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LOGARITHMIC HODGE STRUCTURES AND CLASSIFYING SPACES

Kazuva KaTo, SAMPEI UsUl

INTRODUCTION

This work is an attempt to add ‘points at infinity’ to the classifying space of polarized Hodge structures
(PH, for short) of arbitrary weight. It is based on the following two ideas:

(0.1) We introduce the notion of polarized logarithmic Hodge structures (PLH, for short) (§5). Polarized
logarithmic Hodge structures are defined by using the theory of logarithmic structures of Fontaine-Illusie
(cf. [I], [K1]), and they work well in the analysis of degenerations of polarized Hodge structures. Our
principle is that we enlarge the classifying space of polarized Hodge structures in the following way (for
precise definitions, see Definitions in (2.1), (5.2)):

D := (Classifying space of PH) C
Dy, := (Space of nilpotent orbits in directions in ¥),
I\ Dy, = (Classifying space of PLH with local monodromies

in directions in ¥ and with global monodromy T').

Here T is a discrete subgroup of Aut(D) satisfying certain conditions.

(0.2) We introduce the notions of generalized analytic spaces and generalized fs logarithmic analytic
spaces (see (4.2)). Our extended space I'\Ds; D T'\ D is not in general an analytic space. For instace, it
can be something like

S:={(z,y) € C*; z # 0} U{(0,0)}.

The space I'\ Dy, and the above space S admit the structure of generalized analytic space or even gen-
eralized fs logarithmic analytic space. In order to give S the structure of generalized analytic space, the
essential point is to endow it with the so-called strong topology (see (4.1)), which is strictly stronger than
the topology as a subspace of C2.

Our main result says that the generalized fs logarithmic analytic space I'\ Dy, is a fine moduli space of
polarized logarithmic Hodge structures (§6). In a way, this realizes one of the dreams of Griffiths in [G].

We would like to add a remark. D is always a homogeneous complex manifold. Assume that the
horizontal tangent bundle of D is not trivial. Then, it is a Hermitian symmetric domain if and only if
the set of Hodge numbers is one of the following three cases:

()w=2t+1, 7 =0unless p==t+1, t.

(ii) w=2t, P4 =1for p=1t+1, ¢t — 1, hb? is arbitrary, h?¢ = 0 otherwise.

(ii)w=2t, hP?=1forp=t+a,t+a—1t—a+1,t—afor some a > 2, h»? =0 otherwise.
Familiar (analytic) compactifications of I'\ D such as the Satake-Baily-Borel, the Borel-Serre, and toroidal
are constructed only for those D which are Hermitian symmetric domains. The only partially successful
attempts to go beyond the symmetric case are the work [CK] of Cattani-Kaplan and the work [U2].
By the construction of the present article, we can talk about, for example, the extended period mapping
associated to a degeneration of surfaces of general type, or of Calabi-Yau manifolds. One of the remaining
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2 KAZUYA KATO, SAMPEI USUI

open problems is to find ‘big fans’ ¥ so that the spaces I'\ Dy, contain all possible boundary points. This
work is a continuation of the study [U2], which treats the part of I'\ Dy, and is also a continuation of the
study [KkNc] on logarithmic complex geometry.

This article is an abbreviated account. A paper [KU] with complete proofs will appear elsewhere.

The authors are grateful to Professor Kazuhiro Fujiwara for stimulating discussions. They are grateful
to Professor Steven Zucker for his careful reading of the earlier versions of this paper, and for his valuable
suggestions and comments on presentation. They are also grateful to the organizers of NATO ASI/1998
CRM Summer School at Banff, Canada.
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81. PRELIMINARIES

(1.1) Classifying spaces of Hodge structures.

Let (A7) ptg=w, With A”9 = h?P be a set of Hodge numbers of weight w. Let Hy be a free Z-module
of rank > hP? and let (, )o be a non-degenerate Q-bilinear form on Hy q := Q ® Hp which is symmetric
if w is even and anti-symmetric if w is odd. We denote by D the set of all decreasing filtrations F' on
Hyc := C® Hy such that (Ho,( , )o,F) is a polarized Hodge structure of Hodge type (h??),1q=w.
We denote by D the set of all decreasing filtrations F' on Hy c such that dimF? = > _ h™"~" and
(FP,F1)o =0 for p+q > w.

