Gromov—Witten invariant N, is

Moo(P*,d) <~ Mo, (P*,d) 3 P,
Nyi= f 541 (1€, Opa (5)).
Moo (P4.d)

Note that Ny =0ifd <0.LetNy =", ngk=3. Then nyy is the instanton
number. (n; here is different from »; in Theorem 0.3.1.)

The differentials of ® = d)gw are computed easily:
d*o
— =5Qni)’u+ Qri* ) Nid’q".
du?
d>0 d>0

dd 5
= 27(2;;;')3u2 +Qri) ) Nadg’,

2.4. Integral structure

As we stated in Introduction, we consider everything near the large radius point
qo and the maximally unipotent monodromy point py. Let S be a neighborhood
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disc of go (resp. po) in KM(V) (resp. M(V°)) for A-model of V (resp. for
B-model of V°), and let $* be S \ {qo} (resp. S \ {po}) for A-model (resp.
B-model) (see 2.2, 2.3). Endow S with the log structure associated to the
divisor S\ S$*.

The B-model variation of Hodge structure #"° is the usual variation of
Hodge structure arising from the smooth projective family f : X — S* of the
quintic mirrors over the punctured neighborhood of py. Its integral structure is
the usual one ’H{" = R*f,Z. This is compatible with the monodromy weight
filtration M around pg. Define My z := M, N ’H‘Z'° for all .

For the A-model H" on S$*, the locally free sheaf on S*, the Hodge filtration,
and the monodromy weight filtration M around go are given by Hé =
Os+ ® (Bo<p<3 H*(V)), FP := O« @ HX2CP)(V), and M, := HZ2C-P\(V),
respectively. Iritani defined f-intcgral structure in more general setting in [7],
Definition 3.6. In the present case, it is characterized as follows. Let H and
C be a hyperplane section and a line on V, respectively. Then, in the present
case, a basis of the f—integral structure is given by {s(€)| & is Oy, Oy, Oc, Op}
[ibid, Example 6.18], where s(£) is a unique V°®*°"-flat section satisfying an
asymptotic condition

S(&) ~ @ri) e H [ (Ty) - 2mi)%8/2 ch(E)

at the large radius point go when Im(u) — oo for each fixed Re(u). Here, for
the Chern roots ¢(Ty) = ]_LL, (1+ ), the Gamma class I'(Ty) is defined by

3
P(7v) = [ [T +8) =exp(=y c1 (V) + Y _ (=D k= D¢ (k)chi(Tv))

j=1 k>2

= exp({(2)cha(Ty) —2¢ (3)chs (Ty))

where y is the Euler constant, and deg|yzyy := 2p. The important point
is that this class f(TV) plays the role of a “square root” of the Todd class
in Hirzebruch-Riemann-Roch ([6], 1; [7], 1, (13)). Denote this f-inlegral
structure by ’H‘z’ . This is compatible with the monodromy weight filtration M
and we define Mz := M, N ’H;’ for all k. The above asymptotic relation is
actually computed as

1
50 =5(Op) = §H3,

1 1
shi=s5(0¢) = 5(27:1')—‘}12 + g(—u+ HH?,

5 1 1 1 7
2._ - 8 —2 Qin ot N\pg2 (L2, 1L 3
s°:=s(Oy)~ QRri)~“H+ 2(27n) ( u 2)H + (2“ + 2u+ 12)1—] ,
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3 ~—3 ~N—2 a=1(L o S\
s° :=s(Oy) ~ 2ni)™> — 2ri) “uH + (2xi) (Eu + E)H
1y 5 5B\,
(g e )

Fixing an isomorphism of VHS in (2) in Introduction, we also use s” for the
corresponding V-flat integral basis for the B-model ’H;o (vanishing cycles are
used for B-model in [7], Theorems 6.9, 6.10, Example 6.18).

In both A-model case and B-model case, the integral structures Hy, and
’H%o on S* extend to the local systems of Z-modules over $'°¢ ([24]; [17],

Proposition 2.3.5), still denoted Hy, and ’H;D, respectively.
Consider a diagram:

Slog := R x i(0,00] D §* := R x (0, 00)

| l

Slog ») S*

d!

The coordinate u of S* extends over S'°8. Fix base points as up = 0+ ioo €
Sloe 15 b :=0+ico € S > g =0 € S, where g =0 corresponds to go for
A-model and py for B-model. Note that fixing a base point u = uy on S'°% is
equivalent to fixing a base point b on S!°8 and also a branch of (27i)~'loggq.

