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SUPPLEMENT TO VARIATION OF MIXED HODGE STRUCTURE AR NG FROM
FAMILY OF LOGARITHMIC DEFORMATIONS II: CLASE - SPACE

by Masahiko SATITO, Yuji SHIMIZU, Sampei USUI

In this note, we will define a graded polarization (abbreviated as GP) of
the mixed Hodge structure (abbreviates =< MHS) on Hn(X—Y,Q), where X 1is a smooth
projective variety over C and Y a normal crossing divisor (abbreviated
as SNCD) on X, and give some supplements to [U.2]. This note is based on the

small meeting of the three authors at RIMS 1-6 X '8L.

1. Graded polarization on Hn(X-Y,Q): ILet X and Y ©be as above and set
) v
r := dim X. Choose a polarization w GEY”JKX;Z) (i.e. the cohomology class of a

very ample invertible sheaf) on X. Let

Yy =\UvY.
jer *

be the decomposition into irreducible components. We fix once for all an order

of these components. We use the following notations:

tg
i

7 /F\Y. for a subset J C I.

J€J
~g .
Y = lJ.YJ where the J run the subsets of I with #J = s and
J
70 - X
1.1, . .. .
Wy e H (fJ,Z) : the induced polarization on fJ from .
1,1,=~
w, = @u; €H T(Y,2)
#J=s
2(r-s) -3
4 ‘ol \Y) w = T 3 =
V7 H (YJ,Z) 7 with J( T ) 1, vwhere #J = s.
(p_ -
v o= Dy g2 (r S)(YS,Z) — 7.

#J=s J



L : the multiplication operator on the cohomology groups of 7°

induced by the polarization W
PU7%,Q) 1= Ker(n(TTS) L L (e oy o gPlrosimtRgs o)y e
primitive cohomology (m g r - s).
Then, by the Lefschetz decomposition
(1.1)  "(F%,0) =@ L0 ,Q),
a20

we can define a polarization Qé of HS on Hm(fs,Q) by

)(m—2a)(m—2a+l)/2v (u “ \,w(r—s)—(m—2a))

1 L -
(1.2) Ql(u,v) =1 I (1 s'Ym-2a  'm-2a Ys

#J=s a
a a ~s
= = & t
for u=3:I L W ogr Y T L vo_on Hm(Y ,Q). Note that
(m - 2a)(2 -2+ 1) _ m(m2+ 1) +a nod(2).

Recall that the weight spectral sequence

(1.3) T = BTN = w2 = (k)

is nothing but the Leray spectral sequence for X-Y & X wunder the change of

. . -s,n+s _ _n-s,s
indices wEk = Ek+l

((3.2.10) in [D]), and the d, are alternating sums of Gysin maps hence morphisms

of Leray ((3.2.4) in [D]), degenerates in WE2 = WEm

of HS of type (1,1) ((3.2.8) in [D], (5.21) in [G.S]). Set
“~ d -~
B := Im(Hn—S_2(YS+l) ——l*-Hn_S(YS)) and
—~ d ~
7 .= Ker(Hn_S(YS) __l+ Hn_S+2(YS—l)),

and define
(1.4) C:={ué€zg| Ql(u,v) =0 (Vv € B)3.

Then it is easy to verify:

. =S,n+s _  -s,n+s _ _ W[n].n
c ¥ E = = Gr | H (X-Y) as HS over Q.

(1.5)

The polarization Qé in (1.2) induces one on C over Q.

Thus, shifting the indices Qk 1= Qi L Ve get:



Proposition(1.6). Let X be a smooth projective variety and Y a SNCD on
X. Then a polarization w on X induces a grad polarization Q = {Qk} of the

MHS on H(X-Y,Q).

2. Variation of GPMHS arizing from family of logarithmic deformations: The
construction in §1 can be easily generalized to the relative case (cf. (3.L4),
(3.5) in [U.1]. There is a misprint in the latter, i.e. the constant 1/2m/-1

should be omitted), and, instead of Theorem (1.7) in [U.2], we have:

Theorem (2.1). Let f : ¥ — S be a smooth, projective morphism of
complex manifolds and E} be a SNCD on ¥, flat over S. Then we have a VGPMHS
-]
(s, RZ( , Winl, F, Q) in the sense of Definition (1.1) in [U.2], where f :=

-] Q
| (%¥-%) and R;(f) 1= Rnf*Z modulo torsion.

3. Classifying space and period map of GPMHS: Let (H

Z’
reference GPMHS. Recall the following notations in [U.2]:
£2 = dinm F(O)pHc.
2 .= dim 7(0)Per H .
k kC
> . . W
Fo:={F = (F') € Flag(H ;...,f°,...) | dim FPor H, = £2 "o, Vx)3.
C k C k
. _ 14
GLW(HC) = {g € GL(H ) gW, = W (k) 3.
Y v w p
: Jo— < = Flag( GrkHC’ .,fk,...).
- 7 p k-ptl 14
- FeF I 0, (F*,F )=0 ("p)}
_ X 2p-k = p z=k-p V¥
D, := {F€& D | o (u,u) >0 (0F ueF ~F °, "p)l.
o V Y
D [‘\wk D) C F.
k
- v
D =[‘\1T1(D)CD
k Tk
k
v v v
T D— T D the projection.
-



m: D—» 1D the projection.