Let Gz = Aut(Hy, (, )o). For A = Q,R,C, we denote G4 := Aut(Ho,4,(, )o) and g4 := LieGy,
Then D is a compact homogeneous space under G, D is an open subset of D that is homogeneous under
Gr. Let T' be a subgroup of Gz. Then I'\ D is the classifying space of polarized Hodge structures on Hy
with the given Hodge numbers (h*9),4,—,, and with the given global monodromy I

(1.2) Fans.

r>p

Definitions. (1.2.1) A subset o C gq s a nilpotent cone if it satisfies the following two conditions:
(i) o is a finitely generated cone in gq consisiting of mutually commuting nilpotent elements.
(ii) o N (—o) = {0}.
(1.2.2) A fan in gq is a non-empty set X of nilpotent cones in gq satisfying the following two conditions:
(i) If o € 3 then any face of o belongs to X.
(ii) If 0,0’ € ¥ then o Na’ is a face of o and of o’.
(1.2.3) A subgroup I' C Gz is strongly compatible with a fan ¥ in gq if it satisfies the following two
conditions:
(i) Ify €T and o € X then yoy~ 1 € X.
(ii) If 0 € ¥ and if we define

I'(o) :={y €T'; v: unipotent, logy € o},
then logl'(o) generates the cone o.

Ezxample. Let
E:= {o; o is a nilpotent cone in gq, rank(c) < 1}.

Then Z is a fan. For any subgroup I' of Gz with finite index, I' is automatically strongly compatible with
E. Whereas, I' = {1} is not strongly compatible with =, i.e., the condition (1.2.3) (ii) is not fulfiled.

(1.3) Nilpotent orbits and nilpotent i-orbits.
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Definition. Let o be a nilpotent cone in gq. For A =R, C, we denote by o4 the A-linear span of o in
ga. A subset Z of D is a o-nilpotent orbit (resp. o-nilpotent i-orbit) if it satisfies the following three
conditions for some F € Z.

(i) Z = exp(oc)F (resp. Z = exp(ior)F).

(ii) NEP C FP~! (Vp, VN € o), (Griffiths transversality).

(ili) exp(>_y <<, 15 N;)F € D (Vy; > 0), (positivity). Here (Nj)i1<j<, is a system of generators of o.

(1.4) Logarithmic structures.

Let X be a ringed space over C with structure sheaf Ox. We recall briefly the notion of logarithmic
structures on X of Fontaine-Illusie (for details, cf. [I], [K1]).

A pre-logarithmic structure on X is a sheaf of commutative monoids My together with a homomor-
phism « : Mx — Ox of monoids, where Ox is regarded as a sheaf of monoids by multiplication. A
logarithmic structure on X is a pre-logarithmic structure (Mx, a) on X which satisfies a71(0%) > O%.

Let (Mx,a) be a pre-logarithmic structure on X. The associated logarithmic structure (Mx, &) is
defined as the push-forward My of O% + a~1(0%) — Mx, namely the diagram

a1 (0%) —— My

! l

0x  —— Jix.

is co-cartesian, together with the homomorphism & : Mx — Ox induced by a : Mx — Ox and the
inclusion Oy — Ox.

Let f: (X,0x) — (Y,Oy) be a morphism of ringed spaces and (M, «) be a logarithmic structure
on Y. Then the sheaf-theoretic inverse image f~'M together with the composite morphism f~!M —
f1Oy — Ox form a pre-logarithmic structure on X. The inverse image f*(M, ) of (M, ) is defined
as the logarithmic structure on X associated to the above pre-logarithmic structure.

A monoid § is fs (= finitely-generated, integral and saturated) if it satisfies the following three condi-
tions.

(i) S is finitely generated.

(ii) If a,b,c € S and ab = ac, then b = c.

(iii) If @ € S8 and o™ € S for some positive integer n, then a € S.
Here S¢P is the group generated by S. A logarithmic structure (Mx, «) on X is fs if there exists an open
covering (Uy)x of X such that each restriction (Mx,a)|y, is the logarithmic structure associated to a
pre-logarithmic structure of the form (Sy,, «)) where Sy, is a constant sheaf of monoids on Uy induced
by an fs monoid S. In this case, (Sy,, o) is called a chart of (Mx,a) on Uy.

