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INTRODUCTION

Let Gr be the R-valued points of a semi-simple Q-group. Let X be the Hermitian
symmetric space of maximal compact subgroups of Ggr, and let I' be an arithmetic
subgroup of Gr. Borel and Serre [BS] constructed a compactification I'\AXpg (I'\X in
their notation) of I'\X. Let D be a classifying space of polarized Hodge structures
(cf. §1). Replacing X by D, we generalize in this paper their construction of Apg in
two directions. The one is a Borel-Serre space Dpg (§2), and the other is a space of
SL(2)-orbits Dgp,c2) (§3).

Now let Gr, Gz be the groups in NoTaTiON below. The construction of the space
Dpg is similar to that of Xgg and is based on the theory of Iwasawa decomposition of
the group Gr, and the quotient I'\ Dpg, by a subgroup I' of the Gz of finite index, is
compact Hausdorff space (§5). On the other hand, the construction of the space Dgr,(2)
is based on the theory of SL(2)-orbits in [CKS] and the theory of Cartan decomposition
of the Lie algebra gr = LieGr. The space Dgy, 2y is Hausdorff (§3) but not always
locally compact (6.9). The quotient I'\ Dgy, (2 is Hausdorff (§5), and has a nice property
for period maps (3.16) which is an advantage of I"\ Dgp,(2) while I'\ Dgg does not have.

Two spaces Dps and Dgy,(2) are not related directly, because the subspaces in the fam-
ily of weight filtrations associated to a point of Dgy, () are generally not linearly ordered
(86). To rescue this situation, we introduce the projective limit Dgg va (resp. Ds,(2),val)
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2 KAZUYA KATO, SAMPEI USUI

of the blowing-ups of Dgg (resp. Dgr,(2)) (2.7, 3.7). Then we have the following diagram
of topological spaces (3.1 (1)).

Ds1,2)val <  DBs,val

\ 4
Dgy(2) Dps — Xgs.

In the classical situation, that is, in the situation where D is a Hermitian symmetric
space and its horizontal tangent bundle coincides with its tangent bundle (see, 6.4),
we have Dgr,2) = Dps = &Bs and Dgr,(2),val = DBsval (6.5). As a corollary, we have
the canonical surjection from the Borel-Serre compactification I'\ Dpg to the Satake
compactification I'\Dg (6.6), which was defined by Zucker [Z] in another method.

In the next paper [KU2|, we will generalize the theory of toroidal compactifications
of I'\X by Mumford et al. replacing X by general D (the summary is in [KU1]). The
results of the present paper will be also used there.

NOTATION

Throughout this paper, we use the following notation.
Let H be a Z-module. For A = Q, R, C, we denote Hy := A ®z H.
We fix a 4-tuple

P = (w, (W*9)p.qez, Ho, (; )o)

where w is an integer, (h?9), ,cz is a set of non-negative integers satisfying
h?4 = 0 for almost all p, q,

hPd =0if p+ q # w,
hP1 = h%P for any p, q,

Hy is a free Z-module of rank > h7? and (, )o is a Q-rational non-degenerate
C-bilinear form Hy ¢ which is symmetric if w is even and anti-symmetric if w is odd.
In the case w is even, say w = 2t, we assume that the signature (a,b) of (, )¢ satisfies

a (vesp. b) = >, A7 *7 where j ranges over all even (resp. odd) integers.

Let
GZ = AUt<H07 < ) >0)?

and for A = Q,R, C, let

GA = AUt(HO,A7 < ) >0);
g4 :=LieGa = {N € Enda(Ho )| {(Nz,y)o + (z, Ny)o = 0 (Vz,Vy € Ho )}
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§1. CLASSIFYING SPACES OF POLARIZED HODGE STRUCTURES

In this section, we recall polarized Hodge structures, the classifying space D of po-
larized Hodge structures, horizontal tangent bundles, polarized variations of Hodge
structure and the associated period maps (cf. [G]). Let ®¢ = (w, (h??), 4ez, Ho, (, )o)
be as in NOTATION.

1.1. A Hodge structure of weight w and of Hodge type (hP?) = (hP9), 4cz is a
pair (Hz, F') consisting of a free Z-module Hz of rank Zp’ o179 and of a decreasing
filtration F' of Hg, which satisfy the following two conditions.

(i) dimcF? =3 k""" for all p.
(i) Ho = @, HP*~?, where HPv~? = F? 0 F" .
Note that dim HP""~P = hP"~P for all p.

1.2. A polarized Hodge structure of weight w and of Hodge type (h?'?) is a triple
(Hz, (, ), F) consisting of a Hodge structure (Hz, F') and a Q-rational non-degenerate
C-bilinear form ( , ) on Hc, symmmetric for even w and anti-symmetric for odd w,
which satisfy the following two conditions.

(i) (FP,F1) =0 forp+q>w.
(ii) The Hermitian form Hy ¢ X Hp,c — C, (z,y) — (Cr(x),7), is positive definite.

Here 7 is the complex conjugation of y with respect to Hy r, and C is the Weil operator
which is defined by Cg(z) := i?»~%z for x € HP*~P. The condition (i) (resp. (ii)) is
called the Riemann-Hodge first (resp. second) bilinear relation.

1.3. Let X be a complex manifold. A polarized variation of Hodge structure on
X of weight w and of Hodge type (h??) is a triple (Hz, ( , ), F') consisting of a local
system Hz on X, of a locally constant Q-rational non-degenerate C-bilinear form (, )
on C ® Hz and of a decreasing filtration F' of Ox ® Hz by subbundles, which satisfy
the following conditons (i), (ii).

(i) (Hza,(, )z, F(x)) is a polarized Hodge structure of weight w and of Hodge
type (hP?) (Vz € X).

(i) Griffiths transversality VF?P C Q% ® FP~! holds (Vp). (V is the Gauss-Manin
connection of Ox ® Hz.)

Definitions 1.4. The classifying space D of polarized Hodge structures of type ® is
the set of all decreasing filtrations F' on Ho ¢ such that the triple (Ho,( , )o,F) is a
polarized Hodge structure of weight w and of Hodge type (h??).

Note that, by the condition on the signatuture of ( , ) in NoTATION, D is non-empty.

Definitions 1.5. The compact dual D of D is the set of all decreasing filtrations F
on Hy ¢ such that the pair (Hy, F') is a Hodge structure of weight w and of Hodge type
(hP-?) and that the triple (Ho,{ , )o, F) satisfies the condition 1.2 (i).

Note that D (resp. D) is homogeneous under Gg (resp. G¢) and that D is an open
subset of D.
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Definition 1.6. Let F' € D and let Tp(F') be the tangent space of D at F. The
horizontal tangent space T (F) of D at F is defined as follows:

Th(F) = F~(gc)/F°(gc) C Tn(F) = gc/F°(g0),
where F"(gc) := {N € gc | N(FP) C FP*" (Vp € Z)}.

1.7. Let ®¢ = (w, (h??), qez, Ho, (, )o) be as in NoTaTION. Let X be a connected
complex manifold and let H = (Hz, (, ), F') be a polarized variation of Hodge structure
on X of weight w and of Hodge type (h?”9) with (Hz 4, (, )z) =~ (Ho,(, )o) for some
(hence any) point z € X. Fix such a point x and identify (Hz 4, (, )z) = (Ho, (, )o)-
Put I' := Im(m1 (X) — Gz). Then we have the associated period map

(1) p: X - T\D.

Recall that Griffiths made a fundamental observation that the differential of the period
map at x € X, associated to a polarized variation of Hodge structure arising from
geometry, factors through T8 (3(z)) (Griffiths transversality, cf. [G]). Here ¢ : U — D
is a local lifting of ¢ on a neighborhood U of z.

§2. BOREL-SERRE SPACES

2.1. Summary. Let X be the set of all maximal compact subgroups of Ggr. Then
Gr acts on X by inner automorphisms transitively. Since the normalizer of Gr at each
K € X is K itself, we have a Gr-equivariant isomorphism

Gr/K S5 X, g~ gKg ',

for each fixed K € X. By using this isomorphism, we introduce a topology on X'. This
topology does not depend on the choice of K. Borel and Serre constructed in [BS] a
space Xpg (X in their notation) which contains X' as an open dense subset. The action
of Gz on X extends to the action on Ag. Aps has the following remarkable properties:

(i) If I is a subgroup of Gz of finite index, then the quotient space I'\Apg is
compact.

(ii) If I is a neat subgroup of Gz, then the projection Xgs — I'\Apg is a local
homeomorphism.

In this section, we enlarge D to get a topological space Dgg, which contains D as
a dense open subspace, in the same way to enlarge X to Ags. We also constructed a
topological space Dgs val, as the projective limit of the blowing-ups of Dgg, which also
contains D as a dense open subspace. These spaces are related by continuous proper
surjective maps in the following way:

Dgs va1 — Dps — ABs.

2.2. Borel-Serre action. Let P be a parabolic subgroup of Gg and P, be its unipo-
tent radical. Let Sp be the maximal R-split torus of the center of P/P,. Let Ap be
the connected component of Sp containing the unity.
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For K € X, let 0 : Gr — Gr be the Cartan involution associated to the maximal
compact subgroup K, i.e., the unique automorphism of Gg characterized by % = id
and K = {g € Gr |0k (g9) = g}. By [BS], for each K € X and a € Sp, there exists a
unique element ax € P satisfying the following (i) and (ii).

(i) (ax modP,) = a.
(i) Ox(ax) = aj .
Then the map Sp — P, a — ag, is a homomorphism of algebraic groups over R. We

call ax (a € S) the Borel-Serre lifting of a at K.
For F € D, we use the following notation:

Kp :={g € Gr | g preserves the Hermitian inner product (Cr( ), )o},

1
(1) Kp:={9€Gr|gF =F} C Kp.

Note that K is a maximal compact subgroup of Gr and the Cartan involution 0. is
given by

(2) Ok, = Int(Cr), where CF is the Weil operator in 1.2 (cf. [Sc, §8]).
Note also that there is the canonical Gr-equivariant continuous map
(3) D— X, F— Kp.
For a € Ap and K € X (resp. F' € D), we define an action o by
(4) ao K :=Int(ax)K (resp.aoF :=ak.F).

We call this as the Borel-Serre action.
Lemma 2.3. Fora € Ap and p € P, we have ary(pyx = Int(p)ag.
Proof. This follows from the fact

(1) elnt(p)K = IIlt(p)@K Int(p)_l

and the definition of the Borel-Serre liftings in 2.2. [
Lemma 2.4. Fora € Ap, p€ P and F € D, we have aopF = p(aoF).
Proof. By 2.3, we have

aopF = ag,.pF = ampyk,pF = (Int(p)ak,. )pF = pax,F =plac F). 0O

By 2.4, we see that the Borel-Serre action is indeed an action of Ap on D. In fact,
for a,b € Ap and F' € D, we have

ao(boF)=ao(bg.F)=bk.(aoF)=bgpax.F = (ba)g,.F = (ab) o F.

It can be verified in a similar way that Ap acts on X via the Borel-Serre action.
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Definition 2.5. The generalized Borel-Serre space Dpg (resp. Borel-Serre space Xpg)
1s defined by

o P is a Q-parabolic subgroup of Ggr,

Dgs (resp- dps) := {(P’ 2) 'Z is an (Apo)-orbit in D (resp. X) [~

2.6. Remark. In the definition of Apg in [BS], the maximal Q-split torus of the

center of P/P, was used. In our case, it coincides with the maximal R-split torus Sp
of the center of P/P,.

Definition 2.7. We define the space Dps val by

T is an R-split torus of Gr,

Z is a (Tsg)-orbit in D,

V C character group X (T),

which satisfy the following (i)—(iii)

DBS,val = (T7 27 V)

(i) Ifx,X' €V thenxx eV.VuV-l=X(T). Vnv-t={1}.
(ii) The parabolic subgroup P := Pry of Gr associated to (T,V') is Q-rational.

