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Classifying spaces of degenerating mixed Hodge
structures, IV: The fundamental diagram

Kazuya Kato, Chikara Nakayama, Sampei Usui

Abstract

We complete the construction of the fundamental diagram of various partial
compactifications of the moduli spaces of mixed Hodge structures with polarized
graded quotients. The diagram includes the space of nilpotent orbits, the space of
SL(2)-orbits, and the space of Borel-Serre orbits. We give amplifications of this
fundamental diagram, and amplify the relations of these spaces. We describe how
this work is useful to understand asymptotic behaviors of Beilinson regulators and
of local height parings in degeneration. We discuss “mild degenerations” in which
regulators converge.
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0 Introduction

0.1 The fundamental diagram and its amplification

0.1.1. Let D be the period domain which classifies mixed Hodge structures with polarized
graded quotients with respect to the weight filtration ([11], [21]), with fixed Hodge num-
bers of graded quotients. In Part I-Part IIT ([14]) of this series of papers, we constructed
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extended period domains in the diagram

n
Dsy,(2) val 2 Dgs val

\ \
F\DZ,val < Dﬂg,val g Dag 2 Dgg

s -
I'\Dy <« D&

which we call the fundamental diagram, as the mixed Hodge versions of the extended
period domains in [16] for the pure case. We have constructed the maps in the diagram
except the map 7. In this Part IV of our series of papers, we define the injective map 7.
There is a big issue concerning this map 7, which did not appear in the pure case, as we
explain below soon. In this Part IV, we amplify this fundamental diagram as in 0.1.4 and
0.2.3 below, and we remedy the issue as a result of the amplification.

0.1.2. The spaces in the fundamental diagram in 0.1.1 are topological spaces, the right
six spaces have D as dense open sets, and the left two spaces have the quotient I'\ D of
D by a discrete group I' as dense open subsets. These left two spaces have sheaves of
holomorphic functions extending that of I'\ D (though these spaces need not be complex
analytic spaces) and have log structures, and the right four spaces have sheaves of real
analytic functions extending that of D (though these spaces need not be real analytic
spaces) and have log structures. The maps in the fundamental diagram except 1 respect
these structures.

Among these eight spaces, the main spaces are the three spaces I'\ Dy, (the space of
nilpotent orbits), Dgr2) (the space of SL(2)-orbits), and Dgg (the space of Borel-Serre
orbits). We defined and studied Dgg in Part I, Dgy,2) in Part II, and I'\ Dy, in Part III
The other five spaces appear to help the connection of these three spaces.

The map 1 in the center of the fundamental diagram connects the four spaces in the
world of nilpotent orbits on the left with the world of SL(2)-orbits. We call ¢ the CKS
map, for it is obtained in the pure case by using the work of Cattani-Kaplan-Schmid [9]
on the relation between nilpotent orbits and SL(2)-orbits.

However, to connect the world of SL(2)-orbits and the world of Borel-Serre orbits on
the right, the map 7 has the following defect. Though the map 7 is a natural map and is
continuous in the pure case ([16]), a big issue is that in the mixed case, the map 7 is not
necessarily continuous (see Section 3.5).

0.1.3. To remedy this issue and to amplify the connections of the spaces in the funda-
mental diagram, we will introduce new spaces

Sne) and Dgp o) in the world of SL(2)-orbits (see Section 2), and

Dﬁ

5 ey and Dﬁmz] in the world of nilpotent orbits (see Section 4).

These spaces are topological spaces, and the first two have sheaves of real analytic
functions and log structures. They have the following special properties.
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The space D§L(2) has better relations to Borel-Serre orbits than Dyg;, ) (see Section
3.4), and this space remedies the above issue. The spirit of the definition of D§L(2) (Section
2) is near that of Dgg.

As is shown in Section 5, the space D§L(2) has better relations to nilpotent orbits of
“mild degeneration” (see 0.2 for the meaning of mildness) than Dgps), though among
Dsy,(2), D§L(2) and D§L(2)7 Dgy(2) is the best for the relation with general nilpotent orbits.

In the pure case, we have

Dsv2) = Dy ) = Dip2)-

The space Dﬁz,[val] has a nice relation to Dgy,2) val (see Section 4), which DﬂE,val does
not have.