(1.5) The ringed space (X'°&, O'0%).

Let X be an fs logarithmic local ringed space (= a local ringed space endowed with an fs logarithmic
structure) over C which satisfies the following two conditions:

(i) O)(’gg/nlz =C.

(ii) For any open set U C X and any f € Ox(U), the evaluation map U — C,x — f(x), is continuous.
We recall briefly the associated ringed space (X'°2, 0'¢8) introduced in [KkNc] (cf. also [KyNy)).

As a set, X'°8 is the set of all pairs (z,h), consisting of a point z € X and a homomorphism h :
Mx , — S* whose restriction to O% is u — u(x)/|u(z)|. Here S := {t € C; [t| = 1}.

The topology of X8 is defined as follows. We work locally on X. Take a chart S — My, then we
have an injective map

X8 <3 X x Hom(S®P,SY), (x,h) — (x, hs),

where hs denotes the composite map S8 — M )gg:'m — S!. We endow X'°& with the topology as a subset
of X x Hom(S8#P,S!). It can be seen that this topology is independent of the choice of chart and hence
is globally well-defined, and that the canonical map 7 : X'°¢ — X (x,h) + = is surjective, continuous
and proper.
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The sheaf of C-algebras (’)l)(gg is defined as follows. Let £ be the fiber product of

)

l

Cont( ,iR) —2— Cont( ,S"),

where Cont( ,T), for a topological space T, denotes the sheaf on X'°8 of continuous maps to 7, and
771 (M§P) — Cont( ,S!) comes from the definition of X'°6. We define

(’)})?g = (17HOx) ®z Symy(L))/a,

where Symy (L) denotes the symmetric algebra of £ over Z, and a is the ideal of 771(Ox) ®z Symg (L)
generated by the image of

T HO0x) = 71 (Ox) ®z Symg(L), [ fR1-1&uf).
Here the map ¢ : 7~1(Ox) — L is the one induced by

77 HOx) = Cont( ,iR), [+ %(f —f), and

T O0x) 2B 7N 0%) c TN (MEP).

Let y € X' and x := 7(y) € X. There exist a family (¢;)1<j<n of elements of £,, whose images in
(M§P/O%), form a system of free generators, and which are algebraically independent over Oy , and
generate the stalk (’)1}?‘2 =7 YOx)[l,...,0,]. Note that this is not a local ring if (M$F/0%). # {1}.

Ezxample. Let X := C be the complex plane and let z be the coordinate of X. The fs logarithmic
structure on X associated to the divisor {0} is defined by

Mx :={f € Ox; f is invertible outside {0}} — Ox.
We can take a chart N — My = |_an0 Z"O)X(, n — z". We have an isomorphism
X% 5 Rog xS, (5,h) o (12(2)] A(2).

Let £ := logz, then we have O'%% = 7= 1(Ox)[{].

§2. SPACES OF NILPOTENT ORBITS
Let ¥ be a fan in gq and let I' be a subgroup of Gz which is strongly compatible with X.
(2.1) The set Dsy,.

Definition. As a set, we define the space Dy of nilpotent orbits in the directions in ¥ by

Dy :={(0,Z);0 €%, Z C D is a o-nilpotent orbit}.

Remark. Note that the set D is contained in Dy by F' +— ({0}, {F}).

Let o be a nilpotent cone in gq. Then, {faces of ¢} is a fan, and we denote
D, = D{faces of o}-

(2.2) The toric variety toric(I'(0)).
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In order to fix notations, we review here toric varieties (cf. [AMRT]). For o € %, we see that I'(o) is
an fs monoid with I'(c)* = {1}. The associated toric variety is defined by

toric(I'(o)) := Spec(C[I'(0)"])an-

Here T'(0)Y := Hom(I'(¢),N). Note that the set of complex points of toric(I'(¢)) can be identified with
Hom(I'(¢)Y, C™). Here C™"!* means the set C of complex numbers with multiplication.
We have bijections

(2.2.1) torie(T(e)) & | | (T(0)2 /(7)) 25 | | exploc)/(exp(rc)T(0)%P)

T<0 T<0

Here 7 < 0 means that 7 is a face of ¢, and « is defined as follows: For a € (I'(¢)#? /T'(7)8P) ® C* and
heTI(0)Y,
0 it h(I'(1)) # 0,

a(r,a)(h) == { h(a) if (I'(7)) = 0.