Let B := ’H;(uo) = Hy(b) for A-model and B := ’HZ0 (uo) = H;” (b) for
B-model.

2.5. Correspondence table

We use the mirror theorems in Introduction 0.2-0.3. Put @ := @}, = @&y,
and fix an isomorphisim of VHS in 0.2.2 in Introduction (cf. 2.4).
(1A) Polarization of A-model of V.

S(a,p) := (-1’ (2xi)? / aUpB (ae€HPP(V),BeHP3P(V)).
12

(1B) Polarization of B-model of V°.

0(a.B) = (—1)*6-)72 f aUp=— f aUB (a.B e H(V?)).
VO VQ

(2A) Z-basis compatible with monodromy weight filtration.

Let B:=Hy (up) = Hy, (b) be as in Section 2.4. Let b := s> (up) = s(Ov) (uo),
b* := s*(ug) = s(Oy)(uo), b' := s'(uo) = s(Oc)(uo) and b° := 5°(u) =
5(Opt)(uo) be the basis of the fiber B at ug coming from V-flat integral basis
in 2.4.
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The endomorphism of Bg := Q ® B coming from the monodromy logarithm
coincides with the cup product with —27z iH where H is a hyperplane section
of V ({7], Definition 3.6; cf. Proposition 1.4.3). Hence the above basis is
compatible with the monodromy weight filtration M.

(2B) Z-basis compatible with monodromy weight filtration.

Let B:=H) (uo) =Hy (b),and b°,b",b?,b° be the basis of B corresponding
to that in (2A) by the mirror symmetry 0.2.2 and 0.2.3 in Introduction.

The endomorphism of Bg coming from the monodromy logarithm is
denoted by N, and the above basis is compatible with the monodromy weight
filtration M [ibid].

For both cases (2A) and (2B), we regard B as a constant sheaf on S'° and
also on S, endowed with the associated filtrations M.

From the asymptotics of the basis s (0 < p < 3) in 2.4, the matrix of the
polarization pairings S in (1A) and Q in (I1B) for the basis 4" = s”(up) is
computed as

0 0 0 -1

) . 0 1 -1
(S, 61)pq = QW ,6N))pg = 0 -1 0 =5
1 1 5 0

(3A) Sections compatible with Deligne decomposition and inducing Z-basis
of g™ for A-model of V.

Let 7%, T2, T', and T° be the basis of #, corresponding to the ¢, ¢2, ¢!, and
¢° in (3B) below by the mirror symmetry 0.2.2 and 0.2.3 in Introduction. Then
ST, 7% =1 and S(T%,T') = —1. Hence T3, T2, —T°, T! form a symplectic
base for S in (1A).

Note that on gr™ they are

g (T =1eHYV,Z), gf!(TH =HeH(V,Z),

g (TY=CeH'(V,Z), g (T°) =[pt] € H*(V,Z),

where H and C are the cohomology classes of a hyperplane section and a line
on V, respectively. Abusing notation, we mean by C the Poincaré dual class of
the homology class in 2.3.

(3B) Sections compatible with Deligne decomposition and inducing Z-basis
of g™ for B-model of V°.

We use Deligne decomposition [4]. We consider B in (2B) as a constant
sheaf on S8, We have locally free Ogs-submodules My, 1= r*(O_lg(’g ®z MapB)
and F7 in r,,(@é“g ®z B) = Os @z B (canonical extension of Deligne in
Proposition 1.4.2). The mixed Hodge structure of Hodge-Tate type (M, F)
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has decomposition:

05@23:@1"’”, I""’:=M2,,r'1]-'"—~>gr§:.
14

Transporting the basis #” (0 < p < 3) of B in (2B), regarded as sections of the
constant sheaf B on §'°, via isomorphism

e S Os®z grg,’,B

we define sections e” € IP? (0 < p < 3) over S. Then, &%, ¢2,—¢, ¢! form a
symplectic basis for Q in (1B), and &3 = Q = Q/y, over S.

The asymptotic relation of the 77 in (3A) (resp. the ¢’ in (3B)) can be
computed, via the 57, from (7A) (resp. (7B)) below.

(4A) A-model connection V =V of V.