The space Dﬁz,[;] is a quotient of D
relation to Dgp ) (see Section 4).

The symbols x and ¢ are used to express that the spaces are shiny like stars and
diamonds in the relations to Borel-Serre orbits and nilpotent orbits, respectively. The

symbol [:] is used because DﬁE 1 is regarded as a space of ratios. The symbol [val] similar

to [:] is used because DﬁZ fval] 18 the valuative space associated to DﬁE ] for a certain log
structure.

Actually, as is explained in Part II, Dgp,2) has two structures DéL(Z) and Dé£(2) of a
topological space with sheaves of real analytic functions and log structures. Everything
in this Introduction is true for D§£(2).

1

5 fval] and also a quotient of Dﬁz,vala and has a nice

0.1.4. By using the above spaces, we have the following amplified fundamental diagram
and supplemental amplifications in 0.1.5 and 0.2.3, which connect the “three worlds”
better.
* .
Dg12) val - Dgs val

5 5
DQM —  Dsp2)val Dgs
} }
I\ Dsa « D, — Diy = Dy
I
'\ Dy — D

This diagram is commutative and the maps respect the structures of the spaces. As
indicated in this diagram, the valuative space DgL(2),val associated to DgL(Q) has an injective
morphism n* : D§L(2),va1 — Dggvar (Theorem 3.4.4), which is an improved version of 7,
and a proper surjective morphism Dg1 9y val = DsvL2),val (Theorem 2.5.5). Here morphism
means a morphism of topological spaces endowed with sheaves of real analytic functions
and with log structures. As also indicated in the diagram, the CKS map 1 : ngal —
Dgr(2) factors as ngal — Dﬂzﬂ — Dgr,(2), and we have a continuous map 1 : Dﬁz,[val] —
Dgt(2)va1 (Theorem 4.5.2).

0.1.5. In the case X is the fan = of all rational nilpotent cones of rank < 1, we have

DL —pt

=,[val] =

] Dg,val = DﬁE
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Furthermore in this case, we have a CKS map 1 : DﬁE — DgL@)Nal, and hence the three
worlds are connected directly by

D

[1]

¥ * "
- DSL(Q),Val ? DBS,val-

See Theorem 6.2.2.

0.1.6. As is described above, the spaces Dgy,2), D§L(2) and Dgg are related via their
associated valuative spaces Dgy,(2) val, DgL(Q)Nal and Dgg val. The associated valuative space
is a kind of a projective limit of blowing-ups. In Section 2, we will construct also spaces
Dg’LB), DSL and DSL(z) which are related to DSL(2) via kinds of blowing-ups and blowing-
downs and Wthh work as bridges between Dgy ), Dy, ) and Dgs before going to the
valuative spaces. See Section 2.

0.1.7. A nilpotent orbit appears as the limit of a variation of mixed Hodge structure in
degeneration. SL(2)-orbits are simpler objects and Borel-Serre orbits are further simpler.
The theory of SL(2)-orbits ([20], [9] for the pure case and [18], [13] for the mixed case)
tells that, roughly speaking, an SL(2)-orbit is associated to a nilpotent orbit, and we can
read real analytic behaviors of the degeneration better by looking at the simpler object
SL(2)-orbit. The map 1 gives the SL(2)-orbit associated to a nilpotent orbit.

We hope that the above extended period domains and their relations are useful in the
study of degeneration of mixed Hodge structures.

Actually, as illustrated in Section 0.3 below and in Section 7, our theory has an appli-
cation to the study [5] of asymptotic behaviors of degenerations of Beilinson regulators
and local height pairings. In these subjects, the asymptotic behaviors are understood by
degeneration of mixed Hodge structures.

0.2 Mild degenerations
0.2.1. We will define the subsets

D™ C Dy, Dgy C Diay,  DEd C Des

of elements with mild degenerations.
Any element of DgL(z) is regarded as having mild degeneration.

0.2.2. Let D24 he the subset of Dy consisting of all points p satisfying the following
condition.

For any element N of the monodormy cone associated to p, there is a splitting of W
which is compatible with N. (The splitting can depend on N and need not have any
relation with the Hodge filtration).

