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Introduction,

After the systematic investigation by Griffiths on the period maps [3l1,
several researches have been made on the problem of their injectivity (Torelli-
type problem) and of their surjectivity (for K3 surfaces, cf, [17], (10); for

Enriques surfaces, cf C11); for surfaces of general type, cf, II in [3],

(153, [16], [20), (211, [12) etc.).

The purpose of this paper is to show the following: Let X’ be a smooth
projective surface of general type obtained by the normalization of a hypersurface
X in a projective 3-space P only with ordinary singularities, Let D be the
singular locus of X with reduced structure and let n be the degree of X in
P, Then the period map is unramified at the origin of the parameter space of the
Kuranishi.family of the deformations of X’ 1in one of the following cases:

(1) D is a complete intersection in P, (In this case we have few exceptions,

For detail, see the theorem (3.5).)

(2) n 1is sufficiently large enough comparing to D, (See the theorem (5.8),)



The result in case (1) contains some examples of minimal surfaces of general
type with non-ample canonical divisor, for which the local Torelli theorem holds,
The result in case (2) gives some evidence that if there would be sufficiently
many 2-forms on a given surface, their periods of integrals should determine the
surface itself (cf, the remark (5,9)),

We recall here the definition of a surface X 1in a projective 3-space P
only with ordinary singularities: Taking a suitable local coordinate system
(x, v, 2z) at each point in P, the local equation of X in P 1is one of the

following forms:

(i) 1,

(ii) z,

(iid) vz,

(iv) xyz,

(v) xyga zz_

These surfaces are attractive because every smooth projective surface can be
obtained as the normalization of such a surface X, More precisely, in character-
istic O, via generic projection, every smooth projective surface can be projected
onto such a surface X, These surfaces, especially their deformations, are .inten-
sively studed by Kodaira in [13] and, when their singular loci are smooth curves
of complete intersections in the ambiant space, by Horikawa in [91 and by Tsuboi
in (197,

We also recall that, given a smooth projective surface Y, the morphism

uter)y —> it oY
Y Y Y
induced from the contraction TYQQ‘?’—";Q; is called the infinitesimal period map
at Y in the second cohomology (for the background, cf, (31, [20]),

This work was started on the joint research with Professor S, Tsuboi at the
Regearch Institute for Mathematical Sciences in Kyoto previous year, The author
expresses his hearty thanks to Professor S, Tsuboi and Professor K, Miyajima and
the other professors at Kagoshima University who received him warmly in the
previous summer,

March 10, 1978,



Notatios and conventions,

The category, which we treat, is schemes over the field € of complex numbers ,

1(F)::dimC H'(F) for a coherent O, -module F.

h
¥
-0

=Hom (F, 0,) for a coherent O -module F,
=X

‘\’/::Homc(v, C) for a C€-vector space V,
|L] denotes the complete linear system associated to an invertible Qx-module
Bs|L] denotes the set of the base points of |LJ,
Sa and Ma denote the set of homogeneous elements of degree a of a graded
ring S and that of a graded module M respectively. (aé€2),
Ilf denotes the sheaf of relative KH#hler differentials for a morphism f of
schemes

ﬂx=0.f, where f : X —> Spec € 1is the structure morphism,

a& denotes the dualizing Qx—module of a scheme X,
(a+3)(a+2) (atl) . . .
5 if a 1is a non-negative integer,
C(a)=

0 if a 1is a negative integer,



1, preliminaries,

In this section we summarize the preparatory results for the later use,
(lfl) Let P denote the projective 3-space, Let X be a hypersurface in
P only with ordinary singularities, D be its double curve, that is, D=Sing(X)

and T be the triple points of X, namely, T=Sing(D), Let f : X’—> X be

- , , -1
the normalization, We set D’=f l(D), g=res(f) : D’—> D, Tw=f (T) and

n, d and t being the degrees of X, of D and of T respectively,
(1,2) We also use the following notations,

W

w. <’

X * W the dualizing sheaves of X, of D and of X’ respectively,

D’

1
Note that wx_Ext_p((_)x, w,)x 0, (n-4),

Q_X(a-bD)-'z Im{_(_)x(a)b.’g —_— (_)x(a)} (a, bé€Z and b >0), where “'D
denotes the gp—ideal of D,
- f*
C_)X,(a)_.f Q_X(a) (ae 2),
Q_D,(a) =g*(_)D(a) (a€2),

i ob
gx,(a-bD )-Q_X,(a)a gx,(—D) (a, b€e2),

The following lemma can be found in (18],

Lemma (1,3) (Roberts),

(1,3,1) D 1is locally Cohen-Macauley and of pure codimension 1 in X

> > oy —>
(1.3.2) 0 oy £,0 x:r wD u%( 0 exact,

Lemma (1.,4) (Kodaira),

(1_4.1) wx;— gxl((n—4)_D ).

(1.,4.2) £,0, ,(a~bD ) O, (a-bD) (a, b€Z and b>0),

Proof, (1,4.,1) 1is just the adjunction formula, (1,4,2) 1s obtained by a
direct computation by using the local coordinates mentioned in the introduction,
More precisely see Kodaira ({133, QED,

(1,5) Let nxﬂ) be the coherent QX,-module introduced by Horikawa (in [9],
his notation is TX7P)’ which is defined for making the following sequence exact:

(1.5.1) 0 —> T, , —> £X(T 0 0,) ———>7Zx — 0,

X /P .
Let ‘9)( be the 0,-ideal of X, Since Jx/Ji'xgx(-n), we have the exact



sequence

—_— - > >
(1,5.2) 0 9, (-n) ——)D'PGQX nx 0.
Dualizing (1,5,2), we get the exact sequence
o4 1
> > —lp —— —
Q T, T, ®0, 0, (n) Ext (Qx, 0,) o,

where we denote Hom @_x, o) by T

=X

o
x+ We define nX/P'_ Im{Tpo o, —> (_)x(n)} ,

=X

which is nothing but the coherent 0, -module introduced by Kodaira (in [131, he

uses the notation ¥ ), Similarly we denote

T
Hom_DQQ_D, gD) by TD and Coker{ D

———.—* .
TPOQD} by nD/P nD/P is just the sheaf N 1in Kodaira ([13]., In case

that D is smooth, we also use the notation ND

/p for nD/P'

