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SL(2)-ORBIT THEOREM FOR DEGENERATION
OF MIXED HODGE STRUCTURE

KaAzuyA KATOo, CHIKARA NAKAYAMA, SAMPEI USUI

(April 9, 2007)

ABsTRACT. In [CKS], Cattani, Kaplan and Schmid established the SL(2)-orbit theorem
in several variables for degeneration of polarized Hodge structure. The aim of the present
paper is to generalize it for degeneration of mixed Hodge structure whose graded quotients
by the weight filtration are polarized. As an application, we obtain a mixed Hodge version
of the estimate of the Hodge metric for degeneration of polarized Hodge structure in [Sc],

[CKS], [K1].
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§0. INTRODUCTION

Let A={qe€ C||q <1}, and let f: X — A be a projective morphism of complex
analytic manifolds which is smooth over A* = A\ {0} and which is of semi-stable
degeneration at 0. Let ¢ € A* and X, = f~!(¢q). Then for m > 0, H™(X,,Z) carries
a Hodge structure pure of weight m depending on ¢. Let F'(q) be its Hodge filtration.
It is a basic problem in Hodge theory to describe the asymptotic behavior of such a
variation of F(¢) when ¢ tends to 0.

In general, there are two steps in analyzing this kind of asymptotic behaviors, which
are summed up by the following picture:

degeneration of _ 2 nilpotent orbit _, an SL(2)-orbit
Hodge structure appears appears

In this picture, the first = shows that nilpotent orbits often appear when variations
of polarized Hodge structure degenerate ([Sc], [St], [F's|, [KMN], etc.). This is illustrated
in the above situation as follows. As is shown by Schmid [Sc| and Steenbrink [St], we
have so called limit Hodge filtration F' := lim,_,o exp(—2zN)F(q), where ¢ = exp(2miz)
and N is the logarithm of the monodromy. The pair (N, F') generates a nilpotent orbit
zexp(zN)F (z € C, Im(z) — o0), and F(q) and exp(zN)F are near. (See 0.1 below
for the precise definition of a nilpotent orbit.)

The second = is called SL(2)-orbit theorem of Cattani, Kaplan and Schmid ([Sc],
[CKS]). In 0.1 below, we explain this step in detail. In the above situation, it gives
another Hodge filtration r and a real multiplicative operator t(y) such that exp(iyN)F
and t(y)r are near for y > 0, y — oo. Since t(y) is real, it preserves real structures.

In conclusion, F(q) is approximated by more understandable exp(zN)t(y)r (z =
x + 1y, x, y € R), and this fact has many applications, for example, the estimates of
the Hodge metric for degeneration of polarized Hodge structure in [Sc], [CKS], [K1].

Next we proceed to the mixed situation, that is, the situation where we allow a
horizontal divisor £ C X, and consider the variation of mixed Hodge structure on
H™((X \ E)q,Z). Then we can consider the mixed version of the above picture:

degeneration of _, @ mixed nilpotent orbit _, @ mixed SL(2)-orbit
mixed Hodge structure appears appears

The first = in this picture shows that mixed nilpotent orbits (or IMHM in the
sense of Kashiwara’s [K2]) often appear when variations of mixed Hodge structure with
polarized graded quotients degenerate ([SZ], [K2], [Sa], [P2], etc.). See 12.10 for a review
of this step. (See 0.2 below for the precise definition of a mixed nilpotent orbit.)

The present work fits into this picture as the second =, that is, our aim is to gener-
alize the SL(2)-orbit theorem (in several variables) on degeneration of polarized Hodge
structure to the mixed version for degeneration of mixed Hodge structure whose graded
quotients for the weight filtration are polarized. In 0.2 below, we explain the details.
As an application, we generalize the estimate of the Hodge metric for degeneration of
polarized Hodge structure mentioned above, to a mixed Hodge version.

A work in this direction was also done by G. Pearlstein in [P3] by a different method.

0.1. We review the SL(2)-orbit theorem in [CKS] shortly.
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Let V' be a finite dimensional R-vector space, let w be an integer, and let ( , ) :
V x V — R be a non-degenerate R-bilinear form which is symmetric if w is even and
anti-symmetric if w is odd.

We denote by D the set of all decreasing filtrations F' = (FP),cz on Vo = CQr V
such that (F,(, )) is a polarized R-Hodge structure of weight w. This D is a disjoint
union of classifying spaces of polarized Hodge structures defined by Griffiths [G]| where
Hodge numbers h?*Y~P = dimc (FP/FPT1) are fixed. Let DV be the set of all decreasing
filtrations F on Vg such that the annihilator of FP with respect to (, ) is F¥T17P for
any p. Then DV is a complex analytic manifold and D is an open set of DV.

Let Gr be the algebraic group over R of all automorphisms of the R-vector space
V preserving (, ), and let ggr = Lie(Gr) which we identify with the set of all R-linear
operators N : V' — V satisfying (N (x),y) + (x, N(y)) =0 for all z,y € V.

Consider an (n + 1)-ple (N1,...,N,, F), where N; € gr (1 < j <n)and F € DY,
satisfying the following conditions (i)—(iii).

(i) The operators N; : V' — V are nilpotent for all j, and N; N, = N N; for all j, k.
(ii) If y; > 0 (1 < j < n), then exp(3 7, iy;N;)F € D.

(iii) N;FP C FP~! for all j and p. (Griffiths transversality.)

Then the map

C" — DY (21,...,2p) GXP(Z?:1 zjN;)F

is usually called a nilpotent orbit. To avoid the confusions with the mixed case explained
in 0.2 below, we call it in the present paper a pure nilpotent orbit, and we say that
(N1,...,N,, F) (or (V,w,(, ), N1,...,Np, F)) generates a pure nilpotent orbit.

Pure nilpotent orbits often appear when variations of polarized Hodge structure
degenerate. In the situation at the beginning of this §0, (V,w,(, ), N1,...,Np, F) =
(H™(Xq4,R),m,(, ),N,F) (with n = 1 and with ( , ) induced from a polarization
of X') generates a pure nilpotent orbit. Many N; appear when variations of polarized
Hodge structure on A™ (n > 2) degenerate, as the logarithms of monodromy operators.

Assume that (Ny,...,N,, F) generates a pure nilpotent orbit. Then the theory of
SL(2)-orbit in several variables in [CKS] shows that an SL(2)-orbit in n variables (p, )

p:SL(2,C)" = Gc, ¢:PHC)" — DY

(cf. 2.1) is associated to (IVy, ..., N,, F'). Here p is a homomorphism of algebraic groups,
which is defined over R, and ¢ is a holomorphic map satisfying

o(97) = pla)(=) for any g € SL(2,C)" and = € PH(C)",
©(h™) C D, where b is the upper half plane {z € C | Im(z) > 0}.

Let i=(i,...,7) € h” and r = ¢(i) € D, and for y = (y1,...,yn) (y; > 0), let

- ((F ) (F b)) o
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Then Theorem 4.20 of [CKS] (the SL(2)-orbit theorem in n variables) shows that
there exist ¢ > 0 and ay,, by, € gr (m € N™) such that ag = by = 0, that

n m(J n m(7)/2
ZmEN” am Hj=1 )\j (j)’ ZmGN” bm Hj=1 )\j w/

absolutely converge when 0 < \; < ¢ for 1 < j < n, and such that whenever y;11/y; < c
for 1 < j <n (yn4+1 denotes 1), if we put

9(y) = exp( e am [Tj=, (L)),
“9(y) = exp(3 enen b [Ty (B ™D/2),

then we have ¢g(y) = t(y) 'g(y)t(y) and the following presentation of exp(>_ iy;N;)F:

exp(3T_y iy N F = g(y)(iya, - .. iyn) = g(u)t(y)r = t(y) - “g(y)r.

0.2. Now let V' be a finite dimensional R-vector space endowed with an increasing
filtration W = (Wy,)wez such that W, = V for w > 0 and such that W,, = 0 for
w < 0. Assume that for each w € Z, we are given a non-degenerate R-bilinear form
() ) gtW(V) x gt (V) — R which is symmetric if w is even and anti-symmetric if
w is odd.

For each w € Z, let D,,, D;, Guw R, Gwr be the “D”, “DV” “GRr”, “gr” in 0.1 for
(gt (V),w, (, )w), respectively.

We denote by D (resp. DY) the set of all decreasing filtrations F' = (FP),ez on V¢
such that F(gr!V) € D,, (resp. D,,) for all w. Here F(gr’V) denotes the decreasing
filtration on gr!V (V) induced by F. Then DV is a complex analytic manifold and D is
an open subset of DV. This D is a disjoint union of classifying spaces of mixed Hodge
structures with polarized graded quotients defined in [U] where the Hodge numbers
hP =P = dimg (FP(grlV)/FPH1(gr!V)) of the graded quotients F(gr!V) are fixed. (See
also [SSU]J, [P1] for this classifying space.) Let Gr be the algebraic group over R of all
automorphisms g of V preserving W such that gr!¥(g) € G, r for all w € Z, and let
gr = Lie(Gr) which we identify with the set of all R-linear operators N : V' — V such
that N(W,,) C W,, for all w and such that gr!V (N) € g, r for all w.

Consider an (n + 1)-ple (Ny,...,N,, F), where N; € gr (1 < j <n) and F € DY,
satisfying the following conditions (i)—(iv).

(i) The operators N; : V' — V are nilpotent for all j, and N;N, = N N; for all j, k.

(i) If y; > 0 (1 < j < n), then exp(3_7_, iy; N;)F € D.

(iii) N;FP C FP~! for all j and p. (Griffiths transversality.)

(iv) Let J be any subset of {1,...,n}. Then for y; € Rso (j € J), the relative
monodromy filtration M (>_;. ;y;N;, W) exists. Furthermore, this filtration is inde-
pendent of the choice of y; € Rsq. (The definition of the relative monodromy filtration

is reviewed in 5.1.)

n

Then we call the map (21,...,2,) > exp(3_,_; 2;N;)F a mized nilpotent orbit,
and we say that (Ny...,Np, F) (or (V,W,((, )w)wsN1,-..,Np, F')) generates a mized
nilpotent orbit.
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In the terminology in Kashiwara [K2] 4.3, (V;Wg; F,F; Ny,...,N,), with F the
complex conjugate of F', is an infinitesimal mixed Hodge module (IMHM).

Mixed nilpotent orbits (or IMHM) often appear when variations of mixed Hodge
structure with polarized graded quotients degenerate. In this case, similarly as in the
pure situation, Ni,..., N, are the logarithms of the monodormy operators, and F' is
the limit Hodge filtration. See 12.10 for a review of this appearance.

For such (Ny,...,N,,F), the mixed Hodge version of the associated SL(2)-orbit
(p, ) in 0.1 is, in the formulation of the present paper, the pair

(the collection of SL(2)-orbits (pw, pw) for w € Z, s),

where (py, puw) is the SL(2)-orbit in n variables associated to (grl (Ny),...,gr)V (N,,),
F(gr?V)) for each w € Z, and s is a certain splitting of W, i.e., an isomorphism s :
gt (V) = @,z 8 (V) = V such that (s(z) mod W,_1) = z for any w € Z and
x € grV(V), explained in Theorem 0.5 (1) below.

0.3. Before we state our Main Theorem 0.5 for the situation 0.2, we review shortly
the canonical R-splitting of the weight filtration associated to a mixed Hodge structure
defined in [CKS] (see §1 of the present paper for details). In fact, there are a few ways of
associating an R-splitting to a given mixed Hodge structure. But, in the present paper,
one of them is more important than the others, and we call it the canonical splitting.

Let V be a finite dimensional R-vector space with an increasing filtration W such that
Wy =V for w > 0 and such that W,, = 0 for w < 0. Let F be a decreasing filtration
on Vg such that (W, F) is a mixed R-Hodge structure, that is, F((gr!V) is an R-Hodge
structure of weight w for all w € Z. Then an associated splitting s : gr'V'(V) 5 V of
W, R-linear maps 6(W, F'), (W, F) : V — V, and a C-linear map (W, F) : Vo — V¢
are defined so as to satisfy

6(W F)(Ww) C Ww—27 C(Wa F)(Ww) C Ww—27 5(W F)(Ww,C) C Ww—Q,C (vw)7
exp(e(W, F)) = exp(i6 (W, F)) exp(—C(W, F)).
F = exp(e(W, F))s(F(gr')),
where s(F(gr'V)) is the image under s : gr'V (Vo) = Vi of the filtration F(gr') on
gr'V (Vi) induced by F. This s(F(gr'V)) is denoted by Fp in [CKS] (3.31). We denote

it by F in the present paper, and call it the canonical R-split mixed Hodge structure
associated to (W, F'). We have

e(gW,gF) = ge(W,F)g~! for g€ Autr(V).

See §1 for the precise definitions of 6(W, F), (W, F'), (W, F) and s.

0.4. To state Theorem 0.5, we introduce some notation. Let (Ny,..., Ny, F') gener-
ate a mixed nilpotent orbit as in 0.2.

For each w € Z, let (pu, pw) be the SL(2)-orbit in n variables associated to
(gre (N1), ... gry (Na), Fgryy ). Let

exp(327_y 1 gty (N;)F(gry) = guw()ew(iy1s - - - i) = guw(y)tw(y)Tw
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be a presentation of exp(zg;l iy grey (N;))F(grll) (yj/yj+1 > 0) introduced in 0.1.
In fact, g(y) in 0.1 is not unique, and so g,,(y) for each w is not unique here. However
Theorem 0.5 holds for any g,,(yy) which appears in the result on (gr'? (Ny),. .., gr'V (NV,),
F(gr!V)) introduced in 0.1.

Our main result is the following theorem.

Theorem 0.5. Assume that (V,W,({, Yw)w,N1,...,Nn, F') generates a mized nilpo-
tent orbit as in 0.2. For y = (yj)i<j<n with y; > 0 (1 < j < n), let s(y) :
gt (V) 5 V be the canonical splitting of W associated to the mized R-Hodge structure
(W, exp(3_7— iy; N;)F).

(1) If y; >0 (1 < j <n)and y;/yj41 tends to oo for 1 < j < n (yp41 denotes 1),
then s(y) converges to a splitting s of W.

(2) More precisely, there exist ¢ > 0 and u,, € Ker(gr — [[, gw.r) (m € N")
satisfying the following conditions (i)—(iv).

(ZZ) umM(N1 ++N],W)k C M(N1++NJ,W)k+m(j)
foranym e N", 1 <j<nandkecZ.

(iii) Y menn Um H?Zl AT(j) absolutely converges when 0 < \;j < c¢ for1 <j <n.

(iv) Whenever yj41/y; < ¢ for 1 < j <n (y,4+1 means 1), we have

s(y) = u(y)s with u(y) = exp(3,,enn tm [[j=y (1)),

Yi
(3) Define

9(y),“9(y) € Gr  (y;/yj+1>0), t(y) € Aut(V,W) (y; >0), reD

9(y) = u(m)s(Dy 90 )57, 1) = (@ v tuly))s ™,
‘gy) = t(y) lgW)t(y), T=s5(ByezTw)

Then the R-split mized Hodge structures associated to (W, exp(Z?zl iy; IN;)F) and to
(W, t(y) " g(y) "t exp(327_, iy; N;)F) for yj/yje1 >0 are

g)t(y)r =t(y) - g(y)r and r, respectively.

Furthermore, there exist ¢ > 0 and b,, € gr (m € N") such that by = 0, that
> menn Om H?:1 )\T(])/2 absolutely converges when 0 < \; < c for 1 < j <mn, and that
whenever yj1/y; < ¢ for 1 < j <n, we have

“9(y) = exp(X,nenn b [Ty (E)m0)/2),
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(4) For y;/y;j+1 >0, let
e(y) = e(W,t(y) " g(y) ™" exp(X), iy; Nj) F),
so that
exp(X_T_, iy Nj)F = g(y)t(y) exp(e(y))r = t(y) - “g(y) exp(e(y))r.

Then there exist ¢ > 0 and €, € gc = C Qr gr (M € N") such that when 0 < \; < ¢

for 1 <j<mn, > -nnEm H?:l A?UVZ absolutely converges, and such that whenever

Yi+1/y; < c for 1 < j <mn, we have

e(y) = Xmenn em [ [y ()02,
(Here €¢ need not be 0.)

As an application of Theorem 0.5, we will generalize the norm estimates in [Sc],
[CKS], [K1], which are the results on the asymptotic behavior of the Hodge metric in
degeneration of polarized Hodge structure, to degeneration of mixed Hodge structure
with polarized graded quotients (Theorem 12.4).

0.6. The key of our proof of Theorem 0.5 is the idea that any mixed nilpotent orbit
in 0.2 can be regarded as a quotient of (and also a part of) a pure nilpotent orbit in
0.1 whose number of the operators N; is increased by one. By this, we can reduce our
theorem for the mixed nilpotent orbit to the theorem in [CKS] for the pure nilpotent
orbit.

It may sound rather strange that a mixed object is a quotient or a part of a pure
object. But, in algebraic geometry, a mixed object is often found to be embedded into
a pure object, for example, in the following way. Let f: X — A, m, F(q), and (N, F)
be as at the beginning of this §0. Let V' = H™(X,,R) as in 0.1. As explained there,
with the intersection form ( , ) coming from a polarization of X, (V,m,( , ), N, F)
generates a pure nilpotent orbit of weight m. On the other hand, let X, = f~1(0).
Then V! = H™(Xy,R) carries a mixed Hodge structure, and there is a homomorphism
V= V.

Now the image of V' — V coincides with Ker(N : V' — V') by the local invariant
cycle theorem. If the homomorphism V’ — V' is injective (this happens for example in
the case m = 1), the Hodge filtration of V' coincides with the restriction of F' on V', the
weight filtration of V' coincides with the restriction of (the —m shift of) the monodromy
filtration on V' defined by N, and so we have a situation that a mixed Hodge structure
is a part of a pure nilpotent orbit as in 0.1 with one N.

In fact, we can show that a mixed Hodge structure is always a part of a pure nilpotent
orbit as in 0.1 with one N. See 3.5.

(Pure objects live inside mixed objects as subquotients, but thus conversely a mixed
object lives inside a pure object. The authors like to compare this fact with a phrase in
a poem “Nostalgia” by a Japanese poet Tatsuji Miyoshi, which says that the Chinese
character representing “sea” contains as its part the Chinese character representing
“mother” and conversely the French word mere contains the French word mer.)
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0.7. In [P3] Theorem 4.2, Pearlstein proved the SL(2)-orbit theorem for degenera-
tion of mixed Hodge structure in the case n = 1 assuming either one of the following
conditions (I), (II) is satisfied.

(I) There is k € Z such that gr’¥ (V) =0 if w # k, k — 1.

(IT) There is k € Z such that the Hodge numbers h?'? of F' are zero unless p + q =
2k — 17 or (p7Q) = (kv k): (k - lak - 1)

His SL(2)-orbit theorem has slightly different form from ours. Also our method differs
from his. In §11, we reprove a part of his SL(2)-orbit theorem by using our Theorem
0.5. In [P3] Theorem 4.7, in these cases, he studied also the asymptotic behavior of the
Hodge metric in the degeneration of mixed Hodge structure by a method different from
ours.

0.8. In our forthcoming paper, we will use the results of the present paper for the
construction of the moduli space of mixed log Hodge structures whose graded quotients
for the weight filtration are polarized. There we add points at infinity to the space D
in 0.2 corresponding to degenerations. The role played by our results there is the same
as the role played by the results of [CKS] in the construction in [KU2] of the moduli of
polarized pure log Hodge structures.

0.9. We give here one example to show how the convergence of the canonical splitting
in Theorem 0.5 (1) is delicate and how the condition (iv) in 0.2 is important.

Let V be a 3 dimensional R-vector space with basis (e, e2,e3), let W be the in-
creasing filtration on V defined by Wy =V, W_; = Re; + Rey and W_5 = 0. Hence
grV = 0 unless w = 0, —1. Define (, ), by (e3,e3)o =1, {ea,e1)_1 = 1. Take a,b € R,
and let N be the element defined by N(e3) = aey + bea, N(e2) = e1, N(e1) = 0. Define
F~1 = Vg, FY = Cey + Ces, F' = 0. Then (N, F) always satisfies the conditions
(1)—(iii) in 0.2, but satisfies (iv) if and only if b = 0.

On the other hand, we have

exp(in)FO = C(ey + iyey) + C(es + iyaey + iybes — %bel)
2
= C(ey + iyer) + C(es — aesy + b%el).

Note that e3 — aes + %61 is real. By this (see §1), the canonical splitting s(y) of W
associated to the mixed Hodge structure (W, exp(iyN)F') for y > 0 is given by

s(y)(es mod W_1) = e3 — aes + %el.

Therefore s(y) converges if and only if b = 0.
See §13 for various examples of s(y), u(y), e(y) in Theorem 0.5.

0.10. The plan of the present paper is as follows.

After preliminary sections §1-83, we prove Theorem 0.5 in §4 assuming two propo-
sitions 4.1 and 4.2. Proposition 4.1 shows that an object (Ni,..., N,, F) in 0.2 which
generates a mixed nilpotent orbit is regarded as a quotient of an object (N{,..., N/, F’)
in 0.1 which generates a pure nilpotent orbit. Proposition 4.2 is a result complementary
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to the SL(2)-orbit theorem of Cattani-Kaplan-Schmid. In §4, using Proposition 4.1, we
deduce Theorem 0.5 for (N, ..., Ny, F') from the SL(2)-orbit theorem and Proposition
4.2 for (N{,..., N}, F’), by passing to the quotient. We prove Proposition 4.1 in §5-§7,
and we prove Proposition 4.2 in §8 and §9. For the proof of Proposition 4.2, we use
the relation (8.4) of the SL(2)-orbit theorem in [CKS] and the theory of Borel-Serre
in [BS], which is obtained in [KU1]. In §10, we give complementary results to Theo-
rem 0.5, such as more detail information about ¢, 0, ¢ (10.4, 10.6, 10.7), real analytic
dependence of constructions in 0.5 on parameters (10.8), etc. In §11, we explain the
relationship between the present work and the work [P3] of Pearlstein. In §12, we
generalize norm estimates in [Sc], [CKS] and [K1] for degeneration of polarized Hodge
structure to degeneration of mixed Hodge structure. In §13, we give examples.

Some parts of this work were done when the authors were visitors of the Johns
Hopkins University in the activity of JAMI. We are grateful for the hospitality. We are
also thankful to Masaki Kashiwara and Steven Zucker for helpful discussions, and to
the referee for valuable comments.

§1. REVIEW OF CANONICAL SPLITTING OF WEIGHT
FILTRATION OF MIXED HODGE STRUCTURE

In the present paper, by a mixed Hodge structure, we mean an R-mixed Hodge
structure (we do not consider Z-structure nor Q-structure), except in the beginning of
the introduction and in the last paragraph of 13.2.

In this section, we review the canonical splitting of the weight filtration of a mixed
Hodge structure constructed in [CKS].

1.1. R-split mized Hodge structure. Let V be a finite dimensional R-vector space.
Let (W, F) be a mixed Hodge structure on V. A splitting of (W, F') is a bigrading
Vo :=CorV = JP? such that Wi, ¢ = ®p+q§k JP4 and FP = @sz’qez Ja,

We say (W, F) is R-split if it admits a splitting (JP9) satisfying JP-¢ = J%P (called
an R-splitting). Note that an R-splitting is unique if it exists and is given by JP? =
FPONFIN W,y c. If (W, F)is R-split with the R-splitting (JP9), each JP4 is called
the (p, q)-Hodge component of (W, F).

