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Abstract. We construct partial compactifications of arithmetic quotients of the
classifying spaces of polarized Hodge structures of general weight by adding the re-
strictions of the ‘tamest’ nilpotent orbits to the invariant cycles, and introduce complex
structures on them. We prove holomorphic extendability of period maps from a punc-
tured disc whose monodromy logarithm satisfies a certain property. We also examine
some geometric examples which can be settled within the present framework.

Introduction. In this paper, we try to introduce a complex structure on a partial
compactification of an arithmetic quotient D/I" of the classifying space of polarized
Hodge structures of general weight w under the restriction (0.1) below.

In the classical case where D is a symmetric domain of Hermitian type (cf. (1.8)),
we have Satake compactifications, Baily-Borel compactifications, toroidal compactifica-
tions by Mumford et al. of D/I", which carry not only complex structures but algebraic
structures. On the other hand, beyond the classical case, we know very little about these
problems. As far as the author knows, the only work in this direction is the one due
to Cattani and Kaplan [CK1], who constructed partial compactifications of D/I" in the
case w=2, which are Hausdorff topological spaces. In contrast to the classical case, the
essential difference lies in the fact that the isotropy subgroup I of G with D~G/I is
compact but not maximal.

As a first attempt, we restrict ourselves throughout this paper to those boundary
points which appear as the limits of nilpotent orbits (N, F) whose nilpotent endomor-
phism N satisfies the condition

1 if wisodd,

0.1 N%2=0, dimImN={ . .
2 if wiseven.

This condition (equivalent to (2.1) and (2.2)) implies that the monodromy cone has

1991 Mathematics Subject Classification. Primary 14C30; Secondary 14D07, 32G20.

Partly supported by a Grant under The Monbusho International Scientific Research Program: 04044081,
the Grants-in-Aid for Scientific Research on Priority Areas 231 “Infinite Analysis”: 05230040 as well as
Cooperative Research: 04302003, the Ministry of Education, Science and Culture, Japan.



406 S. USUI

dimension one (cf. (2.5.1)), which postpones the combinatorial complexity (or interest)
of the toroidal method as a problem in the future. Even under the restriction (0.1),
however, we encounter new phenomena such as: nilpotent orbits with a common N are
divided into several types when the weight w is even and >4 (see (3.4), (3.5)); partial
compactifications are not known to be locally compact; the loci A4~ of nilpotent orbits
in (3.14) are the counterparts of the classical objects, on which topologies and complex
structures are the expected ones, whereas off these loci the situation is not easy (cf. also
[Sc, (6.17)] and the comment just before it).

We construct our partial compactification D/I" by the method of torus embedding
in [AMRT]. Namely, we first prepare several pieces D~W,N in (3.16) by adding suitable
boundary components to partial quotients D/exp(ZN), which have a natural topology
and a complex structure. We then introduce a Satake topology on them, and finally
patching up their full quotients along suitable Satake open sets to make up D/I". The
D/T thus constructed is Hausdorff in the induced Satake topology and carries the
induced complex structure (Theorem (4.17) and Construction (4.19)). Our boundary
points consist of the full data of gradedly polarized mixed Hodge structures on the
space W, :=KerN of invariant cycles, whereas the boundary points in [CK1] lose
their extension data, which play an important role in the interaction between Hodge
theory and geometry. Our partial compactification D/T is characterized by the property
that they contain exactly those boundary points with which every period map from a
punctured disc with its monodromy logarithm N satisfying (0.1) can be extended
holomorphically (Theorem (5.1)). Hence we can now talk about the differentials at
boundary points of these extended period maps.

In §1 we recall several facts and definitions, which will be used later. In §2 we
construct a line bundle L(W, N) containing D/exp(ZN) by the technique of torus
embedding, and in §3 we define boundary components B(W, p, N) and embed them into
the zero section of the line bundles L(W, N) to make up our pieces Dy y. §4 is devoted
to the construction of a partial compactification D/’ from the pieces Dy y and to
introduce a complex structure on it. In §5 were examine holomorphic extendability of
period maps. The examples in §6 suggest an interesting interplay between the present
result and geometry, which is our motivation.

The present work owes much to Schmid [Sc].

We leave the following problems open: comparison of the Satake topology and
the natural topology on D~W,N < L(W, N); removal of the restriction (0.1) and general-
ization to the case of higher dimensional monodromy cones.

The author is grateful to the referee.

1. Preliminaries. We recall first the definition of a (polarized) Hodge structure
of weight w. Fix a free Z-module H, of finite rank. Set Hy:=Q®H,, H=Hg:=
R® Hz and H; :=C® H,, whose complex conjugation is denoted by o. Let w be an
integer. A Hodge structure of weight w on H is a decomposition
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(1.1) He= @ HP  with oHPI=HP.

ptq=w
FP:=@,, ,H"" is called a Hodge filtration, and H™" is recovered by H*1=F? n gF".
The integers
(1.2) h??:=dim H??

are called the Hodge numbers.

A polarization S for a Hodge structure (1.1) of weight w is a non-degenerate bilinear
form on Hy, symmetric if w is even and skew-symmetric if w is odd, such that its
C-bilinear extension, denoted also by S, satisfies

(1.3) S(H™, ¢H?**)=0  unless (p,q)=(p’q),
' iP~98(v, ov)>0 for all 0s#veHP9.

For fixed S and {h™}, the classifying space D for Hodge structures and its ‘compact
dual’ D are defined by

D :={{H™%}|Hodge structure on H¢ with dim H?4=h,
(1.4 satisfying the first condition in (1.3)},
D :={{H?} e D |satisfying also the second condition in (1.3)}.
These are homogeneous spaces under the natural actions of the groups

(1.5) Gc:=Aut(Hg, S), G=Gg:={geGc|gHg=Hpg},

respectively. Taking a reference point r € D, one obtains identifications
(1.6) D~G¢/le,, D=~G/I,,

where I, and I, are the isotropy subgroups of G¢ and of G at re D, respectively. It is
a direct consequence of the definition that

(1.7) G~{0(k, m, ~{U(h”"’) X ) UMYX 00 i w=2t,

' “Sp2h, B), " UM x -+ x U+ if w=2t+1,
where k:=}, _h """ and h:=(dimH—k)2 if w=2t, and h:=dimH/2 if
w=2t+ 1. It is an important observation that I, is compact, but not maximal compact
in general. Hence D is a symmetric domain of Hermitian type if and only if one of the
following is satisfied:

w=2t+1, h»1=0 unless p=t+1, t;
(1.8) w=2t, h*=1 for p=t+1, t—1, h** is arbitrary, h»?=0 otherwise ; or

' w=2t, h»?=1 for p=t+a, t+a—1, t—a+1, t—a for some a>2,

h?1=0 otherwise .
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We denote
(1.9) F:={geG|gHZ=HZ}.

Then I' acts on D properly discontinuously because the isotropy subgroup I, is compact
and I is discrete in G.

A reference Hodge structure r={H?*%} € D induces a Hodge structure of weight 0
on the Lie algebra g :=Lie G, by

(1.10) e ~*:={Xegc| XHP < H?**1 for all p, g} .
One can define the associated Cartan involution 6, on g:=Lie G induced by

(1.11) 0,X):=Y. (—1pX*™s  for X=) X* *egc=® g&*.