The following results can be found in [9) and in [13],

Lemma (1,6),

f*nxiPan/P (Horikawa)
(1,6.2) 0 ——)gx(n-ZD) _—> 7&/13 ——'>7ZD —> 0 exact (Kodaira),

(1,6,1

)

/P

The following formulae are calculated in [22] (cf, also (23])):

Lemma (1.7),

(1,7.1

(1.7.2

(1,8)

)

)

X’ has the following numerical characters:

o= n(n-0)%-(sn-20)a-4%(0, )+t

[+

= n(n2—4n—6 )-(7n-24 )d-SX((_)_D)-t .

We summarize here the results concerning the spectral sequence of the

Koszul complex introduced by Lieberman-Wilsker-Peters in [14],

0
be a subspace of H (M) and E be a locally free QY-module, Choose a basis f

E)

Let Y be a complete smooth scheme, Let M be an invertible 0O, -module, V

£
m

of V and let e

X

10

10 <+ s € be the dual basis, For the triple (M, V,

we denote by K°(M, V, E) the Koszul complex consisting of the Q_Y-modules

p
kKP(M, v, E)=(E @ M®P) ® AV

=Y

together with the coboundary maps defined by

for

d(x)=7

x::Z

11<,,,<1p

The E

2

i, <... <1

3
(3(-1) fi, X, {\J

| LA % AeA
p¢l J J

S p+l

x ieilA...Aeié kP, v, B),

i L
1 P p

terms of the spectral sequence of the hypercohomology of this complex



K*({M, Vv, E) with respect to the first filtlation are given by

p
Ker{HI(E@M®P) @ A V —> HU(E® n®P-1) o /\ v}
& (p- 1)

‘DM, v, B)= ~
“ Im {19 @ M® Pl V —> 1iEo P @ RV}
Since 'Eg'q(M, V, E)Y=0 (p<O0 or q<O0) by definition, we have the

following well-known exact sequence:

(1.8.1) 0_)%,0 >pt >Eg’l ———->E§-° —

Lemma (1,9) (Lieberman-Wilsker-Peters), If codim, Bs|M| 2 2, then we have

', v, E)=0

.

Proof, This lemma is proved easily by observing the E terms of the spectral

2
sequence with respect to the second filtration (for detail, cf, [14]). QED,

We conclude this section by adding one more lemma which is easy to prove and

is rather useful,

Lemma (1,10), Let p be an integer with p% m,  If ho(EOM’P)sl, then we

Have 'Eg’O(M, vV, E)=0

Proof. In case hO(E ® M®) =0, it is trivial, We assume nO(E o MOP) =1,
Let t be a basis of HO(E OMop) and let f be the map making the following

diagram commutative:
+1

P P
HOEeM®H 8 AV —I> 10 alP)y @ AT

te ST /p'

P
AV

Explicitly P is given by

J .
Py =3 (-1 yi A T e, A ASy (yy 4 € ),
i,<... < p+1~" J P+l j 1 p+l 1 p
Since M i’—, o M® P g jnjective, ) —E>HOEONMPPH)) 45 injective,

&(p+l)

0
and hence t-f1 (1§1i€m) are linearly independent in H (E®M ). Therefore

f(y)zo implies y=0, This completes the proof, QED,

2. deformations,

In this section we study the small deformations of the surface X’ in (1,1)

D

when D 1is a smooth curve of complete intersection in P,



(2,1) If D is a curve of complete intersection in P, then the homogeneous

equation of the hypersurface X in P 1is the following form:

2

2
AF® 4 2BFG + CG°,

where F, G, A, B and C are also homogeneous polynomials in €I[X X J.

0) e 0o [ 3
In this case D 1is given by F=G=0,

Let 1 be the homogeneous C[XO, vee X3]-— ideal generated by F and G,

We set n, = deg F and n2= deg G, We may assume n, n, because of symmetry,

Note that ND/P'-‘-'(_)D(nl) ® Q_D(nz) and that a)ngD(nl-m

From now on, except explicitly indicating the contrary, we assume that the

)
2_4' ‘
surface X’ 1is the normalization of a surface X just mentioned above,

(2,2) Let P” —> P be the blowing-up of P along D and let E’ be the

exceptional divisor, Then we have the following diagram:

P’>X’D>DD’cE’
VA e/
P> X>D,
’ Y 1
Since D 1is smooth, § : =ProJ(ND/P) —>» D is a P -bundle, We denote by

’ . 1
L=QP,(—E )OQE, the tautological invertible sheaf of the P -bundle §. Note

v a
that E*L°a= Sa(ND/p) (a€Z), where S ( ) denotes the a-th symmetric tensor

product .

Lemma (2.3), The surface X’ has the following numerical characters,
q=0,

pg= C(n—nl-—4) + C(n-n2-4) - C(n—nl-n2—4) .

2 2
c, = n(n-4)" ¢ n1n2{2(n1+n2) + 16 - Sn},

We obtain the following table:

1(111)12|112}12|2|3]3 otherwise

0 21110112 }1 ]2 4

N

cy |[*+jo|tjod |+ 0 +

X’ not general type general type




Proof, From (1,3,2), we have an exact sequence ‘

2
') —> (0 ) —> nlwed) —2>n’oy.
1
Since Hl(gx)-.:o and the dual map of B is surjective, we see that H (f*gx,)zo,

that is, q=0, By (1,4,1) and (1,4,2), we obtain that

0 ~ 0
H @, H&H(Q((n-)-D)x1 .