For a fixed increasing filtration W of V', an R-split mixed Hodge structure (W, F') is
equivalent to a pair ((F(gr?¥))w,s) of a family of Hodge structures F(gr!?) on gr!V of
weight w for all w and a splitting s : gtV (V') = V of W. In fact, given (W, F'), we have
the induced Hodge structures F(gr’) on gr’V for all w, and R-linear isomorphisms
grV 5 D, =0 FP N FiNWp,,) for all w which give a splitting s of W. Conversely,
given ((F(gr¥))w, s), we have F = s(,, F(grlV)).

For any mixed Hodge structure (W, F'), there is a unique splitting (I7'?) satisfying
174 = I7P mod (D, <ps<q I™?) for any p,q € Z ([CKS] (2.13)), which we call Deligne’s
splitting. This is defined explicitly by

179 = (FP N Wyigc) N(FINWyigc + >0 Fi =N Wyig-a—jc)-

Clearly, (W, F) is R-split if and only if its Deligne’s splitting satisfies 174 = %P,
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1.2. Canonical splitting of W associated to F. Let (W, F') be a mixed Hodge struc-
ture on V. Then an R-split mixed Hodge structure (W, F') on V is associated to (W, F).
We call the splitting s : gr'V' (V) S V of W by F the canonical splitting of W associated
to F. This F' is Fy in [CKS] (3.31). It is defined by F' = exp(—¢)F, where ¢ = ¢(W, F)
is the unique nilpotent linear map Vo — Vi such that exp(e) = exp(id) exp(—(), and
0 =0(W,F) and ¢ = ((W, F) are R-linear maps V — V defined in 1.3 and 1.4 below,
respectively. By the Campbell-Hausdorff formula exp(z)exp(y) = exp(H(x,y)) with
Hausdorff series H(z,y) = x +y+ 5[z, y]+- - -, € is written explicitly as ¢ = H (i, —().
On the other hand, § and { are recovered from e as

(1) 6= (20)"'H(e,—8), (= —H(—id,e),

where ¢ is the complex conjugate of ¢.

1.3. 0. There is a unique (F ,0) with F being a decreasing filtration on Ve and 8
being an R-linear map V — V such that (W, F) is an R-split mixed Hodge structure,
F = exp(id)F, and for each p, ¢, the homomorphism 6 : Vo — Ve sends the (p, ¢)-Hodge
component JP4 of F into the sum of (p', ¢ )-Hodge components with p’ < p, ¢ < q.
See [CKS] (2.20).

In terms of Deligne’s splitting (/79), the R-linear map ¢ is characterized by the
following two properties.

(i) For any (p,q), ¢ sends I”*? into the sum of 179 with p/ < p, ¢ < q.
(ii) For any (p, q), exp(—2i8)IP9 = TP,

1.4. (. ¢ is determined by § as follows. Let (IP9) be the R-splitting of F', and let

8.4 be the (p, ¢)-Hodge component of § with respect to (179), that is, § = > pacz Opas

0pq(I™%) C I"tP5+4 for any r, s. Then, ¢ is defined as the universal Lie polynomial in
the 6, 4 with coeflicients in Q(7) in [CKS] (6.60).

For example (see also Appendix), some Hodge components of  are

C1-1=0, C12=—%0_1_2, (o -3=—36 9 53— 5[6-1,-1,6-12]

We review here the definition of this universal Lie polynomial.

Let bl , (p,q;l € Z, p,q,1 > 0) be the integers determined by (1 — z)P(1 4 )¢ =
> bévq:vl, so that bixq =0 unless p+q > I.

Define non-commutative polynomials Py, = Pi(Xs,..., Xk4+1) over Q by Py = 1,
Po=—4+30 P jXjo (k>1). (SoPi=-X5, Py=3X3—1X3 Py=—1X3+
%XSXQ + %XQXP, — %X4, etc.)

Let A be the ring of non-commutative polynomials in variables §_, _, (p > 1,9 > 1)
over Q(i). For p,q > 1, let S_, _, be the part of A consisting of linear combinations
over Q(i) of products of the form 6, —¢, -+ 0_p,,—q, Withp =3, pj, ¢ =>_;¢g;. Then
A is the direct sum of the S_, _, and Q(7) as a Q(7)-module.

In [CKS] (6.60), it is proved that there exist a unique family of elements (_, _, and
N—p,—q of S_p _q (p,q > 1) satisfying the following conditions (i) and (ii).
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(i) Let A be the formal completion im, A/I*, where I* denotes the sum of S_, _,
such that pA+ q>k Let ¢ =3 Cp—g:M=2,,Mp—q€ A. Then we have an
identity in A

exp(—() exp(id) = Zkzo Pe(Ca, ..., Crya),

where Cj41 =14 ) bé)__ll,q_m_p,_q.
P,q21
(ii) By the unique ring homomorphism A — A which sends ¢ to —i and 6_, _, to
0—q,—ps C—p,—q is sent to (_4 —p, and n_, _, is sent to n_q _p.

This is the definition of (.

For example, the identity in (i) shows —(_1,_1 +id_1,_1 = —in_1,_1. By this and by
(ii), we have —C_1,_1—2d_1 _1 = in_1,—1. From these two equalities, we have (_; _; =0
and n-1,-1= —5,1’,1.

For the fact that the (_, _, are Lie polynomials and for some further computations
of the (_, _4, see Appendix.

Example 1.5. Let (W, F) be a mixed Hodge structure, and assume that there is
k € Z such that W), = V and Wj_o = 0. Then 6 = ¢ = 0 since d_,, _,; = 0 unless
p > 0,q > 0. Hence F=FandF is R-split.

Assume further that & = 0 and gr}” is of one dimensional. We fix an isomorphism
gry’ = R. Then the associated R-splitting is described as follows. There is a unique
element v € FONV which lifts 1 € R = gr}’, and the R-splitting of W is characterized
by the property that this v is pure of weight 0. The element v is obtained as follows.
Take a lifting e € V of 1 € R. Since F(gr}") is of type (0,0), there is a € W_; ¢ such
that FY is generated by F° N W_; ¢ and e + a. Since the restriction of F' to W_; ¢ is
pure of weight —1, we have W_; c = W_1 & (F N W_1 c) as R-vector spaces. Hence
we can write a = b+c with b € W_; and ¢ € F° NW_1,c. Then v = e+ b is the desired
element. The uniqueness reduces to that of b.

The following lemmas will be used later.

Lemma 1.6. Let f:(V,W,F) — (V' W', F’) be a homomorphism of mized Hodge
structures.

(1) The canonical splittings s:gr'’V =V and s':gr™W' = V' commute with f, that is,
fos=s ogr(f).

(2) fo Op,q = 51/7,(1 of, folpq= 1/77q of, foepq= 5;7,(1 o f for any p, q, where o, 4,
Cp.a» Ep,q are the (p,q)-parts of §, ¢, e for (W, F), respectively, and 9, ,, C, ,» €p.q 0OT€
those for (W', F").

Proof. We may assume that f is surjective or injective. We prove the lemma assuming
that f is surjective. The proof for an injective f is similar and omitted.
First, by the explicit construction of Deligne’s splitting in 1.1, we have

(3) f([(p‘;&F)) = I&%F’) for any p, q.
Next we show

(4) fos=5of,
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where 0’ = 6(W’, F'). For this, it is sufficient to prove exp(—2id’) o f = f o exp(—2i0)
because § and §’ are nilpotent. Let z € I"? - and let y = exp(—2id)x. Then the char-

(W,F) -
acterization of ¢ by (i) and (ii) in 1.3 shows that y is the unique element of I3y ..y such
that = y mod Wy44-1,c. Since f(r) = f(y) mod W), | o and f(x) € Iﬁ;g,»F,),

fly) € I(q{/g,yF,) by (3), the characterization of ¢’ by (i) and (ii) in 1.3 shows that
exp(—2id") f(z) = f(y). Hence exp(—2id") o f = f o exp(—2i0).

Now, (3) and (4) imply

(5) f © 610,(1 = 5;;,(1 © f fOI’ any p, .

Since ( is defined by the universal Lie polynomial of the 6, ,, (5) implies

(6) folpq=Cq0fand foeg,,=c¢,,0f foranyp,q.
This proves (2).

Hence f(F) = E’, which proves (1). O

The following 1.7 is proved for § in [CKS] §2, and the results for ¢, € follow from it.

Lemma 1.7. Let (W, F) be a mized Hodge structure on a finite dimensional R-vector
space V, let v € Z, and let f : V — V be a linear map satisfying f(FP) C FPT" and
f(Wy) C Wiy for all p,k € Z. Then:

fodpg=0dpqof, [oCpg=Cqof, [oepg=cpgof forany p,q.

§2. REVIEW OF SL(2)-ORBIT THEOREM IN PURE CASE
Fix (V,w,(, )) asin 0.1. Let D, DV, Gr, gr be as in 0.1.
In this section, we review the theory of SL(2)-orbits in [Sc] and [CKS].

2.1. SL(2)-orbits. An SL(2)-orbit in n variables is a pair (p, ¢) of a homomorphism
of algebraic groups SL(2,C)" — G, which is defined over R, and a holomorphic map
P!(C)" — DV satisfying the following conditions 2.1.1-2.1.3.

2.1.1. p(gz) = p(g)p(z) for any g € SL(2,C)", z € P}(C)".

2.1.2. ¢(h™) C D. Here b is the upper half plane.

2.1.3. The homomorphism of Lie algebras sl(2,C)" — g¢ induced by p sends
FP(sl(2,C)™) into Fg(z)gc for any z € P}(C)" and p € Z, where F,(s1(2,C)") and
F,(.)8c are the decreasing filtrations defined as follows.

For a € P1(C), let F, be the decreasing filtration on C? defined by : F,! = C?2,

F! =0, and F? is the one dimensional C-subspace of C? corresponding to o (o € C C
P1(C) corresponds to C(ae; + e3) and co € P1(C) corresponds to Ce;). Define

FP(sl(2,C)") = {X = (X;); €sl(2,C)" | X;F C FI*P (¢ Z,1<j<n)},

P2 (00) = {X € g0 | Xp(2)! C p(2)7H7 (4 € Z)}:
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In the present paper, we use the condition 2.1.3 only implicitly, but, for example, it
is used in the proof of a result in 8.4 which plays an important role in the present paper
(the proof of 8.4 was given in [KU1)).

2.2. We introduce some notation concerning SL(2)-orbits. We first review some
basic facts about representations of G,, and of SL(2). Let U be a finite dimensional
vector space over a field K.

2.2.1. A homomorphism h : G,,, — Aut(U) of algebraic groups over K corresponds
in one to one manner to a direct sum decomposition U = € LEZ Ul by the following
rule: For p € Z, UM is the part of U on which k() for A € G, acts as the multiplication
by A#.

2.2.2. Assume that K is of characteristic 0. Then a homomorphism p : SL(2) —
Aut(U) of algebraic groups over K corresponds in one to one manner to a pair of a direct
sum decomposition U = P, ., U (4] and a linear map N : U — U such that N(UM) c
U=2l for any p € Z and such that N* induces an isomorphism N* : U 5 U=+ for
any p > 0. In fact, the direct sum decomposition of U corresponding to p is given by

G, 2 Awt(U); A= p ((16)\ ?\)) as in 2.2.1, and the corresponding N is the image

of <8 é) under the homomorphism of Lie algebras sl(2) — End(U) induced by p.

If U’ is another finite dimensional vector space over K and p’ : SL(2) — Aut(U’) is
a homomorphism of algebraic groups over K corresponding to U’ = @ WU /1 and N ,
and if f : U — U’ is a linear map, then p and p’ are compatible via f if and only if
FUWY c U™ for any p € Z and N'f = fN.

2.2.3. For a nilpotent linear map N : U — U, let W(IN) be the monodormy filtra-
tion on U associated to N, which is characterized by the two properties; NW(N); C

W(N)g_o for all k € Z, and N* : ngV(N) = ngin(N) for all £ > 0 (Deligne [D2] 1.6).

2.2.4. Assume that K is of characteristic 0, let p : SL(2) — Aut(U) be a homomor-
phism of algebraic groups over K, and consider the corresponding U = €9 LEZ UM and

N. Then W(N)x = D, Ul and (UM), gives a splitting of W (N).
Let

Cn n /A1 0 1/An O
sean s G (M0 D)o (V0 9Y)
AD G, = SL(2)" ; AV = AN x {1}"79) for1<j<n.

2.2.5. Now let (p,¢) be an SL(2)-orbit in n variables.

0 0
homomorphism of Lie algebras sl(2,R)” — gr induced by p. Then Nj are nilpotent
and NJNk = NkNj for any 7, k. Let

For 1 <j <n,let Nj € gr be the image of the j-th (O 1) in s1(2, R)™ under the

WU =W(N, + -4 Nj)[-w] for 1<j<n.
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(That is, W) = W(Ny + -+ 4+ Nj)g_w for k € Z). By 2.2.4 applied to SL(2) —
SL(2)" 2 Aut(V), where the first arrow is the diagonal embedding into the first j
factors of SL(2)", we have a splitting s(9) of W) characterized by the property that
p(AU)(N)) acts on s(j)(grzv(j)) as the multiplication by A*~% for any A € R* and k € Z.

We call s(9) the splitting of W) associated to p.

By 2.2.2, the homomorphism p : SL(2,C)"” — G¢ is determined by Nj and s0)
(1 < j < mn). Note that once the homomorphism p is determined, a holomorphic map
¢ satisfying 2.1.1 is determined by ¢(0,,), where 0,, = (0,...,0) € P}(C)™.

We have a direct sum decomposition gr = € pezn g[flé], where g[R”} is the part of gr

on which Ad(p(AU) (X)) (A € RX) acts as the multiplication by AU for any 1 < j < n.
We will use the following notation. For y = (y1,...,y,) with y; > 0, let

) =r (W ) (0 1)) =AW Vi)

For1 <j<nand >0, let
(N = t({AY x {1}"77) = p(AD (VX))

We have A
t(y) = [1—1 19 (y;/yj+1) (ynt1 denotes 1).

2.3. The associated SL(2)-orbit in one variable. Let N € gr, F € DV, and assume
that (V,w,(, ), N, F) generates a pure nilpotent orbit. Let W = W(N)[—w]|. Then
(W, F') is a mixed Hodge structure by [Sc].

The SL(2)-orbit (p, ) in one variable associated to (N, F') is the SL(2)-orbit char-
acterized by the following properties 2.3.1-2.3.3. (The existence of the SL(2)-orbit
satisfying 2.3.1-2.3.3 is shown in [Sc| §5 and [CKS] §3. The uniqueness is shown easily
(cf. 2.2).)

2.3.1. The homomorphism of Lie algebras sl(2,R) — ggr induced by p sends
0 1
( 0 O) to V.
2.3.2. The splitting of W associated to p in 2.2 coincides with the canonical splitting
of W associated to the mixed Hodge structure (W, F').

2.3.3. ©(0) = I, where (W, F) is the R-split mixed Hodge structure associated to
(W, F).

In this case, §(W, F') and (W, F') belong to the Lie algebra ggr (cf. the last paragraph
of Section 2 in [CKS]), so that e(W, F') belongs to gc, and they commute with N (1.7).

2.4. The associated SL(2)-orbit in one variable in 2.3 is the SL(2)-orbit characterized
also by the properties 2.3.1 and the following 2.4.1.

2.4.1. There exist ¢ > 0 and a,, € gr (m > 1) such that ) -, a, A" absolutely
converges when 0 < A\ < ¢, that a

exp(iyN)F = exp (Zm21 amy_m)go(iy),
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when y~! < ¢, and that a, W (N)i C W(N)pim_1 for any m and k.

The fact that the associated SL(2)-orbit (p, ¢) has the above property 2.4.1 is shown
in [Sc] Theorem 5.13.

The uniqueness of the SL(2)-orbit (p,¢) satisfying 2.3.1 and 2.4.1 is not explicitly
stated in [Sc| nor in [CKS]. In 9.10, we will give a proof of the uniqueness.

2.5. The associated SL(2)-orbit in several variables. (See [CKS] (4.20).)

Let N1,...,N, € gr, F' € DV, and assume that (V,w, (, ), N1,..., Ny, F) generates
a pure nilpotent orbit.

Then by Cattani-Kaplan [CK], W(Z?Zl a;N;) for a; > 0 depends only on the set
{j | a; > 0}. (This implies that (Ny,...,N,, F) generates a mixed nilpotent orbit for
the trivial filtration W defined by Wy =V for k > w and W), = 0 for k£ < w and with
respect to the intersection form (, ) on gr’¥ = V)

Let

WU = W(N, + -4 Nj)[-w] for 1<j<n.

The SL(2)-orbit in n variables associated to (Nq,..., Ny, F') is as follows.

First (W), F) is a mixed Hodge structure. Let (W), ﬁ(n)) be the R-split mixed
Hodge structure associated to it. Then (W™~ exp(iNn)F(n)) is a mixed Hodge struc-
ture. Let (W(”_l),ﬁ(n_l)) be the R-split mixed Hodge structure associated to it. Then
(W("_2),exp(iNn_l)F(n_l)) is a mixed Hodge structure, and so on. This process con-
tinues until we obtain the R-split mixed Hodge structure (W), F(l)).

The SL(2)-orbit (p, ¢) associated to (N1, ..., Ny, F') is the SL(2)-orbit characterized
by the following properties 2.5.1-2.5.4. (The existence of the SL(2)-orbit satisfying
2.5.1-2.5.4 is shown in [CKS] §4. The uniqueness is shown easily (cf. 2.2).)

For 1 <j <n,let Nj € gr be the element associated to p as in 2.2.
2.5.1. For 1 < j <n, WU of (p,p) (2.2) coincides with the above W),

2.5.2. For1 <j < n,As(j) coincides with the splitting of W) by the R-split mixed
Hodge structure (W), F(;)).

2.5.3. Let 1 < j < n and write N; = 3, ¢z, N/ with N € git! (2.2). Then N; is

the sum of N][“] for all p such that u(k) =0 for any 1 < k < j. In particular, Ny = Nj.
2.5.4. (0,) = Fi).
Furthermore, the following 2.5.5 and 2.5.6 hold.

2.5.5. ©(0j,i,—;) = F(j) for 1 < j < n. Here 0; := (0,...,0) € C’ and i}, :=
(i,...,i) € h* c C*.

2.5.6. For 1 < j < n, (Nl,...,Nj,ﬁ'(j)) generates a pure nilpotent orbit, and
exp(3°7_, iyx Ny ) Fi;) belong to D for all y >0 (1 < k < 7).

We add two lemmas to this review, which are used later.
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Lemma 2.6. Assume that (V,w,{, ), N1,...,Np, F) and (V',w,{, ), Ni,...,N/ F’)
generate pure nilpotent orbits (they have the common w and n), and let f:V — V' be
a linear map such that N f = fN; for any 1 < j <n and such that f(F?) C (F')? for
any p € Z. (We do not put any assumption on the relation between ( , ) and ( , )'.)
Let (p, @) and (p',¢") be the associated SL(2)-orbits in n variables, respectively. Then:

(1) p'(9)f = fplg) for any g € SL(2,C)".
(2) For any z € PY(C)" and p € Z, we have f(p(2)P) C ¢'(2)P.

Proof. Since Nif = fN; for 1 < j < n, we have f(W,Ej)) C W’Ecj) for any j,k. We
have a morphism of mixed Hodge structures f : (W™, F) — (W’(n), F'). By Lemma
1.6, we have '™ gr(f) = fs(, and f(Fg)n)) C F’fn) for any p with the notation in
2.5. We have a morphism of mixed Hodge structures f : (W(”_l),exp(iNn)F(n)) —
(W’(”_l),exp(iN/I)ﬁ’(n)). Again by Lemma 1.6, we have s'" "V gr(f) = fs=D. In
this way, we obtain inductively s gr(f) = fs\9 for 1 < j < n. By this and by 2.5.3,
we have Nif = fN; for 1 < j < n. These prove p'(g)f = fp(g) for g € SL(2,C)".

This and f((0,)P) C ©'(0,)? (p € Z) show f(p(2)P) C ¢'(2)P for any z € P(C)" by
2.1.1. O

Lemma 2.7. Assume that (V,w,{, ), N1,...,Nn, F) generates a pure nilpotent orbit,
and let (p, ) be the associated SL(2)-orbit in n variables. Then with the notation in
2.2, we have

AAED ) (NR) = AN, for1<k<j<mn, A>0.

Proof. In the case n = j = 1, this follows from 2.3.1 and
VA0 0 1\ /0 1
Ad(o 1/VA 0 0)=*o o)

We consider the general case. Let W) and F(j) be as in 2.5. For y = (y1,...,y;)
(yx > 0), let Ny, = y1 N1 +--- +y;N;. Then (N, F(j)) generates a pure nilpotent orbit
by 2.5.6. Let (p’,¢’) be the SL(2)-orbit in one variable associated to (Ny,ﬁ’(j)), and
let t'(\) = p/(A(VX))™!. Then Ad(#'(\))(N,) = AN, by the case n = j = 1. Since
the mixed Hodge structure (W, F{;)) is R-split and W) = W(N,)[~w] ([CK]), we

have ¢'(0) = F(j) and from this we have ¢/(\) = tU)(\). Hence Ad(tY)()\))(N,) = AN,,.
Since y is arbitrary, this proves Ad(tU)(A\))(Ng) = ANy, for k=1,...,5. O

§3. MIXED OBJECT IS QUOTIENT (AND ALSO PART) OF PURE OBJECT: IDEA

3.1. Asin 2.3, if a mixed Hodge structure is of the form (W (N)[—w], F) for some
(V,w,(, ), N, F) generating a pure nilpotent orbit, then the associated R-split Hodge
structure F' is given as ¢(0) for the associated SL(2)-orbit (p, ¢).

In this §3, we explain how the definition of the associated R-split Hodge filtration F
for an arbitrary mixed Hodge structure (W, F') (which need not come from an (N, F')
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generating a pure nilpotent orbit) is still given in terms of SL(2)-orbit without using
the universal Lie polynomial.

The point is that a mixed Hodge structure can be regarded as a quotient (and also
as a part) of a pure object in 0.1 with n = 1 which generates a pure nilpotent orbit.
See 0.6 for an explanation of this statement by a geometric example.

In fact, this idea “a mixed situation is a quotient of a pure situation” is the key idea
of the present paper, and the constructions in the proof of 3.2 below will be repeatedly
used in the rest of the present paper.

Lemma 3.2. Let (W, F) be an R-split mized Hodge structure on a finite dimensional
R-vector space V' whose graded quotient F(gr!V) for each w € Z is polarized by a non-
degenerate (—1)*-symmetric R-bilinear form (, )y : gtV xgr¥ — R. Let k be an
integer such that all the weights of (W, F') are not less than k.

(1) Then there are a finite dimensional R-vector space V', (—1)k-symmetric non-
degenerate R-bilinear form (,) on V', an element N of gg = Lie(Aut(V’,( , ))),
a decreasing filtration F' on V{, and an isomorphism V = Coker(N) satisfying the
following conditions:

(i) (V' k,{, ), N,F') generates a pure nilpotent orbit and the mized Hodge structure
(W(N)[-EK], F') is R-split.

(ii) W(N)[—k] induces W on V and F' induces F' on V.

