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CLASSIFYING SPACES OF DEGENERATING MIXED HODGE
STRUCTURES, III: SPACES OF NILPOTENT ORBITS

Kazuva KaTo!, CHIKARA NAKAYAMA?, SAMPEI Usur®

ABSTRACT. We construct toroidal partial compactifications of the moduli spaces of mixed
Hodge structures with polarized graded quotients. They are moduli spaces of log mixed
Hodge structures with polarized graded quotients. We construct them as the spaces of
nilpotent orbits.
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Introduction

This is Part III of our series of papers to study degeneration of mixed Hodge struc-
tures, and an expanded, full detailed version of our previous three announcements
[KNU10a], [KNU10b], and [KNU10c]. In this part, we construct toroidal partial com-
pactifications of the moduli spaces of mixed Hodge structures with polarized graded
quotients, study their properties, and prove that they are moduli spaces of log mixed
Hodge structures with polarized graded quotients. We also apply them to investigate
Néron models including degenerations of intermediate Jacobians.

We explain the above more precisely. For a complex analytic space S with an fs log
structure, a log mixed Hodge structure (LMH, for short) on S is, roughly speaking,
an analytic family parametrized by S of “mixed Hodge structures which may have
logarithmic degeneration”.
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The main subject of this paper is to construct a moduli space of LMH. (Actually,
to construct it, we fix certain data such as the Hodge type of graded quotients.) A
morphism from .S to this moduli space is in one-to-one correspondence with an isomor-
phism class of LMH on S. This space gives a toroidal partial compactification of the
moduli space of mixed Hodge structure. This moduli space is not necessarily a complex
analytic space, but it belongs to a category B(log) which contains the category of fs log
analytic spaces as a full subcategory. (An object of B(log) is a space which is locally
isomorphic to a strong subspace of an fs log analytic space. See 1.1.) In the category
B(log), the space is a fine moduli space. See Theorems 2.6.6 and 5.3.3.

This paper is the mixed Hodge-theoretic version of the main part of [KU09] (a
summary of which is [KU99]), where the degeneration of pure Hodge structures was
studied. That is, we generalize results in [KU09] to the mixed Hodge-theoretic contexts.
In particular, we prove that the above moduli space has nice properties, especially, that
it is a log manifold. See Theorems 2.5.1-2.5.6 and 5.2.8. Every proof goes in a parallel
way to the pure case [KU09).

In addition, we further enhance the story by replacing “fan” in [KU09] with “weak
fan”, which is introduced in [KNU10c]. See 2.2.3 and 5.1.6 for the definition of a weak
fan. Roughly speaking, a weak fan is a set of cones which admits an overlapping under
a certain condition, i.e., the intersection of two members may not be a face of them
under a certain condition. With this relaxed concept “weak fan”, the theory can be
applied more vastly. An example of such applications is the study of degenerations of
intermediate Jacobians. To construct Néron models of intermediate Jacobians by our
method (see §1.4 for an outline), the concept of fan is not enough, and that of weak
fan is indispensable (see §7.2 for detail examples). In this paper, we illustrate a few of
such applications, but this important subject of degenerations of intermediate Jacobians
should be investigated more in a forthcoming paper. Thus, this paper is more general
than [KUO09] even in the pure case, though the proofs are still parallel.

We also consider a relative moduli theory fixing a base S and graded pieces in the
following sense. That is, we assume that we are given a collection (H(.))wez, Where
H(, is a pure, polarized log Hodge structure of weight w on an object S of B(log). We
construct the moduli space of LMH with the given graded quotients (H(y))wez (5.3.3).

The relationship between the absolute moduli explained previously and these relative
moduli is roughly as follows. If Sy is the product of the moduli of pure log Hodge
structures on each graded pieces constructed in [KU09], the absolute moduli space is
the relative moduli space over Sy for the collection (H(,))wez of universal families of
pure log Hodge structures H(,, of weight w on Sp. In this sense, the relative theory
plus the pure theory implies the absolute theory. Conversely, if the given collection
(H(w))wez on S corresponds to a period map S — Sp, the relative moduli space is
the pullback of the absolute moduli space by this period map. Actually, the relative
theory has more advantages than the absolute one in the study of Néron models because
sometimes the period map exists only after blowing up the base S. This is the reason
why we develop the theory of Néron models based on the relative theory (as is explained
in 1.4.4), not on the absolute theory. See 5.5.3 for more details of this last point.

We organize the paper as follows. §1 is preliminary. §2 is the absolute theory with
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proofs in §3-84. §5 is the relative theory. In §6-§7, we gather applications, examples,
and complements.

More closely, each section is as follows.

In §1, we review the notion of log mixed Hodge structures, explaining the concept
of admissibility of the local monodromy, which appears in the mixed Hodge case. In
§1.4, using these terminology, we outline the construction of relative moduli in some
important cases including Néron models of intermediate Jacobians to motivate the
paper.

In §2, we state the absolute theory, that is, we consider the moduli space of log mixed
Hodge structures with polarized graded quotients for the weight filtration. Let D be
a classifying space of mixed Hodge structures with polarized graded quotients ([U84]).
It is a complex analytic manifold, and is a mixed Hodge-theoretic generalization of
a classifying space of polarized Hodge structures defined by Griffiths ([G68a]). The
absolute moduli we consider are toroidal partial compactifications I'\ Dy, of I'\D for
discrete subgroups I'" of Aut(D). We list several nice properties (2.5.1-2.5.6) of this
space and state a theorem (2.6.6) that it is a moduli space of LMH with polarized
graded quotients. Here Dy is a space of nilpotent orbits in the directions in ¥. This
space sits in the following fundamental diagram.

Dsp2)val <= DBS val

! 4

D D! % D D
S,val Sval 7 SL(2) BS

\ \
Ds « DL

We constructed the Borel-Serre space Dpg in Part I of this series of papers ([KNU09)),
and the space of SL(2)-orbits Dgy 2y in Part II ([KNU11]). The left four spaces are
variants of a space of nilpotent orbits and constructed in this paper. The most important
map 1 associates an SL(2)-orbit to a nilpotent orbit by the mixed Hodge-theoretic
version ([KNUOS8]) of the SL(2)-orbit theorem by Cattani-Kaplan-Schmid ([CKS86]).

For the degeneration of polarized (pure) Hodge structures, this diagram was con-
structed in [KU09].

The results of this section 2 was announced in [KNU10b], but only in the case of
fan, not weak fan. Hence, this section is essentially the same as [KNU10b] rewritten by
using weak fan.

The proofs of the main results in §2 are given in §3 and §4, by using the theory of
SL(2)-orbits in Part II. As is said above, the proofs are parallel to those in the pure
case.

In §5, we prove the relative theory in the sense explained in the above. As was said,

we assumed that all H,,) are polarizable, but we expect that the construction works
3



without assuming H(,, are polarizable. In some cases, we can show that this is true
(see 7.1.4).

The relation of results of §2 (absolute theory) and those of §5 (relative theory) is
discussed in 5.5.

In 86, we give the theory of Néron models which appear for example when an inter-
mediate Jacobian degenerates.

In §7, we give examples and explain the theories of log abelian varieties and log
complex tori in [KKNO8] from the point of view of this paper. We also explain the
necessity of weak fan and discuss completeness of weak fans and extensions of period
maps.

We greatly appreciate valuable comments from the referee.

Notations.
A fixed data including Hodge numbers (2.1.1, 5.1.1)
D classifying space of mixed Hodge structures with polarized graded quotients (2.1.2)

Gz group of automorphisms of the lattice (2.1.3)
9Q Lie algebra (2.1.3)

b weak fan (2.2.3, 5.1.6)

Ds, space of nilpotent orbits (2.2.5)

Dgyx  space of nilpotent orbits (5.1.10)

Gy, Gz(gr) (5.1.1)

I'V,o! fixed data in the relative case (5.1.1)

r subgroup of Gz or G' Xy, Gz (2.2.6, 5.1.7)
Jx, MDsx (5.3.2)

J1 Néron model (6.1.1)

Jo connected Néron model (6.1.1)

Y(T) weak fan associated to a subgroup Y of Gq,, (6.2.1)

§1. LoG MIXED HODGE STRUCTURES

§1.1. THE CATEGORY B(log) AND RELATIVE LOG MANIFOLDS

We review the category B(log) introduced in [KU09], which plays a central role in
this paper. We introduce a notion “relative log manifold” (1.1.6), which is a relative
version of the notion “log manifold” introduced in [KU09] and which becomes important
in §5.

1.1.1. Strong topology.

Let Z be a local ringed space over C, and S a subset of Z. The strong topology of S
in Z is defined as follows. A subset U of S is open for this topology if and only if for any
analytic space A (analytic space means a complex analytic space) and any morphism
f: A — Z of local ringed spaces over C such that f(A) C S, f~1(U) is open in A. This
topology is stronger than or equal to the topology as a subspace of Z.
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Remark. In [KU09], we only consider the strong topology of a subset of an analytic
space. Here we work with any local ringed space over C. Thus, we can also consider the
strong topology of a subset of, say, a log manifold. This change increases the flexibility.

1.1.2. Let Z be a local ringed space (resp. an fs log local ringed space, i.e., a local
ringed space endowed with an fs log structure ([KU09] 2.1.5)) over C, and S a subset
of Z. The strong subspace of Z defined by S is the subset S with the strong topology
in Z (1.1.1) and with the inverse image of Oz (resp. the inverse images of Oz and My,
where My denotes the log structure of Z). A morphism ¢ : S — Z of local ringed
spaces (resp. fs log local ringed spaces) over C is a strong immersion if S is isomorphic
to a strong subspace of Z via ¢. If this is the case, it is easy to see by definition that
any morphism A — Z from an analytic space (resp. an fs log analytic space) uniquely
factors through S if and only if it factors through S set-theoretically.

Lemma 1.1.3. A composite of two strong immersions is a strong immersion.

Proof. 1t is enough to show the following: Let Z be a local ringed space over C and
T C S C Z be two subsets of Z. Endow S with the strong topology in Z. Then, the
strong topology of T" in Z coincides with the strong topology of T in S.

First, let U be an open subset of 7" with respect to the strong topology of 7" in Z.
Let A — S be a morphism from an analytic space, whose image is contained in T.
Then, the image of the composite A — S — Z is also contained in T and the inverse
image of U in A is open. Hence, U is open with respect to the strong topology of T" in
S. Conversely, let U be an open subset of T" with respect to the strong topology of T
in S. Let A — Z be a morphism from an analytic space. If its image is contained in T,
then it is contained in S, and A — Z factors through A — S (1.1.2). Since the image
of the last morphism is contained in 7', the inverse image of U in A is open. Therefore,
U is open with respect to the strong topology of T"in Z. [

1.1.4. The category B(log).

As in [KU09], in the theory of moduli spaces of log Hodge structures, we have to
enlarge the category of analytic spaces, for the moduli spaces are often not analytic
spaces.

Let A be the category of analytic spaces and let A(log) be the category of fs log
analytic spaces (i.e., analytic spaces endowed with an fs log structure). We enlarge A
and A(log) to B and B(log), respectively, as follows. In this paper, we will work mainly
in the category B(log), and, as we did in [KU09], we will find the moduli spaces in
B(log).

B (resp. B(log)) is the category of all local ringed spaces S over C (resp. local ringed
spaces over C endowed with a log structure) having the following property:

S is locally isomorphic to a strong subspace of an analytic space (resp. fs log analytic
space).

Note that these definitions are restatements of those in [KU09] 3.2.4. The category
B(log) has fiber products ([KU09] 3.5.1).

1.1.5. Log manifold ([KU09] 3.5.7).



In [KU09], we saw that moduli spaces of polarized log Hodge structures were loga-
rithmic manifolds (abbreviated as log manifolds in this paper).

An object S of B(log) is a log manifold if, locally on S, there are an fs log analytic
space Z which is log smooth over C ([KU09] 2.1.11), elements wy, ... ,w, of I'(Z,w}),
and an open immersion from S to the strong subspace of Z defined by the subset
{2 € Z | w1,...,w, are zero in w!}. Here w}, denotes the sheaf of log differential 1-
forms on Z ([KU09] 2.1.7), and w! denotes the space of log differential 1-forms on the
point z = Spec(C) which is endowed with the inverse image of the log structure of Z.

Ezample. S = ((CxC)~ ({0} xC))U{(0,0)} has a natural structure of a log manifold.
See [KU09] 0.4.17.

1.1.6. Relative log manifold over an object S of B(log).

It is an object T" of B(log) over S such that, locally on S and on T, there exist a log
smooth morphism Y — X of fs log analytic spaces over C, a morphism S — X, an open
subspace U of S x x Y, elements wy, ... ,w, € I'(U,w};), and an open immersion from T’
to the strong subspace of U defined by the subset {u € U | wy,... ,w, are zero in w.}.

§1.2. RELATIVE MONODROMY FILTRATIONS

1.2.1. Let V be an abelian group, let W = (W, )wecz be a finite increasing filtration
on V, and let N € End(V, W). Assume that N is nilpotent.

Then a finite increasing filtration M = (M, )wez on V is called the relative mon-
odromy filtration of N with respect to W if it satisfies the following conditions (1) and

(2).
(1) NM,, C My,_o for any w € Z.

(2) For any w € Z and m > 0, we have an isomorphism

m . M W o~ M w
N™ gl 8y — 8Ty &Ly -

The relative monodromy filtration of N with respect to W need not exist. If it exists,
it is unique ([D80] 1.6.13). If it exists, we denote it by M (N, W) as in [SZ85] (2.5). It
exists in the case where W is pure (i.e. W, = V and W,,_; = 0 for some w) ([D80]
1.6.1).

Relative monodromy filtration is also called relative weight filtration, or relative
monodromy weight filtration.

If V is a vector space over a field K and the W,, are K-vector subspaces of V', and if
N is a K-linear map, then the relative monodromy filtration, if it exists, is formed by
K-subspaces of V.

Lemma. If K is of characteristic 0, for a finite increasing filtration M on V' consisting
of K-vector subspaces, M is the relative monodromy filtration M (N, W) if and only if
the above (1) is satisfied and, for any w € Z, there is an action of the Lie algebra sl(2, K)
on grWV satisfying the following conditions (3) and (4). Let Y := <_01 ?) €sl(2,K).
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(3) For k € Z, My, gr¥V is the sum of {v € grl¥ | Yv = tv} for all integers £ < k—w.
(4) N : gtV — etV coincides with the action of (8 é) €sl(2,K).

Proof. This reduces to [KNU08] 2.2. [

We have the following compatibility of relative monodromy filtrations with various
operators (direct sum, tensor product, etc.). Much of this is in Deligne’s appendix to
[SZ85]. For j = 1,2, let V; be a vector space over a field K endowed with a finite increas-
ing filtration W,V; consisting of K-vector subspaces, and let N; € Endg (V;, W,V}) be
nilpotent.

1.2.1.1. Assume that the relative monodromy filtration M,V; = M(N;, W,V;) ex-
ists. Then, the filtration M,V & M,V on Vi & V5 is the relative monodromy filtra-
tion of N3 @ No € End(V; @ Vo, WoVi @ WeVs). Assume furthermore that K is of
characteristic 0. Then, the filtration M,V; ® MyV5 on Vi ® V5 is the relative mon-
odromy filtration of Ny ® 1 + 1 ® Ny € End(V] ® Vo, WV ® WeV5). (Here the
w-th filter of the filtration MJV; & MV, is Zj+k:w M;Vi ® My Vs, and the filtra-
tion WeVp ® WeVs is defined similarly.) The filtration M on H := Homg (Vi, V3)
defined by M,, = {f € Homg (V1,Va) | f(MiV1) C My, Vo for all k} is the relative
monodromy filtration of N € End(H, W), where W is the filtration on H defined by
WowH = {f € Homg (V1,Va) | f(WiV1) C WiiwVa for all k} and N : H — H is the
map f — Nof — fN;.

1.2.1.2. Assume that the relative monodromy filtration M of N; & Ny € End(V; &
Vo, WeVi@W,Vs) exists. Then the relative monodromy filtration MV, = M (N;, W, V)
exists for 7 = 1,2, and M = M V) & M,V5.

By 1.2.1.1 and 1.2.1.2, we have the compatibility with symmetric powers and exterior
powers because these are direct summands of tensor products.
These 1.2.1.1 and 1.2.1.2 are certainly well-known. They are proved as follows.

Proof of 1.2.1.1. We give the proof for the tensor product. The proof for Hom is similar
and the proof for the direct sum is easy. For j = 1,2 and w € Z, let p;,, be the action of
sl(2, K) on gr!V V; satisfying the conditions (3) and (4) in Lemma in 1.2.1 (with M and
W in (3) and (4) replaced by M,V; and W,V;, respectively, and with NV in (4) replaced
by N;). For w € Z, let p,, be the representation of s5[(2, K) on @, ,_,, etV Vi ®gr)V Vo
defined to be P, ,_,, P1,6@p2,¢. Then p,, satisfies the conditions (3) and (4) in Lemma
in 1.2.1 (with M and W in (3) and (4) replaced by MV ® MV, and WeVi @ W Vs,
respectively, and with N in (4) replaced by Ny ® 1 +1® Ny). Hence MyV; @ M4V3 is
the relative monodromy filtration of N1 ® 1+ 1® No with respect to WV @ WVs. [

Proof of 1.2.1.2. By the uniqueness of the relative monodromy filtration, M is invariant

under the maps Vi @ Vo — V; @ Vs, (2,9) = (az,by) for all a,b € K*. If K is not

F,, this shows that M is the direct sum of a filtration M’ on Vi and a filtration M"”

on V5. Also, in the case K = F3, too, the last property can be proved by using a finite

extension of K to get a,b such that a # b. It is easy to see that M’ (resp. M") is the

relative monodromy filtration of N7 (resp. Na) with respect to WV (resp. WoVs). O
7



Remark. If the characteristic of K is p > 0, 1.2.1.1 need not hold for tensor products
and Hom. For example, let V; be of dimension p and with basis eq,...,e, such that
Ni(e1) =0 and Ny(ej) =ej_q for 2 < j <p, let V5 be of dimension 2 with basis €/, e,
such that Ny(e]) =0 and Na(e5) =€), and let WoV; =V, and W_1V; =0 for j =1,2.
Then for M = M,V; @ Mg Vs, gr]])‘/f (resp. gryp) is of dimension 1 and generated by the
class of e, @ e}, (resp. e1 ®¢€}). But (N1 ®141® N2)? induces the zero map gr)! — gr)
because (N1 ® 1 +1® Np)? = NY ® 1+ 1® NJ and N (e,) =0, NY(eh) = 0.

In §6, in the proof of Theorem 6.2.1, we will use the following fact concerning the
relative monodromy filtration.

1.2.1.3. Let (V, W) and N be at the beginning of 1.2.1, and assume that the relative
monodromy filtration M = M (N, W) exists. Then we have

Ker(N)nW,, ¢ M,, forall we Z.

Proof of 1.2.1.3. We prove Ker(N)NW,, C M, +Wj, (w, k € Z) by downward induction
on k starting from the trivial case k = w. Assume that we have already shown Ker(N)N
Wy C My + Wy with some k& < w. Let x € Ker(N) N W, and write x = y + z with
y € M, and z € Wj. Since N : gry(grzv) — grjA{Q(ngV) are injective for all j > k,
we have that the map N : gr}V /M, gr}) — gr)¥V /M, _ogr}” is injective if j > k. Since
N(z) = —N(y) € My,_2 and w > k, this shows that the class of z in gr}’ belongs
to M, gr}’. Hence we can write 2 = y' + 2/ with ¥/ € M,, and 2’ € Wj_;. Hence
r=y+vy)+2 € My,+Wi_y. O

1.2.2. Let o be a cone in some R-vector space (this means that 0 € o, o is stable
under the addition, and stable under the multiplication by elements of R>(), and let
or be the R-linear span of . Assume that the cone o is finitely generated. Let V
be another R-vector space endowed with a finite increasing filtration W (by R-linear
subspaces). Assume that we are given an R-linear map

h: OR — EndR(V, W)

whose image consists of mutually commuting nilpotent operators.

We say that the action of o on V' via h is admissible (with respect to W) if there
exists a family (M (7, W)), of finite increasing filtrations M (7, W) on V given for each
face 7 of o satisfying the following conditions (1)—(4).

(1) M(oc N (—0o), W) =W.

(2) For any face 7 of o, any N € o and any w € Z, we have h(N)M(r,W),, C
(T

M7, W)y,

(3) For any face 7 of o, any N € 7 and any w € Z, we have

WN)YM (1, W) C M (1, W)ep_o.
8



(4) For any faces 7, 7’ of ¢ and for any N € o such that 7" is the smallest face
of o containing 7 and N, M (7', W) is the relative monodromy filtration of h(N) with
respect to M (7, W).

(We remark that in [KKNO8] 2.1.4, the above condition (2) was missed.)

We call the above filtration M (7, W) the relative monodromy filtration of T with
respect to W. The condition (4) (by considering the case where 7 and o N (—o) are
taken as 7/ and 7 in (4), respectively) implies that M (7, W) = M (N, W) for any N in
the interior of 7.

By 1.2.1.1 and 1.2.1.2, we have the following compatibility of this admissibility with
various operators. For j = 1,2, let V; be a vector space over R endowed with a
finite increasing filtration W,V;, and assume that we are given an R-linear map or —
Endg (V}, W,V;) whose image consists of mutually commuting nilpotent operators.

1.2.2.1. Assume that for j = 1,2, the action of ¢ on Vj is admissible with respect
to WoVj. Then, the diagonal action of o on V; @ V5 is admissible with respect to the
filtration W Vi @ WeVa, and M (1, WeVi @ WeVa) = M (1, WeV1) @& M (1, W, V3) for any
face 7 of 0. The action of 0 on V3 ® V5 (N € o acts by sending x®y to NeR@y+x R Ny)
is admissible with respect to the filtration WeV; @ WeVa, and M (1, WV @ WeVa) =
M (1, WeV1) @ M(1,WeV3). The action of ¢ on H := Homg(V7,V3) (N € o acts by
f+— Nf — fN) is admissible with respect to the filtration W, H defined by W,,H =
{f € Homg (V1,V2) | f(WiV1) C Wiy Vo for all k}, and M (7, WeH) on H is given by
M(1,WeH),, = {f € Homg (V1,V3) | f(M(7,W)iV1) C M (7, W) V> for all k}.

1.2.2.2. Assume that the diagonal action of o on Vi @ V5 is admissible with respect
to WeVi @ WeVa. Then the action of o on Vj is admissible with respect to W,V;, and
M(1, WeVi @ WVa) = M (1, WeV1) @ M (1, WeV5).

Lemma 1.2.3. Let the notation be as in 1.2.2, let o’ be a finitely generated cone, and
assume that we are given an R-linear map o — or which sends o’ in o.

(i) Assume that the action of o on V is admissible with respect to W. Then the
action of ' on 'V is also admissible with respect to W. For a face 7" of o', M (7', W) =
M (1, W), where T denotes the smallest face of o which contains the image of '.

(ii) Assume that the action of o' on V is admissible with respect to W and that the
map o' — o is surjective. Then the action of o on V is admissible with respect to W.
For a face T of o, M (1,W) = M (7', W), where 7" denotes the inverse image of T in o’.

Proof. (i) This is essentially included in [KKNO08] 2.1.5. The proof is easy.

(ii) Denote the given map o/ — o by f. Let a and /8 be faces of o, let N € f3,
and assume that S is the smallest face of o which contains a and N. It is sufficient
to prove that M (f~1(8), W) is the relative monodromy filtration of h(NN) with respect
to M(f~'(a),W). Let x be an element of the interior of f~!(3). Since 3 is the
smallest face of o which contains a and N, there are y € 3, z € a, ¢ € R~ such
that f(z) +y = z + cN. Take y' € f~1(B) and 2’ € f~!(a) such that f(y') = y and
f(z') = 2z, and let u = z + ¢'. Since u is in the interior of f~1(3), M(f~1(B), W)
is the relative monodromy filtration of h(f(u)) with respect to M(f~!(a),W). Since
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f(u) = f(2') + ¢N, this shows that M (f~1(8), W) is the relative monodromy filtration
of h(N) with respect to M(f~(a),W). O

1.2.4. Let S be an object of B(log), and let the topological space S'°¢ and the
continuous proper map 7 : S'°8 — S be as in [KN99], [KU09] 2.2. Let L = (L, W) be a
locally constant sheaf L of finite dimensional R-vector spaces over S'°8 endowed with a
finite increasing filtration W consisting of locally constant R-subsheaves. We say that
the local monodromy of L is admissible if the following two conditions (1) and (2) are
satisfied for any s € S and any t € 5% = 771(s) C S8,

(1) For any « € m(5'°8), the action of v on the stalk L; is unipotent.

(2) Let C(s) = Hom((Ms/Og)s,R‘i%d), where R;dod denotes R>( regarded as an
additive monoid. Then the action of the cone C(s) on L; via C(s)gr = R ® m;(5'°8) —
Endr(L¢, W), defined by v +— log(v) (v € m1(s'°8)), is admissible with respect to W.

Lemma 1.2.5. Admissibility of local monodromy is preserved by pulling back by a
morphism S — S in B(log).

Proof. This follows from 1.2.3 (i). O

1.2.6. Let the situation be as in 1.2.2. There are weaker versions of the notion of
admissibility of a cone with respect to W.
For example, one version is

(1) The relative monodromy filtration M (N, W) exists for any N € o.
Another version is

(2) The relative monodromy filtration M (N, W) exists for any N € o, and it depends
only on the smallest face of o which contains V.

In the situation with polarized graded quotients explained in 1.3.3 below, it is shown
that these weaker admissibilities coincide with the admissibility considered in this sub-
section §1.2. See 1.3.2-1.3.4.

In the papers [KNU10a], [KNU10b], and [KNU10c|, we adopted the admissibility in
(2) above. But the difference with the admissibility in this subsection is not essential
for this paper. See 2.2.5, Remark 2.

§1.3. Loc MIXED HODGE STRUCTURES

1.3.1. Log mixed Hodge structure (LMH, for short) on S ([KKNO08] 2.3, [KU09] 2.6).

Let S be an object in B(log). Recall that we have a sheaf of commutative rings Ogog
on S8 which is an algebra over the inverse image 771(Og) of Og ([KN99], [KU09] 2.2).

A pre-log mized Hodge structure (pre-LMH) on S is a triple (Hz, W, Ho), where

Hy is a locally constant sheaf of finitely generated free Z-modules on S'°8,

W is a finite increasing filtration on Hgr by locally constant rational R-subsheaves,
and

Hp is an Og-module on S which is locally free of finite rank, endowed with a

decreasing filtration (F?Hp)pez and endowed with an isomorphism of Og’g—modules
10



O};g Rz Hz ~ O};g ®os Ho on Slog satisfying the condition that FP Hp and Ho/FPHo
are locally free of finite rank for any p € Z.

Denote FP := Og’g ®Ros FPHo (p € Z) the filtration on O?g—module Ogog Ros Ho =~
Og’g(@z Hgy. The filtrations F'? Ho and FP determine each other (in fact, FP Hp = 7, FP)
so that we can define a pre-LMH as a triple (Hz, W, F'), where F'is a decreasing filtration
on (’)}gog ®z Hyz, satisfying the corresponding conditions as in [KU09] 2.6.1. In the rest
of this paper, we freely use both formulations.

Let s € S and let t € 771(s) C S'°8. By a specialization at t, we mean a ring
homomorphism O?’% — C such that the composition Og ¢ — (’)15?,% — C is the evaluation
at s. Since the evaluation at s is the unique C-algebra homomorphism Og , — C, any
C-algebra homomorphism (9};% — C is a specialization at t.

Let s be an fs log point (i.e., an fs log analytic space whose underlying analytic space
is a one-point set endowed with the ring C).

A pre-LMH (Hz,W,Hp) on s is a log mized Hodge structure (LMH) on s, if it
satisfies the following conditions (1)—(3).

(1) The local monodromy of (Hr, W) is admissible in the sense of 1.2.4.
(2) Let V = d® ]‘HZ . OLOg K7z Hz — w;’lOg Kz Hz. Then

VFP C whlos ® plos FP=1 for all p.

(3) Let t € s'°5. For a specialization a : O};’tg — C at t, let F(a) :==C R oo Iy be
the filtration on C ®z Hz ;. If a is sufficiently twisted in the sense explaine(sif below,
then, for any face 7 of the cone C(s) in 1.2.4, (Hz ¢, M (7,W), F(a)) is a mixed Hodge
structure in the usual sense.

Here, fixing a finite family (¢;)1<;j<n of elements of My~ C* such that (¢; mod C*);
generates M,/C* (note that C* = OF C M;), we say a is sufficiently twisted if
exp(a(log(g;))) are sufficiently near 0. This notion “sufficiently twisted” is in fact
independent of the choice of (g;);.

Let S be an object in B(log) again.
A pre-LMH on S is a log mized Hodge structure (LMH) on S if its pullback to each
fs log point s € S is an LMH on s ([KKNO§] 2.3, [KU09] 2.6).

Remark. Direct sums, tensor products, symmetric powers, exterior powers, and
inner-Hom of pre-LMH are defined in the evident ways. By using 1.2.2.1 and 1.2.2.2,
we see that these operations preserve LMH.

For w € Z, we call a pre-LMH (resp. LMH) such that W,, = Hg and W1 = 0
simply a pre-log Hodge structure (pre-LH) (resp. log Hodge structure (LH)) of weight
w. In this case, we often omit the W.

1.3.2. Polarized log Hodge structure (PLH) on S ([KU99] §5, [KKNO08] 2.5, [KU09]
2.4).
Let w be an integer.
11



A pre-polarized log Hodge structure (pre-PLH) of weight w is a triple (Hz, Ho, ( , )),
where

(Hz, Hp) is a pre-LH of weight w, and
(,): Hr X Hr — R is a rational non-degenerate (—1)"-symmetric bilinear form,
satisfying (FP, F'4) = 0 when p + ¢ > w.

A pre-PLH (Hz, Hp,( , )) of weight w is a polarized log Hodge structure (PLH) of
weight w if for any s € S, the pullback of (Hz, Ho,( , )) to the fs log point s has the
property 1.3.1 (2) and the following property: In the notation ¢, ¢ and F(a) in 1.3.1
(3), (Hz4,(, ), F(a)) is a polarized Hodge structure of weight w in the usual sense for
any sufficiently twisted specialization a (1.3.1).

A PLH of weight w is an LH of weight w. This follows from results of [CK82] and
[Sem73).

Remark. Equivalently, a pre-PLH (Hz, Hp,( , )) of weight w is a PLH if for any
s € S, its pullback to s has the following properties (1) and (2). This is by [CKS] (4.66).
Let C(s) be the cone in 1.2.4. Fix a set of generators 71, ... ,7, of C(s). Let t € s'°8.
Let a be a specialization. By [KU09] 2.3.3, (1) in 1.2.4 is satisfied and we can define
N; :=log(v;) € End(Hg,) for all j.

(1) Let N = y1 Ny + -+ + yo N, for y1,... ,y, > 0. Then the filtration W(N) is
independent of y1,... ,yn.

(2) (Hz, (, ), W(N)[—w], F(a)) is polarized by N.

1.3.3. By results of Cattani-Kaplan, Schmid, and Kashiwara, under the existence of
polarizations on graded quotients, the definition of LMH becomes simpler as follows.

Let s be an fs log point and let (Hz, W, Hp) be a pre-LMH on s. Assume that
(Hz, W, Hp) satisfies the condition 1.3.1 (2). Assume moreover that, for each w € Z, a
rational non-degenerate (—1)%-symmetric bilinear form (, ),, : H(gr!¥ )r x H(gr}V )r —
R is given and that the triple (H(gr!¥)z, H(gr¥)o, (, )w) is a PLH. Let t € s°¢. Let
Y1y... ,Vn and Nq,..., N, be as in the remark in 1.3.2.

Proposition 1.3.4. Let the assumption be as in 1.3.3. Then, the following are equiv-
alent.

(1) (Hz,W,Hp) is an LMH.
(2) The local monodromy of (Hr, W) is admissible.
(3) The relative monodromy filtrations M (N;, W) exist for all j.

Proof. The implications (1) = (2) and (2) = (3) are evident.