From this, we get the formula for pg‘ The formula for cf is the direct

consequence of (1.7,1), As for the last line of the table we will check them

case by case, In case n=2n1, it is easy to see that wx,ggx,(n—4-n2) and

hence X’ 1is of general type if and only if n-4-n2> 0, In case (n, n,)

My M2
=(3,1, 1), (4, 1, 1) or (5, 2, 2), the direct calculation shows that the 2-ple
genus of X’ 1is zero and hence X’ 1is not of general type by the criterion of
Kodaira, In case (n,

n, n2)=(5, i, 1, (6, 2, 2) or (7, 3, 3), we have, by

(1,4.1), wx,xgx,(nl-n') and hence Dl'= £ (F=0) - D’ and Dé-f_l(GSO) - D’

form a basis of the complete linear system |wx,] . If there would exist an

exceptional curve of the first kind on X’, say C’, (C'-Dl‘)::(c’-l)é): -1 and

’,

hence ¢’C Dl’nDz, This is a contradiction, since it is easy to see that D

17 P
¥ f imposes the existence of a point x in P satisfying A(x)=B(x)=C(x)=F(x)
= G(x)=0 and hence the existence of a point on X with its multiplicity 23,

2
Thus, in the considering case, X’ 1is relatively minimal and its c¢ =0 whence

1
X’ 1is not of general type by the criterion of Kodaira, In case (n, nl, nz)
= (5, 2, 1), lwx,l has only one element, namely, Dé:f_l(Gso) - D’, which is
isomorphic to the line A=G=0 in P via res(f) and hence Dé is the

4

exceptional curve of the first kind, Contracting Dz,

we get the relatively
minimal model whose canonical invertible sheaf is trivial, The last assertion in

the table, corresponding to "otherwise", can be easily verified, QED,

Lemma (2.,4),
(2,4.1) Hl(gx,(a—bD')r.O (a€eZ, b=1 or 2),

(2,4,2) HZ(Q_X,(a-ZD')-O if and only if a »max{n-4, 2n1+n2—4],

Proof, We use the following exact sequences:

v

0 —>9, (a-20) —> Q, (a-D) —> N @0, (a) —> 0.



0 —* g, (a-D) —> g (a) —> 0 (a) —> 0,

v
Since HO(C_)X(a-D)) —-’HO(ND OQ_D(a)) and HO(Qx(a)) —'>'H0(QD(a)) are

/P
sur jective and since Hl(Qx(a))=:0, we obtain (2,4,1), By (2,4,1), we get that
2 2 1 1 v
h (Qx(a—ZD))zh (Qx(a)) +h (QD(a)) +h (ND/PG Q_D(a))

0 0 0
=h ((_)_x(n—4—a)) +h (QD(n1+n -4-a)) + h (QD(anfn -4-a))

2 2

0
+h (0, (n +2n,-4-a)),

This proves (2.4.2), QED,

Lemma (2.5), Let § be the connecting homomorphism
0 1
: P -_—> ,
§: H (nX/P) H (Tx )

obtained from the exact sequence (1,5,1), We have the following table:

n 5{6 (7|56 )6 |77 ]|8|8]18
ny 11213123 ]|]2(3 |3 |44 |4 |otherwise
n 1Lj213(1 |21 }|r|2}|11]|2]3
(2.5.1) 2
1
*
h™ (£ (T,@0,)) 2 1 0
1
h ("Xip) 0o 1

S not surjective sur jective

Proof. By the duality theorem and by (1,4), we get that
nlexr_@o. N=nl(e*Q . ®0.)8w, . =h Q. 60 ((n-4)-D))
pY =x P =X . P =x '
Now we use the following exact sequence:
0 —> 0,80, ((n-4)-D) —> 0, ((n-5)-0$* —> o ((n-2)-D) —> o,
By using (2,4,1), we get that
1 () 80, ((n-4)-D)) & Coker {12 —> 1}
P- =X n-5 n-4°°

1
From this, we can fill up the table concerning h™ (f* (TP@ (_)_x)), by an elementary

calculation, By (1,6) and by (2.4), we have, in the cases in the table
(2,5.1) that
H o, ) e W, ) S RN, )
1
From this we can complete the table concerning h (nxﬂ)), As for the surjectivity
of 8, Horikawa proved it in case n= an and n-n2—4 >0 in [9], QED

(2.6) Let R denote the localization of C[Tl, e Tm] by the maximal



ideal #=(T, , ... , Tm), where ‘

m= C(n1)+ C(n2)+ C(n—2nl)+ C(n-n —n2)+ C(n—2n2) .

1
~ A~ e o~
Put S=Spec R, Let F, G, A, B and T be the first order perturbations of F,

of G, of A, of B and of C respectively, namely, ?’:F-’-Fl, where F

1
=2 M.T M M are the monomials of degree n., 1in
ii 1 0
1$1€C(n, ) Cnpd 1
Cth, eee s XSJ) etc, Let X and 2 be the subschemes in PxS defined by

Kf‘z-f oBFG + Eazu 0 and by 'f'"=6=0 respectively and let }_' be the blowing-up of
X along O (or equivalently the normalization of %), Then we have the natural
morphism:

/
(2.6.1) ¥ ——s,

Theorem (2,7), Let X’ be a surface of general type which is the normalizatioc

of such a hypersurface X as in (2,1), Except the cases

n |6171]7
(2.7.1) 12|33
Tol1 |1 ]2

?