We take the standard generators for the Lie algebras sl,(R) and su(1, 1) which are
related by the Cayley transformation Ad(c,), where

(1.12) c1:=exp<%i<(1) é)):%(t ;),

as follows:
SL(R) > (1 0 >, <0 1>’ (0 0>’
0 —1 00 10
(1.13) Ad(cy) | 1 7 7
0 —i 1/ —-i 1 1/i 1
sl D= (i 0 ) ?( 1 i)’ 7(1 —i>'

REMARK (1.14). i€l :=(the upper half plane)~SL,(R)/U(1) corresponds to a
Hodge structure

i 0 —1
C*=H!}@H* with H1’°=C<;> polarized by S=<1 0 )

The canonical decomposition of g, :=sl,(C) by the standard ‘H-element’ (cf., e.g.,
[Sa2, II. §7])

1/ 0 1 >

2\ -1 0

coincides with the Hodge structure induced by ieb:

B 1/i 1 0 —i 1/—il
91c=gi'c“+g‘3'c°+91c“=l°—+fc+p+=C5<1 —i>+C<i 0 >+C3< 1 i>'

From now on, we assume that w>0 and all Hodge structures of weight w satisfy
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HP?=0 unless p, g=>0.
DEerFINITION (1.15) (cf. [Sc, p.258]). AnSL,-representation p : SL,(R) — G is hor-

izontal at r={H?*} e D if
1/ —i 1 .
= ege 't
P*< 2 ( 1 >> Sc

When this is the case, we call the pair (p, r) an SL,-orbit.

ReMARK (1.16). Clearly, (p, r) is an SL,-orbit if and only if p,: sl,(R)—>gis a
morphism of Hodge structures of type (0, 0) with respect to the Hodge structures in-
duced by i€l and reD, respectively. A horizontal SL,-representation p induces an
equivariant horizontal map g : P! — D with j(i)=r:

SL,(C) -2 G,

Lo,

| SR, %

This is a generalization to the present context of the notion of ‘(H,)-homomorphism’
in the case of symmetric domains of Hermitian type (cf., e.g., [Sa2, II. (8.5), III. §1]).

Let (o, r) be an SL,-orbit and j: P! —» D the associated horizontal equivariant
map. We set

1 0 01 00
(1.17) Y:=p*<O _1>, N+:=p*<0 0), N_:=p*<1 0), c:=p(c,).

We denote by H(Y; A) the A-eigenspace of the action of Y on H, and set

(1.18) W(Y),_,;:=@® H(Y; 3).

A>j

LemMMmA (1.19). Let (p,r) be an SL,-orbit. Then, in the above notation,
lim,,,, , ., exp(—zN )+ p(z)=c ' -reD. The corresponding filtration, denoted by F,,
together with W(Y), determines the limiting S-polarized split mixed Hodge structure.

Proor. We have

ﬁ(2)=ﬁ(i+(z—i))=ﬁ<exp<(z—i)'<g é))-i)=exp«z—i)-1v+)~r,

eXP(—zN+)'ﬁ(Z)=eXP(—iN+)°r=ﬁ<e><p<—i<g ;>>'i>=ﬁ(0)-

On the other hand, ¢! -r=p(c; * * i)=p5(0).
The second assertion follows from [Sc, (6.16)]. (N, L in [Sc, (6.16)] correspond
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to N,, N_ in our present notation, respectively.) O
We recall a definition in [CK1, (2.19)], [U, (3.3)]:

DerINITION  (1.20). A pair (Y, r)eg x D is admissible if there exists an SL,-orbit
(p, r) such that Y is as in (1.17). Y is said to be admissible if (Y, r) is an admissible pair
for some reD. *

Note that giving an admissible pair (Y, r) is equivalent to giving an SL,-orbit (p, r),
and an admissible element is characterized numerically (for more details, see [CK1],

[UD.

2. Line bundles L(W, N). Let W,,_, be a subspace of Hy, defined over Q which
is isotropic with respect to S, i.e., S(u, v)=0 for all u, ve W,,_,. We assume throughout
this paper that

1 if wisodd,

2.1) dim Ww_1={ ] ]
2 if wiseven.

Let W, be the annihilator of W,,_, in H, with respect to S. Then we have a filtration
W of Hy:

2.2) OcW, cW,cW,.,:=H,.

By abuse of notation, we also use W for the filtrations induced on H= Hg, H if it does

not lead to any confusion.
We define the following subgroups of G:
N(W):={geG|gW;=W, for all j},
2.3) U(W) : the unipotent radical of N(W),
C(W): the center of U(W).
The induced sub- and sub-quotient groups of I" are denoted by
(2.4) I'y :=I'n NW), U(VY)Z :=I'nUW), CW)z:=I'nC(W),
Iy =Ty /C(W)g.

We denote
D(W):=C(W)¢+D .

LEMMA (2.5). (i) dimC(W)=1.

(ii) C(W) is a normal subgroup of N(W), and Ad(g)X =(g| W, _ )X if wis odd
and Ad(g)X =det(g|W,,_ )X if w is even for ge N(W), X € Lie C(W).

(iii)) C(W)c acts on D(W) freely.

PrOOF. Since we assume (2.1), (i) is obvious in the case of odd w. In order to
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examine (i) in the case of even w, we choose a Q-basis of H, adapted to the filtration
W so that the polarization form S is represented by a matrix S=antidiagonal(J, *, J),
where J:=diagonal(1, —1) of rank 2. In this basis, any X € Lie C(W) is represented by
a matrix

0 0 4 2 b
X= (0 0 0], where A=< d) is a 2x2 matrix .
00 0 ¢

From ‘XS + SX =0, we can readily derive a=d=0, b=c. This completes the proof of (i).
By using the above basis, (ii) can also be verified easily.
Let re D be a reference point and let N be a basis of Lie C(W). Since N is nilpotent,
v: C~C(W)e— D(W) < D, sending z to exp(zN) - r, is an algebraic morphism. v is not
a constant map, because the isotropy subgroup I, of G at r is compact hence does not
contain a unipotent subgroup C(W)~R. It follows that v is quasi-finite. If v(z,)=(z,),
24, 2,€C, then exp((z; —z,)N)r=r and so Z(z,—z,) = v~ (r), which occurs only if
zZ,=2,. |
DEFINITION (2.6). In the case of odd w, Ne Lie C(W) is positive if S(N "1+, +)>0
on W, _,.
We denote by o(W) the set of orientations of Lie C(W) consisting of
the positive generator of Lie C(W), if wisodd,
{the two generators of Lie C(W), if wiseven.

We define
2.7 NWwW)* :={geN(W)|Ad(g)NeR>0N,Neo(W)} .
Iy :=FnNW)*, Ty :=Iy/C(W),.
Note that, by (2.5.ii), we see that

1 if wisodd,
2 if wiseven.

INW): N(W)+]={
By Lemma (2.5.iii), the quotient
D(WY :=D(W)/C(W)c

is a complex manifold and that the principal C(W)c-bundle D(W)— D(WY is a complex
affine bundle. Starting from this affine bundle, we shall construct a complex line bundle
L(W, N)—> D(WY in the following way. Take a quotient bundle

(2.8) D(W)/C(W), - D(W) .

Set T(W) :=C(W)/C(W),. According to a choice of N € o(W), we have an identification
T(W) 3 C*, exp(zN)—exp(2mniz). Let C* = C be the natural embedding. We denote by
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2.9) n: L(W, N) :=(D(W)/C(W)z) x¢*C —» D(WY
the complex line bundle associated to the principal C*-bundle (2.8).

PROPOSITION (2.10).  The action of Ty, on the C*-bundle (2.8) extends to the action
on the complex line bundle (2.9), which commutes with the action of T(W). Ty, acts
properly discontinuously on D(W)' and hence on L(W, N).

ProOF. The first part follows easily from (2.5.ii).

In order to prove the second part, we use the C*-bundle (2.8). Given a compact
subset A’ = D(W)'. Put A :=n"'(A4’). Take a neighborhood V, of ae A n (D/C(W),) such
that the closure ¥, is compact and is contained in D/C(W),. Then {n(Va)laeA n
(D/C(W)z)} is an open covering of A’ and so we can choose a finite subset {n( Va,»)f 1<
i<n} which covers A’. Set V:=J, _,_.,N(W)' - V,,, where

(2.11) N(W)' :=Ker(Ad : N(W)— Aut(Lie C(W))).