We prove (2) = (1). Assume (2). Since each gr is a PLH, it is also an LH. Hence
1.3.1 (3) is satisfied for each gr. By [K86] 5.2.1, 1.3.1 (3) is satisfied, that is, (1) holds.

We prove (3) = (2). Assume (3). Let F' be the specialization (1.3.1) of the Hodge fil-
tration with respect to some a : (’)g’)tg — Cat t. Then, (Hct; We s F, F; Ny, ..., N,) is
a pre-IMHM in the sense of [K86] 4.2. By 4.4.1 of [K86], it is an IMHM. In particular, for
any subset J C {1,... ,n}, M(3_,c; Nj, W) exists. Let M(r, W) := M (>, ; N;, W),
where 7 is the face of C(s) generated by ; for j running in J. Then, this family satisfies
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the condition 1.2.2 (4) by 5.2.5 of [K86]. Hence, the local monodromy of (Hg, W) is
admissible. [

Remark. The above proposition says that the concept of LMH with polarized graded
quotients over a log point is essentially the same as the concept of IMHM in [K86]. See
2.2.2 Remark below.

1.3.5. Let S be an object of B(log). An LMH with polarized graded quotients on S
is a quadruple H = (Hz, W, Ho, ({, )w)w) such that (Hz, W, Ho) is an LMH on S and
(H(gr¥)z, H(gr¥) o, (, Yw) is a PLH of weight w for any w.

The following lemma will be used later in 4.5.7.

Lemma 1.3.6. Let S be an object of B(log). Let H be an LMH over S. Let v be an
automorphism of H. Then we have the following.

(1) If gr(7y) is the identity, then ~y is also the identity.

(2) If H has polarized graded quotients, then the order of v is finite.

Proof. (1) In general, a morphism between pure log Hodge structures of different weights
is zero. To see this, it is enough to show that the morphism of lattices is zero. This is
reduced to the non-log case (that is, the fact that a morphism of pure Hodge structures
of different weights is zero) by the condition (3) in 1.3.1. Hence, v — 1 is zero, that is,
v is the identity.

(2) Under the assumption, gr(+y) is of finite order. Hence (2) is reduced to (1).

Example 1.3.7. Let S = A"t where A is the unit disk. Let S* = (A*)™ x A!, where
A* = A—{0}. Let X be an analytic space and X — S be a projective morphism which
is smooth over S*. Let X* = X xg S*. Let E be a divisor on X such that £ N X* is
relatively normal crossing over S*. Let m € Z. Let h: X* \ E — S*. Assume that the
local monodromy of Hg := R™h.(R) along FE is unipotent. Then, the natural variation
of mixed Hodge structure (VMHS) with polarized graded quotients on S* underlain by
Hyz := R"™h,(Z) canonically extends to an LMH on S with polarized graded quotients,
where S is endowed with the log structure defined by the divisor S ~ §*. This was
proved by Steenbrink-Zucker [SZ85], Kashiwara [K86], Saito [Sa90], and Fujino [F04].
See the explanation of the last part of [KNUO8] 12.10.

Remark. In the above, we assumed that the local monodromy is unipotent. Thus, the
theory on Néron models in this paper can be applied to a general case of quasi-unipotent
local monodromy only after base change by a finite ramified covering. If one wants to
treat such case directly without base change, it would suffice to formulate LMH on the
ket site ([IKNO5]) (which is LMH in the above sense ket locally) as in [KMNO02].

§1.4. MODULI OF LOG MIXED HODGE STRUCTURES (SOME EXAMPLES)

We illustrate how the moduli spaces (classifying spaces) of log mixed Hodge struc-
tures look like. We review that an intermediate Jacobian is an example of a moduli
space of mixed Hodge structures (see 1.4.1 Example 2), and we illustrate how we con-
struct a degenerating intermediate Jacobian as a moduli space of log mixed Hodge
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structures (see 1.4.2 Example 2). We hope this subsection serves as a more precise
version of Introduction of this paper.

1.4.1. Let H' be a mixed Hodge structure. By Ext'(Z, H'), we denote the set of
all isomorphism classes of mixed Hodge structures H endowed with an exact sequence
0 - H — H — Z — 0. Here Z is regarded as a pure Hodge structure of weight
0 as usual, and the exactness means that the sequence 0 — H, — Hz — Z — 0 of
Z-structures, the sequences of W,, (w € Z), and the sequences of F? (p € Z) are all
exact. As is well-known, if H’ is of weight w < —1, we have a bijection

Ext'(Z, H') ~ H,\H; /F°H{.

Here the class of H corresponds to the class of the element ¢'—e € Hg in Hy\Hg/FYHg,
where e is a lifting of 1 € Z to Hz and €’ is a lifting of 1 € Z to F'Hc.

Example 1. Consider the case H' is the pure Hodge structure Z(1) of weight —2. In
this case, Ext'(Z, Z(1)) ~ C*. In fact, for H' = Z(1), Hy,\HS/F°H; = Z(1)\C —

exp
C X

Example 2. Let X be a projective smooth algebraic variety over C, let » > 1,
and let H' be the Hodge structure H*"~*(X)(r) of weight —1. Then Ext'(Z, H') =
H,\H{/FOH is the r-th intermediate Jacobian of X. (In this case, Hy, = H*"~1(X,Z)(r)/(torsion)|
Hy = H?*1(X,C), and FPH; = FTH?"~1(X, C) with F" the Hodge filtration.)

1.4.2. Let S be an object of B(log) and let H' be a log mixed Hodge structure on S.
By Extl(Z, H'), we denote the sheafification of the functor S ExtiMH/S,(Z, H'|g)
on the category B(log)/S of objects of B(log) over S. Here H'|ss denotes the pullback
of H' to S’ and ExtiMH/S,(Z, H'|g) is the set of all isomorphism classes of log mixed
Hodge structures H on S’ endowed with an exact sequence 0 — H'|s» — H — Z — 0,
where the exactness means that the sequence 0 — (H'|s/)z — Hz — Z — 0 of Z-
structures, the sequences of W,, (w € Z), and the sequences of FP (p € Z) are all exact.
(The functor S’ — ExtiMH/S,(Z, H'|g/) is already a sheaf if H' is of weight < —1.)

In general, Ext'(Z, H') is not necessarily representable. By using fans or more gener-
ally weak fans, we can construct objects of B(log) over S (called models) which represent
subsheaves of Ext'(Z, H'). (By using weak fans not only fans, we can construct more
models.)

Assume that H' is a polarizable log Hodge structure of weight < —1. Then in §6, we
construct two special models, called the Néron model and the connected Néron model,
respectively.

Example 1. Consider the case S = Spec(C) with the trivial log structure and
H' =7Z(1). As a sheaf on B(log), we have Ext!(Z,Z(1)) & G,y 104, Where for an object
S" of B(log), G iog(S’) :=T'(S’, ME’). This will be explained in 7.1.1. This sheaf is
not representable. In this case, the Néron model = the connected Néron model = C*
which represents the subfunctor G, of G, 1og, Where G, (S") = T'(S", OF,).
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As in 7.1.1, we have a bigger model P1(C) with the log structure associated to the
divisor {0,00}. This model represents the subsheaf S” — T'(S’, Mg U Mg,l) of Gy log
on B(log), which is bigger than G,,.

Example 2. Let X and S be as in 1.3.7 with ENX* = (). The variation of polarized
Hodge structure { H?"~1(X,)(r)}ses+ on S* extends to a polarized log Hodge structure
H’ on S of weight —1. The restriction of Ext*(Z, H') to B(log)/S* is represented by
the family {J}}S}seg* of intermediate Jacobians over S*. By using weak fans, we have
various models of Ext!(Z, H') on the whole S, especially the Néron model and the
connected Néron model.

In the case r = 1, the restriction of Ext1(Z, H') to B(log)/S* is represented by the
(relative) Picard variety of X* over S* which is a family of abelian varieties over S*,
and if dim(S) = 1, on the whole S, our Néron model (resp. connected Néron model)
in §6 coincides with the Néron model (resp. connected Néron model) in the classical
theory of degeneration of abelian varieties.

We explain that for Example 2 in 1.4.2, to construct a model of Ext!(Z, H'), this
paper provides two methods, one is that of §2 (explained in 1.4.3 below) and the other
is that of §5 (explained in 1.4.4 below).

1.4.3. In the paper [KNU10al, for Example 2 in 1.4.2, we constructed a model of
ExtY(Z, H') as the fiber product of S — I"\D%, + I'\Ds, where I"\ D%, is a moduli
space of polarized log Hodge structures of weight —1 constructed by using a fan X/,
S — I"\ D%, is the period map defined by H’, I'\ Dy, is a moduli space of LMH with
polarized graded quotients whose gri/ is Z and whose gr!?" is 0 for w # 0, —1 constructed
by using a fan ¥, and the map I'\ Dy, — I\ D%, is to take gr'¥}. The space I"\D%, is
given in [KU09] and the space I'\ Dy; is given in [KNU10b] and in §2 of this paper. (In
§2 of this paper, we use weak fans ¥ to obtain more models.)

1.4.4. In this paper, for Example 2 in 1.4.2, we construct a model of Ext!(Z, H')
also by the following method of §5. In §5, for an object S of B(log) and for a family of
polarized log Hodge structures Hy,,) of weight w on S given for each w € Z (we assume
H .y = 0 for almost all w), by using a weak fan, we construct a moduli space over S
of LMH whose gr/V is H ) for each w. For Example 2 in 1.4.2, we take H) = Z,
H(_yy=H', and H(,) = 0 for w # 0, —1. Then we obtain a model of Ext (Z,H'). The
method of §5 provides more models than that of §2. In particular, the Néron model and
the connected Néron model constructed in §6 by the method of §5 are not necessarily
constructed by the method of §2.

§2. MODULI SPACES OF LOG MIXED HODGE
STRUCTURES WITH POLARIZED GRADED QUOTIENTS
§2.1. CLASSIFYING SPACE D
2.1.1. In this §2, we fix A = (Ho, W, ((, )w)w, (h"?), 4), where

Hj is a finitely generated free Z-module,
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W is a finite increasing rational filtration on Hor = R ® Hy,

(, ) for each w € Z is a rational non-degenerate R-bilinear form gr!¥ x gr’V — R
which is symmetric if w is even and is anti-symmetric if w is odd,

hP-4 are non-negative integers given for each (p,q) € Z? satisfying the following
conditions (1)—(3).

(1) X2, WP = rankz(Ho),

(2) Do pigmw PP = dimg (gr!?) for any w € Z,

(3) AP = h?P for any (p,q).

2.1.2. Let D be the classifying space of gradedly polarized mixed Hodge structures
in [U84] associated with the data fixed in 2.1.1. As a set, D consists of all increasing
filtrations F on Hy c = C ® Hy such that (Ho, W, ((, )w)w, F) is a gradedly polarized

mixed Hodge structures with dime FP(gr)), )/ FP* (g} ) = h?? for all p,q. Let D

be its “compact dual”. Then D and D are complex analytic manifolds, and D is open
in D. Cf. [KNU09] 1.5.

2.1.3. We recall the notation used in this series of papers.

Asin [KNUO09] 1.6, for A =Z,Q, R, C, let G 4 be the group of the A-automorphisms
of (Hy 4, W) whose gr!? are compatible with (, ),, for all w. Then G¢ (resp. GR) acts
on D (resp. D).

As in [KNU09] 1.7, for A = Q,R, C, let g4 be the associated Lie algebra of G4,
which is identified with the set of all A-endomorphisms N of (Ho 4, W) whose gr!V
satisfies (gr'V (N)(2),y)w + (z,gt¥ (N)(y))w = 0 for all w,x,y.

As in [KNU09] 1.6 and 1.7, let Ga,, = {y € Ga | g% (g) = 1}, gau = {N €
ga| gt (N) = 0}. Then Ga/Ga, is isomorphic to G4(gr") = [, Ga(grl) and
g4/94.4 is isomorphic to ga(gr™) := [], galgry ), where Ga(gry)) (vesp. ga(gr,))) is
“the G'a (resp. ga) for grlV”.

§2.2. THE SETS Dy, AND DﬁE

Here we define the sets Dy and Dﬁz in our mixed Hodge case. See [KUQ09] for the
pure case. Everything is parallel to and generalize the pure case, except that we use
weak fans instead of fans.

2.2.1. Nilpotent cone. A subset o of gr is called a nilpotent cone if the following
conditions (1) and (2) are satisfied.

(1) All elements of o are nilpotent and NN’ = N'N for any N, N’ € o, as linear
maps Hor — HoR.

(2) o is finitely generated. That is, there is a finite family (V;); of elements of o
such that o =3, R>oN;.

A nilpotent cone is said to be rational if we can take N; € gq in the above condition
(2).
For a nilpotent cone o, let or be the R-linear span of ¢ in ggr, and let oc be the

C-linear span of ¢ in gc.
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We say that o is admissible if the action of o on Hy r is admissible with respect to
W in the sense of 1.2.2.

2.2.2. Let Ni,...,N, € gr be mutually commuting nilpotent elements and let
F € D. We say (Nq,...,N,, F) generates a nilpotent orbit if the following (1)—(3) are
satisfied.

(1) The action of the cone 22:1 R>(N,; on Hyr is admissible (1.2.2) with respect
to W.

(2) NjFP C FP~! for 1 < j <n and for any p € Z.
(3) If y; € R and y; are sufficiently large, we have exp(Z?zl iy;N;)F € D.

Note that these conditions depend only on the cone o := 2?21 R>oN; and F. We
say also that the pair (o, F') generates a nilpotent orbit if these conditions are satisfied.
Let o be a nilpotent cone. A subset Z of D is called a o-nilpotent orbit (resp.
o-nilpotent i-orbit) if the following conditions (4) and (5) are satisfied for some F' € Z.

(4) Z = exp(oc)F (resp. Z = exp(ior)F).
(5) (o, F) generates a nilpotent orbit.

Such a pair (o, Z) is called a nilpotent orbit (resp. nilpotent i-orbit).
Note that if (4) and (5) are satisfied for one F' € Z, they are satisfied for all F' € Z.

Remark. The notion of nilpotent orbit is essentially the same as the notion of LMH
with polarized graded quotients on an fs log point. This is the mixed Hodge-theoretic
version of [KU09] §2.5. The proof of the mixed Hodge case is similar to the pure
case written in [KU09] §2.5, especially ibid. Proposition 2.5.5, where there are full ex-
planations of the relationship among the exterior differential of the sheaf of rings of
logarithms, Gauss-Manin connection, and monodromy logarithms, and also the rela-
tionship between the difference of two specializations and coordinates of the universal
covering.

Consequently, in view of Remark in 1.3.4, the notion of nilpotent orbit is also essen-
tially the same as the notion of infinitesimal mixed Hodge module (IMHM) by Kashi-
wara ([K86]). A precise relation is as follows. (The statement in [KNU10b] 2.1.3 was
not accurate.)

Let Hy and W be as in 2.1.1. Let F' be a decreasing filtration on Hyc. Let F
be its complex conjugation. Let Ny,..., N, be a mutually commuting set of nilpotent
endomorphisms of Hy q. Then, (Ho c;Wc; F, F; Ni,...,N,) is an IMHM if and only
if there exists a A (2.1.1) extending (Ho, W) such that Ny,... ,N, € gr and F € D,
and that (Ny,..., N,, F') generates a nilpotent orbit. This was seen in the course of the
proof of 1.3.4.

2.2.3. Weak fan in gq ([KNU10c]).

A weak fan ¥ in gq is a non-empty set of sharp rational nilpotent cones in gr
satisfying the following conditions (1) and (2). Here a nilpotent cone o is said to be
sharp if o N (—0o) = {0}.
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(1) If o0 € %, all faces of o belong to X.

(2) Let 0,0’ € ¥, and assume that o and ¢’ have a common interior point. Assume

that there is an F' € D such that (o, F) and (¢’, F') generate nilpotent orbits. Then
/
o=o'.

A fan ¥ in gq is defined similarly by replacing the condition (2) in the above with
the condition: If 0,0’ € ¥, then o N’ is a face of o.

For simplicity, we call a weak fan (resp. a fan) in gq a weak fan (resp. a fan).

An example of a fan is

ZE={R>oN | N € gq, N is nilpotent}.

An example of a weak fan which is not a fan appears in 7.2.1.
The next lemma, which was announced in [KNU10c] 1.7, implies that a fan in gq is
a weak fan.

Lemma 2.2.4. In the definition 2.2.3, under the condition (1), the condition (2) is
equivalent to (2) below and also is equivalent to (2)" below.

(2)' If 0,0’ € ¥ and if there is an F € D such that (o, F), (o', F), and (c N o', F)
generate nilpotent orbits, then o N o’ is a face of 0.

(2)" Let T be a nilpotent cone. Let (1,F) (F € D) generate a nilpotent orbit. If
the set A :={o € ¥ |1 C 0,(0,F) generates a nilpotent orbit} is not empty, A has a
smallest element, and it is a face of any element of A.

Proof. (2)" = (2)'. Let 0,0" and F be as in (2)'. Let 7 = 0 No’. Then, o and o’ belong
to A. Let op be the smallest element of A. Then, oy is a face of ¢ and also a face of
o', and hence og C 0 N’ = 7. On the other hand, since o9 € A, we have 7 C gg by
definition of A. Thus, 09 = 7. Hence, c N6’ =7 = ¢ is a face of o.

(2)" = (2). Let 0,0" and F be as in (2). Since o N o’ contains an interior point of o,
(cNo’, F) generates a nilpotent orbit. Hence, (2)" implies that o No’ is a face of o, but
again, since o N o’ contains an interior point of o, we have 0 N ¢’ = . By symmetry,
o No’' = o’. Therefore, o = o’.

(2) = (2)”. Let (7, F) be as in (2)”. For an element o € A, we write as ¢ the face
of o spanned by 7. Then, (0, F') generates a nilpotent orbit because both (7, F') and
(0, F') generate nilpotent orbits. Thus, og € A. It is enough to show oy = oy, for any
o,0’ € A, because, then, this common o is the smallest element of A as soon as A is
not empty, and it is indeed a face of any o0 € A. But, since an interior point of 7 is a
common interior point of oy and o(), we have certainly og = o, by (2). O

2.2.5. Let ¥ be a weak fan in gq. Let Dx (resp. Dﬁz) be the set of all nilpotent
orbits (resp. nilpotent i-orbits) (o, Z) with o € X.

We have embeddings
D C D27 F— <{O}’ {F})7

Dc DL, Fw ({0}, {F}).
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We have a canonical surjection
ng _>DE7 (072) = (O’,GXp(Uc)Z),

which is compatible with the above embeddings of D.

Remark 1. If 'Y C 3 denotes the subset of ¥ consisting of all admissible o € 3, and
if ”¥ C 'Y denotes the subset of ¥ consisting of all o € ¥ such that a o-nilpotent orbit
exists, then 'Y and Y are weak fans, and we have Dy, = D:s; = Doy, DﬁE = D,ﬁE = D,ﬁlz.

Remark 2. In our previous papers [KNU10b] and [KNU10c], we adopted the following
formulations (1)—(3) which are slightly different from those in the present paper. In
those papers:

(1) Nilpotent cone was assumed to be sharp.

(2) In the definition of nilpotent orbit, we adopted the admissibility condition 1.2.6
(2) on the cone instead of the condition 2.2.2 (1).

(3) In the definition of weak fan (resp. fan), in [KNU1Oc| (resp. [KNU10b] and
[KNU10c]), we put the condition that any cone in a weak fan (resp. fan) should satisfy
the admissibility condition 1.2.6 (2).

These changes of the formulations are not essential in this paper. In fact, for sharp
cones, the definition of nilpotent orbit in [KNU10b] and [KNU10c|, explained in the
above (2), is equivalent to that in this paper. Cf. 1.2.6, 1.3.4. Further, by Remark 1
above, these changes do not make any difference for the space of nilpotent orbits Dy
and for the moduli spaces I'\ Dy, of LMH which appear in §2.4 below. Thus, we do not
impose any admissible condition on cones of (weak) fan in the present paper (cf. the
above (3)), for we prefer a simpler definition here.

Note that, in the pure case, the definitions of nilpotent cone, nilpotent orbit, and fan
in this paper coincide with those in [KU09].

2.2.6. Compatibility of a weak fan and a subgroup of Gz.
Let X be a weak fan in gq and let I' be a subgroup of Gz.
We say that ¥ and I' are compatible if the following condition (1) is satisfied.

(1) If vy € I" and o € X, then Ad(y)o € X.

If ¥ and I' are compatible, I" acts on Dy, and also on D% by (0,2) — (Ad(v)o,vZ)
(vel).

We say that 3 and I" are strongly compatible if they are compatible and furthermore
the following condition (2) is satisfied.

(2) If 0 € X, any element of o is a sum of elements of the form aN, where a € R>¢
and N € o satisfying exp(N) € T.

2.2.7. For a sharp rational nilpotent cone o, let face(o) be the set of all faces of o.
It is a fan in gq. Let

o — Dt
D, = Dface(a)7 Dg T Dface(cr)'
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Let
I'(o) :=TnNexp(oc) CT'(0)8® =T Nexp(or) = {ab™! | a,b € T(0)} C Gz.

Then T'(0) is a sharp torsion-free fs (i.e., finitely generated, integral, and saturated)
monoid and I'(0)®P is a finitely generated free abelian group. Here a monoid is said to
be sharp if there is no invertible elements other than the unit element (cf. 2.2.3).

Let ¥ and I' be as in 2.2.6. Assume that they are strongly compatible. Then, for
any o € X, the fan face(o) and the group I'(c)8P are strongly compatible.

We will use the following fact in the proof of Theorem 6.2.1.

Proposition 2.2.8. Let 0 C gr be an admissible nilpotent cone. Then the adjoint
action of o on gr s admissible.

Proof. By 1.2.2.1, the adjoint action of o on A := Homg (Hy r,Hor) is admissible
with respect to the filtration of A induced by W. For a face 7 of o, let M(7) be the
relative monodromy filtration of 7 on A for this admissible action. The adjoint action
of o on gr(gr!) for w < 0 is admissible, whose relative monodromy filtrations are
induced by M(7), because gr(grlV) = A(gr!V). By 1.2.2.2, the adjoint action of o
on gr(gry) is admissible, whose relative monodromy filtrations are induced by M (1),
because gr(grl ) is a direct summand of A(gry”) for the adjoint action of o. It follows
that the adjoint action of o on ggr is admissible, whose relative monodromy filtrations
are induced by M (7). O

§2.3. THE SETS E, AND Ef

We introduce the sets E, and Eg, which will be used to give various structures to
D, and D%

2.3.1. Toric varieties.

Assume that we are given ¥ and I' as in 2.2.6. We assume that they are strongly
compatible.

Fix ¢ € ¥ in the following. Let P(c) = Hom(I'(c), N). Define

toric, := Hom(P(c), C™*) O [toric|  := HOIH(P(U),R?S“).

Here C™U!* (resp. Rgbﬂt) denotes the set C (resp. R>() regarded as a multiplicative
monoid. (Cf. [KU09] 3.3.2 for toric, in the pure case.) Let

torus, := C* ®z I'(0)® D [torus|, = Rs ®z I'(0)8P.

We regard torus, as an open set of toric, and [torus|  as an open set of [toric|  via the
embeddings

torus, = Hom(P(0)8,C*) C toric,, |torus|, = Hom(P(0)%P,R~g) C [toric|_ .
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We have a natural action of torus, on toric,, and a natural action of |torus|_ on |toric|_.
We have an exact sequence

1
0—T(0)2” =25 5c > torus, — 0,

where
e(z®log(y)) = e*™* @~ for z € C,y €T(0).

For a face T of o, the surjective homomorphism P(0) — P(7) induces an embedding
toric,; — toric,. Let 0, € toric, C toric, be the point corresponding to the homomor-
phism P(7) — C™ which sends 1 € P(7) to 1 and all the other elements of P(7) to
0. (This point 0, € toric, is denoted by 1, in [KU09], but we change the notation.)

Any element ¢ of toric, (resp. |toric|,) is written in the form ¢ = e(a) - 0, (resp.
q=e(ib)-0;) for a € oc (resp. b € or) and for a face 7 of 0. The face 7 is determined
by ¢, and a modulo 7¢ + log(I'(¢)®8P) (resp. b modulo 7g) is determined by gq.

2.3.2. Let 5
E, .= toric, xXD.

(See [KUO09] 3.3.2 for the pure case.)

We endow E, with the inverse image ([KUO09] 2.1.3) of the log structure of toric,
([KU09] 2.1.6 (ii)).

We define a canonical pre-LMH on E,. See [KU09] 3.3.3 for the pure case. Let
(Hy.z, W, ({, Yuw)w) be the locally constant sheaf of Z-modules on toric'® endowed with
a weight filtration and polarizations on the graded quotients which is characterized by
the property that the stalk at the unit point 1 € torus, C toric'® is (Ho, W, ({, Yu)w)
and that the action of 7 (toric'®) = I'(0)8P is given by I'(0)8 C Gz. We consider its
pullback to F, still denoted by the same symbol (Hy,.z, W, (( , Jw)w)- Similarly as in
the pure case, [KU09] 2.3.7 gives a canonical isomorphism (9 2 Q@ Hyz = (’)log ® Hy.
The Op ® Hp has the universal Hodge filtration, which 1nduces by pulhng "back a
filtration on (’)Ef ® Hp, and by 7. a filtration on H, o := T*((’)lbgf ® Hy). Then, the
triple H, := (Hy,z, W, H, ) is a pre-LMH, which we call a canonical pre-LMH on E,.
Note that each graded quotient of this pre-LMH together with (, ),, is regarded as a
pre-PLH of weight w.

2.3.3. We define the subsets Ea, E,, and Eg of E,. Let H, be the canonical pre-
LMH on E, defined in 2.3.2. Then, the subset EG (resp. E,) is defined as the set of
points & € E, such that the pullback of H, on z satisfies the Griffiths transversality
(1.3.1 (2)) (resp. is an LMH with polarized graded quotients (1.3.5)). Thus, E, is
contained in E’U.

Consider the subset [toric|  of toric,, let % := |toric| x D, and let E% := E, N E%.

E, and E! are characterized as follows (cf. [KNU10b] 2.2.3).

For ¢ € toric, (resp. g € |toric|,), write ¢ = e(a) - 0, (resp. ¢ = e(ib) - 0,), where
a € oc (b € or), 7 is the face of o and 0: is as in 2.3.1. Then, a point (¢, F) of
E = toric, xD (resp. Ef = [toric|, xD) belongs to E, (resp. Eg) if and only if
(t,exp(a)F) (resp. (T, exp(zb) )) generates a nilpotent orbit.
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The proofs of these facts are similar to the pure case (cf. [KU09] 3.3.7), and based on
a key observation of the equivalence between a log mixed Hodge structure with polarized
graded quotients on an fs log point and a nilpotent orbit, mentioned in Remark in 2.2.2.

2.3.4. In the above notation, we have canonical projections ¢ : E, — I'(0)8P\D,
and ¢f : B — D! by

©(q, F) = (1, exp(1c) exp(a) F) mod I'(0)®P,
©*(q, F) = (7, exp(itr) exp(ib) F).

§2.4. TOPOLOGY, COMPLEX STRUCTURES, AND LOG STRUCTURES

Let X and I" be as in 2.2.6. We assume that they are strongly compatible.
We define a structure of log local ringed space over C on I'\ Dy, and a topology on

DL

2.4.1. As in 2.4.1 of [KNU10b], for each o € X, we endow the subsets E, and E, of
E, in 2.3.3 with the following structures of log local ringed spaces over C. The topology
is the strong topology in E,. The sheaf O of rings and the log structure M are the
inverse images of @ and M of E,, respectively.

We endow a topology on Ef% as a subspace of F,.

2.4.2. We endow I'\ Dy, with the strongest topology for which the maps 7, : E, %
I'(0)sP\D, — I'\Dyx are continuous for all ¢ € ¥. Here ¢ is as in 2.3.4. We endow
'\ Ds. with the following sheaf of rings O\ p,, over C and the following log structure
M\ py,. For any open set U of I'\Dx, and for any o € %, let U, := 7, 1(U) and de-
fine Op\py,(U) (resp. Mp\py,(U)) := {map f: U = C | fon, € Op,(U,) (resp. €
Mg (U,)) (Vo € X)}. Here we regard Mpg_(U,) as a subset of Og_(U,) via the struc-
tural map Mg, (U,) — Og, (Us), which is injective. (Note that, then, any f € Op\ p,,
is a continuous map.)

#
2.4.3. We introduce on DﬁE the strongest topology for which the maps E% Z D! —

DjjE (0 € X)) are continuous. Here ¢* is as in 2.3.4. Note that the surjection DﬁE — I\ Dy
(cf. 2.2.5) becomes continuous.

§2.5. PROPERTIES OF I'\ Dy,

In this §2.5, let X be a weak fan in gq and let I' be a subgroup of Gz which is
strongly compatible with ¥ (2.2.6).

The following Theorem 2.5.1-Theorem 2.5.6 are the mixed Hodge-theoretic versions
of 4.1.1 Theorem A (i)—(vi) of [KUO09].

The proofs of these theorems will be given in §4 after a preparation in §3.

Theorem 2.5.1. For o € X, E, is open in E, in the strong topology of Ey in E,.
Both E, and E, are log manifolds.

We say that I' is neat if for any v € T', the subgroup of C* generated by all eigenvalues
of the action of 7 on Hy ¢ is torsion-free. It is known that there is a neat subgroup of
Gz of finite index. (See [Bor69].)
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Theorem 2.5.2. IfT is neat, then T'\ Dy, is a log manifold.
Theorem 2.5.3. Let 0 € ¥ and define the action of oc on E, over I'(0)8P\ D, by

a-(q,F):=(e(a)-q, exp(—a)F) (a€oc, (q,F) € E,),

where e(a) € torus, is as in 2.3.1 and e(a) - q is defined by the natural action of torus,
on toric,. Then, E, — I'(0)8P\ D, is a oc-torsor in the category of log manifolds. That
is, locally on the base I'(0)8P\D,, E, is isomorphic as a log manifold to the product of
oc and the base endowed with the evident action of oc.

Theorem 2.5.4. IfT' is neat, then, for any o € %, the map
['(0)8P\D, — I'\ Dy,

18 locally an isomorphism of log manifolds.
Theorem 2.5.5. The topological space I'\ Dy, is Hausdorff.

Theorem 2.5.6. If ' is neat, then there is a homeomorphism of topological spaces
(T\Dx)"" =~ I'\D,

which is compatible with T : (I'\Dg)°¢ — T'\Dx and the projection F\DttZ — I\ Dy
induced by Dg — Dx, in 2.2.5.

§2.6. MoDULI
We define the moduli functor of LMH with polarized graded quotients.

2.6.1. Fix & = (A, X, I"), where A is as in 2.1.1 and ¥ and I' are as in 2.5.

Let S be an object of B(log). Recall that an LMH with polarized graded quotients
on S is a quadruple H = (Hz, W, Ho, ({, )w)w) such that (Hz, W, Hp) is an LMH on
S and (H(gr¥)z, H(gr" o, {, )w) is a PLH of weight w for any w.

2.6.2. Let S be an object of B(log). By an LMH with polarized graded quotients of
type ® on S, we mean an LMH with polarized graded quotients H = (Hz, W, Ho, ({, )w)w)ll
endowed with a global section p of the sheaf T\Zsom((Hz, W, ({, Yw)w), (Ho, W, ({, )w)w))ll
on S'°8 (called a I'-level structure) which satisfies the following conditions (1) and (2).

(1) rankz(Hz) = >, b9,  rankog (FPH(gtW) o /FPH H(gr%)o) = hP* =P for alll
w, p.

(2) For any s € S and t € S8 lying over s, if iz : (Hzt, W, ({ , Jw)w) —
(Ho, W, ({, )w)w) is a representative of the germ of p at ¢, then there exists o € ¥ such
that the image of the composite map

Hom((Mgs/O%)s,N) < m1(5'°8) — Aut(H;ét,W, ((, Yw)w) BAELN Aut(Ho, W, ((, )w)w)l



is contained in exp (o) and such that the exp(oc)-orbit Z including ji;(C® 0 F} ), which
S,t

is independent of the choice of a specialization (’)g{% — C at t (1.3.1), is a o-nilpotent
orbit.