(2,6,1) gives a complete family of the deformations of X’, In particular, except

the cases in the table (2,7,1), the parameter space of the Kuranishi family of
2)

the deformations of X’ 1is smooth at the origin,

0
Proof, The map <7: TSQ k() —> H (nx/P) is given by
Kfz-r 2§§6+652 mod 1”:2,
that is, for seT BkGM=A",

2

T(s) =(A1F2+ 2B, FG +C, G + 2AFF, + 2BF G+ 2BFG + 2C6G )@ kW) mod (AF24 2BFG +CG2),

1

0
and it 18 easily verified that 7 1is surjective, Tensoring non-zero wé€ H (wx,)
ow
gives an injective morphism TX' _— Tx,o u)x ,unx, and hence an injection
0 0
HO(TX,) -———>H0§n_x,), Since q=0 by (2,3), we see H (Tx,)=H «lx,)a 0, The

0
other assertions in the theorem are the consequences of (2,5) and of H (Tx,)= \]

by the general theory of deformations, QED,

Remark (2.,8), The argument in this section also holds in the case that D is

globally Cohen-Macauley, that is,



0
o ~ €
H(Op(a)) ex, ..., XBJ/I)a (a€2),
where 1= @ HO(jD(a)), Hence, in this case, the last statement of (2,7) |is

ae®
valid (several cases occur according to the degrees of the generators of 1),

3. local Torelli theorem,

In this section we assume that X’ 1is a surface of general type which is the
normalization of sucha surface X as in (2,1), We give a proof of the local

Torelli theorem for such a surface X’,

Lemma (3.,1),

(3.1.1) ]QX,(I)I is fixed points free,

(3.,1,2) |(_)_X,(n1-D')f is fixed components free, 3)

Prgof, (3,1,1) 1is obvious, By (1,4.,2), we have

0 PR 5
H (QX,(nl—D ))& H (gx(nl-D))- Inl
Put D1'=f*(F= 0)=D” and D/=f*(G=0)-~D", Then
- ’ - ’ ’ ? £ 3 - ,
|9y -(ny D7) = {C +02|c = f¥(C), C elgx(nl n2)|}+ {o;}.
Since /C\’(C’-f- Dé)z Dé and since f*(F=0),f*(G=0)=D’, we get the assertion

(3.1.2), QED,

Remark (3.2), In case n= 2n1, it is easy to see that

wx/z Qx,(n-n '—4).

2

On the other hand, in case n= 2n1, wx, is not a non-trivial power of an inver-

tible sheaf,

The next lemma is the essential part in the proof of the local Torelli theorem,

The proof of the lemma willbe found in the next section,

Lemma (3,3),

0 <1 if n=n1+n2+1,
(3.3.1) h(ﬂx,ﬂgx,(l))={
0 otherwise,

(3.3.2) In case n¢2nl, except the case n=2n1+1 and n2=1, we have

0 ’ —-—
H (T, .®0,,(2n -20"))=0,
Lemma (3.,4), In case n, >n,+ 1, the map
1 .
— ® -D’
Im($) H™ (T, , QX,(nz D))



is injective, where § is the map in (2,5),

Proof, By (1.,6,1), it is easy to see that

(3.4.1) £, 0y jp® Oy, (n)=D N7, 110, (n,-D),

where M, , °0 (n -D)= Im{‘nX/PQ 0y (ny=D) ——> N

Ty e %y 0,(n)}. By (1,51), (1.,6.1)

/P

and (3.,4.,1), we have a commutative diagram:

Hl(Tx,) >u'(r .8 0, -(n,-D"))
induced
from § T TT
HO, ) v 1%, -0 (n -D))
/P > M 2 Mo )
Im {HO(TPG 9. — HO(nX/P)} Im{HO(TP@ 0, (n,-D)) —> uo(nxﬂ,-c_)x(nz-u))}

Since 7Y 1is injective, it is enough to show that yr is injective, The injectivity
of W follows from the following assertion:

2
(3,4.2) Put @:AF +ZBFG+CGZ_ If we assume that, for a given 7P in

c x ry ry
[0, e, X3]n’ there exist P, in In2+l (0§1i€3) satisfying G¥
2Dy P 28 mod ¢ then there exist Q. in €[X_, ... , Xa] (0€1ig€3) such
. i °X ’ i 0 1
0¢i€3 i
that ¥ =3 Q. :f mod &,
0¢i¢3 1 i
The assertion (3.4,2) is trivially valid, because I =GC(X , ..., X.]
n2+1 0 371

by the assumption n1>n2+l and because G 1is a regular element modulo é QED,

Theorem (3,5), If X’ is a surface of general type which is the normalization
~agored
of a hypersurface X defined in (2,1), then the local Torelli theorem holds for

X’ except the case (n, n2)=(7, 3, 1), As for this exception, still the map

n
1’
In(§) —> u’ Q, )8 Ho(wx,)"

is injective, where S is the map in (2.5)

Proof, We use the notations in (1,8), By (3,3,1) and (1,10), we get
2% ,1), %o, . (1)), T,,80,.(i-D’)N=0  (ig n-4),
2 =X ' =X * X =X
and by (3,1,1) and (1,9), we have
H'(0, (1), H(Q,, (1)), T, , 80, ,(i-D"))=0 Vi),
and hence by (1,8,1) we see that

;1,0 0 , _
E 000, (1), H(Q (1)), T, 80 ,(1-D')=0  (1<n-4),

1
1 =X
Namely



(3.5.1) H(T,,®@Q, ,(i-D")) —> H1<Tx,oc_>x,(i+1-o'))ou"«_)x,(l))"

is injective (i< n-4), In case n*an, except n=2n1+1 and n2=1, a similar

’ 0 ’
argument applied for (M, V, E)-’—'(QX,(n -b"), H (QX,(nl—D )), Tx,) deduces, by

1
using (3.,3,2), (1,10), (3,1,2) and (1,9), that

1 1 P 0 WY
(3.5.2) H (T, ,) —>H (TX,GQX,(nl-—D ))® H ((_)X,(nl—D ))
is injective, In case =n2+1, the map
1 p 0 NN
_ﬁ - -
(3.5.3) Im($) H (T, ,80, ,(n,-D*)) ®H (0, ,(n,-D"))
is injective, which is an immediate consequence of (3,4), and, by (2.,5), we

1
see that ImA(S)=H (Tx,) except the case (n, ., n2)=(7, 3, 1),

Combining the above results, we conclude the proof of the theorem as follows.