(2) Furthermore, for any ¢ € gr = Lie(Aut(V, W, ({, )w)w)) which sends the (p,q)-
Hodge component of (W, F') to the sum of (p',q")-Hodge components with p' < p,q' < q
for any (p,q), there exists 0" € g such that

(i) &' sends the (p,q)-Hodge component of (W(N)[—k],F") to the sum of (p',q’)-
Hodge components with p' < p,q" < q for any (p,q),

(ii) &' commutes with N, and
(iii) &' induces 6 on V.

Proof. (1) For w € Z, let S,, C V be the lifting of gr!¥ with respect to the R-split
mixed Hodge structure (W, F'). We endow S,, with the Hodge structure of weight w
induced by F(gr!V).

Let V' := @50 Po<r<; Sk+i1(m), where (m) means the Tate twist. We define the
Hodge filtration F’ on T/(’j_as the evident direct sum using these twists.

We define N as follows. N sends z € Siy;(m) to z(1) € Spp(m +1)if 0 <m <,
and to 0 if m = 1. We have an evident isomorphism V' = @, Sk+1 ~ Coker(N):

Sro .
Nl: Sha1 Ski2
. Sk+1
V= Sk+2(1) Nl: Sk —V = Sk
NE o S

Sk+2(2)
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We define a (—1)*-symmetric pairing ( , ) : V/x V' — R as follows. For z € Sy ;(m),
y € Skr(m'), we define (z,y) = 0 unless [ =" and m +m’ = I. For x € Siy;(m),
Yy € Sgri(l—m), we define (x,y) = (=1)"(x(—m),y(m —1))g+;. (Note that this pairing
(,):V'xV"— R is the direct sum of the pairings Sy, x S, = R, Sk41 x Sk+1(1) = R,
Sk+2 X Skpt+2(2) = R, Sit2(1) X Sk42(1) — R, ... with suitable signs.)

Then we can easily check that N is in gg, that (W (N)[—k], F’) is an R-split mixed
Hodge structure, and that the condition (ii) in (1) is satisfied. It remains to prove that
(N, F') generates a pure nilpotent orbit. To see this, by [KK] proposition (1.2.2) or by
[CKS] (4.66), it is enough to show that the following (a), (b), and (c) are satisfied.

(a) (N, F') satisfies the Griffiths transversality.

(b) For [ > 0, the primitive part of gr;/V(N) with the Hodge filtration induced by F’
is polarized by (e, N'e).

(c) For any p € Z, the annihilator of F'? in V{ with respect to (, ) coincides with
F/k—p—i—l‘

(a) is clear, (c) is easily checked, and (b) is seen once we note that the primitive part
coincides with Si;.

(2) Let ¢” be the endomorphism on V’ whose Hom(Sk;(m), Sk+1—a(m))-component
is 6(m) (I > a > 0), and whose other components are zero. Then, it is clear that 6"
commutes with N and that §” induces § on V. Next, let 6" be the transpose of §” with
respect to (, ). Then, since *6” has only Hom(Sk;(m), Sk+i+a(m + a))-components
for a > 0, it induces 0 on V. Further, it commutes with N because

t(S//N — —t(SIItN — —t(N(SH) — —t((S”N) — —tNt(SH — Nt(SN

where we used the fact *N = —N. Hence §' := §” — '§" satisfies the desired proper-
ties. [

3.3. We explain the definition of F mentioned in 3.1.

Let (W, F') be any mixed Hodge structure.

As is well known, any R-Hodge structure is polarizable. Take polarizations on all
graded pieces of (W, F). We can apply 3.2 (1) to the R-split mixed Hodge structure
(W, F := exp(—id)F) in 1.3, and we can apply 3.2 (2) to § in 1.3,

Let (N, F’) and ¢ be the lifts which 3.2 gives. Let F’ := exp(id’)F’. Then (N, F’)
generates a pure nilpotent orbit by [CKS] (4.66), which induces (W, F') on Coker(N)
V. Now let (p, ¢) be the SL(2)-orbit which is associated to (N, F’).

(0

Proposition 3.4. F in 1.2 is the image on Vi of the filtration o(0) on Vé.

This gives a characterization of F in 1.2 without using the universal Lie polynomials.
(The associated SL(2)-orbit is characterized without using the universal Lie polynomials
as in 2.4, and also as in 8.7.)

Proof of Proposition 3.4. This is deduced from Lemma 1.6 as follows. Since F” is R-
split and the (p, q)-Hodge components of 0’ is zero unless p,q < 0, the unique pair in
1.3 for (W(N)[—k], F') is nothing but (F”’,d’). Further, since ¢ for F' and ¢ for F’ are
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defined by the same universal Lie polynomial of (4, 4) and (4, ,) respectively, ¢ for F”

on V' (which we denote by (') induces ¢ for F on V. Hence F = exp(¢)F is the image
of exp(¢’)F’, which is ¢(0). O

3.5. In the above we showed that a mixed Hodge structure is a quotient of a pure
nilpotent orbit as in 0.1 with one N. We can also show that a mixed Hodge structure is
a part of a pure nilpotent orbit as in 0.1 with one N. In fact, we can prove the variant
of Lemma 3.2 in which the part “not less than k” is replaced by “not bigger than k”,
and V = Coker(N) is replaced by V = Ker(N). The proof of this variant is the evident
modification of the above proof of 3.2.

§4. REDUCTION OF MAIN THEOREM TO TWO PROPOSITIONS

In this section, we prove our main result Theorem 0.5 assuming the following two
propositions 4.1 and 4.2. These propositions will be proved in later sections.

In §3, we showed that any mixed Hodge structure is a quotient of (and also a part of)
a pure nilpotent orbit in 0.1 with one N. Proposition 4.1 says that a mixed nilpotent
orbit in 0.2 is a quotient of (and also a part of) a pure nilpotent orbit in 0.1 which has
one more V.

Proposition 4.1. Assume that (V,W,({ , )Yw)w,N1,-..,Np, F) generates a mized
nilpotent orbit. Then:

(1) There exist (V' ,w,(, ), N§, ..., N}, F') generating a pure nilpotent orbit, a sur-
jective R-linear map p : V' — V', and non-negative real numbers a;i, (1 <k < j<n)
with a;; = 1 such that W is the image of W (Ny)[—w], F' is the image of F', po Ny =0,

poN; =Yy a;Nyop for 1 <j<n.

(2) There exist (V' w,( , ),N},...,N/ ,F') generating a pure nilpotent orbit, an
injective R-linear map q : V. — V', and non-negative real numbers aj, (1 <k <j<n)
with aj; = 1 such that W is the pull-back of W(N{)[—w|, F' is the pull-back of F',
Nyoq=0, Njog=gqoy j_,ajxNg for 1 <j<n.

Here we do not put any relation between ({, ) ) and (, ).
The proof of Proposition 4.1 will be given in §6 and §7 below.

Remark. The authors do not know whether we can take all the a;; in 4.1 to be
0 unless 57 = k, that is, whether we can put the stronger condition p o V. 3/ = Njop
(resp. Njog=goNj;) for 1 <j <nin (1) (resp. (2)). See 5.9 for a comment on this
point.

The following proposition is a complementary result to the SL(2)-orbit theorem of
Cattani-Kaplan-Schmid [CKS] for pure nilpotent orbits as in 0.1.

Proposition 4.2. Assume that (V,w,{, ), N1,...,N,, F) generates a pure nilpotent
orbit, and let (p,p) be the associated SL(2)-orbit in n variables. For 1 < j < n, let
W@ = W(Ny + -+ N;j)[~w], and let s¥) be the splitting of W) associated to p
(2.2, 2.5.1). Fiz k such that 1 < k < n. Fory = (Yk+1,---,Yn) such that y; > 0
(k< j<m), let s(y) : ng(k)(V) 5V be the canonical splitting of W*) associated to
the mized Hodge structure (VV(’IC),e><;p(z:?:k+1 iy;N;)F). Then s(y) converges to s
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as yj/yj41 tends to oo for k < j < n. Furthermore there are ¢ > 0 and u,, € gr
(m € N"7F) such that ug = 0, Y., cnn—r Um H;:lk )\;-nm absolutely converges when
0 < \; < ¢, and such that the following (i)-(iii) are satisfied.

(i) Whenever y;11/y; <c (k <j <n), we have

s) = u)s®  with u(y) = DT ennr i [ ppr (B2)"07H).

(ii) ule(k) C Wl(f)l for any m € N"=% and any | € Z.

(iii) ule(j) - Wl@n(j—k) (resp. ule(j) C Wl(j)) for anym € N" % and any | € Z

ifk<j<n(resp.1<j<k).
The proof of Proposition 4.2 will be given in §8 and §9 below.

4.3. In the rest of this section, we assume 4.1 and 4.2.

Let (V,W,({, Yw)wsN1,-..,Nn, F') be as in the hypothesis of Theorem 0.5.

Let (V' w,(, ),N§,...,N/, F") be as in 4.1.

For the proof of 0.5, we may replace N; (1 < j <n) by Zizl a;i Ny, where the a;j,
are as in 4.1. Hence we may assume Njop = po N]’- for 1 < j <n. Note po Nj=0.

Let (p/,¢’) be the SL(2)-orbit in n + 1 variables associated to (N{,..., N/, F’). For
0<j<n,let w9 — W(Ng + -+ + NJ)[~w], and let s’ be the splitting of W@
associated to p’. We denote w© = W (N{§)[—w] simply by W', and s/ simply by s.
Note that W is the image of W/ on V.

By 4.2 applied to (V/,w, {, ), N}, ..., N', F') (we take W’ = W' ag W*) of 4.2),
we have the following facts.

For y = (y1,...,yn) With 37; > 0 (1 < j < n), let s'(y) : g™ (V') 5 V' be the cano-
nical splitting of W’ associated to the mixed Hodge structure (W', exp(3_7_; iy; N})F').
Then s'(y) converges to s” as y;/y,+1 tends to oo for 1 < j < n. Furthermore there are
c¢>0and u,, € gg (m € N"; here gg is the gr in 0.1 defined for (V',w,(, ))) such

that up = 0, -, enn U, [ 15— )\;n(j ) absolutely converges when 0 < Aj < ¢, and such
that the following (i)—(iii) are satisfied.

(i) Whenever y;41/y; < ¢ (1 <j <n), we have
s'(y) =u'(y)s' with o' (y) = exp(X,enm U Ty (BE)™D).
(ii) For any m € N™ and any [ € Z, u,, sends W/ into W/ _;.

(iii) Let 1 < j < n. Then for any m € N™ and [ € Z, u/,, sends Wl/(j) into Wl'f%(j).

Lemma 4.4. For g = (g1,...,9n) € SL(2,C)", define p"(g9) = p'(1,91,...,9,). Then
p"(g) preserves Wi. Let pil(g) for k € Z be the automorphism ofgr}f’/(lj induced by p" (g).
Then pj(g) (9 € SL(2,C)") commutes with pr(g) on gr}ffc via gry(p) : gr}f(’j — gr,‘f,/c.

Proof. We apply 2.6 by taking &' = (ngVI(V’),ngV/(N{), e ,ngV/(NT’L),F’(grE//)) as
(V,Ni,..., Ny, F) in 2.6, and taking ® = (gr}’ (V), grl (N1), ..., gty (Ny,), F(gr})) as
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(V/,N{,...,N;,F’) in 2.6. For this, we need to define an intersection form ( , )} on
ngV/(V’ ) for which ®’ generates a pure nilpotent orbit. First assume k& > w. Then,
we have gr}V’ (V') = D,> A, where A; is the intersection of the image of (N§)! :
ng‘in — gr/V" and the kernel of (N§)i+k=w)tl . gpW' oV ([D2] 1.6). The
intersection form (, ), on ger/(V’) is defined to be (e, N'e) on A; for even [, and to
be —(e, N'e) on A, for odd I. The intersection form (, ) in the case k < w is induced
from (, Yo, via (N§)*~F gl S gV’ By [KK] (1.2.2) or by [CKS] (4.66), with
this intersection form, ®’ generates a pure nilpotent orbit.
Hence 4.4 is deduced from 2.6. [

4.5. We prove (1) of 0.5, i.e., that s(y) converges to a splitting of W.

By Lemma 1.6 (1), we have ps’'(y) = s(y)gr(p). By 4.3, ps’(y) converges to ps’.
Hence s(y) gr(p) converges to ps’. Let ¢ : gt (V) — gt (V') be an R-linear map
such that gr(p)q is the identity. Then s(y) = s(y) gr(p)g and hence s(y) converges to
s := ps’q, which is a splitting of W since it is a limit of splittings of W. [

Lemma 4.6. Let s be as in 0.5 (1), and define t(y) = s(Pcy yl_k/2tk(y))s_1 for
Y= (Y1, s¥n), ¥y; >0 (1 <j<n) For0<j<mnand\>0,let ()N =
o (Alag, ... an))"" with a; = VX for 0 <1< j and a; =1 for j <1 < n. Then for
Y= (y1,---,Yn) (y; >0), t(y) on V commutes with H?Zl(t')(j)(yj/ijrl) on V',

Proof. Tn fact, [T7_,(#)9)(y;/yj41) = p'(A(ao, - -, an)) "}, where ag = /91, a5 = /7;
for 1 < j < n. Since p'(A(1,a1,...,a,)) is compatible with py(A(ay,...,a,)) by 4.4,
we have 4.6. [

4.7. Define u(y) = s(y)s~1:V — V. We have sgr(p) = ps’, pu'(y) = u(y)p.

4.8. We prove (2) of 0.5. Let ¢ : gtV (V) — gr'"V' (V') be as in 4.5. Then u(y) =
ps'(y)gs—! = pu'(y)s'qs~!. Hence by the presentation of u'(y) in 4.3 (i), if we put
Aj = yj+1/y; for 1 < j < n, the map A = (A1,...,\,) = u(y) € Gr defined when
0 <)Aj <c(l<j<n)isextended to a real analytic function in the A\; (1 < j < n)
defined on the area —c < A; < c¢. Hence we have the presentation of u(y) of the form
u(y) = exp(>,,enn Um H?Zl(y;—jl)m(j)) for y,+1/y; sufficiently small. Furthermore
uy = 0 because u(y) converges to 1 as y;/yj 1 — oo. By u(y)p = pu'(y), we have
Ump = pu,, for any m. By 4.6, the property (ii) of u,, follows from 4.3 (iii). O

4.9. We prove (3) of 0.5. The statement for the R-splitting is shown as follows. The
R-split mixed Hodge structure associated to (W, exp(Z?zl iy; N;)F) is
s(y) (exp(325_y iy; gr'” (N;)) F(gr'"))
= u(y)s(B, g Wtw()rw) = 9(1)s(D,, tw(y))s~'r.

Let c(y1) be the R-linear map V' — V whose restriction to s(gr/V) is given by the multi-

plication by yl_w/2 for any w € Z. Then c(y;)r = r. Since t(y) = s(B,, tw(y))s ‘c(y1),
we have

9W)s(D, tw(y))s™'r = g(y)s(D,, tw(y))s  clyr)r = g(y)t(y)r.



22 KAZUYA KATO, CHIKARA NAKAYAMA, SAMPEI USUI

We prove the expression of ¢g(y) as the exponential of power series.
. _ —w/2 —
Since g(y) = u(y)s(D,, gu(y))s~" and t(y) = s(B,, v *tu(y))s™", we have

“g(y) =t(y) " g(W)t(y) = ty) u(®)t(y)s(P,, “guw(y))s .

Hence it is sufficient to prove that t(y) 'u(y)t(y) is the exponential of a convergent
power series in y;11/y; (1 < j < n) without constant term.

By (iii) in 4.3, if we write u/, as the sum of ut where Ad(t'(j)()\)) (1<j<n,A>0)
acts on u;[@” ] as the multiplication by A1)/ 2 we have u;[@” I = 0 unless ¢ < m. Hence

by um,p = pu,, and 4.6, we have:

Claim 1. Write u,, as the sum of u¥) for p € 2", where Ad(t(y)) (v = (y1,---,Yn),

y; > 0) acts on ul as the multiplication by H?Zl(yj/yj+1)“(j)/2. Then u!¥) = 0 unless

@< m.
We have

Hy) " u)E(y) = exp( enn pezn Wi [y (L) =00/2),

Since m > u/2 (that is, m > pu/2 and m # p/2) for any m € N™ \ {0} and p € Z"
satisfying m > p, Claim 1 shows that the infinite sum inside exp is a convergent power
series without the constant term. [J

4.10. We prove (4) of 0.5. Let

(W0 yn) = P (A0 - vTn) T =TT 'V (G25).

By applying the SL(2)-orbit theorem of Cattani-Kaplan-Schmid [CKS] (4.20) (see 0.1)
to (N{,..., N/, F"), we see the following: As a function in the \; := (y;41/y;)/? (0 <
j < n) with values in D" = (“D” of (V',w,(, ))), t'(Yo,---,yn) " exp(>_7_q iy Nj) F’
(defined when the A; > 0 (0 < j < n) are small) is extended to a real analytic function
in the \; defined on the area —c < A\; < ¢ (0 < j < n) for some ¢ > 0. Fix A\g > 0 which
is smaller than ¢, and consider the image under p : V5 — V. By 4.6, we see that as a
function in the \; (1 < j < n) with values in D, t(y1,...,yn) "} exp(Z?Il iy; IN; ) F
(defined when the A\; > 0 (1 < j < n) are small) is extended to a real analytic
function with values in D defined on the area —c < A\; < ¢ (1 < j < n) for some
¢ > 0. By real analyticity of e(W,?7) ([CKS] section 2), this shows that the function
e(W,¢g(y)~*t(y)~t eXp(z:?:1 iy; N;)F) in the A; (1 < j < n) with values in gc, where
Yy =(Y1,---,Yn), is extended to a real analytic function defined on the area —c < \; < ¢
(1 <j <n) for some ¢ > 0. Hence, when the \; > 0 (1 < j < n) are sufficiently small,
e(W,t(y)~tg(y)—1 eXP(Z?ﬂ iy;N;)F) can be written as a convergent power series in
Ay ooy Ap. O

§5. REVIEW OF MIXED NILPOTENT ORBIT

In this section, we review some results by Kashiwara in [K1], [K2] on mixed nilpotent
orbits and discuss some related results.
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5.1. We first review the definition of relative monodromy filtration ([D2] 1.6).

Let V be a finite dimensional R-vector space, W an increasing filtration of V', and
N : V. — V a nilpotent R-linear map such that NW,, C W,, for any w € Z. An
increasing filtration M on V is called a relative monodromy filtration of N with respect
to W if the following (i) and (ii) are satisfied.

(i) NMy, C My_o for any k € Z.
(i) N*: gr%rl gryV = grM orlV for all k € Z and | > 0.

A relative monodromy filtration need not exist, but it is unique if it exists. If it
exists, it is written as M (N, W).

We recall that in the definition of mixed nilpotent orbit in 0.2, the condition (iv),
that is the existence of the relative monodromy filtration, is essential and controls the
convergence of the canonical splitting in our main theorem. See the example 0.9.

5.2. By a real infinitesimal mixed Hodge module (we abbreviate it as R-IMHM), we
mean (V, W, Ny,..., Ny, F) such that for some non-degenerate (—1)"“-symmetric bilin-
ear forms (, )y, : gtV x gr’V — R given for all w € Z, (V, W, ({, )w)ws N1,..., Np, F)
generates a mixed nilpotent orbit in the sense of 0.2. We do not review the defi-
nition of “infinitesimal mixed Hodge module (IMHM)” in [K2], but just tell that if
(V,W,Ny,...,N,, F)is an R-IMHM, then (Vo;Wc; F,F;Ny,...,N,), where F is the
complex conjugate of F', is an IMHM. (In the definition of IMHM, the real vector space
V' does not appear; the complex vector space Ve appears but the real structure V is
not fixed, and F is taken independently of F' (satisfying a certain condition). Roughly
speaking, an R-IMHM is an IMHM with an R-structure.)

Following the terminology in [K2] but adding R, by a pre-R-IMHM, we mean
(V,W, Ny, ..., N,, F) which satisfies all the conditions of R-IMHM except the condition
(iv) in 0.2.

The following results 5.3-5.6 on R-IMHM are deduced from results on IMHM in
[K1], [K2].

From now on we fix n in (V,W, Ny,...,N,, F). The meaning of a homomorphism
(V,W,Ny,...,N,, F) — (V/, W' Ni,...,N], F") of R-IMHMs (resp. pre-R-IMHMsS) is

clear.

5.3. The direct sums, the duals, and the tensor products are defined in the cate-
gory of R-IMHM and also in the category of pre-R-IMHM, in the natural way. For
example, the tensor product of (V,W,Ny,...,N,, F) and (V/, W' /N{,...,N/ , F’) is
(VI WY N, Ny FY), where VY = V@V, Wy = > W@ W/, N/ =
N;®1+1®N}, and F"" =%, FFeF".

Furthermore ([K2] Proposition 5.2.6), the category of R-IMHM and the category of
pre-R-IMHM are abelian. In both categories, the kernel of a homomorphism

(V,\W,Ny,...,Ny, F) = (V! W' N{,...,N/ F')
is (V' W" N, ...,N” F"”) with V" = Ker(V — V') and with the restrictions W",

N}, F" of W, N;, F' to V", respectively. The description of the cokernel is similar. Any
homomorphism is strict for the filtrations. That is, if V" denotes the image of V' — V|
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the image of Wy, (resp. FP) in V" coincides with the restriction of W}, (resp. (F”)?) to
V" for any k (resp. p). Furthermore, a sequence is exact in this category if and only if
the sequence of the underlying vector spaces is exact. If the sequence is exact, then the
sequences of Wy, of each object and the sequence of F? of each object are exact for any
k and p.

Theorem 5.4 ([K2] Theorem 4.4.1). Let H = (V,W,Ny,...,N,,F) be a pre-R-
IMHM. Assume that there exists the relative monodromy weight filtration M(N;, W)
for each j =1,...,n. Then H is an R-IMHM.

Proposition 5.5 ([K2] Proposition 5.2.4). Let (V,W, Ny,...,N,, F) be an R-IMHM.
For1<j<mn,let WO = M(Ny+ -+ N;j,W) (WO is defined to be W). Then the
filtrations W((jo), ey Wé"), F are distributive.

The distributivity here means that if ® denotes the smallest set of C-subspaces of
Ve containing Wg)k (0 <j < n,ke€Z)and FP (p € Z) which is stable under the
operations (A, B) — A+ B and (A, B) — AN B, then the distributive laws

(ANB)+C = (A+C)N(B+C), (A+B)NC = (ANC)+(BNC) for all A, B,C € ®

hold. (See [K1].)

Proposition 5.6 ([K2] Proposition 5.2.5, Corollary 5.5.4). Let (V,W,Ny,...,N,, F)
be an R-IMHM. Then for 0 < j < n, (V,WWYW Ny, ...,N,, F) is an R-IMHM. In
particular (for j =n), (W), F) is a mived Hodge structure.

The fact that (W™, F) is a mixed Hodge structure in Proposition 5.6 was proved
first by Deligne ([SZ], [K2] 5.2.1, 5.2.3).

Proposition 5.7. Assume that (V,W,({ , )w)w,N1,...,Npn, F) generates a mized
nilpotent orbit (0.2). Let (W F) be the R-split mized Hodge structure associated
to (W F) (5.6). Then (V,W,({, Yuw)wsN1,...,Nu, F) also generates a mized nilpo-
tent orbit.