(iii) The image of T — P/P, is contained in Sp and, at any F € Z, Ok, (t) =t~}
(VteT).

Here, T is the connected component of T containing the unity, and the definition of
the parabolic subgroup Pry of Gr is as follows. Let Hyr = @xeX(T) H(x) be the
decomposition into eigen spaces H(x) := {v € Homr |tv = x(t)v (Vt € T)}. Define an
increasing filtration Mry = (My)yex(r) of Hor and the associated Pry by

M, = eax’ExV—l H(x"), Pryv:={g9¢€ Gr|g preseves Mry}.

Note that gri‘f & H(x) for all x € X(T).

2.8. We have maps

DBS,val i> DBS i) XBS; where
Qo (T, Z, V) —> (PT,VaAPT,v e} Z),
B : the map induced by 2.2 (3).

2.9. For a Q-parabolic subgroup P of Ggr, we define

Dps(P) :=={(Q,Z) € Des |Q D P},
Aps(P) :={(Q,Z) € Ass |Q D P},
Dgsval(P) :={(T,Z,V) € Dgsal | Pr,v O P}.
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2.10. Description of parabolic subgroups of Gr. There is a bijection:

(parabolic subgroups of Gr)

!

M= (Mo )ee an increasing filtration of Ho r, M; # My, (j # k),
= (Midoss<m | Ay =0, My, = Hom, My = M- (%))

Here m varies, and ( )* respects (, )o. The correspondences are given by

P:={geGrl|gM; =M; (Vj)},
M := {Mj | a subspace of Hy R satisfying gM; = M; (Vg € P)}.

Note that P is Q-palabolic if and only if M; (0 < j < m) are Q-rational.

2.11. Description of Sp. Let P be a parabolic subgroup of Gr, and let M =
(M;)o<j<m be the associated filtration of Hy g in 2.10. The unipotent radical P, of P
is described by

P, ={g € P|g induces the identity on P; M;/M;_1},
and the quotient P/P, is given by
P/Py = {(g5)1<j<m | 95 € GL(M;/M; 1), g; = g;." ;11 (Vi)
where the transposed respects the pairing (M /M;_1) X (My,—j4+1/Mpm—;) — R induced

by (, )o. Sp in 2.2 is described by

Sp = {g € P/P, g is the identity on M, 1y/2/M(m—1)/2 if m is odd

g induces a scalar multiplication on M;/M;_1 (Vj), and}

Put
m/2 if m is even,
(1) r= o
(m—1)/2 if m is odd.
Let a; be the scalar induced by a € Sp on M;/M;_1 (1 < j <r). We fix from now on
the following identification:

(2)  Sp =S GnR), a— (tj)i<j<r, tji=aji1/a; (1 <j <r)wherea,4q = 1.

Under this identification, we have Ap = RL,.

2.12. Identification Dps(P) ~ D x** R%. Let P, M = (M;)o<j<m and r be as in
2.11. Assume P is Q-rational. Then we have the following bijection which reverses the
orders by inclusion:

(1)  (subsets of {1, ... r}) <— (Q-parabolic subgroups of Ggr containing P),
J+—Q
where @ :={g € Gr|gM; = M; (Vj € J)}.
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Hence the set of all Q-rational stable subspaces of Hy g under @ is
Mj (.7 S J)7 Mm—j (] € J)? MO = 0; Mm = HO,R-
In particular, we have

the empty subset @) of {1,...,r} +— GRr,
the subset {1,...,r} of {1,...,r} «— P.

When J <> @ under (1), we define a point

@) eQ = (bj)i<j<r € R5o by by = { (1) 8 ; j;

For example, we have ep = (0,...,0), egg = (1,...,1).
We define and fix from now on the following identification:

(3)  Dgps(P) S D xAr RYy, (@, Z) — (F,eq), for any F' € Z and eq in (2).

Here D x4r RL, := (D x R%()/Ap under the action a(F,b) := (a0 F,a™'b) (a € Ap,
(F,b) € D x RL). The inverse of the map (3) is given by

(4) D x*? RL, = Dps(P), (F, (bj)1<j<r) = (Q,Z), where

Q is the Q-parabolic subgroup of Gr corresponding to the subset
{j11<j<rb;=0}of {1,...,r} under (1), and '
Z = {t ol ‘ t= (tj)lgjgv“ < RQO == Ap,tj == bj lf bj % O}

2.13. A topological space (R%)va1. We define a topological space (R%)var (1 > 0)
as follows. Let » > 0 be an integer, and define a topological space B by

(1) B := lim Bl;(G4(R)"),
Ievw

where ¥ denotes the set of all non-zero ideals I = (f1,...,fn) of Rlty,...,t,] =
O(G,(R)") generated by some monomials fi,..., f,, and Bl;(G,(R)") means the
blowing-up Proj(,.,I°) of G,(R)" along I. Define an order I < J in ¥ by II' = J
for some I' € W. For I < II' = J with I = (f1,...,fn), I' = (91,-..,Gm), define a
morphism

Bl;(G4.(R)") = U1§k§n Spec (R[tl’ o by }c_,lc’ SRR J;_:])
T
Bl;(G.(R)") = Ulgkzgn,lglﬁm Spec (R[tl’ e b %’ T fﬁ%])

by the inclusions of affine rings

R[tl,...,tr,%,...,fc—:}<—>R[t1,...,t Lo o Lagm] (1 <p<n 1 <1< m).
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The projective limit in (1) is taken by this ordering.

Since the centers of the blowing-ups are outside G,,(R)" C G,(R)", we have an open
immersion G,,(R)" < B. Furthermore, there is a unique action of G,,(R)" on B which
is compatible with the standard action of G,,,(R)" on itself. Let (R%)va1 be the closure
of RZ, in B under the composite of open immersions RZ, C G,,(R)" < B. Then the
canonical map (R%,)vai — R%, is proper and surjective because so is B — G,(R)".
Furthermore the group RZ, acts on (R%)val-

Let N := Z>o. There exists a canonical bijection between (RZ )y and the set of
all pairs (V, h) where V is a submonoid of Z" containing N” such that V U (-=V) = Z"
and h: V* — Ryg is a homomorphism of groups. Here V> := V N (=V). In fact, for
a point x of (RL;)va1 C B, the corresponding pair (V, h) is defined by

) { Vi={meZ | []; t;-n(j) is regular at x},

h(m) = (I, ]"7) ().
The action of a = (a;)1<j<r € RY sends (V, h) to (V,ah), where ah is defined by

(ah)(m) := (T1; a7 )h(m) (m e V>).

The inverse map (V,h) — = = (x1)1ew, 1 € Bl;(G4(R)"), is given as follows. Let
I =(f1,...,fn), take 1 < k < n such that the powers of J{—; (1 <1< n) belong to V,
and define a point x; by an R-algebra homomorphism

h(m) (m e V™),

The generality of ( )ya is discussed in [K].
2.14. Identification Dpg val(P) ~ D xAp (Rgo)val. We identify Ap = RY, as before
by 2.11 (2). The bijection
(1) Dgsval(P) = D x*7 (R o)vat, (T, Z, V') = (F,(V,h)),
is given by
F € Z (any element),
(2) V := (the inverse image of V' under Z" = X (Sp) — X(T)),
h:V* — Rso, the trivial homomorphism h(m) :=1 (Vm € V*).
Here the identification Z" = X (Sp) is given by the isomorphism 2.11 (2) and X (Sp) —

X(T) is induced from the composite of the embeddings 7" < Sp,., < Sp.
The inverse map D x4 (REg)val = Disval(P), (F,(V,h)) = (T, Z,V"), is given by

T.— the image of the annihilator of V* in Sp

" \under the Borel-Serre lifting Sp < Gr at Kr )’
Z:={toF|t=(t;) € RLy = Ap, [[;1]"") = h(m) (¥m € V*)},
V' := (the image of V under X (Sp) — X(T')) (so that V' ~ V/V*).



10 KAZUYA KATO, SAMPEI USUI

2.15. Topologies of Dps, Xps and Dgs va- Let P be a Q-parabolic subgroup of Gr.
We fix from now on the following identifications:

Dps(P) ~ D x*7 R, (see 2.12),
Xpg(P) ~ X xAr RY, (analoguously as 2.12),
Dps val(P) =~ D x*7 (RLg)val (see 2.14).

By using these identifications, we introduce a topology on Dgg(P) (resp. Aps(P),
Dgsvai(P)). We introduce the strongest topology on Dpg (resp. Ass, Dps val) for
which the map DBS(P) — Dpgg (resp. XBs(P) — XBS» DBS,val(P) — DBS,val) is con-
tinuous for every Q-parabolic subgroup P of Gr. Then, it can be shown as in [BS] that
all these maps Dpg(P) < Dps, Aps(P) — Aps, and Dps val(P) < Dps val are open
embeddings.

2.16. Relation with Twasawa decomposition. The local structures of the spaces Xggs,
Dgs, Dgs va1 are also described by the theory of Iwasawa decomposition.

In fact, let P be a minimal parabolic subgroup of Gg and K be a maximal compact
subgroup of Gr so that we have the Iwasawa decomposition associated to (P, K)

(1) Gr ~ P, x R{jy x K (homeomorphism),

where r is the dimension of a maximal R-split torus of Gg. This homeomorphism is
defined in the following way. Regard Sp as a maxiamal R-split torus of Gr via the
Borel-Serre lifting at K, and identify Ap C Sp with R{, under 2.11 (2). Then the
homeomorphism (1) is defined by ptk — (p,t, k).

Now let Q be a Q-parabolic subgroup of Gr and let F' € D. Take a a minimal
parabolic subgroup P of Gr contained in @ and let (M;)o<j<m be the filtration of
Hy r corresponding to P in 2.10. Then r is given by 2.11 (1). Let

S0(@) :={(b;) € R, | b; # 0 if M is not stable under Q7},

2
(2) ( Tzo)val(Q) : the inverse image of RTZO(Q) in (Rgo)val.

Then the Iwasawa decomposition (1) associated to (P, Kr) induces

X ~ Pu X R;07 Ad(pt)KF A <p7 t),

3
@) D~P, xRy x Kp/Kp, ptkF < (p,t k).

Since a o Ad(pt)Kr = Ad(pak,.t)Kr and a o ptkF = pag . tkF for a € Ag(C Ap), (3)
induces

Xps(Q) ~ Py x RL((Q),

(4) Dps(Q) ~ P, x RL,(Q) x Kp/Kp,
DBS,val(Q) = Pu X ( go)val(Q) X KF/K}?
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Theorem 2.17. (i) The spaces Xps, Dgs, Dps val are Hausdorff and locally compact.
(ii) The maps o : Dps val — Dps, 5 : Dps — AXpg in 2.8 are proper and surjective.

Proof. (i) for Apg is proved in [BS]. (i) for Dgg, Dps val follows from this together
with the two facts that Aps(Q) (Q: Q-parabolic subgroup of Ggr) form an open covering

of XAgg and that Dpgg (Q) = 5_1(.)(]33(@)), DBS,Val(Q) = (Ba)_l(XBs(Q)) are Hausdorff
and locally compact by the descriptions in 2.16 (4).