Denote the subset D(g) of Dgg (Part I, 8.1) by Dgd!. Let Dg{%, C Dggsya be the
inverse image of D&, There is also a subset D}, ;l)d of Dg; ) consisting of A-orbits (see
*,mild

Section 2) whose inverse image Dg; SL(2)val 11 DS 2) var coincide with the inverse image of
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Dl under n*. We have also the mild parts of Dﬂz’[z] and Dﬁz’[val]7 ie., let DM and

[
Dﬁ’nsﬁ be the inverse images of I'\ D2 in D%, 5 and in D% fva» TeSPectively.

All these mild parts I'\ D4 pmid =" "etc. are open sets of I'\ Dy, Dags, ... etc.,
respectively.

0.2.3. For mild degenerations, we can replace the upper right part of the amplified fun-
damental diagram by the following commutative diagram (maps respect structures of
the spaces) which contain the space DgL(2) and its associated valuative space D§L(2)
(Theorem 5.1.10).

,val

gmild ¥ o *,mild n* mild
D = D opva = Dy g DE§ S

3, [val] SL(2),val
{ \ \ \
f,mild ¥ ,mild ml
D = Dge — ng) Dgd“
Dgt,(2)

0.2.4. In the applications of our work as in Section 7, the following part of the fundamental
diagrams in Section 0.1 and Section 0.2 becomes important.

f,mild
D — ng)

%[
a \J
DﬁE 1] — DSL(Q)

Via this diagram, we can understand degeneration of mixed Hodge structure in the space
Dg,(2), and understand mild degeneration better in DgL@). The right vertical arrow is
usually not injective, and hence DEL(Z) can tell informations about mild degeneration
which is lost in Dgpz). This is explained in Section 0.3 below, and in Section 7 more
precisely.

0.3 Relations with regulators and local height pairings
We illustrate the relations of this work with the work [5].

0.3.1. Let S be a smooth curve over C and let f : X — S be a proper surjective
morphism from a smooth algebraic variety X. Let 0 € S be a point, and assume that
X N\ Xy — S~ {0} is smooth and X is of semistable reduction at 0 € S.

For Z € K,(X~Xo) (n > 1), the asymptotic behavior of the regulator of the restriction
Z(t) € Kp(Xy) of Z to X, (t € S~ {0}, t — 0) is studied in [5] by using our theory of
degeneration of MHS. For each » > 0, Z defines a variation of mixed Hodge structure
Hz on S ~ {0} with an exact sequence 0 — H™(X/S)(r) - Hz — Z — 0, where

= 2r —n — 1, H™(X/S) is the m-th direct image R™f.Z on S ~ {0} with Hodge
filtration, and (r) is the Tate twist. The (r-th) regulator of Z(¢) is determined by the
fiber Hz(t) of HZ at t.

0.3.2. We describe how our theory is related to this subject. Our description in the rest
of Section 0.3 is rough and imprecise. More precise matters are described in Section 7.2
and details are given in [5].



We have the period map
(SN{0}) x K, (X N Xo) > T\D (t,2)— class(Hz(t)).

By Part III, this extends to
Sx Ky(X N Xo) =T\ Dz, 8" x K,(X ~ X,) =T\ DL

where S'°¢ is the space associated to S defined in [12]. If Z comes from K, (X), then
Hyz has mild degeneration at 0 € S (7.2.3). The diagram in 0.2.4 produces the following
commutative diagram.

S8 x Ko(X) = T\DE™Y — T\Dg,

\J N \J
S8 x K, (X~ X)) — TD\DL — T\Dgyy

0.3.3. We can prove that for Z € K,(X), the regulator of Z(t) converges when ¢t — 0
(Theorem 7.2.4). In fact, this is a consequence of the fact that the period map S~ {0} —
[\ D ; t+s class(Hz(t)) induced by Z extends to a continuous map S — I'\ D¢y o) as
indicated by the upper row of the above diagram. We recover the limit of the regulator
of Z(t) for t — 0 from the image of a point b of S over 0 in I'\ Dgp 5y On the other
hand, for Z € K, (X ~\ Xp) which need not come from K, (X), the regulator of Z(t) need
not converge when ¢ — 0, and the image of b in I'\ Dgy,(9) tells how rapidly it diverges.
When Z comes from K,(X), the image of b in I'\ Dgy,(2) has smaller information than the
image of b in I\ Dg; ), and cannot tell the limit of the regulator of Z(t).