We call an LMH with polarized graded quotients of type ® on S also an LMH with
polarized graded quotients, with global monodromy in I', and with local monodromy in
3.

Remark. There is a mistake in the condition (1) in [KNU10b] 3.2.2. The correct
condition is the above (1). In fact, the above (1) implies condition (1) there, but the
converse is not necessarily true.

2.6.3. Moduli functor LMHg.

Let LMHg : B(log) — (set) be the contravariant functor defined as follows: For an
object S of B(log), LMHg(S) is the set of isomorphism classes of LMH with polarized
graded quotients of type ® on S.

2.6.4. Period maps.
We will have some period maps associated to an LMH with polarized graded quotients
of type ®. In the following, assume that I' is neat.

(1) LMHs — Map(—, T\ Ds,).

Set-theoretically, this period map is described as follows. Let S € B(log). Let H €
LMHg(S). Then, the image of s € S by the map corresponding to H is ((¢, Z) mod I') €
[\ Dy.. Here o is the smallest cone of ¥ satisfying 2.6.2 (2), which exists by 2.2.4 (2)",
and Z is the associated exp(oc)-orbit which appeared in 2.6.2 (2).

(2) LMHg — Map(—'o8, T\ D).

This is the composite of (1) and (S ER ['\Dy) — (S'8 ﬁ (I\Ds)'e ~ T'\DL)
(cf. 2.5.6). Set-theoretically, this is described as follows. Let S € B(log). Let H €
LMHg(S). Then, the image of ¢t € S'°¢ by the map corresponding to H is ((o, Z) mod
I') € F\Dﬁz. Here o is the same as in (1), and Z is the exp(ior)-orbit including
[ (C R oo F}) which appeared in 2.6.2 (2).

(3) A variant of (2). Let B(log)'°® be the category of pairs (S, U), where S is an object
of B(log) and U is an open set of S°8. Let LMHICISg be the functor on B(log)'°® defined
as follows. LMH}I?g((S7 U)) is the set of isomorphism classes of an H € LMHg(S) plus
a representative i : (Hz, W, ({ , Yw)w) =~ (Ho, W, ({ , Yw)w) of p given on U. Then
the map LMngg((S, U)) - Map(U, DﬁE) is given, whose set-theoretical description is
similar to (2).

2.6.5. The idea of the definition of the period map

LMHg — Map(—,I'\Dy)

of functors on B(log) in 2.6.4 (1) is the same as in [KU09]: Let S € B(log). Let
H € LMHg(S). Then, locally on S, the corresponding S — I'\Ds comes from a
morphism S — FE, for some o € Y. We define it in the course of the proof of the
following theorem.
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Theorem 2.6.6. Let ® = (A,X,T") be as in 2.6.1. Assume that I is neat. Then LMHg
is represented by I'\ Dy, in B(log).

The proof will be given in §3-§4.

§3. NILPOTENT ORBITS AND ASSOCIATED SL(2)-ORBITS

In the next §4, we will prove main results in §2. This §3 is a preparation for §4.
We review some necessary definitions and results on the space Dgr,(2) of SL(2)-orbits in
[KNU11], introduce the most important map (called the CKS map) Dﬁz’m1 — Dg,(2) in
the fundamental diagram in Introduction, and prove that it is continuous, which will
be crucial in §4.

§3.1. Dgr(2)

We review from [KNU11] the definition of SL(2)-orbit, the space Dgr(2) and the
SL(2)-orbit associated to an (n + 1)-tuple (Ny,..., N, F) which generates a nilpotent
orbit.

3.1.1. SL(2)-orbit ([KNU11] 2.3).

Assume first that we are in the pure case (originally considered by [Scm73], [CKS86]),
that is, W, = Hor and W,,_1 = 0 for some w. Then an SL(2)-orbit in n variables
is a pair (p,p), where p : SL(2,C)" — G¢ is a homomorphism of algebraic groups
defined over R and ¢ : P}(C)” — D is a holomorphic map, satisfying the following
three conditions ([KU02], [KUO09)).

(1) ¢(g2) = plg)p(z) for amy g € SL(2,C)", = € PL(C)",

(2) ¢(b") C D.
(3) p«(flZ(sl(2,C)®")) C ﬁli(z)(gc) for any z € P1(C)™ and any p € Z.

Here in (2), h € P(C) is the upper-half plane. In (3), p. denotes the Lie algebra
homomorphism induced by p, and fil; (s[(2, C)®™)), fil () (gc) are the filtrations induced
by the Hodge filtrations at z, ¢(z), respectively.

Now we consider the general mixed Hodge situation. A non-degenerate SL(2)-orbit
of rank n is a pair ((pw, Pw)wez,T), Where (py, @) is an SL(2)-orbit in n variables for
gr’V (that is, an SL(2)-orbit for the pure case) for each w € Z and r is an element of D
satisfying the following conditions (4)—(6).

(4) r(gr?) = py (i) for any w € Z, where i = (i,...,i) € P}(C)".

(5) If 2 < j < n, there exists w € Z such that the j-th component of p, is a
non-trivial homomorphism.

(6) If r € Dgpy and n > 1, there exists w € Z such that the 1-st component of p,, is
a non-trivial homomorphism. Here, Dy, denotes the subset of D consisting of R-split
mixed Hodge structures.

Let ((pws, Pw)w,r) be a non-degenerate SL(2)-orbit of rank n.

Then, the associated homomorphism of algebraic groups over R

7: Gy, g — Autr(Hor, W)
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and the associated set (or family) of weight filtrations are defined as follows.

The canonical splitting (over R) of the weight filtration of a mixed Hodge structure
was originally defined in [CKS86]. It was reviewed in [KNUO8| §1. See also [KNU09]
84 and [KNU11] §1.2. By associating the canonical splitting sply, (F') of W to a mixed
Hodge structure F' € D, we have a continuous map

splyy : D — spl(W),

where spl(W) denotes the set of all splittings of W.
Let sy := sply, (r) : gtV = Hpr be the canonical splitting of W associated to r.
Then

T(tla' . 7tn) =S¢ O <®w€Z (H?:l tj)wpw(glv' .- 7gn) on grz‘)/) o S;l

. 1/Hn:-tk 0
=J

For 1 <j <m,let 7 : G, r = Autr(Ho,r, W) be the j-th component of .
For 1 < j < n, let W) be the finite increasing filtration on Hy r defined by

W) = Br<w (v € Hor | 7j(a)v =av (Va e R¥)} (w € Z).

The associated set (resp. family; this term is used for an indexed set) of weight filtrations
is defined to be the set {W 1) ... W1 (vesp. the family (W) <;<,).

3.1.2. Dgp(z) ([KNU11] 2.5).
Two non-degenerate SL(2)-orbits p = ((pw, Pw)w,r) and p’ = ((pl,, ¥l )w,r’) of rank
n are said to be equivalent if there is a t € R such that

Pl = Int(gry (7(t) 0 pu, ¢y =gry (T(t)) oo (Yw e Z), t' =1(t)r,

where Int(g) is the automorphism z + gzg~—!. This is actually an equivalence relation.

The associated homomorphism of algebraic groups 7 : G}, g — Autr(Hor, W), and
the associated set (resp. family) of weight filtrations depend only on the equivalence
class.

Let Dgr,(2) be the set of all equivalence classes p of non-degenerate SL(2)-orbits of
various ranks satisfying the following condition (1).

(1) If W’ is a member of the set of weight filtrations associated to p, then the R-spaces
W/ gr!V are rational (i.e. defined over Q) for any k and w.

In [KNU11], we defined two topologies of Dg,(2), which we call the stronger topology
and the weaker topology, respectively, and denoted by DéL(Q) and Déi(z) the set Dgr,(2)
endowed with the stronger topology and the weaker topology, respectively. In this
paper, we mainly use DéL(Q).
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These topologies coincide in the pure case. In the mixed case, the identity map
DéL@) — Dé£(2) is continuous. Both topologies are Hausdorff ([KNU11] 3.5.7 (i)). In
[KNU11], we defined some kind of real analytic structures on DéL(Q) and on Dé£(2)’ but
we do not use them in the present paper.

A finite set W of finite increasing filtrations on Hy gr is called an admissible set of
weight filtrations if W is the associated set of weight filtrations of some p € Dg,(2). For
an admissible set ¥ of weight filtrations, let DSL(2) (V) be the subset of Dgp,(2) consisting
of all points p of Dgy,(2) such that the set of weight filtrations associated to p is a subset
of ¥. Then {DéL(Q)(\If)}q, is an open covering of DéL@).

3.1.3. Associated SL(2)-orbits ([KNU11] 2.4.2).

Let (Ny,. .., N,, F) generate a nilpotent orbit (2.2.2). Then, we associate to it a non-
degenerate SL(2)-orbit ((pl,, ¥l )w,r1) as follows. (In the following review of [KNU11]
2.4.2, the construction is by limits. For an alternative construction by finite algebraic
steps, see ibid. 2.4.6.)

First, by [CKS86], for each w € Z, we have the SL(2)-orbit (py, . ) in n variables for
gr! associated to (gr’V (Ny),...,gr"(N,,), F(gr!V)), which generates a nilpotent orbit
for gr¥. Let k =min({j |1 <j <n, N; #0}U{n+1}). Let

J' ={j|1<j<mn, the j-th component of p,, is non-trivial for some w € Z}.

Let J=J =0ifk=n+1, and let J = J U{k} if otherwise. Let J = {a(1),...,a(r)}
with a(1) < --- < a(r). Then (p,,¢.,) is an SL(2)-orbit on gr’¥ characterized by

p;u(ga(lﬁ s 7ga(7")) = pw(gla s 7gn)7 Spfw(za(l)7 s 7Za(r)) = QOw(Zh SR 7Zn)‘

Next, if y; € Rso and y;/y;41 = 00 (1 < j < n, y,41 means 1), the canonical split-
ting splyy, (exp(zyzl iy;N;)F) of W (3.1.1) associated to exp(zyzl iy;IN;)F converges
in spl(W) by the main theorem 0.5 of [KNUO0S8|. Let s € spl(W) be the limit.

Let 7: G, g — Autr (Hor, W) be the homomorphism of algebraic groups defined
by

oty otn) = 50 ( Buez (i t5) “pulgr, - g0) on grlt ) os7!,

where g; is as in 3.1.1. Then, as y; > 0, y1 = -+ = Yk, Y;/Yj+1 — 0 (k < j <n, Yny1

means 1),
V ?Jl '

converges in D. Let r1 € D be the limit (cf. [KNU11] 2.4.2 (ii)).

§3.2. VALUATIVE SPACES

3.2.1. D, and ijLl
Let Dy, be the set of all triples (A, V, Z), where

A is a Q-subspace of gq consisting of mutually commutative nilpotent elements. Let
AR:R®QAandAC :C®QA.
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V is an (additive) submonoid of A* = Homgq(A4, Q) satisfying the following condi-
tions: VN (=V)={0}, VU(-V) =A%

Z is a subset of D such that Z = exp(Ag)F for any F € Z and that there exists a
finitely generated rational subcone 7 of Agr satisfying the following condition (1).

(1) Z is a T-nilpotent orbit, and V' contains any element h of A* such that h: A — Q
sends AN T to Qx>o.

Let D\ﬂ/al be the set of all triples (A,V,Z), where A and V are as above, and Z is
a subset of D satisfying the condition gotten from the condition above by replacing
“exp(Ac)F” by “exp(iAr)F” and “nilpotent orbit” by “nilpotent i-orbit”.

We have a canonical map
Dt

val

= Dyai, (A, V,2) = (A,V,exp(Ac)Z),

which is surjective.
See [KU09] 5.3.3 for Dy, and Dial in the pure case. See [KU09] 3.6.17 for some
typical examples of valuative submonoids.

3.2.2. Dy va and D .

Let ¥ be a weak fan (2.2.3) in gq.

Let Ds; va1 (resp. Dﬁz,val) be the subset of Dy, (resp. Dﬁal) consisting of all (4,V, Z) €
Dya1 (resp. Dﬁal) such that there exists o € ¥ satisfying the following conditions (1)
and (2).

(1) exp(oc)Z is a o-nilpotent orbit (resp. exp(ior)Z is a o-nilpotent i-orbit).

(2) V contains any element h of A* such that h: A — Q sends ANo to Q>¢.

Note that (2) implies A C oR.

# #

The canonical map D;,, — Dya (3.2.1) induces a canonical map D5 | — Ds val
which is surjective.
For a sharp rational nilpotent cone o, let Dy va1 = Diace(o),val and Di val = Dfﬁace(a) val

(cf. 2.2.7).
Our next subject is to define canonical maps Dy a1 — Dy and Dgl,val — DﬁZ for a
weak fan .

Lemma 3.2.3. Let ¥ be a weak fan and let (A,V,Z) € Dy, va1. Let S be the set of all
o € ¥ satisfying the conditions (1) and (2) in 3.2.2. Then S has a smallest element.

Proof. Let T be the set of all rational nilpotent cones o which satisfy (1) and (2)
in 3.2.2. Hence S =T NX. Let T} be the set of all finitely generated subcones of Ag
satisfying the condition 3.2.1 (1).

Then we have

Claim. If 01 € T} and 05 € T, then o1 Nog € T7.

We prove Claim. By (01 No2)Y = o) + 0y ([O88] A.1 (2)), 3.2.2 (2) is satisfied for
o := 01 Noy. Here ( )V denotes the dual of a cone. Then, dimo = dimo;. On the
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other hand, Z generates a oj-nilpotent orbit by 3.2.1 (1) for ;. Thus Z also generates
a o-nilpotent orbit. Hence o € Tj.

We now prove 3.2.3. Let o1 and o9 be minimal elements of S. We prove o1 = o5.
Since (A,V,Z) € Dy, the set Ty is not empty. Let 7 be an element of T, and let
7' =71No;Noy. Then 7" € Ty by Claim. Since ¥ is a weak fan, by 2.2.4 (2)”, the set
{a € S| 7 C a} has a smallest element o. Since o7 and o9 belong to this set, o C oy
and o C 0y. Since o7 and oo are minimal in S, we have 09 = o0 = 09. [

3.2.4. Let X be a weak fan. We define the maps Dy, a1 — Dx; and Dt | DttZ as

(A, V,Z) — (o,exp(oc)Z), (A, V,Z)+— (o,exp(ior)”Z),

respectively, where o is the smallest element of the set .S in 3.2.3.
3.2.5. The sets E, a1 and Eg,val'
Let F, and Eg be as in 2.3.3, and let toric, s over toric, and \toric]mval be defined

as in [KU09] 5.3.6. Define

_ ; f
Eo,val — tOIalca,vaul Xtoricy an E

= i ) #
o,val — Itorlc|g’va1 ><|‘comc|UEo--

We have the canonical projections Ey ya — F, and Eg val — Ef,

3.2.6. Analogously as in [KU09] 5.3.7, we have the projections

Eyval = L(0)®P\ Do vai; (A, V', 2, F) = (A, V', exp(Ac) exp(2)F),
E! D (A, V', y, F) — (A, V', exp(iAr) exp(iy) F),

S
o,va o,val’
where F' € D, and (A, V', 2) € toricy val (resp. (A4, V", y) € |toric|, ,.1) (cf. [KUO9] 5.3.6,
5.3.7).

3.2.7. By the topology of E! given in 2.4.1, we define on Eg,val and on DﬂE,val
topologies, analogously as in [KU09] 5.3.6-5.3.8. In the same way, by using the structure
of E, given in 2.4.1 and the structure of toric, va1 given in [KU09] 3.6.23, we define on
E, va1 and on I'\ Ds; v, structures of log local ringed spaces over C.

§3.3. THE MAP D?  — Dgy,(2)

val

We have the following two theorems 3.3.1 and 3.3.2. These are the mixed Hodge-
theoretic analogues of [KU09] 5.4.3 and 5.4.4, respectively, whose proofs are given in
6.4 of [KUO09]. Since the proofs of 3.3.1 and 3.3.2 are parallel to this pure case, we only
give some details of key steps in 3.3.3-3.3.7 below.
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Theorem 3.3.1. Let p = (A,V, Z) € D

val”

(i) There exists a family (Nj)i<j<n of elements of Ar = R ®q A satisfying the

following two conditions:

(1) If Fe Z, (Ny,...,Np, F) generates a nilpotent orbit.

(2) Via (Nj)i<j<n : A* = Homq(A, Q) = R", V coincides with the set of all elements
of A* whose images in R™ are > 0 with respect to the lexicographic order.

(ii) Take (Nj)i<j<n as in (i), let F' € Z and define ¥(p) € Dgy,2) to be the class of
the SL(2)-orbit associated to (N1,...,N,, F). Then 1 (p) is independent of the choices
Of (Nj)lgjgn and F'.

By Theorem 3.3.1, we obtain a map

(3) ¢ Dy = Dsia)-
We call this map the CKS map, like in the pure case in [KU09]. This map is the most
important ingredient in our series of works. (CKS stands for Cattani-Kaplan-Schmid

from whose work [CKS86] the map ¢ in the pure case was defined in [KU09].)

Theorem 3.3.2. Let ¥ be a weak fan in gq. Then, ¢ : Dﬁzw1 — DéL(Q) 1S continuous.

Thus ¥ : Dﬁzw1 — DéL(2) is the unique continuous extension of the identity map of
D.

We plan to discuss the C'*°-property of the CKS map over the boundary (cf. [KNU11]
4.4.8 and 4.4.9) in a future paper.

As in [KUO09] 6.4, a key step for these theorems is Proposition 3.3.4 below, which is
an analog of [KU09] 6.4.2. We only prove this proposition.

3.3.3. Let (INg)ses be a finite family of mutually commuting nilpotent elements of
gR, let F € D, and assume that ((N,)scs, F') generates a nilpotent orbit. Let a; € R
for s € S. Assume that S is the disjoint union of non-empty subsets S; (1 < j < n).
Denote S<; := |—|k§j Sk and S>; = |_|k2j Sk. For 1 < j < n,let Dj be the subset of D
consisting of all F/ € D such that ((Ns)ses<,, F") generates a nilpotent orbit. Let L be
a directed ordered set (not necessarily an ordinary sequence {1,2,3,...}), let F\ € D
(A€ L), yrs € Rug (A € L,s € §), and assume that the following five conditions are
satisfied.

(1) F converges to F.
(2) yn,s — oo for any s € S.
B)If1<j<n,seS<cjandt e S>j; 1, then % — 0.

(4)If1§j§nands,t65j,thenZi—’j—>“—5.

(5) For 1 < j < n and e > 0, there exist Fy € D (A € L) and Yri: ERso (VM€ Lt €
S>j+1) such that

exp (Ztes>j+1 z'y}"\,tNt)Fj\k € Dj (A : sufficiently large),

yf\’sd(FA,FS\k) —0 (VS S Sj),

yi,s Yxt — y§7t| —0 (VS < Sj,Vt € SZj—H)'
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Here d is a metric on a neighborhood of F' in D which is compatible with the analytic
topology of D.

For each 1 < j < n, take ¢; € S; and denote N; := ) as N

seS; ﬁ s
Then, (Ny,---, Ny, F) generates a nilpotent orbit.
Proposition 3.3.4. Let the assumption be as in 3.3.3. Let r1 € D be the point and T

be the homomorphism which are associated to (N1, ..., Nn, F) as in 3.1.3.
Then we have the following convergences (1) and (2).

y el Cn . . _
(1) 7 (1 /yiT;, - /y‘;”c—nﬂ> exp(D_,esWn,sNo)FX — 11 in D, where yx.,., = 1.

(2) sply, (eXP(Zses iy,\’SNS)F,\) — splyy (r1) in spl(W).
Here, for F' € D, sply, (F') € spl(W) denotes the canonical splitting of W associated
to F' as in 3.1.1.

Remark. By [KNU11] 3.2.12 (i) which characterizes the topology of DéL(z)a this
proposition implies the convergence

exp(Y,cg i« No) Fy — class(¥(Ny, -+, N, ) in Dfy .

A new feature in the mixed Hodge situation is the condition (2) in 3.3.4.

3.3.5. In the rest of this subsection, we prove this proposition. First we prove a
lemma which includes (1) of 3.3.4.

Let the notation be as in 3.3.3. Before stating the lemma in 3.3.6, we recall the
definition of F(j) and 7; associated to (Ny,...,N,, F) (cf. [KNUO8] 10.1.1, [KNU11]
2.4.6).

Let W =W and, for 1 < j <n, let W0 = M(Ny +---+ N;, W).

For 0 < 5 < n, we define an R-split mixed Hodge structure (W(j),ﬁ’(j)) and

the associated splitting s) of W) inductively starting from j = n and ending at
j = 0. First, (W(”),F ) is a mixed Hodge structure as is proved by Deligne (see
[K86] 5.2.1). Let (W("),F(n)) be the R-split mixed Hodge structure associated to
the mixed Hodge structure (W) F). Then (W("—1, exp(z’Nn)F(n)) is a mixed Hodge
structure. (As explained in [KNUO0S8] 10.1, this is shown by reducing to the case of
[CKS86] where W is pure.) Let (W(~1), F(n_l)) be the R-split mixed Hodge structure
associated to (W(”_l),exp(iNn)F(n)). Then (W("_Z),exp(iNn_l)F(n_l)) is a mixed
Hodge structure. This process continues. In this way we define F(j) downward induc-
tively as the R-split mixed Hodge structure associated to the mixed Hodge structure

(W(j),exp(iNjH)F(jH)), and define s : grW" ~ Hyr to be the splitting of W)
associated to F(j). The splitting s in 3.1.3 is nothing but s(®) ([KNU0S8] 10.1.2). The
j-th component

7 Grr = Autgr(Hor, W) (0<j<n)
of the homomorphism 7 associated to (Ny, ..., N,, F') (3.1.3) is characterized as follows.
For a € R* and w € Z, 7;(a) acts on s(j)(grg/(j)) as the multiplication by a".
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Lemma 3.3.6. Let the notation be as in 3.3.3 and 3.3.5. Let 1 < j < n. Then

(ngkgn Tk<, /ﬁ—:_’;)) eXp(ZseSZj iyxn,sNs)F\ — exp(iNj)F(j) in D,

where Yz, ., = 1. (Recall Nj := 3 4= Ng.)

SESj i S
Proof. This is a mixed Hodge version of [KU09] Lemma 6.4.2, and proved by the same
method in the proof of that lemma. We repeat the argument for readers’ convenience.

We prove 3.3.6 by downward induction on j.
First we show that we may assume

(1) exp(Xoes. ., WrsNs)Fx € Dy (V).

Let uy = (Hj<k<n Tk< M)) exp (Zses>j iy>\7st). Since the N, are nilpotent

y)\,ck+1

and they mutually commute, exp(zses>j iyx,sNs) is a polynomial in the y, ; with

coefficients in gc. From this, we see that, if e > 0 is a sufficiently large integer,
then the following holds: If z) € gc converges to 0 satisfying Yse; Tx — 0, then
Ad(ux)(zx) — 0. Take such e and take F (A € L) and y3 , (A € L,t € S>j41) as in
3.3.3 (5). Then (1) is satisfied if we replace yx s by y3 , and F) by FY. Let y3 , = yx s
(A€ L,s € 5;) and define u3 in the same way as u) replacing y s by Yys- Then F\ =
exp(xy)Fy for some x) € gc such that YS,e; ox = 0. We have uyF = uy exp(zy)F5 =
exp(Ad(uy)(xy)) (ux(uy) " HuiFy, and Ad(uy)(xy) — 0, ur(u})~! — 1. Hence we can
assume (1).
We assume (1). By [KNU08] 10.3, we have

Y\, c .
<Hk2j Tk (\/ ﬁ)) eXp(Zseszj iyx,s Ns) F\

= exp (Zsesj Z;:\CS] N;) (szj Tk( ok >> eXP(ZtestH iyx,t Nt ) Fx.

y)\,ck+1

If 7 < n, the hypothesis of induction is

@ (Mg (525 ) ) exP(Ciess, ., N Fx = exp(iN+1) Fs ).
On the other hand, in the case j = n, consider the following convergence:
(3) F\ — F.

By (1), in the case j < n (resp. j = n), (2) (resp. (3)) is a convergence of mixed Hodge
structures for the weight filtration W), By [KU09] 6.1.11 (ii), it follows

(4) <Hk2j Tk <‘ /;:1—:_’:_1)) eXp(ZtESZj+1 ’L'y>\7tNt)F>\ — F(j).
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On the other hand, by 3.3.3 (4), we have

(5) > e No — Nj.

SESJ y>\70j
Applying the exponential of i-times of (5) to (4), we obtain Lemma 3.3.6. [

3.3.7. We prove Proposition 3.3.4. )

(1) of 3.3.4 is the case j = k (k is as in 3.1.3) of 3.3.6 by r1 = exp(iNg)F(1) ((KNU11]
2.4.8, Claim).

For 3.3.4 (2), we prove the following assertion (A;) by downward induction on j.
(Note that (Ap) is what we want to prove.)

(A;) : Proposition 3.3.4 (2) is true in the case where exp (Ztes>j+1 iy Nt ) F € D
for all A. Here Dj for 1 < 5 < n are defined in 3.3.3, and Dgy := D.

Proof. Let 0 < 7 <n.

Let px = exp(X,esnsNs)F, B = [ljchn Tk(ﬁiiﬁ)a and py,j = tr;Px-
Then, by [KNUO0S8| 10.3,

Pag = tagpr = exp (Pies., i Ns)Uny,

y)\,Cj+l

where U, ; :=1) jexp (Etessz iyx,tNt) Fx.

Assume exp (Ztessz iy,\,tNt)F,\ € Dj. Then (N7, ..., N}, U, ;) generates a nilpotent

orbit, where N; = > o yg”;’s Ns (1 <k <j). Let sy be the associated limit splitting.
,Ch

By [KNUO8] 0.5 (2) and 10.8 (1), there is a convergent power series uy whose constant
term is 1 and whose coefficients depend on Uy ; and yx s/yn,c, (1 <k < j, s € Si) real

YX,co yk,cﬂ»

YXx,cq o y)\,Cj

analytically such that sply, (px,;) = u A( L )s A- Since sy also depends real

analytically on Uy ;, we have
(1) sply(pa,j) converges to sply, (ry).

This already showed (A,,).

Next, assume j < n and assume that (A;41) is true. We prove (4;) is true.

Choose a sufficiently big e > 0 depending on 7j11,... ,7y.

Take Fy and y3 ; (t € S>;12) by the assumption 3.3.3 (5). Let y ; = ya ¢ (t € S<jt1)-
Define p3, ¢} ; and p} ; similarly as py, ty ; and py ;, respectively.

Then we have
(2) sply, (p*;\yj) converges to sply,(r1), and yi’cjﬂd(splw(p,\’j),splW(pj’j)) — 0.

By downward induction hypothesis on j, we have
(3) sply (p}) = t";\’_jl sply (P} ;) ng(ti,j) converges to sply, (r1).

By (1)—(3), we have sply, (pa) = t;; sply (pa;) gr™V (ta,;) also converges to sply, (r1). DI
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§4. PROOFS OF THE MAIN RESULTS

In this section, we prove the results in §2. The proofs are the mixed Hodge-theoretic
and weak fan versions of [KU09] §7, and arguments are parallel to those in [KU09]. We
replace the results and lemmas used there with the corresponding ones here (e.g. the
Hausdorffness of Dgy, (2 in the pure case [KU02] 3.14 (ii) is replaced by the corresponding
result in the mixed Hodge situation [KNU11}), and make obvious modifications (e.g.
fans are replaced by weak fans, the associated filtration W (—) is replaced by M (—, W),
p is replaced by 7, ...). For the readers’ conveniences, we include several important
arguments rewritten from those of [KU09] §7, even in the case where they are more or
less repetitions.

§4.1. PROOF OF THEOREM 2.5.1
We prove Theorem 2.5.1.

4.1.1. The fact that E, is a log manifold is proved by the similar arguments in the
proof of the pure case [KU09] 3.5.10. In fact, the proof there essentially uses only the
horizontality which remains true in the mixed Hodge case.

4.1.2. We prove that E, is a log manifold.

To see this, it is sufficient to show that E, is open in E, for the strong topology of
EO— in Eg.

For a face 7 of o, let U(7) be the open set of toric, defined to be Spec(C[P])an
where P C Hom(I'(0)8P, Z) is the inverse image of I'(7)Y C Hom(T'(7)8P, Z) under the
canonical map Hom(T'(¢)8P,Z) — Hom(I'(7)8,Z). Let V(7) be the open set of E,
defined to be E, N (U(7) x D). Let V be the union of V (), where 7 ranges over all
admissible faces of o. Then V is open in E,, and E, C V. Concerning the canonical
projection V' — [],, Eg(gruvy), E, is the inverse image of [[,, Ey(gw) in V. By [KU09]
4.1.1 Theorem A (i), each E,,,w) is open in Ea(gry) in the strong topology of Ea(grgy)
in Ea(grﬁ’)- Hence E, is open in E, in the strong topology of E, in E,. Hence E, is a
log manifold.

§4.2. STUDY OF D%

Let X be a weak fan, I' a subgroup of Gz, and assume that they are strongly com-
patible. Let o € X.
We prove some results on D#.

4.2.1. The actions of o
where a € o¢, q € toric,, F € D and (q, F) € E, (for e(a), see 2.3.1), and

oc X Ea,val — EU,Vala (a7 (q, F)) = (e(a)qa exp(—a)F),
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where a € oc, ¢ € toricsyal, I’ € D and (¢,F) € E; va1, are proved to be continuous
by the same argument in the pure case [KU09] 7.2.1. (The key point is how the strong
topology behaves under products (cf. [KU09] 3.1.8).) They induce the actions of ior
on Ef and Eg val"
The quotlent spaces for these actions are identified as

UC\EU == F(U)gp\Da: UC\Eo,val == F(U)gp\DU,vala
ior\E% = D!, iog\E’

o val o,val”
We can verify the first and the third equivalences by using the results in 2.3.3. Recalling
3.2.5-3.2.7, we can also verify the second and the fourth.

Proposition 4.2.2. (i) The action of oc on E, (resp. Eqva1) 15 free.
(ii) The action of ior on E% (resp. E* oval) 18 free.

Here and in the following, free action always means set-theoretically free action. That
is, an action of a group H on a set S is free if and only if hs # s for any h € H — {1}
and s € S.

Before proving 4.2.2, we state a lemma, whose variant in the pure case is [KUQ9]
6.1.7 (2).

Lemma 4.2.2.1. Let (Hr, W, F) be an R-mized Hodge structure, let
5(F) € Lg" "' (F(gr")) C Endr (H (gr' )r)

be as in [CKS86] (2.20), [KU09] §4, [KNU11] 1.2.2, and let s’ € spl(W) be the splitting
of W characterized by F = s'(exp(i§(F))F(gr™)) (ibid.).

Let N € Endgr (HR) and assume that (s')"'Ns' € Lg" " (F(gr'")) and that (s') ' N5’}
commutes with §(F'). Let z € C. Then, we have (5(exp(zN) ) =30(F)+Im(z)(s")"INs'.

Proof. Write z = x + iy with = and y real. Let 6 = §(F). Apply exp(zN) to F =
s'(exp(i6) F(gr'V)). Then, we have exp(zN)F = (exp(zN)s') ex ( y(s')"INs") exp(id) F(gr™) |}
By the commutativity assumption, exp(iy(s’) "t Ns') exp(id) = exp(i(y(s’) "I Ns' +9)),

and the conclusion follows. [

Proof of 4.2.2. We show here that the action of oc on FE, is free. The rest is proved in
the similar way.

Assume a-(q, F) = (¢, F) (a € o¢c, (¢, F) € E,), that is, e(a)-¢ = ¢ and exp(—a)F =
F.

By the pure case considered in [KU09] 7.2.9, the image of a in gc(gr'V) is zero. The
rest of the proof of 4.2.2 is parallel to the argument in [KU09] 7.2.9 as follows.