Proof. By 1.7, N; commutes with § = §(W ™ F) and ¢ = ((W ™, F). Hence 0.2 (iii)
is satisfied. Further, in a similar way as in the proof of Lemma 1.6, it is straightforward
to show that Deligne’s splitting is compatible with taking gr}’v for each j. From this,
again as in the proof of Lemma 1.6, we know that ¢ and the ¢, , preserve W and are
compatible with taking gr}’v. Since ( is a Lie polynomial in the d, 4, it also preserves
W and is compatible with taking gr}’v. Thus we reduce 0.2 (ii) to the pure case, which
is a consequence of [CKS] (4.66). O

Lemma 5.8. Let H = (V,W,Ny,...,N,,F) - H = (V/,W/ Ni,...,N/,F') be a
homomorphism of pre-R-IMHMs. Assume that V. — V' is surjective. Assume that H
is an R-IMHM. Then H' is also an R-IMHM.

Proof. Recall that if H — H' is a surjective morphism of R-IMHMs then M (N}, W’)
is the image of M(N;, W) ([K2] 5.2.6 (ii)). Conversely, by Theorem 5.4, if M (N}, W’)
exists then H' is an R-IMHM. Hence, it is necessary and sufficient to prove that the
image M’ of M (N1, W) is the relative monodromy filtration of Ni with respect to W".
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Since NJ(M}) C Mj,_, for any k, it suffices to show that M’ induces W (gr}’" (N{))[—k]
on grkW/ for any k. Since a homomorphism of the category of pre-R-IMHMs is strict
for the filtrations (5.3), W’ is the image of W. Hence the filtration induced by M’
on gr,ZV/ coincides with the image of that induced by M(Ni, W) on gr}’, that is,
W (gr}V (N1))[—k]. Thus the desired statement reduces to the statement in a pure
situation that W (grl’ (N]))[—k] is the image of W (grl¥ (Ny))[—k] by the surjection
grlV — ngV/ of pure nilpotent orbits, which is a special case of the fact recalled at the
beginning of this proof. [J

5.9. As remarked after 4.1, the authors do not know whether we can take all the
aji in 4.1 to be 0 unless j = k. Assume that we can prove 4.1 (1) with this stronger
condition. Then by 5.6 and 5.8, we would have the following characterization of R-
IMHM without using relative monodromy filtrations:

A pre-R-IMHM (V, W, Ny, ..., N,, F) is an R-IMHM if and only if there exist a pure
nilpotent orbit (V/,w, (, ), N{,..., N}, F’) and a surjective morphism

(V! W(Ng)[—w], Ny, ..., N,

n?

F') = (V,W,Ny,...,N,, F)
of pre-R-IMHMs.

§6. MIXED OBJECT IS QUOTIENT (AND ALSO PART) OF PURE OBJECT:
PROOF OF PROPOSITION 4.1, IN SPECIAL CASE

In this section, we prove a special case of Proposition 4.1 (1).

Assume that (V, W, ((, )w)w,N1,...,N,, F') generates a mixed nilpotent orbit. In
this section, we assume Wy = V, W_5 = 0, and dimg (gry’ ) = 1. We prove 4.1 (1) under
these assumptions.

Fix an isomorphism grV (V) = R.

Let WU be as in 5.5. Let (W), F) be the R-split mixed Hodge structure associated
to (W™, F).

Lemma 6.1. There is an element e of V' which lifts 1 € R such that e € Wéj) for any
1 < j < n and such that e belongs to the (0,0)-Hodge component of the R-split mized
Hodge structure (W™ F).

Proof. First we prove

n .
Claim 1. There exists an element a of ) VVO(]()3 N F° whose image in grg[’/c =C
j=1
coincides with 1.

Proof of Claim 1. Since W) + W_y = V for any j and F* + W_; ¢ = Vi, by the
distributive property (5.5), we have ([ Wo(]c): NFOY+W_1c= (W(ch): +W_1c)N
j=1 j=1
(F° + W_1¢c) = V. Hence I/Vo(j()j NnF° — gr&fc is surjective, which shows the
j=1
existence of a. Thus Claim 1 is proved.
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n - A
Claim 2. There exists an element a of ) VVO(]()3 N F° whose image in grg[’/c =C
j=1
coincides with 1.

Proof of Claim 2. By Proposition 5.7, we can replace F' in Claim 1 by F', which proves
Claim 2.

Let a be as in Claim 2. Let b be the (0,0)-Hodge component of a with respect to
(W) F), and let e be the real part (b+ b)/2 of b. We will prove that b and e have
the same properties as a, that is, they belong to ﬂ?zl WO(% N F° and their images in
grg‘f c = C coincide with 1. Note that b is furthermore of type (0,0), and e is furthermore
of type (0,0) and real. This e is the element which we are looking for.

Claim 3. If (p, q) # (0,0), the (p, q)-Hodge component of (W (™), F) is contained in
MZ—LC-

Proof of Claim 5. We have the canonical homomorphism of mixed Hodge structures
(W EY — (W) (grdV), F(grd’)) in which the latter is pure of weight 0 and of Hodge
type (0,0). This proves Claim 3.

Claim 3 shows that the image of b in grg‘fc coincides with that of a.

Next we have to prove that b belongs to Wé](): for all j.

Claim 4. If a € ng%, then the (p,q)-Hodge component of a with respect to
(W) E) also belongs to ng% for any p and gq.

Proof of Claim 4. For t = (t1,t2) € (C*)?, let w(t) be the linear operator which
acts on the (p,q)-part with respect to (W), F) by the multiplication by /tZ. Then
Ad(w(t))N; = t7 5 ' N; for any j. Let N = Ny +---+ N;. Then W) = M(N,W).
Since w(t)We = We by Claim 3 and Ad(w(t))N =t 't; ' N, we have w(t) M (N, W)c =
M(Ad(w(t))N, w(t)W)c = M(t7't; "N, W)c = M(N,W)c. This formula w(t)W) =
Wg ) proves Claim 4.

Finally the property of e stated in 6.1 is now easily seen. [

We fix e as in Lemma 6.1. The following construction is a variant of what appeared
in §3.

6.2. Let V' be the direct sum of W_; and a 2 dimensional R-vector space with basis
€p,€_9.

We consider the projection V' — V which is the identity on W_1, which kills e_s,
and which sends eg to e.

We define an anti-symmetric R-bilinear form (, ) : V/ x V/ — R as follows. On
W_yitis (, )_1; (ear, W—_1) =0 for [ =0,—1; (eg,e_2) = 1.

6.3. We define N} : V' — V' (0 < j < n) as follows.

N{ kills W_q, sends eg to e_s, and kills e_s.

Assume 1 < j < n. Then N kills e_5, Nj(eg) = Nj(e) € W_y, the (W_1 — W_y)-
component of N} is the restriction of N; to W_y, the (W_; — Reg)-component of N}
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is zero, and the (W_; — Re_z)-component of NJ is —1 times the transpose of the
(Reg — W_1)-component of N; with respect to (, ) in 6.2.

6.4. Define F” and F as follows.

First, F is the direct sum of the restriction of F to W_1,c and the Hodge filtration
of type (I,1) on Cey; for [ =0, —1.

Let ¢ = ¢(W™ F) (§1). We define a linear map ¢’ : V& — V{ as follows. ¢’ kills
e_g, €'(eg) = e(e) € W_1 ¢, the (W_1 ¢ — W_1,¢)-component of ¢ is the restriction
of € to W_1. ¢, the (W_1 ¢ — Ceg)-component of ¢’ is zero, and the (W_; ¢ — Ce_2)-
component of ¢’ is —1 times the transpose of the (Cey — W_; ¢)-component of ¢’.

Finally let F/ = exp(¢’)F’. Then, as is easily seen, F” belongs to DY of (V/, —1,(, )).
Lemma 6.5. (1) (N}(z),y) + (z,N/(y)) =0 for any x,y € V' and any j.

(2) NiN; = N_N; for any j, k.

(3) Nje" = €'N; for any j.

Proof. (1) For j = 0, this is easy. For j > 0, the crucial is the case when x € W_,
and y = eo. But, by the definition of N} with the transpose, we have (N}(x),eo) =
— (2, NY(eo)).

(2) Let j > 0. It is easy to see N;Nj = 0 = NgNj. Let j,k > 0 and we will prove
that NV} and N; commute. By the commutativity of N; and Ny, it is enough to show
(Nj(e),Nr(e))—1 = (Ni(e), N;(e))—1. Since e belongs to the (0,0)-Hodge component
of (W) E), Nj(e) and Nj(e) belong to the (—1,—1)-Hodge component of (W) E).
Hence the both sides of the above equality in question are zero.

(3) Since the N; and e commute by [CKS, 3], as in (2), the desired commuta-
tivity reduces to (Nj(e),e(e))—1 = (e(e),Nj(e))—1. We write N; as N in the rest.
Then N(V) = N(M(N, W)O + W_1> C M(N, W)_Q + N(W_l) = N(W_l) Take
v € W_; such that N(e) = N(v). Then we have (N(e),e(e))-1 = (N(v),e(e))—1 =
—(v,Ne(e))-1 = —(v,eN(e)) -1 = —(v,eN(v)) -1 = 0. Here the last equality is by the
fact that ( , )_; is anti-symmetric, together with (v,eN(v))_1 = (eN(v),v)_1. We
have also (e(e), N(e))_1 = —(N(e),e(e))—-1 =0. O

Thus, the special case of 4.1 (1) mentioned in the beginning of this section is verified
if the following proposition is proved. (Recall that N{; induces 0 on V.)

Proposition 6.6. There exist aj, € R (0 <k < j <n)suchthataj, >0, a;; =1, and
such that if we put Nj' = Zogkgj a;r Ny, then (V',—=1,(, ),N{,..., N/, F’) generates
a pure nilpotent orbit.

6.7. To prove this, we use the following lemma 6.8. For y = (yo,...,yn) (y; >
0), let #'(y) be the isomorphism V' = V' preserving the bilinear form (, ) and the
grading V! = W_; @ Re_2 @ Rey defined as follows. Let (p_1,¢—_1) be the SL(2)-
orbit in n variables associated to (gr'V;(Ny),...,gr";(N,), F(gr'))), where p_; is a
homomorphism of algebraic groups over R from SL(2)" to the automorphism group
G_1 of (g%}, (, )_1), and ¢_; is an holomorphic map P(C)" — (D" of gr¥¥}). On
W_1, the action of ¢(y) is p—1(A(V/Y1s---++/Un)) " (2.2). The actions of t'(y) on ey,

e_g are given by t'(y)ey = \/y0_160, t'(y)e—2 = \/yoe—2.
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Lemma 6.8. Ify; € Ry and y;/y;1+1 tends to oo for 0 < j < n (y,41 denotes 1),
then

(1) t'(y) ™" exp(Xo<j<p WiN)F' (€ DY of (V!,=1,(, )))
converges to a point of D of (V',—1,(,)).
Proof. For 1 < j <n, let Nj be the linear map V' — V'’ which coincides on W_; with

the image of the element 1) of the j-th factor of s[(2, R)" under the homomor-

0
0 0
phism (p_1).:sl(2,R)" — g1 associated to p_1, and which kills eg and e_s.

On the other hand, let Ny = N{. It is sufficient to prove the following Claim 1 and

Claim 2.

Claim 1. (1) converges to exp(d_o< <, iNj)E.

Claim 2. exp(} o< <, iN;)F" is a polarized Hodge structure of weight —1 (with
respect to (, )).

We prove Claim 1. Since

t'(y) " exp(X g iy NV F' =t/ (y) "t exp(3_ iy; N}) exp(e’) FY
= exp(Ef_o i Ad(' ()~ (y;N])) exp(Ad(t' ()~ ()F (y) ' F,
it is sufficient to prove the following Claims 1.a, 1.b and 1.c.

Claim 1.a. Let 0 < j <n. Then Ad(#'(y))~"(y; V) converges to N

Proof of Claim 1.a. For j = 0, this is clear with Ad(¢'(y)) " (yoN}) = N} = Ny. Assume
1 <j <n, and write N; = P; + Q; + R;, where P; is the (W_; — W_;)-component of
N}, Qj is the (Reg — W_1)-component of N7, and R; is the (W_; — Re_3)-component
of Nj. So Pj: W_; — W_; coincides with gr'¥;(N;), and R; is the transpose of —Q;.
It is sufficient to show that

(2) Ad(#(y))”
(3) Ad('(y))~*(y;Q;) and Ad(t'(y))~* (y; R;) converge to 0.
(

We prove (2). Consider the decomposition g_1r = D, czn g[“]lR (2.2), where

L(y; P;) converges to N;, and

Ad(p_1 (AW (X)) (1 < j < n, A € R¥) (2.2) acts on g[“]1 R s the multiplication by
M) Write Py = pezn

to (gt (Ny),. .. ,gr_l(Nn), F(gr™)), which generates a pure nilpotent orbit, PJ[ g
unless p(l) <0 for 1 <1< jand p(l) =—2 for j <1 < n. Hence we have

A (W) W5Py) = ez THZE (/e 2072 P,

When y;/yi41 — oo for 1 < [ < j, the y-component of this converges to 0 (resp. is
constantly P][“]) unless (resp. if) p(l) = 0 for 1 < [ < j. Hence Ad(t'(y)) (y; P;)
converges to Nj by 2.5.3.

P[“ ] according to this decomposition. By Lemma 2.7 applied
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We prove (3). The proof for R; is similar to that for @); and so we give here only
the proof for @);.

Consider the decomposition W_; = @uezn WL”E (2.2), where p_l(A(j)()\)) (1<5<
n,A € R*) acts on W[“i] as the multiplication by M. Q;(eg) = N;(e) by definition.

Write this as Nj(e) = >, czn N; (e)l according to this decomposition. Since e € Wo(l)
for 1 <1 < n, Nj(e) belongs to Wo(l) if 1 <1l < j,and to Wﬁg if 7 <1 < n. Hence
N;(e)l" = 0 unless p(l) < 0for 1 <1 < jand pu(l) < -2 for j <1 < n. Since

t'(y)eg = yal/2eo, Ad(t'(y))_l(ijj) sends eg to

W) 2+uD)/2 N (e)lk],

Yi+1

—-1/2 i—1 n
ZMEZ” Y0 / H?:l(i)“(l)/z Hl:j(

Yi+1

This converges to 0.
Thus Claim 1.a is proved.

Claim 1.b. Ad(#(y))~'(¢’) converges to 0.

Proof of Claim 1.b. Write ¢’ = P+Q+ R, where P is the (W_1,c — W_; ¢)-component,
@ is the (Cey — W_; ¢)-component, and R is the (W_; ¢ — Ce_3)-component of ¢’.
Hence R is the transpose of —(Q). It is sufficient to show that

(4) Ad(t'(y))~*(P) converges to 0, and
(5) Ad(#'(y))~1(Q) and Ad(#'(y)) "' (R) converge to 0.

We prove (4). We use the decomposition g_1,c = €D, czn g[ﬂ,c- Write P =
Zuezn Pl according to this decomposition. Since e preserves Wg) forl1 <l <n

and €(W,§n()3) C ngﬁ)zc for any k, P = 0 unless p(l) < 0 for1 <1 < n—1 and
p(n) < —2. Hence

Ad('(y)) 1 (P) = X ezm H?Zl(ﬁ)u(j)ﬁp[u]

converges to 0.
We prove (5). The proof for R is similar to that for @) and so we give here only

the proof for Q. We use the decomposition W_; ¢ = @uezn WBLl],C‘ Q(eg) = €(e) by
definition. Write this as e(e) = >~ zn
property of e, £(e) belongs to Wé% for 1 <1< n. Hence e(e)" = 0 unless u(1) <0 for
1 <1< n. Since t'(y)ey = yo_l/Qeo, Ad(t (y))~H(Q) sends eq to

e(e)l# according to this decomposition. By the

—1/2 yn i i
ez Yo / szl(y_J)u(;)/zg(e)[m.

Yj+1

This converges to 0.
Thus Claim 1.b is proved.

Claim 1.c. F’ does not move under the action of ' (y).
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Proof of Claim 1.c. Since the restriction of F' to W_; is ¢_1(0,,) (this follows from
2.5.4 and 1.6), the assertion is reduced to p(A((R*)™))¢—-1(0,) = ¢©-1(0,). Claim 1.c
is thus proved.

The proof of Claim 2 is also reduced to the fact in the pure situation that ¢_;(i,)
is a polarized Hodge structure.
This completes the proof of Lemma 6.8. [

6.9. Proof of Proposition 6.6. The Griffiths transversality (the condition 0.1 (iii)) is
reduced by Lemma 6.5 (3) to that for F. We have to show that for each 0 < j < n and
each p € Z, Nj’-(ﬁ’)p C (F")P~1. The case j = 0 is easy. Assume j > 0. It suffices to
prove Nj(e) € F~! and (F*W_;, N;(e))_1 = 0. The former follows from e € F°, and
the latter follows from the former.

We prove that the condition 0.1 (ii) is satisfied after replacing N} with N} as in the
statement of 6.6. By Lemma 6.8 and by the fact that D of (V/,—1,( ,)) is open in
DV, t'(y)~! exp(Z;}ZO iy; N7)F” belongs to D if y;/y; 11 > 0 for 0 < j < n. Since the
operator t'(y) is real, eXp(Z?:o iy; N;)F' belongs to D for such yo, ..., y,. Take a; >0
(j =0,...,n) such that exp(Z?:O iy; N;)F"' belongs to D for any yo, ..., y, satisfying
yj > ajyj+1 (j=0,...,n). For 0 <k < j, let ajp = arars1---aj—1. Then 0.1 (ii) is
satisfied with respect to N}'.

This completes the proof of 6.6. [

§7. MIXED OBJECT IS QUOTIENT (AND ALSO PART) OF PURE OBJECT:
PROOF OF PROPOSITION 4.1, IN GENERAL CASE

In this section, we complete the proof of 4.1. Since 4.1 (2) is proved in the same way
as 4.1 (1), we give here only the proof of 4.1 (1). We will reduce it to its special case
proved in the previous section.

7.1. First, we prove the case where there exists m € Z such that W,,, =V, W,,_o = 0.
In this case, we show that we can find (V';m —1,(, ), N§,..., N/, F’), a surjective
linear map V/ — V, and real numbers a;; (1 < k < j < n) satisfying the conditions in
4.1 (1) and the further conditions W(N}); = V', W (N{})_2 = 0.

First, we construct an object ((DV, MWW, (W Y )y, Ny, ..., DN, DF) which
generates a mixed nilpotent orbit and which is of the type considered in §6, as fol-
lows. Let A = gtV (V), B = gr/V_ (V). We regard A and B as R-IMHM of pure
weights m and m — 1, respectively, in the evident way. Define the R-IMHM DV =
(DY, OWw, Ny, ..., DN, DF) as the fiber product of

A" QV 5 A" A+ R

in the category of R-IMHM (5.3), where A* is the dual of A, R is regarded as an
R-IMHM of weight zero in the trivial way, ® are the tensor product in the category of
R-IMHM (5.3), and R — A* ® A is the evident map. We have a commutative diagram
with exact rows

0 - A*®@B — WOy R - 0

I s }
0 - A*®B — A*QV —» A*®A — 0,
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and we have MWy = DYV, OW_; = A* @ B,(VW_, = 0, and gr((;)W = R. We define
the intersection forms M( , ), on grsj)w as follows. For w = 0, thisis R x R —
R;(z,y) — zy. For w = —1, this is the tensor product (, )}, ® (, )m-1 on A* ® B.
Then clearly (DV, OW, (D () )w, VN, ..., DN, D F) generates a mixed nilpotent
orbit.

By §6, there exist (PV, -1, (| ) AN, ..., AN, @ F) which generates a pure
nilpotent orbit, a surjective linear map f : @V — MV real numbers a;, € R (1 <
k < j < n) such that MW is the image of W (P Ny)[1], W F is the image of P F,
Fo@Ny =0, fo®N; =37 axMNyofforl <j<mn, ap >0, a;; = 1,
W(PNg) = PV, W(RNy)_5 = 0.

Now the desired object (V/,m —1,(, ), Nj,..., N/}, F’) is defined as follows; V' =
APV, () =(, lm®@®(, ), NI = 1®<2>N + 37 ajrgrW (Ny) ® 1, and
F is the tensor product of F(gr!V) and @)F. Let p : V! — V be the composition
APV 5 AWV - A® A* @V — V. Then p is surjective as is easily seen. This
(V'.m—-1,(,),N{,...,N/] , F") is the tensor product of two pure polarized R-IMHM,
and hence generates a pure nilpotent orbit.

7.2. We consider the general case. We may assume that there exists m > 2 such
that gr!¥ (V) is zero if w does not belong to the closed interval [0,m]. We prove that
we can find (V',0,(, ),N{,..., N/, F") of weight 0.

We prove by induction on m.

Let 'V = V/W,,_2, 'W the filtration on 'V induced by W, ! F the filtration on Vg
induced by F, and 'N; : 'V — 'V (1 < j < n) the homomorphism induced by Nj.
Then by 7.1, there exist an object (2V,m—1,2(, ),2Nq,...,%2N,,?F) generating a pure
nilpotent orbit, a surjective linear map 2V — 'V and real numbers a;, (1 <k < j <n)
such that 'W is the image of W (®*Ny)[1 — m], 'F is the image of ?F, ?N; on 2V
(0 < j < n) commutes with 0 (resp. > 7_; ajr"Ni) on 'V if j = 0 (resp. 1 < j < n),
ajk Z 0, a5 = 1, and W(2N0)1 = 2V, W(QNO)_Q =0.

We may and do replace N; by > 7_, ajr Ny, and replace 'N; by > _ ajr ' Np.
Hence 2Nj now commutes with 1Nj for 1 <j <n.

Define (3V,3Ny,3Ny,...,3N,,3F) as the fiber product of

(V,0,N1,...,No, F) = (*V,0, Ny, ..., N,, ' F) < (*V,%>Ny,*Ny,...,%N,,*F).

Define the weight filtration 3W of 3V as follows.
SWy, = 3V for k > m — 1. 3W}, is Wy x {0} on the fiber product for k < m — 2.
Then gr 2y

ml_

7.3. Let *N,; = 3N, +3Ng. 4V =3V, 4W = 3W, *F = 3F. Define *(, )., on gr,/V
for each w € Z as follows For w < m —2, 4, )y is (, ) of gr¥. For w = m — 1,
Y Vo1 is 2(, ) of 2V,

Lemma 7.4. (*V,4W, (4, Yu)w, *No,...,*N,,*F) generates a mized nilpotent orbit.

Proof. By Theorem 5.4, it is enough to show that the relative monodromy filtration
M(*N;,*W) exists for 0 < j < n.
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Assume first j = 0. Then we have M (*Ng, W) as the fiber product of
W — W < W(No)[1 — m].

In fact, let M be this fiber product. Then the condition (i) of the relative monodromy
filtration in 5.1 is clearly satisfied. We check (ii). On grjnvzl = 2V, M induces the
filtration W (2Ny)[1 — m], and hence (ii) for the case k = m — 1 is clear. For k > m,
ngW =0. For k <m — 1, ngW = gry’ and M induces there the trivial filtration (M
is the total space and Mj,_; vanishes there) and (ii) is satisfied since * Ny induces the

zero map there.
Next assume 1 < j < n. We have M (*N;,*W) as the fiber product of

M(N;j,W) = M('N;,'W) < M(*N;, W(*No)[1 — m]).