Then, by construction, we see that V< D/C(W),, n(V)> A" and that the restriction
n: V—D(WY is a proper map. Since I'yy = N(W)! whose action preserves the fiber
coordinate of (2.9), we see that

yely|ly-AnA#S={elgly-AnV)n(AnV)£J}.

The latter set is finite because the action of I'y; on D/C(W), is properly discontinuous
and A n V < D/C(W), is a compact subset. This proves that I';; acts on D(W) properly
discontinuously. The assertion on the action on L(W, N) follows from this easily. [

3. Boundary components B(W, p, N). Let {h™?} be a set of Hodge numbers in
(1.2). For a filtration W in (2.2), we set

3.1 n,:=dimgr?_, .

We recall a definition in [U, (2.15)]:

DErFINITION (3.2). A set p={p%®} of non-negative integers is called a set of prim-
itive Hodge numbers belonging to {h”, n,} if it satisfies the following conditions.

(0) The indices a, b and A are non-negative integrers satisfying a+b=w—A.

(1) Y iipew_aP=n—n;,, forall A

(ii) pha=p%® for all a, b, A.

(i) A=RtUTIY P TITARY ol Py M forall s, ¢ with s+r=w.

Under the assumption (2.1), only the following sets of primitive Hodge numbers

are possible.
(3.3) Case w=2t+ 1. The possibility is unique .



COMPLEX STRUCTURES ON PARTIAL COMPACTIFICATIONS 413

Py = Po

0 otherwise .

M_{l if a=t, a,b_{h“"’—l if a=t+1,¢,
h*b otherwise .

Case w=2t. There are t+ 1 possible cases.
(3.4) Foreach s=w,w—1,...,t+1,

w1 ifa=s,w—s—1, wp JRP—1 if a=s+1,5,w—s,w—s—1,
Py = Po =

0 otherwise . h*t otherwise .

(3.5) Fors=t,

ht—1 if a=t+1,t—1,
psb=1h**—-2 if a=t,

h*b otherwise .

py =

a’b_{l if a=t,t—1,
0 otherwise .

DEFINITION (3.6). Given a filtration W in (2.2) satisfying (2.1), a set p={p%°} of
primitive Hodge numbers belonging to {h”, n,;} and an orientation Neo(W) in (2.6)
the corresponding boundary component B(W, p, N) is the classifying space of gradedly
polarized mixed Hodge structures on W, H. with Hodge type {p%®} (resp. {p$*}) and
polarization form S (resp. S(N~ ', +)) on gr¥ (resp. W,,_,).

PROPOSITION (3.7). There is an N(W)* -equivariant embedding B(W, p, N) —, D(WY.

Proor. We shall first construct a map ¢: B— D', where B=B(W, p, N), D'=
D(W). Let FeB. In the present case, the weight length is one, hence we have the
Hodge-Deligne decomposition

W, He=@ P2, P :=FngF°nW,_,H,,

where the summation is taken over a+b=w—1, A=0, 1. We want to extend this to an
S-polarized split mixed Hodge structure on H¢ uniquely up to C(W)c-action. Setting
Pyc:= (—Ba,bP‘(’;", we have a splitting over R of W,,_ Hc < W, H¢. In case w=2t+1,
our assertion follows immediately from the fact that P_, o :=P'***! should be per-
pendicular to Py with respect to S. Similarly, in case w=2t, P_, c:=PS*'" 75+
P* 5s*1 is distinguished up to C(W)c-action by the same condition, where s is the
integer satisfying p}*~*~!=1 in the given set of primitive Hodge numbers. Moreover,
the summands P**'¥ " %a=s, w—s—1) are distinguished up to C(W)c-action by the
condition that P%*!*~ should be perpendicular to P{™ ™%~ !+ P** 1~ with respect
to S. Now let P**! in case w=2t+1 and P****~5, P*7>**! in case w=2t be
representatives in the above constructions. These data determine a splitting P, ® P, ®
P_, over R of the filtration W, _, c W, ,c W, ,, where P, :=W,_,, P,:=P,¢nH
(A=0, —1). This, in turn, determines a real semi-simple element Yeg so that P, is
the A-eigenspace of Y. Since [Y, N]=2N by construction, we have a representation
p : SL,(R)— G (not necessarily rational) such that
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1 0 01
=Y, =N
”*(o —1> ”*(0 0)

Transforming the P%? by the Cayley element c¢=p(c,) in (1.17), we get the Hodge-
(Z, X ;)-decomposition @ Q5 **:= @ cP4’. Then we know that H”?:= @, 0% deter-
mines an element re D where p is horizontal (see [CK?2, (2.18) and its proof] and [U,
(3.4) and its proof]). We now define a map

(3.8) @:B->D by F—C(W)c-r.
Next we define a map
3.9 V:oB)—~B by C(W)c:F—FnW,H.

This is well-defined. Indeed, since W,,=Ker N, we see that g| W, is the identity for any
g€ C(W)c and so

g'F n Wch=g(Fn Wch)=F n WWHC .

We claim now that ¢ is the identity. Indeed, let F € B and F, the Hodge filtration as-
sociated to the S-polarized split mixed Hodge structure { P%” | at+b=w—1,1=1,0, —1}
constructed above. Then the filtration F, corresponding to re D is F,=cF, by defini-
tion. On the other hand, cF,=exp(iN)- F, as in the proof of Lemma (1.19). Hence
F.n W, Hc=exp(iN): Fon W, H.=F.

It is obvious that i is N(W)™*-equivariant, whence so is ¢. ]

Let (p, r) be an SL,-orbit, Y in (1.17), and W=W(Y) in (1.18). We assume that
W is defined over Q. We denote

(3.10) Gy :={geN(W)"|Ad(g)Y=Y}.
In the notation of (2.9), we set
(3.11) F:=(rmod C(W)z)e L(W, N), b:=n(f)e D(WY ,

where N e o(W) with N, =aN, a>0. Then, as in the proof of (1.19), we have cF,=
F,=exp(iN,)- F,, and hence be B(W, p, N) under the identification of (3.7).

PROPOSITION (3.12). In the above situation, we have the following.

(i) The orbits Gy b= N(W)* -b=B c D(W) are complex submanifolds, where
B=B(W, p, N).

(ii) (C(W)><Gy)+r)~ -Gy -b and (N(W)* - 1)~ - B are punctured disc bundles
contained in the line bundle L(W, N), which are the family of all SL,-orbits corresponding
to the triple (Y, p, N) and the family of all nilpotent orbits corresponding to the triple
(W, p, N), respectively.

(iii) N(W)™* -r is open in D if and only if D is a Hermitian symmetric domain.
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ProorF. We first claim that

dimg N(W)*/I, n N(W)* =2dim¢ N(W)¢/I¢,, 0 N(W)e,

(3.13) dimg(C(W)><Gy)/I, n (C(W)><Gy)
=2dim(C(W)c><Gy /¢, N (C(W)c>=<Gyc),

where I, and I, are the isotropy subgroups at r of G and G, respectively. (3.13) can be
verified easily by the dimension count of the corresponding Lie algebras using bases of
H adapted to the mixed Hodge-(Y, N ,)-decomposition of (p, r) (cf. [U, §2]). Hence
we leave it to the reader. Similarly, we can verify easily that N(W)* acts on B transi-
tively and so we omit this verification. (3.13) shows that the orbit N(W)* -r (resp.
(C(W)><Gy)-r)is open in N(W)¢ - r (resp. (C(W)c>< Gy ¢) ) in the HausdorfT topology
and the latter is a closed complex submanifold of D= G - r. Hence the former induces
a complex submanifold (N(W)* - 7)™ (resp. (C(W)><Gy)-1)~) of D(W)/C(W),. From
this we know that the interior of the closure of (N(W)* - r)~ (resp. (C(W)><Gy)-1)~)
in L(W, N), denoted by

(3.14) N (W,p,N)  (tesp. #(Y,p,N)),

is a complex submanifold and so its intersection with the zero section of the line bundle
(2.9) is a complex submanifold of the zero section. Via the projection, we get the
assertion (i).