(ii) follows from the descriptions of Aps(Q), Dps(Q), Dpsval(@) in 2.16 (4). O

§3. SPACES OF SL(2)-ORBITS

3.1. Summary. Let n be a non-negative integer. We fix an embedding

. . oo f' 0
Gm‘—>SL<2) R (tl,...,tn)l—> (( 0 t1>7...,< 0 tn)>7

throughout this paper. Let p : SL(2,C)™ — G¢ be an injective homomorphism defined
over R. We denote by Y;, N; = N, N j+ the image under the Lie algebra homomor-

phism p, of
-1 0 0 1 0 0
0 1)’ 0 0)’ 1 0

of the j-th factor of sl(2, C)®", respectively.
Put
i=(i,...,i) € h” C P}(C)".
Here b denotes the Siegel upper-half plane. Let (p, @) be a pair of an injective homo-

morphism p : SL(2,C)" — G¢ defined over R and a map ¢ : P}(C)” — D. Such a
pair (p, ) is called an SL(2)™-orbit if it satisfies the following two conditions:

(i) ©(gz) = p(g)e(z) for all g € SL(2,C)" and all z € P}(C)".

(i) (i) € D, and the associated Lie algebra homomorphism p, : sl(2, C)®™ — g¢
is a homomorphism of type (0,0) with respect to the Hodge structures induced
by the points i € h™ and (i) € D, respectively.

In this section, we introduce spaces of SL(2)-orbits Dgr,2y and the projective limit
Ds1,(2),va1 of the blowing-ups of Dgr,2). These spaces, together with the spaces in the
previous section, will form the following diagram:

Dsp2)val < DBS,val

(1) \a }

Dgy(2) Dps — Xgs.
In general, there is no direct relation between Dgr o) and Dgg (see, §6), and we need
to introduce DSL(2),val and DBS,Val'

3.2. Weight filtrations. For a nilpotent element N € gr, the weight filtration associ-
ated to N (= N-filtration) is the increasing filtration W = W(N) of Hy r charcterized
by the following conditions (i), (ii) ([D]).

(i) NWj C Wy for all k € Z;

(ii) N*:gr}V 5 g, for all k € Z>,.
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3.3. Cones. We fix terminology concerning cones. Let V' be an R-vector space. A
cone in V is a subset o of V which is closed under addition and under multiplication
by elements of R> and satisfies 0 N (—o) = 0. A subset o in gr is a nilpotent cone in
gr if it is a finitely generated cone in gr consisiting of mutually commutative nilpotent
elements. Let o be a nilpotent cone in gg. For A = R, C, we denote by o4 the A-linear
span of o in g4.

Definition 3.4. Let o be a nilpotent cone in gr. A subset Z of D is a o-nilpotent
orbit (resp. o-nilpotent i-orbit) if it satisfies the following conditions (i)—(iii) for some
FelZ.

(i) Z = exp(oc)F (resp. Z = exp(ior)F).

(ii) NFP C FP~1 (Vp, VN € o).

(iil) exp(}_1 <<, @i N;)F € D (Vy; > 0). Here o =3 ;.. R>oN;.

Note that, in 3.4, if the conditions (i)—(iii) are satisfied by one F' € Z then they are

satisfied by any F' € Z. The condition (ii) is called the Griffiths transversality and the
condition (iii) is called the positivity.

3.5. Weight filtrations associated to a nilotent orbit. We recall here a result of
Cattani and Kaplan.

Theorem-Definition ([CK2]). Let (0,Z) be a nilpotent i-orbit. Then, for any ele-
ments N, N' of the interior of o, the filtrations W (N) and W (N') of Hor coincide.
This common filtration is denoted by W (o).

Note that, as in [CKS, §4], an SL(2)™-orbit (p, ¢) defines an ordered family of nilpo-

tent i-orbits (0, Z;)1<j<n by

(1) 0j = RZONI +-+ RZONJ’ Zj = exp(iaj,R)go(O, ce ,0, i, ceey Z)
H\'/—/
J
We have W(N; + -+ N;) = W(o;) for each 1 < j < n.
Definition 3.6. We define Dgy,(2),0 := D and, for a positive integer n, we define
(p, ) is an SL(2)™-orbit, }/

D n = )
SL(2), {(p v) ‘W(Uj) is Q-rational (1 < j <mn)

where (p, ) ~ (p',¢") if and only if there exists t € RZ, such that p’ = Int(p(t)) o p
(where o is the composite of maps) and @' = p(t) - . We define

Dsr2) == Upso Dsr@)ns - Dsr@).<r = Up<n<r DsL@)n-

We denote by [p, ¢] the point of Dgr, 2y represented by (p, ).
Definition 3.7. For a non-negative integer n, we define
[pa 90] € DSL(Q),n: Z C p(R;lO)SD(i):

Dsr,2)vain = § ([0, 0], Z,V) |V C character group X(GL),
which satisfy the following (i)—(iii)
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(i) Ifx,X €V thenxx' € V. VuV~l=X(Gn).
(ii) Let X(G},)+ be the submonoid of X (GI,) generated by

(t1,. .. tn) — tﬁ'l (1<j<n), wheretyy =1,
J

and let V* be the group consisting of all invertible elements of V. Then,
(iii) Let
T:={teGuR)"[x(t)=1(Vx € V)}
Then Z is a p(Tsq)-orbit in D. Here we denote by T the connected component
of T' containing the unity.
We define
DSL(Q),val = UnZO DSL(Q),V&I,TL‘

We have the canonical surjection Dsy,(2)val — Dsp(2)-

After preliminaries in Lemmas 3.8-3.11, we will relate Dgy, () va1 With Dpg a1 in 3.12
below.

For ([p,¢], Z, V) € Dsr(2)val,n, let W = (W(j))lgjgn be the family of weight filtra-
tions W) := W (o;) of Hy r associated to [p, ¢] (cf. 3.5), and let Gy r be the subgroup
of Gr consisting of all elements which preserve all the filtrations W), ..., W) Let
V' = p(V/V*), which is regarded as a subset of the character group of p(T"). Let
P,r),v' be the parabolic subgroup in 2.7.

Lemma 3.8. In the above notation, Gwr C Py1y,v:, and Pyr) v is Q-rational.

Proof. Put Wy = @, cy.(x(an) -1 HX') and My = B, e -1 HX) (2.7).
Then, by the condition X(GJ,)+ C V in 3.7 (ii), we have My = 3° /c y/—1 Wy, Let
lj (1 <j < n) be integers defined by x(t1,...,tn) = [l,<;<y, (%)lﬂ (tp41 means 1).
We have W, =, <j<n I/Vl(f ). This implies that the W, are Q-rational and preserved
by Gw,r, and hence that so are the M, . This proves the lemma. [

Lemma 3.9. Let (p,¢) be an SL(2)™-orbit and put r = p(i). Then

O, (p(t) = p(t) ™" (vt € Giu(R)").

Proof. Let Y; (1 < j <n) be as in 3.1. It is enough to show 0k (Y;) = —Y; for all
j. We prove this. Here 0, is regarded as the involution of g¢ induced by the Cartan
involution Ok, of Gr at K, by abuse of the notation. Let

gc=@,007° o7 ={X €gc| XHP"W™P C HET*"WP=* (Vp)}

be the Hodge structure on gc induced by r. Then, by 2.2 (2) and the definition of the
Weil operator C in 1.2, O, is given by

(1) Ok, (X)=> . (-1)°X57* for X =) X>"*ecgc=,9°
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On the other hand, the Hodge decomposition of Hy ¢ = C? = Ce; + Cey corresponding
toi € b is

Hy.c = H;’O & H,?’l = C(ie1 + e2) ® C(—ie; + e2) (cf. 6.2 below),

and this induces the Hodge decomposition
—1

(0 9)=3(0 2)-(0)

Y; € gi7t @ g1 by 3.1 (ii) for all j. Hence, by (1), Ok, (Y;) = =Y, for all j. O

s1(2,C) = s1(2)" 1 @ 51(2)°0 @ s1(2) "1 = C (i L ) ©C <0 _OZ) ®C <_1‘ 1.)

of s((2,C). Since

Lemma 3.10. Let (p, ) and r be as in 3.9. Define

W p:=pop:Gu(R)" = Gr the composite map of p with
1
1

:Gp(R)" = G(R)™, (t1,... ) = (t1-tnta by, oo by itn, ).

Then we have the following (i) and (ii).
(i) For x € X(G}.), x € X(G])+ if and only if xou € N* C Z" = X (G],).

(ii) For 1 < j < n, let WY = W(a;) be as just before 3.8 and let P; be the Q-
parabolic subgroup of Gr preserving W) . Then the j-th factor of p,

tj Hﬁ(l,...,l,t]‘,l,...,l),
coincides with the Borel-Serre lifting at K, of the j-th weight map

()
G, (R) = P;j/Pj,, tj— (t;€ on ngV V-

Proof. (i) follows from the observation that the inverse of p in (1) is given by

(t1,... tn) — (%i,gi,...,igii,tn).

(ii) follows from 3.9 and the observation

ﬁ(l,...,l,tj,l,‘..,l) :p(tj,...,tj,l,...,l) :exp(log(tj)(Yl—F—ij)) 0
——

J
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Lemma 3.11. Let (p,¢), r = p(i) and W be as in 3.9 and just before 3.8. Then, an
SL(2)™-orbit (p, ) is determined by (W, ).

Proof. By 3.10 (ii), p is determined by (W,r), and Y; (1 < j < n) are determined by
p. Let Tp(r) (resp. Ty(i)) be the tangent space of D at r (resp. h at i). Then we have
the commutative diagram

gc  ——— Tp(r)

(1) p*T dﬁ

sl(2,C) —— Ty (i),

where o, (resp. o) is the differential of Gog — D, g + gr, (resp. SL(2,C) — P1(C), g
gi,) at 1. Since —2iq; (8 é) = q; (_01 (1)), we have —2ia,.(N;) = «a,(Yj). Since
the restriction of . on Lie(P;,,) is injective, N; (1 < j < n) are determined. The N ;r
are determined by the Y; and the N;. [

Theorem 3.12. There is an injective map
(1) DSL(2),val — DBS,Vala ([pa ¢]7Z7 V) = (IO(T)7Z7 vl)

Here T is the subtorus of G, (R)™ in 3.7 (iii) and V' := p,(V/V™*), which is regarded
as a subset of the character group of p(T).

Proof. Let ([p, ], Z,V) € Dsr,(2)va1 and let (1", Z, V") be its image under (1).

We check the conditions (i)—(iii) in 2.7 for (77, Z,V'). 2.7 (i) is evident, 2.7 (ii) is
verified by 3.8, and 2.7 (iii) follows from the note in 2.7, 3.9 and 2.3 (1). Hence (1) is
well-defined.

We prove that (1) is injective. It is sufficient to show that [p, ] € Dgy(9) is deter-
mined by (77,Z,V’). Let r € Z and take a representative (p, ) with ¢(i) = r. To
prove that (p,¢) is determined by (77,Z,V’) and r, it is sufficient to show, by 3.11,
that the family of weight filtrations (W (Ny + -+ + Nj))1<j<n associated to (p, ) is
determined by (7", Z,V'). Hence it is sufficient to prove that the family (N;)1<;<n is a
unique family of elements of Lie( Py v ,,) having the following properties (i)—(iv). Here
Pri v, is the unipotent radical of Prv y.

(i) For 1 <j <n, Nj is a non-zero eigen vector for the adjoint action of 7".

(ii) For 1 < j < mn,let x; : T = G,,(R) be a character defined by Ad(t)N; =
X;(t)N; for t € T'. Then the y; are non-trivial and different from each other.

(iii) In the notation (ii) above, Xij_Jil eV1<j<n-1).