In the second case in the above, we regard h as the induced homomorphism A : (I'(0)8P/T'(7)8P) @ C* —
Z®C* =C*.
And f is defined by

By ® exp(2miz)) := exp(zlogy) (v €T'(0)8,z € C).

(2.3) The subset E, C toric(T'(¢)) x D.
Definition. For o € X, we define the set E, by

E, :={(6,F) € toric(I'(¢)) x D; exp(rc)gF is a T-nilpotent orbit}

Here (1, gmod exp(7c)T'(0)8P) denotes the pair corresponding to 0 under the composite map (2.2.1).
Define the map E, — I'(0)8P\D, by (0, F) — (7,exp(1tc)gF).
Define the action of oc on E, over I'(c)8P\D, by

a-(0,F):= (exp(2mia)f,exp(—a)F) (a € o¢).
Here, for b € oc, exp(b)0 is the element of Homc_aig(C[I'(0)Y], C) defined by
(exp(b)8)(h) := exp(h(exp(b)))0(h) (h € I(0)").
Then, E, — I'(0)8P\D,, is surjective (more precisely, a oc-torsor, see (6.1.1) below).
Ezample. In the case rank(c) = 1, we have toric(I'(o)) ~ C. Let v be the generator of I'(c) and let

N :=log(y). Then we have

E,:={(0,F) € Cx D;If § # 0, exp((log(0)/2ni)N)F € D.
If 0 = 0, exp(oc)F is a o-nilpotent orbit.}.

Here the cases 8 # 0, § = 0 correspond 7 = 0, 7 = o, respectively. oc ~ C > a acts on F, over
I'(0)8P\D, by
a-(0,F) = (exp(2mia)d, exp(—aN)F).
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§3. SPACES OF NILPOTENT i-ORBITS
Let ¥ be a fan in gq and let I' be a subgroup of G'z which is strongly compatible with ¥ as before.
(3.1) The set Dﬁg,
Definition. As a set, we define the space DﬁE of nilpotent i-orbits in the directions in 3 by
DﬁZ ={(0,2); 0 €%, Z C D is a o-nilpotent i-orbit}.
Define the map
DL — Dy, (0,Z) — (0,exp(oc)Z).

Remark. Note that the set D is contained in DuE by F — ({0},{F}).
For a nilpotent cone ¢ in gq, we denote

R Y
D(ﬁ, T D{faccs of o}

(3.2) The real toric variety |toric|(o).
In order to fix notations, we review here real toric varieties (for details, see [AMRT, I §1], [HZ, 2.1]).
For 0 € ¥, we define

|toric|(o) := Hom(c", (R U {00})*!) © or = Hom(cV, R*4).
Here 0¥ := Hom(o, Q%('). We have the bijection

(3.2.1) ftoricl (o) & | | or /7=,

T<0

defined by

(heaY).

o(r, Hmod ) (h) := { h(H) if h(t) = g,

%) if h(7) #

By using the isomorphism
(R U {OO})add = Rl’g(l)llt7 y e—QTI’y7

we have
|toric|(o) ~ Hom(o ", Rg‘bﬂt) ~ Hom(I'(0)", Rg‘(‘)ﬂt).

If we identify toric(T'(0)) with Hom(T'(o)Y, C™U!'), we see that the maps
c™ 5 REM, g g/, and RGP - C™ resr
induce the maps
(3.2.2) toric(I'(0)) 2 [toric|(o).
(3.3) The subset EﬁE C |toric|(o) x D.
Definition. For o € ¥, we define the set Ef by
Ef .= {(b, F) € [toric|(0) x D; exp(itr)exp(iH)F is a T-nilpotent i-orbit}.

Here (1, H mod TR ) is the point in | |___  or/TrR corresponding to b in |toric|(c) under the bijection (3.2.1).
Define the map E% — D! by (b, F) — exp(itr )exp(iH)F.
Define the action of or on E% over DY by

a- ((r,Hmodtr), F) := ((r,(H + a) mod 7)), exp(—ia)F) (a € oR).
Then, EfY — D¥ is surjective (more precisely, a or-torsor, see (6.1.1) below). The maps in (3.2.2)
induce the maps
(3.3.1) E, = E!,

whose composite Ef — E, — E! is the identity.
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84. ToPOLOGY, GENERALIZED FS LOGARITHMIC ANALYTIC SPACES
(4.1) The strong topology.