Now the first part of (ii) follows from an observation that, for g,exp(nY)e
N(W)* =N(W)!><exp(RY), we have

10
glexp(nY)'r=gl'ﬁ<CXP<n<0 _1)>'i>=gl'ﬁ(ez”i)
~ . 2 0 1 . . 2
S L)) Ep—

=exp(i(e?"—1)N,)g, ' r=exp(i(e?"—1)aN)g, -r  (see (3.11)),

and exp(27i - i(e®"— 1)a) =exp(2n(l —e*")a)<e*™ (cf. the identification T(W)3 C* in
(2.9)). As for the assertion on the families in (ii), it follows from [U, (3.16.iii)], (2.5.i1)
and (3.11) that Gy -r is the set of all reference points g-r such that (Y,g-r) is an
admissible pair of type p whose associated sl,-representation Ad(g)p,, satisfies

01
Ad(g)p*< 00 >=Ad(g)N+ =d'N,=daN

for some a’'>0. Hence

exp((x +iy)N)g - r=exp(xN)g exp(ia’ "*yN)-r
=exp(xN)gexp(log((@a) 'y +1)'2Y) - re(C(W)><Gy)-r if y>—da.
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Similarly for g-re N(W)* -r,

(3.15) exp((x+iy)N)g  r=exp(xN)g exp(log((@'a) 'y +1)/?Y)-r
eNW)*-r if y>-—da.

Let Ho= @ 0% *= @ P4® be the Hodge-(Z, X ,)-decomposition and the mixed
Hodge-(Y, N ,)-decomposition associated to (p, r), respectively (cf. [U, §2]). We see
that, for P’ : =P~ 1w-ay paw-etl

N,Q“" “cN,cP=N,P cP=cP .

It follows that N, F? < F¢~! and hence NF5, < Fa! by (2.5.ii) and (3.11), where F,,
F,., are the filtrations corresponding to r, g - re D, respectively. Therefore (N, F,.,) is a
nilpotent orbit in the direction of (W, p, N). Conversely, let (N, F), F € D, be a nilpotent
orbit, i.e., NF* < F*~! and exp(iyN) * Fe D for y>0. Then, by [Sc, (6.16)], (W, F) is an
S-polarized mixed Hodge structure. If (W, F) has mixed Hodge type p, then this deter-
mines a point of B by Fn W, H,, hence, by (3.7) and the first part of (ii), we have
exp(iyN) - Fe N(W)* - r for y>0. This completes the proof of (ii).

In order to prove (iii), we compute dim D—dim N(W)* -r. Let K be a maximal
compact subgroup of G containing the isotropy subgroup I,, G=RTK an Iwasawa
decomposition.

Case w=2t+1, i.e., (3.3). We see that

G=Sp(2h,R), K=~U(h), I,~UMHL*%x---xUMm*", K;j:=KnGy=~Uh-1),
Iy =10 Gy ~UMR"%)x - x U2y x U1 —1).
Hence
dim D—dim N(W)* - r=dim G/I,—dim N(W)* /I,y =dim K/I,—dim Ky /I,}y
=h*—(h—1 ()2 + (W =12 =2(h—h*").
This is zero if and only if h=h'*1", that is, K=1,.
Case w=2t. We see that
G=0(k,2h), K=~O0(k)xO0Q2h), I,~UMh"%x---xUHK*""YxO0Hh"),
Ky ~0(k—2)x 0(2h—2)x SO(2) .
According to the subcases (3.4), (3.5), I,}y is isomorphic, respectively, to
UR*O) x - xURE*™ s 1)y x UhR** S —1)x - - - x UL =) x Ok x U(1) ,
UhR* %) x -« x U1 —1)x O(h*—2) x U(1) .
As before, we can compute dim D—dim N(W)™ « r to obtain

Ak+2h—h+IwTsT1_psw=s_2) in Case (3.4),
2k+2h—h* 1B 1) in Case (3.5).



COMPLEX STRUCTURES ON PARTIAL COMPACTIFICATIONS 417

These are zero if and only if

k=2h>*"5(or 2h°* 17" 1)=2  h=h*1""5"1 (or ¥ %=1 in Case (3.4),
k=h", h=h*"""1=1 in Case (3.5).

Hence, dim D=dim N(W)" - r if and only if K =1,. O
We denote
D~W.p,N :=D/C(W)z u &/ (W, p, N)= L(W, N),

3.16 ~ ~ - -
(316 By:=UDy,weLOW,N),  D:=|] Dyy.

p W,N
where the unions are taken over all sets p of primitive Hodge numbers belonging to
{n,, h»%}, all rational S-isotropic filtrations W of Hy in (2.2) satisfying (2.1) and the
orientations N € o(W).

4. Partial compactifications D/I. We first recall the partial compactification
D**/I" of Cattani-Kaplan in [CK1] and its generalization into arbitrary weight [U,
Appendix] within our present context. Under the assumption (2.1), the disjoint union
D** of all rational boundary components and the disjoint union D* of all rational bound-
ary bundles, both in the sense of [CK1], coincide and it is defined by

@1 D :=Du<u F(W, p)>, F(W, p) :={ngF|Fe Ll BW,p, N)},

W.p Neo(W)
where W and p run over all rational S-isotropic filtrations (2.2) of Hj, satisfying the
condition (2.1) and all sets of primitive Hodge numbers, respectively, and B(W, p, N)
is a boundary component in the sense of (3.6).

In order to introduce the Satake topology on D*, we choose a maximal Q-split
Cartan subalgebra t of g and a Cartan decomposition g=f+p with pot. Let ¢ = t*
be the Q-root system, @* — @ the positive root system with respect to some lexi-
cographical order in t*. Let G=RTK be the Iwasawa decomposition, where R :=
exp(}. .0+ 8)> T:=expt and K is the maximal compact subgroup of G with Lie K=F.

Lett* :={d4et|a(4)>0 for all ae @*} be the Weyl chamber. We denote by o the
set of all rational admissible elements A with dim H(A; A)=6,,c (A=1,2,...) in the
closure t* of t* in t, where c=1 if w is odd and ¢=2 if w is even. Then we see by
construction that &/ is finite and is a set of complete representatives of all Gy-conjugacy
classes of rational admissible elements 4 with dim H(A ; A)=4,,c (A=1, 2, ...). Under
the assumption (2.1), o consists of the single element Y :=diagonal(1,,0,...,0, —1,).
Let W(Y) be the weight filtration associated to Y in (1.18). For each set p={p3*} of
primitive Hodge numbers, we take a reference point r,e D lying over [K]e G/K, via
some fixed projection D — G/K, such that (Y, r,) is an admissible pair of type p (for the
definition of ‘type p’, see [U, (3.3), (3.4)]). This is possible by [U, (3.16.ii)]. We set
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4.2) 7, :=(r,mod C(W(Y))z)e LIW(Y), N),
b,:=n(F,)e BW(Y),p,N), b,:=gr"®(b,)e F(W(Y),p),

where N is as in (3.11).

The Satake topology t'(D*) on D* relative to I' in [CK1] is introduced in the
following process (i)—(iii):

(i) An open Siegel set subject to the Iwasawa decomposition G= RTK is a subset
S :=wT,K of G, where w is a relatively compact open neighborhood of 1 in R, u>0
and T,:={teT|eX(t)>p for all ae®*}. An extended Siegel set in D* is a subset
S*:= UP(S 1, U (S nN(W(Y))-b,). For suitable choices of w and p, there exists a
finite subset E of G, satisfying 'ES +r,=D and I'yy(E n N(W(Y))S n N(W(Y))
b,=F(W(Y), p) for all p. Then, as in [CK1, (4.28)], Q* :=EG* is a I'-fundamental set
in D*, i.e., satisfies the following two conditions.