(iv) Let aw : gc¢ — Tp(r) be the canonical C-linear map 3.11 (1). For 1 < j < n, let
Lie(x;) : Lie(T") — R be the map induced by x;. Then

—ia,(A) = 32 <<, Lie(x;)(A)a,(N;) for any A € Lie(T").
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We first show that the family (V;)1<;j<y associated to (p, ) satisfies these (i)—(iv).
For t = (t;)1<j<n € T" C G (R)", we have

(2) Ad(t)N; = t;°N;
and hence (i) and (iii) are satisfied. Denote by x,+1 the trivial character of T7’. Suppose
X; = Xk for some j, k with 1 < j < k < n+ 1. Then the character t — t;/t) is
trivial on 7" and hence belongs to V*. Since it also belongs to X(G,,)+ and since
X(Gp)+ NV* = {1}, we have j = k. Thus we have proved (ii). Note that
3) @ (Y}) = —2iay (N;) (1<) <n).
By (2) and (3), we have, for an element A =3, _._ b;Y; of Lie(1"),

—ior(A) = =230 <j<n bjon(Ng) = 221y Lie(xg) (A)ar (V).

Next we prove that a family (IV;)1<,<y, of elements of Lie(Prs v ,,) satisfying (i)—(iv)
is unique. Since the restriction of . on Lie(Prs vy ,) is injective, we have:

> 1<j<n Lie(x;)(A)N; for A € Lie(1") is the unique element of

Lie(Prs v ) whose image under «, coincides with —ic,(A).

(4)

As sets, we have

w>{mhggn:{xexaw

under the action of Ad(7”) on gc, the y-component
of Z1§j§n Lie(x;)(A)N; (A € Lie(T")) is not zero

Since (V')* = 1, (iii) determines the order and hence the family (x;)i1<j<n. For
each 1 < j < n, Lie(x;)(A)N; (A € Lie(T")) is determined as the yj-component of
> 1<j<n Lie(x;)(A)N; (A € Lie(T")) under the action of Ad(T"). Since Lie(x;) # 0, N;
is determined. [J

3.13. Topologies on Dgy,(2y, Dsi,(2)va1- A family (W(j))lgjgn of increasing filtrations
W) of Hy r is called a compatible family if there exists a direct sum decomposition
Hor = @,,cz» H(m) such that W,gj) = ®m€Z”,mj<k H(m) for any j and k. Note
that, for [p, o] € Dgr(2),n, the family of weight filtrations (W (o;))1<j<n associated to
[p, ] in 3.5 is a compatible family.

Let W = (WW@W)i<;<, be a compatible family of Q-rational increasing filtrations
W) of Hoyr. We define the subset Dgr,2) (W) of Dgr(2) by

ds; € Z (1 < j < m) such that
Dstoy(W) = | J {2 €Dspaym|l <51 <+ < sy <nand
0<m<n W(o'j) = W (si) (V)

Here (W (0;))1<j<m is a family of weight filtrations associated to z € Dgr,(2),m-
We define the subset Dg,(2) val(W) of Dgr(2)va1 by the pull-back of Dgr, 2y (W).
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Definition 3.14. We define the topology on Dgy,(2) val as the weakest one in which the
following two families of subsets are open:

(i) The pull-backs on Dgy,(2) va1 0f open subsets of Dps, val-
(ii) The subset Dgr(2)vai(W) for any n and any compatible family of Q-rational
increasing filtrations W = (W) <.
We induce the quotient topology on Dgry,2) of the above one under the projection
Dsp(2),va1 = DsL(2)-
This topology of Dgp,(2) has the following property (see 4.18 below). For an SL(2)"-
orbit (p, ), [p, ¢] € Dgr,(2) is the limit of

o(iy1,...,1yn) € D, as y; >0 and % — oo for 1 <Vj < n (y,,1 denotes 1).
J

Note that the space Dgr,(2),va1 is Hausdorff by 3.12 and 3.14.

Theorem 3.15. (i) The canonical map Dgr,(2)va1 = Dsi(2) 5 proper and surjective.
(ii) The space Dgy,2y is Hausdorff.
The proof of this theorem will be given in §4.
3.16 Remark (Relation with period maps). Let X be a connected complex manifold,
let Y be a reduced divisor with simple normal crossings on X, and let X := X — Y.

Let H = (Hz,(, ),F) be a polarized variation of Hodge structure on X of weight w
and of Hodge type (hP9). Then, as in 1.7, we have the associated period map

(1) p: X —-T\D.

We will show, in the forthcoming paper [KU2], that ¢ extends continuously to ¢gr,(2)
and also to 90%L(2) in the following diagram.

. —\\ 1o PsSL(2
(MIG\P BII(X)) . = I\ Dgy,(2)
@) | |
b
. - ®
@Iexy Bl;(X) =2 F\DbSL(2)'

Here, analogously as in 2.13, ¥ denotes the set of all non-zero Ox-ideals which are
locally of forms I = (fi,..., f.) generated by some monomials f,..., f, in local equa-
tions of the irreducible components of Y, Bl;(X) means the blowing-up of X along I,
and the projective limit is taken with respect to the ordering of the set ¥ for which
J > I means J = II' for some I’ € V. (@IE\P BII(Y))IOg is a topological space defined
by the method of [KN]. DEL@) is a space of Satake(-Baily-Borel)-Cattani-Kaplan type
([Sa], [BB], [CK]) which is defined as a quotient space of Dg ) under the following
equivalence relation ~. For x € Dgr,2),m, ¥ € Dsr(2),ns

m = n, and the associated families of weight

Ty {ﬁltrations coincide, say W, and y € Gw.Rr ..
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Here Gw r is the subgroup of Gr preserving W (see before 3.8) and Gw g, is its
unipotent radical. Since the centers of the blowing-ups are contained in Y, we have

open immersions X < lim, Bl;(X), X — (LiLnquj BlI(Y))log. Note that, when X

is a unit disc and Y is the origin, we have lim,_ , Bl;(X) = X,

§4. PROOF OF THEOREM 3.15

4.1. Summary. This section is devoted to prove Theorem 3.15. To do so, we will
introduce a new topology 7 on the set Dgr,2)(W) in 3.13 in terms of filters on D
associated to points of Dgp,2)(W) by using Cartan decompositons (4.6, 4.8 below).
Denote this new topological space by Dgp,2)(W)T, i.e., the underlying set coincides
with the one of Dgr,2)(W) but whose topology is 7. We will show that the topological
space Dsr,(2),val(W) in 3.14 is homeomorphic to Dgy, (o) (W) 7 X Rz  (R%()val (4.14 below).

From this, we have the homeomorphism Dgr, 2y (W) = Dgr,2)(W)7 (4.15 below) and
the proof of Theorem 3.15 (4.17 below).

4.2. First, we prove two Lemmas 4.3, 4.4 below. Let X; (1 < j < d) be indetermi-
nates. A convergent Lie power series in the X; is a power series with respect to the
bracket product [, | of the X; with coefficients in C which converges if the X are
elements of a finite-dimensional Lie aligebra over C and sufficiently near 0. The order
of a convergent Lie power series f(Xi,...,Xy) is the minimum of the degrees of the
monomials in f(X71,...,X4) whose coefficients are not zero.

Lemma 4.3. Let X, Y be two indeterminates. Then there exist convergent Lie power
serieses f_(X,Y) and f1(X,Y) which satisfy the following two conditions.
() exp(X +Y) = exp(f_(X,Y)) exp(f+ (X, ).

(ii) Each monomial in f_(X,Y) (resp. f+(X,Y)) is of odd (resp. even) degree in
X.

Proof. Let A be the convergent Lie power series of order > 2 defined by
exp(X +Y) =exp(X + A) exp(Y).

Devide A = A_ + A4 so that each monomial in A_ (resp. A ) is of odd (resp. even)
degree in X. Let A’ be the convergent Lie power series of order > 3 defined by

exp(X +Y) =exp(X + A_ + A') exp(Ay) exp(Y).

Then exp(A4)exp(Y) = exp(By ) for some convergent Lie power series By which is the
sum of monomials of even degree in X. Devide A" = A’ + A!_so that each monomial
in A’ (resp. A’,) is of odd (resp. even) degree in X. Continuing this process, we obtain
Lie power series f_(X,Y), f+(X,Y) which can be checked to be convergent Lie power
series. [

Lemma 4.4. Let y € Dsy,2)va,n and let [p,¢] € Dgr2), be the image of y. Let
P = P,y be the Q-parabolic subgroup of Gr associated to y in 3.7 and 2.7. Let
K = K, be the mazimal compact subgroup of Gr associated to the point r := ¢(i), and
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let 0 = Ok be the associated Cartan involution. Let gr = €D, (1) be the decomposition
into the eigen spaces under the action of G, (R)™ through Ad(p( )) (for p, see 3.10(1)).
Let X1, Y) be indeterminates, where the index | runs over all | € Z™ with g(l) # 0.

Then, there exist convergent Lie power series fp and fx in the X; and the Y; which
satisfy the following conditions. Let U be a sufficiently small neighborhood of 0 in gr.
For any x € U, writing x = ), x;, x; € g(l), we have

(i) fe((, (0(z)1) € Lie P, fx ((@1)i, (0(21))) € Lie K, and
(ii) exp(z) = exp (fp ((@1)1, (0(z1))1)) exp (fx (@)1, (O(z1))1))-

Proof. Choose a submonoid V' of the character group Z" of G]), which has the
following property.

V> Zgo, Vu(=v)=2", Vn(=V)=0, Lie(P) = @—lev g(l).
We reform

exp(z) = exp (Zz xl) = €xp (Z—lev xy + Z_zgv xl)
=exp (> _jep @1 — > gy (@) + 3 gy (m+ 0(z1)))
= exp (X _jey @1 — 2 igv 0(zr) + A) exp (Z_zgv(xl +0(x1))),

where A is the convergent Lie power series of order > 2 determined by the above. Then

> ey @ — 2 _gy 0(x) € Lie(P), 304y (2 + 0(x)) € Lie(K).

Reform this A in the same way as above, and repeat the same procedure. We finally
obtain the desired convergent Lie power series fp and fx. [

4.5. The filter on D associated to a point of Dsy,2). We introduce here the filter 7
on D associated to a point x € Dgp,2y. We shall see later that this F, coincides with
the filter on D whose basis is given by {U N D | U is a neighborhood of x in Dgy,2)}
(4.15 below).

Definition 4.6. Let € Dgyp2), and (p,¢) be a representative of x. Put r := p(i).
For

U : a neighborhood of r in K,r,
(1) U’ : a neighborhood of 0 in RY,
U" : a neighborhood of 1 in Ggr,

we denote
(2)  AWUU,U"):={gpt)r' | €U te RL,NU’, g€ U", 054y (9) =9 '},

where p is as in 3.10 (1) and 01y, is the Cartan involution of Gr associated to the maz-
imal compact subgroup Ky, We define F, associated to x as the filter on D whose
basis is given by the A(U,U",U") where U, U" and U" run over all such neighborhoods
as in (1).

Note that, since 0.y, = 051y, = Int(p(t))0, Int(5(¢)) !, we have
(3) AU, U U= {pt)gr' | €U, t e RE,NU', g € Int(5(t)) " (U"), 0,(9) =g}
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Lemma 4.7. A basis of the filter F, is also given by the following family of sets:
(1) BUU,U"):={pt)gr' |7 €U, t e R, NU', g€ U", Int(p(t))*(g) € U"},

where U, U" and U" run over all such neighborhoods as 4.6 (1).

Proof. We prove that, for given U, U’ and U”, there exist sufficiently small V', V'
and V" such as in 4.6 (1), which have the following two properties:

(2) AV, V., V") C BU, U, U").
(3) B(V,V'.V"y c AU, U, U").

We prove (2). By the remark just after Definition 4.6, any element of A(V,V’, V")
can be written as

p(t)gr' such that ' €V, te RNV’ Int(5(t))(g9) € V", 0,.(9) =g~

Since V" is sufficiently small, there exists a € gr near 0 such that

Int(p(1))(9) = exp(a), (Ad(p(t))0; Ad(p(t))~")(a) = —a.