By e(a)-¢=¢q, wehave a =b+c (b € o(q¢)c Ngc,u, ¢ € log(I'(0)8? N Gz ,)), where
o(q) is the unique face of o such that q € e(oc)-04(4). On the other hand, taking §( ) =
d(M(o(q),W), ) of exp(—a)F = F, we have §(F) = (exp(—a)F) = —Im(b) + O(F)
by 4.2.2.1. It follows Im(b) = 0 and hence exp(Re(b) + ¢)F = F. Take an element y
of the interior of o(q) such that F’ := exp(iy)F € D. Then exp(Re(b) + ¢)F' = F'.
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Since Re(b) + ¢ € gr,u, we have exp(Re(b) + ¢)sply, (F’) = sply, (F'). This proves
Re(b) + ¢ =0 and hence a =0. O

#

o,val,triv

For a sharp rational nilpotent cone o, we denote by E the part of Eg val Where

the log structure of Ej 4 is trivial.
The definition of an excellent basis [KU09] 6.3.8 for a point (A, V, Z) € Dﬁal obviously
extends to the mixed Hodge case, and its existence is seen similarly to [KU09] 6.3.9.

#

o,val

(yr € or, Fx € D) (resp.
(yy € o, Fi € D)) converges to a (resp. o) in the strong

Proposition 4.2.3. Let o and o' be sharp rational nilpotent cones. Let « € E
and o/ € E* Assume that (e(iyy), F\) € E*

o’ val* o,val,triv

(e(iyy), F}) € Ef

o’ val,triv

topology, and that
exp(iyx) Fy = exp(iy)\)Fy in D.

Then we have:
(i) The images of o and o' in D5a1 coincide.
(ii) ya — YA converges in gr.

Proof. First of all, we remark that the proof below is just a revision of that of [KU09]
7.2.10.

Since the composite map EF (resp. E ) — D?

o,val o’ ,val val

Y, DéL(z) is continuous by

3.2.7 and Theorem 3.3.2, the image of « (resp. o’) under this composite map is the
limit of exp(iyx)F (resp. exp(iyy)Fy) in DéL@). Since exp(iyx)F\ = exp(iy))Fy and
since DéL(Q) is Hausdorff ([KNU11] 3.5.17 (i)), these images coincide, say p € DéL(Q)‘
Let m be the rank of p and let ¥ = (W(k))lgkgm be the associated family of weight
filtrations (3.1.1, 3.1.2). Let (A, V, Z) (resp. (A", V', Z")) be the image of « (resp. ') in
Dgal. Take an excellent basis (Ng)ses (resp. (N!)ses:) for (A, V, Z) (resp. (A", V', Z")),
and let (as)ses and (Sj)i1<j<n (vesp. (ag)sess and (S})i<j<n) be as in (the mixed
Hodge version of) [KU09] 6.3.3. For each [ with 1 < I < m, let f(I) (resp. f'(I))
be the smallest integer such that 1 < f(I) < n (resp. 1 < f/(I) < n'), and that
wo = M(ZS€S<N) R>oNs, W) (resp. = M (D] R>oN/,W)). Let g(I) (resp.

g'(1)) be any element of Sy (resp. S} ;).

SESL )

Take an R-subspace B of or (resp. B’ of o) such that or = Ar ® B (resp.
or = Agr @ B'). Write

Ur =D s UnsNs +bx, Y\ =D co Yo Ns + V)

with yx s, 3, € R, by € B, b\ € B'. We may assume y, s, vy , > 0. Then, by the
mixed Hodge version of [KU09] 6.4.11, proved similarly, yx s (s € 5), v} , (s € 5'), ‘Zi—t
Yas
y;\,t

o B2 (5t € S)) tends to 2%, and by and b} converge.
t
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. YN o
Claim A. ﬁ converges to an element of Rsq for 1 <1< m.
» g

We prove this claim. The assumption in 3.3.3 is satisfied if we take (Ns)ses, as, S;
Yx,s as above the same ones in 3.3.3, the above exp(by)F) as Fy in 3.3.3, the limit of the
above exp(by)F) as F'in 3.3.3. Let 7 : (R*)™ — Autr(Ho r, W) be the homomorphism
associated to p (3.1.1, 3.1.2). Then, by 3.3.4 (1), we have

[ Yx,g(1) /_Yx,g(m) ; Ia 3
—= .. — r 1m D
T( Yx,g(2)’ ’ yk,g(m-ﬁ-l)) eXp(ZyA) AT

See 3.1.3 for ry. Similarly, for some t = (¢1,...,t,) € RY,, we have

’ ’
y YA o' (m , :
Tyt ) exp(iyh ) FY — 7(t) -1 in D
Yx.a' @) Yo/ (m+1)

(3.1.2). Here yx g(m+1) = ¥y g(mt1) = L Recall that U = {W® . W™} is the set
of weight filtrations associated to p. In the case W ¢ ¥ (resp. W € ), take a distance
to W-boundary

B:D — RYy (resp. Dpgpi := D \ Dgp1 = RY)

in [KNU11] 3.2.5. This means that § is a real analytic map satisfying B(«a(t)z) = t5(z)
(x € D (resp. Dysp1), t € RZ) for any splitting o of ¥ (cf. [KNU11] 3.2.13 for a simple
example of the distance to the boundary). In particular, 5(7(t)z) = tf(x) (z € D (resp.
Dysp1), t € R7). Note that, in the case W € ¥, ry € Dygp1. Applying 5 to the above
convergences, taking their ratios, and using exp(iyx)F\ = exp(iy})Fy, we have

Dd'®@ 42 (1 <1< m).
Yx,g(1)
Claim A is proved.
Next, we prove the following Claims B; and C; (1 <! < m + 1) by induction on .

Claim B;,. y;;(l)(zsesgf(l)—l Yn,sNs — D scgr yg\’sNé) converges.

<fr-1

Claim G- 3 e, QNs = Zseséf’u)ﬂ QN;.
Here yxyg(mH) = 1, ng(m+1)_1 = S, S%f’(m—&—l)—l = S/.

Note that Proposition 4.2.3 follows from Claims B,, 1 and C,, ;. In fact, A = A’
follows from Claim C,,y1, V = V’ follows from Claim B,,;1, and Z = Z’ follows
from the facts that the limit of exp(by)F) (resp. exp(b))Fy) is an element of Z (resp.
Z') and that these limits coincide by Claim B,,11, Claim C,,;; and the assumption
exp(iyx) F) = exp(iy} ) F.

We prove these claims. First, Claims B; and C; are trivial by definition. Assume
[ > 1. By the hypothesis Claim C;_; of induction, N, (s € S<f;—1)—1) and elements of
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o’ are commutative. Hence, by the formula exp(x; + z2) = exp(z1) exp(z2) if 129 =
xox1 and by the assumption exp(iyy)Fx = exp(iy} ) Fy, we have

€xp (iy)\ - Zsesgf(z—1)—1 Z.y/\,st)F/\ = €exXp (Z?Jﬁ\ - ZSGng(L—1)-1 iy}\,st)F)/\-
Applying [T7%, % (, /%) to this and using [KNU08] 10.3, we obtain

D) exp (Xpamn<jcr@) Lses, iy N)

[l>: 7x <\/ ym(kﬂ)) exp (ZSGSZJ”(Z) ix,s Ns + iby) F

/
. y)\,s ! s YX,s
s Zsesgm—m—l YYre) Ns)

= eX 1
p(zseslgf’(l)—1 Yx,9()

. YN, g(k) ./ N/ <7/ F/
HkZl Tk(\/ yk,g(kq—l)) exp (ZSES'Zf/(” LY, stVs + Zb}\) A

By Lemma 3.3.6,

[ _Urng(k) : :
2) [z Tk( m> exp (Zseszm) iyx,sNs +ibr) Fy and
Yx,g(k) . . .o
[Tesi Tk(\ / —yA’gka)) exp (ZSGS’Zf/(l) Y5 o Ny + ib} ) F} converge in D.

Let d (resp. d’) be a metric on a neighborhood in D of the limit of F (resp. FY) which is
compatible with the analytic structure. Let e > 1 be an integer. Then, since (e(iyy), Fi)
(resp. (e(iyh), F%)) converges to « (resp. o) in the strong topology, there exist, by
[KU09] 3.1.6, y} = >_.cq¥Ur.sVs 0% € or (b} € BR), U\ = D _ocs Un sV + 0N € og
(b € BR) and Fy, F{* € D having the following three properties:

(3) yi,g(l_l)(yA — Y3 yi,g(l_l)(y& — Yy, yiyg(l_l)d(F)\, FY), and yiyg(l_l)d/(F)/\a )
converge to 0.

(4) yrs =35 (s € S<pu—1)) and gy , =YX, (s € ST _y))-

(5) ((NS)SESSJ"(I)—I’ eXp (ZSESZf(l> iyi,st + bi)FS\k) and

) ; . .
((NS>SESI§f’(l)71’ exp (Zses,zf/(l) YN Ny + b’/\*)F/’\*) generate nilpotent orbits.

Take e sufficiently large. Then, by the hypothesis Claim B;_; of induction and by (1)
and (2), the difference between 6(W =1, ) of

. y , S
exp <Zf(l—1)§j<f(l) ZSGSJ' Zyxiqm NS)

X Yx,g(k) LS -7 % *
iz e (V yx,g(kﬂ)) eXp (ZSGSZf(l) iy, Ns + ib3) I

and (WD) of
/
. yk,s ! _ < YX,s
Xp <ZS€S' RTINS N ZSESSf(l—l)—l LT NS)

<F-
Yx.g(k) e / 7 1%\ /%
. T —_——
[T k(\/ ykyg(kH)) exXp (ZseS;f,(l) Wy o N + iby )FS
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converges to 0. By 4.2.2.1, the former is equal to
D FU—1)<j<f(1) 2osES, iﬁNs + (a term which converges),

and the latter is equal to

/
Y N C Yx,s :
: — 1—="-N, rm which converges).
Zses'gql),l Ui Vs Zsesgfu,l),l e Vs (a term which converges)

This proves Claim B;. Claim C; follows from Claim B; easily. [

We recall the notion of proper action. In this series of papers, a continuous map
of topological spaces is said to be proper if it is proper in the sense of [Bou66] and is
separated (cf. [KU09] 0.7.5).

Definition 4.2.4 ([Bou66] Ch.3 §4 no.1 Definition 1). Let H be a Hausdorff topological
group acting continuously on a topological space X. H is said to act properly on X if
the map

HxX — XxX, (hyz)— (z,hx),

is proper.

As is explained above, the meaning of properness of a continuous map here is slightly
different from that in [Bou66]. However, for a continuous action of a Hausdorff topo-
logical group H on a topological space X, the map H x X — X x X, (h,z) — (z, hx),
is always separated, and hence properness of this map in both senses coincide.

The following 4.2.4.1-4.2.4.7 hold. Recall that when we say an action is free, it means
free set-theoretically (cf. 4.2.2).

For proofs of 4.2.4.1, 4.2.4.2, 4.2.4.3, see [Bou66] Ch.3 §4 no.2 Proposition 3, ibid.
Ch.3 §4 no.4 Corollary, ibid. Ch.3 §4 no.2 Proposition 5, respectively. 4.2.4.4 is [KUQ9]
Lemma 7.2.7. See [KUO09] for the proof of it. We prove 4.2.4.5-4.2.4.7 later.

4.2.4.1. If a Hausdorff topological group H acts properly on a topological space X,
then the quotient space H\X is Hausdorff.

4.2.4.2. If a discrete group H acts properly and freely on a Hausdorff space X, then
the projection X — H\X is a local homeomorphism.

4.2.4.3. Let H be a Hausdorff topological group acting continuously on topological
spaces X and X'. Let ¢ : X — X’ be an equivariant continuous map.

(i) If 4 is proper and surjective and if H acts properly on X, then H acts properly
on X'.

(ii) If H acts properly on X’ and if X is Hausdorff, then H acts properly on X.

4.2.4.4. Assume that a Hausdorff topological group H acts on a topological space
X continuously and freely. Let X’ be a dense subset of X. Then, the following two
conditions (1) and (2) are equivalent.

(1) The action of H on X is proper.
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(2) Let z,y € X, L be a directed set, (zx)rcr be a family of elements of X’ and (hy)xer
be a family of elements of H, such that (z))x (resp. (haxx)x) converges to x (resp. y).
Then (hy)x converges to an element h of H and y = hx.

If X is Hausdorff, these equivalent conditions are also equivalent to the following
condition (3).

(3) Let L be a directed set, (zx)rer be a family of elements of X’ and (hy)xer be
a family of elements of H, such that (xx)x and (hyxy)x converge in X. Then (hy)x
converges in H.

4.2.4.5. Let H be a Hausdorff topological group acting continuously on Hausdorff
topological spaces X; and X5. Let H; be a closed normal subgroup of H, and assume
that the action of H on X5 factors through Hy := H/H;. Assume that for j = 1,2, the
action of H; on X is proper and free. Assume further that there are a neighborhood U
of 1 in Hy and a continuous map s : U — H such that the composition U = H — H,
is the inclusion map. Then the diagonal action of H on X; x X5 is proper and free.

4.2.4.6. Let H be a topological group acting continuously on a Hausdorff topological
space X. Assume that Y := H\ X is Hausdorff and assume that X is an H-torsor over
Y in the category of topological spaces. Then the action of H on X is proper.

The following 4.2.4.7 is not related to a group action, but we put it here for 4.2.4.1
and 4.2.4.3 (i) imply it in the case H = {1}.

4.2.4.7. Let f : X — Y be a continuous map between topological spaces and assume
that f is proper and surjective. Assume X is Hausdorff. Then Y is Hausdorft.

4.2.4.5 is proved as follows. The freeness is clear. We prove the properness. Let L
be a directed set, let (zx,yx)rcr be a family of elements of X7 x Xs, let (hy)rer be a
family of elements of H. Assume that xy, yx, hazy, hayy converge. By 4.2.4.4, it is
sufficient to prove that hy converges. Let hy be the image of hy in Hs. Since the action
of Hy on X» is proper, hy converges by 4.2.4.4. Let h mod H; (h € H) be the limit. By
replacing hy by h~'hy, we may assume hy — 1. Replacing hy by s(hy)~'hy, we may
assume h) € H;y. Since the action of H; on X is proper, h) converges by 4.2.4.4.

4.2.4.6 is proved as follows. Let L be a directed set, let (z))xer be a family of
elements of X, and let (hy)xer be a family of elements of H. Assume that x) converges
to x € X and h)x) converges to y € X. By 4.2.4.4, it is sufficient to prove that h)
converges. Since Y = H\X is Hausdorff, the images of x and y in Y coincide. Let
z € Y be their image. Replacing Y by a sufficiently small neighborhood of z, we may
assume that X = H x Y with the evident action of H. Then the convergence of (hy)x
is clear.

Proposition 4.2.5. The action of ior on E (resp. Egval) is proper.
Proof. The proof is exactly the same as in the pure case [KU09|] 7.2.11, that is, it
reduces to 4.2.2 (i) and 4.2.3 (ii) by 4.2.4.3 (i) and 4.2.4.4. O

By 4.2.5 and 4.2.4.1, we have the following result.
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Corollary 4.2.6. The spaces DY and Dg’val are Hausdorff.
This corollary will be generalized in §4.3 by replacing o with ¥ (4.3.3).
The case (b) of the following lemma will be used in §4.4 later.

Lemma 4.2.7. Let C be either one of the following two categories:
(a) the category of topological spaces.
(b) the category of log manifolds (1.1.5).

In the case (a) (resp. (b)), let H be a topological group (resp. a complex analytic group),
X an object of C and assume that we have an action H x X — X in C. (In the case
(b), we regard H as having the trivial log structure.) Assume this action is proper topo-
logically (4.2.4) and is free set-theoretically. Assume moreover the following condition

(1) is satisfied.

(1) For any point x € X, there exist an object S of C, a morphism v : S — X of C
whose image contains x and an open neighborhood U of 1 in H such that U x S — X,
(h,s) — hu(s), induces an isomorphism in C from U x S onto an open set of X.

Then:

(i) In the case (b), the quotient topological space H\X has a unique structure of an
object of C such that, for an open set V of H\X, O\ x(V) (resp. Mg\ x(V')) is the
set of all functions on V whose pullbacks to the inverse image V' of V in X belong to
Ox (V') (resp. Mx(V")).

(ii)) X — H\X is an H-torsor in the category C.
Proof. This is [KU09] Lemma 7.3.3. See [KU09] for the proof.

Proposition 4.2.8. E! — ior\E? = D! and Eg’val — ’L'O'R\Eg’val = Dg’val are iR -
torsors in the category of topological spaces.

Proof. This is proved by using the arguments in the pure case [KU09] 7.3.5. We
explain the case of Ef — D!. The other case is similar. We apply Lemma 4.2.7
by taking H = ior, X = E*, and C to be the category of topological spaces as in
4.2.7 (a). By Proposition 4.2.5, Proposition 4.2.2 and Lemma 4.2.7, it is sufficient to
prove that the condition 4.2.7 (1) is satisfied. Let z = (¢,F) € E. Let S; C E,
be the log manifold containing x, constructed in the same way as the log manifold
denoted by S in the pure case [KU09] 7.3.5. (In the argument to construct this log
manifold, we replace W (o (q))[—w] there by M(o(q), W) here. Cf. the proof of 4.4.3.)
Let So = E NSy, let U be a sufficiently small neighborhood of 0 in og, and let
S ={(¢,exp(a)F")| (¢, F') € So,a € U}. Then S has the desired property. [J

§4.3. STUDY OF D’iE

Let X be a weak fan. We prove some results on Dﬁz.
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Theorem 4.3.1. For o € %, the inclusion maps D¥, — Dg and D(ﬂj val = DﬁZ val QTE
open maps.

Proof. We prove that Df — D% is an open map. The val version is proved similarly.
For 0,7 € 3, D! N D! is the union of DY, where a ranges over all elements of ¥
having the following property: « is a face of o and a face of 7 at the same time. Hence,

by the definition of the topology of D%, it is sufficient to prove the following (1).
(1) If o € ¥ and 7 is a face of o, the inclusion D! — D! is a continuous open map.

We prove (1). Let the open set U(7) of toric, be as in 4.1.2, and let |U|(7) be the
open set U(7) N |toric|, of |toric|,. Then |toric| C |U|() as subsets of |toric|,. Let
[U|(7) C E! be the inverse image of |U|(7) under Ef — |toric| . We have commutative
diagrams of topological spaces

B S |U|(r) —— E! Ef — S FE!
ltoric|. —=— |U|(r) —=— |toric|,, D! —S— DE.

Furthermore, the inverse image of Df under Ef — D! coincides with |U|(7). The
second diagram shows that D# — D¥ is continuous. Let B be an R-vector subspace of
ogr such that T/ & B = or. Then we have a homeomorphism

|toric| xB = |U|(1), (a,b) — e(ib)a.

From this, we see that the projection |U|(1) — D! factors through |U|(r) — Ef which
sends (e(ib)a, F) to (a,exp(—ib)F). This shows that a subset U of DE is open in D¥,
that is, its inverse image in E? is open, if and only if it is open in D¥, that is, its inverse
image in E! is open. This completes the proof of (1). [

Proposition 4.3.2. The map DuE val DﬁE 1S proper.

Proof. By Theorem 4.3.1, we are reduced to the case ¥ = {face of o}. In this case,
by Proposition 4.2.8, we are reduced to the fact that Eg}val — Eg is proper, and hence
to the fact that [toric|, ., — [toric|, is proper (cf. 3.2.5). [

Proposition 4.3.3. DﬂE and ngal are Hausdorff spaces.

Proof. The statement for DﬁZ follows from that for Dﬁz’val, since Dﬁz,val — DﬁE is
proper by Proposition 4.3.2 and is surjective.

We prove that DﬁE val 18 Hausdorff. By Theorem 4.3.1, it is sufficient to prove the
following (1).
pand g € D?

o’ ,val*

(1) Let 0 and ¢’ be sharp rational nilpotent cones and let § € D*

o,va
Assume x) € D converges to 3 in Df;val and to 5" in Dg,’val. Then 8=/ in Dﬁal.
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We prove this. By Proposition 4.2.8, there exist an open neighborhood U of

in Dg a1 (resp. U’ of " in Dg, +a1) and a continuous section s, : U — Eg val (TESD.
Sgr 2 U — Eg,NaI) of the projection Eg,val — ngval (resp. Eﬁ,’val — D?f’,val)‘ Write

so(xx) = (e(iyr), Fr), sor(xx) = (e(iyy), Fy).

Write o = s5(53), @' = s,/("). Then the assumption of Proposition 4.2.3 is satisfied.
Hence we have g = 8’ by Proposition 4.2.3 (i). O

Lemma 4.3.4. Let V' be a vector space over a field K and let N,h : V — V be K -linear
maps such that Nh = hIN. Let I be a finite increasing filtration on V with I, = 0 for
k<0 andlI =V for k> 0. Assume that NIy C I and hly C I;_q for all k, and
that the monodromy filtration M of N relative to I exists. Then gr™ (h) = 0.

Proof. We prove the following statement (A;) for j > 1, by induction on j.
(A;) hlpgrM C Ij—; grM for any k,l € Z.

First, (A1) holds by the assumption hly C Ij_;. Let j > 1, and assume that (A;)
holds. We prove that (A;41) holds. It is sufficient to prove that the map grf grM —
gri_j grM induced by h is the zero map for any k,l € Z. Note grigrM = (I N
M)/ (Ig—1 N My + Iy N M;—1) = gr grl. We prove that the map gr¥ grf — grM gri_j
induced by h is the zero map. If [ > k, we denote the kernel of NU—*)+1 . grMorl —
grd L erl by P(grMerl). By [D80] 1.6, grM grl is the sum of the images of N* :
P(grd grl) — grM grl where (s,1’) ranges over all pairs of integers such that I’ > £k,
s >0, and | = I’ — 2s. Hence it is sufficient to prove that the map P(grM grl) —
grM gré_j induced by h is the zero map for any k,l € Z such that | > k. Let z €
grM grl ; be an element of the image of P(grM grl) under this map. By the definition
of P(gr}' grf) and by Nh = hN, the map N'"*+1 : grMgrf = — gr%Q(l_kH) gri_,
annihilates . On the other hand, since M is the monodromy filtration of N relative
to I, the map N'~(k=3) . grM gri_j — gr%Q(l_(k_j)) gri_j is an isomorphism. Since
l—(k—j)>1l—k+1, we have x =0. O

Let I' be a subgroup of Gz which is strongly compatible with .
Theorem 4.3.5. Assume that I" is neat.

(i) Let p € Dﬁz, v €T, and assume yp = p. Then v =1.

(ii) Let p = (0,Z) € Dy, v € I', and assume yp = p. Then v € I'(0)8P.

Proof. Let (0,Z) € Dy, and v € I'. Assume (0, 2) = (0, Z), that is, Ad(y)(o) = o,
vZ = Z. We prove first

(1) yN = N~ for any N € oc.

Since YI'(o)y~! = I'(0), we have an automorphism Int(y) : y — yyy~! (y € I'(c0)) of
the sharp fs monoid I'(¢). Since the automorphism group of a sharp fs monoid is finite
(see for example, [KUQ9] 7.4.4; an alternative proof: see the generators of the 1-faces),
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this automorphism of I'(¢) is of finite order. Since o¢ is generated over C by log(I'(o)),
the C-linear map Ad(y) : oc — oc, ¥y — yyy~ ', is of finite order. On the other hand,
any eigenvalue a of this C-linear map is equal to be~! for some eigenvalues b, ¢ of the
C-linear map 7 : Hy.c — Ho c, and hence the neat property of I' shows a = 1. Thus
we have yyy~! =y for any y € oc.

Let M := M(o,W). By (1), we have yM = M.

Take F' € Z. Since vZ = Z, there exists N € o¢ such that

(2) vF = exp(N)F.

Recall that the pure Hodge-theoretic version of 4.3.5 is proved in [KU09] 7.4.5, and
its proof shows log(gr'V (7)) = grV'(N). Hence gr'¥(y) is in the image of I'(¢)8P, and
we may assume gr'¥ (y) = 1.

Since exp(N) acts on grM := (grM)¢ trivially, gr™ (v)F(grM) = F(grM) follows.

Claim 1. grM(y) = 1.

This follows from (1) and Lemma 4.3.4 applied to h = vy — 1.
Claim 2. log(y)M; C My_o (Vk € Z).

In fact, by (2), we have
3) (log() - N)FP C F* (vp € 7).

Since N(My) C Mg_2, (3) shows that the map gr)’ — gr) | induced by log(y), which
we denote as gr'/ (log(7)) : gri! — gri! || satisfies

(4) gr (log(7))FP(gry’) C FP(grily)  (Vk,Vp).
By taking the complex conjugation of (4), we have

(5) gr (log()) F" (gri!) € F"(grply)  (Vk, Vp).
Since

gr;c\/l = @p—}—q:k Fp(gr]]fw) N Fq(gr;cw) and
FPgr YNEF (g V=0 forp+q=k>k—1,

(4) and (5) show that the map gr, (log(y)) : grM — gr? | is the zero map. This proves
Claim 2.

By (3), log(y)F? C FP~1, log(v)Fp cF! (Vp € Z). These and Claim 2 show, by
[KU09] Lemma 6.1.8 (iv),
log(y), N € L™V 71(M, F).
(See [KU09] 6.1.2 for the definition of L=%~1(M, F).) Hence, by [KU09] Lemma 6.1.8
(iii), vF = exp(IV)F proves log(y) = N. This proves v € I'(c)8P.
If v(0,2') = (0,2') for some (0,2') € DL, then, for Z := exp(or)Z’, we have
(0,7) € Dy, and (0, Z) = (0,Z). In the above argument, we take N € ior, and have

log(y) = N. Since log(7) is real and N is purely imaginary, this shows that log(y) = 0.
Hence v =1. U
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Theorem 4.3.6. (i) The actions of I' on Dg and Dg val @re proper. In particular, the
quotient spaces F\DgJ and I‘\DﬁZ val @re Hausdorff.

ii) Assume I' is neat. Then the canonical maps D% — T\D%, and D? — I'\D?
b by 2 val 2 val
are local homeomorphisms.

Proof. We first prove (i). By [KNU11] 3.5.17, the action of I' on DéL@) is proper.
By 4.2.4.3 (ii), the statement for Dﬁz,val follows from this, from the continuity of v :
Dﬁz,val — DéL(Q)’ and from Proposition 4.3.3. By 4.2.4.3 (i), the statement for DﬁE

follows from the above result, since Dﬂz,vai — D’iE is proper by Proposition 4.3.2 and is
surjective.
Next, by 4.2.4.2, (ii) follows from (i) and Theorem 4.3.5. [

§4.4. StuDpY OF I'(0)8P\ D,

Let ¥ be a weak fan, let 0 € X, and let I' be a subgroup of Gz which is strongly
compatible with 3.

In this subsection, we prove Theorem 2.5.3 and the local cases (the cases where
Y = face(o)) of Theorems 2.5.2, 2.5.5, and 2.5.6.

Lemma 4.4.1. Let o € ¥ and assume that a o-nilpotent orbit exists. Let T be the set of
all admissible sets U of weight filtrations on Ho r (3.1.2) such that M (o, W) € V. Then,

the image of the CKS map DF

oval — DéL(Z) is contained in the open set Jy ez DéL@)(\II)
(3.1.2) of Dy, -

Proof. Let a = (A,V,Z) € Dg,val' Then there exist Ny,..., N, € AN o which gen-
erate A over Q such that, for the injective homomorphism (N;)i1<;<, : Homg(4, Q) —
R"™, V coincides with the inverse image of the subset of R" consisting of all elements
which are > 0 for the lexicographic order. Take elements N, 11, ..., N, of gq Mo such
that Ny, ..., N,, generate the cone o. By assumption, there is an F € D which gen-
erates a o-nilpotent orbit. Let ¥ := {M(Ny +---+ N;, W) |1 < j < m} DV :=
{M(Ny+---+N;,W)|1<j<n}. Then ¥ coincides with the set of weight filtrations
associated to the class of the SL(2)-orbit associated to ((N;)i1<;j<m, '), and ¥’ coincides
with the set of weight filtrations associated to the image p of a in Dgp,z). We have

p € Diy oy (¥) and M(o,W) = M(Ny + -+ + Ny, W) € ¥, O
The following lemma will be improved as Proposition 4.4.6 later.

Lemma 4.4.2. Let 0 € X, let 7 be a face of o such that a T-nilpotent orbit exists,
let U(T) be the open set of toric, defined in 4.1.2, and let U(T) (resp. U(T)va1) be the
inverse image of U(T) under E, — toric, (resp. Eyyval — toric,). Then the action

(4.2.1) of oc on U(7) (resp. U(T)va1) is proper.

Proof. Since U(7)yar — U(7) is proper and surjective, it is sufficient to consider
U(T)va (4.2.4.3 (1)).
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Let W’ be the filtration M (7, W)(gr'") on gr"¥ induced by M (r,W). We consider
five continuous maps

£ U(T)va — EF fo: U(T)vat — D*

o,val’ T,val?
f3 : U(T)val — Spl(W)a f4 : U(T)Val — Sp1<Wl)7 and

f5: U(T)vat = or/ (TR + log(L'(0)5")).
Here f is induced by | — | : Eyya — EF (¢, F) — (|g|, F), where for ¢ : T'(o)Y —

o,val’

C™mult ' |g| denotes the composition of ¢ and C — Rxg, a + |a|. The map f is induced
from f; via the canonical map Ei val Df The map f3 is induced from fs, the CKS

o,val’
map Dival — DéL(Q)’ and the canonical map sply : DéL(Z) — spl(W) ([KNU11] §3.2).

The map f4 is induced from the map fs, the CKS map DENal — Uwer DéL(Q) (¥), where
7 denotes the set of all admissible sets of weight filtrations W such that M(r,W) € ¥
(here we apply 4.4.1 replacing o there by 7), and the Borel-Serre splitting sprBVS, :
Uwer DéL(Q)(\I/) — spl(W') ([KNU11] §3.2). The map f5 is the composition

U(T)yas = U(1) = C* @ (I'(0)8? /T(7)8P) — or/(mr + log(T'(0)8P)),
where the second arrow is defined by the fact
Ker(Hom(T'(0)8?,Z) — Hom(['(7)8?,Z)) C P

(for P, see 4.1.2), and the last arrow is the homomorphism 2% @ v + Re(z) log(Y)
(z € C,veTI(0)5P). i
These maps f; have the following compatibilities with the action of oc on U(7):

For any a € o¢c and any x € U(T)vah fila-z)=a- f;(z),

where oc acts on the target space of f; as follows. For x = (¢, F') € Eg}val,
(e(iIm(a))-q, exp(—a)F). Note that, in the case a € ior, this action coincides with the
original action of a on Eg’val. Forxz = (A,V,Z) € Dival, a-x=(A,V,exp(—Re(a))Z).
For s € spl(W), a-s = exp(—Re(a)) o s o gr'¥(exp(Re(a))). For s € spl(W'), a -
s = gr'(exp(—Re(a))) o s o gr'’ (gr'" (exp(Re(a)))). For z € or/(mr + log(L'(0)&P)),
a-x =z + Re(a).

Let H = o¢, and define closed subgroups H(j) (0 < j < 5) of H such that 0 =
H(0)c H(1) C --- C H(5) = H as follows. H(1) =iogr, H(2) = H(1) + log(T'(c)&P),
H(3) = H(2) + TR u, where TRy = TR N gRr,u, H(4) = H(3) + mr. Define the spaces

X, (1 < j < 5) with actions of H as follows: X; = E* X5 = DF X5 is the

o,val’ T,val’
1

a-xr =

quotient space of spl(W) under the action of I'(c)8P given by s — v o s o gr'V(y)~

(s € spl(W), v € T'(0)8P), X, is the quotient space of spl(W’) under the action of

['(c)8P given by s — gr'(y) o s o gt (grtW (7))~ (s € spl(W’), v € I'(c)8P), and

X5 = or/(mmr +log(I'(c)#P)). Then, for 1 < j <5, the action of H(j) on X; factors

through H; := H(j)/H(j — 1), and the action of H; on X is proper and free. In fact,
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for j = 1, this is by Proposition 4.2.5 and Proposition 4.2.2 (ii). For j = 2, this is by
Theorem 4.3.6 (i) and Theorem 4.3.5 (i). For j = 3,4, 5, this is easily seen. Hence by
4.2.4.5, the action of H on X7 x X5 x X3 x Xy x X5 is proper. By 4.2.4.3 (ii), this

proves that the action of oc on U(7)ya is proper. O
Proposition 4.4.3. The log local ringed space T'(c)8P\ D, over C is a log manifold.