In fact, let M be this fiber product. Then the condition (i ) of the relative monodromy
filtration in 5.1 is clearly satisfied. We check (ii). On grm_1 = 2V, M induces the
filtration M (>N;, W (2Ny)[1 — m]) which coincides with W (?Ny +2N;)[1 —m] by [CK].
Since *N; induces ?Ny + 2N there, the condition (ii) for k = m — 1 is satisfied. For
k> m, ngW = 0. For k < m — 1, the condition (ii) is satisfied because the restriction
of M to *W,,—a2 = W,,_o coincides with the restriction of M(N;, W) to W,,—2. O

7.5. Since the weights of (4V,4W) belong to the interval [0, m — 1], by the hypothesis
of the induction on m, there exist(°V,0,%( , },5N_1,°Ng,...,°N,,°F) generating a
pure nilpotent orbit, a surjective linear map f : °V — 4V, real numbers bjr (0<k<
j < n) such that 4W is the image of W(°N_;), *F is the image of °F, f o 5N_; = 0,
fO5N' :Z]_ bjk 4Nk0ff01'0<j <TL bjlc >O bjj =1.

7.6. Finally, let V! =°V, (, ) =°(, ), Ny =°N_1 +°No, and let Nj = °N; for
1<j<n, FF=°F. Then (V',0,(, ), N},..., N/ F') generates a pure mlpotent orbit.

Let p: V’ — V be the composition V' = 5V =4V =3V = V.

It is evident that F is the image of F’, and conditions on N; (0 < j < n) stated in
4.1 (1) are satisfied. It remains to prove that W is the image of W(NO)

For 1 < j < n, replace N, by Zk bk N, 'N; by Zk:l ik "Nk, and *N; by
Zk:o ik *Ni. Then for each 1 < j < n, NI, 4Nj;, and N; commute via projections.

Note that W (N{}) = M (°No, W(°N_1)) [CK]. By Proposition 5.6, (*V, M (*Ng, ‘W),
ANy, ...,AN,,*F) is an R-IMHM, and we have homomorphisms of R-IMHM

(V! ,W(N{),Ny,...,N,,F") = (°V, M(®*Nog, W(°N_1)),’N1,...,° N,,,° F)
— (*V,M(*No,*W),*N1,...,* N, *F) = (V,W,Ny,...,N,,, F).
Since V' — V is surjective, W coincides with the image of W (N{) by 5.3.

§8. BOREL-SERRE THEORY AND SL(2)-ORBITS

The goal of §8 and §9 is to prove Proposition 4.2. In fact, a shorter proof of 4.2 can
be given if we use [KU2] Proposition 6.2.2 (which is essentially the same as Proposition
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9.2 below). Since [KU2]| is not yet published, we give here a self-contained proof of 4.2
including arguments in [KU2] which were used for the proof of [KU2] 6.2.2.

In this section, we present the relationship between Borel-Serre theory in [BS] and
the theory of SL(2)-orbit, studied in [KU1], [KU2J.

8.1. Borel-Serre theory. In general, let G be a semi-simple algebraic group over R,
let P be a parabolic subgroup of GG, and let K be a maximal compact subgroup of G.
Let P, be the unipotent radical of P, and let T" be the maximal R-split torus of the
center of P/P,. Then by Borel-Serre [BS], there is a unique homomorphism of algebraic
groups over R

BS P K : T—P

characterized by the following properties (i) and (ii).

S
(i) The composition T' P, p o, P/P, coincides with the inclusion map 7' —
P/P,.

(ii) Let Ok : G — G be the Cartan involution of G associated to K, that is, the unique
automorphism 0 of G such that 6% is the identity and K = {g € G | 0x(g) = g}
Then 0 (t) = t~1 for any t € BSp x(T).

The following holds.

(iii) If g € P, BSp yxy-1 = Int(g)(BSp k). Here Int(g) means the inner automor-
phism by g.

8.2. In the rest of §8, fix (V,w,(, )) as in 0.1. Let D, DV, Gr, gr be as in 0.1.

The algebraic group Gr over R is semi-simple except the case dim(V) = 2 and w
is even. In this exceptional case, there is no non-zero nilpotent operator in ggr. Since
we are going to consider pure nilpotent orbits in §8 and §9, we will assume in these
sections that we are not in this exceptional case. We apply 8.1 to the semi-simple
algebraic group Gr.

Each F' € D determines a maximal compact subgroup of Ggr: For F' € D, let K
be the maximal compact subgroup of Ggr consisting of all elements which preserve the
Hodge metric ( , )r on V¢ associated to F'. Here (, ) is the positive definite Hermitian
form Vg x Vo — C defined by

2p—w

(x,y)p =1 (w,9) forxe FPNFY P andy € V.

Here y — ¢ denotes the complex conjugation.

8.3. Let W = (Wy)kez be an increasing filtration on V' such that the annihilator of
Wy in V with respect to (, ) coincides with Wa,,_1_j for any k € Z.

For F' € D, we define a splitting BS(W, F') of W, which we call the Borel-Serre
splitting of W associated to F', as follows.

Let P be the parabolic subgroup of Gr associated to W. That is, P is the connected
component as an algebraic group of Gwr = {g € Gr | gW = W} containing the
unit element. Then P, is identified with the kernel of the canonical homomorphism
P — Aut(gr'(V)) and hence P/P, acts on gr'V (V). Let T be the maximal R-split
torus of the center of P/P,, and a : G,, — T be the homomorphism of algebraic
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groups over R characterized by the property that for y € R, a(y) acts on gr;” as
the multiplication by y*~% for any k € Z. Let K = Kr. Define BS(W, F) to be the
splitting of W associated to BSp xoa : G,, — P. That is, BS(W, F') is the unique
splitting s of W satisfying BSp i (a(\)) = soa()\) o s~ for any A € R*.

By 8.1 (iii), the following holds.

(i) If g € P, BS(W, gF) = g BS(W, F).

8.4. The following relationship between SL(2)-orbits and Borel-Serre theory was
proved in [KU1] 3.9:

Let (p,¢) be an SL(2)-orbit in n variables (for (V,w,( , ))), and let the filtration
W) and the splitting s) of W) (1 < j < n) for (p,p) be as in 2.2. Then

BS(WW, p(2)) = s for 1 <j<nand for z € (iRsg)™.

Proposition 8.5. Assume that (V,w,{, ), N1,...,N,, F) generates a pure nilpotent
orbit, and let (p,p) be the associated SL(2)-orbit in n variables. Fiz k such that 1 <
k < n, and let s be the splitting of W) associated to p. Then there exist ¢ > 0
and vy, € gr (m € N™) such that vog = 0, the conditions (1)-(3) below are satisfied,

o O [Ty A7) absolute y converges when 0 < \; < ¢ for 1 < j <mn, and suc
S menes Vm T15y A absolutel hen 0 < \j < ¢ for 1< j <n, and such
that whenever y;y1/y; < c for 1 < j <mn, we have

exp(d_j_, iy;N;j)F € D and BS(W(k),exp(Z?:1 iy; N,V F) = v(y)s®),
with  v(y) = exp(3,,enn vm [Ty (2279,

(1) vle(k) - Wl(f)l for allm and l.

(2) vle(j) - W(j)

() for all m, 3, 1.

(8) v, = 0 if m(k) =0 and there is j such that 1 < j < k and m(j) # 0.

8.6. Proposition 8.5 will be proved in §9 together with Proposition 4.2.

As we will see in §9, 8.5 and 4.2 are related as follows: the v, (m € N™) in 8.5 and
the u,, (m € N"7%) in 4.2 are related by u,, = v, (m € N** m’ € N"), where
m'(j)=0if j < k,and m/(j) =m(j — k) if k <j <n.

8.7. A characterization of the associated SL(2)-orbit by Borel-Serre theory. Assume
that (Ny,...,N,, F') generates a pure nilpotent orbit. Then 8.5 shows that the associ-
ated SL(2)-orbit (p, ) in n variables is the SL(2)-orbit characterized by the properties
2.5.1, 2.5.3 and the following 8.7.1 and 8.7.2.

8.7.1. For 1 < k < n, the splitting s*) of W) associated to p is the limit of
BS(W(’““),eXp(Z;L:1 iy; N;)F) for y; /yj+1 — o0.

8.7.2. ©(0,) = s (F(gr"W ™).
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§9. PROOF OF PROPOSITION 4.2

In this section, we prove Proposition 4.2. We prove it and the propositions 8.5, 9.2,
and 9.3 together.
Let (V,w,(, )), Gr,gr be as in 0.1.

9.1. Recall 2.2 that for an SL(2)-orbit in n variables for (V,w, (, )), we have a direct
sum decomposition

9r = D ,czn o,

The action of Ad(t(y)) (v = (Y1,---,Yn)s t(y) = p(A(VY1s---,/Yn)) * as in 2.2) on

g%’{] coincides with the multiplication by H?:1<yj+1 Jy; )2,

For 1 < j < n, we have
Lie(Gw o r) = 69ueZ",u(J')SO g[flé]'

The following Propositions 9.2 and 9.3 are complementary results to the SL(2)-orbit
Theorem of Cattani-Kaplan-Schmid in [CKS].

Proposition 9.2. Assume that (N1,..., Ny, F) generates a pure nilpotent orbit. Con-
sider the associated SL(2)-orbit (p, p) in n variables.

Let A be an R-subspace of gr such that gr = A @ Lie(K;) and such that if x € A,
then z¥ + 2=t € A for any p € Z".

(1) There exist ¢ > 0 and hy, € A, ky, € Lie(K;) (m € N™) such that hg = ko = 0,

n m(3)/2 n m(i)/2
S e o Ty AP and - S0, engn o [Ty AT

absolutely converge when 0 < \; < c for 1 < j <mn, h;’rf] = kz%] = 0 unless pu(j) = m(j)

mod 2 for 1 < j <mn, and such that whenever y,;11/y; < c for 1 <j <mn, we have
exp(D_1<jcn Wi N F = t(y)h(y)k(y)r, with
h(y) = exp(ZmeNn B H?:1(y§;l )m(j)/2)’
k(y) = eXp(ZmeNn Em H;'l:1(
Here t(y) and r are for (p,p).
(2) Let (hi) be as in (1). Write hy =37 cqn h where Wt € g[R“].

Then we have:
(2.1) W = 0 unless l(5)| < m(j) for all j.

(2.2) Let m € N", m # 0, and let k be the largest integer in {1,...,n} such that
m(k) # 0. Let u € Z™ and assume hl] # 0. Then |pu(k)| < m(k).

An example of A as in 9.2 is given as follows. Note that the Cartan involution

Ok, : gr — 9r associated to K, sends ggiz] to ggﬂ] for any pu € Z"™ and satisfies
Lie(Ky) = {z € gr | 0k, (x) = x}. For example, we can take A = {x € gr | Ok, (z) =

—x}. For this A, Proposition 9.2 is identical with [KU2] Proposition 6.2.2.
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Proposition 9.3. Assume that (N1,...,N,, F) generates a pure nilpotent orbit. Con-
sider the associated SL(2)-orbit (p, ) in n variables.

Fiz an integer k such that 1 < k < n. Then there exist c > 0 and p,, € Lie(Gy ) r),
km € Lie(Ky) (m € N™) such that po = ko = 0,

n m(J m 1)/2
Zmeanmszl A D and > meNn km HJ 1A )/

absolutely converge when 0 < \; < ¢ for1 < j <mn, kM = 0 unless u(j) = m(j) mod 2

for 1 < j < mn, the conditions (1) and (2) below are satisfied, and such that whenever
Yi+1/y; < ¢ for 1 < j <n, we have

exp(D1<jn Wi N F = p(W)t(y)k(y)r, with
p(y) = exp(Xenn P [Ty (45)™0),
k:(y) = GXp(ZmeNn km H —1(

1)m()/2),

Here t(y) and r are for (p,p).
(1) P =0 unless p < m.
(Q)p[%] =0ifm(j) =0 for k <j<n and pu(k) # 0.

Lemma 9.4. Let C be a finite dimensional Lie algebra over a field K of characteristic
0, and assume that we have a direct sum decomposition C' = A @ B of C' as a vector
space over K. Let R = K[[Th,...,T,]] and let Ry = Ker(R — K;T; — 0 for all j). Let
= (Y1,9%2) : Ry ®x C — (R @k A) X (R4 @K B) be the bijection characterized by ¢ =

H(1(c),12(c)), ¢ € Ry @k C, where H is the Hausdorff series (for this terminology,
cf. 1.2). Assume that a direct sum decomposition C = pezn C CM is given. Assume
that [C1W, CW ¢ CWHH) for any p, ' € Z™. Assume that if a € A, b € B, then
all +al=1 € A and bl +0=1 € B for any p € Z™. Let c = Y menn CmT™ € Ry @k C
(cm €C,co=0,T" = H?Zl T;n(J)) and let a = P1(c) = >, cnn amT™ € Ry @ A,
b=12(c) = enn ImT™ € Ry @k B (aym € A, by, € B, ag = by = 0).

Then we have:

(1) Ifc[#] =0 for any (u, m) which does not satisfy p = m mod 2, then al = plt) —

0 for any (u, m) which does not satisfy p =m mod 2.

(2) Fix k such that 1 < k <n. If M =0 for any (p,m) such that |pu(k)| > m(k),

then alt) = bl = 0 for any (u,m) such that |pu(k)| > m(k).

(8) Fiz k such that 1 < k < n. If =0 for any (u,m) such that m(j) = 0 for

k < j <mn and such that |u(k)| > m(k), then a = vl = 0 for any (1, m) such that
m(j) =0 for k < j <n and such that |pu(k)| > m(k).

(4) If K = R or C, 11,12 send convergent series to convergent series.

Proof. (1)—(3) are proved by induction on Z?:1 m(j). (4) follows from the fact that
the Hausdorff series induces an analytic isomorphism from an open neighborhood of the
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origin in A x B to an open neighborhood of the origin in C, for the differential of the
Hausdorff series at the origin gives the isomorphism A x B — C'; (a,b) — a+b. O

In the rest of §9, we assume that (Ny,..., N,, F) generates a pure nilpotent orbit.
For simplicity, when n = 1, we write N in place of Ny. Let (p, ) be the associated
SL(2)-orbit in n variables, and let ¢, t/) be as in 2.2.

9.5. Assume n = 1. Then we have the following expression of exp(iyN)F":

There exist ¢ > 0 and b,, € gr (m > 1) such that 3 -, b,,A"™/2 absolutely converges
when 0 < A\ < ¢, that a

exp(iyN)F = t(y) exp (3,51 by ™/?)r

(1]

when 7! < ¢, and such that the component b;,
lu| <m —1and g =m mod 2.

of by, in g[ﬁ] (1 € Z) is zero unless

Proof. Let a,, € gr (m > 1) be as in 2.4.1. Then

exp (Zle amy_m)t(y) = t(y) exp (Zmzwez a[m“]y—@m—u)ﬂ)
= t(y) €xXp ( Zle bmy_m/2>a
. [2k—m)] 2k—m] .
where b, = » , a; . We have a = 0 unless 2k — m < k. Since k > 0, the

condition 2k — m < k is equivalent to the condition |2k —m| < m. O

9.6. We deduce the case n =1 of 9.2.
Let b,, (m > 1) be as in 9.5. We apply the case n = 1 of 9.4 by taking B = Lie(K,).
Let >, 1 hT™ (vesp. 3, ~, kmT™) be the image of 3, b, 7™ under the map 1

(resp. 12) of 9.4. Let h(y) = exp(>,,5, Ry~ ™/?) and k(y) = exp(d 51 Emy ™).
Then by the case n =1 of 9.4, we obtain the case n =1 of 9.2.

9.7. We prove the case n = 1 of 9.3. That is, there exist ¢ > 0 and p,, €
Lie(Gwr) with W = W(N)[-w], ky, € Lie(K;) (m > 1) such that > -, pmA™
and ) 5, kmA™/2 absolutely converge when 0 < A < ¢, that = (meN,ueZ)
unless 1 = m mod 2, that p[ﬁ] =0 (m € N,pu € Z) unless p < m, and that

exp(iyN)F = p(y)t(y)k(y)r with
p(y) = exp(X 51 Pmy™™),  k(y) = exp(X 51 kmy™™?)

when y~! < c. (This result is almost the same as [Sc] 5.25.)

Take A and B = Lie(K,) in 9.4 such that A C Lie(Gwmr). Such A exists. In-
deed, take an R-subspace Ay of gg] such that g[g = Ay & (Lie(Ky) N gg). Let
A=(D,<o g[R“]) @ Ag. Then gr = A® B and A C Lie(GwRr).

Let h(y) be as in 9.6 with respect to the above A and B, and let p(y) = t(y)h(y)t(y) L.

Then p(y) = exp(d_,,czPmy~ "), Where p,, = 21@1 hEm_k]. We prove p,, = 0 for
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m < 0. Assume m < 0. Then since |2m — k| > k for any k, we have h[Qm M =0 for

any k by (2) of the case n = 1 of 9.2, and this proves p,, = 0. The fact that p[ﬁ] =
(m € N, pu € Z) unless p < m is similarly proved by (2.1) of the case n =1 of 9.2.

9.8. We prove the case n = 1 of 8.5.

Let p(y) be as in 9.7. Write p(y) = v(y)p'(y) with v(y),p'(y) € Gwr (W =

W (N)[—w]), where p'(y) = sgr'V(p(y))s~! with s the splitting of W associated to
p, and v(y) acts trivially on gr'V' (V). Then

BS(W, exp(iyN)F) = BS(W, v(y)p'(y)t(y)k(y)r)
= v(y) BS(W,p'(y)t(y)r) = v(y) BS(W, )

by 8.3 (i), 8.4, and p/(y)t(y)s™) = s,

9.9. From 9.8, we obtain the case n = 1 of 8.7. That is, in the case n =
the splitting of W = W (IV)[—w] associated to p is the limit of BS(W, exp(iyN)F') fo
Y — 00.

1,

9.10. We prove the statement in 2.4 about the uniqueness of (p, ) satisfying 2.3.1
and 2.4.1. In fact, the arguments in 9.5-9.9 show that an SL(2)-orbit (p, ) in one
variable satisfying 2.3.1 and 2.4.1 has the characterizing property in 9.9 described by
Borel-Serre theory, and hence is unique.

9.11. We prove (1) of 9.2.
Let by, € gr (m € N™) be as in 0.1 (b,,, appeared in the expression of g(y)).
By using 9.4 with B = Lie(K;), let Y o hT™ (vesp. D, cnn kmT™) be the

image of ) 0T under 9 (resp. ¥). Let

>
—~~
<
SN—

I

@

(Y men Pom [y (i1 /) "0/,
Xp(zmeNn km H?Zl(yj+1/yj)m(j)/2).

&
—~~
<
N—

|

@

Then we have

exp(D1<j<n Wi N F =t(y) cg(y)r = t(y)h(y)k(y)r.
Since b[m“] = 0 unless m = p mod 2 as is seen by the method in 9.5, hL’i] = 0 and
k4 = 0 unless m = p mod 2 by 9.4 (1).

9.12. We prove 9.2 (2.1).

We fix k such that 1 < k < n. We prove that A4 = 0 unless (k)| < m(k).

First we show that the validity of 9.2 (2.1) is independent of the choice of A. Assume
that A’ satisfies the same condition as A, let ¢/ = (¢],4%) be the map ¢ = (¢1,12)
in 9.4 defined for the pair (A’, Lie(K)), and define > _nw by, 7™ and D o Ky, T™
as the images of » o A T™ under the maps 97 and 15, respectively. Let h/(y) =
(X nenn W Ty (051/95)™D7?), K (y) = exp(,uenen ki T (941/95) ™72,
K (y) = k" (y)k(y). Then we have h(y)k(y) = h'(k)k'(y). Hence by 9.4 (2), if 9.2 (2.1)
is true for A, then it is true for A’.
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By this independence, we may and will assume A C Lie(Gy ) g). Let P be the
connected component as an algebraic group of Gy, g containing the unit element.
Fix y; > 0 for 1 < j < n such that y;/y;4+1 > 0 (1 < j < n). Then the pair
(Z1§jgk YiNj exp(Dpj<n iy;N;)F) generates a pure nilpotent orbit. Let (p’,¢’) be
the SL(2)-orbit in one variable associated to this pair.

By the case n = 1 of 9.3 proved in 9.7, we have fs € Lie(P) (s > 1) such that
Y s>1 fsA® absolutely converges for A > 0 sufficiently small, and such that

) exp (N(Z4y 153) + i 9,89)F € SO OV -1
with f(\) = exp (2521 fs)‘_s)

for A > 0, where r’' := ¢/(i) and t’ is the “t” for p’.

Since P is a parabolic subgroup of Ggr and K, is a maximal compact subgroup of
Gr, we have Gr = PK, ([B] §11). That is, there exists g € P such that v’ € gK, - r.
We have K, = Int(g)(K,). Hence by 8.4 and 8.1 (iii), we have for A > 0

¥'(\) = BSp k., (a) = Int(g) (BSp k, (a)) = Int(g)(t®)(N)),
where a: @, el (V) > @ el (V)5 (ax)k = (A0 20),

This shows
SOV N K- =t (0) Int (15 (X)) 71 (f(N)g) Ky -

On the other hand, the left hand side of (1) belongs to
where B(y, \) = xp (3 enee i [Ty < (227020 -m(0/2)

Y;
(hm € A, hg = 0). Hence

(2) h(y, (P 0 ;) = t(y) " et () 7H(F(Ng) (P N K).

We can write g € P as g = ¢'go, ¢’ = exp(3_,>; g—s), where go = s(k) ng(k)(g)(s(’““))*1
€ P and g_; is an element of Lie(P) such that g[_“l for p € Z™ is 0 unless pu(k) = —s.
Then go commutes with t*)()\). We have

(3) Mt (N) 7 (FNg) = exp (Lo ez FLIAEBI=5) exp (0, g- A=),

Since f,s € Lie(P), fs[”] = 0 unless p(k) < 0. Hence (3) shows that Int(t() (X)) ~1(f(\)g)
converges to go as A — co. On the other hand, the left hand side of (2) converges to

h(y, 00)(P N Kr) = exp(}_,,enn m(k)=0 tm H1§j§n(%)m(j)/2)(13 NK;)

in P/(PNK,). Hence the limit of (2) for A — oo shows gg € t(y)h(y, o0)(PNK,). Hence
the right hand side of (2) is written as #(y) = Int(t() (X)) =1 (f(N\) g )t(y)h(y, 00) (PN Ky).
Note that
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(4) exp(a)Ky - r = exp(b)K, - r implies a = b if a,b belong to a sufficiently small
neighborhood of 0 in A.

Since y;/yj+1 > 0 (1 < j < n), t(y)~ Int(t™ (1)~ (f(\)g)t(y) Ay, 00) for A > 0
is near to 1. By (3), this element has the form exp(d_,-; dsA75/?) with d, € Lie(P)
such that d¥) = 0 unless |u(k)| < s. Let 0,0, diT* = ¢1(X,5; dsT*) in 9.4 with
B = Lie(K,) and n = 1. Then by 9.4 (2), d’g”] = 0 unless |u(k)| < s. By (2) and (4),

we have

ZmeN"h’ H]_ (yg+1 )m(])/Q}\ m(k)/2 _ Z >0 5/2

and this shows that Al = 0 unless (k)] <m(k). O

9.13. We prove 9.3 except the following parts: the part pop = 0 and 9.3 (2).
We take A C Lie(Gyx) Rr)-
Let p(y) = t(y)h(t)t(y)~". Then

p(¥) = exp(X ez P [1my W41/)™ D), pil = hio, . Wb =plo .
By 9.2 (2.1) which we have already proved, h[;;]%_u = 0 unless |u(7)| < 2m(j) — pu(j) for

any j, that is, unless m(j) > 0 and m(j) > p(j) for all j. Hence we have p,, = 0 unless

m > 0, and we have p,En] = 0 unless u(j) < m(y) for any j.