0.3.4. We have a similar story for the asymptotic behavior of the local height pairing (at
the Archimedean place). This is introduced in Section 7.4.

0.4 Organization of this paper, acknowledgements

0.4.1. The organization of this paper is as follows.

Section 1 is a preparation.

In Section 2, we consider the new space Dg; ) of SL(2)-orbits.

In Section 3, we consider the spaces Dgp ) val and D§L(2),Val of valuative SL(2)-orbits
and the space Dpg a of valuative Borel-Serre orbits.

In Section 4, we consider the new spaces DﬁE,[vaﬂ and Dﬁz,[:] in the world of nilpotent
orbits, and improve CKS maps by using these spaces.

In Section 5, we consider the new space Dg; o, of SL(2)-orbits and construct mild CKS
maps.

In Section 6, we give complementary results on properties of extended period domains,
on relations of nilpotent orbits, SL(2)-orbits, and Borel-Serre orbits, and on extended
period maps.

In Section 7, we illustrate the relations to the work [5] and give examples.

In the appendix Section A, we give corrections to [16] and supplements to Part III.
Sections A.1 and Section A.3 in this appendix are directly related to Section 5.5 of this
Part IV.
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1 Preliminaries

1.1 The setting

We recall the basic setting and the notation used throughout this series of papers.

1.1.1. We fix A = (Ho, W, ((', )w)w, (h?9),4), where

H, is a finitely generated free Z-module,

W is a finite increasing rational filtration on Hyr = R ® H,,

(, ) for each w € Z is a rational nondegenerate R-bilinear form gr’’ x gr!¥ — R
which is symmetric if w is even and is anti-symmetric if w is odd,

hP4 is a nonnegative integer given for each (p, q) € Z2,
satisfying the following conditions (1)—(3).

(1) >_, WPt = rankz(Ho),
(2) 3 qmw M9 = dimg(gry)) for any w € Z,
(3) hP4 = h9P for any (p, q).

1.1.2. Let D be the classifying space of gradedly polarized mixed Hodge structures in
[21] associated to the data fixed in 1.1.1. As a set, D consists of all increasing filtrations
Fon Hyc = C® Hy such that (Ho, W, ((, )uw)w, F') is a gradedly polarized mixed Hodge
structures with dime F?(gr}), )/ FP*! (gr),) = h»? for all p, q.

The space D is an open subset of a simpler complex analytic manifold D (Part 1, 1.5)

which is defined by dropping the condition of positivity for (, ), in the definition of D.

1.1.3. For A = Z,Q.R,C, let G4 be the group of the A-automorphisms of (Hy 4, W)
whose gr!V are compatible with ( , ), for all w. Here Hy 4 = A ® Hy. Then G¢ (resp.
GRr) acts on D (resp. D). For A = Q,R,C, let g4 be the associated Lie algebra of G 4.
Let Gay = {7y € Ga | g (g9) = 1}, gaw = {N € ga|gr"(N) = 0}. Then Ga/Ga.
is isomorphic to G4(gr") = [[,Galgrl) and ga/ga. is isomorphic to ga(gr’) :=
1, 94(grl)), where Ga(grl)) (resp. ga(gryy)) is “the G4 (resp. ga) for grlV”.
1.1.4. For each w € Z, let D(gr’¥) be the D for the graded quotient ((Ho N W,,)/(Hy N
Wu1), (5 Yws (BP7)pig=w). Let D(gr"') = [[,ez D(grly). Then the canonical morphism

D — D(gt"); F s Fgr") := (F(gry)))wez

is surjective.



1.1.5. Let W' be a finite increasing filtration on Hyg. A splitting of W' is an isomorphism

/ !~
s: gr' ::@grg}/ — Hor
w

of R-vector spaces such that for any w € Z and v € gr!’’, s(v) € W/ and v = (s(v) mod
Wi,—1)-

Let spl(W’) be the set of all splittings of W".

Consider the case W’ = W. Then spl(IV) is regarded as a Gg,-torsor.

Let Dy := {s(F) | s € spl(W), F € D(gr'")} C D be the subset of R-split elements.
Here s(F)" := s(@,, F{,)) for F' = (Fu))w € D(gt").

Then, Dy, is a real analytic closed submanifold of D, and we have a real analytic
isomorphism spl(W) x D(gr"') = Dy, (s, F) = s(F).