(4.3) rQ*=p*.

(4.4) There exist finitely many y, eI’ such that, if yel',yQ* n Q*= ¥, then the ac-
tions of y and y, coincide on Q* ny~1Q* for some v.

(ii) A topology 7(S*) on S* is defined so that a basis of open sets is given by
open subsets of & -7, (< D) in the natural topology together with subsets

(4.5) (U,V+-r,uU-b)n &*

for all p, where U runs over the pull-backs via the projection N(W(Y))— F(W(Y), p),
g—g-b,, of all open sets in F(W(Y), p) in the natural topology, A is a positive real
number, U, :={ge U|e%(g)> A for all ae @ with a(Y)>0}, V' runs over neighborhoods
of 1 in K. The topology t(2*) on Q* is induced from 7(S*) in the following way: the
system of neighborhoods of x € Q* consists of all subsets # = Q* satisfying the condition
that, if x e eS* with e E, then e~ % n &* is a 1(&*)-neighborhood of e~ *x e &*. Then,
as in [CK1, (4.32)], the topology 7(2*) has the following property.

(4.6) ©(Q*) is Hausdorff and the action of y € I is continuous in ©(Q*) in the following
sense: for xeQ*, if yxeQ*, then for any 1(Q*)-neighborhood U' of yx there exists a
©(Q*)-neighborhood U of x such that yU n Q* < U'; if yx¢Q*, then there exists a
T(Q2*)-neighborhood U of x such that YU n Q* = (.

(iii) By virtue of (4.3), (4.4) and (4.6), we can apply [Sal, Theorem 1] to obtain
a Satake topology t/(D*) (uniquely determined) with the following four properties.

(4.7.1) "(D*) induces 1(2*) (and also 1(S*)).

(4.7.2) The action of I on D* is continuous.

(4.7.3) If I'x n I'x' = with x, x' € D*, then there exist 1" (D*)-neighborhoods U of
x and U' of x' such that TU nTU' = .

(4.7.4) For each x € D*, there exists a fundamental system {U} of t"(D*)-neighbor-
hoods of x such that, for yel', we have yU =% if yel',, and yUn U= if y¢T,,
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where I is the isotropy subgroup of T at x.

[CK1] used a closed Siegel set instead of an open one. In both cases the arguments
are parallel. [CK1, §5] showed that the Satake topology t/(D*) is independent of the
choices of t, &%, K, r,, I', S, E. As Looijenga has pointed out to the author, the induced
Satake topology on D*/I is not known to be locally compact in general (there is no
proof of it in [CK1, (4.36.1)]).

DEFINITION (4.8). In the notation of (3.16), a Satake topology (D) on D is defined
in the following way.

(i) Set B(W(Y),N):= UPB(W(Y), p, N). The topology ©(DUB(W(Y), N)) coin-
cides with the natural one on D and at a boundary point x € B(W(Y), N) a fundamental
system of neighborhoods is given by

u,v-r,uU-b, for some p,

where U runs over the pull-backs via the projection N(W(Y))* —» B(W(Y), N), g—g b,
of all neighborhoods of x in B(W(Y), N) in the natural topology, 4 is a positive real
number, U, :={ge U|e"‘(g)>l for all xe @ with «(Y)>0}, ¥ runs over neighborhoods
of 1in K.

(ii) We extend ©(DUB(W(Y), N)) to the topology (| | W, MEO(W)(D UB(W, M))) so
that the action of G is continuous in the latter, where W runs over all rational S-iso-
tropic filtrations (2.2) of Hy, satisfying the condition (2.1).

(iii) (D) is the topology induced from T(UW' w(DUB(W, M))) via the natural
projections D LI B(W, M) — D~W, » Whose restriction to B(W, M) is given by the composite
of the embedding (3.7) and the zero section of the line bundle (2.9).

It is easy to see that the Satake topology (D) is well-defined, and we can prove
as in [CK1, §5] that t(D) is independent of the choices of t, &7, K, rp

LEMMA (4.9). The restriction of ©(D) to N (W, p, M) coincides with the natural
topology on it for every W, p and M, where /' (W, p, M) is as in (3.14).

ProoF. The assertion follows immediately by Definition (4.8) and (3.15) for the
SL,-orbit (p, r,) corresponding to the admissible pair (Y, r,). O

PROBLEM (4.10). Compare the topology r(DNW, ») With the natural one on D~W, M<
L(W, M).

LEMMA (4.11). The naturalmapf: D — D*|T is continuous in the Satake topologies.

PrOOF. Set W=W(Y) and let N be as in (4.2). By Definition (4.8) and [CK1,
(5.7)] and its generalization [U, Appendix], it is enough to show that, in the notation
of (3.16), the natural map

4.12) fW,p,N : ﬁW,p,N - D*/C(W),
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is continuous in the Satake topologies for any p.

Obviously fy , v is continuous on D/C(W),. Let xe B(W, p, N) and X its image in
F(W, p). Note that a fundamental system of t(D*)-neighborhoods of xe D* is given by
the following sets (cf. [CK1, (4.31)], [Sal, Proof of Theorem 1']):

(4.13) %=I‘,—(< U g(t(S*)-neighborhood of g‘liee*)> )
geTlE, gG&*sx

Hence, in order to prove the continuity of fy , y, it is enough to show that, on D~W,,,’N,

the topology rl(DNW,p,N), similarly defined as the topology ©(D*/C(W)z) on D*/C(W),

induced by t(D*), coincides with the topology t(Dy ,x) induced by (D).

We may assume that the Siegel set S and a finite subset E ¢ G satisfy C(W),S >
C(W) and I'y(E n N(W)*)(S n N(W)*)-b,=B(W, p,N) for all p. Set S5 =S n N(W)~,
r=r, and b=>b,. Since Sy exp(R.,*Y)=Cy, (Sy -r)”USy + b is an open subset of
N =N (W, p, N) in the natural topology. It follows that the topology t,((Sy 1)~ U
&, + b), induced from t,(S;, - rLUS;, - b) which is similarly defined as ©(S*), coincides
with the natural topology on (&, r)~ UGS, b < 4. Since the action of N(W)* on
A" is continuous in the natural topology, the topology t,(4"), similarly defined as
7(D*/C(W),), coincides with the natural topology on 4" by (4.13). Evidently the mul-
tiplication by ge N(W)* from the left to U,V in (4.5) does not have any effect on the
neighborhood ¥ of 1 in K. Thus we get t,(Dy, x)=1(Dy ). O

COROLLARY (4.14). For any xe€ B(W, p, M), there exists a Satake neighborhood U,
of x in D, which is stable by C(W), such that the I'-equivalence and the I'jy-equivalence
coincide on %, where 9, is the pull-back of U, via D —D/C(W), D~W,p, M-

Proor. By Lemma (4.11), this follows immediately from (4.7.4). g

LEMMA (4.15). In the Satake topology, the action of 'y on D~W,M is properly
discontinuous, so that the I j-equivalence relation is closed on D~W‘ M-

PrOOF. Let xe B(W, p, M), and X e F(W, p) its image. By Definition (4.8), we may
assume W=W(Y) and M=N as in (4.2). Let %; be a Satake neighborhood of xe D*
satisfying the condition (4.7.4). By Lemma (4.11), we can take a Satake neighborhood
U=U,V-r))"uU-b,ofxe 5W,p,~ contained in fy; ) y(%; mod C(W),). By Proposition
(2.10), we may assume that {yel'y|yU-b,nU-b,# 5} is finite. Since F(W,p)>
B(W, p, N)/U(W), where U(W) is in (2.3), we see that the isotropy subgroup I'; of I' at
X is equal to U(W)z>«T,.