9.14. We prove 8.5 except the following parts: the part vg = 0 and 8.5 (3).
Let p(y) be as in 9.13, and write p(y) = v(y)p'(y) with v(y),p’(v) € Gy ) r, where

p'(y) = s®) ng(k) (p(y))(s¥))~1 and v(y) acts trivially on ng(k) (V). Then by 8.1 (iii)
and 8.4, we have

BS(W™ exp(37_, iy; N;)F) = BS(W ), p(y)t(y)k(y)r)
= v(y) BS(W(k), r) = v(y)s(k).

Write v(y) = exp(}_,,enn Um H?:1(yj+1/yj)m(j))' Then the property 8.5 (1) of vy, is
clear and the property 8.5 (2) follows from the property 9.3 (1) of p,,.

9.15. We prove 4.2 except the part ug = 0, and prove also 8.5 (3).
Let v(y) and v,, be as in 9.14. Then for A > 0, we have

(1) BS(WW, exp(325_ idy; Ny + Yy i Nj)F) = v(y')s®
with ' = (Ay1, .-+, A\Yk; Yk+1, - - -, Yn). Note
U(y/) = eXp(ZmEN" Um - (?J)\k_;:)m(k H1<3<n,j7ék(y;;;1 )m(j))

By the case n = 1 of 8.5 proved in 9.8, when A\ — oo, the left hand side of (1)
converges to the canonical splitting of W) associated to the mixed Hodge structure
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(W(k),exp(Z?:kH iy; N;)F'), which is independent of y1,...,y,. On the other hand,
the right hand side of (1) converges to

exp(ZmeNmﬂn(k):O Um, Hlﬁjﬁn,g;ﬁk(y;_jl)m(]))s(k)'

Hence this is independent of y1, ..., yx, and this proves 8.5 (3).
Let w,, = vy, where m’ € N™ is defined by m/(j) = 0 for j < k and m/(j) = m(j—k)
for 7 > k. We have shown:

(2) The canonical splitting of W (*) associatgd to eXp(Z?:kJrl iy; N, F is u(y)s™
with 1(y) = Xp(S enerot i [[mg 1 (522)70).

The property 4.2 (ii) of u,, (m € N"7%) is clear and the property 4.2 (iii) follows
from the property 8.5 (2) of v, (m € N").

Lemma 9.16. Let £ <[ < n. Then the canonical splitting of W) associated to the
mized Hodge structure (W), exp(zk<]<l iy; N; )eXp(zNHl)F(lH)) is

exp(327, )+ ([jey g ()00 - (Lym=h)) . 58,

where Y m.pu U8 the sum for all m € N"~ K and p € Z" such that m(j) =0 forl —k <
Jj <n—k and such that u(j) =0 for | < j <n. Here in the case l =n, Ni11 means 0
and F(H—l) means F.

Proof. We prove this by downward induction. In the case [ = n, this is 9.15 (2). Write
the statement 9.16 for [ as 9.16(). Assume ! < n and assume that 9.160*+1) is true.
Consider the mixed Hodge structure

(1) (W D () exp(3 <<y iAy;5 N;) exp(iAN1 1) exp(iNi2) Fiya))-
We have

D (N)~ eXP(Zk<J<1 iAY;N;) exp(iAN;41) eXP(ZNl+2)F(l+2)
= exp(Y 4o i< 5 N;) exp(iNp1 )t (A) ! exp(iNy42) Fy42)

by 2.7, and
t(l+1)()\)—1 exp(iNi2)Fiy2) — Fug1y when A — oo.

Hence we have:

(2) When A\ — oo, the canonical splitting of W(*) associated to (1) converges to the
canonical splitting of W(*) associated to the mixed Hodge structure

(W, exp(3 o j<; 103 N;) exp(iNig1) Flupy)-

On the other hand, by 9.16(t1) the canonical splitting of W(¥) associated to (1)
coincides with

Int (£ () (exp( , o ([T o520 ) () (1)) )
_ eXp(ZN [H](Hk<]<l(yj+1>m(] k:))( )m(l k))\(u(l—f—l)/Z) m(l4+1— k:)) (k:),

Yj Yi
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where Z" is the sum for all m € N"~* and p € Z" such that m(j) = 0for l+1—k <
j<n—k and such that pu(j) =0 for I+1 < j < n. By 4.2 (iii) which we have proved in
9.15, we have ultl = 0 unless w(l+1) < m(l+1—k). Hence if (u(I+1)/2)—m(l4+1—k) >
and ul"! # 0, then m(l 4+ 1 — k) = p(l + 1) = 0. From this, we have:

(3) When A — oo, the canonical splitting of W) associated to (1) converges to
exp(z;wu%] Hk;<j<z(y§,j1)m(3 k) . (yl)m(z k). sk,

By (2) and (3), we have 9.160). [

9.17. Write the statement 9.2 (2.2) for a fixed k as 9.2 (2.2);. By 9.4 (3), the
validity of 9.2 (2.2);, is independent of the choice of A as is seen by the argument at the
beginning of 9.12.

9.18. Denote by 9.3’ the part “9.3 without the statement pg = 0” of 9.3. We
complete the proofs of 4.2, 8.5, 9.2, and 9.3’.

We prove 4.2, 8.5, 9.2 (2.2)x, and 9.3 together, by downward induction on k.

Take A C Lie(Gy ) r)- Let A, Py U, U be as in 9.11-9.15. We first prove

Claim 1. pg’” = v([)“] = u([)“] = 0 unless u(j) = 0 for any j such that k < j < n.

Note po = >, cnn h[ ml By the hypothesis of our downward induction, h[ m— 0
unless m(j) = 0 for any j such that k < j < n. This proves the statement for py. The
statement for vy follows from that for py, and the statement for ug follows from that
for vg.

Now by Claim 1, 9.16(®) is read as
st = exp(ug)s™.

This proves

UOZO.

This proves 4.2.

We obtain vy = 0 from ug = 0. This proves 8.5.

By vo = 0 and by 8.5 (3), we have v,,, = 0 if m(j) = 0 for any j such that £ < j < n.
This proves 9.3 (2), and proves 9.3'.

We prove 9.2 (2.2);. Assume h £ 0 and assume m(j) = 0 for k < j < n, and
m(k) # 0. We have p(j) = 0 for £ < j < n because |u(j)| < m(j) by 9.3 (2.1). If
\1(k)| = m(k), then u(k) = —m(k) since u(k) < 0 by hp, € Lie(Gyx) g). We have
piH — p%;]wu)/? (9.13). Since (m(j) + u(j))/2 =0 for k < j < n, we have u(k) = 0 by
9.3 (2). But this contradicts u(k) = —m(k) # 0.

9.19. Let p,, and h,, be as above. We complete the proof of 9.3 by showing py = 0.
We have pg = >, cnn ha™. But hly™ =0 by 9.2 (2.2).
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§10. COMPLEMENTS TO MAIN THEOREM
We give complementary results to the main theorem 0.5.

10.1. Let the notation be as in Theorem 0.5.

The following facts 10.1.1-10.1.3 are shown by the reduction to the pure situation
by 4.1, by using 2.5 and 1.6. In particular, we have a description of the limit splitting
s in Theorem 0.5 (1) by finite algebraic steps, not as a limit.

10.1.1. Let W = M(N; + --- + N;,W) for 0 < j < n (in particular, wO =
W). Let (W(”),ﬁ(n)) be the R-split mixed Hodge structure associated to the mixed
Hodge structure (W) F). Then (W(”*l),exp(z’Nn)ﬁ’(n)) is a mixed Hodge structure.
Let (W(”_l),F(n,l)) be the R-split mixed Hodge structure associated to it. Then
(W(”_2),eXp(iNn_l)F(n_l)) is a mixed Hodge structure, and so on. This process con-
tinues until we obtain the R-split mixed Hodge structure (W (%), F(O)).

10.1.2. F(O) =r (= s(@,rw)), and the splitting s of W in Theorem 0.5 (1) is the
splitting of W = W (9 given by the R-split mixed Hodge structure (W (%), F(O)).
10.1.3. For 1 < j < n, F{j) = s(D,, pw(0;,in_;))-

Define a homomorphism p of algebraic groups, which is defined over R, and a holo-
morphic map ¢

p:C* xSL(2,C)" — Autc(Ve, We), ¢ :PY{C)" = DY,
by
p(X.9) = 5(Buez A Puw(9)s™  @(2) = s(Bpez Pu(2))
(A e C*, g € SL(2,C)™). Then 10.1.3 and the first part of 10.1.2 are written as
10.1.4. For 0 < j < n, F(j) = ¢(0;,in—;).
We have:
10.1.5.  p(\, 9)e(2) = ¢(gz) for A € C*, g € SL(2,C)", z € P}(C)".
10.1.6. (h") C D.

Thus this (p, ) is similar to the (p, ¢) in the pure case (0.1).
We have

t(yl,...,yn):p(l/\/y_l,(\/oy_l 1/3%>(Vé/_“ 1/\0/y_n)),

o(iy1, .., 1Yn) = t(Y1, ..., Yn)T,

where t(y1,...,y,) is as in Theorem 0.5.
A difference from the pure case is that in the mixed case, in general, it is not possible
to have a result of the form as in 0.1

exp(3_7_y W N;)F = f(y)eliye, ... iyn)
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(fy) € Autc(Ve, We), yj/yj+1 > 0, yny1 = 1) such that f(y) — 1 when y;/y;41 — o0
(1 <j<mn). See Example 13.2.

10.2. Let the notation be as in Theorem 0.5.

Let s4) (0 < j < n) be the splitting of W) given by the R-split mixed Hodge
structure (W0, F(;y). In particular, 5(9) is the splitting s of W in Theorem 0.5 (1).

Then by 10.1.3, for 0 < 57 < n and for w € Z, s(j)(grzﬁ/m) coincides with the part of

V on which |
(0 <o) e

acts as the multiplication by A”. Here p is as in 10.1. From this, we have the following
facts.
For 0 € Z10-m} let

n . [/V(')
V1o = |j:0 SU)(gre(j; )
Then

V=@pezon VO W = @pegiom pyar VI (0<j<n, keZ).

This explains the distributive property of W© . . W) (5.5).
For € Z"™, let
n 1 3
V[M} — ﬂj:l S(])(gr}j{j) )
That is, V¥ is the direct sum of V1% for all § € Z{%"} such that 6(j) = u(j) for
1 <j <n. Then
V = ®MEZ" V[M]a W]EJ) - @MEZ",MU)SR V[M} (1 S ] S n, k - Z),
and V¥ coincides with the part of V on which t(y) acts as the multiplication by
Ty (e /y) 972,

For § € Z{%"} and for u € Z", let
g[é] ={X €egr | XV ¢ v+ for any 0’ € Z{O’“"”}},
o = (X € gr | XVIW] c VIFHH] for any ' € Z7).

Then

Lie(GW(J‘)’R) - ®MEZ",/L(]')§O g:[l:lé} for 1 S j S n,

and g%‘] for u € Z™ coincides with the part of gr on which Ad(¢(y)) acts as the

multiplication by H?:1(Z/j+1/yj)“(j)/2.
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For 1 < j < n, write Nj = ) pcz0...n) Nj[o] = Zuezn NJ[“] with Nj[e] € gg] and
N][“] S g[R“]. Define

$ 6
N] == Z’Oez{o ..... n} Nj[ ]7 NJA == ZLezn Nj[/‘ll],

where >y (resp. Z;) is the sum for all § € Z{%"} (resp. u € Z™) such that 6(k) = 0
for 0 < k < j (vesp. u(k) = 0 for 1 < k < j). In particular, N = N;. We have

A

Nj = s(@ ez (N; of py))s! (s = s(©) = the limit splitting of W in Theorem 0.5), and

N. ; coincides with the component of NV ]-A purely of weight 0 with respect to the splitting
s of W.

10.3. Let the notation be as in Theorem 0.5. For 1 < 5 <n and A > 0, let
t D) = 5(B ez A2t ()51
So, t(y) = [Tj—y ) (y;/y;+1). We have
Ad(ED (M) (Ng) = ANy, for 1<k <.
This is shown by the reduction to the pure case 2.7 by 4.1, by using 4.4.
Proposition 10.4. Let the notation be as in Theorem 0.5.
(1) For 0 < j <mn, we have F(j) = exp(ZZ:jJrl iNk)F(n).
In particular, exp(zg"zl iNj)F(n) =r.
(2) exp(3_5_, iNjA)ﬁ(n) = exp(eg)r.
Here g is a member of (€,,)m in Theorem 0.5.
Proof. (1) follows from 10.1.3.
We prove (2). Write ¢ = (W™ F) so that F = exp(s(”))ﬁ(n). Consider
t(y) "t exp(3_y iy N;) F
= exp(Ad(t(y)) ™" 7y iy N;) exp(Ad(t(y)) ™) t(y) L ).

Since NJM = 0 unless p(k) = —2 for j < k <n by 10.3, we have
_ i1
Ad(HY) " (4 N;) = Dezn [Thoy (G2 02N,
This converges to N jA.
Next we have

Y _Yu(k)/2((n)) k],

Ye+1

Ad(t(y) '™ = 3 ez [T (

Since (¢™)I# = 0 unless pu(n) < —2 and p(k) < 0 for any 1 < k < n, this converges to
0.

We have t(y)_lﬁ(n) = F(n) by 10.1.3.

Hence

t(y)~* exp(Z?:1 iy;N;)F — eXp(z:?:1 z'NjA)F(n) as y;/yj+1 — oo (1 <j<n).

On the other hand, t(y)™! exp(zyzl iy; N;)F = “g(y) exp(e(y))r as in Theorem 0.5,
and this converges to exp(ep)r. This proves (2). O
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Lemma 10.5. Let the notation be as in Theorem 0.5. We have

O(W,exp(Doi_, iy;N;j)F), (Wiexp(3o7_, iy;N;)F) € R(y) ®r R,
e(W,exp(3_7_, iy;N;)F) € C(y) ®Rr 9R-
Here R(y) denotes the rational function field R(y1,...,yn) in n variables yi,...,yn
over R, and C(y) = C(y1,...,Yn)-
Proof. Since N; are nilpotent and commute with each other, eXp(Z;-Izl iy; IN;) belongs
to Cly1,...,yn] ®r gr C C(y) ®r gr- We can regard Deligne’s splitting (I}-7) of
(W, exp(3_5_, iy;N;)F) as a direct sum decomposition of the vector space C(y) ®r V
over C(y). The proof in [CKS] of the unique existence of ¢ having the properties 1.3

(i) and (ii) shows that there is a unique 6, € R(y) ®r gr having the properties 1.3 (i)
and (ii) for (I7»7). We obtain elements d, ,, € R(y) ®r gr and they determine ¢, €

R(y) ®r gr. We have 6(W,exp(3_7_; iy;N;)F) = 6y, ((W,exp(3_7_; iy N;)F) = .
By the definition of ¢ (1.2), we have (W, exp(zyzl iy;N;)F) € Cy) ®r gr. U

Proposition 10.6. Let the notation be as in Theorem 0.5.

(1) el = 0 unless m = @ mod 2.

(2) Let C{Ty,...,T,,} C C|[T4,...,T,]] be the ring of convergent series in n vari-
ables. As an element of C{(y2/y1)"?,..., (yn+1/yn)1/2}[yi/2, .y Or R,
Ad(t(y))e(y) belongs to Clya/y1,- - Ynt1/Yn}ty1s-- - yn] R IR
Proof. Since £(y) = Ad(g(y)t(y)) te(W, eXp(Z;-Lzl iy; N;)F) and g(y) is the exponen-
tial of an element of C{y2/y1,...,Yn+1/Yn} @R 9R, (1) follows from Lemma 10.5.

(2) follows from (1). O
Proposition 10.7. Let the notation be as in Theorem 0.5. Fory; > 0 and y;4+1/y; < 1
(1 <j <, Yot denotes 1), Ad(t(y)) ' o(W, exp(3o}_, iy; N;) F),

Ad(t(y)) T CW,exp(XoT_y iy Nj)F), (W, t(y) " g(y) " exp(3o7_, iy N;) F), and
CW,t(y) " g(y) "t exp(3oj_y iy N;)F) (resp. Ad(t(y)) ™ e(W,exp(37_, iy; N;)F)) are
(resp. is) expressed as convergent series in (yj11/y;)Y? (1 < j < n) with coefficients in
gr (resp. gc)-

Proof. Since Ad(t(y)) " te(W, exp(zgzl iy; N;)F) = Ad(°g(y))e(y), the assertion for e
is deduced from Theorem 0.5 (3), (4). By 1.2 (1), the assertions for ¢ and ¢ follow from
the above result for Ad(t(y)) " te(W, exp(Z?Zl iy; N;)F) and from Theorem 0.5 (4). O

For real analytic manifolds A, B and ¢ > 0, and for a map
fiAX{AeR"|0< ) <cforl <j<n}— B,

we say f is real analytic at A = 0 if the following condition is satisfied: For each o € A,
there are an open neighborhood U of o in A, a real number ¢’such that 0 < ¢/ < ¢, and
a real analytic map

J2Ux{AeR"| = <Aj<dfor1<j<n}—B

which coincides with f on U x {fA € R" |0 < \; < for 1 < j <n}.
The following is a generalization of [CKS] Remark (4.65) (ii) to the mixed case.
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Proposition 10.8. Let (V,W,({, )w)w) and Gur, Gr, 9r, D be as in 0.2. Let A
be a real analytic manifold, and let

A—=gr;a— N, (1<j<n), A= DV a—F,
be real analytic maps satisfying the following conditions (i) and (ii).
(i) For any o € A, (N1,a5- -, Nn.a» Fa) generates a mized nilpotent orbit.

(i1) For 1 < j < n, the relative monodromy filtration M(Ni o + -+ Nj o, W) is
independent of a € A.

Then:

(1) Locally on A, the number ¢ > 0 in Theorem 0.5 (2) for (N1,a,..., Nnp.a, Fu) can
be taken to be common for any a € A. Let Uy, o (m € N", o0 € A) be u,y, in Theorem
0.5 (2) for (N1,a- - Nn.a» Fa). Then the map o v Uy, o is real analytic.

(2) Locally on A, let ©guw.o(y) (w € Z,a € A) be ¢g(y) in 0.1 for (gr¥¥ (N14),- ..,

gtW (Nyp.a), Fa(grl)) which we choose (note that ¢g(y) in 0.1 is not unique) in the way
that for any w, the function

Ax{AeR"|0< )\ <c} = Gur; (@, A) = “gualy), where \j = \/y11/\/Yj

is real analytic at A = 0 (this is possible by [CKS] Remark (4.65) (ii)). Then locally on
A, the numbers ¢ > 0 in Theorem 0.5 (3) and (4) for (N1,a,- .., Nn.a, Fo) can be taken
to be common for any o € A. Let by, o (1€Sp. €m.o) (Mm € N™ v € A) be by, (resp. em)
in Theorem 0.5 (3) (resp. (4)) for (N1,as---sNn,a,Fa). Then the maps o — by, o,
O Em.q are Teal analytic.

Proof. For 0 < j < n, the map
A— DV;OL — Fa,(g)
is real analytic. This is shown step by step, by downward induction on j using the real
analycity of e(W0), —).
Hence for 0 < j < n, the splitting s((lj ) of W& defined by the R-split mixed Hodge
structure (W0, F, (;)) is real analytic in a.
Let gr = @uezn g%ﬁ’a] be the decomposition in 10.2 defined by (N1,4, ..., Nn,a, Fa).

Since this decomposition is determined by s&j ) (1 <j<mn)asin 10.2 and since the sg )

are real analytic in «, this decomposition of ggr is real analytic in «.
Now as in the proof of 10.4, consider

toz (y)_l eXP(Zyzl iyij,a)Fa
= exp(Ad(ta(y)) ' 27, iy Nja) exp(Ad(ta(y) 'ed”) Fa (),

where t,(y) is t(y) in Theorem 0.5 (3) for (N1 4, ..., Ny, Fo) and e = e(W™ F,).
As functions in (a, A),

Ad(ta(y) " W5 Nja) = ez THL (G /2 lmel

Ye+1

Ad(ta(y) 7 (e0) = Y puezn Ty (32) 102 (e linel
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are real analytic at A = 0. Hence we have

Claim 1. As a function in (a, A), ta(y) " exp(3_7_ iy Nja)Fu is real analytic at
A=0.

We prove (1). Let uq(y) be u(y) in Theorem 0.5 (2) for (N1,a,--.,Nn,a, Fo). Let
“Ua(y) = ta(y) " ua(y)ta(y). Then “uq(y) = “sa(y)sy', where ®sa(y) is the splitting
of W associated to the mixed Hodge structure ( ta(y)” exp(Z;l:1 iy Nj.o)Fo) (we
assume y;/y;j4+1 > 0). By Claim 1, as a function in (o, \), ®so(y) is real analytic at
A = 0. Hence we have

Claim 2. As a function in («, ), “uq(y) is real analytic at A = 0.

Hence we can write “uq(y) = exp(3_,,enn “Um,a [ [ ;n(j)) there is ¢ > 0 locally

on A such that ) _no» “Um,a H?:l ;-n(]) absolutely converges for any o € A and
0< ) <c(1<j<n),and the map a — “u, o is real analytic for any m € N". Since
Um,a = Zuezn (euzm_u,a)[“’o‘], the map o — u,  is also real analytic.

For each p € Z™, by
« n 2m n j e o n m(j
D meNn (Um,a)m’ ) Hg 1 >‘g W= Hj:l )‘;‘LU) > menn um,oz)[u’ ) Hj:l )‘j (j)v

we see that > oo (Upma) H 1 32 ™) absolutely converges when 0 < Aj < c
(1 < j <n). Hence the function ( , A) — uq(y) is real analytic at A = 0. This proves
(1).

We prove (2). Let ¢gq(y) (resp. £4(y)) be ¢g(y) (resp. £(y)) in Theorem 0 5 (3

)
(resp. (4)) for (N1,a;- -+, Nna; Fa). Since “ga(y) = “ua(y)sa (B, “Guw,a ()54 “a(y)
is real analytic at A = 0 as a function in (o, \) by Claim 2. Hence by Clalm 1,

ealy) = e(W, ega(y)_ltoé(y)_leXp(z:?:1 iy;Nj.o)Fy) is real analytic at A = 0 as a
function in (o, A). O

§11. RELATIONSHIP WITH WORK OF PEARLSTEIN [P3]

11.1. Assume that (V,W,({, )w)w, N, F) generates a mixed nilpotent orbit with
n=1.

Consider the R-split mixed Hodge structures F' = exp(¢) exp(—id)F, F = exp(—id)F
with respect to M (N, W), where ( = ((M(N,W),F), 6 = 6(M(N,W), F).

11.2. In [P3], Pearlstein proved an SL(2)-orbit theorem for the cases (I), (II) in 0.7,

which contains the following result. Assume that we are either in the case (I) or in the
case (IT). Then

exp(iyN)F = gp(y) exp(in)ﬁ' with gp(y) = exp(anO:O gmy~™)

when y > 0, for some g,, € gc (m > 0) such that g, : Wy, /Wy_o — Wy /Wy_o is
real for any w € Z and such that Z;;O:O gm T, is a convergent series. This result is the
part (a) and the first part of (b) in his Theorem 4.2. Note that the above formula for
exp(iyN)F is also written as

exp(iyN)F = gp(y) exp(—C) exp(iyN)F



SL(2)-ORBIT THEOREM FOR DEGENERATION OF MIXED HODGE STRUCTURE 49

by using F instead of F, for N and ¢ commute.
In this section, we will reprove this result by using our Theorem 0.5. The authors of

the present paper do not know whether their method would work well also to reprove
the rest (the latter half of (b), and (c)) of his Theorem 4.2.