Decompose

(4) a = Zzezn a; € gr = @lezn g(l)

under the action of Ad(p(t)) (t € G, (R)™). Then we have

(5) Int(p(t))(g) = exp(a),

(6) g =nt(5(t) " (exp(a)) = exp (X, 67" ..t a),
(7) Int(5(t)) "' (g) = exp (Zl t_2l1 .tn2l”al).

We want to see g, Int(5(t))**(g) € U”. Int(5(t))(g) € U” is obvious by definition. In
order to see Int(5(t)) "' (g) € U”, we compute as follows.

—(Ad(p(t)0- Ad(p(t)) 1) (a) = — X, (Ad(p()0) (7™ .. .ty ay)
=3, (0 Ad(B) )t Lty ay) = = 3 7 20, (a).

Since 6, transforms g(I) to g(—1), we have a_; = —t; 2" ... t;%"0,.(a)), i.e.,
(8) t72h ey = =6, (ay) (VI € ZM).

Since a is sufficiently near 0, so is each component a_; and hence so is each —6(a_;).
Therefore, by (8) and (7), we have Int(5(t))~t(g) € U”. Now g € U” follows from
Int(5(t))1(g) € U”. In fact, take a basis {e; ;} of gr subordinate to the decomposition
(4) and write a; = Zj a; ey ;. Since

(9) 8t = e (77 2 a )
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and since a; j and t7% ...t %
Thus we have g € U” by (6).

We prove (3). By definition, any element of B(V, V', V") can be written as

na; ; are sufficiently near 0, so is the left-hand-side of (9).

p(t)gr’ such that + €V, te R, NV', g V", Int(p(t)* (g) € V.
Since V"' is sufficiently small, there exists b € gr with
(10) g = exp(b) such that b and Ad(p(t))=!(b) are sufficiently near 0.

Let
b=b"+b" €gr=0r D05, Or = {z€or |0 (x) ==z},

be the Cartan decomposition. Then, by 4.3, we have

g =exp(b) = exp(f—(b~,b%)) exp(f (b~,0)), fa(b™,b7) € g&.

Since
p(t)gr’ = p(t) exp(f—(b=,b7))(exp(f (b7, 07))r),

it is enough to show exp(f4(b=,b"))r’ € U and Int(p(¢))(exp(f—(b,b"))) € U”. Note
that exp(fy(b~,b")) € K,.. Since b is sufficiently near 0, exp(f4(b~,b")) is sufficiently
near 1. Hence

exp(fe (b7, b))’ € U.
Since b = (b= 6,.(b))/2, we have

Ad(p(1))(b) £ 0,(Ad(A(1)) (b))

Ad(p(8)) (b) = .

These are sufficiently near 0 by (10), and hence so is f_( Ad(p(¢))(b™), Ad(p(¢))(bT)).
Thus

Int(p(t)) (exp(f-(b~,b7))) e U”. O

4.8. Topology T on Dsy,2y(W). Asin 3.13, let W = (W(j))lgjgn be a compatible
family of Q-rational increasing filtrations W) of Hor. For x € Dgp,2)(W), let F, be
the filter on D associated to x in 4.6. For an open set U of D, denote

U = {z € Dgp,2)(W) | U € F,}.
We define the topology T on Dgy,2)(W) so that its basis of open sets is given by
{U | U is an open set on D}.

We denote by Dgr,2)(W)7 the topological space whose underlying set coincides with
the one of Dgp,(2)(W) but whose topology is 7. Hence, for x € Dgy,2)(W), the filter
F» on D associated to x coincides with the filter whose basis is given by

{V.n D |V is aneighborhood of = in Dgr,2y(W)7}.
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Propositon 4.9. The identity map Dgy,2)(W) — Dsr,2)(W )T is continuous, i.e., the
topology on Dgy,2)(W) in 3.14 is stronger than or equal to T

Proof. Let y € Dsr,2),val,n(W), 7 its image in Dg,(2)(W). Without loss of generality,
we may assume W) = W(a;) (1 < j < n), the family of weight filtrations of Hy g
associated to . Let U be an open subset of D satisfying U € Fy. It is enough to
prove that, for ¢’ € Dgy, 2 vai(W) sufficiently near y, its image 3’ in Dgy,(2) (W) satisfies
Ue Fy.

Choose a subset M = {mq,...,m;} (m3 < --- < my) of {1,...,n}, and let W' =
(W)} < ;<. Since there are only finitely many choices of M, we may (and do) fix M
and assume that the family of the weight filtrations associated to 7’ coincides with W'.

Let y = (¥, Z,V), and let P, be the parabolic subgroup of Gr associated to y. Fix
a representative (p, @) of 7 such that ¢(i) € Z. Put r = ¢(i). Let py : G (R)! — GRr
be the composite homomorphism G,,(R)! — G,,(R)" — Gg of the injection to the
M-th components and g in 3.10 (1). There is an minimal parabolic subgroup P of Ggr
such that

p(Gn(R)") C P C Py,

For such P, p(G,,(R)™) mod P, is contained in Sp C P/P, and, by 3.9, p(t) € P is
the Borel-Serre lifting of p(¢t) mod P, at K, for any t € G,,,(R)™. We fix P.

Assume y' € Dgpsval(Py), let (p',¢") be a representative of 7', and let ' = ¢'(i).
Write v/ = pkr (p € P, k € K,.). We show

(1) ﬁ/ = Int(p)ﬁMv
(2) p € Gw' R.

In fact, since p’ and pys are two splittings of W/, there exists ¢ € Gy r,, such that
p' = Int(q)par. Since vy € Dggval(Py), we have Gw' r C Pyn. Since P C Py, we
have P,, C P,. Hence ¢ € P,. This shows §/(G,,(R)!) C P and §/ = jp mod P,.
By 3.9, p/ is the Borel-Serre lifting of 5 mod P, at K,.. Since pys is the Borel-Serre
lifting of ppy mod P, = p/ mod P, at K,, and since p € P and K,» = Int(p)K,, we
have p/ = Int(p)pars. Hence Int(gp~!)p’ = ' and hence ¢p~! € Gy r. This shows
p € Gw' R.

Now we fix an open neighborhood U of r in K,r, an open neighborhood U’ of 0
in RZ,, and an open neighborhood U” of 1 in Gr. We prove that if y is sufficiently
near y then the set B(U,U’,U") in 4.7 belongs to Fy. Take a neighborhood Ui of
Gr such that ab € U” for any a,b € U{. Take a neighborhood U} of Gr such that if
a € Uy N Gw r then Int(p'(¢))7(a) € Uy’ for j = 0,—1,—2 and for any t € G,,(R)! in
some neighborhood of 0 in R!. (Such UJ exists since Gy r is generated by Gy Rr .
and elements which commute with all 5(¢) (t € G,,(R)").) If ¢/ is sufficiently near y
then y' € Dps vai(Py) and there are a representative (p', ¢') of 7', po € P, t € G,,,(R)",
and k € K, satisfying the following conditions (3)—(6).

(3) Let ' = ¢'(i). Then r' = pop(t)kr.
(4) kr e U.

(5) tt' € U’ for any t' € G,,(R)! in some neighborhood of 0 in R!.
(Hence G,,(R)! is embedded in the M-component of G, (R)".)
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(6) Int(p(t)) po € UY for j =0,—1, 2.

It is sufficient to prove the following (7).
(7) Let ¥’ € K, t' € G,,,(R)!, ¢ € Gr and assume that k" is sufficiently near 1, ¢/
is sufficiently near 0, and Int(p’(t"))’¢’ for j = 0, —1, —2 are sufficiently near 1. Then
o thg'k'r € B(U U, U").

Write p = pop(t) € P. By (1), we have g/ = Int(p)pas. Hence

p'(t)g'k'r" = p(tt")(Int(5(t")) " po)(p~ " g'p) (p~ 'K p)kr.

We have p~'k'p € K,. Since kr € U and U is open, if k' is suficiently near 1 then
(p~1k'p)kr € U. Next, for j = 0,1, -1,

Int(p(tt"))’ (p~" g'p) = Int(p(t))’ Int(p) " Int (5 (') (g")

and this belongs to U{’ if Int(p'(t'))’(¢) is sufficiently near 1. Finally, for j = 0,1, —1,

It (3(t'))? Int(3(t)) " po = Int(3(¢))7~" It (3(6))" " po

and this belongs to U’ if ¢’ is sufficiently near 0 because Int(5(t))’~'py € UY N Gw' r
by (2) and (6). O

We recall here the definition of ‘regular spaces’ and a property of a map into a regular
space, which will be used in the proofs of 4.12, 4.14 below.

Definition 4.10 ([B, Ch. 1, §8, no. 4, Definition 2]). A topological space is called
regular if it is Hausdorff and satisfies the following axiom: Given any closed subset F'
of X and any point x ¢ F, there is a neighborhood of x and a neighborhood of F which
are disjoint.

Lemma 4.11 ([B, Ch. 1, §8, no. 5, Theorem 1]). Let X be a topological space, A a
dense subset of X, f : A =Y a map of A into a reqular space Y. A necessary and
sufficient condition for f to extend to a continuous map f : X — Y is that, for each
x € X, f(y) tends to a limit in Y when y tends to x while remaining in A. The
continuous extension f of f to X is then unique.

Proposition 4.12. Let W = (W), <<, be a compatible family of Q-rational in-

creasing filtrations W) of Howr. Fiz a homomorphism v : G,,(R)" — Gr which
splits W, and fiz a continuous map B : D — RZ such that

B(v(t)x) =tB(x) forallz € D and allt € RY,,.

Then the map 8 extends uniquely to a continuous map B : Dgr,0)(W)7 — RZ,.

Proof. Let & € Dgr,2)(W), let (p,¢) be a representative of x, and let r := ¢(i). Let
W' = Wi W)y (1 <mg < --- < my <n) be the family of weight filtrations
associated to z, let Gy r be the subgroup of Gr preserving wmy) W) - and
let Gw' r be its unipotent radical. Put M := {m4,...,m;}, and denote by vy, :
G,,(R)! — GR the composite homomorphism of the injection 157 : G, (R)! — G, (R)"
to the M-th components and v. Since both p and vy, split W', there exists a unique

(1) u € Gwrry suchthat p=Int(u)vy.
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Since the target R%, is a regular space, it is sufficient to prove, by 4.11, that, for z,

(py), 7 as above, and for directed families (£x)x, (ga)x, (ra)x such that ¢, € RL,,
gr € Gr, ry € K,r, limy ty, =0, limy g, = 1, limy 7\ = r, there exists a limit

(2) lim B(p(tr)gara) € RE,
Let W’ and u € Gy r be as above, and let uy := vps(tx) "turps(ty). Then

B(p(ta)gars) = Bluvar (ta)u gars) = Blvar (Ea)uru™ gara) = ear(E2)Buru™" gary).-
Since vy splits W’ and u € Gy R u, we have limy uy = 1. Hence limy B(uyu=tgrry) =
B(u~lr). This proves the existence of the limit (2). O

The following property of proper maps will be used in the proof of 4.14 below.

Lemma 4.13 ([B, Ch. 1, §10, no. 1, Proposition 5 d)]). Let f: X — X', g: X' — X"
be two continuous maps. If g o f is proper and X' is Hausdor[f, then f is proper.