For ye U(W)z, We claim that y%, n %,# ¢ if and only if yU -b,n U - b,# . To
see this, notice that y%, n % .= & is equivalent to

WUV -r)" n(UV-r) #, or yU-b,nU-b,# .

The former implies yU,V n 6U, VI, # & for some 6 € C(W)g, hence, by the uniqueness
of the Iwasawa decomposition, we have yU, n 6U,# J, and so yU-b,n U-b,#J as
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desired. This proves the ‘only if” part. The converse is obvious.
Thus we see {ye 'y |y% n U+ D} ={yel:|yU.n U+ B} ={yely|yU-b,n U-
b,# &}, which is finite. O

We shall now construct our partial compactification D/I'. We denote by #~ the
set of complete representatives of the G4-orbit of W(Y) modulo the I'-action, which is
a finite set by (4.3). As point sets, we take

(4.16) |D/T| :=<Du Ll BW,p, M))/F:D/ru Ll BOW,p,N)Ty,

W, p, M e o(W) We ¥ p
where in the middle term W and p run over all rational S-isotropic filtrations of Hy, in
(2.2) satisfying the condition (2.1) and all sets of primitive Hodge numbers belonging
to {hP%, n,}, respectively, and in the B(W, p, N) on the extreme right hand side N is
some element of o(W).

D carries the Satake topology (D) defined in (4.8) as well as the natural topology,
both of which introduce the corresponding quotient topologies on |D/I'| via the
projection D —|D/T'|. We denote by D/I" the point set | D/I"| together with these two
topologies.

THEOREM (4.17). D/I is Hausdorff in the Satake topology.

PrOOF. Let & be the graph of the equivalence relation defined by the projection
D — DJT'. Notice that D/T is Hausdorff in the Satake topology if and only if the graph
& = D x D is Satake closed. To see the Satake closedness of &, it is enough to show the
following: if x;, ;e D and y,eI" with y,=1y,x; satisfy (x; mod C(W),;)— xe B(W, p, N),
(y; mod C(W),)— ye B(W’, p', N') in the Satake topology, then (x, y)eé&.

By Lemma (4.11) and the fact that the Satake topology on D*/I" is Hausdorft (see
[CK1, (4.36.1)], and also [U, Appendix]), the images of x and y in D*/I" coincide,
hence lie in the same boundary component F(W, p)/I'y, of D*/I". Hence W' =6W and
N’'=4N for some sel” and p=p’. Replacing y;, y by d 'y, 61y, it suffices to prove
the assertion in the special case x, ye B(W, p, N). We consider a diagram:

B pn 2224 DHCW), —>  DHT
u u
F(W,p) —— F(W,p)/T'y .

Since x, y have the same image in D*/I", their images in F(W, p) = D*/C(W), differ by
a yel'y. Again replacing y;, y by y 'y, y 'y, we may assume that x, y have the same
image x e F(W, p) =« D*/C(W),. Let %; = D* be a Satake neighborhood of x satisfying
the condition (4.7.4). Then by Lemma (4.11) ¥ : =/} \(%:/C(W),) is a Satake open
subset of D~W,p, y containing x, y. Therefore, x;, y; mod C(W), e ¥ if i>0. In other words,
X;, V€U 0 D if i»0. Now y,=yx;, v;€I’, so, by the assumption on %;, we see y;€
I'; =Ty, for i»0. Hence the assertion follows from Lemma (4.15). O
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REMARK (4.18). As we have seen in this section, D (hence D/I') carries the two
topologies, i.e., the Satake topology t(D) defined in (4.8) and the natural topology
induced by the Dy, »; = L(W, M). These topologies coincide on the loci A (W, p, M) of
the families of the nilpotent orbits (cf. (4.9)), but off these loci we have not yet compared
them (cf. (4.10)). So at present we may consider that the topology of D (hence of D/I’)
is the refinement of these two topologies.

CONSTRUCTION (4.19).  We then introduce a complex structure on D/T.
For each We#, p and xe B(W, p, N), we choose a Satake open neighborhood %,
of xeD~W,N c D as in Corollary (4.14), and form a covering

(4.20) {D/I', Ty, - /Ty (¥x€B(W, p, N), YW e #, Vp)}

of D/T. D/I" has an obvious complex structure and, by Proposition (2.10), I, - %, /Ty
has the complex structure induced by

4.21) Ty - % [Ty = Dy /Ty < LW, N)/Ty; .
These are patched up by

open open

Ty Ty D Ty, Ty~T-%/ < DT,

Satake open Satake open

Iy-a/ly > Ty -Unly-%)Ty < Ty %[y

(422) for X, yeupB(VI/’ P> N) 1) il’l 5W,N/f;’ s

open open

Ty Ty D (L@ nT-4) T < Ty % Ty

for xe B(W, p, N) and ye BW', p’, N') with N%N', in D/T .

5. Extension of period maps. Let ¢ : 4*— D/I" be a period map, i.e., a holo-
morphic map with horizontal local liftings, from the punctured unit disc 4*. Let h — 4*,
z—s=exp(2riz), be the universal cover, ¢ : h— D a lifting of ¢,yel’ an element
satisfying @(z+ 1)=7y@(z) for all zel), N the logarithm of the unipotent part of y, and
W(N)[ —w] the monodromy weight filtration.

THEOREM (5.1). (i) Any period map ¢ : 4* > D|I" from the punctured disc with
the monodromy weight filtration W = W(N)[ — w] satisfying the conditions (2.1) and (2.2)
extends continuously to @ : A— D|I" in the Satake topology on D|I. Moreover, { is
holomorphic.

(ii) For any boundary point £ DT\ D|T, there exist a period map ¢ : A* -
D|T" with the property described in (i) and its Satake continuous, holomorphic extension
@ : A— DT such that $(0)=ZC.

ProOOF. In order to prove (i), it is enough to show that ¢ : 4* > D/I" extends



COMPLEX STRUCTURES ON PARTIAL COMPACTIFICATIONS 423

continuously over the puncture both in the Satake topology and in the natural topology
on D/I.

As for the first part of (i), the proof is almost analoguous to the one in [CK1],
and so we shall write down the proof as far as needed. By the rational version of the
SL,-orbit theorem [Sc, (5.13), (5.19), (5.26)], there exists and SL,-orbit (p, r,) with p
defined over @, such that

01 10
=N, together with Y:= 5
”*(o 0) 8 ”*(0 ~1>

satisfies the property (5.2) below. Choose a maximal @-split Cartan subalgebra t of g
containing Y, and a positive root system @* = t* for the adjoint action of t on g such
that any root a with «(Y)>0 belongs to ®*. Set R:=exp(}_,_,+9,) and T :=expt.
Then the centralizer of T in G is a product TL with L Q-anisotropic, and P :=RTL is
a minimal @-parabolic subgroup of G. Let K be the maximal compact subgroup of G
corresponding to the Cartan involution 6, determined by the reference point r, as in
(1.11). Then G=PK=RTLK, and we have the following:

(5.2) Thereexist functions r(x, y), t(x, y), [(x, y)and k(x, y) defined and real analytic
on a domain {x+iyel|y> B} for some B and taking values in groups R, T, L and K,
respectively, such that

(5.2.1) @(x+iy)=r(x, y)t(x, y)I(x, y)k(x,y)r,, and

(5.2.2) as y— + oo, the functions

r(x, y) > exp(xN)r(0), exp(log(y Y?)Y)t(x,y)=1, I(x,y)—=1, k(x,y)—1,

converge uniformly in x, where r(oo) eexp v with v : =Im(adyN) n Ker(ad,N).