In what follows, unless explicitly stated, we do not assume (I) nor (II).
Lemma 11.3. exp(iN)F = exp(e(c0))r.
Here r and e(y) = exp(_,,>¢ Emy~™'?) for y >0 is as in Theorem 0.5.
Proof. This is a special case of 10.4 (2). O

By Theorem 0.5 (4), Lemma 11.3 and t(y)Nt(y) =t = yN (10.3), we have

exp(iyN)F

(y)t(y) exp(e(y)) exp((00)) L exp(iN) F

g
9(y)t(y) exp(e(y)) exp(e(o0)) " t(y) ' exp(iyN)F.

Hence we have

Proposition 11.4. Define

gp(y) == g(y)e(y) exp(C), with e(y) :=t(y) exp(e(y)) exp(e(c0)) " 't(y) ™"

where g(y) is as in Theorem 0.5 and ( = ((M(N, W), F). Then gp(y) : Wy /Wy—o —
W /Wiy—o is real for any w € Z (cf. 1.5), and we have

exp(iyN)F = gp(y) exp(iyN)F.

Lemma 11.5. When y — oo, gp(y) converges if and only if e(y) converges.

Proof. By Theorem 0.5 (2), u(y) converges to 1. By the result in the pure case
in one variable introduced in 0.1, g,(y) converges to 1 for each w. Hence g(y) =
u(y)s(B,, gw(y))s~! converges to 1. This implies the lemma. [

Since e(y) is a convergent series in y~ /2, e(y) and gp(y) are the exponentials of

elements of C{y~/?}[y] ®r gr, where C{T} denotes the ring of convergent series in
one variable T'.

Lemma 11.6. Let e(y) be as in 11.4. Then e(y) and gp(y) are the exponentials of
elements of C{y~1}[y] ®r gr.

]
Proof We have Ad(t(y))e(y) € C{y~'}y] ®r gr by 10.6 (2), and Ad(t(y))e(xc) €
Cly*] ®r gr by 10.6 (1). These prove 11.6. [

By 11.6, to reprove the statements in 11.2 in the cases (I) and (II), it is sufficient to
prove that gp(y) defined in 11.4 converges when y — oo in these cases.

11.7. Assume that we are in Case (I).
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We deduce the convergence of gp(y) from Theorem 0.5. In case (I), e(y) = 0 (1.5)
and so e(y) = 1. Hence gp(y) = g(y) exp((), and this converges to exp(¢). O

In this case, we have

A

exp(iyN)F = g(y) exp(iyN) F
with ¢g(y) in Theorem 0.5.

11.8. Assume that we are in Case (II).

We deduce the convergence of gp(y) from Theorem 0.5.

By twist, we assume that gr)) are zero if w # 0,—1,—2, and grV’ (resp. gr'%) is of
Hodge type (0,0) (resp. (—1,—1)).

Write exp((y)) exp(£(00)) ! = exp(X,5; emy™™/2). Since Wy = V and W_g = 0
and since ¢,, W, C W,,_o for any w € Z, we have ¢,,V C W_5 and ¢,,W_; = 0. By the
assumption of the Hodge numbers of gr}’ and gr'%,, we have t,,(y) = 1 for w = 0, —2.
Hence e(y) = exp(Y", <, emy'~(™/?)). By Lemma 11.6, we have c,,, = 0 for any odd m.
Hence e(y) = exp(3., ~q Cami2y~™), which converges to exp(cz). By 11.5, gp(y) also
converges. [

11.9. In general, the gp(y) defined in 11.4 need not converge when y — oo. This is
explained in Example 13.4.

In that example, one can even verify that there is no f(y) € Autc(Ve, We) (y > 0)
satisfying the following conditions 11.9.1-11.9.3.

11.9.1. exp(iyN)F = f(y) exp(iyN)F.

11.9.2. f(y) = exp(d>__gamy ™) with a,, € Endc(Ve, W), where the series
inside exp is a convergent series.

11.9.3. For each w € Z, gr!V (f(y)) is real and preserves (, ).

This is explained in 13.5.
However if we replace 11.9.3 by the following weaker condition 11.9.3’, then for that
example, we can find f(y) satisfying 11.9.1, 11.9.2, 11.9.3’. See 13.6.

11.9.3'. For each w € Z, gr'V(f(y)) is real and preserves ( , ), up to non-zero
multiples.

The authors wonder whether there is always f(y) satisfying 11.9.1, 11.9.2, 11.9.3’, or
at least 11.9.1, 11.9.2, 11.9.3”, where

11.9.3". For each w € Z, gr!V (f(y)) is real.

Note that if we do not require 11.9.3”, we always have the expression of exp(iyN)F

as exp(iyN)F = exp(id) exp(iyN)F.

11.10. The above question in 11.9 has the following version for several variables.
Let (V,W,({, )w)ws N1, -+, Nn, F) be as in Theorem 0.5. We wonder whether there is
h(y) € Autc(Ve, We) which is exp of a convergent power series in y,11/y; (1 <j <mn)
with coefficients in gc such that, when y; > 0 and y,41/y; < 1, eXP(Z?ﬂ iy; N; ) F =

h(y) exp(zg;l iyijA)F(n) and the action of h(y) on gr!” is real for any w, where NjA
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and F(n) are as in 10.1-10.2. Can we furthermore find such h(y) which also preserves
(, )w up to non-zero multiples for each w? Note that

exp(327_y iy N2y = t(y) exp(X7_y iNA) Fry = t(y) exp(eo)r.
§12. NORM ESTIMATE

The aymptotic behavior of the Hodge metric in degeneration of polarized Hodge
structure was studied in [Sc], [CKS], [K1]. We generalize the theory to degeneration of
mixed Hodge structure with polarized graded quotients. Results on this subject were
obtained by Pearlstein in [P3] Theorem 4.7 in the cases I, II in 0.7 with n = 1 (his
definition of the norm ([P3] 2.6) differs from ours).

12.1. Let (V,W,((, )w)wez, F) be a mixed Hodge structure with polarized graded
quotients. Here V is a finite dimensional R-vector space, W is an increasing filtration
on V such that W,, =V for w > 0 and W,, = 0 for w < 0, (, ),, for each w € Z is
a non-degenerate R-bilinear form gr!¥ x gr’V — R which is (—1)¥-symmetric, and F
is a decreasing filtration on Vg such that (W, F') is a mixed Hodge structure and that
F(gr!) is polarized by { , ), for each w.

We will consider the Hodge metric on V. For this, we lift the Hodge metrics of the
graded quotients to V¢ by using the canonical splitting of W in the following way. For
¢ > 0, we define a Hermitian form

(,)EC : Vc><VC—>C

as follows.
For each w € Z, let

(, )F(grl"j’) : grf,j{c X gr}i‘fc —C

be the Hodge metric on ngJV,C defined by (, ), and F(gr!¥) (8.2). For v € V¢ and

for w € Z, let v,, p be the image in grz)v’c of the w-component of v with respect to the
canonical splitting of W associated to the mixed Hodge structure (W, F'). Define

(0,0 )Fe = Ywez € (Vw, sV p) Py (0,0 € Vo).

For v € Vg, define
1/2
o]l pe = (v,0) 2.

12.2. Let
A={qgeCl|g <1}, A*=A\{0}, S=A"" §* = (A*)" x A"

Let S — C; ¢g—¢q; (1 <j <n+r) be the coordinate functions. For 1 < j < n and
for ¢ € S such that ¢; # 0, define y;(¢) > 0 by

yi(a) = —(2m) " log(lg;1).

Define
Yn+1 = 1
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(s0 Ynt1 does not mean —(27) ! log(|gni1])).
Fix non-empty open intervals I; in R of lengths < 1 for 1 < j < n, and define an
open set U of S* by

U={qe S| % € exp(2mil;) for 1 < j <n}.

Define maps z; : U - Cand z; : U = I; (1 <j <mn) by

q; = exp(2miz;(q)), z; = x; + iy;.

Let

For g € S, let
J@)=1{j|1<j<n,¢=0}, J(@={j|1<j<n,q #0}

12.3. Fix (V,W,({, )w)w) as in 0.2, and let D and DY be as in 0.2. Fix nilpotent
linear maps N; : V. — V (1 < j < n) such that N;N, = NiN; for any j, k, and
N;W,, C W,, for any j, w.

We consider a holomorphic map

U:S— DY

satisfying the following condition 12.3.1.

12.3.1. For any ¢ € S, (V.W,({ , Jw)ws (Nj)jer(a)» €XP(Xje 7 (q) iy, (q)N;)¥(q))
generates a mixed nilpotent orbit.

As will be reviewed in 12.10 below, such ¥ appears once we are given an admissible
variation of mixed Hodge structure on S* with polarized graded quotients and with
unipotent local monodromy.

For q € U, let z; = z;(q),x; = x;(q),y; = y;(q), and consider

F(q) = exp(>7_, z;N;)¥(q) € D.

As will be explained in 12.10 below, in the case ¥ comes from an admissible variation
of mixed Hodge structure H on S* with polarized graded quotients and with unipotent
local monodromy, F'(q) is the fiber at ¢ of the Hodge filtration of H.

In the following Theorem 12.4, for v € Vo, we consider the asymptotic behavior of
the norm ||v||p(q),y, (12.1) when ¢ € U, ¢ — 0, y;/yj41 — oo for 1 < j <n.

Theorem 12.4. Let the notation be as above. Let W) = M(Ny 4 .-+ N;, W) for
1<j<n. Fixve Ve and let p € Z".

(1) Assume v € (V;_, W)

1(j),C" Then there are constants ¢, C > 0 such that

[0llgype < C - Ty (GA)HO)/2

Yj+1
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for any q € U satisfying y;/y;+1 > ¢ for 1 < j < n. (Here y; = y,(q) for1 <j<n
and yYp4+1 =1.)

(2) Fiz a; € I; (1 < j <n). Definer € D and the decomposition V =B ,cz. V
with respect to

(V’ W7(<’ >w)w’N17" NTUQXP(ZTL aJN])\IJ(O))v

which generates a mized nilpotent orbit, as in 0.5 and 10.2, respectively.
Assume v € ﬂ WS&) o+ Then, when q € U converges to 0 satisfying y;/y;4+1 — o0

and x; — a; for 1 < j <n, we have the convergence

(T (GE) D) " ol gy e — [0

1.

This limit is zero if and only if vIM = 0, that is, if and only if v belongs to the sum
(7)
Zu <p ﬂ WM "(3),C"

(3) Assume v ¢ ﬂ W;E](;) o Leta; (1 <j5<n)beasin (2). Then it can happen

that ¢ € U converges to 0 satisfying y;/yj+1 — o0 and x; — a; for 1 < j < n but
(H?:l(yj+1)u(])/2) 1HU||F(q) y, tends to oo.

12.5. For the proof of Theorem 12.4, it is enough to prove (2) and (3) assuming
a; =0 for 1 < j <mn. In fact, if (2) and (3) are proved in the case a; =0 for 1 < j < n,
it implies that (2) and (3) are true in general. Assume v € [j_ W;E](J) c- Then (2)
implies that for each a = (a;); € R", we find open intervals I, ; in R of lengths < 1
and cq,Cyq > 0 such that a; € I, ; (1 < j < n) and such that the estimate in 12.4 ( )
holds when we take ((I4,);,¢a; Ca) as ((Z;);, ¢, C) in (1). Since the closure of Hn I;
in R" is compact, it is contained in (J,c 4 H I, ; for some finite set A of R". 12.4
(1) then holds for ¢ = max,eca ¢q, C = maxgea C

For the proofs of Theorem 12.4 (2) and (3) assuming a; = 0 for 1 < j < n, the key
ideas are, roughly speaking, as in the following (1)—(3). The method is similar to that
in the pure case in [Sc], [CKS], [K1].

(1) By Theorem 0.5, t(y)~* eXp(Z?:1 iy; N;)¥(0) converges when y;/yj41 — 00
(1<j<n).

(2) t(y) "1 F(q) converges (Corollary 12.8 below). This is deduced from (1), as follows.
Since ¥(q) is very near to ¥(0) (12.6 below), t(y) ' F(q) = t(y)~* exp(zyzl z;N;)¥(q)
is near to t(y) ™t eXp(z:?:1 iy; N;)¥(0), which converges by (1).

(3) As in Theorem 0.5, t(y) is related to the canonical splitting of the weight fil-
tration which was used in 12.1 for the construction of the Hodge metric. By this, the
convergence of t(y) "1 F(q) in (2) shows that the Hodge metric of F(q) twisted by ¢(y)
converges. Since the action of t(y) on V is understood well, this gives the estimate of
the Hodge metric of F'(q) (this is done in 12.9 below).

12.6. For ¢ € S and for 0 < j < n, let ¢¥) be the point of S obtained from ¢ by
replacing the first j coordinates of ¢ by 0. Hence ¢(°) = ¢. When ¢ — 0, for 0 < j < n,



54 KAZUYA KATO, CHIKARA NAKAYAMA, SAMPEI USUI

W(q9)) converges to ¥(0). Furthermore if ¢ — 0 and y; /y;+1 — oo for 1 < j < n, since
the map ¢ — ¥(q); S — DV is holomorphic, we have

d(W(¢9), ¥(¢™)) <O(lgrl) if 0<j<k<n.

Here d is a metric on a neighborhood of ¥(0) in DY which is compatible with the
analytic structure. (This means that on a neighborhood of ¥(0) in DV, for a metric d’
defined by using complex analytic coordinates, log(d/d’) is bounded below and bounded
above.)

Lemma 12.7. Fiz j such that 1 < j < n. When ¢ — 0, Re(qr) > 0 and xy, — 0 for
1<k <n, and yx/yg+1 — 00 for j <k <n (yp+1 = 1), then we have the convergence

Aj(@)W(g97Y) = exp(34; ik, ;) ¥(0)
with A;(q) = [1—; 5 (g fyrra) " ~exp(dp_; iykNi) exp(d_p_; ok Ny),

where (W, U(0)) is the R-split mized Hodge structure associated to (W™, ¥(0)), and
Ny, is the sum of ng“] for € Z™ such that p(l) =0 for j <1 < k. Here, W™, ¢(k)
N,E”} are those in 10.1-10.3 with respect to (V,W,({ , )w)w,N1,..., Nn, ¥(0)) which
generates a mized nilpotent orbit.

Proof. We use downward induction on j. If j < n, by induction, we may assume

(1);  Aj(@¥(qD) = exp(Yi_; 4 iNgj+1)%(0).

In the case j = n, consider the fact
(Dn Aut1(@)¥(¢™) — ¥(0), where A, 11(q) = exp(>_p_, T6Ng).

Since (1), is a convergence of mixed Hodge structures for the weight filtration W),
tW (y;/yj+1)" L (Lhes. of <1>Aj) converges to the limit of t9) (y; /y;41) 7%+ (r.h.s. of (1))
which is exp(D 25—, 1 iNk,;)¥(0).

We apply exp(ilN;) to this. Then since exp(iN;)t) (y;/y;+1) " A;11(q) = A;(q) by
10.3, we have A;(q)¥(¢Y)) — exp(d_p_; iNy ;)¥(0).

Finally we can replace ¥(¢¥)) in the last convergence by ¥(qU~1). In fact by 12.6,

we have U(qgUY) = f(q)¥(¢W)) with f(q) € Gg, d(f(q),1) = O(|g;|). Here d is
a metric on a neighborhood of 1 in G¢ which is compatible with the analytic struc-

ture. Hence A;(q)¥(¢V~Y) = A;(q)f(0)T(qY)) = f'(a)A;(q)¥(¢"), where ['(q) =
Ai(q)f(q)A;(g)~". By the shape of A;(q), the norm of the operator Ad(A;(q)) on gc
is O(|y;]") for some I > 0, and hence by d(f(q),1) = O(|g;|), we have f’'(q) — 1. Thus

we obtain A;(q)¥(qV~—Y) — exp(zzzj iNy.;)¥(0). O

Corollary 12.8. t(y)"'F(q) — exp(eq)r. Here g is as in Theorem 0.5 (4) for
(‘/,W,«, >w)’w?N17"'7Nnv\IJ(O)>'

Proof. The case j = 1 of Lemma 12.7 shows

t(y) " F(q) = t(y) " exp(X7_, 2 N;)W(q) — exp(3_; iNA)F(0) = exp(eo)r,
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where the last equality follows from 10.4 (2). O

12.9. Proofs of Theorem 12.4 (2) and (3) assuming a; = 0 for 1 < j < n. Let
F(q)" =t(y)~"F(q). This converges to exp(o)r (12.8). Let uq = sp(y)s~* € Gr, where
s is the splitting of W in Theorem 0.5 (1) (that is, s is the canonical splitting of W
associated to the mixed Hodge structure (W, r)) and sp(q) is the canonical splitting
of W associated to (W, F(g)). Let “uq = t(y) tuqt(y) = sp(gys'. By 12.8, sp(y)
converges t0 Sexp(co)r = Sr = s. Hence “u, converges to 1. We have

101 E )50 = Zwez ¥ 10w, @) | Fg) @)
=D wez yiu"(ut;lv)W,r”%'(q)(gry)
= Zwez ¥ 1t ()7 (g 0wl gy e
=D ez W)~ ug ' 0)w e ||7
=D wez ||(e“qilt(y)_lv)w:rni’(q) "(gry)
_ ZwEZ || ZVEZ” euq—l H?:l(ijrl )u(g)/2 [u]r||2 b ()

()
Assume v € (j_ Wiih.c

F(q)'(gr’V) converges to exp(eg)r(gr!V) = r(gr!V) for each w. Hence by the last expres-
sion of ||v||%(q) 4, » we have 12.4 (2).

Then v*! = 0 unless v < p. Furthermore by 12.8,

Next we prove 12.4 (3). Assume v ¢ ﬂ W,%) ok

integers a(j) > 0 (1 < j < n) and ¢/ € Z" such that p/ # p, v/*1 # 0 and such
that >°7_, a(j)u'(j) > Yj_; a(j)v(j) for any v € Z" satisfying ol £ 0, v £y
When ¢ € S* converges to 0 satisfying y;/y;4+1 = A?U) with A — oo (1 < j < n,

Then there are a family of

Yni1 denotes 1), then A\~ 25=1 ¢Wr'(7) H’UHF (q).y: CORVerges to the non-zero real number

[ol7)[2 ;. Hence

[Ty G D o2 = A D51 SORD ]2 0. O

HF(q)7y1

12.10. We review the fact that ¥ as in 12.3 appears when an admissible variation
of mixed Hodge structure with polarized graded quotients and with unipotent local
monodromy on S* is given, and review how the latter object appears in geometry.

For a complex analytic manifold M, a variation of mixed Hodge structure with
polarized graded quotients (VPMH for short) on M isa4-ple H = (Hgr, W, ({, Yw)w, F),
where

e Hpg is a locally constant sheaf of finite dimensional R-vector spaces on M,
e W is an increasing filtration on Hgr by locally constant R-submodules,
e () for each w € Z is a non-degenerate (—1)*-symmetric pairing gr’?V x gr’V — R,

e F' is a decreasing filtration on Hp := Oy ®c He (He = C ®r Hr) by On-
submodules such that the Op/-modules FP and Hp/FP are locally free of finite rank
for all p € Z,
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satisfying the following conditions 12.10.1 and 12.10.2.

12.10.1. Forany ¢ € M, (Hr ¢, Wy, ({, )w)w, F'(¢)) is a mixed Hodge structure with
polarized graded quotients. Here F(q) = C ®0,,, Fy with Oy 4 — C the evaluation

f— flq) at q.

12.10.2. The connection V : Ho — Q}, ®0,, Ho ; f®v — df ®v (f € Op,
v € Hg) satisfies V(FP) C Q) ®p,, FP~! for any p € Z. Here Q}, is the sheaf of
holomorphic differential 1-forms.

Assume that a VPMH H on S* is given.

Fix non-empty open intervals /; of lengths < 1in R for 1 < j < n and define the open
set U of S* to be as in 12.2. The restriction of Hr to U is a constant sheaf associated
to a finite dimensional R-vector space V', and the restrictions of W and ((, )u)w to U
are also constant. This gives (V, W, ((, )w)w) as in 0.2. For g € U, F(q) is regarded as
a filtration on V¢, and we have a holomorphic map

F:U—D: g~ F(q).

For ¢ € S*, if a is a continuous map from the closed interval [0, 1] to S* such that
a(0) € U and a(1) = ¢, then a induces an isomorphism 3, : Hr , — V.

For 1 <j<mn,let vy : V=V be the j-th monodromy defined by v; = 3,, where
a is a continuous map [0,1] — S* satisfying a(0) = a(1) € U, a(t)r = a(0); for any
t € [0,1] and for 1 < k < n + r such that k& # j, and a(t); = a(0), exp(2mit) for any
t € 10,1] (B, is independent of the choice of such a). Then the ; commute each other.
Let I' C Aut(V) be the group generated by 7, (1 < j <n). Then I' acts on D in the
natural way. The projection D — I"\D is a local homeomorphism and hence I'\ D has
a structure of a complex manifold.

We have a holomorphic map

o:5" —-T\D

defined by ®(q) = (8a(F(q)) mod I'), where a is a continuous map [0, 1] — S™* satisfying
a(0) € U and a(1) = ¢ (then (5,(F(q)) mod I') is independent of the choice of a). We
have

®(q) = (F(q) modI') forqeU.

Let
T:HhP x AT — §*
be the surjective holomorphic map defined by 7(p), = exp(2mip,) for 1 < j < n and
7(p); = p; for n+1 < j <n+r. Define a holomorphic map

d:Hh"x A" > D
by ®(p) = Ba(F(7(p))), where a is a continuous map [0, 1] — S* which satisfies a(t); =
p; for any ¢ € [0,1] and n+ 1 < j < n+ r and satisfies the following condition. If
1 < j < n, then there is ¢; € C such that Re(c;) € I;, a(0); = exp(2mic;), and
a(t); = a(0);exp(2mit(p; — ¢;)) for any ¢t € [0,1]. Such a satisfies a(0) € U and
a(l) = 7(p), and B (F(7(p))) € D is independent of the choice of such a. We have

®(7(p)) = (®(p) mod I') for any p € h™ x A",
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Now assume :
12.10.3. The monodromy v; : V' — V is unipotent for every 1 < j <mn.
Let N; =log(v,) : V — V for 1 < j <n. Then we have

O(p+1;) = v;0(p) = exp(N;)®(p)

for any p € h” x A" and 1 < j < n, where p+ 1; is the element of h™ x A" defined by
(p+1;)r = pi for any 1 < k < n+r such that k£ # j, and (p+ 1;); = p; + 1. Hence
there is a unique holomorphic map

U:S*— DY
satisfying WU (7(p)) = exp(— Z?Zl piN;)®(p) for any p € b x A”. We have
F(q) = eXP(Z1§jgn ziN;)¥(q) forq e U.

For these facts, see, e.g., [Sc| §4.

The VPMH H is said to be admissible if the following 12.10.4 and 12.10.5 are satisfied.
(See Steenbrink-Zucker [SZ], Kashiwara [K2] for the admissibility.)

12.10.4. ¥ extends to a holomorphic map S — DV.
12.10.5. (V,W, Ny,..., N,,) satisfies the condition (iv) in 0.2.