Let Dnspl =D\ Dspl‘

1.2 Canonical splitting of the weight filtration and the invariant
0 of non-splitting

1.2.1. We review the fact that the weight filtration of an R-mixed Hodge structure has
a canonical splitting over R (which does not split the Hodge filtration except the case of
an R-split mixed Hodge structure) and the fact that there is an important map ¢ which
tells how the R-mixed Hodge structure is far from R-split. We review that we have an
isomorphism of real analytic manifolds

D S {(F,s,8) € D(gt") x spl(W) x L | § € L(F)}

> (z(gr”), sply (2), dw(z))

(Part 11, Proposition 1.2.5) by using the canonical splitting sply, (z) of W associated to
x and the invariant dy (z) of non-splitting associated to x. £ and L(F') are explained in
1.2.2, éw(x) is explained in 1.2.3, and sply, (x) is explained in 1.2.5 below.

1.2.2. Let £ = W_,Endgr(gr'V) be the set of all R-linear maps ¢ : gr'¥ — gr'V such
that d(grl)) C @, <, o8rw for all w € Z (Part II, 1.2.1). This is a finite dimensional
weighted R-vector space.

For F' € D(gr'"V), let L(F) be the weighted subspace of £ consisting of all elements
whose (p, ¢)-Hodge components for F' are 0 unless p < 0 and ¢ < 0. That is, L(F) is the

set of all & € £ such that §(HZ?) C @, ey H2 for all p,q € Z. Here HY? denotes
the (p,¢)-Hodge component of F(gr)", ) (Part II, 1.2.1).

1.2.3. We explain oy (z) € L(z(gr™)).
For z € D, there is a unique pair of s’ € spl(W) and § € L(z(gr"')) such that

z = s/ (exp(id)z(gr™))
([9] (2.20)). We write dw (x) (or é6(x)) for this 4.
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1.2.4. Roughly speaking, dy () is the invariant of the mixed Hodge structure x which
measures how z is far from Dy, in D. We have dy (z) = 0 if and only if x € Dy, (1.1.5).

This dy () plays important roles in our series of papers. It is related to the regulator
in number theory and in arithmetic geometry as is discussed in [5] and in Section 7 of this
Part IV. Hence we would like to propose to call dy (x) the regulator of the mixed Hodge
structure .

1.2.5. We explain sply, (z) € spl(W).
Let z € D, and let ' € spl(W) and 6 be as in 1.2.3. Then the canonical splitting
s = sply, (z) of W associated to z is defined by

s = s exp((),

where ¢ = ((z(gr"), ) is a certain element of Endg(gr'') determined by z(gr'’) and
d = oy (x) roughly as in the following way.

Let 6,, (p,q € Z) be the (p,q)-Hodge component of § with respect to z(gr'"’). Then
the (p, q)-Hodge component ¢, , of ¢ = ((x(gr''),d) with respect to z(gr'") is given as a
certain universal Lie polynomial of 0,y o (p/,¢' € Z, p' < —1, ¢ < —1). See [9] (6.60), and
Section 1 and Appendix of [13] for more explanations.

For z € D, x4 := s(x(gr")) € Dy, with s = splyy, () is called the associated R-split
mized Hodge structure. We have x € Dy, if and only if x = zgp.

1.2.6. We have the following action of the group [], ., Autr(gr!)) on D, which we call
the lifted action. For a = (ay)w € [[,cz Autr(grly), a sends z € D to 2’ € D which is
characterized by 2/(gr!V) = a,z(gr?), sply (2') = sply, (), and Sy (2') = Ad(a)dw(z).
In other words, a sends the Hodge filtration F' € D to the Hodge filtration srpa(sz'(F))
where sp := sply, (F) and s;'(F) denotes the filtration on gr¢l = [],, grl} ¢ induced by F
via sp! : Hoc — gri¥.

This lifted action will be used in Section 2.

1.3 Spaces with real analytic structures and with fs log struc-
tures with sign

This is essentially a review of Section 3.1 of Part II.

1.3.1. Endow R"™ (n > 0) with the sheaf Ogr~ of real analytic functions.
Let Bg be the category of locally ringed spaces S over R satisfying the following
condition (i) locally on S.