Let § = d/du =2r igd/dg. The Dubrovin connection V (cf. [1], Sect. 8.4) is
characterized by

VsT? =0, V;T'=7° V;T*=

1 & o 1 _( 1 d3®hol) 1
Qri) dd~ Qri)3  did
VsT? = T2

V is flat, i.e., V? =0, and extends to a log connection over S'%.

(4B) B-model connection V = VM of v°,
Let § = d/du = 2z igd /dg. The Gauss-Manin connection V is computed as

V580=0 V,;el :eo V,;ez ! d3(I) l W-L—-—(q d2)3 !

@2ri)? P (14+5%y0(2)? \z2 dg
Vsedl = e,
V is flat, i.e., V> =0, and extends to a log connection over S,

(5A) V-flat basis of H{. inducing Z-basis of gr™.

1 Lo 1 do
Po=7 §=T -, o= Tl
TeEAL S who s 2z a2 | T O du

1 d&*® 4o 1 d o
=73 —uT? - )T - —20)7°.
Wt iy (" a2 diu e \" )
Then 3, $,~3°, §' form a symplectic basis for § in (1A).
(5B) V-flat basis for HY. inducing Z-basis of gi™.
0.0 wl.__l_ 0 2 1 40 e A

0:=6 §li=el —ue®, Fi=ef-

iy a2’ Ty @t
1 &Fo  do 1 d<I>
3. 3,2 —
Somemuet Q2ri)? ( A’ du ) 2ni)3 T
Then 52, 5%,—3°, 5 form a symplectic basis for Q in (1B).

2q>)
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For both cases (5A) and (5B), by using (4A) and (4B), the V-fiat bases 57
are determined inductively on 0 < p <3 from the 77 in (3A) and the ¢” in (3B).
These V-flat bases 5 are characterized by the Frobenius solutions y; (0 <j <3)
in 2.2 such that yp7? in A-model and ype® = Q in B-model coincide with

Y03° + Qi) '35 + 5Q2mi) " 2yo5 452w i) 50
(6A), (6B) Relations of V-flat Z-basis s" and the V-flat basis 3.

- = o 54,35, 5 25, 25i0(3).
0 0 I _ <l } 0 2 2 1 0 3 3 1 ! 0
S R TR T

(7A) Expression of the TP by the s” over S\°s.
It is computed that 77 are written by the V-flat Z-basis 57 of £, as follows.

T°=5% T'=s'+@—-1s5°

1 d» 5 25 1 do
3_ 3 2 ae 5 LNa, (1 g a® .
Tr=stus +((2;;;')3 T3 n) +((27ri)3 (v —2%)

25;
65 25 5i )so.

--i—iu-f-ﬁ *—“-7?'3-‘((3)

(7B) Expression of the e’ by the s° over §'°8,
It is computed that ¢” are written by the V-flat Z-basis s” of ’H%ﬁ as follows.

=50 e=s+@u- l)so,

P ( 1 4o 5),+( 1 (d2cb”_d<1>)_5u_6_5)so’

ey e 72 "\ Gp\har "%

1 dd 5 25 1/ do

3.3 2 Tty (——{y— —2d

e =5 tus +((27ri)3 d 2" 12)S ((2ni)3(udu )
65 25 250\,
—-1—2u+*i'2"—?C(3))S .

(8A), (8B) Relations of integral periods and Frobenius solutions.

Let #; (0 <j < 3) be the integral periods defined by the condition that yoT?
in A-model and ype® = Q in B-model coincide with 505> + 7,57 -+ 125" + 73s°.
Then the relations in (6A), (6B) are interpreted as

e i~ 5 . 25
no=yo, m=Qxd7ly;, m=5Qui) 7w+ 5(27“) ty, — 200

25 25:[(3))
12 73 0-

— — 65 ~~—
13 =5Qmri)2yy —5Qz )y + @) 'y1+(
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Remark. The #; coincide with the corresponding coefficients of the expression
of yoT? in (7A) and of ype? = Q in (7B), and yield the same integral structure
for periods given in [2] and [18]. Indeed, for the notation wy; in [18], (8), they
are related as wo = o, w1 =M1, Wa =2 — 5y, and w3 = —#3 — 72 — 5.

2.6. Proofs of results in 2.5

Proofs of (4A) and (4B} in 2.5. We prove (4B). (4A) follows by mirror
symmetry theorems in Introduction 0.2.

We improve the proof of [1], Prop. 5.6.1 carefully by a log Hodge theoretic
understanding in 1.4 of the relation among a constant sheaf and the local
system on S$'°¢, the canonical extension of Deligne on S, and the Deligne
decomposition.