If these conditions are satisfied, then the condition 12.3.1 is satisfied. In fact, for
(VoW (s Dwdws (Nj)jesq)» X2 (g WiN;)¥(q)) for each ¢ € S, the condition
(i) in 0.2 is clearly satisfied, (iii) follows from the Griffiths transversality 12.10.2, (iv)
follows from 12.10.5, and furthermore, (ii) is satisfied by the nilpotent orbit theorem of
Schmid [Sc] applied to the graded quotients F(gr!V).

We describe how an admissible VPMH on S$* with unipotent local monodromy arises
from geometry.

Let X be a complex analytic space with a projective morphism f : X — S. Let X*
be the inverse image of S*. Assume that a divisor E on X is given and assume the
following (i) and (ii).

(i) The restriction g : X* — S* of f is smooth.

(ii) The restriction of E to X* is a divisor with normal crossings and any intersection
of any family of irreducible components of E is smooth over S*.

Then by section 5 of Steenbrink-Zucker [SZ] (the case n = 1,7 = 0) and by Kashiwara
[K2] and Saito [Sa] (cf. [Fn] 3.1.2), after pulling back by

S =S5 (qu-- Gngr) = (@1 Qs gty - - o s Qrgr)

for some e > 1, we have an admissible VPMH H = (Hgr, W, ({ , )w)wez,F) with
unipotent local monodromy on S* for each m € Z as follows. Let h: X*\ E — S* be
the restriction of g. Then, Hg = R"™h.(R), W is the weight filtration defined by the
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method of Deligne [D1], and the (, ), are defined by using a polarization of X. Let
Hp = Og+®cHc. Then we have a canonical isomorphism Ho ~ R™g, (QB(*/S* (log E)),
where QF. /5" (log E') is the de Rham complex of X* over S* with logarithmic poles
along F. For p € Z, the p-th Hodge filtration F? on Hp is the image of the injective
homomorphism

ng*(Q;(%];S* (log E)) — R™g«(%. /s (log E)) ~ Ho.

Asis said above, this VPMH is indeed admissible, in particular, satisfies the condition
12.10.4. This is proved in [Fn] 3.1.2. For readers’ convenience, we write here a sketch
of a slightly different proof.

Let P be the product of (DV of grlV) for all w € Z. Then by the nilpotent orbit

theorem of Schmid [Sc], after the base change ¢; — ¢f (1 < j < n) for some e > 1, we
have:

(1) The composition S* Y, DV -5 P extends to a holomorphic map S — P.

On the other hand, in the case n = 1 and r = 0, by [SZ] and by semi-stable reduction
theorem, W : §* — DY extends to S — DV after the base change ¢; — ¢§ (1 <j <n)
for some e > 1. The method in [SZ] in fact proves the following (2) after the base
change g; — ¢ (1 <j<mn)for some e > 1.

(2) There is a closed analytic subspace Y of S of codimension > 2 such that S*NY
is empty and such that ¥ : S* — DV extends to a holomorphic map S —Y — DV.

We have also ([U]):
(3) Locally on P, DV — P has a structure of a vector bundle on P.

For a vector bundle on a complex analytic manifold, a section defined on the com-
plement of a closed analytic subspace of codimension > 2 in the base space extends to
a section on the whole base space. Hence by (1)—(3), ¥ extends to a holomorphic map
S — DV.

§13. EXAMPLES

Example 13.1. Let V be a 3 dimensional R-vector space with basis (e, es,€3),
let W be the increasing filtration on V' defined by Wy =V, W_; = Re; + Rey, and
W_5 = 0. Hence gr!¥ = 0 unless w = 0 or —1. Define { , ), by (e3,e3)o = 1,
(e2,e1)—1 = 1. Take ¢; € R (j = 1,2), and let N, (j = 1,2) be the elements of ggr
defined by

Nj(el) = O, Nj(eg) = €1, Nj(eg) = Cj€1.

Let F be the decreasing filtration on Vg defined by F~! = Vg, FY = Cey + Ces,
F! = 0. Then (N7, Na, F) generates a mixed nilpotent orbit (0.2). If y; + y2 > 0,
exp(iy1 N1 + iyaN2)F € D and the Hodge type of exp(iy; N1 + iyaNo) F(gr)V) is (0,0)
for w =0, and (0, —1) + (—1,0) for w = —1. In the notation in Theorem 0.5, we have:

(1) s(y)(es mod W_1) = e3 — (c1y1 + c2y2)(y1 + y2) tea, s(y) converges to s which
is defined by s(es mod W_1) = e3 — cyes.
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(2) s(y) = u(y)s with u(y)(es) = ez + (c2 — 1) (X1 (—y2/y1)™)e2 When ya /y1 < 1.

(3) t(y)el = Y1€1, t(y)ej =€j for .] = 2737

r ! =Vg, r¥ = C(ie; +e3) + Cles — crez), rt =0.

As is noted in 0.4, (gu(y))w is not unique. One choice is g, (y) = 1 for any w, and
for this choice, g(y) = g(y) = u(y).

(4) e(y) = 0 for the above choice of (g (¥))w-

These (1)—(4) are obtained as follows. Since

exp(iy1 N1 + iy2 N2 ) F¥ = C(ez +i(y1 + y2)e1) + Cles + i(ciyr + cayo)er)
= Cl(ez +i(y1 + y2)e1) + Cles — (cayr + coy2) (y1 + y2) e2),

we have (1) by 1.5. We have (4) also by 1.5. (2) and (3) follow from (1).

We consider the norm estimate. In 12.3, take n = 2,7 = 0, and take ¥ : § = A% —
DV to be the constant function with value F. Then the condition 12.3.1 is satisfied.
Let v = e3 in Theorem 12.4. Then Theorem 12.4 says that when q € S* = (A*)?
converges to (0,0) € A? satisfying y; /y2 — oo and 1, x5 — 0 (recall that ¢ = (g1, o)
with ¢; = exp(2mi(x; + iy;)) with x;,y; real), |les||p(q),y, converges. Here we show

lesllp(q),pn = (1 + C%)l/z
directly. For simplicity, assume that q1,gs are positive real numbers (that is, ¢ =
(exp(—27y1), exp(—27mys2))). For the canonical splitting of W associated to (W, F'(q)),
the 0-component of e3 is e3 — (191 + cay2)(y1 + y2) " tes and the (—1)-component of e3
is (c1y1 + coy2)(y1 + y2) tes. Hence

(e3,€3) F(q)un = 141 ((c1y1+cay2) (1 +12)~"ea, (c1y1 +coy2) (11 +y2)_1€2)p(q)(grzvl)-

We have (€2, €2) p(q)(g%,) = Y1 + y2. Hence (es, e3)p(q)y, = 1+u1 ((c1yr + cay2) (11 +
y2) ")y +y2) = 14

This example appears in geometry in the following way. If y; +y2 > 0, exp(iy1 N1 +
iyo N2 ) F(gr?)) is isomorphic to the Hodge structure H'(E,,R)(1), where E, is the
elliptic curve C/(Z + Z(iy; + ty2)). If p, denotes the point iciy1 + icoy2 mod Z +
Z(iy; + iy2) of B, and if p, # 0, exp(iy1 N1 + iy2N2)F' is isomorphic to the mixed
Hodge structure H'(E, \ {p,,0},R)(1).

Example 13.2. Let V be a 2 dimensional R-vector space with basis (e1, e2), let W
be the increasing filtration on V defined by Wy =V, W_1 = W_5 = Rey, and W_3 = 0.
Hence gr!¥ = 0 unless w = 0 or —2. Define (, ), by (e2,e2)0 = 1, (e1,e1)_2 = 1. Let
N be the element of gr defined by

N(61> = O,N(ez) = €1.

Let o € C, and let F' be the decreasing filtration on V¢ defined by F~! = Vg, F° =
C(aei +e3), F* = 0. Then (N, F) generates a mixed nilpotent orbit, and exp(iyN)F €
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D for any y € R. The Hodge type of exp(iyN)F(gr!V) is (0,0) for w = 0, and (-1, —1)
for w = —2. We have:

(1) s(y)(eg mod W_;) = Re(a)ey + ez, hence s(y) = s is constant.
(2) u(y) =

(3) t(y)er = yer, t(y)(Re(a)er +e2) = ( Je1 + es.
r ! =V, r = C(Re(a)e; +e2), rt =0.

guw(y) =1 for any w, g(y) = eg(y) =1
(4) e(y) = i(1 + Im(a)y )N,
(5) Let gp(y) be as in 11.4. Then gp(y) = exp(i Im(a)N).

These are obtained as follows. We have exp(iyN)F° = C((iy + a)e; + e3), and
by the definition of ¢, we see §(W,exp(iyN)F) = (y + Im(a))N and §(W, exp(iyN)F)
has only the (—1, —1)-Hodge component. Since (_; 1 = 0 (see Appendix), we have
((W,exp(iyN)F) = 0. Hence we have (1). (2) and (3) follow from (1). We have
t(y)Lg(y) "t exp(iyN)F® = C((Re(a) + i(1 + Im(a)y~1))es + e2). Hence
(W, t(y)~tg(y) " exp(iyN)F) is (1 +Im(a)y~")N, and (W, t(y) " g(y) " exp(iyN)F)
is 0 by ¢(_1,—1 = 0. This shows (4).

We have M(N, W) =W, §(M(N,W),F) = Im(a)N, and §(M(N,W), F) has only
(—1,—1)-Hodge component. Hence (M (N,W),F) = 0. By this, we obtain (5) from
(3) and (4).

In this example, as is mentioned at the end of 10.1, there is no f(y) € Autc(Ve, We)
such that

exp(iyN)F = f(y)p(iy), f(y) =1 (y— o0).

Here ¢(iy) is as in 10.1. In fact, ¢(iy) = t(y)r = r, and hence f(y) should send
Re(a)ey + e to (iy + a)ey + e2. Hence f(y) can not converge when y — oo.

This nilpotent orbit appears at 0 € A from the variation of mixed Hodge structure on
A* obtained by the pull-back of the exponential sequence 0 — Z(1) — Oa+ — OX. — 0
with respect to Z — OX.; 1+ e 2™g1,

Example 13.3. In this example, we see that for the convergence in Theorem 0.5
(1), it is crucial that the canonical splitting of W is defined by using ¢, not only J, as
in §1, and that the values of ( like

1
(C1,-5 = —26 1,—5 (see Appendix),

which may seem strange, are exactly necessary for the convergence.

Let V be a 6 dimensional R-vector space with basis (eq,...,eg), let W be the in-
creasing filtration on V defined by Wy =V, W_; = W_45 = Rey + --- + Res, and
W_7 = 0. Hence gr!¥ = 0 unless w = 0 or —6.

Define ( , )., as follows: (eg,e6)o = 1. For 1 < j <5and 1 <k <5, (ej,ex)_¢ is
(—=1)**1if j + k = 6, and is 0 otherwise.

Let N be the element of gr defined by N(e;) =0,N(ejy1) =e; for 1 <j <5.
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Let F' be the decreasing filtration on V¢ defined by FP = Vg for p < —5, FP =
Z?:p—‘,—ﬁ Ce; for =5 < p <0, and F? = 0 for p > 1. Then (N, F') generates a mixed
nilpotent orbit. For y > 0, exp(iyN)F € D and the Hodge type of exp(iyN)F(gr!) is
(0,0) for w =0, and (—1,—=5) + (=2, —4) +(—3,-3) + (—4, —2) + (=5, —1) for w = —6.

Let R and I be the real part and the imaginary part of exp(iyN )eg, respectively.
Then 6(W, exp(iyN)F') annihilates W_1 and sends eg to I, and the splitting of W by the
mixed Hodge structure (W, exp(—id(W, exp(iyN)F))F) is given by (eg mod W_1) — R.

Let g := exp(iyN)es. Let I = 2Re (v~ +v~%72) 407373 be the Hodge decom-
position. Then we have v=> ! = Eyy and v > 4= "2 = %yg—l— 1—Zoy2N§. Further,
by Lemma in Appendix, we have

Cotm i ()4 () b = Wba s,
(*) C-a—2= 55 ((5) + () 04,2 = F 04,2,
(-3,-3=00_3 3.

Hence the canonical R-splitting of W associated to the mixed Hodge structure
(W, exp(iyN)F) sends (eg mod W_1) to

Rt 2R (5 () 4+ ()05 4 () + (o) 0w
=R— 5 Im{ (?)0_5’_1 + (g) (v 40}
=R - % Im(5yg + iy2N§)

4 2 3 2
= (231—462 — Jest 66) -5 {Sy (%62 - ?/€4> +y? (—%62 + 64)}

= €s,
which is constant and hence converges. Thus we proved the convergence s(y) in Theorem
0.5 directly here by the formula (). Note that in the above last equality, we can observe
that all the divergent terms are cancelled in virtue of the fact that the coefficients of
d_5.-1,0_4,_2, 6_3 _3 in the formula () are nothing but 11—56i, %, 0, respectively. In fact,
these coefficients of the formula (%) are even determined conversely by using the fact
that the canonical splitting of W associated to (W, exp(iyN)F') converges, as is seen by

a similar computation as above.

Example 13.4. In 13.4-13.6, we consider an example mentioned in 11.9.

Let V be a 3 dimensional R-vector space with basis (ej,e2,e3), and let W be the
increasing filtration on V defined by Wy =V, W_1 = W_3 = Re;+Reg, and W_4 =
Hence gr!¥ = 0 unless w = 0 or —3. Define (, )., by (e3,e3)0 = 1, (e2,e1)_3 = 1. Let
N be the element of gr defined by

N(el) = 0, N(eg) = e, N(63) = €9.

Let ' be the decreasing filtration on Vg defined by (F')™2 = Vg, (F')™! = Ces +
Ces, (F')? = Ces, (F')! =0, let a € R, and let F = exp(iaN)F’. Then (N, F)
generates a mixed nilpotent orbit. For y > —a, exp(iyN)F € D and the Hodge type of
exp(iyN)F(gr’V) is (0,0) for w = 0, and (=1, —2) + (=2, —1) for w = —3. We have:

w
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—~

1) s(y)(eg mod W_1) = es, hence s(y) = s is constant.

(3) (y)(el) = y%e1, t(y)(e2) = yeo, t(y)(eg) = e3,
2 =Vg, r 1 =C(ie; +e3) + Cesz, r’ = Ces, rt =0,

g(y)(er) = 1+ $)2e1, g(y)e2) = (1 + )7 2e2, gly)es = es, “g(y) = 9(y),
where we have chosen (g, (y))w as guw(y ) = (gr’¥ of the above g(y)).

(4) e(y)(er) = e(y)(e2) = 0, e(y)(es) = —5(1+ §)*2er +i(1+ £)* %er.

) =
(5) gp(y)(er) = (1+ 2) %1, gp(y)(ex) = (1+ 2)7 ey,
gp()(es) = 3y*((L+ Y2 = (14 §)%)er + iy((1+ 9=+ 5) 7 2)ez + es.

This (5) shows that when y — 0o, gp(y) converges if and only if a = 0.

We obtain (1)—(5) as follows.

Let 69 (y), ¢ (y) and £ (y) be 6, ¢ and ¢ for (W, exp(iyN)F), respectively. Let
s, ¢ M) be g, ¢ and € for (M (N, W), F), respectively.

We have exp(iyN)F = exp(i(a + y)N)F’ so that

exp(iyN)F ™= = Vg,

exp(iyN)F~" = C(i(a+y)er + e3) + C (—%61 +i(a+y)es —l—eg> ,
exp(iyN)F° = C (—WFTy)el +i(a+y)es + e3> ,

exp(iyN)F! = 0.

By 1.3, 5(0)(y)61 = 5(0)( Jea = 0, 5(0)(y)63 = (a + y)ez. We have 5(0)( ) =
5O (y)_1,—2 + 6@ (y)_2,_1, where 5(0)( )—1,—2(e;) = 60 (y) 3 —1(61) =0forj =1,2,

j

and 6 (y)_1,-2(e3) = Z‘%el + e, 5(0)(?/) 2,-1(e3) = (a+y) e1 + “Eles.
Since (W, F) is of the Hodge type (0,0) + (—1,-2) + (-2, —1), we have C(O)( ) =

C(O)(y)—l,—z + C(O)(y>—2,—1 = —%5(0)(y)_17_2 + %(5(0)(34)_27_1 (see Appendix for the

last equality), and hence ¢(9(y)(e1) = ¢O(y)(e2) = 0,¢O(y)(e3) = %el. Hence

O (1)(e1) = €O (y)(e2) = 0,60 (y)(e3) = — T ¢; +i(a + y)es.

Therefore the R-split mixed Hodge structure associated to (W, exp(iyN)F') is given
by exp(—e©(y)) exp(iyN)F® = Ces, and the canonical splitting s(y) of W associated
to exp(iyN)F is given as (1).

(2) and (3) follow from (1).

(4) follows by e(y) = e(W,t(y)~'g(y) " exp(iyN)F) = t(y) " g(y) e (y)g(y)t(y)
(see 0.3) from the computation of (9 (y) = e(W, exp(iyN)F) in the proof of (1).

To show (5), let M = M(N,W). Then My = V; M_y = M_5 = Rej + Res;
M_5 = M_4 = Rey; M_5 = 0. We have §(Y) = aN. Since §!) coincides with its
(—1,—1)-Hodge component, we have (") = 0. Now (5) follows from (3), (4) and
¢ =0.

13.5. As mentioned in 11.9, in the previous example, there is no f(y) satisfying
11.9.1-11.9.3 unless a = 0.
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To see this, we first compute F and exp(iyN)F. By 13.4, we have F' = exp(—id())F
~ ~ 2
= F'. Hence we have exp(iyN)F =2 = Vg, exp(iyN)F~! = C(iye; + e2) + C(—%e1 +
iyes + e3), exp(in)Fo = C(—%el + iyes + e3), exp(in)Fl = 0.
Now assume that there is a real analytic function f(y) satisfying the above conditions.
Define a;(y) (1 <j <4) and b;(y) (j =1,2) by

fy)(e1) = ar(y)er + az(y)ea,
f(y)(e2) = az(y)e1 + as(y)es,
f(y)(e3) = bi(y)er + ba(y)es + e3.

Then all the a;(y) and the b;(y) are convergent power series in y~!. Further the a;(y)’s
are real and satisfy

a1(y)as(y) — az(y)as(y) = 1,

because gr';(f(y)) preserves (, )_3.
Together with the computation of exp(iy N )F in the above, we have

f(y) exp(iyN)F~1 = C((iyai (y) + az(y))er + (iyas(y) + aa(y))es)
+ C((— L ar(y) + iyas(y) +bi(y))er
+ (—7a3(y) + iyas(y) + b2(y))ez + e3),
f(y) expliyN)F° = C((~ % a1(y) + iyas(y) + bi(y))er
+ (—%as(y) + iyas(y) + ba(y))es + es).

Comparing this with the description of exp(iy N)F' in the previous subsection via the
equality exp(iyN)F = f(y) exp(iyN)F, we have two equalities. The first one is C(i(a+
y)er +e2) = C((iyai(y) + a2(y))er + (iyas(y) + as(y))ez), or equivalently,

ila+y) iyar(y) +az(y) | _
W U i) sl |

The second one is C(——(agy)2 e1+i(a+y)es+es) = C((—y;al(y) +iyas(y)+b1(y))er +
2
(~ 2 a5(y) + iyas(y) + ba(y))es + 3), or equivalently,

(2) — e 0 () + iyas(y) + b (1),
i(a+y) = —%as(y) + iyas(y) + b2 (y).

We deduce a contradiction from these equalities. Taking the imaginary part of (1),
we see

(3) ya1(y) = (a +y)aa(y).

Taking the real (resp. imaginary) part of (2), we see
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(4) the constant terms of aq(y) and a3(y) (resp. az(y) and a4(y)) are 1 and 0 (resp. 0
and 1), respectively.

Comparing the coefficients of y in the first equality of (2), we see that the coefficient of
y~ 1 in the expansion of a1(y) is 2a, that is,

) m(y) =1+ 2y + -
By (3) and (5), we have also
(6) as(y) =1+ay™ '+

Combining (4), (5), and (6), we have a1 (y)as(y) — a2(y)as(y) = 1+ 3ay~! + - - -, which
contradicts a1 (y)as(y) — az2(y)as(y) = 1 unless a = 0.

13.6. In the above example, we have
exp(iyN)F = exp(i(y + a)N)F = t(y + a) exp(iN)F = t(1 + ay~ ') exp(iyN) F.
Note that t(1 +ay~!) does not preserve the intersection forms of gr'V’, but it multiplies

the intersection forms. Hence if we define f(y) := t(1+ay™!), it satisfies the conditions
11.9.1, 11.9.2, 11.9.3".

APPENDIX: COMPUTATION OF (_;, g

Here for reader’s convenience, we review how it is seen that (_, _, are Lie polynomials
and how they are computed. These are included in [CKS], but we think it is nice that
a summary is written here. Let the notation be as in 1.4.

Let
Q= > Qu(Xas ... , Xp1)y ™ = log (Zkzo Pk:y_k) :
Then
Q + [Q;!Q] + [[Q’,:SLQ] + [[[Q'%];QLQ] =3 Xy,
where Q' := % formally. Comparing the coefficients y =2, 573,474, ..., we have —Q; =
X5,-2Q2 = X3,-3Q3 + 3[Q1,Q2] = X4,..., and Q1 = —X5,Q2 = —1X3,Q3 =
—%X4 + %[Xz, Xs), ..., and in this way we see inductively that Q1,Q2,Qs,... are Lie

polynomials. By Campbell-Hausdorff formula applied to
exp(—C) exp(id) = exp (L)) Qu(Car- o, Cri))

we can see inductively that (_, _, are Lie polynomials and can calculate them as

(1,1 =0,

(C1—2=—%6_1,_2,
Co1,-3=—36_1,_3,

(-2,-2=0,

Co1ma=—T64 4,
Coog=—36 5 53— +[0_1,1,0-1,-2],
Co1,-5 = —2246_1 s,

Cooma =365 4+ L[01,1,0-1,-3),

(3,3 = —%[5—1,—1, 622, ...
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(Note that (_4,_, is obtained from (_, _, by 1.4 (ii) for any p,q.)
The following lemma is used in §13.

Lemma. Forp > q>1, we have

. +q—1)!
N—-p,—q = _2P+q—(§(p(il)!)(qfl)!5_p’_q’

i -1
C—p,—q W (Zq§k<p (p+§i )> (5—p,—qa

modulo Lie polynomials in the _, _s for 1 < r < p, 1 < s < q. Here in the second
congruence we understand ¢_, —p = 0. 1N_q _p, C—q,—p are given as the conjugations

over gr of N—p,—q, C—p,—q, TESPECtIVElY.

Proof. From the proof of Lemma (6.60) in [CKS], we have
(1) dp—1,q-11-p,~q +10—p—q = —0—p,—q

modulo Lie polynomials in the §_, s for 1 <7 <p, 1 < s < ¢, where

1
2) R / (1= 0P~ (1 + £ dt.
0
Exchanging p and ¢ in (1), and taking the conjugate over gr, we have

(3) dq—1,p=1"—p,—~qg = 1C—p,—q = —0—p —q-

From (1) and (3), we obtain

_ 2
N—p,—a = ~ 4, 1 1tdy_1,1 0—p,—q;
C — _dpfl,qfl"‘dqfl,pfl ;
PTe T dp1,g-1tdg—1,p-1 —pma

On the other hand, from (2) we compute

—1)!(g—1)! -
—dp_1,9-1+tdg—1p—1= % <Zq§k<p (p+§i 1)) ’

Substituting these, we obtain the assertion. [J
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