(i) There are n > 0 and a morphism ¢ : S — R" of locally ringed spaces over R such
that ¢ is injective, the topology of S coincides with the topology induced from that of R",
and the map ¢} (Orn) — Qg is surjective.

For an object S of By, we often call the structural sheaf Og the sheaf of real analytic
functions on S (though S need not be a real analytic space).

Let Cr be the category of locally ringed spaces S over R satisfying the following
condition (ii).

(ii) For any open set U of S and for any n > 0, the canonical map Mor(U,R") —
Os(U)™ is bijective.



1.3.2. We have
Bg C Cr.

For the proof, see Part 11, Lemma 3.1.2.

1.3.3. For a topological field K and for a locally ringed space S over K, the following
three conditions (i)—(iii) are equivalent.

(i) For any s € S, the map K — Ogs/ms (m, denotes the maximal ideal of Og) is
an isomorphism. Furthermore for any open set U of S and for any f € Og(U), the map
U— K ; s~ f(s) is continuous. Here f(s) denotes the image of f in Ogs/ms = K.

(ii) Let O% be the sheaf on S of all K-valued continuous functions. Then there is a
homomorphism Og — O% of sheaves of rings over K.

(iii) Let S” be the topological space S endowed with the sheaf of all K-valued contin-
uous functions. Then there is a morphism of locally ringed spaces S’ — S over K whose
underlying map S’ — S is the identity map.

If these equivalent conditions are satisfied, there is only one homomorphism Og — O%
of sheaves of rings over K, and there is only one morphism S” — S of locally ringed spaces
over K lying over the identity map of S.

These can be proved easily.

1.3.4. Note that objects of Cr satisfy the equivalent conditions in 1.3.3 with K = R.

1.3.5. Let S be a locally ringed space over R satisfying the equivalent conditions in 1.3.3
with K = R. By a log structure with sign on S, we mean a log structure M on S endowed
with a submonoid sheaf M-, of M satistfying the following (i) and (ii).

(i) M=o D Og . Here Og . denotes the subgroup sheaf of Og consisting of all local
sections whose values are > 0.

(ii) The map Mso x {£1} — M ; (f,e) + ef is an isomorphism of sheaves. Here we
regard {£1} C OF C M.

Note that the map Og_, x {1} — Og ; (f,€) > ef is an isomorphism. Indeed, if
f € Og has value > 0 (resp. < 0) at s € S, then f (resp. —f) belongs to Og_, on some
open neighborhood of s. Hence this map is surjective. The injectivity is clear.

1.3.6. In Pat II, Section 3.1, we defined the notion log structure with sign in a more
restrictive situation where S is an object of Cr requiring M is integral (that is, the
canonical map M — M®P is injective), and the presentation of the definition there was
more complicated. So here we are improving the generality and the presentation of the
definition. (But in this paper, we do not need this generalization.) If M is integral, the
present definition is equivalent to the definition in Part II, 3.1.5 which uses a subgroup
sheaf M), The relation with the present definition is that M2} in Part II, 3.1.5 is obtained
from M-, in the present definition as ME) = (M-()®, and M-, here is obtained from
ME} there as M~y = M N ME]. To prove the equivalence, the non-trivial point is to show
that
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for a log structure with sign in the present sense. We prove (1). If f € M., N O has a
value < 0 at s € S, —f belongs to Og_, C M, on some open neighborhood of s, and
this contradicts the condition (ii) in 1.3.5. Hence f € Og .

Note that (1) implies the condition (3) in Part II, 3.1.5 on M, that is, the values of
f € M~g are > 0. (The values of f mean the values of the image of f in Og.) Indeed, for
s € S, if the image of f in M; belongs to Oy, then it belongs to Og ., , by the above (1),
and hence f has value > 0 at s. If the image of f in M, does not belong to (’)g,s, then f
has value 0 at s.

1.3.7. Let Bgi(log) be the category of objects of By (1.3.1) endowed with an fs log
structure with sign.

Let Cr(sat) be the category of objects of Cr endowed with a saturated log structure
with sign.

Here a log structure M on a locally ringed space S is said to be saturated if all stalks
of M are saturated in the following sense. We say a commutative monoid § is saturated
if it is integral (that is, the canonical map & — S®P is injective) and if for any a € S®P
such that a” € § C S for some integer n > 1, we have a € S.

We have

Bg (log) C Cr(sat).