Proposition 4.14. Let W = (WU)),;<,, be a compatible family of increasing Q-
rational filtrations W) of Hyr. Fir v : G, (R)" = Gr and 8 : D — RY, as in 4.12,
and let 3 Dgr,2)(W)7 — RZ be the continuous extension of B in 4.12. Then there
exists a unique homeomorphism

Dsr2) (W) 1 xRz, (RE0)val = Dsr2),val(W)

which extends the identity map of D.
Proof. A map

(1) DSL(2)(W)T XREO (Rgo>val — DSL(Z),val(W), (l‘, (V7 h)) = (.1,‘, Z7 V/)a

is defined as follows. First, let V' C X(GJ]},) = Z" be the pull-back of V' under the
isomorphism
Gnm = GZ@, (tj)j — tj+1/tj (tTLJrl means 1)

Let (p, ) be a representative of x, let W’ be the family of weight filtrations associated
to z, and let u be the unique element of Gy’ r ., such that p = Int(u)(v). Put r := ¢(i).
Then, as is easily seen, the element 75(x) := p(8(u"1r))~!r € D is independent of the
choice of the representative (p,¢). The set Z is defined by

Z = {p(t)ra(x) | TL, 7Y = h(m) for all m € V*}.
The inverse map
(2) DSL(2)7va1(W) — DSL(Q) (W)T XRgo (Rgo)vah (QZ‘, Z; V/) = (377 (V7 h))7

is defined as follows. The set V' is produced from V' by inverting the process to get V'
from V. Take a point of Z and express it in the form p(t)rg(z) for some t € R%,. The



BOREL-SERRE SPACES AND SPACES OF SL(2)-ORBITS 25

homomorphism % : V* — R is defined by h(m) := []; t;.nm for m € V*. It is easy
to see, by definition, that (1) and (2) are inverse each other.

To show that the map (1) is homeomorphic, it is enough to prove that (1) is con-
tinuous. In fact, suppose that (1) is continuous, then (1) is proper by 4.13, because
Dgt,(2),val(W) = Dsp,2) (W) is continuous (3.14, 4.9), the left-hand-side of (1) is proper
over Dgr2)(W)7 (2.13), and Dg,(2) va1(W) is Housdorff (2.17, 3.14).

To prove that the map (1) is continuous, since the target Dgp,(2)va1(W) is a regular
space, it is enough to show, by 4.11, the following: For y € Dgy,(2) vai(W), we denote by
x its image in Dgp,2)(W)7, and by z its image in (RZ)var. If a directed family (yx)a
of points in D converges to a point x € Dgr,2)(W)T and if (B(yx))a converges to z in
(RZ)val, then (yx)x converges to y in Dsy, ) val(W). We prove this.

We may assume without loss of generality that W = (W), <<, is the family of
weight filtrations of Hy g associated to x. (Hence, the image of z € (Rgo)val in R, is
0.) Let (p, ), r be as above. By the definition of the topology T, y, is written as

yx = p(ta)gara, where 7\ € K,r, g € Gr, tn € RY,

so that
liinr,\ =, liing,\ = 1i/\mInt(ﬁ(tA))i1(g>\) =1, liintglﬁ(y)\) = liinﬁ(g,\m) = B(r).
It follows from this, together with the assumption limy 3(y») = z, that

liintA = B(r) "'z

Let P, be the parabolic subgroup of Gr associated to y, and let P be a minimal
parabolic subgroup of Ggr such that p(G,,(R)") C P C P,. Then, by 4.4, we have

gx = haky, where hy € P, k) € K,., so that li/{nh)\ = liinlnt(ﬁ(tA))(h,\) = li/r\nk,\ =1.

Hence

yxn = p(txa)hakara = p(ta)hap(ta) " p(Ea)kara = p(ta) op (A(Ex)hap(ta) ™ )kara,

and this converges to y in Dgy,(2) va1(W), as desired (cf. 3.14, 2.13). [

Corollary 4.15. The topology T on Dgy,2)(W) coincides with the one as a subspace
of the topological space Dgy 2y defined in 3.14.

Proof. By 4.14, Dgy,(2)vai(W) — Dsgp2)(W)7 is proper surjective, because so is
(R%()val — RY,. Hence T coincides with the quotient topology of Dgy,(2) vai(W) which
is the topology of Dgr,2y(W) by 3.14. [

The following property of proper maps will be used in the proof of 3.15 (4.17 below).
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Lemma 4.16 ([B, Ch. 1, §10, no. 1, Corollary 2]). Let f : X — Y be a proper map,
where X is Hausdorff. Then the subspace f(X) of Y is Hausdorff.

4.17. Proof of Theorem 3.15. The assertion 3.15 (i) follows directly from 4.14 and
4.15. Applying 4.16 to Dg,(2),val — Dsr,(2), the assertion 3.15 (ii) follows from 3.15 (i)
and Hausdorfiness of Dgy,(2), val-

4.18 Remark. We prove that, for an SL(2)"-orbit (p, @), [p,¢] = lim p(iy1, ..., iyn)

as yj_’il — 00 (V], Yny1 = 1) in Dsgy,(2), which is stated after 3.14. Since
pliyns - ovig) = (/2,0 /225 ) (i)
and , /¥t — 0, the right-hand-side converges to [p, ] in the T-topology and hence in

Y;
the topology of Dgy,(2) (4.15).

§5. ACTIONS OF Gy

5.1. Summary. In this section, we will transport the good properties (i), (ii) in 2.1
of the quotient space I'\Xss to other spaces along the diagram 3.1 (1). To do so, we
will use the notion of ‘proper action’ of a group in [B] (see 5.3 below). The main result
of this section is the following Theorem 5.2.

Theorem 5.2. (i) For any subgroup I' of Gz, all the quotient spaces I'\ Dpg, I'\ DBs val,
I\ Ds,(2),val, I'\Dsr,(2) are Hausdorff.
(ii) If T is a subgroup of Gz of finite index, then I'\Dps, I'\Dps va1 are compact.
(iii) If I is a neat subgroup of Gz, then all the projections Dgs — I'\Dps, DBS val —
I\ DBs val, Dsp(2),val = T\Dsr(2),val; Dsr2) = ['\Dsw(2) are local homeomorphisms.

Before proving this theorem, we recall the notion of ‘proper action” and some related
results in [B] which are needed for our present purpose.

Definition 5.3 ([B, Ch. 3, §4, no. 1, Definition 1]). Let G be a topological group acting
continuously on a topological space X. G is said to act properly on X if the map

GxX—XxX, (9,2) — (z,9x),
1S proper.
Lemma 5.4 (cf. [B, Ch. 3, §4, no. 2, Proposition 3|). If a topological group G acts
properly on a topological space X, then the quotient space G\X is Hausdorff.

Lemma 5.5 (cf. [B, Ch. 3, §4, no. 4, Corollary]). If a discrete group G acts properly and
freely on a Hausdorff space X, then the projection X — G\ X is a local homeomorphism.

Lemma 5.6 (cf. [B, Ch. 3, §2, no. 2, Proposition 5]). Let G be a topological group
acting continuously on a topological spaces X and X'. Let : X — X' be an equivariant
continuous map.

(i) If ¢ is surjective and proper, and if G acts properly on X, then G acts properly
on X'.

(ii) If G acts properly on X' and if X is Hausdorff, then G acts properly on X.

Now we come back to our situation.
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Lemma 5.7. If T is a neat subgroup of Gz, then I' acts on Dgy,(2) freely.

Proof. Let x € Dgr,(2), and let (p,p) be a representative of . Let v € I'. Assume
v(z) = z, that is, v(p,¢) ~ (p,¢). Then Ad(7)Y; =Y, (1 < j < n). Here the Y; are
the semi-simple elements of gr associated to p in 3.1. Put Y := Z1§j§n Y;. Then v

preserves the l-eigen subspace H(l) C Hogr of Y for all [. Put gr, = grkW(") (Ho,c)
and gr := @, gr,. Let F := (i) € D and F(gr) be the filtration of gr induced by
F. Then, by the assumption, the automorphism gr(v) of gr induced by ~ satisfies
gr(v)F(gr) = F(gr). Thus we have the following (i)—(iv).

(i) (W F)isan (Ny +---+ N,)-polarized mixed Hodge structure ([Sc]).
(i) AW™ =W,

(iii) gr(7)F(gr) = F(gr).

(i

v) If a is an eigen value of gr(y) and if @ is a root of 1, then a = 1.

We prove gr(v) = 1. Since F'(gr) is polarized, the isotropy group of F(gr) is compact,
and so gr(y) is contained in the intersection of a discrete subgroup and a compact
subgroup and hence is of finite order. Therefore gr(y) =1 by (iv).

Now v =1 follows from gr(y) = 1 and the commutativity of v and Y. O

5.8. Proof of Theorem 5.2. We prove (i). Gz acts on Xpg properly by [BS]. Since
Dgs, DBs,val, Dsi(2),val are Hausdorff by 2.17 (i) and the note after Definition 3.14,
it follows that G'z acts on these spaces properly by 5.6 (ii). Since Dgr,2),va1 — Dsr(2)
is proper and surjective by 3.15 (i), it follows that Gz acts on Dgy,) properly by
5.6 (i). Hence, for any subgroup I' of Gz, all the quotient spaces I'\ Dgs, I'\ Dps val,
'\ Dgsr,(2),va1, I'\Dsr,(2) are Hausdorff by 5.4.

We prove (ii). Let I' be a subgroup of Gz of finite index. Then I"\ Apg is compact by
[BS]. Since Dpg — As and Dgs val — Dps are proper by 2.17 (ii), I'\ Dps — I'\ Xg
and I'\ Dpg va1 — ['\Dpg are proper. Hence I'\ Dgg and I'\ Dgg yva1 are compact.

We prove (iii). Let T be a neat subgroup of Gz. Since I" acts on Xg freely by [BS],
so does I' on Dgg, on Dgg val, and on Dgy 2y va by 3.12. T' acts on Dgy, (o) freely by
5.7. Moreover, by the above results in the proof of (i) (applied to I' = {1}), all the
spaces Dps, DBs,val, Dsr(2)val, DsL(2) are Hausdorff and acted by I' properly. Hence
all the projections Dps — I'\Ds, DBsval = I'\DBs,val, Dsr(2),val = I'\Dsr(2) val,
Dgr,(2) — I'\ Dg,(2) are local homeomorphisms by 5.5. [

§6. EXAMPLES AND COMMENTS

6.1. Summary. In this section, we will first give a criterion in Proposition 6.3
for the existence of the canonical map Dgy2) — Dps by using the family of weight
filtrations associated to a point of Dgy,(2y. This criterion explains the reason why we
need to introduce the projective limits of blowing-ups Dgs val, Dsr,(2),va1 Of DBs, Dsr(2),
respectively, to relate Dps and Dgr,2). Then we will give the list of ‘classical situation’
in 6.4, and in this situation we will show that Dgy,2) = Dps = Aps and Dgy,(2),val =
Dgs va1 in Theorem 6.5. As a corollary, we have in 6.6 the canonical surjection from
the Borel-Serre space Dgg to the Satake space Dg in the ‘classical situation’. This map
was defined by Zucker [Z] by another method. Proposition 6.7 gives examples which do
not have the canonical map Dgr,2) — Dps. We will give an example in 6.8 which shows
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Dgr,2) S Dgs because the horizontal tangent bundle T% is trivial. Proposition 6.9 gives
examples which have the canonical map Dgr,2) — Dps but this is not isomorphic since
Dgi 2y has a ‘slit’ because the isotropy subgroup K. is not maximal compact.

6.2. The case of the upper-half plane §. Let Hy := Z? = Zey + Zes, let (, )y be the
anti-symmetric bilinear form on Hy ¢ X Hp ¢ characterized by (eg, eq)y = 1, and take
(Hy, (5 )v) as (Ho, (, o). Then

D= Pl(C); F, < z=1(z1:22),
where F? = Hy c, F} = C(z1e1 + 22e3), FZ = 0.