We prove this proposition together with Theorem 2.5.3 (that is, F, is a oc-torsor
over I'(0)8P\ D, ).

Proof. Recall that, for a face 7 of o, toric, is embedded in toric, as in 2.3.1, that
U(r) is the torus,-orbit of toric, in toric, (4.1.2), and that U(7) is the pullback of
U(r) in E, (4.4.2). Since E, = |J_ U(), where T ranges over all faces of o such that a
r-nilpotent orbit exists, it is sufficient to prove that, for such 7, I'(0)8P\ D, = oc\U(7)
is a log manifold and U(7) is a oc-torsor over I'(¢)8P\D;..

For such 7, we apply Lemma 4.2.7 by taking H = oc, X = U(7) and C to be the
category of log manifolds as in 4.2.7 (b). Since we have already seen that the action of
H on X is proper by Lemma 4.4.2 and free by Proposition 4.2.2 (i), it is sufficient to
prove that the condition 4.2.7 (1) is satisfied. For this part of the proof, the argument in
the pure case [KU09] 7.3.5 works just by replacing W (o (q))[—w] there by M (o (q), W)
here. But, for readers’ convenience, we sketch here the construction of a local section
t: S — X in the condition 4.2.7 (1), since this is an essential part for understanding the
structure of I'(0)8P\ D, and hence of I'\ Dy..

Let z = (¢, F) € U(r). Let T5(F) be the tangent space of D at F. Then the
morphism G¢ — D, g — ¢F, induces a surjective homomorphism gc — Ty (F) whose
kernel consists of all elements N of g¢ such that NFP C FP for all p € Z. We have:

(1) The homomorphism o(q)c — T (F') is injective.

In fact, if N € o(q)c is in the kernel, then N € L=V 71 (M (o(q), W), F) and exp(N)F =
F, and hence N = 0 by [KU09] Lemma 6.1.8 (iii). (1) is proved.

Now take a C-subspace B; of g¢ such that o(q)c ® B1 — T (F') is an isomorphism.
Then, we can find an open neighborhood Uy (resp. Uy, resp. U) of 0 in toric, (4 (resp. Bi,
resp. oc) and an element b of oc such that ¢ = e(b)0,(,) and that

UxUoxUy = E,, (h,a0,a1) = (e(h+b)ag, exp(—h) exp(a1)F) = h-(e(b)a, exp(a)F),

is a continuous injective open map which sends (0,0,0) to z. Let A be the intersection
of the image of the above map with {h = 0}, and let S = AN U(r). Then it can be
seen that S has the desired property.

For more details, see [KU09] 7.3.5. O

Since I'(0)8P\ D, belongs to B(log) by 4.4.3, the topological space (I'(c)8P\ D, )8 is
defined.

Proposition 4.4.4. We have a canonical homeomorphism

D(0)*P\Dj, = (I(0)8P\ D, )"
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over I'(c)8P\D,.

Proof. We define a canonical homeomorphism (I'(c)8P\D,)!°8 ~ I'(c)8P\D¥ over
I'(0)8P\D,. We have

(toricy)'°® ~ Hom(T'(c)V, St x ernbﬂt) ~ (S' ®z I'(0)8P) x [toric|, .
Hence the homeomorphisms
(E,)'°8 ~ (torics )8 Xioric, Fo, Ef ~ |toric|, Xtoric, o
induce a homeomorphism
(1) (Bo)"8 = (S' @z I'(0)®P) x Ef.

This homeomorphism is compatible with the actions of oc. Here z = z+iy € o¢ (x,y €
or) acts on the left-hand side of (1) as the map (E,)'°¢ — (E,)!°® induced by the action
of z on E, (4.2.1) and on the right-hand side as (u, q, F') — (e(z)u, e(iy)q, exp(—2)F)
(u € St ®z I'(0)#P, ¢ € |toric|, F € D). The homeomorphism between the quotient
spaces of these actions is

(T'(0)®P\D,)'°8 ~ T'(¢)8P\D:. O

Corollary 4.4.5. The space I'(0)8P\D,, is Hausdorff.

The space I'(¢)8P\ D¥ is Hausdorff by 4.3.6 (i) and the map I'(¢)8P\ D% — T'(0)8P\ D,
is proper and surjective by 4.4.4. Hence I'(0)8P\ D,, is Hausdorff by 4.2.4.7.

Proposition 4.4.6. The action of oc on E, (resp. Eyyal) is proper.

The result for E, follows from Theorem 2.5.3 and Corollary 4.4.5 by 4.2.4.6. The
result for E, a1 follows from it by 4.2.4.3 (ii).

§4.5. STuDY OF I'\ Dy,
In this subsection, we prove Theorems 2.5.2, 2.5.4, 2.5.5, 2.5.6, and 2.6.6.

Lemma 4.5.1. Let X be a topological space with a continuous action of a discrete
group I' and let Y be a set with an action of I'. Let f : X — Y be a I'-equivariant
surjective map. Let T be a subgroup of I'. We introduce the quotient topologies of X
on I"\Y and on T'\Y. Let V be an open set of I'\Y and let U be the inverse image of
V in I"\X. We assume moreover the three conditions (1)—(3) below. Then, V. — T'\Y
1s a local homeomorphism.

(1) X — I'\X is a local homeomorphism and T'\X is Hausdorff.
(2) U — V is proper.

(3) If x € X and v € T, and if the images of yx and x in I"\Y are contained in V and
they coincide, then v € T".
48



Proof. This is [KU09] Lemma 7.4.7. See [KU09] for a proof. [

4.5.2. Proof of Theorem 2.5.4. We prove that I'(c)8P\D, — I'\ Dy, is locally an
isomorphism.

We use Lemma 4.5.1 for X = Dﬁz, Y =Dy, I'=T,1"=T1(0)%?, V =T'(0)8?\ D, and
U =T'(0)8\D%. Theorem 4.3.6 for Dg shows that the condition (1) in Lemma 4.5.1 is
satisfied. Theorem 2.5.6 for I'(¢)8P\ D,,, proved in §4.4, shows that the condition (2) in
4.5.1 is satisfied. Theorem 4.3.5 shows that the condition (3) in 4.5.1 is satisfied. O

4.5.3. Proof of Theorem 2.5.2. We prove that I'\ Dy, is a log manifold.
This follows from Theorem 2.5.2 for I'(0)8P\ D, (4.4.3) by Theorem 2.5.4. [

4.5.4. Proof of Theorem 2.5.6. We prove that (I'\ Dx)'°8 ~ F\DﬁZ over I'\ Dy.

By Theorem 2.5.4, I'(0)8P\D, — I'\Dy (o0 € X) are local isomorphisms of log
manifolds. Hence the canonical homeomorphisms (I'(c)&P\ D, )8 ~ T'(¢)8P\ D! over
['(0)8P\ D, which were given in 4.4.4, glue up uniquely to a homeomorphism (T'\ Dx;)!°& ~J}
I\DL over T\Dy. [

4.5.5. Proof of Theorem 2.5.5. We prove that I'\ Dy, is a Hausdorff space.

Replacing I" by a subgroup of finite index, we may assume that I' is neat. Then, by

Theorem 2.5.6 proved in 4.5.4, the map F\DﬁE — I'\ Dy, is proper and surjective. Since
1“\DﬁE is Hausdorff by Theorem 4.3.6 (i), it follows by 4.2.4.7 that I'\ Dy, is Hausdorff. [

A local description of the log manifold I'\ Dy, is given by the following.

Theorem 4.5.6. Let ¥ be a weak fan and let I' be a neat subgroup of Gz which is
strongly compatible with .. Let (0,7Z) € Dy, and let p be its image in T'\ Dy.

(i) Let Floy € Z. Then there exists a locally closed analytic submanifold Y of D
satisfying the following conditions (1) and (2).
(1) F(o) eyY.
(2) The canonical map Ty (F()) ® oc — Tp(F(oy) is an isomorphism. Here Ty (F|q))
denotes the tangent space of Y at F(y and Ty (F(o)) denotes the tangent space of D at
F(O) .

(ii) Let Floy and Y be as in (i). Let X := toric, XY, and let S be the log manifold
defined by
S={(¢,F) € X | N(F?) C F*"' (VN € 0(q),Yp € Z)},

where o(q) denotes the face of o corresponding to q. Then, there exist an open neigh-
borhood Uy of (0, F(o)) in S in the strong topology, an open neighborhood Us of p in

I'\Ds, and an isomorphism U; = Us of log manifolds sending (0, Floy) to p.

Proof. This is the mixed Hodge-theoretic version of [KU09] 7.4.13 and proved simi-
larly by using the proof of 2.5.3 in 4.4.3 and 2.5.4. [

4.5.7. We prove Theorem 2.6.6. This is the mixed Hodge-theoretic version of The-
orem B in [KU09] 4.2, which was stated and proved in the category As(log), but we

work here in the category B(log) (cf. Remark below).
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Since everything is prepared in §2.5, especially Theorem 2.5.3, the proof of 2.6.6 is
exactly parallel to the pure case [KU09] 8.2. We sketch an outline of the proof.

Let 0 € ¥. Let &, = (A, {face of 0},I'(0)8?). Put C := LMHg, C, := LMHg_ .
Define contravariant functors By, By : B(log) — (set) as follows. For S € B(log), define
B,(S) (resp. B,(S)) to be the set of all pairs (6, F) with a morphism 6 : S — toric,
and F' € D such that F paired with the inverse image of the canonical log local system
(cf. 2.3.2) on toric, by 68 : S8 — toricl%® is a pre-LMH (resp. LMH with polarized
graded quotients) on S of type A (resp. type ®,).

As functors on B(log),

Step 1. B, ~ Mor( ,FE,) (strong open in E,),
Step 2. C, ~Mor( ,I'(0)8?\D,) (quotient),
Step 3. C' ~ Mor( ,I'\Dyx) (gluing; this is Theorem 2.6.6).

To prove Step 1, we first show B, ~ Mor( ,E,), then show that their respective
subfunctors B, and Mor( , E,) coincide.

An outline of the proof of Step 2 is as follows. First, note that C, is a sheaf-functor
on B(log) by 1.3.6. Consider the quotient Mor( ,0¢c)\B,. By the exact sequence
1 —T(0)8? — oc — torus, — 1, we have

Mor( ,0¢c)\Bs >~ Mor( ,torus,)\(I'(c)8?\ By ).
By the exact sequence 1 — OF — Mg — Mg/OF — 1, we have
Mor(S, torus,) ———  Hom(I'(0)¥, 0%)

N N
Mor(S, toric,) ———  Hom(I'(0)V, My)
C,(9) —— Hom(I'(0)¥, Ms/O%)
for any S € B(log). From this, we have a cartesian diagram of Mor( , torus, )-torsors

I'(0)P\B, —— Mor( ,toric,)

! l

Co- E— CO'>

and hence Mor( ,0¢)\Bs =~ C, (the left-hand side of Step 2). On the other hand, by
the result of Step 1 and Theorem 2.5.3, we have

Mor( ,0¢c)\Bs ~ Mor( ,o0¢)\Mor( ,E,)~Mor( ,I'(0)®"\D,)

(the right-hand side of Step 2).
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An outline of the proof of Step 3 is as follows. By the result of Step 2 and Theorem
2.5.4, we have

(Uses Co)/ ~ = (Uyes Mor(- ,I(0)¥P\Dy)) / ~ = Mor( ,T'\Ds),

where, in the middle, ¢/ ~” is the quotient in the category of sheaf-functors by the
equivalence relation ~ generated by the following relation: For a triple (o, 7,7) with
0,7 € ¥ and vy € I'such that Ad(y)(7) C o, and for S € B(log), a € Mor (S,T'(7)8P\D;)
is related by ~ to v oa € Mor (9,I'(c)8\D,), where the v denotes the morphism
['(7)8P\D, — I'(0)®P\ D, in B(log) induced by . Similarly defined “/ ~” in the left.
The bijectivity

(1) Usex Co)/ ~ = C

is shown in the following way. C'is a sheaf-functor on B(log) by 1.3.6. First,

(2) Urex Co)/ ~ = C

is proved by reducing to the case: (|],csCo(p))/ ~ = C(p) for any fs log point
p. The surjectivity of (1) follows from the surjectivity of (2) and the surjectivity of
Cy — Cy x5 C. The injectivity of (1) is proved by examining plainly the equivalence
relation ~ in (1) and by using the injectivity of (2). O

Remark. In order to discuss log Hodge theory, the category of analytic spaces was
enlarged in several ways in [KU09] 3.2. The categories Asz(log) and B(log) are two of
them. The latter is a full subcategory of the former. Theorem B in [KU09] was stated
and proved in Ajs(log), but Theorem 0.4.27 in [KU09] and Theorem 2.6.6 in the present
paper are done in B(log). For the reason why we do so and for the relationship among
all these categories, see [KU09] 3.2.6.

§5. MODULI SPACES OF LOG MIXED HODGE
STRUCTURES WITH GIVEN GRADED QUOTIENTS

Let S be an object of B(log), and assume that we are given a family @ = (H())wez,
where H(,) is a pure LMH on S of weight w for each w and H(,,) = 0 for almost all w.
Shortly speaking, the subject of this section is to construct spaces over S which classify
LMH H with H(gr})) = H(,) for any w.

We assume that all H(,, are polarizable, though we expect that the method of this
section works (with some suitable modifications) without assuming the polarizability of
H ). It actually works successfully in some non-polarizable case; cf. 7.1.4.

More precisely, let

LMHg

be the contravariant functor on the category B(log)/S defined as follows. For an object

S" of B(log) over S, LMHg(S’) is the set of all isomorphism classes of an LMH H on S’

endowed with an isomorphism H (gr,) ) ~ H(,)|ss for each w € Z. Here H(,|ss denotes
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the pullback of H(,) on S’. The functor LMH is usually not representable. (For
example, Ext] \ig(Z, Z(1)) = (U — M®P(U)) (cf. 7.1.1) is not representable, though its
subfunctors (U +— M (U)) and (U — M(U) U M(U)~!) are represented by the affine
line with the log by the origin and the projective line with the log by the origin and the
infinity, respectively.) Our subject is to construct relative log manifolds over S which
represent big subfunctors of LMHg,.

We can often construct such a relative log manifold over S by the method of §2:
As is explained in [KNU10a], we can construct such a space as the fiber product of
S = [Tyez Tw\D(grY s, < I'\Ds, where S — I',,\D(gr}) )o,, is the period map of
H ., (if it exists) and Dy is a moduli space in §2 (see §5.5 for details). However, this
method has a disadvantage that the period map S — I',,\ D(gr?),., can be defined in
general only after blowing up S as is explained in [KU09] §4.3. (Cf. 5.5.3.)

The main purpose of this §5 is to construct more relative log manifolds over S which
represent big subfunctors of LMHg, by improving the method of §2. The difference
between §2 and §5 lies in the situation that cones considered in §2 were inside gg,
whereas the cones considered in §5 exist outside ggr. In particular, by the method of
this §5, we will obtain in §6 the Néron model and the connected Néron model, an open
subspace of the Néron model, both of which represent big subfunctors of LMHg (see
Theorem 6.1.1). In this method, we do not need blow up S.

The proofs for this section is in 5.4, where we reduce the results in this section to
those in §2.

§5.1. RELATIVE FORMULATION OF CONES, AND SET Dgy OF NILPOTENT ORBITS

Here we give a formulation of cones which is suitable for the study of the above
functor LMHg of log mixed Hodge structures relative to the prescribed Q).

5.1.1. Assume that we are given an object S of B(log) and a polarized log Hodge
structure H(,) on S of weight w for each w € Z. Assume that H,,) = 0 for almost all
w. Write Q = (H(w)>w€Z-

Then, locally on S, we can find the following (1)—(5).

(1) A= (Ho, W, ({, )w)w, (A7), 4) as in 2.1.1.
(2) A sharp fs monoid P.
(3) A homomorphism

I’ := Hom(P®,Z) — Gy := Gz(gr") = [1,, Gz (grl)

whose image consists of unipotent automorphisms.

((4) and (5) are stated after a preparation.) Let
o’ := Hom(P,R&Y'), toricos := Spec(C[P])an.
(The symbol o will be used later for cones in o’ x4 gr.) Let
")

or — Or = or(er
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be the R-linear map induced by the logarithm of the homomorphism in (3).

We define the set E/,. The definition is parallel to the definition of E, in 2.3.3. Let
E!, be the set of all points s € toric, x D(gr"), where D(gr"V) = 1L, D(gr!), such
that for each w, the pullback of the canonical pre-PLH of weight w on toric,- xD(gr )
to the fs log point s is a PLH. Here the canonical pre-PLH of weight w on toric, x D(gr!V )]
is defined in the same way as in 2.3.2.

In other words, E’, is the set of all pairs (¢/, F') € toric,s x D(gr'V) satisfying the
following condition:

If we write ¢’ = e(a) -0,/ with 7" a face of 0’ and a € o (2.3.1), then (7, exp(ag/ ) F”)
generates a nilpotent orbit, where (—)g denotes the image under the C-linear map
0e — gc = gc(gr') induced by the above R-linear map o) — gi.

We endow E!, with the structure of an object of B(log) by using the embedding
E', C toricys x D(gr'™V).

(4) A strict morphism S — E’, in B(log).

Here a morphism X — Y in B(log) is said to be strict if via this morphism, the log
structure of X coincides with the inverse image of the log structure of Y.

(5) An isomorphism of PLH for each w € Z between Hy,, and the pullback of the
canonical PLH of weight w on E’, under the morphism in (4).

5.1.2. The local existence of (1)—(5) in 5.1.1 follows from a general theory of PLH
in [KU09).

In fact, take so € 9, and take a point tg € 5'°% lying over sq. Let Hy := D Hiw),z,t
with the evident weight filtration W on Hp g and with the bilinear form (, ), given
by the polarization of H,). For each w, let (h?9), 4, p + ¢ = w, be the Hodge type of
H(w) at sgp.

Let P := (Mg/OS)s,.- Then I'' := Hom(P*P, Z) is identified with the fundamental
group ﬁl(sgog), and the actions of Wl(sgog) on Hy)z, for w € Z give the homomor-
phism IV — G7,.

On an open neighborhood of sy in S, there is a homomorphism P — Mg which
induces the identity map P — (Ms/O%)s, and which is a chart ([KU09] 2.1.5) of the fs
log structure Mg. We replace S by this neighborhood of sg. Then this homomorphism
induces a strict morphism S — toric,». By [KU09] 8.2.1-8.2.3, we obtain a strict
morphism S — E’, over toric,s and the isomorphism (5) in 5.1.1.

5.1.3. Assume that we are given S, QQ = (H(y))wez, and (1)~(5) of 5.1.1 and fix
them.

We will fix a splitting Hy = @, Ho(gr W of the filtration W on Hy. We will denote
Ho(grV) also by Ho, (w)-

Let 1/ be the I''-level structure on Hz(gr") := @, H )z, i-e., the class of local iso-
morphisms Hz(gr'V') ~ Hy on S'°8 which is global mod I", defined by the isomorphism
(5) in 5.1.1.

We will denote E’, often by Sp.

In §5, the notions of nilpotent cone, nilpotent orbit, fan, and weak fan are different
from those in §2. Recall o/ = Hom(P, R2X) together with the linear map og —
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or = gr(gr"). In §5, nilpotent cones, fans, and weak fans appear in the fiber product
o’ Xgr. OR, and nilpotent orbits appear in the product oc X D, as explained below.

5.1.4. Nilpotent cone.
In 85, a nilpotent cone means a finitely generated cone ¢ in the fiber product

/
0 Xgi, R

satisfying the following (1) and (2).

(1) For any N € o, the gr-component Ny € gg of NV is nilpotent.

(2) For any N1, Ny € 0, N1 gNa g = No gNy 4.

That is, o is a nilpotent cone if the image o4 of ¢ in gr is a nilpotent cone in the
sense of 2.2.1.

We say a nilpotent cone o is admissible if the following condition (3) is satisfied.

(3) The action of o on Hyr via 0 — gr, IV — Ny, is admissible with respect to W
in the sense of 1.2.2.

By 1.2.3, this is equivalent to that o4 is admissible in the sense of 2.2.1.

5.1.5. Nilpotent orbit. 5

Let o be a nilpotent cone. A o-nilpotent orbit is a subset Z of o x D satisfying the
following conditions (1) and (2).

(1) If (a, F) € Z (a € 0, F € D), then Z = {(a+V,exp(by)F) | b € oc} (here V/
denotes the image of b in o).

(2) If (a, F') € Z, then (o4, F') generates a nilpotent orbit (2.2.2).

Note that for F' € D and a € o, {(a+V,exp(bs)F) | b € oc} is a o-nilpotent orbit if
and only if the above condition (2) is satisfied, which depends on F' but not on a. If this
condition (2) is satisfied, we say F' generates a o-nilpotent orbit (or (o, F), or further,
(N1,..., Ny, F) generates a nilpotent orbit when o is generated by Ny, ..., N,).

5.1.6. Fan and weak fan.

In §5, a fan is a non-empty set of sharp rational nilpotent cones in o’ x g, 9R Which
is closed under the operations of taking a face and taking the intersection.

A weak fan is a non-empty set X of sharp rational nilpotent cones in o’ x aj, 9r Which
is closed under the operation of taking a face and satisfies the following condition.

(1) Let 0,7 € ¥, and assume that o and 7 have a common interior point. Assume
that there is an F' € D such that (o, F') and (7, F') generate nilpotent orbits in the sense
of 5.1.5. Then o = 7.

A fan is a weak fan. (This is proved in the same way as 2.2.4.)
An example of a fan is

E={R>oN|Ne€d X gr. OR, IV is rational, Ny is nilpotent}.

5.1.7. Recall
I = Hom(P®,Z).
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We denote the given homomorphism IV — G7; (5.1.1 (3)) by a — ag'. We regard G,
as a subgroup of Gz by the fixed splitting of W on Hy.
As is easily seen, there is a one-to-one correspondence between

(1) A subgroup I', of Gz, such that WG/Fuvg,l =TI, for all vy € I''. Here Gz, is the
unipotent radical of Gz.

(2) A subgroup I' of I'” X, Gz containing {(a,ac’) | a € I"} = T".

The correspondence is:

From (1) to (2). T':={(a,ag'b) |a € T’,b e T,}.

From (2) to (1). ', := Ker(I' = I').

In what follows, we will denote the projection I'/ Xgy, Gz = Gz by a — ag.

5.1.8. Let X be a weak fan, and let I' be a subgroup of [ x ¢, Gz satisfying (2) in
5.1.7.

We say that ¥ and I' are compatible if Ad(v)(o) € X for any v € I" and o € ¥. Here
Ad(y) is (z,y) = (z,Ad(ve)y) (z €0, y € gr).

We say that X and I' are strongly compatible if they are compatible and, for any
o € ¥, any element of o is a sum of elements of the form alog(y) with a € R>( and
v € I'(0). Here log is the map I' — IV x gr, where I"' — I" is the projection and I' — ggr
is v — log(va), and I'(0) is defined by

I'(o) :={y el log(v) € o}.

Remark. 1t is easy to see that if I',, is of finite index in Gz, and ¥ is compatible
with I', then ¥ is strongly compatible with I'.

5.1.9. I'-level structure on H.

Let I" be as in 5.1.8. Let I'¢ be the image of ' in Gz.

Let S" € B(log)/S. Let H be an LMH on S’. Assume that an isomorphism between
H(grl)) and Hy,,|s is given for each w.

Then, there is a one-to-one correspondence between the following (1) and (2).

(1) The class (mod I'g) of a collection of local isomorphisms (Hz, W) ~ (Hy, W)
which is compatible with the given I"-level structure u’ (5.1.3) on Hz(gr"V') and which
is global mod I'g.

(2) The class (mod I'g) of a collection of local splittings Hz(gr'V') ~ Hgz of the
filtration W on the local system Hyz on S'°& which is global mod I's.

Such a class is called a I'-level structure on Hgy,.

5.1.10. Assume that ¥ and I' as in 5.1.8 are given. Assume that ¥ is strongly
compatible with I'. Define

Dss ={(s,0,Z) | s € S,0 € X,Z C o x D satisfying (1) and (2) below}.

(1) Z is a o-nilpotent orbit (5.1.5).
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(2) For any (a,F) € Z, the image of s under S — E!, coincides with (e(a) -
0, (gr"), exp(—aq ) F(gr")). Here 0,(gr'’) denotes the image of 0, € toric, in toric,.
(That is, if a denotes the smallest face of ¢’ which contains the image of o — ¢’, then
0, (gr") = 0,.)

Note that under the condition (1), the element (e(a) - 0, (gr""), exp(—ay ) F(gr'"))
of E/, in the condition (2) is independent of the choice of (a, F') € Z.

If /3 C ¥ denotes the subset of ¥ consisting of all admissible o € ¥, and if "¥ C 'Y
denotes the subset of ¥ consisting of all ¢ € ¥ such that a o-nilpotent orbit exists, then
'Y and ¥ are weak fans, and we have Dg s, = Dg s, = Dg .

§5.2. TOROIDAL PARTIAL COMPACTIFICATIONS I'\Dg x

Notation is as in §5.1.

Assume that X is a weak fan and is strongly compatible with I". In this §5.2, we
endow the set I'\ Dg »» with a structure of an object of B(log). Here v € I" acts on Dg 5,
as (s,0,Z) + (s, Ad(7)(c),7Z), where vZ is defined by the action of v on o x D given
by (a, F) — (a —v',7¢F) with +' being the image of v in T (5.1.7).

5.2.1. Let 0 € 2. Let

toric, = Spec(C[['(a)"])an,

where I'(0)Y = Hom(I'(o), N).

Let S be an object of B(log) and let
Eso, =1{(5,2,¢,F) | s €8S,z € 05,q € toric,, F € D satisfying the following (1) and (2)}.J

(1) If we write ¢ = e(b) - 0, with 7 a face of o and b € o¢ (2.3.1), then exp(by)F
generates a 7-nilpotent orbit (5.1.5).

(2) The image of s under S — E’, coincides with (e(z)g(gr"’), exp(—z4 ) F(gr"")),
where q(gr'V) is the image of ¢ in toric,.

5.2.2. Note that, for 0 € 3, we have a canonical map

Es, — I'(0)®°\Ds », (s,2,q,F) — class(s, T, Z).

Here Dg,, denotes Dg face(s), and (7, Z) is as follows. Write ¢ = e(b) - 0, (2.3.1). This
determines 7. Further, Z is the unique 7-nilpotent orbit containing (z + b', exp(bg)F').
Proposition 5.2.3. Set-theoretically, Es , is a oc-torsor over I'(c)®P\Dg , with re-

spect to the following action of oc on Eg . Fora € oc, a acts on Eg , as (s, z,q,F) —
(s,z—d, e(a)q, exp(—aq)F'), where a’ denotes the image of a in o¢.

This is proved easily.

5.2.4. Let Sy = E/, as in 5.1.3. We consider the case that the morphism S — Sp
is an isomorphism (we will express this situation as the case S = Sy). We endow Eg,
with the structure of an object of B(log) by using the embedding

ESO7G - 0-6 X tOI‘iCU XDv (8727(]’ F) = <27Q7F)
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That is, the topology of Eg, , is the strong topology in og X toric, xD, and O and
the log structure M of Eg, , are the inverse images of O and M of o X toric, xD,
respectively.

5.2.5. We endow I'\Dg, 5; with the structure of a log local ringed space over C as
follows.

We define the topology of I'\ Dg, » as follows. A subset U of I'\Dg, x is open if and
only if, for any o € ¥, the inverse image U, of U in Eg, , is open.

We define the sheaf of rings O on I'\Dg, 5 as a subsheaf of the sheaf of C-valued
functions, as follows. For an open set U of I'\ Dg, ». and for amap f : U — C, f belongs
to O if and only if, for any o € ¥, the pullback of f on U, belongs to the O of Eg, .

We define the log structure of I'\ Dg, 5 as a subsheaf of O of I'\Dg, », as follows.
For an open set U of I'\Dg, 5, and for an f € O(U), f belongs to the log structure
if and only if, for any o € X, the pullback of f on U, belongs to the log structure of
Es, ». Here we regard the log structure of Fg, » as a subsheaf of O of Eg, ..

Proposition 5.2.6. (i) Eg, , and I'\Dg, s are objects of B(log).
(ii) Es, .0 95 a oc-torsor over I'(0)8P\ Dg, » in B(log).
This will be proved in §5.4.

5.2.7. Note that, as a set, I'\Dg x, is the fiber product of S — Sy < I'\Dg, =.

We endow I'\Dg 5, with the structure as an object of B(log) by regarding it as the
fiber product of S — Sy <— I'\Dg, » in B(log). The following theorem will be proved
in §5.4.

Theorem 5.2.8. (i) I'\Dg s is a relative log manifold over S.

(ii) For o € X, the morphism I'(0)8P\Dgs , — I'\Dg x, is locally an isomorphism in
B(log).
(iii) If S is Hausdorff, I'\Dg s is Hausdorff.

5.2.9. We define D?g,z in the evident way, replacing nilpotent orbit by nilpotent

i-orbit which is defined in the evident way. Then F\Dﬂ&Z is identified with (I'\ Dg x;)'°®
via the natural map.

§5.3. MobDuULI

5.3.1. Let X be a weak fan in 0’ X4 gr, where o’ = Hom(P, R%dod).

Assume that we are given a subgroup I', of Gz, which satisfies the condition in
5.1.7 (1), and let I" be the corresponding group as in 5.1.7. Assume that ¥ and I' are
strongly compatible.

5.3.2. Let LMHg)F be the following functor on the category B(log)/S. For any

object S’ of B(log)/S, LMH% %(S ') is the set of all isomorphism classes of the following
H.
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H is an LMH on S’ endowed with a I-level structure u (5.1.9), whose gr'V is identified
with (H(y))w endowed with the given I''-level structure (5.1.3), satisfying the following
condition.

For any s € S, any t € (5)!°8 lying over s, any representative u; : Hz, ~ Hy of
i, and for any specialization a at ¢ (1.3.1), there exists ¢ € ¥ such that the image of
Hom((Ms//O%,)s,N) — o’ X gr is contained in o and u:(F(a)) generates a o-nilpotent
orbit (5.1.5). Here F' denotes the Hodge filtration of H.

We have the canonical morphism LMHEQE)F — LMHg,.

In the case I'y, = Gz 4, LMHg)F is the following functor.

For any object S’ of B(log)/S, LMH(QX}(S’ ) is the set of all isomorphism classes of
the following H.

H is an LMH on S’, whose gr'V is identified with (H,))w, satisfying the following
condition.

For any s € §’, any t € (S”)!°8 lying over s, any isomorphism yi; : Hz ; ~ Hy perserv-
ing W whose gr'’ belongs to the given I"-level structure (5.1.3), and for any specializa-
tion a at ¢ (1.3.1), there exists o € X such that the image of Hom((Ms /OF,)s,N) —

o’ X gr is contained in o and u(F(a)) generates a o-nilpotent orbit (5.1.5). Here F
denotes the Hodge filtration of H.

From this, we see that in the case I', = Gz 4, LMHg% — LMHg, is injective and
hence LMHg )F is regarded as a subfunctor of LMHg. We will denote this subfunctor by

LMHg). (This injectivity is explained also from the fact that, in the case I'y, = Gz 4,

H with the given gr'’V = (H(y))w is automatically endowed with a unique I'-level
structure.)
In the case I', = Gz, we denote I'\ Dg 5; by

Jsx, orsimply by Js.

Theorem 5.3.3. As an object of B(log) over S, I'\Dg x. represents LMng)F
This will be proved in §5.4.

§5.4. PROOFS

The results in §5.2-5.3 are reduced to the ones in §2. We explain this reduction here.
Let the notation be as in §5.1-5.3.