1.3.8. Ezamples.

(1) The object R%, of Bg(log). The sheaf O of real analytic functions is the inverse
image of the sheaf of real analytic functions on R". The log structure M with sign is
as follows. M (resp. Msg) is the multiplicative submonoid sheaf of O generated by O*
(resp. OZ,) and the coordinate functions ti,...,%,.

(2) A real analytic manifold with corners ([6], Appendix) is regarded as an object
of Bg(log). The log structure with sign is given as follows. Let S be a real analytic
manifold with corners and let O be the sheaf of real analytic functions. If S is an open
set of RZ,, (endowed with the sheaf of real analytic functions), the log structure with sign
(M, M>0_) is defined as the inverse image of that of R%,. In this situation, the canonical
map M — O is injective and hence M and M-, are regarded as subsheaves of ©. In
general, S is locally isomorphic to an open set of R%, and the log structure with sign on
S induced from such isomorphism is independent of the choice of the isomorphism (M
and M, are independent of the choice as subsheaves of Q).

By this, we have (a real analytic manifold with corners) = (an object of By (log) which
is locally isomorphic to an open subobject of R, (n > 0)).

(3) The real toric variety Hom (S, RZY) for an fs monoid S. (Here RZY! is the set
R regarded as a multilpicative monoid.) This is also an object of By (log). (The above
(1) is the case S = N™ of this (3).)

The sheaf O of real analytic functions is defined as follows. Take a surjective homomor-
phism N" — S of monoids for some n > 0. It gives an embedding Hom (S, RZ3) ¢ R™.
We say an R-valued function on an open set of Hom (S, RZY) is real analytic if it is
locally a restriction of a real analytic function on an open set of R™. This defines O and

it is independent of the the choice of the surjective homomorphism N — S.
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The log structure M is the one associated to the canonical embedding S — O. M,
is the submonoid sheaf of M generated by OZ and the image of S.

(4) The compactified vector space. Let V be a finite dimensional graded R-vector
space V = @wez,w <1 Vi of weight < —1. Then we have a real analytic manifold with
corners V (Part I, Section 7). It is covered by two open sets V and V ~. {0}. Here V
has the usual sheaf of real analytic functions and the trivial log structure, and V ~ {0}
is described as follows. For a € Ryg and v € V, let aov = ) a“v, € V where v,
denotes the component of v of weight w. By choosing a real analytic closed submanifold
VW of V. {0} such that Rog x VY — V {0} ; (a,v) + aov is an isomorphism of
real analytic manifolds, we have an isomorphism of real analytic manifolds with corners

RZO X V(l) = V AN {0}

extending the above isomorphism. We will denote this extended isomorphism as (a,v) —
aow.

For example, in the cases V = £ and V' = L(F) (1.2.2), we have the compactified
vector spaces £ and L(F'), respectively. We can identify £(F') with the closure of L(F)
in L.

Proposition 1.3.9. Let § be an fs monoid and consider the real toric variety T =
Hom (S, R2WY). Then if S is an object of Cr(sat), we have a natural bijection between
the set of all morphisms S — T in Cr(sat) and the set of all homomorphisms S —
I'(S, Mg ~o).

Proof. Since S C I'(T, Mr~¢), a morphism S — T induces S — I'(S, Ms o). It is easy
to see that this correspondence is bijective. O

1.3.10. If M is an fs log structure with sign, locally we have a chart & — M whose
image is contained in M~q. (Here § is an fs monoid.) In fact, if S — M is a chart, the
composition S — M = M. x {£1} — M-o C M is also a chart. We will call such a
chart § — M- a positive chart.

Proposition 1.3.11. (1) The category By (log) has fiber products.
(2) A fiber product in Bg(log) is a fiber product in Cg(sat).

(1) is proved in Part II, Proposition 3.1.7. We give here a proof which proves both (1)
and (2).

Proof. For a diagram S; — Sy < Sy in Bg(log), locally on Sp, Sy, S2, we can find fs
monoids Sy, 81, Sy with homomorphisms &; < Sy — S, and a morphism ¢; : 5; — T} 1=
Hom (S;, R2g) of Bi(log) for each j = 0, 1,2, satisfying the following conditions (i) and
(ii). -
(i) The diagram
Sl — S() < SQ

} 1 }
T1—>T09T2

is commutative.
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(ii) For each j = 0, 1,2, the underlying map S; — 7} of ¢; is injective, the topology
and the log structure of S; with sign are induced from those of 7}, and the homomorphism
L]-_I(OTJ.) — QOg, is surjective.