By [CK1, (6.4)], we see expo < U(W). (Since N2=0 in the present case, the proof
is easier.) ¢ factors through 4* - D/C(W),, denoted also by ¢ by abuse of notation.
Take M e o(W) so that N=aM, a>0. We now claim:

(5.3) lim,,o¢(t)=r(0)-b,e ﬁw,p, m (see (3.16)) in the Satake topology, where b, €
B(W, p, M) is induced from r, as in (3.11).

In order to reset the situation where we have introduced the Satake topology, we
choose a maximal compact subgroup K’ of G whose associated Cartan involution acts
on t as multiplication by — 1. Then we have an Iwasawa decomposition G=RTK'. As
in the proof of [U, (3.16.ii)], there exists ge Gy such that K'=Int(g)K. ge Gy splits
according to the decomposition G=PK, hence we may assume moreover g€ P n Gy.
Set r,:=g-r,eD and b,:=gb,e B=B(W, p, M’), where M"eo(W) is a positive mul-
tiple of Ad(g)M. We are thus in the situation after (4.1). Then (5.3) follows if we show:

(5.4) In the notation of (4.8), for the pull-back U’ via the projection N(W)* —
B, h—h - b, of any neighborhood of &' :=gr(c0) - b, in B, any A>0 and any neighbor-
hood V' of 1 in K', there exists f>0 such that g - ¢(x+iy)e U3V’ - r, for all y>p and
|x|<1.
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Indeed, (5.4) implies @(x +iy)eg™ 'U;V’-r, for all y>p and |x|<1. It is easy to
see that this, in turn, yields @(t)e((g™'U’);,.V' - r,)~ for 0<|t|<e 2™, where 4,:=
min{e*(g~!)|ae® with «(Y)>0}. Since (g~ 'U");,.V 7))~ u(g 'U)-b, is a Satake
neighborhood of g™ & =r(0)- b, in D~W,p, m» Which can be taken arbitrarily small, we
get (5.3).

Now we shall prove (5.4). Set g=rytoly, ro€R, toe T and I e L. Then, from (5.2.1),
R<a P and L c K’, we have

go(x +iy)=r'(x, y)t(x, y)k'(x, y) - 1), , where

r'(x, y) :=gr(x, y)g = ro(t(x, ) I (x, y)ro '(tx, Y)I(x, y) "' €R,
k(x,y):=I(x, y)gk(x, y)g~ ' €K',

I'(x,y):=ll(x,y)lg*eL.

It follows from (5.2.2) that, as y— + o0, these functions converge uniformly in x:
1

I'x,y)»1, r(x,y)—>gexp(xN)r(0)g~*, k'(x,y)—>1.

Hence there exists f>0 such that r'(x, y)t(x, y)e U} and k'(x, y)e V' for all y>p and
|x|<1. (5.4) is proved, and this completes the proof of the first part of (i).

In order to prove the second part of (i), it is enough to show:

(5.5) ¢: 4* —>5W,p,M extends continuously in the natural topology induced by
Dy pm = L(W, M).

Taking a finite cyclic base extension A’ — 4, s'+>s=s"", if necessary, we may assume
that the monodromy y is unipotent and N =logy is the generator M of Lie C(W),.
Moreover, [B, (7.13.2)] allows us to change the lattice H, if necessary, so that there
exists a basis {vy,...,v,} of H, adapted to the filtration W =W(N)[—w] and the
polarization S (cf. the proof of (2.5)) such that

. 0 (1<ikn-2),
(5.6) Nv,-:{o (_IS'S"_I)’ No,= v, (i=n—1),
o1 (l=n), Uy (i=n),
if w=2t+1, and if w=2t, respectively. Set {J(z) :=exp(—zN) - @(z). Then Yz +1)=¥(z)
hence J : h—» Ddropsto : 4 — D, which extends to § : 4 — D holomorphically by the
nilpotent orbit theorem [Sc, (4.9)]. The corresponding Hodge filtration F*(Y(s)) = - - - =
F°((s))=H, varies holomorphically in s€ 4 and is determined by {F?(¥(s))},».+, be-
cause of the first Riemann-Hodge bilinear relation (1.3). Let {/(s), ..., ¥ (s)} be a
basis of F'*(§(s)) adapted to the filtration. Set /;(s)=: Z:’= , ¥i;(s)v;. Note that the type
of the limiting Hodge structure (W, F((0))) in the present situation is one of the cases
(3.3), (3.4) and (3.5). Hence, in the case (3.3) ¥,;(0)=0 for all y;(0)e FP(}(0)) with
w>p>t+2 and ¥,;(0)#0 for some y;(0)e F**'(f(0)), and in the case (3.4), (3.5) the
C-vector subspace of C? spanned by {(y,-, ;(0), ¥,,;(0))|1<j<f} is one-dimensional



COMPLEX STRUCTURES ON PARTIAL COMPACTIFICATIONS 425

and Im(y,,;(0)/¢,, - 1 ;(0)) >0 for any j provided y,,_, ;(0)#0. Let a be the largest integer
p such that FP({f(0)) contains some y;(0) with y,,;(0) #0 in the case (3.3) and ¥, ; ;(0) #0
in the cases (3.4), (3.5), and set f?:=dim F?=}) . h”"*"" and
c‘-{l if w=2t+1,
T2 if w=2t.
Then, reordering the part v_, 4, ..., v,_ of the basis, if necessary, we may assume that
for every w>p>a+1 the following h”*~? square matrices are invertible at s=0:

A,:=((s), where the indices run over f?*'+1<;<f? and
c+ fPHl4l<i<c+f? if w>p>a+1,
c+fP*+1<i<c+fP—1 and i=n—c+1 if p=a,
c+ fPri<ci<ce+ fP—1 if a—1>p>t+1.
We normalize the basis {y,(s), ..., ¥ ;(s)} by descending induction on p=w,...,t+1 by
replacing (;(s); /P +1<j<f?) by W;(s); /7" +1<j<f?)A, " and, for each j'=
P41, ..., f, subtracting ) .8; ¥, (W;(s) (the summation is taken over f7*'+
1 <j< f?) from y;(s), where
j+c if j<f'-1,
wj):={ n—c+1 if j=f*%,
j+ec—1 if j=f'+1.

Then the resulting n x f matrix (y;;(s)) will be of the form in (5.7) if w=2t+1, and if
w=2t, respectively.

M e *
K e *
K e * T 0 0 ccevvveeens 0
I 0 «--vv-- 0 0 K . .
. * . .
N . . L '.‘ ..‘ E
- o : I 0 " :
._I'. o * ]
5.7 L0 0 .
€ ceeeenn « I 0 ) ' . 0
crrerreeaesaenn * k  ccreeeeeeen *x x ]
: K e creceenenieenns *
TR ;
* « 0 1 K creeraeeceseeiaenas *
0 0o --- 0
0O = 0 --- 0
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The entries ;;(s) in * of each matrix in (5.7), i.e., with double indices (i, j) running over
(1<i<c, 1<j<f;

p(fP+1<i<n, fPYi41<j<f? for p>a+1;

(5.8) Ju(f*~D+1<isn—c, forlyl<j<fo—1;

wf=D+1<i<n with i#n—c+1, j=f*;

| w(fP)+1<i<n—c, fPH'4+1<j<f? for p<a-—1,

yield the affine Pliicker coordinates of the filtration F(J(s)), which are holomorphic in
sed. Forj=1,...,f,

(5.9 @(2) :=exp(zN) * ¢ (s)= Z Wi () +2¥ i1, /(i + Z Yii(s);

1<i<c i>c+1
form a basis of F'*1(¢(z)) adapted to the Hodge filtration F(¢(z)) corresponding to @(z)
and their coefficients with double indices (i, j) in (5.8) are considered as the affine Pliicker
coordinates of F(@(z)). These are still normalized by an affine change of coordinates
replacing ,,(s) + Y-+ 1,,(5)z by

(5.10) (Vi) +¥n—is1,/()2) = Vnoisn 1, ;W ra(8) +2) =ij(8) = Yn—iv 1, /(W 7als)
(I1<i<e, 1<j< f**Y; moreover (i, j)=(1, f%) in case w=2t) .