5.4.1. We define a modification A® = (H§, W€, ((, )$)w, (h*P?), o) of A = (Ho, W, ((, )w)w, (R?9
in 5.1.1 (1). Then, the results in §5.2-5.3 are reduced to the results in §2 for A°.
Take an integer r such that Wy, = 0. Let HE () be I if w = 2r — 2, be Z if w = 2r,
and be Hy () if w # 2r —2,2r. Let H§f = @, cz Hg’(w) =1"®Z ® Hy. Let the finite
increasing filtration W* on Hg g be the evident one.
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Define the bilinear form (, )5, : Hf (w) R XHS () r = Roas follows. If w # 2r—2, 2r,

it is just the bilinear form ( , ), on Hy (). If w = 2r —2, it is any fixed positive definite
symmetric bilinear form R ® IV x R ® I — R which is rational over Q. If w = 2r, it
is the form R x R — R, (z,y) — zv.

Let h®P9 be rank(I') if p=g=1r —1, be 1 if p = ¢ = r, and be hP? otherwise.

We denote by D¢ the classifying space in §2 for A® = (H§, We, ((, )$,)w, (RSP 9), o).

For a nilpotent cone ¢ in §5.1, we regard o as a nilpotent cone in §2 for A® in the
following way. For IV € o, we regard it as a linear map Hg g — Hg g whose restriction

to Hyr is Hyr ]ig Hyr C H&R, whose restriction to R®I7 = Hg’(%_z)’R is 0, and
which sends 1 € R = Hg’(%) to the image of N in R® IV = HS,(2T—2),R C Hg g under
o—0 Cog 2~R®I” (5.1.1). (Note that, by 1.2.2.1, if the original nilpotent cone in
the sense of §5.1 is admissible, then it is also admissible when regarded as a cone in the
sense of §2.)

By this, a weak fan Y in §5.1 is regarded as a weak fan in §2 for A°.

We denote the objects E,, Gz etc. of §2 for A®, by ES, G, etc.

I' in §5.1 is regarded as a subgroup of G5 in the following way. We regard (a,b) € I’
(a € I, b € Gz) as an element of G5 whose restriction to Hy is b, whose restriction
to IV = HS,(zr—2) is the identity map, and which sends 1 € Z = Hg,(%) to the sum
of 1 € H&(QT)
strongly compatible) in the sense of §5.1 if and only if they are compatible (resp. strongly
compatible) in the sense of §2 for A°. The notation I'(¢) in §5.1 and that in §2 for A°
are compatible.

We define a morphism o X D — D¢ as follows. An element a € o corresponds to
a decreasing filtration f(a) on Vg :=C @I C = HS,(ZT—2),C D H&QT%C given by

and the element a of IV = H§ (9,_9)- 2 and I' are compatible (resp.

fla) ™t =0cC f(a)" =C-(a,1) C fla)" ' = Vg,

where a in (a, 1) is identified with an element of C ® I'” via the canonical isomorphism
0c ~ C®I”. The map o X D — D€ sends an element (a, F') of 0 X D to the element
f(a) @ F of D¢ defined as the direct sum of f(a) and F on Vo @ Hy.c = Hf .

Note that, via the above morphism, o X D is a closed analytic submanifold of D¢.

Proposition 5.4.2. Let Sy = E!, as in 5.1.1-5.1.3. Then the following diagram is
cartesian in B(log).
Es,o, —— ES

| |

ohx D —— D

Here the lower horizontal arrow sends (z,F) (z € o, F € D) to f(2) ® F as in 5.4.1,
the left vertical arrow sends (s, z,q,F) to (z,F) (s € So,2 € 0, q € toric,, F € D),
the right vertical arrow sends (¢, F) to F (q € toric,, F' € D®), and the upper horizontal
arrow sends (s,z,q,F) to (q, f(z) ® F).
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This is seen easily.

5.4.3. We give preliminaries to Propositions 5.4.4 and 5.4.5.

Let X, Y be topological spaces, let r : X — Y be a continuous map, and assume
that, locally on Y, there is a continuous map s : Y — X such that r o s is the identity
map of Y. Let B be a subspace of Y and let A = r~(B).

5.4.3.1. Endow A with the topology as a subspace of X. Then as is easily seen,
the following two topologies on B coincide. The image of the topology of A under
r: A — B, and the inverse image of the topology of Y.

5.4.3.2. Assume furthermore that X (resp. Y) is endowed with a subsheaf Ox
(resp. Oy) of rings over C of the sheaf of C-valued continuous functions on X (resp.
Y). Assume that the stalks of Ox (resp. Oy ) are local rings. Assume that r respects
these sheaves and assume that, locally on Y, we can take s as above which respects
these sheaves.

Let O 4 be the subsheaf of the sheaf of C-valued continuous functions on A defined
as follows. For a C-valued continuous function f on an open set U of A, f belongs to
O 4 if and only if, for any x € U, there are an open neighborhood U’ of z in U, an open
neighborhood V' of z in X such that U’ C V, and an element g of Ox (V') such that the
restrictions of f and g to U’ coincide.

Then it is easy to see the coincidence of the following two subsheaves (1) and (2)
of the sheaf of C-valued continuous functions on B: Let f be a C-valued continuous
function on an open set U of B. f belongs to the sheaf (1) if and only if f or belongs
to Oa(r~1(U)). f belongs to the sheaf (2) if and only if, for any y € U, there are an
open neighborhood U’ of y in U, an open neighborhood V of y in Y such that U’ C V,
and an element g of Oy (V') such that the restrictions of f and g to U’ coincide.

Let Op be this sheaf on B.

5.4.3.3. Assume further that we have elements fi,..., f, of Ox(X) such that A =

{r € X | fi(x) = --- = fu(x) = 0} and such that the kernel of Ox|4 — O4 is the
ideal generated by fi,..., f,. Here Ox|4 is the sheaf-theoretic inverse image of Ox by
A — X. Then locally on Y, for s as above, B={y €Y | fios(y) =--- = fnos(y) =0}

and the kernel of Oy|p — Op is the ideal generated by fios,..., f, 0s.

5.4.3.4. Assume further that Y is endowed with a log structure My . Let Mx (resp.
M 4) be the inverse image of My on X (resp. A) and assume that the structural map
My — O, of log structure is injective.

Then the following two log structures (1) and (2) on B coincide. (1) For an open
set U of B, Mp(U) is the subset of Op(U) consisting of all elements whose pullback to
r~1(U) belongs to the image of M4 — O4. (2) The inverse image of My on B.

5.4.3.5. Assume furthermore that X and Y belong to B(log). Let H be a complex
Lie group. Assume that an action of H on X in B(log) is given, and assume that X
is an H-torsor over Y in B(log). Note that A belongs to B(log). By the above, B also
belongs to B(log). Assume that H acts also on A in B(log) and assume that this action
is compatible with the action of H on X. Then A is an H-torsor over B in B(log).
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Proof of 5.4.3.5. Considering locally on B, we may assume that we have s : Y — X as
above. Hence we have H XY — X, (h,y) — h-s(y). Let t : X — H be the composition
X ~ HxY — H. Then we have a morphism A — H x B, a +— (t(a),r(a)) which is
the inverse map of the morphism H x B — A, (h,b) — h - s(b). These morphisms are
inverse to each other in B(log). This proves that A is an H-torsor over B in B(log). O

It follows that the diagram
A— B

Lo

X —Y

in B(log) is cartesian.

Proposition 5.4.4. (i) I'(0)®P\Dg, » is a relative log manifold over Sy.
(ii) Es,.o s a relative log manifold over Sy.
(ili) Fsy,o — I'(0)®P\Dsg, - is a oc-torsor in the category B(log).

Proof. We apply 5.4.3 by taking
X=E;, Y=I(0)\Dg, A=FEs,,, B=TI(0)*\Dg,.-

By 5.4.3, I'(0)8P\ Dg, » € B(log) and we have (iii). By (iii), (i) and (ii) are equivalent.
Hence it is sufficient to prove (ii). This is reduced to the fact that the morphism

oG X toric, — toricyr,  (2,q) — e(2) - q(gr')

is log smooth. We prove this. Let S = I'(0)Y, &’ = I"(¢’)V. Then, the last mor-
phism is isomorphic to Spec(C[S'8P X S])an — Spec(C[S'])an induced by an injective
homomorphism A : 8’ — §’8P x S. Hence the morphism is log smooth. [

In the following, > is a weak fan in the sense of §5.1. Let o € 3.

Proposition 5.4.5. (i) I'\Dg, s is a relative log manifold over Sy.
(ii) The morphism I'(0)8P\Dg, » — I'\Dg, 5 in B(log) is locally an isomorphism.
(iii) I'\Dg, » is Hausdorff.

Proof. By the next lemma, we can apply 5.4.3 by taking
X =Usex T@)F\DZ, Y =T\Dg, A= |l,exT(0)*\Dsy 0, B =T\Dg, 5.

By 5.4.3.1-5.4.3.4, I'\Dg, ». belongs to B(log) and we have (ii) by 2.5.4. (ii) and 5.4.4
(i) imply (i). (iii) follows from the fact that I'\ D§, is Hausdorff (2.5.5). O
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Lemma 5.4.6. For o € X, the following diagrams of sets are cartesian.

Dgyg —_— DS,E F(U)gp\DSJ —_— F\D&E
De — Dg, I'(0)eP\D¢ —— T\Dg.

The proof of this lemma is easy.

We prove 5.2.8. Recall that we endowed I'\ Dg »; with the structure of an object of
B(log) by regarding it as the fiber product of S — Sy <~ I'\Dg, 5, where S — S is a
strict morphism in B(log) as in 5.1.1 (4). Hence Theorem 5.2.8 follows from Proposition
5.4.5.

5.4.7. We prove Theorem 5.3.3. By 2.6.6 for A®, I'\D§, represents the moduli
functor LMHge for ®°¢ := (A, X,T"). From 5.4.2, we have that the subspace I'\ Dg, 5
of I'\D§, represents the subfunctor of LMHg. consisting of the classes of LMH which
are the direct sum of an LMH H of weight > 2r and an LMH h of weight < 2r. The
projection Es, » — Sy C toricys x D(gr'V) represents h@ H + (h, H(gr'V')). Hence over
So, T\ Dg,.s is the moduli space of this H with given H(gr''), and hence represents

b
LMH{Y. O
§5.5. RELATION WITH §2

5.5.1. We explain the relation between the method in §2 and the method in §5,
starting from the former. Let the situation be as in §2.

Let 3 be a weak fan, and let I' be a neat subgroup of Gz which is strongly compatible
with .

Let o, be a sharp rational nilpotent cone in gr(gr!’) for each w. Assume that, for
any o € ¥ and for any w, the image of o in gr(gr!’) is contained in o,,.

Let ', be a neat subgroup of Ggz(gr!”) for each w. Assume that for each w, the
image of I in Gz(gr?) is contained in T',,.

Assume that the fan face(o,) and I'y, are strongly compatible.

Let S be an object of B(log). Assume that we are given a morphism S — I',,\ D(gr!V),. i
for each w. As in the papers [KNU10a] and [KNU10c]|, we consider the fiber product of

S = 1L, Tu\D(grW ), + I\ Ds.

Assume that S — [[, ['w\D(grly )., is strict. Assume also that the homomorphism
I' = [[, I'w is surjective. Then, from this fiber product, the space in this section is
constructed as follows.

Let H(,) be the pullback on S of the universal polarized log Hodge structure of
weight w on I, \D(gr}) )s.,, and let Q = (H(y))w-

Locally on S, the morphism S — T',\D(gr’V),. factors as S — E(gr¥),. —
L,\D(grl) )o,. We have the situation of 5.1.1 by taking Hp (,y = Ho(gr)) ) and P
the dual fs monoid of [[ I'y(0yw). We have o' =[], ow, I = [[, [w(ow)®, and
> can be regarded as a weak fan in the sense of 5.1.6 by identifying ¢ € ¥ with
{(Ny/,N) | N € o}, where N, is the image of N in o¢’.

Let I' C T be the inverse image of I C [],, Tw-
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Proposition 5.5.2. We have a canonical isomorphism
F\DSE ~ S X[, Tw\D(er? ), F\Dz
in the category B(log)/S.

Proof. We have a canonical map Dg s, — Dy, which sends (s, 0, Z) to (o,exp(oc)F),
where F is any element of D such that (a, F') € Z for some a € of.

The induced map I\Dgx = Y := S X1 r,\p(erw),, I\Ds is bijective. In fact, it
is easy to see the surjectivity, and the injectivity is reduced to the following Claim 1.

Claim 1. Assume(saZ)EDSEand(aJ,F)EZ for j =1,2, withse S, o€,
Z; CO’CXD aj € oc =11, awc,FeD Then a; = ay (hence Z; = Z5).

We prove Claim 1. By the definition of Dg 5, for j = 1,2, the image of s in Sy = E/, is
e(a;)-0,(gr"), exp(—a;)F(gr')). Hence exp(—ay)F(gr'") = exp(—a2) F(gr""). Since
(o, F (gr")) generates a nilpotent orbit, this implies a; = as by [KU09] Proposition
7.2.9 (i).

We will prove

Claim 2. In the case S = Sy = [[,, E(gr?),.,, the above bijection T\Dgx — Y is
in fact an isomorphism I'\Dg, »» — Y in B(log).

By the base change by S — Sy, the isomorphism in Claim 2 induces an isomorphism
M\ Dsys — Y in B(log)/S in general.

We prove Claim 2. By Theorem 2.5.4 and Theorem 5.2.8 (ii), it is sufficient to prove
that for each o € ¥, the morphism of B(log) from T'(¢)8P\ Dg, ., to the fiber product of

So — HFw(Uw)gp\D(grz;V)aw « [(0)*"\D,

is locally an isomorphism. By Theorem 2.5.3, Sy = E’, — [, Tw(0w)8P\D(gr¥))s.,
is a og-torsor and E, in §2 is a oc-torsor over I'(0)8P\D,. Furthermore, Eg, , is a
oc-torsor over I'(0)8\ Dg, , by Proposition 5.2.6 (ii). Hence Claim 2 is reduced to the
evident fact that the canonical morphism Eg, , — 0 X E, is an isomorphism. [

5.5.3. Thus, to construct the moduli space of LMH with given graded quotients
of the weight filtration, there are two methods. One is the method in [KNU10a] and
[KNU10c]| to take the fiber product as in the above 5.5.1, and the other is the method
of this §5. As advantages of the method of §5, we have:

(1) As is shown in §6, the Néron model and the connected Néron model can be
constructed by the method of §5 even in the case of higher dimensional base S. In
the method of §2, to obtain such models, the period map S — I"\Ds of the gr'V’
necessary to define the fiber product. But, since such a period map of the gr'¥' can
exist in general only after some blowing-up (see §4.3 of [KU09]), we may have to blow
up the base S in the method of §2.

(2) The case with no polarization on gr'V' can be sometimes treated. (See 7.1.4 for
example.)
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§6. NERON MODELS

In this section, we construct the Néron model and the connected Néron model in
degeneration of Hodge structures. In the case of Hodge structures corresponding to
abelian varieties of semi-stable reductions, these coincide with the classical Néron model
and the connected Néron model in the theory of degeneration of abelian varieties. We
expect that the constructions of such models are useful in the study of degeneration of
intermediate Jacobians. In the case of degeneration of intermediate Jacobians of Grif-
fiths [G68a] and [G68b], our connected Néron model coincides with the model of Zucker
[Z76] (which need not be Hausdorff') modified by putting slits (then we have a Hausdorff
space), and under certain assumptions, our Néron model coincides with the models con-
structed by Clemens [C83] and by Green-Griffiths-Kerr ([GGK10]), respectively. See
6.3.5 for further relationships with other works.

In §6.4, we give the proofs of the results in [KNU10c| which were omitted there.

§6.1. RESULTS ON NERON MODELS AND CONNECTED NERON MODELS

In §6.1-§6.3, as in §5, let S be an object of B(log), and assume that for each w € Z,
we are given a polarized log Hodge structure H,, of weight w on S. Assume H(,) =0
for almost all w. Let S° be S regarded as an object of B by forgetting the log structure.

In this section, we prove the following Theorem 6.1.1: the existence of the connected
Néron model (resp. Néron model) which represents the functor of isomorphism classes
of LMH whose Z-structure Hz splits (resp. whose Q-structure Hq := Hz ®z Q splits).

Theorem 6.1.1. There is a relative log manifold Jy (resp. Jy) over S which is strict
over S and which represents the following functor on B/S®:

B/S° > S+ the set of all isomorphism classes of LMH H on S’ with H(grlV) =
Hyy (w € Z) satisfying the following condition: Locally on S, there is a splitting
Hq(grV') ~ Hq (resp. Hz(gr"') ~ Hgz) of the weight filtration W on the local system
Hq (resp. Hz) on (S")°e.

In the description of the functor in 6.1.1, S’ € B/S° is endowed with the inverse
image of the log structure of S.

The proof of Theorem 6.1.1 is given in §6.2.

6.1.2. We call the relative log manifold J; the Néron model, and Jy the connected
Néron model.

In the case of degeneration of abelian varieties, these terminologies agree with the
classical ones (see 6.1.7).

6.1.3. Let w € Z, w < 0. Assume H) = 0 for k¥ # w,0, and that H) = Z. Let
H' = H,). Consider the exact sequence on Slog

0 — Hy — Hjpog /FY — HZ\H 1o /F° — 0.
Descending this by 7 : §'°¢ — S, we have an exact sequence of sheaves of abelian groups
on B(log)/S
0 — r.Hy\(H})/FYH))*C — Ext'(Z, H') — R'7.HY,.
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Here ( )*¢ is the small Griffiths part, i.e., the part restricted by the Griffiths transver-
sality after pulling-back to each point s € S (cf. [KU09] 2.4.9), and Ext'(Z,H') :=
Extf iy / s(Z,H') is the Ext-sheaf of the category of LMH which is identified with the

subgroup of 7. (Hy\H}y., /F°)*C restricted by the condition of the admissibility of local
monodromy.

Proposition 6.1.4. In the situation of 6.1.3:
(i) On B/S°, the Néron model represents

Ker(Ext'(Z,H') — R'r.Hy — R'1.H).

(ii) On B/S°, the connected Néron model represents

Ker(Ext'(Z,H') — R'1.HY) = 1. Hy\(H}, /FOH},)C .

The proof is given in §6.3.

6.1.5. Remark 1. In the situation of 6.1.3, Zucker ([Z76]) constructed a model,
which is 7. Hy\H{,/F"H/, in the notation above. Hence, 6.1.4 (ii) shows that in the
situation of 6.1.3, the connected Néron model is the Zucker model modified by putting
slits induced by the small Griffiths transversality. Cf. [Sa.p|, [SS11].

Remark 2. Proposition 6.1.4 shows that in the situation of 6.1.3, the Néron model
and the connected Néron model are commutative group objects over S which represent
subgroup functors of Ext*(Z, H') on B/S°.

For an object S of B(log) and for an integer r, we say the log rank of S is < r if
rankz (M5 /O%)s) <r for any s € S. As an example which appears in 6.1.8 below, if
S is a complex analytic manifold with a smooth divisor which gives the log structure
of S, then the log rank of S is < 1.

Corollary 6.1.6. In the situation of 6.1.3, assume furthermore w = —1 and the log
rank of S is < 1. Then, on B/S°, the Néron model represents Ext*(Z, H').

Proof. 1t is sufficient to prove that under the assumption of 6.1.6, W on the local system
Hq on Sl°g of any LMH H splits locally on S. We prove this.

Consider first the case where S is a point s = Spec(C) with an fs log structure.
We may assume that the log structure of s is non-trivial. Let ¢t € s'°8. Let v be a
generator of 71(s'°8) and let N = log(y) : Hq: — Hq:- Let e be an element of
M(N,W)oHgq which lifts 1 € Z = gr}/ Hz ;. Then N(e) € M(N,W)_s gt} Hq . By
the admissibility of local monodromy, we have

M(N,W)_ogr™, Hq, C Image(N : gt"¥] Hq; — g™} Hq.1).
Hence there is v € gr'¥] Hq  such that N(e) = N(v). Replacing e by e — v, we find e

such that N(e) = 0. This e gives a splitting of W on Hq.
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Now we consider general S. Let F be the sheaf on S'°% of splittings of W of Hq. By
the proper base change theorem for the proper map 7 : §1°¢ — S, we have for s € S

T*(.F)S ~ F(T_I(S),f‘,r—l(s)).

As we have seen, I'(77!(s), F|,-1(5)) is non-empty. Hence 7,(F) is non-empty. Thus
a splitting of W on Hq exists on an open neighborhood of s in §.

6.1.7. We consider the relation with the classical Néron models of abelian varieties.
Let S be an algebraic curve over C, and let B be an abelian variety over the function field
of S which has good reductions at any point of an open set U =: § \. I and semi-stable
reduction at any point in I. Let H{; be the variation { H!(B;)(1)}sev of Hodge structure
of weight —1 on U associated to B. Over U, B is identified with Hy\ H(,/F"H/,. Since
B is polarizable, H{, is polarizable. Furthermore, by the assumption of semi-stability,
H{; has unipotent local monodromy at any point of I. Hence H{; extends to a polarizable
log Hodge structure H' of weight —1 on S endowed with the log structure defined by
I by the nilpotent orbit theorem of Schmid ([Scm73]) (which is interpreted in terms of
log Hodge structures as in [KMNO02| Proposition 2.5, [KU09] 2.5.14).

By 6.1.3-6.1.6, our connected Néron model represents 7. Hy\H{,/F'H{, (the small
Griffiths transversality is automatically satisfied), our Néron model represents Ext!(Z, H') =}
Ker(7.(Hy\H . /F°) = R'7.Hg), and we have an exact sequence

0 — 7(Hy)\Hp/FOHY — Ext'(Z, H') — R (Hy)tor — 0,

where “tor” denotes the torsion part. These tell that our Néron model (resp. our con-
nected Néron model) coincides with the classical Néron model (resp. classical connected
Néron model) of B over S.

Corollary 6.1.8. (Cf. [GGK10].) In the situation of 6.1.6, assume that S is a complex
analytic manifold with a smooth divisor which gives the log structure of S. Then we
have

(a section of the Néron model over S)
= (@ normal function on S* which is admissible with respect to S).
Here S* is the complement of the divisor in S.

(Cf. [Sa96] for admissible normal functions.)

§6.2. MoDULI SPACES OF LMH WITH Q-SPLITTING LOCAL MONODROMY

In this subsection, we prove Theorem 6.1.1.

Let S and (H(,))w be as in §6.1. Since we may work locally on S, we may and do
assume that we are given the data (1)—(5) in 5.1.1, by 5.1.2.

Let I'), = Gz, and let ' =17 Xy, Gz be the corresponding group (5.1.7).

We construct certain weak fans 31 and 3 in the sense of §5 explicitly, and show
that the Néron model J; in Theorem 6.1.1 is Jy, and the connected Néron model Jj is
Jz, (5.3.2).
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Theorem 6.2.1. Let o/ = Hom(P,R2) — gr(gr") — gr, a — aq, be the composite
map as in §5. Let Y be a subgroup of Gqu- Let 3(Y) be the set of cones o, =
{(z,Ad(v)zg) | € 7'} C 0’ x gr, where 7' ranges over all faces of o' and v ranges
over all elements of Y. Then X(Y) is a weak fan.

Proof. By construction, it is easy to see the rationality and the closedness under the
operation of taking a face. We examine the condition (1) in 5.1.6.

Let 7/, p" € face(o’) and let 74, pg be their images in ggr, respectively. Let v € T and
let pg.o = Ad(v)(pg). Note that pg ., coincides with the image of o, ,, in gr.

Assume that N is in the interior of o,/ and of 0, ,. Let F' € D. Assume that
(071, F) and (0, ., F') generate nilpotent orbits.

We first claim that Ngu = vNy. In fact, gtV (Ny) = gr'V'(Ad(v)™'N,) because
v €Y C Gqu- On the other hand, Ny € 74 and Ad(v) !Ny € p, are pure of weight
0 with respect to W under the fixed splitting of W. Hence Ny = Ad(v) !Ny, that is,
Ngv = vNNy.

Since face(c’) is a fan and the image of N in ¢’ is in the interior of 7" and of p’, we
see 7' = p/.

Since (0,1, F) generates a nilpotent orbit, the action of 743 on Hy g is admissible
with respect to W. By 2.2.8, the adjoint action of 7y on ggr is admissible with respect
to the filtration Wggr on gr induced by W.

Let M = M(Ad(Ny),Wgr). Since v—1 € (Wgr)_1 and Ad(Ny)(v—1) =0, we see
v—1¢€M_; by 1.2.1.3.

Let h € 74. Then Ad(h)M_; C M_3 by definition of M. Hence, by the above
result, hv — vh = h(v — 1) — (v — 1)h € M_3. Applying v~=! from the right, we have
h —vhv=t € M_3. Since (74, F) and (74, := Ad(v)(74), F') generate nilpotent orbits
in the sense of §2 (cf. 5.1.5), we have h € F~lgc and vhv=! € F~lgc, respectively
(Griffiths transversality). Hence h — vhv~! € F~lgg, and hence h — vhv=t € M_3nN
F~lgc N F~lgc = 0. Here we use the fact that (M, Fgc) is an R-mixed Hodge
structure. Thus we have 73 = 745, = pg,n. Here the second equality follows from
7' = p’. Hence 0,/ 1 = 0, ,, and the condition (1) in 5.1.6 is verified. [

[KNU10c] §2 contains an analogous result (ibid. Theorem 2.1) and its proof by the
method of §2 in this paper. Theorem 6.2.1 above is its generalization by the method of

§5.

6.2.2. Recall that I', = Gz ,. So I is a semi-direct product of I' in 5.1.1 (3) and
Gz
Take a subgroup T of Gq . Assume

(1) Gz, C Y.
(2) Int(y)Y =T for any v € ' := Image(I' — Gz).
Gz, and Gq,, are examples of T which satisfy (1) and (2).

Lemma 6.2.3. Under the assumption on Y in 6.2.2, X(Y) is strongly compatible with
I.
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Proof. By Remark in 5.1.8, it is enough to show that ¥ := ¥(7T) is compatible with
I'. Let 7/ € face(o’) and v € Y. Let 7y := 0,/ , (6.2.1). Fix v € I'. We have to show
Ad(y)(m) € ¥. Since I is a semi-direct product of I and Gz, (6.2.2), and since Gz,
is contained in Y by the property (1) of T, we may assume that v € I, By the property
(2) of T, there exists v’ € T such that yg:v = v"yq/. Then, Ad(y)(m1) = Ad(v')(0+ ),
where 0,/ 4 = {(z,Ad(y¢ )xy) | x € 7'}. Hence it is enough to show that o,/ , belongs
to X. But, 0,/ 4 = 0,1, and this certainly belongs to 3. The compatibility of ¥ and I'
is proved. [J

As in 5.3.2, for a weak fan ¥ which is strongly compatible with I, let Jy, = I'\Dg 5.

Lemma 6.2.4. Let 7' be a face of o' and let v € Gq.. Let I'(7") be the face of
Hom(P,N) corresponding to 7'. Then, the canonical map I'(o, ) — I'(7") is of Kum-
mer type, that is, it is injective and some power of any element of I (") belongs to its
mage.

Proof. First, let v be an element of I'(¢;/ ,,). Let 75 be the image of v in Gz. Let
7" be the image of v in I''(7"). Let 74 be the image of 7/ in G7;. v(; is identified with
its trivial extension in Gz. Since v~ !ygwv is also the trivial extension of 7/, it coincides
with 5. Hence v¢ = vy,v~t. It implies that ¢ is recovered from 7, and hence 7 is
recovered by 7’. This means that the canonical map I'(o, ) — I(7') is injective.

Next, let 4" be an element of I'(7’). Let 7¢ be the image of 4/ in G, C Gz.
Then, v belongs to the image of the above map if and only if vy;v~! belongs to
I'¢ = Image(I" — Gz), which is equivalent to that vy;v~! belongs to Gz. Hence, to
prove that the canonical map is of Kummer type, it suffices to show that there exists
n > 1 such that v(y5)"v~! belongs to Gz for any ' € I'(7/). But, we can take
an n such that n Ad(v)log(vy) sends Hy into Hy for any +' € IV(7'). Multiplying
n if necessary, we may assume further that Int(v)((vy¢)"™) sends Hy into Hy for any
~" € I'(7"). This n satisfies the desired condition. [

As in the statement of 6.2.4, we say a homomorphism h : P — @ of fs monoids is
of Kummer type if it is injective and, for any ¢ € @), there exists an n > 1 such that
q" belongs to the image of h. We say a morphism f : X — Y in B(log) is of Kummer
type if, for any x € X, the homomorphism (My /Os), — (Mx/O% ), of fs monoids is
of Kummer type, where y = f(x).

Proposition 6.2.5. (Characterization of Jy for ¥ = 3(Y) with T as in 6.2.2.)
(i) Jx is of Kummer type over S.

(i1) For S’ of Kummer type over S, a morphism S’ — Js over S corresponds in
one-to-one manner to an isomorphism class of LMH H over S' with H(grlV) = Hw)
(w € Z) such that, locally on S', there is a splitting Hq(gr"') ~ Hq of the filtration
W on the local system Hg on (S')'°8 satisfying the following condition:  For any
local isomorphism Hz(gr'V') ~ Hy(gr™') on (S')1°® which belongs to the given T"-level
structure on Hz(gr"'), the composition Hq ~ Hq(gr"') ~ Hy q(gr"V') = Hp q sends
Hz onto vHy for some v € Y.
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Proof. (i) is by 6.2.4. We prove (ii). Since I' is a semi-direct product of I'V and
Gz, (6.2.2), any H € LMH(S’) has automatically a unique I'-level structure whose
gr’V belongs to the given I'-level structure. For t € (S')!°8, take a representative
i : Hz  — Hp of such I'-level structure, and put u}, := u(gr™").

The condition that H belongs to LMHg%(S”) (5.3.2), which Jy, represents by 5.3.3,

is equivalent to that, for any s € S’ and any t € 7!(s) C (5’)!°2, there exist a face p’
of ¢/ and v € T such that the image of the homomorphism

f: ﬂf(slog) — o' X gr

in 5.3.2 is contained in o, ,,. Here 7 (51°8) := Hom((Mgs//O%)s, N) C 71 (s'°8). If this
is the case, a := p; "oy, : Hq.(gr'') = Hq, extends to a local section over the
inverse image by 7 : (S")°¢ — S’ of some open neighborhood of s in S’. Since the
composition pja~! = vy, sends Hz ¢ onto vHy, this a satisfies the condition in (ii).
Conversely, if there is such a splitting a : Hg(gr'V') — Hgq satisfying the condition

in (ii), the homomorphism 7} (s1°8) — Aut(Hq ) factors into

Int(a
i (5°8) = T, Aut(Hq(zr)) 22 Aut(Hg,).

Define v := pla~'p;'. Then, v belongs to T by the property of a, and the homo-
morphism 77 (s!°8) — Aut(Hp q) is the composite of 77 (s'°8) — [, Aut(Ho q(gr?))
and Int(v) : [T, Aut(Ho.q(gryy)) < Aut(Ho.q) — Aut(Ho,q). Thus we see that f
is the composite of f' : 7 (s°8) — o’ x gk, the inclusion o’ x g < o’ x gr, and
1o X Ad(v) : 0/ x gr — o’ X gr. Let p’ be the smallest cone in ¥’ = face(o’) which
contains the image of f’. (Here we identify o’ with o’ x4 gg.) Then, the image of f
is contained in o, ,, € X(T). O

6.2.6. We now consider the Néron model and the connected Néron model.
Let

E() = Z(Gz,u),
Y1 :={0ms € 2(Gqu) | T(0 ) — T'(7') is an isomorphism}.

Then 3; is a weak fan which is strongly compatible with I', and Jx, coincides with
the open set of Jg (g, ,) consisting of all points at which Jggq ) — S is strict.

Proposition 6.2.7. (i) ¥y C X1. In particular, Jx, is an open subspace of Jx, .
(ii) Jx, (resp. Jx,) has the property of Jy (resp. Jy) in Theorem 6.1.1.
Proof. (i) is easy to see. (ii) follows from 5.2.8 (i) and 6.2.5. O

This proposition completes the proof of Theorem 6.1.1.

69



§6.3. CASE OF Ext!

Let the notation be as in §6.2.
We discuss more on the objects in §6.2 in the case where, for some w < 0, H() =0
for k # w,0, and H ) = Z.