We investigate the Gauss-Manin connection V, corresponding to the local
system ’H;‘; , contracted with ¢ = 2rigd/dq. Since e’ maps to a V(grg‘)-ﬁat
element of gré\p", Vs(eP) lies in My,_; = My,_5. But €” is also an element
of FP, so that Vs(e?) lies in P~} by Griffiths transversality. This shows that
Vs(e”) is an element of 77~ and it follows that

Vs(e®) = Yae?, Vi(e®)=Yze', Vi)=Y, Vi) =0

for some Y;,Ya,Ys € OFE. However, since 0(e®,e') = 0 by orthogonality of
Hodge filtration, we have

0=00(%,e") = O(Vs(e®), ") + 0, Vs(e")) = Y30(e?, ") + 11 Q(e%, &%)
=—-Y3+4Y,

where the last equality follows from 2.5 (3B).
Since V has a regular singular point and é = 2z igd/dq, Y is holomorphic
over S. Considering over the log point po, we claim ¥;(0) = =1. Since ¢! is

taken to be the canonical extension over pg, we have Vs(e!) =N(e') = —e by
[17], Prop. 2.3.4 (ii) (cf. Proposition 1.4.3). Replacing e',e? by —e', —¢?, we
have ¥;(0) = 1.

Since we use the canonical coordinate ¢ in 2.2, the arguments in [1], Sect.

5.6.4, Sect. 2.3, yield
dq
q—eXP(f ¢ (q)*q-)~

Taking logarithm of both sides and differentiating them by d/dlogg, we
have Y;(g) = 1, hence Vse! = & and Vse* = e, Thus, relative to the basis
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% e',e?, e and using the canonical coordinate g, Vs has the connection matrix

0 1

0 Y
0 1

0

where Y =Y,.

The proofs in [ibid, Proof of Prop. 5.6.1] for the following assertions work
well: &3 is the normalized 3-form Q; the Picard-Fuchs equation for Qis
V2(V2Q/Y) = 0; Y is the Yukawa coupling. The notation €°,¢',e?,¢> (resp.
T°,T',T2,7%) in the present paper corresponds to e3,e;,e;,€p in [ibid, p.105]
(resp. T°, T', T}, Ty in [ibid, Sect. 8.5.3]). O

Proofs of (5A), (5B), (6A), (6B), (7A), and (7B) in 2.5.

We use mirror symmetry theorems in Introduction 0.2.

From ¢” in (3B) and V; in (4B), we produce s° inductively on 0 <p <3
as in (5B). These are transported as (SA) in A-model. For the last assertion in
(5B) on the relation of V-flat basis 57 and the basis of the Frobenius solutions
yj» since yoT?, ype* = Q, and the last expression in (5B) are killed by the
operator L, it is enough to show the equality on the fiber B¢ := C® B, i.e., the
coincidence of the initial conditions. We work in A-model. By the asymptotics
of the reverse relation of (5A) and of the expressions of y; in 2.2, we have

dodo do -
YT =08 +yous® + yo(2x i)_3d—§] + Y027 i)—B(ud_ —20)5°
u u

- - 5 5 -
~ yos3 -i-yous2 + Eyouzs' + EyouSSo

5 5
~ 5+ (2ri) " ogz)s* + > (@n i)~ 'logz)%s' + <(@n )~ 'logz)’s°
~ Y05 + 2r i) 'y15% + 5n i) 2yo5 +5Q2ri) 3yss0.

To prove (6A), (6B), (7A), and (7B), we want to find ¢'?,c?',¢%, 32,63 P e
C such that, on the fiber B,

o) =5°  5'(uo) =b' +¢'%%%uo),  5*(uo) = b* + '3 (uo) + c¥5°(uo),

5 (uo) = b® + 3252 (ug) + 15! (uo) + c3°5° (o).
Then, since 5 and s? are V-flat, we have

0 0 .1

$9=3 s =3.l_clo-s-0 2 2 21<1 20-0 3 3 32~2 31+l 30%0

, 5 =5"—c¢c"'§ =%, =5 -5 =75 =5,

Express the e” by the s” by using the inverse expressions of the above and of
(5B). Transporting these into A-model, we get expression of the 77 by the s?
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and the ¢*. Using Iritani asymptotics for the s* in A-model in 2.4, we get

| 1 RO c' 3
T°=§H, T'=Qzi) ' 2H* + —H°,

5 5
1 21 3 21
T2 ~Qri)*H + 2ri)~! (—5 + %) H*+ ((5 - % +c'°) u

7 C2] 021010 020 3
—_ — &,
+ (12+ 5t 57 ))

1 21
T} ~Qri) + Q2ri) 2 H + 2ni)™! ((-5 + % - c32> u

5 032 C32021 C3] )
4 4+ ) )|H
Hm-7+5+5))