Identify z € C with (z : 1) € P(C). Then D C D is identified with the upper-half
plane h € P1(C). We have

Gr =SL(2,R) D SO(2,R) = K; = K_.
The map

P'(Q) — {P]|a Q-parabolic subgroup of Gr with P # Gr},
z— P,:={g€Gr|gz =z},

is bijective. The Iwasawa decomposition of Ggr associated to (P, K;) is given by

an={(5 1) lremp (0 )

and this gives the identification

= {(} %)

Since the point x +iy € h = D (x € R,y € R+() corresponds to (((1) i:) ,y_l/Q)

a € R>0} X SO(Q,R)

CL‘GR} XRZO'

in this identification, the point of Dpg(Px) corresponding to ((é 916) ,0) should be

written as x + i00, and in this way we have the identification
Dps(P) ={z +iy|z € R,0 <y < oo}

We have
Dgs < Dgs val < Dsp2) val — Dsr(2);
and ico € Dpg(Ps) is identified with the class of the SL(2)-orbit (pp,pp), which we
call the standard SL(2)-orbit, defined by
py = id : SL(2,C) — G,
py(2) =F. (2 € P(C)).
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Proposition 6.3. We use the notation in 2.7, 3.7.

(i) Let © € Dgp2)n and let W = (W) <<, be the associated family of weight
filtrations, where W) = W (a;). Then the following conditions (a), ... , (e) are equiv-
alent.

(a) For any liftings y,y" € Dsy(2)va1 of T, their images in Dgs, via Dgs val, coincide.

(b) For any liftings y,y' € Dsr2)va1 of T, the parabolic subgroups Pry, Pr/ vy,
associated to their images in Dps val, coincide.

(¢) The group Gw r preserving W is parabolic.

(d) The subspaces Wi(j) (1 <j<mn,i€Z) are linearly ordered by inclusion.

e) For e X(GI) with H 0, H(X' 0, either xxX'~ ' or X'x ! is

() X: X m X , H(x : XX X'x
contained in X (GJ)+.

(ii) The equivalent conditions (a), ..., (e) in (i) hold at any point x € Dy 2y if and
only if there exists a continuous map Dgy,2y — Dps which extends the identity map of
D. In this case, this extended map is uniquely given by [p, p] = (GwRr, AGy.r © ©(i)).

The proof is straight forward by 2.7, 3.7, and we omit it.

6.4. Classical situation. Let F € D, and let Tp(F) and TH(F) be the tangent space
and horizontal tangent space of D at F', respectively (1.6).
It can be proved that the following (i) and (ii) are equivalent.

(i) For any F € D, TA(F) =Tp(F) and K} = Kp (see 2.2 (1)).

(ii) One of the following (a), (b) is satisfied:
(a) There is t € Z such that w =2t + 1 and h»*"P =0if p £ ¢, ¢t + 1.

(b) There is t € Z such that w = 2¢, hIT1i=1 = pt=Li+l — 1 ptt > 1 and hP9 =0
otherwise.

Note that the condition (i) is independent of the choice of F' € D and that K, = Kg
in (i) implies D = X. The equivalence of (i) and (ii) follows by computing dimensions
of the subspaces F"(gc) inl.6 and of the Lie algebras of the following (1).

o { Sp(2¢9,R) ifw=2t+1,
| O(a,b;R) if w = 2t,

U it w =2t 41,
1) K, ~ { (9) ifw =20+
O(a,R) x O(b,R) if w = 2t,
K~ { U(hw0) x . x U(ht+11) if w=2t+1,
" Uhw0) x - x URTLEL) x O(RYER)  if w = 2t,

where g := rank Hy/2 if w = 2t + 1, and a (resp. b) := 3_; h'*7*~7 where j ranges over
all even (resp. odd) integers as in NotaTion (cf. [U2]).

We say that we are in the classical situation if these equivalent conditions (i), (ii) are
satisfied. The polarized Hodge structures in (ii) (a) are Tate twists of the first coho-
mology of polarized abelian varieties, and the primitive part of the second cohomology
of a polarized K3 surface belongs to (ii) (b).
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Theorem 6.5. In the classical situation, there exists a homeomorphism Dsgr,(2) 5 Dgg
which extends the identity map of D, and Dgsy 2y val — DBs,val 8 a homeomorphism.

Proof. We have the following (1).

(1) Let [p,¢] € Dsr(2).n, and let W = (W), <;<,, be the associated family of weight
filtrations. Let 1 < j < n. In the case 6.4 (ii) (a), we have

w9 =0, WY = Hyg.
In the case 6.4 (ii) (b), we have one of the following (b1), (b2).

(b1) grzv(j) =0 unless k = —1,0,1, and dimgrzv(j) =2 for k = £1.
(b2) grkW(j) =0 unless k = —2,0,2, and dimgrzv(j) =1 for k = +2.

This follows from the facts that the filtration go(i)(gr};vm) induced on grkW<]) by (i)
is a Hodge structure of weight w + k for each k € Z, and that if we denote the Hodge
type of this Hodge structure by (h}'?), 4cz then AP P =%~ hi’erk_p.

We next prove

(2) Let the notation be as in (1). In the case 6.4 (ii) (a), we have
ocwcw® . cwh =wyV o cw? Wit € Hog.

In the case (ii) 6.4 (b) with n > 2, we have n = 2, W) is of type (bl), W®) is of type
(b2), and

0w =w® cwh cwiV cw® =wi? ¢ Hog,

dim W) = dim WY /W = dim W /w = dim Hy g /W® = 1.

In fact, in the case 6.4 (ii) (a), since Ker(aiNy + --- + a;N;) = Wéj) for any
ai,...,a; > 0 ([CK2]), we have Wéj) D Wéj) for 1 < j/ < j < n, and hence, by
taking ( )1, we obtain Wﬁjl) C Wijl) Since WU") £ W for j' # j, this proves (2) in
the case 6.4 (ii) (a).

We consider the case 6.4 (ii) (b). Assume n > 2. If 1 < j < n and WU) is of type
(b1), (a1 N1+ --+a;N;)? = 0 for any ay, . ..,a; > 0 and hence (a; N1+ -+a;sN;/)? =0
for any j/ < j and any ay,...,a; > 0. Hence WU for j/ < j is also of type (bl), and
we have Wéj) 2 Wéj) for j° < j just as in the case 6.4 (ii) (a). This contradicts the
statement about dimensions in (b1) if j > 2. Hence any W) with j > 2 is of type (b2).
If WO is of type (b2), Ker((a; Ny +---+a;N;)?) = Wlm for any ai,...,a; > 0. Hence,
if j/ < 7 and W) and W@ are of type (b2), we have Wl(j ) 2 Wl(j) which contradicts
the statement about dimensions in (b2). Hence we have n = 2, W) is of type (b1), and
W® is of type (b2). It follows that the codimensions of Ker N; and of Ker(N; 4+ N) in
Hy r coincide which are 2. On the other hand, since Ker(a; Ny +asN2) = Ker(N; +Na)
for any a1,a2 > 0 ([CK2]), Ker N; D Ker(/N; + N2) and hence they coincide. Thus we
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have W{" = Ker Ny = Ker(Ny + Ny) C Ker((Ny + N2)2) = W, and W) > W) by
taking ()*. This proves (2) in the case 6.4 (ii) (b).

By (1) and (2), we have
(3) In the classical situation, Gy g is a parabolic subgroup of Gr.

Hence, by 6.3, we have a continuous map Dsgy,2y — Dgs which extends the identity
map of D. We prove
(4) Dsr,2) — Dgs is injective.

By 3.11, an SL(2)™-orbit (p, ) is characterized by the associated (W,r). Assume

that the points of Dgy 2y determined by (W,r), (W', r") are sent to the same point in
Dgg. Then we have

GW’,R = GW,R; r'=aor (30, € AGW,R)'

It follows W' = W from Gy r = Gwr and (2). We see also, by (2), that the torus
SGyw.r in 2.2 coincides with the torus of the SL(2)"-orbit determined by (W,r). Hence
r’ = a or lies on the torus orbit containing r of this SL(2)"-orbit. Thus, the points in
Dgi 2y determined by (W,r), (W', r’) coincide, as desired. We prove
(5) Dsr(2) — Dgs is surjective.

For this it is sufficient to prove
(6) For any Q-parabolic subgroup P of Gr, there exists a point of Dgy,(2) whose family
W of weight filtrations satisfies Gwr = P.

We deduce (5) from (6). Let (P, Z) € Dgsg, take x = [p, ¢] € Dgr,2) whose family
W of weight filtrations satisfies Gy r = P, and put r = ¢(i). Since K, = K/, we have
D = Pr and hence there is p € P such that pr € Z. The group P = Gw,r acts on
Dgr,(2)(W), and the image of pr € Dgy,2)(W) in Dgs is (P, Z).

We prove (6). Let P be Q-parabolic subgroup of Gr and let M = (M;)o<j<m be
the corresponding Q-rational increasing filtration of Hy g (2.10). Let n = m/2 if m is
even, and n = (m — 1)/2 if m is odd.

We prove first the case 6.4 (ii) (a). Let e(j) := dim M; /M;_; for 1 < j < n, and let
e =) 1<j<n (i) Fix a polarized Hodge structure (Hi,(, )1, F1) of weight 1 whose
Hodge type (h'?), 4ez is given by

hzl)’q =g—c if (p7 Q) = (17 O) or (07 1)7 h1177q = 0 otherwise.
Fix an isomorphism

((HIJ:Q)@e & HLQ’ (< ) >f)>@€ S < ) >1) = (H07Q7 < ’ >0)7
)

where (Hy q,( , )p) is as in 6.2, and take this isomorphism as an identification. Let
(p, ) be the SL(2)™-orbit defined by

p(g1,- -5 9n) = (@1§j§n Py (gj)@e(j)) ®id,
P21, 2n) = (Dir<jcn 90(2) D) (1) & Fi(-1),

where (py, ) is the standard SL(2)-orbit in 6.2, and (—t) means the Tate twist. Then
the family W of weight filtrations of (p, ) satisfies Gy r = P.
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Next we prove (6) in the case 6.4 (ii) (b). Since Gr ~ O(h"*,2;R), if P # GRr then
we have one of the following (c), (d), (e).
(¢) n=1, dim M; = 2.
(d) n=1, dim M; = 1.
() n = 2, dim M; = dim My /M; = 1.
In the case (d), since Gr ~ O(h%',2;R) and dim M; < 2, there is an element

l € M,—1 N Hy,q such that ([,1)p < 0. Fix such [. Take a Q-subspace L of Hj q such
that

My,—1 =M & Lr in the case (c),
M,,_1N (1Y) =M, ® Lg in the case (d),
M,,—o = My ® Lr in the case (e).

Then, in any case, the restriction of { , )g to Lc is non-degenerate. Fix a polarized
Hodge structure (Hy, (, )1, F1) of weight w satisfying the following conditions.

4 in the cases (c), (e),

3 in the case (d),

hy" =0 for (p,q) # (t,1),
(Hi,q,(, )1) = (L, the restriction of (, )o).

rank H; = rank Hy — {

In the case (c), fix also a polarized Hodge structure (Hs, (, )2, F») of weight 2 whose
Hodge type (hh'?), 4z is given by

h5? =1 if (p,q) = (1,0) or (0,1), h57 =0 otherwise.

Then (Hy.q,(, )o) is isomorphic to

(Hh,Q ®Q H2,Q@H1,Q7 <7 >h®<7 >2@<7 >1) in the case (C)a
(Sym3(Hy.@) @ Hiq, (0, Do Sym2((, )g) © (, )1) in the case (d),
(Hf’é ® Hiq, (, >‘€92 ®(, >1) in the case (e).