6.3.1. Let H) = Ho(gr!V). So Ho(gr") = H, @ Z.
Hence,
GZ,u = H(l)v GQ,u = H(),Q:

and T satisfying (1) and (2) in 6.2.2 corresponds to a subgroup B of H q containing
H{ which is stable under the action of I'' (5.1.7).

The correspondence is as follows. Let h € H(I),Q' Then the corresponding element of
Gqusendse=1¢€ Z to e+ h.

6.3.2. In the situation 6.3.1,
(i) T = Gz, corresponds to B = H|,.
(ii) T = Gq,u corresponds to B = H q.

By the construction of the Néron model and the connected Néron model in 6.2.6—
6.2.7, Proposition 6.1.4 follows from the following proposition.

Proposition 6.3.3. On the full subcategory of B(log) consisting of all objects of Kum-
mer type over S, Jy for ¥ = X(Y) represents

Ker(Ext*(Z,H') — R'1,Hy — R'7.B),

where we denote by B the sub local system of Hé corresponding to the subgroup B C
Hj -

Proof. Let S" € B(log) be of Kummer type over S. Then for an H € LMHg(S5"),
the image of H in R'7,B vanishes if and only if locally on S’, the extension 0 —
H), — Hz — Z — 0 of local systems on (S’)1°® splits after pushed out by Hj — B.
The last condition is equivalent to the condition that locally on S’, there is a splitting
Hq(gr™') ~ Hq of W on Hgq such that the local isomorphism Hq ~ Hp q as in 6.2.5
(ii) sends Hz to Ze + B, i.e., onto vHy for some v € T. By 6.2.5 (ii), this is equivalent
to H € Jg(S/) ]

Proposition 6.3.4. Assume that S is of log rank < 1. Assume I ~ Z, and let v be
a generator of I''. Then 31 in 6.2.6 coincides with (Y1), where Yy is the subgroup of
Gq,u corresponding to the subgroup

By :={be€ Hyq|y'b—bec Hy}

of H(')’Q.

Proof. Replacing 7' by (7/)~! if necessary, we may assume 7' € Hom(P,N) C I'". Let
N’ be the logarithm of the image of 7' in gb. By abuse of notation, we denote its
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trivial extension in gq also by N'. Let v € Gqu, and let b = ve —e € Hj . Then the
homomorphism I'(R>¢ Ad(v)N’) — I" is an isomorphism if and only if vy,v~! € Gz,
where ¢, is the trivial extension in Gz of the image of 7' in G7, (cf. the proof of 6.2.4).
Since vygvTle — e = b — 7', the last condition is equivalent to b —'b € H{, i.e., to
v E Tl- O

6.3.5. We review some relationships with other works by summarizing [KNU10c]
4.18. (In [KNU10c] 4.18, “4.4, 4.15” should be replaced by “4.15”.)

Assume that we are in the situation of the beginning of this subsection.

If S is a disk and w = —1, Green-Griffiths-Kerr [GGK10] constructed a Néron model,
which is homeomorphic to ours (6.1.1, 6.3.4, [KNU10a] 8.2) as proved by Hayama [H11].

If S is of higher dimension, Brosnan-Pearlstein-Saito [BPS.p] constructed a gener-
alization of the Néron model of Green-Griffiths-Kerr. In [Scnl2], Schnell constructed
a connected Néron model, and compared it with [BPS.p]. The relationships between
theirs and the (connected) Néron model in this paper are not known.

6.3.6. Though we assumed H ) = Z in this §6.3, it is not essential. In fact, we can
study the case where there are only two non-trivial gr!’, say gr’’ and gr}’ with a < b,
by using its special case where b = 0 and H ) = Z, and by the canonical isomorphism

Ext'(gry,gry ) = Eat'(Z, (gry) )* ® gryy ).

6.3.7. Normal functions of the type treated in this subsection (i.e., sections of
Extl(Z, H') with H' of pure weight < 0) appear in several contexts. For example, let E
be a degenerating family of elliptic curves. Then, Ext!(Z, H*(E)(2)) is the target of the
associated Ka-regulator map. See [KP11] for more examples related to the generalized
Hodge conjecture.

§6.4. THE PROOFS FOR THE PREVIOUS ANNOUNCEMENTS

Here we give the proofs of the results in [KNU10c| which were omitted there.
Fix A = (Ho, W, ((, )w)w, (h?%)p ) asin 2.1.1. In this subsection, we use the method
of §2.

6.4.1. In [KNU10c|, we constructed some Néron models by the method of §2 in this
paper as follows. Let X! be a weak fan on gr!V for each w. Let I, be a subgroup
of Gz(grlV) for each w, which is strongly compatible with ¥/ . Let ¥’ := [ %/, and
I :=[[, I Let T be a subgroup of Gq,. Let ¥ = ¥y be the weak fan consisting
of all Y-translations of the trivial extension of ¥’ ([KNU10c| 2.1). Let I" be the inverse
image of I'V in Gz.

Assume

(1) Gz}u C T, and

(2) yYy~1 =7 for any v € T.
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Then, ¥ is strongly compatible with I' ([KNU10c] 4.2). This is shown in the same
way as 6.2.3. For any ¢’ € ¥’ and any v € Gq,, the map I'(Ad(v)(c)) — I''(¢’) is of
Kummer type, where o is the trivial extension of ¢’ (ibid. 4.3). This is shown in the
same way as 6.2.4. (The statement after ibid. 4.2 on its proof is misleading. In fact,
ibid. 4.3 is not necessary for the proof of ibid. 4.2.)

6.4.2. Let D’ := D(gr'"). Let S be an object of B(log). Assume that a morphism
S — T\ D%, is given. Then, we can obtain a moduli space of LMH with the given gr'V
on S as the fiber product Jy of S — I'"\ D%, < I'\Dy.

6.4.3. More precisely, Jx; represents the functor associating with 7" € B(log)/S the
set of isomorphism classes of an LMH H on T endowed with a I'-level structure p with
the given gr'V satisfying the following conditions (1) and (2).

(1) Locally on T, there is a splitting of the local system a : Hq(gr'V') ~ Hq such that
for any isomorphism b : Hz — Hoy = Ho(gr'V) belonging to p, we have ba gr'V (b)~! € Y.

(2) For any t € T'°2, any element of the smallest o’ € ¥/ whose exp contains the image
of the induced map 7y (1717 (¢)) — [[,, Aut(Ho(gr?)) satisfies Griffiths transversality
with respect to gr'V (by)a; ' (C ® oe Fi) on Ho, which is independent of the choice of a

T,t

specialization (9179}% — C at ¢ (1.3.1). Here F' is the Hodge filtration of H.
We do not use this fact in this paper and omit the proof.

6.4.4. In the following, we assume that ¥’ = face(][[o/,) for some o), € X! . Let
o be the trivial extension of ¢’ := [[o,. Let Ty be the subset of Gq , consisting of
all elements v such that I'(Ad(v)(¢)) — I'(¢’) is an isomorphism. Assume further
that there are only two non-trivial gr}’. Then, as [KNU10c] 4.6 (i) said, T; forms a
subgroup and satisfies (1) and (2) in 6.4.1. This is seen as follows.

Let a, b be integers with a < b, and assume gr!¥ = 0 unless w = a, b. In the following,
we use the same symbol for an element of Gr(gr'') and its trivial extension to Gr by
abuse of notation. Let v € Gq,,. As seen in the proof of 6.2.4, v belongs T if and
only if vy'v™1 belongs to Gz for any 7' € I(¢"). Since ' € Gz, the latter condition is
satisfied by any v € Gz, that is, Gz, C Y.

Next, to see that T forms a subgroup of Gq,,, we describe the above condition as
follows. Let g be the Hom(gr}", grl’)-component of v. Let v/, and ~; be the Gz (grlV)-
component and Gz(gr}”)-component of v/ respectively. Then, the Hom(gr}", grlV)-
component of vy'v™! is ¢y} — 7.q. Hence, the above condition is equivalent to the
condition that the element gv; — . q of Hom(gr}", gr?") sends (Ho N W,)/(Ho N Wpy_1)
into (HoNW,)/(HoNWea_1). If ¢1,q2 € Gq,y satisfy this last condition, then, ¢; —g2 also
satisfies it. Since Gq ., is naturally isomorphic to the additive group Hom(gr}", gr’¥),
our Y7 is a subgroup.

Finally, let v € T', and we prove YY1y~ ! = T1. Let v € T1. Let 7/ € I"(¢’). We
have to prove (yvy~ 1)y (yv=ty~!) € Gz. Since I is a semi-direct product of I and
Gz, and since any element of Gz ,, commutes with v (here we use the assumption that
gr’¥ = 0 unless w = a, b again), we may assume that v is in I''. Then, y~*¢'y € I and
log(v~14'y) = Ad(y~ 1) logy’ € Ad(y~1)(0") = o/, where the last equality is by the fact
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that X' = face (¢/) and I'" are compatible. Hence vy~1+'y € I'(¢’). Since v € Ty, this
implies that v(y~'y/v)v™! € Gz, and hence yvy~19yv~1y~1 € Gz, which completes
the proof.

6.4.5. Assume that we are in the situation of 6.4.4. Let T be asin 6.4.1. If T C T,
then, I'\Dy — I\ D%, is strict. As is said in [KNU10c| 4.6 (iii), this projection is a
relative manifold with slits in the sense of ibid. In fact, by 5.5.2, this is reduced to 5.2.8
(i) and the fact that any strict relative log manifold is a relative manifold with slits.

6.4.6. We continue to assume that we are in the situation of 6.4.4. Assume further
that there exists a strict morphism S — I\ D§,. Let ¥y, be the weak fan corresponding
to Ty (6.4.1). By 6.4.5, Js, — S is strict and a relative manifold with slits.

As is said in [KNU10c| 4.8, the following (i)—(iii) hold.

(i) For an object T" of B/S°, there is a natural functorial injection ¢(T") : Morge (T, Js, ) —|
{H|LMH on T with the given gr'¥ such that W on Hq splits locally on T'}.

(i) If dim(o’) = 1, then ¢ is bijective.

(iii) Assume that s € S is given such that 7 (s!°¢) — I''(¢”) is bijective. Let T — S
be a strict morphism, and let ¢ € T' be a point lying over s. Then, the stalk of ¢ at ¢ is
bijective.

(i) is proved similarly as 6.2.5.

We prove (ii) and (iii). Let T"— S be a strict morphism from an object T" in B(log).
Let (H,b) be an LMH over T with polarized graded quotients endowed with a I'-level
structure. Assume that its gr'” is the given one and that W splits locally on T. To
prove (ii) (resp. (iii)), it is enough to show that, under the assumption of (ii) (resp.
(iii)), (H,b) satisfies the conditions (1) and (2) in 2.6.2 (resp. after replacing 7" with an
open neighborhood of ).

First, 2.6.2 (1) is always satisfied.

We consider the condition 2.6.2 (2). Let t € T lying over s € S and ¢’ € T'°® lying
over t. Let by be a representative of the germ of b at t'. Since T — S — I” \ D%, is strict,
the map f' : wf (#°8) = 7 (5!°8) — I'(0”) is injective and its image is a face. On the
other hand, since the W on the local system splits over Q, there exists v € Gq,,, such

that the image of the map f : 7 (#'°8) — Aut(Hy) is contained in exp(Ad(v)(c’)). We

observe that if f’ is surjective, then v € Y;. This is because f’ factors as 7 (#1°%) EN

['(Ad(v)(0’)) < I'(0”) so that if f’ is surjective, then I'(Ad(v)(o’)) < I''(¢’) becomes
an isomorphism.

Now we assume that S is of log rank < 1. Then, the map f’ is either trivial or
surjective. Hence, in both cases, the image of f is contained in exp(Ad(v)(o’)) for some
v € T1. Thus the former half of 2.6.2 (2) is satisfied. Further, by (C ®Olﬁgt/ Fy) satisfies

the Griffiths transversality with respect to each element of the image of f . This implies
that it generates a 7-nilpotent orbit, where 7 is the smallest cone of ¥y, such that
exp(7) contains the image of f (that is, 7 is {0} or Ad(v)(¢’)). Therefore, the latter
half of 2.6.2 (2) is also satisfied, which completes the proof of (ii).
Finally, suppose that we are in the situation of (iii). Then, at least, the image of
f at the prescribed t is contained in exp(Ad(v)(o’)) for some v € T because f’ at ¢
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is bijective by the assumption. Since, for any point v of T" which is sufficiently near ¢,
the map f at u naturally factors as m; (u'°8) — 7 (#1°8) — Aut(Hy), the image of f at
u is contained in exp(Ad(v)(7")), where 7/ is the smallest face of ¢’ such that exp(7’)
contains the image of f’ at u. Hence, after replacing T', the former part of 2.6.2 (2)
is satisfied. In fact, Ad(v)(7’) is the smallest cone which has the above property that
its exp contains the image of f at u. Since the Griffiths transversality is satisfied with
respect to each element of this cone, the latter half of 2.6.2 (2) is also satisfied, which
completes the proof of (iii).

6.4.7. Let the assumption be as in 6.4.6. Let T; be as in 6.4.4. From now on, as in
6.3, assume further gr)¥ = Z with the standard polarization, and there is w < 0 such
that gr}¥’ = 0 for k # 0, w.

Then, T; corresponds to the subgroup By = {x € Hj q | vz — z € Hj for all v €
["(o')} of Hy . This is seen similarly as in the proof of 6.3.4.

Let T be as in 6.4.1 and assume T C T;. Let B be the subgroup of H(’)’Q corre-
sponding to Y. Then, on B/S°, Js represents the functor {LMH with the given gr'¥’
whose image in R'7, H,, belongs to the kernel of R'7,H, — R'7.B} ([KNU10c] 4.11).
This is easily seen in the same way as 6.3.3.

6.4.8. Let the assumption be as in 6.4.6. In [KNU10c] 4.4, we called Jx; the connected
Néron model when T = Gz . Also, in [KNU10c] 4.7, we called Js, the Néron model.

As seen easily, the connected Néron model in this sense is the connected Néron
model in this paper (6.1.1). However, the Néron model in this sense is not necessarily
the Néron model in this paper (6.1.1). Their relationship is as follows. Consider the
weak fan ¥ := {Ad(v)(7’) |v € Gqu, ™ € ¥, such that I'(Ad(v)(7")) ~I"(7’)}. Then
Yy, is a subfan of ¥;. Let Jx, be the fiber product of S — I'"\ D%, < I'\Dy,. Then,
this Jyx, is the Néron model in this paper, and Jx., is an open subspace of Jx, having
a group structure.

6.4.9. Finally, we remark that, though the assumption of the existence of a strict
morphism S — I"\Dg, in 6.4.6 is rather restrictive, the following holds. Let S be
an object of B(log) whose log rank is < 1. We assume that we are given a family
Q = (H(y))wez of PLH’s over S. Then, as was stated in [KNU10c] 4.14, locally on S,
we can always take X', I, and a strict morphism S — I\ D%, such that the pullback
of the canonical family of PLH’s on I\ D%, is isomorphic to . (The assumption in
[KNU10c] 4.14 was inaccurate.) This is shown in [KU09] 4.3.

We remark also that, for a general S, the conclusion of 6.4.7 holds even if the strict-
ness is weakened into the condition that S — I\ Dg, is log injective. Here a morphism
f: X =Y in B(log) is called log injective if the induced map f~1(My /Os) — Mx/O%
is injective.

§7. EXAMPLES AND COMPLEMENTS

In 7.1, basic examples, including log abelian varieties and log complex tori, are
described. In 7.2, we discuss by examples why weak fans are essential. In 7.3, we
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propose some problems on the existence of complete weak fans. A partial affirmative
result for one of them is in 7.4. In 7.5, we gather some statements on the existences of
period maps.
§7.1. BASIC EXAMPLES
71.1.0—>Z(1) - H—~Z—0.

We take A = (Ho, W, ((, Yw)w, (h"9)p ) in 2.1.1 as follows. Let
Hy=17%=Ze, & Zeo,

W_3s=0CW_o=W_1=Rey CWy= H07R,
<€/1,€/1>_2 =1, <e/27€/2>0 =1,

where for j =1 (resp. j = 2), €; denotes the image of e; in gr'¥y (resp. gry"),
RO =p~b1 =1 AP? = for all the other (p, q).
Then D = C, where z € C corresponds to F' = F(z) € D defined by
F'=0CF’=C-(ze; +e3) CF ' =Hyc.

This D appeared in [KNU09] and [KNU11| as Example 1.

Let

I'=Gz.,= (é ?) C Aut(Ho, W, ((; )w)w),

5= {0,~0,{0})} with +o— (g 1%20) C on.

Then ¥ is a fan and is strongly compatible with I'. We have
D=C—TI\D=C*cI\Ds =P!(C),

where P1(C) is endowed with the log structure corresponding to the divisor {0,c0}.
Here C — C* corresponding to D — T'\D is z — €2 and 0 (resp. co) € P!(C)
corresponds to the class of the nilpotent orbit (o, Z) (resp. (—o, Z)), where Z = D. We
have Dy, ya1 = Dy. We have

Dﬁz = Dﬁz,val = DéL(2) = Déi(z) =R x [~00, ]

as topological spaces, where the second equality is given by the CKS map (§3.3), the last
equality is given in [KNU11] 3.6.1 Example I, D = C is embedded in R x [—o0, 0] by
x+1iy — (z,y) (z,y € R), and the projection DﬁE — I'\ Dy, sends (z,y) € R x [—00, 0]
to e2m(=+t) ¢ P1(C).
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Next we treat this example by the formulation in §5. Let S be an object of B(log)
and let Q = (H(y))w With

H_9y=1Z(1), Hpy=12Z, Hy)=0 forw# —2,0.

Then LMHq = Ext{ (2, Z(1)) is identified with the following functor. For an object
T of B(log) over S, LMHq(T) = I'(T, M%"). Here a € I'(T, MEP) corresponds to the
class of the following LMH H on T. Define the local system Hz of Z-modules on 7%
by the commutative diagram of exact sequences

0 - Z(1) — Hz — Z — 0
I 4 !

exp

0 = Z(1) — Lr — 7YME) = 0

of sheaves on T'°%, where T is the canonical map 7'°¢ — T, the bottom row is the exact
sequence of the sheaf of logarithms L (cf. [KN99], [KU09] 2.2.4), and the right vertical
arrow Z — 7~ 1(MZ%P) is the homomorphism which sends 1 to a~*. Let H be the LMH
(Hz, W, F), where

W_3=0CW_o=W_4 ZR(l) Cc Wy = Hgr
and F' is the decreasing filtration on O;?g ® Hyz defined by
F'=0C F'=Ker(c: Op8 @ Hz — O8) C F~1 = OF% @ Hy

with ¢ being the O'#-homomorphism induced by Hz — Ly C OX%. Take o/ = {0} in
§5.1. Then, the above ¥ is regarded as a fan in §5, and the above I is regarded as I' in
§5. T\ Dg x in §5 is identified with S x T'\Dyg ~ S x P!(C) with I'\ Dy, as above. The
inclusion map LMH(QE)(T) = Morg(og) (T, P*(C)) C LMHg(T) = I'(T, M%) is under-
stood by the fact that P'(C) with the above log structure represents the subfunctor
T T(T, Mp U M) of T+ T(T, MEP).

7.1.2. 0 » HY(E)(1) » H — Z — 0 (E a degenerating elliptic curve).
We take A = (Ho, W, ((, Yw)w, (h"9)p ) in 2.1.1 as follows. Let

Hy =127 = @;_, Ze;,
W_o=0CW_1=Re; +Reys C Wy = HO,R>

<€/2ﬂ6/1>—1 = 17 <€g,€é>0 = 17

where for j = 1,2 (resp. j = 3), €} denotes the image of e; in g™ (resp. gry),

R0 =1, RO P =h"10 =1 AP = for all the other (p, q).
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Then D = b x C, where b is the upper half plane, and (7, z) € h x C corresponds to
the following F'(7,z) € D. For 7,z € C, we define F' = F(7,z) € D by

Fl:OCFO:C-(T€1+62)+C'(2’61+63)CF_l:H07c.

This D appeared in [KNU09] and [KNU11| as Example II.

Consider
1 0 Z 1 Z Z
Gz}u =101 Z|cI'=(0 1 Z | Cddxz.
0 0 1 0 0 1

The quotients Gz, \D and I'\D are “universal elliptic curves” over h and over Z\h =~
A* = AN A{0} (A:={qe C||q| <1}), respectively, and described as

Gzu\D = (§ x C)/ ~ —— T\D = U,ca. C*/d?

! |

D(gr™) =1 ——  I"\D(gr?)) = A"

Here, in the above diagram, the notation is as follows. Z\h ~ A* is given by 7
e?™™_ The equivalence relation ~ on h x C is defined as follows. For 7,7’ € h and
2,2 € C, (1,2) ~ (7,2') if and only if 7 = 7/ and z = 2/ mod Z7 + Z. D(grt"))
is the D for A(gr™}). T” denotes the image of T' in Aut(gr"}) and is identified with
Z. The fiber C/(ZT +Z) of (h x C)/ ~ — b over 7 € b is identified with the fiber
C* /q? of U, C*/q% — A* over q¢ = ?™™ € A*, via the isomorphism C/(Z7 + Z) ~
C*/q%, zmod (Z1 + Z) > €*™** mod ¢Z.
For n € Z, define N,, € gq by

Np(e1) =0, Ny(e2) = e1, Ny(e3) = ney.
Define the fans ¥ and g by
Y= {O’n7n+1, On (n € Z), {O}} with Onntl = RzoNn + RZONn—i—la Op = RzoNn,

Yo=A{on (n€Z), {0}}.

Then (X,T") is strongly compatible and (X¢,I") is also strongly compatible. Let ¢’ C
or(gr’)) be the cone R>qN’, where N’ is the linear map gr'¥; — gr'’%; which sends ¢}
to 0 and €}, to ). We have a commutative diagram of fs log analytic spaces

I\D = U,ca- C/q? C T'\Dg, = (\D)UC* C I\Dy, =
. . (T\D) U (PliC)/(O ~ 00))

MD(g")=A* ¢ T'\D(gh)y=A = I\D(gr").
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Here the fiber of the middle (resp. right) vertical arrow over 0 € A is C* (resp. the
quotient P(C)/(0 ~ 0o) of P!(C) obtained by identifying 0 and oo). The log structures
of I'\ Dy, and of I'\ Dy, are given by the inverse images of 0 € A which are divisors with
normal crossings. The element ¢ € C* in the fiber over 0 € A corresponds to the class
of the nilpotent orbit (o¢, Z) with Z = F(C,z) for z € C such that t = €*™*. The
element 0 = oo € P}(C)/(0 ~ o0) in the fiber over 0 € A corresponds to the class of
the nilpotent orbit (0¢ 1, 2) with Z = F(C, C).

The infinity of the topological spaces Dﬁ207 Dﬁ27 DﬁEo,val’

DﬁE — I'\ Dy, and the CKS map ngal — Dgy,(2) are described as follows. We have a
homeomorphism Z x R x C 5 Dgo N~ D, (n,z,z) = pn(x, z), where

ngal, the projection

pn(z,2) = lim F(x + iy, z + iny).

Yy—00
We have a homeomorphism Z x R x R & Dg} ~ Dgo, (n,z,a) = ppnyi(x,a), where

Prpti(z,a) = lim Fz+i(ly+y'),a+in(y +y') +iy).

Y,y —o0

We have DﬁEO = Dglo,val' The points of Dﬁzw1 N Dﬁzo,val are written uniquely as either

pr(z,2) withr € QN Z, x € R and z € C, or p.(z,a) with r € R\ Q and z,a € R,

or py +(z,a) with r € Q and z,a € R, or p, _(x,a) with r € Q and z,a € R. Here
pr(x,2) = lim F(x+iy,z+iry) (re R,x€eR,z€C)

Y—00
(in the case r ¢ Q, we have p,(z, z) = p,(z,Re(2))),

pri(z,a)=lim  F(z+iy,a+iry +iy).
y',y/y —o0

For n € Z, the projection DﬁE val = DﬁE sends p.(z,z) (re Ryn<r<n+1,z€R,
z € C) to ppn+1(z,Re(2)), and sends p, 4 (z,a) (n <r <n+1,z,a € R) and p, _(z,a)
(n<r<n+1,z,a €R) to ppnti(x,a). The projection DﬁE — I'\ Dy, sends p,,(z, z)
(ne€Z,z € R,z € C) to e*™* € C* in the fiber over 0 € A, and sends p,, ,+1(x,a) to
0=o00€PC)/(0~ c0).

Asin [KNU11] 3.6.1 Example II, we have DéL(Z) = Déi(z) as topological spaces. For
the admissible set W of weight filtrations on Hy r (3.1.2) consisting of single filtration

W/_3 =0C W/_Q = Wl_l = Re; C W(; = HO,R?

the open set DéL(Q)(\II) (3.1.2) of DéL(z) has a description as a topological space

Diy ) (W) = spl(W) x b = R? x b,

where h = {z +iy | € R, 0 < y < oo}, and we identify s € spl(W) with (a,b) € R?
such that s(ej) = ae; + bea + e3. The embedding D — Dgy,) sends F(7,z) (T € b,
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z € C) to (Re(z) — Re(7) Im(2)/Im(7), — Im(2)/Im(7),7) € R? x h. The CKS map
Dﬁz,val — Dgr,(2) has image in DéL(z)(\IJ) and sends p.(z,z) (r € R,z € R,z € C) to
(Re(z) —rx, —r,x +icc) € R? x b, and sends p,. 4 (z,a) and p,_(x,a) (r € Q, v,a € R)
to (a — rz, —r,x +ic0) € R? x b.

Using the formulation in §5, let S = A = I"\D(gr""}),~ with the log structure at
0 € A, and consider Q = (H(y))w, Where H(_;) is the universal log Hodge structure of
weight —1 on S (so H(_y) is of rank 2), Hyy = Z, and H(,) = 0 for w # —1,0. Then
the above o’ is regarded as o’ in §5. Since o/ — gr(gr"]) is injective, the above ¥
and Xy are regarded as fans in §5, and the above I' is regarded as I" in §5. (X,T") and
also (2o,I") are strongly compatible. We have I'\Dgy, = I'\Dx, I'\Dg», = I'\Dy,.
Furthermore, ¥ is identified with ¥; in §6 for j = 0,1 (¢ and ¥; in §6 coincide in this
case). That is, '\ Dy, — S is the connected Néron model and is also the Néron model.

7.1.3. 0 > HY(E)(b) - H = Z — 0 (b > 2) (E a degenerating elliptic curve).
Let b > 2. We take A = (Ho, W, ((, )w)w, (h”9),4) in 2.1.1 as follows. Let

HO = ZS = @?’:1 Zej7
W_ o, =0C Wi_opy=W_1 =Re; + Reg C Wy = H()’R,
<6l27€/1>1—2b = ]-7 <6§7€§>0 = 17

where for j = 1,2 (resp. j = 3), €} denotes the image of e; in griV,, (resp. grf’),

OO0 =1, B0 =p=%1=b =1 AP = for all the other (p,q).

Then D = h x C2, where (7, z,w) € h x C? corresponds to the following F(r, z, w) € D.
For 7,z,w € C, we define F' = F(7,z,w) € D by

F'=0C F° = F?7° = C-(ze;+weg+e3) C F170 = F27' 4 C-(re14+ey) Cc F~0 = Hy c.

This D in the case b = 2 appeared in [KNU09] and [KNU11| as Example III.
Like in 7.1.2, consider

I'= €gq (n€2),

o O =

Z 7
1 Z Cc Gz, N, =
0 1

o O O
S O =
o o3

Yo ={on (n€Z),{0}} witho, =R>oN,.

Then (X, I") is strongly compatible. We have I'(cg) = exp(ZNy) ~ Z. We have a
commutative diagram in B(log)

[(00)8°\D = A* x C2 € D(00)®\D,, = {(¢,2,w) € A x C? | w=0if ¢ = 0}
I \

I"\D(gr}",,) = A*  C - T\D(gr}" 5)0r = A,



where the isomorphism I'(0()8P\ D ~ A* x C? sends the class of F(7, z, w) to (e2™7, 2z —
7w, w). Here I denotes the image of I' in Aut(gr}" ,,), which is isomorphic to Z, and
o’ denotes the image of oy in gr(gr}” ,,). The element (0,2,0) € A x C? corresponds
to the class of the nilpotent orbit (o¢, Z), where Z = F(C, z,0).

Note that I'(0g)8P\D,, — I'\ Dy, is locally an isomorphism (Theorem 2.5.4), and
is surjective. Hence, by the above, we have a local description of I'\ Dy,. The fiber
of M\ Dy, — I"\D(gr}",,)or = A over ¢ € A is described, as a group object, as
follows. If ¢ # 0, the fiber is isomorphic to (C*)?/Z, where a € Z acts on (C*)? as
(u,v) — (uv®,v). Here, for any fixed 7 with ¢ = €27, the isomorphism is given by
sending the class of F'(7, z,w) in the fiber to the class of (e2™%% ™) € (C*)2. The fiber
over 0 € A is isomorphic to C*. Here the class of the nilpotent orbit (o¢, F'(C, z,0))
in the fiber is sent to e2™* € CX.

If we define ¥ = {0y n+1, o (n € Z), {0}} with 0y nt1 = R>oNp, + R>0Np 41 just
as in 7.1.2, we have Dy, = Dy, in this case.

We have a homeomorphism Z x R x C & Dgo N D, (n,z,2z) — pn(z, z), where

pn(z,2) = lim F(x 4+ iy, z,—n).
Y—>00
The projection D% = D U {py(z,2) | z € R,z € C} — I'(0¢)®?\D,, C A x C x C
sends po(z, z) to (0, z,0). We have DﬁEO = Dﬁxo,var

We have DéL@) = Dé£(2). As in [KNU11] 3.6.1 Example III, if b = 2, for the

admissible set U of weight filtrations on Hy r (3.1.2) consisting of single filtration

W/_5 =0C W/_4 = W/_3 = R@l C WLQ = H()7R,
the open set DéL(Z)(\IJ) (3.1.2) of DéL(Z) has a description as a topological space
Dy () =spl(W) x h x L=R? xbh x L,

where L = R? and L = LU {oov | v € L \ {0}} with cov := limy_, o tv. In this b = 2
case, the CKS map DﬁZO,val — Dgr,(2) has the image in DéL(Q)(\If) and sends p,,(x, z) to

(Re(z), —n ,x +ico ,Im(z) ,0) € R* x h x L.

Using the formulation in §5, let S = I"\D(gr}" ,,), = A with the log structure at
0 € A, and consider @ = (H(y))w, where H(;_gy) is the universal log Hodge structure of
weight 1 —2b on S (so H(;_gp) is of rank 2), Hgy = Z, and H,,) = 0 for w # 1 — 2, 0.
Then the above o’ is regarded as o’ in §5. Since o/ — gr(gr}’ ,,) is injective, the
above Y is regarded as a fan in §5, and the above I is regarded as I' in §5. We have
IN\Dg s, =I'\Ds,. Furthermore, ¥ is identified with £, in §6 for j = 0,1 (X and X
in §6 coincide also in this case). That is, I'\Dy, — S is the connected Néron model
and is also the Néron model.

7.1.4. Log abelian varieties and log complex tori.
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This is a short review of [KKNO8] from the point of view of this paper.

Let S be an object of B(log). A log complex torus A over S is a sheaf of abelian
groups on the category B(log)/S which is written in the form A = Ext{\(Z, H') for
some log Hodge structure H' on S of weight —1 whose Hodge filtration F satisfies
F'H|, =0and F~'H[, = H},. Thus, A = LMH, for Q = (H(w))w, where H_yy = H',
Hy = Z, and H,) = 0 for w # —1,0. This H' is determined by A (see [KKNO0S]).
Note that we do not assume that H' is polarizable. (The definition of LMHg in §5 did
not use the polarization.) We call a log complex torus A a log abelian variety over S if
the pullback of H' to the log point s is polarizable for any s € S. For example, LMHg
for the Q in the end of 7.1.2 is a log abelian variety over S = A.