In case n= 2n1, by a successive use of (3,5,1) and by the remark (3,2), we

have the following commutative diagram:

1 1 0 v1€(n-n_-4)
H () E—>H (1,80 ,(n-n,-4)) 8 (0 (1))} 2

ERN !

1 0 v
H (T, ,® Oy .(n-n,~4)) @H (Q, ,(n-n-4))",
where ¢ is the infinitesimal period map, In case ng 2n1, except n=2n1+ 1

and n,= 1, by a successive use of (3.5,1) and by (3,5,2) we get the following

diagram:

chTx,) > Hl(TX,G 0, ,(n-4-D')® Ho(Q_x,(nl-D'))VO {HO(QX,(l))VJO(n_l]1—4)

1 , 0 , v
H (TX/@ (_)_X;(n—4—D ))O H ((_)X/(n—4-D )) .
In case n, =n,+ 1, by (3,5.3) and (3,5,1), we obtain

)v} ®( n—n2-4 )

In(§) C—> Hl(Tx,O 0, - (n-4-0")) ®@H%Q, ,(n D) ® {1, . )

2

14

1 . ’
H' (T, .8 0. ,(n-4-D") @10 ,(n-4-D"))",
X =X =X
Hence we get the injectivity of the infinitesimal period map ¢ in every case,

QED,

4, proof of the lemma (3,3),

We use the following well-known facts:



41) o0—>N,,,—>() .00 >0 .
e X7P! I)Io_xl - X’ > 0 exact.

(4.2) 0 —> (), 90 —>(,.00,, —>()80,. —> 0  exact,

8(-2) . v
(4.3) ﬂg"L ® g* (det ND/P)’
By (4.,1) and (4,2), we have the following diagram:

0
H (ﬂgaE)_D,u))
A

0 0 1,v
(1,80, (1)) —>H (), .©0,.(1)) —>H (Ny /-89, . (1)),
A

0
%
H (f (ﬂPQQX)QQ_X,(l))
In order to prove (3,3.1), it is enough to show the following:
(4]
* =
4.4) H(f*(], 8080, .(01N =0,

{l—dimensional if ne 2n1 and n = n,+ 1,

0
(4.5  H ()80, =

0 otherwise,
1v l-dimensional if n =2nl+ 1 and n =n,,
0 otherwise,

By (1.3.2), we have an exact sequence
—— -
0 Q,® gx(l) ———>ﬂpegx(1)a f*g_x,—->ﬂpogD(1 n+n1+n2) —> 0,
From this, (4,4) can be verified by an easy calculation,
Tensoring _QEQ'Q*QD(D to the exact sequence

(4.7) 0 —>0,.,(-D) —>0

s >0y, —>0

and taking the direct image, we get, by using the relative duality theorem, the

exact sequence

€
0 —> (), 80,.(1)) —> 5%y, )80 (1-n) —> 0 (1) —>0,

/P

and hence we obtain

0 0 £ 0
H (QEaQD,(l)):'.Ker{H (0, (2n#1-n)@ O (n +n +1-n) @O, (2n#1-n) —> H (0, (10},

N

Note that. the map €, considered as a homomorphism of graded modules, is as follows:

€: (Q, Q, Q) — AQ +2BQHCQ,,

1,
where A, B and C are the polynomials in (2,1), In case n) 2n1+1, obviously

HO(QEOQ_D,(l))= 0. In case n=2nl+1, the map € 1is injective and hence

HO@.‘EG (—)D’(l))= 0, In case n=2n and nl> n2+1, the same assertion holds, In

1



0 ,
(4.9 i (ﬂga(_)x,(an-b-tl-n—D )) =0,

1l ~ ,
(4,10) H (NX7P,OQX,(2n1+4—n—D )) =0,

From the exact sequence

0 —>(1,®0 (2n+4-n-D) —> Qx(2n1+3—n—D)Q4 —> 0 (2n#4-n-D) —> 0,
we have
0 —> 1°Q_®0, (2n+4-n-D)) —> 2% 5,
P =X 1 2n1+ 3-n 2nl+4—n'
Since we assume that X’ is of general type and n*an, the case 2n1+ 3=-n> n1
is decluded, Hence we have
I21114’3—n=‘GCD(0' 0 X3]2n1+3—n-n2'

On the other hand, from the inequality 2n1+3—n—n2; 0, one of the following three
cases occurs:

4.11) n:2nl+1 and n_=1,

(4.12) n=2n1+1 and n_ = 2,

(4.13) n=2n1+2 and n_ =1,
In cases (4,12) and (4,13), the map @ 1is injective, In case (4,11), the
map ¢ has 6-dimensional kernel consisting of the Koszul relations, Hence (4,8)
is verified,

Tensoring ﬂ§ Og‘*QD(anH—n)CL to the exact sequence (4,7) and taking the
direct image, we obtain

p 1 -1
g*(%&gx,(2n1+4—n—D NI R g*(ﬂ.g, oL @ g*QD(2n1+4—2n)) ~ OQD(2nl+4-2n),

ND/P
Since X’ is of general type with n:'=2n1, we can declude the case 3n1+4—2n) 0

0
and hence H (ND/PO QD(2n1+4-2n))=0, This proves the assertion (4,9),

(4,10) follows from (2,4,1) by taking its dual, This completes the proof of

(3.3.2),

5. appendix,

In this appendix, we prove that, in the situation in (1,1), the period map
is unramified at the origin of the parameter space of the Kuranishi family of the
deformations of X’ provided that n 1s sufficiently large enough comparing to