Definition. Let X be an analytic space and S be a subset on X. The strong topology on S is the
strongest topology on S for which the map X :' Y — S is continuous for any analytic space Y and for any
analytic morphism XY — X with A\(Y)) C S.

Remark. In the notation of the above definition, if S is an analytic subspace of X then the strong topology
on S coincides with the usual topology, i.e., the topology as a subspace of X.

Ezample. Let X := C? be the complex two-dimensional plane and let S := C2 — {0} x C+{(0,0)} C X.
For the strong topology on S and the usual topology on S as a subspace of X, we can observe the
following:

If k € Z>1 and z € C converges to 0 then (z¥, z) converges to (0,0) in the strong topology on S.

If a € Rs; and s € R, s — oo, then (1/a®, 1/s) does not converge to (0,0) in the strong topology on
S, whereas (1/a®,1/s) converges to (0,0) in the usual topology on S as a subspace of X.

(4.2) Generalized (fs logarithmic) analytic spaces.

Definitions. (4.2.1) Let C be a category and let A be a full subcategory of C. For an object S of C, let
hi be the contravariant functor

A — Sets, Y+ h5(Y) := Mor(Y, S).
Denote by A D A the full subcategory of C consisting of all objects S satisfying
Mor(S, Z) = Mor(hi, h4)  for any object Z of C.

(4.2.2) For

C := (local ringed spaces over C) D A := (analytic spaces),
we call an object of A a generalized analytic space.
(4.2.3) For

C := (fs logarithmic local ringed spaces over C)

D A := (fs logarithmic analytic spaces),

we call an object of A a generalized fs logarithmic analytic space.

It can be proved that, if we forget logarithmic structures, generalized fs logarithmic analytic spaces
become generalized analytic spaces. Generalized analytic spaces satisfy the conditions (1.5) (i), (ii).
Remark. In the example of (4.1), S, endowed with the strong topology and the pull-back sheaf of rings
O, is a generalized analytic space. S, endowed moreover with the pull-back fs logarithmic structure M
from those on X, is a generalized fs logarithmic analytic space. Here the fs logarithmic structure on X
is the one associated to the divisor {0} x C C X.

5. POLARIZED LOGARITHMIC HODGE STRUCTURES
(5.1) Polarized logarithmic Hodge structures.

Definition. (5.1.1) Let X be a generalized fs logarithmic analytic space. A pre-polarized logarithmic
Hodge structure (pre-PLH for short) on X, of weight w and of Hodge type (hP?)ptq=y 5 a triple
(Hz,{, ), F) consisting of a locally constant sheaf of free Z-modules Hz on X'°8, of a non-degenerate
bilinear form ( , ) : Hq x Hq — Q, symmetric for even w and anti-symmetric for odd w and of a
decreasing filtration F' of the Ol)?g-module (’)l)?g ® Hyz, which satisfy the following three conditions.

(i) Fach F? is the pull-back under T : (Xlog,(’)l)?g) — (X,0x) of a locally free Ox-module of rank
Z7>p hT,wf’r'
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(ii) Each F? is, locally on X'°%, an C’)l;gg-direct summand of O})?g ® Hz.
(iii) (FP,F9) =0ifp+q>w.

Let X be an fs logarithmic analytic space. Let Q% be the sheaf of Kahler differentials on X. The
sheaf of logarithmic differential forms on X is defined by

wx = (Qk & MF)/N,

where N is the O x-submodule generated by {(—da(z), a(r)®x); x € Mx }. The derivationd : Ox — Q%
induces the one d : Ox — wk via the map Qx — wl. The sheaf wéf’log on X'°8 is defined by

1 L -
wéf %=1 (wx) = OxF @104 T W)

The derivation

. mlog 1,log
d: 0" = wy

is induced by d: Ox — wk and by £ =B 7= (M%) dlog 77 HwY), where dlog : z +— (0,1 ® z).
Let now z be an fs logarithmic analytic space whose underlying analytic space is Spec(C) and let
r 1= rankz (MgP/OX). Then z'°¢ = (S!)". Let y € 2'°5. We define
Sp(y) = HomC—alg(Olwo)gglv C)7

sp(z) := {t € Hom(M,,C™"); t|cx =id}, and
sp(y) — sp(z), s~ t:= (M, > ar exp(s(log(a))) € C* C C).