Hence the coordinates of (p(S)GDNW,p,M are given by

exp Zn\/—: (We,pa(8)+2) =exp(2n\/j Y. pals))s,
(5.11) ‘//ij(s)_'//n—H l,j(s)lpc,fﬂ(s) (@ j) in (5.10)) ,
Yi;(9) (G, j) in (5.8) except the above),

from which (5.5) follows easily.

In order to prove (ii), we take the lifting £ e B(W, p, M) of & with We#. Then,
by Proposition (3.12.ii), there exists a point Fe 4 (W, p, M) such that n(F)=¢. Then
for some B>0, v: {ze C|Imz> B} - N (W, p, M) = Dy, s, z+>exp(zM) - F, is a holo-
morphic horizontal map and, by (4.9), v(z) > ¢ as Imz— + co. Hence ¢(s) : = (projec-
tion)ov((1/2ni)log s+ if)e D/I is the desired period map. O

REMARK (5.12). In the notation and in the normalized situation in the proof of
Theorem (5.1), Y(s) mod C(W), and ¢(s) eﬁwyp, u differ by the (i, j)-coordinates with
1<i<c, 1<j<f**! and j=f° in (5.7) and (5.11). The difference between ¥(0)
mod C(W), and ¢(0), however, appears only in the (i, j)-coordinates with 1 <i<c and
j=/%, because ¥;(0)=0 (n—c+1<i<n, 1<j<f*"!) by observing the type of the
limiting mixed Hodge structure (W, F(/(0))).

6. Examples. We consider, as examples, ‘tame’ degenerations of surfaces of
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general type on the Noether lines, whose canonical images are rational ruled surfaces
2, of degree d (i.e., type (d) in the terminology in [H, I, p. 363; II, p. 127]). We denote
by S, and F the section of X, — P! with S3= —d and a fiber, respectively.

() Let X be a minimal algebraic surface on the Noether line cf=2pg—4, where
¢, =c¢;(X) is the first Chern class of X and p,=p,(X) is the geometric genus of X. We
assume that X is of type (d) in the above sense. Then, by [H, I, Theorem 1.6.iii], such
a surface X occurs, via the canonical map, as the minimal resolution of singularities of
the double covering of X, branched along a curve Be|6S,+(p, +2+ 3d)F | with at most
simple singularities, where p,>max{d+4,2d—2} and p,—d is even. The p, of such
surfaces range over all integers >4 and the fundamental groups =, are trivial by [H,
I, Theorem 3.4].

(I1) Let Y be a minimal algebraic surface on the Noether line ¢} =2p,—3. We
assume that Y is of type (d). Then, by [H, II, Theorem (1.3.A)], such a surface Y
occurs, via the canonical map, as the contraction of a unique exceptional curve of the
first kind on the minimal resolution of singularities of the double covering of £, branched
along a curve Ce|6S,+(p,+4+3d)F| where p,>2d—1 and p,—d is even. C has two
quadruple points x, y, which may be infinitely near, on the same fiber other than simple
singularities on the proper transform of C to the blow-up of X, with center x and y.
The p, of such surfaces range over all integers >4 and the fundamental groups =, are
trivial by [H, II, Theorem (4.8)].

Between these two series of surfaces, we consider the following two types of
degenerations of branch loci.

(IN)—): The C,e|68Sy+(p,+4+3d)F| (te 4*) on X,;, with two quadruple points
on a fiber F other than simple singularities, degenerate into C,=B+2F, where
Be|6S,+(p,+2+3d)F| has two ordinary double points on the fiber F other than the
simple singularities come from that on the C,.

(I)—(I): The B,€|6S 4+ (p,+2+3d)F,| (te 4*) on X, have one double point P,
at which the two branches have contact number 2 and two ordinary double points A4,,
A, and possibly other simple singularities. The three points P,, 4,, A, crash one another
to make up one triple point P on B, P is apart from the minimal section S, 4, and each
pair of the three branches have contact number 2 at P. B, is smooth at the other three
intersection points with the fiber F, containing P. By blowing-up X, at P and contraction
the proper transform of F,, the total transform of B, becomes C+2F,_; with
Ce|6Sg4-1+((p,—1)+4+3(d—1)F,_,| on Z,_,, which has two quadruple points on
one fiber other than the simple singularities come from that on B,

According to these, we have two types of semi-stable degenerations of surfaces on
the Noether lines.

(ID—-(): g: % — Aisasemi-stable degeneration whose smooth fibers Y, : = g ~(t)
(te A*) are minimal surfaces of type (d) with ¢,(Y,)>=2p,(Y,)—3, pY)=4 Y,:=
g '(0)=Xu U, where X is a minimal surface of type (d) with ¢,;(X)*=c,(Y)*—1=
2p(X)—4, p(X)=p,(Y,)>4, and U ~ P? intersects X along a smooth conic on P? hence
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X n U has self-intersection number —4 on X. We need not extend the base in the
semi-stable reduction in this case.

@M-AI): f:Z—>Ais a semi-stable degeneration whose smooth fibers X, : =f1(f)
(te 4*) are minimal surfaces of type (d) with ¢;(X,)>=2p(X))—4, p,(X)=5. X,:=
f~HM0)=Yu ¥V, where Y is a minimal surface of type (d) with ¢,(Y)>=c,(X,)*—1=
2p,(Y)—-3, p(Y)=p,(X,)—1=4, V is a rational surface, and Y n V is a smooth elliptic
curve with self-intersection number —1 on Y, hence is the exceptional curve of the
minimal resolution of a simple elliptic singularity of type E5. We need to take a ramified
double covering of the base in the semi-stable reduction in this case.

Thus two series of smooth families of surfaces with (p,, c?) on the Noether lines
in question are connected by the above ‘tame’ degenerations:

an: &5 671 - (p2p-3) (p+1,2p-1)
L N A N 1 \ ! N
»: 44 66 - (p2p-4) (p+1,2p-2)

REMARK (6.1). Ashikaga and Konno [AK] showed that degenerations of the
above type are observed widely in the geography of surfaces of general type.

For the above semi-stable degenerations, we observe the Clemens-Schmid sequences
(cf. [C]) and the Mayer-Vietoris sequences

H(@, — Yo)— HY(Yo)— HX(Y) >+ H¥(Y)),
HY(X n U)— H(Yo)— H(X) ® HY(U),

N
HX(%, & — Xo)——» HX(Xo) — HA(X,)— HX(X)) ,

H(Y)® H\(V)—— HY(Y n V)—"— HY(X,)— HA(Y)® HYV) .

Since H'(X n U)=0, we see that H?(Y,) carries a Hodge structure of pure weight 2 so
that the monodromy weight filtration W= W(N)[—2] is trivial, i.e., 0=W,c W, =
H?(Y,). As for the second family, since H'(Y)® H'(V)=0 and H*(%, Z—X,)=~
H,(X,) > H,(Y)® H,(V), we see that f is injective and Im g n Ima=0 in H*(X,) for a
reason of weight. It follows that W,=0 and W, & H'(Y n V). Hence W satisfies the
conditions (2.1), (2.2) and we can apply Theorem (5.1.i) to the period map ¢ : 4* — D/I’
associated to the variation of Hodge structure of weight 2 arising from the smooth
family f: & — X, — 4* and obtain the holomorphic extension ¢ : 4 —D/I'. Thus we
can discuss the differential d@(0) of ¢ at 0e 4.
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