D We use the notations at the end of the introduction and in the section 1,



case n=2n1 and n,= n2+1, the map € has the 1l-dimensional kernel, Hence
the assertion (4.5) is verified,
1 P
In order to prove (4.,6), we may consider H (QX,(Zn—5—3D )) by the duality
theorem, By the exact sequence
o —> c_)x,(zn-s-sn’) —> gx,(2n—5—2D') —_ gx,(zn-s-ZD’)o 0,, —> 0,
and by (2,4.1), we get
1 ’ ~ O rd 0 ’
H ((_)X,(Zn-s—BD Ne Coker{H (QX,(Zn-S-ZD ) —>H (Q_X,(Zn—S-ZD )QQ_D,)}_
, &2 02
Note that Qx,(Zn—S—ZD )GQD,:L QQD,(Zn-S), Tensoring L @(_)D,(Zn-ﬁ) to the
exact sequence (4,7), and taking the direct image, we get the exact sequence
v

2
0 —>0,(n-5) —> 87N

Since HO((_)X(Zn—S-ZD)) —_— HO_(Sz(‘r:l

)®0 (2n-5) —> g, (1*?@0_.(2n-5)) —> o,

D/P)a _(_)_D(Zn-5)) is surjective, we have

H' (9, . (2n-5-30)) & Coker {n*(s* (N ) @0 (2n-59 —> 1%, 1*%@ o .(2n-5))7}

/P
2% Ker[t' (g (n-5)) —> w'(s®K )
2p D/P

and hence, by the duality theorem, Hl(gx,(Zn—5-—3D')) is dual to

® 0, (2n-5)},

£ )
;+1-2n)) —> H (g_D(n1+n2+1-n>)}.

In case n>n+n+l, it is obvious that Hl((_)_x,(zn—S-SD’))s 0, In case n=2n

0
Coker {H ((_)D(Snl+ n,+1-2n) @ QD( on.t 2n2+1—2n) ® QD(n1+ 3n

1

and n . =n_+1, € is surjective, In case n=2n+4l and n

1 1 1= Do € has the

l-dimensional cokernel, This proves the assertion (4,6), and hence completes the
proof of (3.3.1),

The proof of (3.,3,2) is similar to that of (3,3,1), First note that
TX,& Q_X,(an-ZD')e.'_Qx ® QX,(2nl+4-n—D'), We use the following exact diagram
obtained from (4.,1) and (4,2):

0o ’

0 0 1l v
H , ’ =i1= ’ ’ , -n-D’ ,. ’ -n-D’
(_Qp @9, .(2n#t4-n-D")) —>H (ﬂx ®90, (2n1+4 n-D")) —>H (NX7P ®9, (2n1+4 n-D’),

A

O£ (01,0 0, ) O, , (20 #4-n-D"))

We will show the following (assuming X°‘ of general type with n*2n1):

6-dimensional if n=2n1+l & n_=1,

0 ’
4.8)  HX(*(), 00,080, ,(2n#4-n-D >>={ 2

0 otherwise,



(5.1) Let qy ¢ P1 —* P be the blowing-up of P with the center T

?

let E1 be the exceptional divisor and set ?1'1 : E1 —> T, X1 and Dl denote

the proper transforms of X and of D respectively and set £ =res(q1)

1

/ -1

—_ = : —— =
x1 X and g, res(ql) l)1 D, Set T1 f "(T) and hlsres(fl)
T1 —> T,

Let q, P2 —— P1 be the blowing-up of Pl along l)l, let Ez be the

Land 4
exceptional divisor of a, and set g, * E2 _—> Dl' Xz, T2 and El denote
the proper transformations of Xl, of T1 and of E1 respectively and set
. N —n
fzﬂres(qz) : X2 ———>-x1, hzsres(qz) : T2 T1 and p2=res(q2)
’ -1
= = . —_—

E1 _—> El' Set D2 f2 (Dl) and g, res(fz) D2 Dl'

It is easy to see that Dl' X2 and D2 are smooth and that T2 consists of
the exceptional curves of the first kind on X2, The surface contracted T2 on

)(2 coincides with the normalization X’ of X by virtue of the Zariski's Main

Theorem, Set f_ : X, —> X7, gy Dz——->-D',

The above things form the following commutative diagram:

Ef b > E,
J h ¢
T2 2 >T,
b
Dz "' >7 D'

(5.1.1) (\Pz —1—‘1—>P1
,3 fz 7 ﬁ 3( hf "1
p
v+ 2%
V,b g QY
¢ D > D Y
¢ N
T, > T




Note that g D1 ——> D' is the normalization, '1\1'1 + EE —/>T is a 1’2\

bundle, namely, a disjoint union of projective 2-spaces, f2 : X2 — )(1 is

the normalization, g, D2 —>D is a ramified double covering, Ez :

1
1 ’ . .
E, —_— D1 is a P -bundle, P, : El _> El is the blowing-up of the three
2 P P
points on P the component of El’ f3 : Xz —> X is the blowing-up of X
with the center T’ and T2 is its exceptional divisor, By ¢ D2 —>» D’ is

the normulization and that T  are the nodes on D’ and by g each three nodes
go down to a triple point of X,
In the neighborhood of a triple point of X, the figure of the above const-

ruction is as follows:

Ef
z.
T 122 3
(. 2
] :El
- -
A

Remark (5,2) Let D be a curve in 13'=11‘3 only with singularities like
coordinate axes in 3-sgpace, that is, D : yz=2x=xy=0 for a suitable local
coordinates (x, y, 2) in P, Given such a curve D, there exists an integer "
so that, for each integer n3 nO, there exist hypersurfaces X 1in P of degree

n only with ordinary singularities and with Sing(X)=D,

Actually, we can construct the following diagram as before in (5 1):