Note that the structure homomorphism « : M, — C of the logarithmic structure of x is an element of
sp(z), which does not belong to the image of the canonical map sp(y) — sp(z) if » > 0. Note also that
sp(z) ~ C", whereas sp(y) (y € 2'°8) form a C ®z m; (2!°8)-torsor over z'°8 (cf. (5.2) below).

For a pre-PLH (Hz, (, ), F) on z, for y € '°8 and for s € sp(y), we have a decreasing filtration

F(s):=(C ®pos FY) where s: Ofg — C,

peZ’

on the C-vector space Hgy := C ®z Hz .

Definition. (5.1.2) Let « be an fs logarithmic analytic space whose underlying analytic space is Spec(C).
A pre-PLH (Hz,(, ), F) on x is called a polarized logarithmic Hodge structure (PLH for short) on x if
it satisfies the following two conditions.

(1) (d®1)(FP) C wl'8 ®poe FP7 for all p.
Here d® 1 means d® 1y, : Oiog ®z Hz — w}c’log ®z Hy.

(i) Fory € z'°¢ and for s € sp(y) whose image in sp(x) is sufficiently near to the structure homomor-
phism a € sp(x), (Hz,y, (, )y, F(s)) is a polarized Hodge structure in the usual sense.

Note that the validity of the condition (5.1.2) (ii) is independent of the choice of y.

Definition. (5.1.3) Let X be a generalized fs logarithmic analytic space. A pre-PLH (Hz,(, ),F) on X
is called a polarized logarithmic Hodge structure (PLH for short) on X if, for any x € X, the inverse
image of (Hz,{, ), F) on x is a PLH. Here we regard x as an fs logarithmic analytic space with ring C
and with the inverse image of the logarithmic structure of X.

(5.2) Polarized logarithmic Hodge structures of type ®.

Let 2 be an fs logarithmic analytic space whose underlying analytic space is Spec(C). Then z'°& ~
(SHr, where r = rank(MgP/OY), as before. Let y € 2'°5. We define an action of C ® 71 (z'°¢) on sp(y)
as follows. Let £ be the sheaf constructed in (1.5). The exact sequence

2me

0—2Z 5 L2877 (Mer) » 1
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on z'°¢ induces an exact sequence of cohomology groups
O, =B M8 — H'(2°8 Z) ~ Hom(m, (z'°®%), Z).

Hence we have
71 (2'°8) ~ Hom(MEP /O, Z) < Hom(L, /0>, Z),

where the last isomorphism is induced by exp. On the other hand, the restriction of s € sp(y) to £,
yields a bijection

sp(y) = (splittings of the group homomorphism ¢ : C*44 = @add _, Ly).

Now we define the action of ¢ € C ®z m (2'°2) LS Hom(L, /0244 Cadd) on s € sp(y) by
(s)le, = (p —id) + slc,.

Note that (p—id) : £, — C244 is the lifting of v/(¢). Then, the sp(y) (y € 2'°8) form a C®z7 (2!°8)-torsor
over z'°¢ ~ (S1)" under this action.
The following proposition gives a connection between a PLH and nilpotent orbits.

Proposition. Forz € X, y € 2'°%, s € sp(y) and ¢ = Yi<j<n i ®7 EC® 71 (21°8), we have

Flps) = exp(— Y zlog(r;)) Fs).

1<j<n

Let
(5.2.1) @ = (w, (F"Y)ptg=w, Ho,{ , )o, I, %)

be a 6-tuple consisting of a weight, a set of Hodge numbers, a free Z-module Hy of rank > h?? a
Q-bilinear form ( , )o on Hpq as in (1.1), a subgroup of Gz and a fan with which the subgroup I is
strongly compatible.

Definition. Let X be a generalized fs logarithmic analytic space. A PLH of type ® on X is a 4-tuple
(Hz,(, ), F, ) consisting of a pre-PLH (Hg,(, ), F) on X of weight w and of Hodge type (h"9), q, and
of a global section p of the sheaf

'\ Isom((Hz, ( , )), (Ho,( )o))

on X'°8 which satisfy condition (i) below. Here Hy with ( , )o is regarded as a constant sheaf on X'°8,
Isom is the sheaf of isomorphisms, and v € I acts on Isom(---) by h +— v o h.