In [KKNOS], for a cone decomposition ¥ in the sense of ibid. 5.1.2, a representable
subfunctor A®) of a log complex torus A is constructed. If S is an fs log analytic space,
A®) is also an fs log analytic space which is log smooth over S. We explain that this
A®) s a special case of LMHg) of §5. In the following, for simplicity, we assume that
H’ is polarizable and hence A is a log abelian variety. For the general case, we have to
extend the formulation in §5 a little.

Let H', Q, A = Ext'(Z,H’) = LMHg be as above. Then, locally on S, there are
finitely generated free Z-modules X and Y and an exact sequence

(1) 0 — Hom(X,Z) - Hy Y — 0
of sheaves on S'°% such that the canonical map
F'H), @ (05 ®z Hom(X,Z)) — H},

is an isomorphism. Locally on S, we can take Hy (_1) in 5.1.1 and an exact sequence
0 = Hom(X,Z) — Hy(—1) — Y — 0 which corresponds to the above exact sequence
(1). Let o’ be as in §5.1. Then a cone decomposition ¥ in the sense of [KNNO§] 5.1.2
is naturally regarded as a rational fan ¥ in ¢/ x Hom(X,R), and then regarded as a
fan 3 in 85 by identifying o’ x Hom(X, R) with a part of o’ Xy gr, by the following
embedding. We send (a,l) € o' x Hom(X, R) to an element (a, N) of 0’ X4 gr, where
N sends 1 € Z = Hy ) to I € Hom(X,R) C Hy (_1)r and N induces the linear map

Hy,(—1),r — Ho,(—1),r given by the action of a. Then, we have AG) = LMHg).

We consider the relation with Néron models. Let the assumption and notation be
as in 6.1.7. Since H' there is polarizable, we have the log abelian variety A over S
corresponding to H’. The usual (analytic) connected Néron model of B over S is the
subgroup functor G of A in [KKNO8]. As explained in 6.1.7, this also coincides with
the connected Néron model in the sense of §6. The usual (analytic) Néron model of B
over S is the fiber product of A — A/G «+ I'(S, A/G). As explained in 6.1.7, this also
coincides with the Néron model in §6.

7.1.5. We consider an example of degeneration of an intermediate Jacobian. Let

E=Uyea C* /g% > A"
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be the family of elliptic curves which appeared in 7.1.2, and consider the product family
X :=F* = 8 := (A*)%.

Let S = A% and endow S with the log structure associated to the divisor S ~. S*. Con-
sider the connected Néron model Jy over S (§6.1) of the second intermediate Jacobian
J?(X/S*) of X over S*. It is the connected Néron model for the case Q = (H(y))w with
Hy = Z, H(_y) is the unique extension on S as a log Hodge structure of weight —1
(obtained by the nilpotent orbit theorem of Schmid [Sem73]) of the variation of Hodge
structure H*(X/S5*)(2) endowed with a polarization on S*, and H(,, = 0 for w # —1,0.
Here H3(X/S*) is the third higher direct image of the constant Hodge structure Z on
X under X — S*.

As a group object, the fiber of Jy — S over (qi,¢2,q3) € A3 has the following
structure. If q1g2q3 # 0, the fiber (which is the second intermediate Jacobian of a
product of three elliptic curves) is a quotient of C!° by a discrete group which is
isomorphic to Z2°. If one of gj is zero and two of them are non-zero, the fiber is
isomorphic to a quotient of C? by a discrete subgroup which is isomorphic to Z'#. If
two of g; are zero and one of them is non-zero, the fiber is isomorphic to a quotient of
C8 by a discrete subgroup which is isomorphic to Z1°. If ¢; = g2 = ¢z = 0, the fiber is
isomorphic to a quotient of C7 by a discrete subgroup which is isomorphic to Z7.

This can be seen as follows. Since the connected Néron model is the slit Zucker
model, the fiber has the form V/L, where V is the small Griffiths part of the fiber of
the vector bundle H(_1)7(9/F0H(_1)7(9 and L is the stalk of 7.(H(_1)z) (7 : Slos 5 §).
Since the fiber is Hausdorff (Theorem 5.2.8 (iii)), L must be discrete in V. Let H' be
the unique extension on A of H'(E/A*)(1) on A*, as a log Hodge structure of weight
—1. Then we have

3 * * * *
H 1y~ (@)=, prj(H") (1) @ pri(H')®* @ pr(H')®? © pri(H')#2.

From this, we have that if ¢ = 0 and ¢2q3 # 0 (resp. ¢1 = ¢2 = 0 and ¢3 # 0, resp.
1 = g2 = q3 = 0), the dimension of V' is 3+2+2+2 =9 (resp. 2+2+2+2 = 8§, resp.
1424242=7), and the rank of Lis4+2+4+4 =14 (resp. 2+ 2+ 2+ 4 = 10,
resp. 1 +24+242=7).

The Néron model coincides with the connected Néron model in this case. To construct
this Néron model, we need weak fan (not necessarily fan). See 7.2.2.

§7.2. THE NECESSITY OF WEAK FAN

We explain by examples that a weak fan (not a fan) is necessary to construct the
connected Néron model.

7.2.1. We give an example in which the weak fan ¥y in §6 used for the construction
of the connected Néron model, is not a fan.
In §6, assume Hy (_o) = L ® L with L = 72 = Ze, + Zes, Ho 0y = Z, Hy () = 0 for
w # —2,0, o = RZON{ + RzoNé, where NJ/ : HO,(—2),Q — HO,(—2),Q (j = 1,2) are as
follows: N| = N'®1, N}, = 1@ N’ with N’ : L — L being the homomorphism defined by
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N'(e1) =0, N'(e2) = e1. Let Hy = @, Ho(grl) be the fixed splitting of the filtration
W on Hy as in 5.1.3. Let e be the base 1 of Hy o) C Ho, let 7 = R>oN1 + R>oN2
with N; € gq being the extension of N; such that Nj(e) = 0. Then the weak fan
Yo = {Ad(y)(a) | ¥ € Gz, o isaface of 7} in §6 is not a fan. To see this, let
Ym;n € Gz for integers m,n > 0 be the element which fixes all elements of Hy (o)
and which sends e to e+me; ®ea—nea®eq. Then TNAd(Ym,n)(7) = R>o-(mN1+nN3),
because Ad(Ym n)(mNy +nNy) = mN; + nNa, and this intersection is not a face of 7.

For a later use in 7.3.3, we remark that if 7 is a subcone of 7 of rank 2, there is
no fan ¥ which is stable under the adjoint action of Gz, such that 7 C o for some
o € Y. In fact, the interior of 71 contains mN; + nNy and m'N; + n’ Ny for some
integers m,n,m’,n’ > 0 such that mn’ —m/'n # 0. If such a fan ¥ exists, the smallest
o € ¥ such that 7y C o exists, and any interior point of 77 is an interior point of o.
Hence ¢ and Ad(y,)(0) contain a common interior point mN; + n/Ny and hence we
should have Ad(y,,.n)(0) = 0. Thus Ad(Ym.n)*(c) = o for all k € Z. Let Ny € gq be
the element which annihilates Hy (_2) and which sends e to e; ® e; € Hp (). Then
Ad(Ym.n)¥(m/ Ny +n'Ny) = m’/Ny + n' Ny + k(m'n — mn/)Ng. But since o is a finitely
generated sharp cone, it can not contain the set {m’Ny +n'No + k(m'n —mn')Ny | k €
Z}.

This ((Ho,(w))w,0") appears in §5 in the case S and (H(y) ). are as follows: S = A?
with the log structure associated to the divisor S ~ §* with normal crossings, where
S* = (A*)?. Hyy = Z. H(_y) is the extension of pri H'(E/A*)(1) @ prsH' (E/A*)(1)
on S* to S as a log Hodge structure of weight —2, where £ = quA* C*/q¢?% as in
7.1.5 and H'(E/A*) is the VHS on A* obtained as the first higher direct image of the
constant Hodge structure Z on E under £ — A*. H(, = 0 for w # —2,0.

7.2.2. We show that, in the example 7.1.5, we need a weak fan, not a fan, to
construct the connected Néron model of the second intermediate Jacobian. Let X =
E3 — S*= (A" CcS=A3beasin7.1.5. Let L =Z% =Ze; +Zes and N' : L — L
be as in 7.2.1. We take HO,(O) = Z, HO,(—l) = L®L®LEBL®2 EBL@2 @L@2, H()’(w) =0
for w # —1,0, and regard L as a stalk of H'(E/A*)(1)z. Define N} € gq (j = 1,2,3)
as Nf = (N'®11)d (N)P2a0a0, Nj= (1N 1)d06 (N)®2 a0, Nj =
(I®1@N)®0®0® (N')®2. Extend Nj to N; € gq by Nj(e) =0, where eis 1 € Z =
Ho 0y C Ho. In the situation in 5.1.1, take P = N?, let ¢/ = Hom(P, R3{'), take the
inclusion morphism S — toric,s = Spec(C[P])an = C3, and take the homomorphism
[ := Hom(P8P,Z) = Z3 — g given by (Nj, N5, N}). We show that the weak fan X
in 6.2.6 is not a fan. We show more strongly that if 71 is a finitely generated subcone
of 7 := R>oN1 + R>0N2 + R>(N3 of rank 3, there is no fan ¥ which is stable under
the adjoint action of Gz, such that 71 C o for some ¢ € ¥. The interior of 7; has
elements of the form mN; +nNy +¢N3 and m’ Ny +n' Ny + N3 with m,n,m’,n’, L € Z
such that mn’ —m'n # 0. Let v be the element of Gz, which fixes every element of
Hy (—1y and which sends e € Hy (o) to e + (me; ® e2 ® 1 —nez @ e; ®eq, 0,0,0). Then
Ad(’y)(le —|—77,N2 —|—£N3) = le —|—TLN2 —|—£N3, Ad(fy)k(m’Nl —|—77,/N2 —|—£N3) = m’Nl +
n' No+LN3+k(m/n—mn') Ny, where No(Hg (1)) = 0 and Ny(e) = (e1®e1®er, 0,0,0).
Hence, by the same argument as in 7.2.1, we can deduce that there is no such fan X.
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7.2.3. The necessity of weak fans was first observed in [KNU10c|. For example, in
ibid. 4.13, we showed the following. Let the assumption be as in 6.4.7 and assume that
o' = o), is generated by two elements N and Nj. Assume that Y, , is a fan. Then,
Ker(N] + N3) has to be contained in Ker(N7), which imposes a strong constraint on o’.

§7.3. COMPLETENESS OF WEAK FAN

It is desirable to find a bigger X so that the moduli space I'\ Dy, have more points at
infinity. As is explained below in 7.3.2, in the pure and the classical situation, [AMRT75]
gives an ideal ¥. In general case, the first problem is what is the bigness, i.e., how to
define the completeness of . The trial in [KU09] was rather not enough. In particular,
the conjecture in [KU09] “Added in the proof” after 12.7.7 is false. In this subsection,
we reformulate such a kind of definition and problems on the existence of a big ¥ by
replacing fan with weak fan (generalizing it to the mixed Hodge case).

7.3.1. In the situation of §2 (resp. §5), we say a weak fan ¥ is complete (resp.
relatively complete) if the following condition (1) is satisfied.

(1) For any rational nilpotent cone 7 such that a 7-nilpotent orbit exists, there is
a finite rational subdivision {7;}1<j<, of 7 having the following property. For each
1 < j < n, there is an element o of ¥ such that 7; C 0.

7.3.2. Assume that we are in the situation of §2. In the pure case, for a fan, this
completeness is weaker than the completeness defined in [KU09] 12.6.1.

In [KUOQ9] 12.6.8, the following relation of completeness and compactness was proved
for the completeness of a fan in the sense of [KU09] 12.6.1. The same proof works for
the present completeness of a weak fan. Note that if I' is a subgroup of finite index of
Gz and ¥ is a weak fan which is compatible with I', then ¥ is strongly compatible with
Ir.

Theorem. Assume that we are in the pure case and that we are in the classical situation
[KU09] 0.4.14, that is, we are in one of the following cases.

Case (1) w =2t + 1, K1t = pH*H1 >0, b9 = 0 for the other (p,q).
Case (2) w = 2t, W11 = pt= 1L <1, pBE >0, BP9 =0 for the other (p, q).

Let ¥ be a weak fan in gq, let I' be a subgroup of Gz of finite index, and assume
that T is compatible with . Then, T'\ Dy, is compact if and only if ¥ is complete.

In the pure case and in the classical situation [KU09] 0.4.14, a complete fan was
constructed in [AMRT75].
In general, we ask if the following statement is valid.

(P). There is a complete weak fan which is compatible with Gz (and hence with any
subgroup of Gz).

7.3.3. Assume that we are in the situation of §2. Even in the pure case, the statement
(P) in 7.3.2 becomes not true if we replace weak fan by fan. We show this.
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Consider the case A = (Ho, W, ({, )w)w, (R??), 4), where
Hy = (L®L)®Sym?*(L) with L =Z* = Ze; © Zes,

Wi =0C Wy = HyRr,

(, )2 isinduced from the anti-symmetric Z-bilinear form L x L — Z which sends (e2, 1)
to 1, and

h*Y =p%2 =2 npbt =3, hP? =0 for all the other (p, q).

Let N : L — L be the homomorphism defined by N(e;) = 0, N(ez2) = e3. Define
N17N27N3 € gQ by

N =(N®1)®0, Ny=(1® N)®0, N3=0@Sym?(N),

and let 7 = RZQN]_ + RzoNg + RzoNg.

Note that there exists a 7-nilpotent orbit. In fact, for any decreasing filtration F
on LC such that FO = Lc, dimc(Fl) = 1, and F2 = O, (Nl,NQ, Ng, (F & F) D
Sym?(F)) generates a nilpotent orbit. (This nilpotent orbit appears in the degeneration
of H'(E1) @ H'(Es) ® Sym?(H'(F3)), where E; are degenerating elliptic curves.) We
show that if 7 is a finitely generated subcone of 7 of rank 3, there is no fan ¥ which is
compatible with Gz such that 7 C ¢ for some o € X.

Assume that such a 71 and such a fan ¥ exist. Then the interior of the cone 71 contains
elements of the form mN; +nNy +¢N3 and m’ N1 +n' Ny + N3 with m,n,m’,n’, { € Z
such that mn’—m'n # 0. Let 7 be the element of Gz which does not change (e; ®eq, 0),
(€2 ® e2,0), (0,e1e2), (0,e2) and for which

7(0,€3) = (0,€3) + (me; ® ez — nea @ ey,0),
v(e1 ® ez,0) = (e1 ® €2,0) + (O,ne%),
v(es ® e1,0) = (e2 ® e1,0) + (O,mef).

Then Ad(y)(mNy +nNy + £N3) = mN;y + nNy + £N3, Ad(y)*(m/ Ny + n' Ny + {N3) =
m/ N1 +n'No+£€N3+k(m'n—mn’)Ng, where Ny(0,e3) = (e1 ®e1,0) and Ny annihilates
(0,€%), (0,e1e2) and all (e; @ eg, 0). By the argument in 7.2.1, we see that X as above
does not exist.

7.3.4. We explain variants of the statement (P) in 7.3.2. Let I be the set of all
rational nilpotent cones 7 for which a 7-nilpotent orbit exists. We consider two more
statements.

(Pa). There is a weak fan ¥ which is compatible with Gz such that |J ., 7 =
UUGE g.

(Py). There is a weak fan ¥ which is compatible with Gz such that |J, ., 7 C

UJGE g.
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Clearly we have the implications
(P)in 7.3.2 = (Py) < (P,).

If weak fan in (P,) is replaced by fan, it becomes the conjecture stated after [KUQ9]
12.7.7 (in the pure case). We show that the last conjecture fails. We show more strongly
that (Pp) becomes not true if weak fan in (P}) is replaced by fan (even in the pure case).

Consider the example in 7.3.3. Let aj,as,a3 be positive real numbers which are
linearly independent over Q. If a fan ¥ as in (P}) exists, there is a 0 € ¥ such that
CL1N1 + a2N2 —+ CL3N3 € 0. Let TT=70N g, where 7 = RZONl + RZONQ —+ RZ()Ng. Since
71 is rational and contains a1 N1 4+ a2 N2 + a3 N3 with aq, as, as linearly independent over
Q, 71 is of rank 3. But this contradicts what we have seen in 7.3.3.

Question. In case where the statement (P) in 7.3.2 is valid, we may ask if we can
further require that, for any cone o in the weak fan in (P), a o-nilpotent orbit exists.
Note that a delicate example constructed by Watanabe ([WO08]) is harmless to this
question.

7.3.5. Next, assume that we are in the situation of §5.

Recall that, as was remarked in 5.1.8, if I', is of finite index in Gz, and X is
compatible with I', then X is strongly compatible with I" (here I, and I' are as in
5.1.7).

If I, is of finite index in Gz, and ¥ is compatible with I', then the relative com-
pleteness of ¥ is related to the properness of I'\Dg s — S in certain cases ([KNU10a]
85 Proposition). We ask:

Is there a relatively complete weak fan which is compatible with any I' as in 5.1.77

This is not valid if we replace weak fan by fan. In the cases 7.2.1 and 7.2.2, there is
no relatively complete fan which is stable under the adjoint action of Gz, as is seen
from the arguments in 7.2.1 and 7.2.2.

§7.4. EXISTENCE OF A RELATIVELY COMPLETE FAN

In this subsection, we give a partial affirmative answer to the problem in 7.3.5.

7.4.1. We show that if the following conditions (1) and (2) are satisfied, then the
problem in 7.3.5 is affirmative even if we replace weak fan by fan.

(1) There are only two w such that H, # 0.
(2) TV ~Z (cf. 5.1.1 (3)).

The following construction is a variant of that in [KNU10a] §3.
Assume (1) and (2), and assume H(,) # 0, H;) # 0, a < b. Note that the fs monoids
P and Hom(P, N) are isomorphic to N. Let 7/ be a generator of Hom(P,N) C I/, and
let N; : Hy (a),@ — Ho,(a),@ and N} : Hy 1),q@ — Ho,m),q be the actions of log(y’) on
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Hy,(a),@ and on Hy ) q, respectively. Let V = Homq(Hy,),q,Ho,(),q), and define
Q-subspaces X and Y of V as follows:

X :={heV | hM(N,Wi(grl))w C M(N., W(gr?¥))w_o for all w} + {AN, — N.h | h € V},

Y :={heX|hN,=Nh}CX. i

Let 7, := grV(v') and =, := gr}¥ (7/). Fix a finitely generated Z-submodule L of V
which is ~y,-stable and ~;-stable such that

L > Homg (Ho, vy, Ho,(a)) + {hNy, — Nyh | h € Homz(Ho ), Ho,(a)) }-

Fix a Z-homomorphism s : (XNL)/(YNL) — XNL which is a section of the projection
XNL— (XNL)/(YNL). For an element = of X/Y, let d(x) be the order of the image
of x in X/((X NL)+Y) which is a torsion element. Fix a Z-basis (€;)1<;j<m of Y N L.
Let v be the image of 4/ under the canonical injection Hom(P,N) — ¢’, which is a
generator of o’/ ~ R>.

Forz € X/Y and n = (n;)i1<j<m € Z™, let o(z,n) be the nilpotent cone in o’ X ¢ gr
generated by all elements of the form (v, N), where N is an element of gr satisfying
the following (3)—(5).

(3) The Homq(Hy,(a),q@: Ho,(a),q)-component of N coincides with NN;.

(4) The Homgq(Hy,(v),q, Ho,»),q@)-component of N coincides with INj.
(

(5) The Homq(Ho,v),q: Ho,(a),@)-component of N has the form

1

s(z) + m

doieicje;  with ny <c¢; <nj+1 forall j.
Let
Y. = {face of o(x,n) |z € X/Y,n € Z™}.

Then we have:
Y is a relatively complete fan which is compatible with any I' as in 5.1.7.

First we prove the compatibility. For simplicity, we assume that either N/ or N is
non-trivial and regard o’ X o gr C gr via the second projection. The case Ny = Ny =0
is similar and easier.

Let v be any element of I'. It is sufficient to prove Ad(vy)o(x,n) € ¥ for any x € X/Y
and n € Z"™. Write the Homq(Hy,(1),q; Ho,(a),q)-component of ~v~1 by h.

Let N € o(x,n) be an element satisfying (3)—(5). Then, since 7 and N; commute,

the Homq (Ho,(),q, Ho,(a),q@)-component of YNy~ 1is

(6) Vas(x)'Yb_l + 'Ya(Nc/zh - th;) + d(x)_l Z;nzl Cj€j-

Write v,5(2)7, ' +7a(N.h — hNY) = s(y) + 2 with y € X/Y and z € Y. Since L is v,-
stable and v;-stable, we have d(y) = d(x) and d(z)z € YNL. Write d(x)z = Z;n:l mje,;
with m; € Z, and let m = (m;); € Z™. Then, (6) equals to

s(y) +d(y) " YT (¢ + my)e;.
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This means
Ad(y)o(z,n) = oy, n +m).

Next, the relative completeness can be proved by noticing the following two points (7)
and (8). Let R be the set of all elements NV of gr such that the Homg (Hy,(4),r> Ho,(a),R)-
component of N coincides with N/ and the Homg (Ho,(v),r> Ho,(»),r )-component of N
coincides with Ny. For N € R, let N, be the Homg (Hy, (5),r, Ho,(a),r)-component of
N. Then:

(7) Let N € R. Then M (N, W) exists if and only if N, belongs to the R-subspace
R XQ X of HOHIR(HO’(b)’R, HO,(a),R)-

(8) Let N1, N2 € R and assume (N1)y, (N2), € R®q X in Homgr (Hy, ), Ho,(a),R)-
Then, Ny Ny = NoNj if and only if (Ny), — (N2), belongs to the R-subspace R ®q Y
of Homg (Hy,(3),r> Ho,(a),R)-

7.4.2. Remark 1. 7.4.1 gives a proof of [KNU10a] §3, and hence a proof of the
theorem in [KNU10a] §2. (In fact, for the proofs, we have to show that the fan X
defined above satisfies the admissibility in the sense of [KNU10a], i.e., the condition (2)
in 1.2.6. But this can be checked easily.)

Remark 2. Here is a correction to [KNU10a]. The submodule L in ibid. §3 should have
been imposed to be 7’-stable as in 7.4.1 above. Without this condition, the resulting X
was not necessarily compatible with IT'.

7.4.3. In the part of 7.1.1 concerning the situation of §5, the fan ¥ is relatively
complete. In the part of 7.1.2 concerning the situation of §5, the fan X is relatively
complete. In the part of 7.1.3 concerning the situation of §5, the fan = (5.1.6) is
relatively complete. In 7.1.5, there is no relatively complete fan as is seen by the
argument in 7.2.2.

I

§7.5. EXTENDED PERIOD MAPS

In this subsection, we see extensions of period maps.

Theorem 7.5.1. Let S be a connected, log smooth, fs log analytic space, and let U
be the open subspace of S consisting of all points of S at which the log structure of S
1s trivial. Let H be a variation of mized Hodge structure on U with polarized graded
quotients for the weight filtration, and with unipotent local monodromy along S ~\ U.
Assume that H extends to a log mized Hodge structure on S (that is, H is admissible
along S\U as a variation of mized Hodge structure). Fiz a base pointu € U and let A =
(Ho, W, ({, Yw)w, (h"9)p ) be (Hzu, W, ({, Ywu)w, (the Hodge numbers of H)). Let T’
be a subgroup of Gz which contains the global monodromy group Image(m1 (U, u) — Gz)
and assume that I" is neat. Let ¢ : U — I'\D be the associated period map. Then:

(i) Let S‘lgf be the topological space over S'°& defined as in [KUO09] 3.6.26, which
contains U as a dense open subspace. Then the map ¢ : U — I'\D extends uniquely to
a continuous map

lo
Seal = F\DéL(2)'
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(ii) For any point s € S, there exist an open neighborhood V' of s, a log modification
V' of V ([KU09] 3.6.12), a commutative subgroup I'' of ', and a fan ¥ in gq which
is strongly compatible with T such that the period map pluny lifts to a morphism
UNV — IY\D which extends uniquely to a morphism V' — I'"\ Ds, of log manifolds.

U > UnV C %4

2 1 1
ND « I'\D c I'\Ds.

Furthermore, we have:

(ii-1) Assume S\ U is a smooth divisor. Then we can take V=V’ =S and T’ =T.
That is, we have a commutative diagram

U C S

2 \J
I\D c T\Ds.

(ii-2) Assume that T is commutative. Then we can take T' =T.

(ii-3) Assume that I' is commutative and that the following condition (1) is satisfied.

(1) There is a finite family (S;)1<j<n of connected locally closed analytic subspaces
of S such that S = U?Zl S; as a set and such that, for each j, the inverse image of the
sheaf Mg/OF on S; is locally constant.

Then we can take I' =T and V = S.

Note that in (ii), we can take a fan ¥ (we do not need a weak fan, because the
situation is local on S and I' is replaced with I').

Proof. (i) (resp. (ii)) is the mixed Hodge version of Theorem 0.5.29 (resp. Theorem
4.3.1) of [KU09]. By using the results in §2 and §3, the proof goes exactly in the same
way as in the pure case treated in [KU09]. O

We deduce the following Theorem 7.5.2 from Theorem 7.5.1 (i).

Theorem 7.5.2. Let the assumption be as in 7.5.1. Let Hg be the unique extension
of Hr as a local system on Si(;%. Then the canonical continuous splitting of the weight
filtration W of Hr (3.1.1) extends uniquely to a continuous splitting of the weight
filtration of Hg.

Theorem 7.5.2 was proved also by Brosnan and Pearlstein ([BP.p] Theorem 2.21) by
another method.

Proof of Theorem 7.5.2. As in [KNU11], the map sply, : D — spl(W) in 3.1.1,
where spl(W) denotes the set of all splittings of W, extends to a continuous map
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DéL(z) — spl(W). Hence the period map S'%% — P\DéL@) in Theorem 7.5.1 (i) induces

val
a continuous map u : $1°% — I'\ spl(W). Since the map spl(W) — I'\ spl(W) is a local

val
homeomorphism, u lifts locally on S\l:;% to a continuous map to spl(W'). This shows that

locally on S'°8

val» the canonical continuous splitting of W of Hr given on U extends to

a continuous splitting of W of Hg. Since the local extensions are unique, this proves

Theorem 7.5.2. 0O

7.5.3. Finally, we give the details of the proof of the proposition in [KNU10a] §7.

First recall the statement. Let the situation be as in §2. Assume that h?*? = 0 unless
p+q=—1or (p,q) = (0,0), and h®° = 1. Let H} := gr'|(Hy). Let I’ be a subgroup
of Gz(gr"}) generated by one element ', which is isomorphic to Z. Let N’ = log(v/).
Let I' be the subgroup of Gz consisting of all elements whose restrictions to H{, are
contained in I and which induce 1 on gr§’ (Hp) = Z. Let ¥ be a fan in gq. Suppose
that the following conditions (1) and (2) are satisfied.

(1) Any o € X is admissible and the image of o to gr (gr”;) is contained in (Rx>o)N'.
Furthermore, ¥ is strongly compatible with I" (2.2.6).

(2) For any rational admissible nilpotent cone o in gq (2.2.1) whose image in
gr(gr"]) is contained in R>oN’, there is a finite subdivision {o;} of o such that each
o; is contained in some element of 3.

(Note that the admissibility in [KNU10a] (cf. 1.2.6) is equivalent to the admissibility
in this paper in this simple situation.)

Let H' be a PLH of the concerned type on the log pointed unit disk S, and S —
["\Ds;_, the associated period map, where ¥_; is the fan in gq(gr";) consisting of the
two elements R>oN’ and {0}.

Let Jx be the fiber product of S — I"\Dys,_, + I'\Dy.

Then, the proposition in [KNU10a] §7 is contained in the following statement:

(3) For any fs log analytic space S’ over S and any a € Extgl(Z, H'), locally on S’,
there is a log modification S” — S’ ([KU09] 3.6) and a subdivision ¥’ of ¥ satisfying
(1) such that a|s belongs to Mor(S”, Js).

Actually, [KNU10a] §7 states it only for an H’ of geometric origin.

As is said in loc. cit., the proof of this fact (3) is similar to [KU09] 4.3, but, actually,
as is seen as follows, it is easier and the conclusion is stronger because the situation is
simpler.

First, we prove that (3) is reduced to the following fact:

(4) For any fs log analytic space S’ over S and any a € Extg, (Z, H'), locally on S,
there is a log modification S — S’ and a fan ¥ satisfying (1) and (2) such that a|g~
belongs to Mor(S”, Js, ).

In fact, assume (4). Then the fan ¥’ := XM % (= {rNmn |7 € ;71 € 1} is a
subdivision of ¥ by (2) for ¥, S”(¥) — S” is a log modification by (2) for 3, and
algr () belongs to Mor(S”(X), Jg). Hence (3) follows.

We prove (4). Let C be the image of a local monodromy cone of S’ in ggr. It is
enough to show the existence of ¥ satisfying (1) and (2) which contains a finite subfan
supported by C.
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As in [KNU10a] §3, let

P:=Im(N': Hyq — Hjq),
Q = KeI‘(N/ : H(/)vQ — H(/),Q) N P.

We describe the action of I' on gr. Let v € T" be an element whose restriction to H
is /" (n € Z). Let a be the element of H{) such that ve = e + a, where e is 1 in
gryV (Hyg) = Z. Let N € gr be an element whose restriction to H{, is N’. Then, we
have (Ad(y)(N))(e) = v'"N(e) — N'(a) in Hyg. Thus, if we identify N with N(e),
the action is identified with h + 7'"h — N'(a) on Hj ». The last action of I' on Hy g
preserves Pr and Qr, and induces the action on P/Q. For x € P/Q, we denote by T,
the stabilizer of x.

Let X C P/Q be a complete set of representatives with respect to this action of T’
on P/Q. Then, to give a fan ¥, in gq satisfying the following (5) is equivalent to give
a fan X, for each x € X which is compatible with I, and which is supported by the
real cone spanned by z, that is, the smallest R>p-monoid containing the set x C P.

(5) 31 is compatible with I' and is supported by the union of all admissible cones (=
the union of the real cones spanned by y (y € P/Q)).

Note that the latter half of (5) implies that ¥; satisfies (2). Further, ¥; clearly
satisfies (1).

Thus, it is enough to show the existence of a fan ¥, which is compatible with I,
and which is supported by the real cone spanned by x, where x is a (unique, unless C'
is trivial) element of P/ such that the real cone spanned by z contains C.

Fix an element py € x. Then, the action of I', on the convex hull of x is described
aspo+q+— po+q+ (Y™ —1)po — N'a, where n and a are determined by v € T, as
(nN')?  (nN')?

TR
are contained in a lattice in Qr when n € Z and a € H run.

Thus the problem is reduced to the following lemma, which completes the proof of
the proposition in [KNUO08a] §7. In the rest, we work over Q. In particular, a cone
means a Q>o-monoid.

above. Since 7' — 1 =nN’' + + -+, the elements (y'" — 1)pg — N'a

Lemma 7.5.4. Let G = Z" be a free Z-module of finite rank. Let V = Q" x Q. Let
g € G act linearly on V;(v,1) — (v+ g,1). Let C be the cone in V spanned by a
bounded polytope in Q" x {1}. Then, there is a G-stable fan in V containing a finite
subdivision of C which is supported by the cone (Q" X Qso)U{0} spanned by Q" x {1}.

Proof. We use [KKN08] 5.2.14. For n = (n1,...,n,) € (3Z)", let o, be the cone
spanned by (H1<j<r([nj,nj +11nQ)) x {1}. Let J be the union of the set {c,,NC |n €
(3Z)"} and the set {0y, |n € {0,2}"}. Then, J is a finite set and it is easy to see the
following (6) and (7).

(6) For any o € J and g € G, the intersection of o and go is a face of o, on which g
acts trivially.

(7) For any o, 7 € J, the set of cones {oc Ng7|g € G} is finite.
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In fact, if ¢ # 1 € G, then o N go is {0}. Then (6) follows. Further, for o,7 € J,
there is at most one g such that o N g7 is not trivial. Then (7) follows.

By [KKNO8|] 5.2.14, there is a G-stable fan containing a finite subdivision of o for
each o € J which is supported by the union of all go (¢ € G,o € J). This fan is the
desired one. U
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