P h
E’ 2y & lyp
1 1

7, g, N
E, D, D
N 4, N 9, N
P, —=>p —>P



The composite morphism 4,04, can be also obtained by once blowing-up (cf, (2,3.7)
in ([7)) and its exceptional divisor can be easily calculated as E2+2E’, Thus we

see that O_ (-E_)®qg*0_ (-2E_) is (q,eq,)-very ample and hence there exists an
—Pz 2 2"‘P1 1 1 72

integer n such that, for n3)n

—-9E * *
o >N 9, ( 2F2)Ongpl(-4El)O(qloq2) Qp(n) is

<

very ample, Set
= -2E * *
M sz( o) engpl(-ml) @ (g, ¢q,)*0Q(n) and

- *
Nn=g 2( -2E )Oq2 pl( 3E1)O(qlaq2) Q_P(n),
We will compute Bs|Nn| . Tensoring Nn to the exact sequence

—_ -E’) —> > >
0 gpz( E) qu QE], 0

and using the Kodaira's vanishing theorem, we get the exact sequence

0 —> M ) — 1’ ) —> u%n @0_,) —> o,
n n n "El

Since Mn is very ample, the maximal fixed component of |Im(Mn —> Nn)l is E’,

0
Recall that E1 is the disjoint union of P2 and set E = | | E(i) (E(i).‘-_ P

1 1 '
1€ié€t
(i) €1

/=11 5P and pPcresp) : B/ — 5 ) Note that
1 — 1 2 2 1 1

1€it

ol (D) 1)) o (1),
(N OOE,( ) EPo (O (5y(-2B,E; ) @p, 9}:(1)(:3»-“%9 (1)°—E(i)

1 1 1 l 1

(I |

: 1)
where O ( )(3)3(_)_ 2(3), K (i)® 2 (i)(3)| contains only one member, say T,

1
1 P 1‘E1 E1
(1)

=)

which is the uniquely determined three lines on E , and hence INnQQ

Lol
El
(i) . . 'l‘(i).

consists of only one member, say T which is the proper transform of

2 1
. (1) .

Setting T,= 1l T "', the above reasoning shows that BsIN |=T,. Hence [N |

2 . 2 n 2 n

1€igt

defines a birational morphism Pz--T2 —-)Pr, Let X2 be the closure in P
of the pull-back of a generic hyperplane by this morphism, then, since Tz is of
codimension 2 in P2, we see that Xze |Nn| and that X2 is smooth outside l:.l
It is easily seen that the image X of X in P 1is just what we want,

2
(5.3) From now on we assume the following conditions:
(5.3.1)  H'(J 80, (n-4))=0
1
(5.3.2) H(),8J,80,(n-4))=0,
0
(5.,3.3) H (Qp@ wDogD(s-n))=0,

(5.3.4) H(S (N“l/pl)ang(a;El-Dl)quD(l-n>)—o



. 0 _
: . * 5- = .
(5.3.,5) H (Qp ®uw, ®0 (2E b )®gI0 (5-n))= 0, ‘

1 1 1

- * - * - i
(5.3.6) sz( 2E2)0ngpl( 4E1)@ (q1 qz) gp(n 1) 1is ample,

(5.3,7) There exists an integer m satisfying the following conditions:
(5,3,7.1) mgn-4,
(5.3,7.2) l(_)_x,(m-D’)l is fixed components free,
(5,3.7.3) HO(QX,(n—Qm—SH)'))—-'O,

Note that these conditions are fulfilled by the Serre's theorem provided that

the degree n of X 1is sufficiently large enough comparing to D,

Proposition (5.,4), Under the conditions in (5,3), the parameter space of

the Kuranishi family of the deformations of X’ is smooth at the origin,

Proof, The conditions (5.,3,1) and (5,3.2) imply Hl(jbogp(n-S))= 0, From
this and from (5,3,2), it follows Hl(f*(TPQQX))=O by the same argument in the
proof of (2,7) ((5,3,7.,1) and (5,3.7.2) assure the existence of non-zero
element in Ho(wx,)), The rest is the consequence of the general theorey of defor-
mations, QED,

The following lemma can be proved in the same way as (1,3,2):

Lemma (5,5), o—>9o —> 1,0 —>wD¢&’,X —> 0  exact,
1 2 1 1
Since f3 : X2 —>» X’ is the blowing-up of the smooth scheme X’ with the
smooth center T’, and 'I‘2 is its exceptional divisor, we have the following
lemma:

Lemma (5.,6),
(5.6.1) fs*g_xz(aTz)zQX, (a20),

1
(5,6_.2) R fa*_O_xz(aTz)::O (agl),

Lemma (5,7), Under the conditions in (5,3), we have
N 0

5 -~

(5.7.1) H™'(] ,OOX,(l))_O and

0 , ,
(5.7.2) H (T, .80, ,(2m-20")) =0,

Proof. Taking the direct image of the exact sequence

0o —> %@, .80,.(10e QXZ(TZ) —->ﬂxza (flofz)*gxu)agxz('rz)



— *
: Q:‘Sa(fl"fz) gx(l)agxz(Tz) — 0,
we get that, by (5,6,1),

o *
0,.80,.0) fs*(nxze(fl.fz) o, (L)a gxz('rz)),
Hence tp prove (5.7.1) 1is equivalent to prove

0
*
(5.,7.3) H (Qx20 (flofz) (—’x(lmgxz(Tz))‘ (R
By the exact sequence

X * . *
0o —> X, Jp ® (£,0£,)%0, (1)®Q, (T,) —>(), @ (£ +£,)%0 (1)®Q, (T,)
272 2 2 2
_— * —
n_xzo (£,0£,)%0, (1)@ gxz(Tz) 0,
to prove (5,7.3) it is enough to show the following:
0
*
(5.7.4) H (sze gxz(Tz)G(flofz) 0, (1= 0,
(5.7.5) HX 0. (T.)@( *0._ (
7. x_/p.® 9 (T,)@(f ef,)%0 (1))=0,
2/% 2 2
Sirice N, ®0. (T)@ (f.of )*0_(1)20. (D 42T ) 2@ (f.f )*0.(1-n), (5.7.5)
¢ Xy /Py Ky 2 A S M o) @ (f)e1,070,Ul-n), ol

follows the condition (5,3,6) by virtue of the Kodaira vanishing theorem,

Next we will prove (5,7.4)., By the exact sequence
— px * *
0 £, ® £10,(1))90, (T,) —>() B0 (T,)® (f,+£,)%0, (1)
1 2 2 2
—_— * —
ﬂqza sz(Tz) ® (f,0£,)%0, (1) 0,

it is enough to show the following:

(T ))=0,
o 2

0
(5,7.7) H (_Q_qza (_)xz(Tz)o(flofz)*gx(l))xo,

4]
t t 3
(5.7.6) H (fzmpla ££0, (1)® 0,

We first prove (5.,7.7), Tensoring ﬂq @Qx (T2) O(flo f2)*gx(l)
2

2

- . o~ oyx
x ‘ngGEEQDl(El D) ® (g,+&,)*0, (1) to the exact sequence
—_— - _— —_— _—
Y 0p (-D,) O 9 Y

2 2 2

and taking the direct image, we have the exact sequence

2
@ o) (E D) @gto (1) —> 8 (N

0o —>2..0.
278, D, D, /Py

)0(_)D1(4E1~Dl) ®e%0, (1-n)

. —_—
—_ ng(E1 D)) ®g*0, (1) 0

by the same argument as in the proof of (4.,5), Hence (5,7,7) follows the

condition (5,3.4), since g, ¢ 02 > Dl is a finite morphism,



To prove (5,7,6), by using the exact sequence
Q0 —> T * — *
ﬂpla gxl< 1) @30, (1) fz*gxz" npla g_xl(Tl)@ 3o, (1)

A * —
—_ lea wxleﬂplo gxl('rl) oflgx(l) 0

obtained from (5,5), it suffices to show the following:
0
5 8 H * =
(5,7,8) (npls Qxl(Tl)efl(_)_x(l)) 0,

(5.7.9) Ho(wb ® oy @, 80, (T)HO*O (1))=0,
1 1 1 1

To prove (5,7,8), we use the exact sequence

K
0 —> £, 80, (1)0 (T)) —>Q, 80, (T )@t (1)

1 1 1
£ 3
———:"ﬂq 80 (Tl)gflgx(l) —> 0,
1 1

3 % o
Since fs*fz(fl(ﬂpegx(l))@(_)Xl(Tl))ﬁfs*(f’gf*(ﬂpﬂgx(l))ﬁgxz(Tz))- *Q,®0 (1))
by (5.6.1), HO(£*(). ®#0. (1))80, (T.))=0 follows HO(f*().®0. (1)))=0, and

14p™ =x X, 1 P =X

the latter follows the exact sequence

v
0 ——>QP09_X(1) —> £,0,.80,60, (1) —> wee,80 (1) 0

obtained from (1,3,2) and the condition (5,3,3), On the other hand, E1 is a

2
disjoint union of P2 and since T appears as three lines on each P , setting

1

T = 11 T(i), we see that () ® 0O, (T H@f*0 (xflv @0, (E )®Q, ®O is the
b ojgiee ! q” X T I T

disjoint union of () 2,®9 2(—1)09 (i) (1£igt) and hence we can get
P P T,

Hog(). ®0,6 (T )®f*0_(1))=0, Thus we have proven (5,7.8),
a, X, 191X

(5.7.9) follows the condition (5,3,5), since an easy computation shows that

W, = £*0 (n-4)®0, (-T.)., This completes the proof of (5,7.1),
X;7 1 X, 1

Tensoring a non-zero element in Ho(gx,(n—Zm—S-l-D’) (such an element exists by
the condition (5,3,7.3)) gives an injection
:FX,OQ_X,(Zm—ZD ) ——>Tx,09_x,(n-3—D )zﬂx,agx,(l)
and hence (5.7.2) follows (5,7.1), QED,
Theorem (5.8), In the case that the degree n of X in P is sufficiently

large enough comparing to the singular locus D of X in the sense that the

conditions in (5,3) are fulfilled, the local Torelli theorem holds for the



normalization X’ of X,

Proof, We can derive this theorem from (5,3,7.,1), (5.3,7.2) and (5,7)

just in the same way as in proving (3.5), QED,

Remark (5.9), The moduli space of Gieseker (L61) is divided by the Hilbert

polynomial of Wy -, that is,

2 1 2
“’x)"""'c S=73¢ 8 +12(° +c,).

(1,7) says that, fixing D and increasing n, cf is increasing and (1.4.1)
says that ldx, is getting "ampler and ampler", Hence (5,8) gives some evidevce
to the naive feeling that if X’ would have sufficiently many 2-forms, their
periods of integrals should determine X’ itself, (Note that the KYnef's example

2
(121 has P= cl.—l,)

Notes

1) If X has only ordinary singularities and its singular locus D 1is a
complete intersection in P, D becomes automatically smooth, Actually, blowing-
up P along D, the fact that D is a complete intersection imposes that the
exceptional divisor becomes a Iﬂ—bundle, On the other hand, if X would have’
triple points, the fibres over such points are 2-dimensional,

2) By using the result (3,3,2) below, in cases (n, n, n2)==(6, 2, 1),

(7, 3, 2) we see that H2(TX,)-'0 by duality and also HO(TX,)=0 and hence the

’
parameter space of the Kuranishi family of deformations of X’ is smooth at the
origin, On the contrary, in case (n, n, n2)==(7, 3, 1) we see that dim Hz(Tx,)
=6 by (3.,3,2) and so the smoothness of the parameter space is still unknown,

3) Actually |Qx,(nl—D')| is fixed points free, but (3,1,2) 1is enough for
our later use, Note also that, by (3,1,2), lh&,l is fixed components free and

hence X’ is minimal,
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