(i) For any x € X and any y € 2'°8 = 77 1(x), if

,[Ly : (HZ,y7< ) >y) = (HO>< ) >O)

denotes a representative of the stalk of p at y, then there exists o € ¥ such that the image of the composite
map

by

=

12

Hom(Mx /0% ., Z<o) = m1(z'°%) = Autz(Hzy, (, )y) =~ Autz(Ho,(, )o)

is contained in I'(o) and that the filtrations fi,(F|0¢(s)) (s € sp(y)) on Hoc form a o-nilpotent orbit
(¢f. Definition in (1.3)).

Remark. Using the above Proposition, we can prove that the conditions (i), (ii) in Definition (5.1.2)
follow from the conditions (ii) (Griffiths transversality), (iii) (positivity) in Definition (1.3), respectively.
Hence if (Hz,(, ), F,u) is a PLH on X of type ® in the above definition, then (Hgz, (, ), F) is actually
a PLH on X in the sense of (5.1.2).



10 KAZUYA KATO, SAMPEI USUI

86. MAIN RESULT

(6.1) Let @ := (w, (h?9)ps g, Ho, (, )o,T, %) be as in (5.2.1) and let o € X.

We endow FE, C E, := toric(I'(¢)) x D with the strong topology, the pull-back sheaf of rings © and
the pull-back fs logarithmic structure M from those on E,. Here the fs logarithmic structure on E, is the
pull-back of the one on toric(I'(c)) associated to the normal crossing divisor toric(I'(o)) — I'(0)8P ® C*.

Via 7, : E, — I'(0)8?\D, — T'\Dys, we endow I'(c)8P\D, with the quotient topology, and I'\ Dy
with the strongest topology for which 7, is continuous for all o € ¥. For any open set U of I'\ Dy, let
U, :=n,;}(U) and define

OU) (resp. M(U)):={map f:U — C; fon, € O(U,) (resp. € M(Uy,)) (Vo € X)}.

Here we regard M (U,) as a subset of O(U,) via a: M(U,) — O(U,) which is injective.

We introduce the quotient topology on E% via the surjection E, — Ef in (3.3.1). Via 7% : Ef —
Dt — 1“\Dti27 we endow D! with the quotient topology, and DﬁE with the strongest topology for which
74 is continuous for all o € .

A subgroup I' of Gz is called neat if the subgroup of C*, generated by all the eigenvalues of all v € T,
is torsion free. It is known that there exist neat subgroups of Gz with finite index.

Proposition. Assume I' is neat. Then, in the above notation, we have
(6.1.1) E, — T'(0)8P\D,, (resp. E% — DE) is a oc-torsor (resp. om-torsor) in the category of topological
spaces.
(6.1.2) The maps I'(0)8P\D, — I'\Dx, and D% — I‘\DﬁE are open.
(6.2) Our main result is

Theorem. Let ¢ := (w, (h"?)piq=w, Ho, (, )o,I,X) be as in (5.2.1). We assume I' is neat. Then we
have

(6.2.1) T'\ Dy, is a generalized fs logarithmic analytic space, which is Hausdorff, but not locally compact in
general. There is a homeomorphism of the topological spaces (I'\Dx)"*® and F\Dﬂz, which is compatible
with the canonical map 7 : (I'\Dx)'°® — I'\Dyx and the map F\DﬁZ — T'\Dyx, induced by DﬁE — Dy in
(3.1).
(6.2.2) Let A := (generalized fs logarithmic analytic spaces) and define the contravariant functor PLHy,
A — Sets by

PLH4(X) := (isomorphism classes of PLH on X of type ®).

Then this functor PLHg is represented by T'\ Dyx.

Remark. In the case where D is a Hermitian symmetric domain, the strong topology on E, C E,
coincides with the usual topology on E, as a subspace of E,, and hence they coincide on M\ Dys. Thus
our space I'\ Dy; becomes an fs logarithmic analytic space whose underlying analytic space is nothing but
a toroidal compactification of Mumford et al. for a ‘big fan’ ¥. Even in this case, our construction has
the advantage that it carries the universal family of PLH.