1 3t 5i¢(3) ¥ 3
+(<6—?+—g—)u+< o +?))H

Since T? € FP by construction ((3A), (3B) in 2.5), we see that all coefficients
of H/ in the above expressions of T? are zero for j+ p > 3. Thus we get

c0=—1,c"=5/2,c®=-35/12, =0, ' =—-25/12, ¢ = -25ir (3) /x>,

(6A), (6B), (7A), and (7B) follow from this and (5A), (5B).

We prove (8A), (8B). The same argument goes for both cases. We use the
notation in B-model. By the definition of the #; and (5B), Q = nos® + m1s* +
125" + 135° = yo5° 4+ Qi) "'y 5% + 527 i) 2,5 4+ 5(2mi) "3y35°. Substituting
(6B) and comparing the coefficients of 7, we have expressions of the y; by the
nj. Solving these for the 7;, we get (8B). a

Remark. It was pointed out by Hiroshi Iritani that the definitions and the
descriptions of integral structures 3.5, 3.6 in [30] are insufficient. Actually,
they were the first approximations of integral structures by means of gr™,
which are characterized by the Frobenius solutions as in the last statement
of (5A) and (5B) in 2.5. The second proof in [ibid, 3.9] works well even in this
approximation.

3 Proof of Theorem 0.4.1

In this section, we prove Theorem 0.4.1 in Introduction for open mirror
symmetry of quintic threefolds. We prove it by constructing a normal function
in log mixed Hodge theory for B-model in 3.1-3.2 below. This argument is
applicable to the case of A-model by the theorems in Introduction 0.2 and 0.3
and the correspondence table in 2.5. We give some discussions on geometries
and local systems in 3.3.
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3.1. Proof of Theorem 0.4.1 over log disc S

We consider B-model. To make the monodromy of 7z unipotent, we take a
double cover z'/2 > z. Let S be a neighborhood disc of pg in the z!/2-plane
endowed with log structure associated to the divisor pg in S. Denote by H and
7T the pullbacks of the log Hodge structure %"” and the tension 7 by the
double covering, respectively.

We are looking for an extension H:

0>H—>H—>2Z(-2)—0

of log mixed Hodge structures with grf’ H =7Z(-2) and gr;V # =H, which has
liftings 1z and 1 of (27i)~2-1 € Z(—2) in H respecting the lattice and the
Hodge filtration, respectively, such that the tension 7 is described as

Cy
M 0 -1z.0)= [ "Q=T,
where Q is the polarization of H coming from 2.5 (1B) and Q is the 3-form
from 2.2.

To find such a log mixed Hodge structure, we use the basis ¢ (0 < p < 3)
respecting the Deligne decomposition of (#, M, F) from 2.5 (3B), and the
V-flat integral basis s* (0 < p < 3) from 2.5 (5B). We also use the integral
periods 7; (0 <j < 3) in 2.5 (8B). Note that these players are already extended
and live together over §'°.

Let the local system Lq and the Néron model J,, be as in 0.4 in Introduction
(see also 1.8). Then Ji, = Sxtl[MH/S(Z(~2),H), and let 1z := (2721,
~(T/n0)s®) € Hz be a lifting of 27i)~2-1 e Z(=2) = (grl¥)z, where
(T /10)s° € Hotog = (8r% ) otog- In particular, the connection V = VM on H is
extended over H by V(1z) =0.

To find 15, we write 17— 1z = ae® + be? + ce' — (T /o) with a,b,c € OF®
by using (1). The Griffiths transversality condition on 15 — 1z is understood as
vanishing of the coefficient of ¢ in V;(1z — 1z). Using 2.5 (4B), we have
o

PPhE e -f-Jc)e1 +(c— 5(7/770))e0.

Vsl — 1z) = (6a)e’ + (a+db)e? + (b

Hence, the above condition is equivalent to ¢ = §(7 /n) and a,b arbitrary.
Using the relation “modulo F2,” we can take a = b = 0. Thus

1p =12+ (6(T /n0))e' — (T /n0)e°.