Here Sym*(( , )y) is defined by

(H1§j§k Ljs H1§j§k Yi) = deek H1§j§k<%’a aYj)n,

and —(,1)o Sym?({ , )y) means —(I,1)o times Sym?({ , )y). We fix this isomorphism
and take it as an identification. Let (p, ¢) be the SL(2)-orbit in the cases (c), (d), and
the SL(2)2-orbit in the case (d), defined respectively by

p(g) == py(9) @id@id, ¢(z) = (pp(2) @ Fo)(1 —1t) ® Fy in the case (c),
p(g) == Sym?*(py(g)) @id, ¢(2) := (Sym*(py(2)))(1 —t) & F1 in the case (d),
{ p(91,92) == py(91) ® py(g2) D 1id,

©(z1,22) := (pp(21) @ pp(21))(1 — t) ® Fi, in the case (e).
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Then the family W of weight filtrations of (p, ) satisfies Gy r = P as desired.
Finally we prove

(7) Dsr,2) — Dps and Dgr,(2),val = DBS,val are homeomorphisms.

From the coincidence of the tori in the proof of (4), we see that, for z € Dgg, the
map from the inverse image of x in Dgy,(2),va1 to the the inverse image of x in Dgg val is
bijective. Hence Dgr(2)val = DBs,val is bijective. By (3), this map is a homeomorphism.
This shows that the bijection Dgy,3) — Dgs is also a homeomorphism. [

6.6. Relation with Satake compactifications. In the classical situation, we have a
compactification T'\ Dg of I'\ D defined by Satake for a subgroup I' of Gz of finite index
([Sa]). The space Dg is the set of all pairs (W, F), where W is a Q-rational increasing
filtration of Hyr and F' = (F(;))jcz is a family of decreasing filtrations F{;) of the

C-vector spaces C Qr gr}’v (j € Z), satisfying the following condition (i).

(i) There exist an integer n > 0 and an element [p, ] of Dgr,(2),, such that the n-th
weight filtration W (N7 + -+ + N,,) of [p, | coincides with W, and such that,
for some F € ¢(C"™) C D, the filtration of C ®gr gr¥induced by F (which is
independent of the choice of F ) coincides with F{;) for any j € Z.

By composing the evident surjection Dgy o) — Dg with the isomorphism Dgy, o) =
Dgs in 6.5, we obtain a canonical surjection Dgs — Dg, which was defined by Zucker
[Z] by another method.

Propositon 6.7. Assume one of the following (i), (ii) is satisfied for some t € Z.
(i) w=2t+1, 1t > 2 pt+2t=1 L,

(i) w = 2¢t, kbt > 3, KT > 2 and there is a Q-vector subspace of Hoq of
dimension 3 on which the restriction of (, )o is zero.

Then there is no continuous map Dgy 2y — Dps which extends the identity map of D.

Proof. First we consider the case (i). Fix a polarized Hodge structure (Hy, (, )1, F1)
of weight w whose Hodge type (h}"?), 4ez is given by

W =hP— 31 if (p,g) = (t+2,¢ — 1) or (¢t~ 1t +2),

0 otherwise.
Fix an isomorphism

(HU,Q ®qQ Sym2Q(Hf)yQ) ® HLQ’ < ) >h ® Sym2(< ) >f)) b < ) >1) = (HO,Q7< ) >0)7

where (Hy q,( , )p) is as in 6.2, and take this as an identification. Let (p, ) be the
SL(2)2-orbit defined by

p(g1,92) == py(g1) ® Sym®(py(g2)) ® id,
o(21, 22) 1=y (21) ® Sym?(p(22)) B Fi.

Then this SL(2)?-orbit does not satisfy the equivalent conditions in 6.3 (i). In fact,
Wél) and Wé2) of (p, ) have no inclusion between them: (e; ® e3,0) belongs to Wél)
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but does not belong to W(EQ), and (ep ® €2,0) belongs to W(gz) but does not belong to
Wb,

Next we consider the case (ii). Let L be a Q-vector subspace of Hy q of dimension 3
on which the restriction of ( , )q is zero. Since htT1Hi=14pt=Li+1 5 3 there is an element
l € Lt C Hy g such that (I,1)o < 0. Let L’ be a Q-subspace of (L + Ql)*+ C Hy q such
that L ® L' = (L + QI)*. Then we have dimq L' = dimq Ho.q — 7, and the restriction
of (, )o to L is non-degenerate. Fix polarized Hodge structures (Hi,( , )1,F1) of
weight w and (Ha, (, )2, F3) of weight 1 having the following properties: The Hodge
types (h)'?)p ez of (Hj,(, );, Fj) for j = 1,2 are given by

2 if (p,q) = (t,1),
hfl’fq:hpvq_ 1 if (p,g) = (t+1,t —1) or (t—1,t+1),
0 otherwise.
B — { L if (p,g) = (1,0) or (0,1),
? 0 otherwise,

and
(H1,q,(, )1) ~ (L, the restriction of (, )o).

Then there is an isomorphism

(Hy.q ®q Ha,q ® Symg(Hy.q) ® Hiq.

< ) >f) ® < s >2 > (_<lvl>0 Sym2(< ’ >h)) D < ) >1)
~ (Ho,q:(, o).

We take this as an identification. Let (p, @) be the SL(2)?-orbit defined by

p(g1,92) == py(g1) ® id @ Sym?(py(g2)) & id,
(21, 22) = (py(21) @ F2)(1 — 1) ® Sym*(py(22))(1 — 1) @ F1.

Then this SL(2)2-orbit does not satisfy the equivalent conditions in 6.3 (i). In fact, WO(I)
and WO(Q) of (p,¢) have no inclusion between them: For any non-zero element x € Ho,
(e2®x,0,0) belongs to Wél) but does not belong to WéQ), and (0, e2,0) belongs to WO(Z)
but does not belong to Wo(l). U

The following 6.8 and 6.9 show that, for a subgroup I' of Gz of finite index, I'\ Dgr,(2)
is not necessarily compact in general, and furthermore not necessarily locally compact
in general.

6.8. Ezample. Consider the case h®? = h?® = 1 and h?? = 0 otherwise. This is
satisfied by the polarized Hodge sructure associated to a modular form of weight 6. In
this case, D is identified with the upper half plane h which is the Griffiths domain of
the case h''0 = h®! =1 and h?9 = 0 otherwise. We have Dgg = hps, but Dsr2) = b,
because of the fact TP = 0 and the condition 3.1 (ii).
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Propositon 6.9. Assume one of the following (i), (ii) is satisfied for some t € Z.
(i) w=2t+1, h*tHt £0, and h>“~% # 0 for some s >t + 1.

(i) w = 2¢t, Kbt > 2, BTN > 1 and there is a Q-vector subspace of Hoq of
dimension 2 on which the restriction of (, )o is zero.

Then Dgy 2y is not locally compact. More precisely, there are an open set U of Dps and
an ope set V' of Dgy,2) such that the inverse image U" of U in Dgs va and the inverse
image V' of V' in Dgr,2) va satisfy

U’ :> U, 174 :> V, V'=Un DSL(Z),valv

and such that there are integers m > 1 > 0 and a commutative diagram

U’ ~ RZO x R™
U U
V'~ (RsoxR™)U(0 xR
U U
UND ~ R>0 x R™.

Note that the subspace (Rso x R™)U (0 x R!) of R>o x R™ is not locally compact.

Proof. Fix a Q-rational R-subspace L of Hy r satisfying the following condition. In
the case (i), dim L = 1. In the case (ii), dim L = 2 and (, )¢ is zero on L. Let P be the
Q-parabolic subgroup {g € Gr |gL = L} of Gr, and let W be the Q-rational filtration
of Hyr defined by

W_o:=0CW_1:=LCW,:= L+ c Wi = HQ’R.
Then we have

Gwr = P, Dgsval(P) N Dsr,2),val = Dsr2)val(W),
Dsgs val(P) = Dgs(P), Dsy2)val(W) = Dspz)(W).
On the other hand, in the case (i), fix a polarized Hodge structure (H1, (, )1, F1) of
weight w whose Hodge type (h}?), 4ez is given by

1 if (p,q) = (t+1,t) or (t,t+1),

hf’q — hpaq S { .
0 otherwise.

In the case (ii), fix polarized Hodge structures (Hj,( , );,F}) (j = 1,2) of weight w
for j = 1 and of weight 1 for j = 2, respectively, having the following properties: The
Hodge types (h?), qez of (Hj, (, ), Fj) for j = 1,2 are given by

h}qu:hp#]_ 1 lf(p,q):(t_f_l,t_l) or (t_l,t+1),
0 otherwise.
B2 — 1 if (p,q) = (1,0) or (0,1),
? 0 otherwise,
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and
(H1q,(, )1) ~ (L', the restriction of (, )o)

for some Q-subspace L’ of Hy q such that L & Lz = L*. Then we have

(Ho.q,(, )o) =~ { (Hy,@ ® Hi,q: (5 )o@ (, 1) in the case (i),

(Hy,q ®q Ha,q ® Hi,, (> )p @ (, )2®(, )1) in the case (ii),

where (Hy.q, (, )p) is as in 6.2. Fix this isomorphism and take it as an identification.
Let (p, ) be the SL(2)-orbit defined by

p(9) = py(9) @1d, @(2) := py(2) @ F1, in the case (i),
p(g) == pp(g) ®id@id, ¢(2) = (py(z) ® F2)(1 —t) & Fy, in the case (ii).

We claim

(1) DSL(Q),Val(W) =DU P[pa 90] in DBS,val(P)-

In fact, let (p/,¢’) be an SL(2)-orbit whose weight filtration is W. Since p|g,, and
¢'|a,, split W, there is an element p € P, such that p'|g,, = Int(p)p|c,,. The Hodge
types ¢(i)(gr}”) and of ¢'(i)(gr}") coincide for each j. (In the case (i) (vesp. (ii)), it
is (t+1,t+1) (resp. (t+1,¢t) + (t,t + 1)) for j = 1, (¢,¢t) (resp. (t,t — 1)+ (t — 1,t))
for j = —1, and (h}"?) for j = 0.) Hence by [U1,Prop. 3.16 (iii)], there is an element
g € Gr which commutes with p'|g,, = Int(p)p|g,, and satisfies ¢'(i) = gpp(i). By
3.11, we have p’ = Int(qp)p, ¢’ = qpp. Since hp € P, this proves (1).

Now take a minimal R-parabolic subgroup P’ of Gr contained in P, and take the
Iwasawa decomposition of Gr associated to (P’, K,) where r := (7). Then there is an
identification

Dgsval(P) = P, x Rso x Ry x K, /K],
where s := dim Sp/. Put Gi r := Aut(Hi R, (, )1). Let Kp, be the maximal compact
subgroup of G r associated to F}, and let K};l ={g € Gir|9F1 = F1}. Regard Kp,
as a subgroup of K, acting trivially on Hy r (resp. on Hy r ®r H3 r) in the case (i)
(resp. (ii)). Then K%, = K'N Kp,. From (1), we obtain
Dsr2)val(P) = DU (P, x Rso x RE x K /Kp, ) in Dgs val(P).

(Note that D = P, x Ry x K, /K..) Hence, for the proof of 6.9, it is sufficient to prove
(2) dim Kp, /Ky < dim K, /K.

In the case (i), we have, by 6.4 (1),

dim K, —dim Kp, =dimU(g) —dimU(g—1) =29 — 1,
dimK{n — dimK};l = dim U(ht—i-l,t) _ dimU(ht+1’t . 1) _ 2ht+1’t _1
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Since g > h!T1t we obtain (2). In the case (ii), we have, by 6.4 (1),

dim K, — dim Kp,

— dim O(a,R) + dim O(b,R) — dim O(a — 2,R) — dim O(b — 2, R)
=2(a+b) — 6,

dim K — dim Kj,

= dimU (A1) + dim O(h"") — dim U (AT — 1) — dim O(h"" — 2)
— 2(ht—|—1,t—1 T ht,t) . 4

Since a + b > htTHt=1 4+ pbt 41 we obtain (2). O
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