§7. EXAMPLES

(7.1) Ezample of weight 3.

In the case of Hodge structures of wight 2, Cattani and Kaplan constructed a partial compactification
I'\Dcr (P\D in their notation in [CK]) as a topological space, which is a generalization of the Satake
type. For the example of weight 3 below, their argument is applicable to obtain '\ D¢k . Consider the
case of weight 2, or weight 3 of the type below. Let = be the fan in Example in (1.2) and let T be a
subgroup of Gz with finite index. Then, there is the standard map I'\Dz — I'\ D¢k from our space to
the Cattani-Kaplan, which is continuous.

In the following, we give an example which shows that the strong topology is needed. Let w = 3 and
hP4 =1 (p+q=3,p,q>0), h»9 =0 otherwise. Let ey, ea, f1, f2 be a free Z-basis of Hy and let {, )o
be an anti-symmetric bilinear form on Hy defined by

(e1,e2)0 = (f1, fa)o =1, (ej,ex)o =0 (Vj,VEk).
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Let N be a nilpotent endomorphism of Hy defined by
Nfi=f2, Nfa=Nej=0 (V).
For s € C, we define a family of Hodge filtrations F, € D by
FS?’ = {Sf1 +e; — ieg}c C FS2 = {f1,61 — ieg}c
C Fsl = {f1,e1 —iea,se2 — fo}c C FSO = Hy c,

where {...}c means the C-linear span. Using this family, we can prove
Proposition. (7.1.1) The following are equivalent:

(a) (N, Fs) generates a nilpotent orbit.

(b) (N, Fy) satisfies Griffiths transversality.

(¢) s=0.
(7.1.2) We use the notation in (7.1.1). Fory € R, we see eYNFy € D if and only if 0 < y < |s|~2. (Here
we understand |s|~2 = oo for s = 0).
(7.1.3) Let = be the fan in Example in (1.2). If we endow E, (0 € E) with the usual topology as a subset

of E5 and endow T\ D= with the quotient topology via l,e= Eo — T'\D=, then I'\D= is not Hausdorff
and the standard map I'\D= — I'\Dck is not continuous.

The example in this subsection is a degeneration of the Hodge structures of weight 3 of the mirrors of
quintic hypersurfaces in P* (cf., for example, [M]).

(7.2) Ezample of weight 2.

Let E be the fan in Example in (1.2). In this subsection, we give an example of I'\ Dz which is locally
isomorphic to C x (C? — {0} x C+ {(0,0)}) (cf. Example in (4.1)).

Put

S:=Cx C—{0} x C+{(0,0)},

S :=Rsg x C — {0} x C + {(0,0)}.

We define a topology 7 (resp. T) on S (resp. on S) as follow. On S — {(0,0)} (resp. on S — {(0,0)}),
T (resp. T) coincides with the usual topology, and, at the point (0,0), a fundamental system of neigh-
borhoods is given by

Wie) = U {(v,2); [v] < en, |z <en, 2" < ||}

n>1
(resp. W(e) := U {(r,2); r <en,|2| <en, 2" < 7’})
n>1
Here € = (ep)n>1 runs over all families of positive real numbers. Then, 7 coincides with the strong
topology of S C C? considered in Example in (4.1).
Let w =2, h*0 = h%2 =2, ! =1 and hP? = 0 otherwise. Let e; (1 < j < 5) be a free Z-basis of
Hy and let {, )o be a symmetric bilinear form on Hy defined by
(ejrejlo=1 (1<7<3), (es,e500 = (es,€4)0 =1, (ej,ex)o =0 otherwise.
Then dimcD = 3 and we can prove
Proposition. In the above notation, we have the following.
(i) D= contains all nilpotent orbits.
(ii) Let p € T\Dz — T'\D. Then, there exist an open neighborhood U of p in T\ D= and an open set U
in DY, in the topologies introduced in (6.1), which fit in the following commutative diagram:

ND: > U & CxS
T T R
Dt > U < CxRxS
Here a: p+ (0,0,0), B : (w,a,r,2) — (w,re®, 2). If we endow CxS (resp. Cx R x S) with the product
topology of the usual topology of C (resp. C x R) and T (resp. T), then both — are open immersions.
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