K k
- W, _ V. ¥ Y
Gk,C = {g € GL(Grde) | Qk(gu,gv) = Qk(u,v) ("u, Vv e GkaC)}.
_ W, _ W
Gk,R = {g € Gk,C | gGrkHR = GrkHR}.
W W
= = 1
Gk,z {g e Gk,R | gor H, = Gr 1]
W 4
p= € .
Gy {g € 6L (8,) | Gr (g) € G ¢ (Yx)}
Gp = {g € Gy | gHy = HR}.
G, := {g € Gy | gH, = H,}.
In case length > 2, GR acts on D nontransitively (see (3.3) in [U.2]).
Let GC = Gé°G8 be & Levi decomposition with Gé = the unipotent radical of GC
and Gg = @A semi-simple part of GC. Instead of our previous GR’ Carlson in
[C] takes

= f n
G : GC.(GR,\GC).

Then, it is obvious t%%ee that G acts transitively on D. The isotropy sub-

group of G at 0 € D is not compact. Nevertheless he proved in [C] that G,

acts on D properly discontituously.
Combining (2.10) in [U.1], (2.11), (2.16), (3.5), (3.6) and (L.2) in [U.2],

and the result of §b in [C], we get:

Theorem (3.1). (3.1.1) ¥ : D ——*-IIBk is an algebraic homogeneous vector

bundle with respect to the group GC.
(3.1.2) G acts transitively on D.
(3.1.3) GZ acts properly discontinuously on D.
(3.1.4) There is an extended horizontal subbundle Tgh on D which is

compatible with the horizontal subbundle & T% on HBk via T,
k
]
(3.1.5) The period map associated to the VGPMHS (S, R;(f), Wnl, 7, Q)

arising from geometry in (2.1) above has extended horizontal local liftings with
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. . s . Wlnl.n,e
the period maps of Griffiths associated to the VI Grk Rz(f), F
2n-k, k-n S ™S ~
) = 5 5> . —_ is i S
Qk’ (s, RZ (g ), F, Qk)’ where & .4? S is induced from f and !

. . . S .
is a relative version of Y in §1.

4. Degeneration of VGPMHS associated to semi-stable degeneration of family of
logarithmic deformations: We want to interpret the results in II.II of [E] and
in §5 of [S5.2] into our language for our future use.

Consider a situation:

¥ : a complex manifold.
A : the unit open disc in C.
f : ¥ — A a projective morphism, smooth over the punctured disc
(k.1) H’:U’Vi : a divisor on ¥, the "éi are irreducible components.
_1(

XO = f

yvxo is NCD on X.

0) 1is reduced.

-y- *
’I}ilm...nyi (p 2 1) are flat over A and smooth over A¥.
b

In this situation, Elzein and Steenbrink-Zucker deal a trifiltered complex

(sA”", W, M, F) constructed as follows (II.II in [E], (5.5) in [S.2]):

W(Y), 05 (Log(#+x ) = ag(loa(P+x,)) A o (log X,).
W(Xo)gni(log(wxo)) = Q;(log(’jﬂ(o)) A Q%'Q(log?}).
W(Y+xy) oo (log(#+x)) = oy (log(f+x)) 4 oy
A% = B (Log (Yox ) W(x) (py a2 0).

P>q ._ . pra+l . P,q
WA := the image of W(%ﬁ Q £ (log(y+Xo)) in A"™.

k

+
M AP Y .= the image of W(g+XO) oP q+:L(:I_og('vﬂ(o)) in aP°%,

2¢ L
1]
FPA"" =@ AP -
p'zp
sA’" : the associated simple complex of A°".
AT, WM, Do FCATHT oo X s g v T8

s



Note that there is a bifiltered quasi-isomorphism (cf. (L.16) in [St]):

g : (Q;E/A(log(1(+xo))®oxo, W), F) — (sA™", W, F).

Let

® : A¥ — <T>\D

5 n,°

be the period map associated to the VGPMHS (A%, RZ(f’), W(%—XO)[n], F), where
Q
f' := res(f) :.x - y - XO — A¥ and T 1s the local monodromy. Since XO is
reduced, T 1is unipotent. Set

N := log T.

(L.2)
¥(t) := exp(-log t/2wi.N)ao(t) (t € a%),

Then (4.1) in [E] and (3.13) in [S.Z] can be interpreted as:

Theorem (L4.3) (Elzein and Steenbrink-Zucker). Assume the situation (k.1).
(L.3.1) The map ¥ in (L.2) extends to a holomorphic map
Y : A—yp

compatible with the extensions of Wk associated to the period maps of Griffiths

via T : U ——+‘ﬂ Yy
(L.3.2) For each k, (W[n]

and
M, ¥(0)) is a MHS)) N gives a morphism of

k’
type (-1,-1) with respect to this MHS.

(L.3.3) For each k, M induces the usual monodromy weight filtration on

Gri[n], and the GP Qk in (2.1) induces the monodromy polarization on

18]y §00)) (er. (6.16) in [sel).
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