The pair 1z and 15 yields the desired element of Ext] /s(Z(—2),H), hence

17 — 1z yields the desired log normal function. Theorem 0.4.1 (1) is proved.
Next, we will find a splitting of the weight filtration W of the local system

Lq, i.e., a splitting of W which is compatible with the local monodromy of
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the local system Lg. We use the monodromy table (3.14) in [31]. This is
computed for A-model but applicable also for B-model by the theorems in
Introduction 0.2-0.3 and in Section 2.5. Let T2 be the monodromy around
po:z"/2=0and put N :=1log(T%). By [ibid], N(T /7o) = —1 hence N(1z) = s°.
On the other hand, we have N(s!) = —2s°. (Here we use the rotation of the
monodromy as logz — logz+ 2z i.) Define

1 1 T -
=1 —‘=(2 '—2-1,—‘——0) .
z z+2s 2z i) 5 770S € Hq

Then N (ISZPI) = 0, and this gives the desired splitting of W of the local
system Lq.

A lifting 1;?' for lszpl, respecting the Hodge filtration, is computed as before
and we get
@) PP =1 4 (5(1))(;‘ T

o o

The pair 13" and 1 yields the desired element of Exz!,.,; /5(Z(—2),H) which
splits the weight filtration W of the local system Lg. Note that ISFpl — lSZpl =
1p — 1z = (6(T /n0))e' — (T /no)e®. Theorem 0.4.1 (2) is proved.

Theorem 0.4.1 (3) follows immediately from the above results.

We add a remark that the W-relative N-filtration M = M(N, W) on Hy in the
admissibility condition 1.5 (1) is given by

M_=0CMy=M, =RS0CM2=M3=M1+RS]

C My =Ms=M;+Rs®+Rlz C Mg =Hg =Ms +Rs>.

3.2. Proofs of (1) and (2) in Theorem 0.4.1 over log point p,

We still consider B-model. We show here that (1) and (2) in Theorem 0.4.1
have meanings just over the log point py and that the computations in their
proofs become simpler.
Recall that

15
€)) T= - +agt (ao =—, 7:itau function)

T
from [31]. We substitute z'/2 = 0 to T carefully as follows. Recall 7; = nou
from 2.2 and u = x + iy from 2.4. Write v := x+ ioo and define

v 1 .
TO):= 371 +agp in O},‘:)g = C[v].

We abuse the notation ¢” and s also for their restrictions over the log point po,
and so they live together over py® = (S',C[}).
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Similarly as in 0.4 in Introduction, but using now 7(0)s® instead of
(T /n°)s° because 7°(0) = 1, we define a local system Lqg and a Néron model
Jiq lying over Lq. Let 7 be an extension of log mixed Hodge structures over
the log point py, we are looking for, like in 3.1, and let 1z := ((2zi)~2-
1, =T (0)s°) be a lifting of (2zi)~2- 1 € Z(—2) = (gr})z in Hz. Hence the
connection V on # is extended over # by V(1z) = 0. Note that both 27tiq(%l
and 27 izd% coincide with % now, which is denoted by d. To find 1z, write
1p — 1z = ae’ + be? + ce' — T(0)e® (a,b,c € C[v], 70(0) = 1) and compute
Vs(1g — 1z) as in 3.1. Then, by the Griffiths transversality, we have c = —1/2,
a and b arbitrary. By the relation “modulo F2,” a and b can be reduced to 0.
Thus, we have

1 1
lp=1z+@TO)e' ~TO =1z - 3¢'+ (; +3 ~a0)e”

The pair 1z and 1 yields the desired element of Ext|yy /s(Z(=2),H).
Theorem 0.4.1 (1) is proved.

The splitting of the weight filtration W of the local system Lg is computed
as in 3.1 but more simply, and we define

1 1 -
spl . _ s R N=2 1 o 0
1 =17+ 25 ((27:1) 1, 25 7 (0)s ) € Ho.

Similarly, a lifting 13 for 1 is computed simply, and we get
F Z
1P = 108 4 (5T(0))e' — T(0)e".
Theorem 0.4.1 (2) is proved. O

Remark. Note that 0.4.1 (3) does not have meaning in the present context. This
is because tau function disappears except its constant term when z'/2 = 0 is
substituted. That is, in this step, we lose the transcendental data of the tension
T, contained as the extension of its underlying local system, from which we
can recover the position of the quintic mirror in its complex moduli space.

3.3. Discussions on geometries and local systems

We discuss here the relation with geometries and local systems considered in
[31] and [23]. Forgetting Hodge structures, we consider only local systems
corresponding to the monodromy of integral periods and tensions.

Let V, and V| be a quintic threefold and its mirror from 2.1. Let S be a small
neighborhood in the z-plane (z in 2.2) of the maximal unipotent monodromy
point py endowed with the log structure associated to the divisor po.

We first consider B-model. Let the setting be as in [23], Sect. 4. For z # 0
near 0, i.e., near po, let V; be the mirror quintic and C ;U C_, be the disjoint
union of smooth rational curves on V; coming from the two conics contained
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inV,N{x;1+x=x34+x=0}C P*(C). From the relative homology sequence
for (V7,(Cy,UC_,)), we have

(1) 0 Hy(VS;Z) > Hy(V,(Cy,UC_);Z) > Z(ICy ) — [C_.]) > O,

where Z([Cy ] — [C_.]) is Ker(Hy(Cy, U C_;;Z) — Hy(VP;Z)). The
monodromy T, around py interchanges C.., and C_,.

Respecting the sequence (1), we take a family of cycles Poincaré duality
isomorphic to the flat integral basis s (0 < p < 3) in 2.4 and a family of
chains joining from C_, to Cy . (a choice up to integral cycles and up to
half twists), and over them integrate the family of 3-forms Q(z) with log
pole over z = 0 (z in the punctured disc in the z-plane) in 2.2, then we have
a family of vectors (no,71,%2,%3,T) consisting of periods (2.5 (8B)) and a
tension. This corresponds to the data in [31], [23] (cf. Remark in 2.5). Since
Too(T) = —(T +m+10) by [31], 3.14), we find T+ 3711 + 70 = 37 (see 3.2
(1)) is an eigenvector of the monodromy T, with eigenvalue —1.

The family of sequences (1) (z # 0) forms an exact sequence of local systems
of Z-modules. Pulling this back to $* in 3.1 by the double cover z'/? > z, we
have a sequence with unipotent local monodromy and its extension over S'°8.
Applying Tate twist (—3) and Poincaré duality isomorphism to the left and the
right ends of this exact sequence, we have a local system L’ over §'° which is
an extension of Z(—2) by Hz:

) 0> Hz—>L —Z(-2)— 0.

Take a lifting 1z := (27 i)~2- 1, (T /50)s°) in L’ of 2xi)~2-1 € Z(—2), and
extend V on Hyz over L' by V(1z) = 0. We look for a V-flat Tgo-invariam
element associated to 1z. This is done as in 3.1, and we get lszpl =1z —(s'/2).
Thus we know that L’ coincides with Hz in 3.1.

For the relative monodromy weight filtration M = M(N,W) of L', we see
that 1z € M, and s' € M, are the smallest filters containing each element in
question. Taking the graded quotients by M of the sequence (2), we have

©) gt Hy S gL,
0 gy Hz — gri' L' > Z(=2) > 0,
0 — gi¥Hz — grif L' — (2-torsion) — 0,
gt Hz > erp'L.

Here we abuse the notation M also for the monodromy filtration on Hz,
because it coincides with the restriction of M = M(N, W) to Hz. The 2-torsion
in the third sequence of (3) corresponds to a half twist of chains from C_ to
C;. Standing on a half integral point and looking at the integral points nearby,
we have two orientations. These correspond to the two orientations of a half
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twist of the chains, and also correspond to T := :i:(%t — 2y — 2 in [31].
T_ is different from —7. by the complementary half twist, i.e., T4 +7_ = —7#;.

By using mirror symmetries in 0.2-0.4, or more precisely, by the results
in Section 2.5 and Section 3.1, Hz = HY', T = Tg, 1z, V.= VM, I’P' and
M = M(N,W) of B-model are transformed to the corresponding Hz = Hj,
T =074, 12, V.= Vo, 13 and M = M(N, W) of A-model, and the exact
sequences (2) and (3) of B-model are transformed to the corresponding exact
sequences of A-model.

It is interesting to study the relations of these exact sequences with the
geometries of Fermat quintic V = V,, with y = 0 and its Lagrangian
submanifold Lg := VNP*(R) in [31], 2.1; [23], 3.

Remark.

(1) The argument in 3.3 can be performed even over the log point po.
(2) [26] and [19] are related with the topics in this subsection.
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