This is proved by using positive charts (1.3.10) on Sy, Si, Se which are compatible.

To prove 1.3.11, it is sufficient to prove that in this situation, we have the fiber product
Sy of S; — Sp < Sz in Cr(sat) which belongs to By (log). Let S3 be the pushout of the
diagram §; < Sy — &; in the category of fs monoids. This Sz is obtained from the
pushout & of &) < Sy — Ss in the category of commutative monoids as follows. Ss is
the submonoid of (S5)8P consisting of all elements a such that for some integer n > 1, a™
belongs to the submonoid of (S5)8P generated by the images of S; and S,. Let T3 be the
real toric variety Hom (Ss, RZg), let S} be the fiber product of S; — Sy < Sy in the
category of topological spaces, and let T; be the fiber product of T} — T} < 15 which is
identified with Hom (S5, RZ) as a topological space. As a topological space, we define
S3 as the fiber product of 3{), — T4 < T5. Let 13 : S3 — T3 be the canonical injection.
We define the structure sheaf Og, on S3 as follows. For j = 0,1, 2, let I; be the kernel of
1;'(Or,) = Og,. Let I3 be the ideal of 15'(Or,) generated by the images of I; and I.
Define Og, = 15" (Or,)/I3. Define the log structure with sign on Sz as the inverse image
of that of T5. Then Sj is clearly an object of By (log).

We prove that S3 is the fiber product of S; — Sy < Ss in Cr(sat). By 1.3.9, for
an object X of Cr(sat) and j = 0,1,2,3, a morphism X — S; corresponds in one to
one manner to a homomorphism S; — I'(X, My ~() such that the associated morphism
X — Tj has the following two properties (1) and (2).

(1) The image of the set X in 7} is contained in S;.
(2) The image of I; in Ox is zero.

Since I'(X, Mx ~¢) is a saturated monoid, a homomorphism S; — I'(X, Mx ~¢) and a
homomorphism S — I'(X, Mx ~o) correspond in one to one manner. These prove that
S3 is the fiber product of S; — Sy < Sy in Cr(sat). ]

1.3.12. The proof of 1.3.11 shows that the underlying topological space of a fiber product
in By (log) need not be the fiber product of the underlying topological spaces. We consider
this point.

We call a homomorphism Sy — & of saturated commutative monoids (1.3.7) univer-
sally saturated if for any commutative monoid Ss and any homomorphism Sy — Ss, the
pushout of §; <~ Sy — Ss in the category of commutative monoids is saturated.

For a morphism S; — Sy of Bi(log), we say f is universally saturated if for any
s1 € 51 with image sg in Sy, the homomorphism Mg, 5, — Mg, s, is universally saturated.
(The last condition is equivalent to the condition that the homomorphism (Mg, /Og, )s, —
(Ms,/Og, )s, is universally saturated.)

The following can be proved easily: Let f : S; — Sy be a morphism in Bg(log).
Let the triple of homomorphisms S; — Mg, (j = 0,1) and h : Sy — Si be a chart
of f. Then, if h is universally saturated, f is universally saturated. Conversely, if f is
universally saturated, then locally on Sy and S, there are positive charts (1.3.10) and a
homomorphism A of charts as above such that h is universally saturated.
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Lemma 1.3.13. Let S; — Sy be a universally saturated morphism in Bg (log), let So — So
be a morphism in By (log), and let S3 be the fiber product of S; — Sy <— Ss in the category
Bg (log). Then the underlying topological space of Ss is the fiber product of the underlying
topological spaces of S; (j =0,1,2).

This follows from the proof of 1.3.11.

Proposition 1.3.14. (1) Forr > 1, the homomorphism N — N” ; m — (m,m,...,m)
15 universally saturated.

(2) For any saturated commutative monoid S, the homomorphisms {1} — S and
S — {1} are universally saturated.

(3) Let S; (j = 0,1,2) be saturated commutative monoids, let S — Sy be a universally
saturated homomorphism, let S — Ss be a homomorphism, and let Sz be the pushout
of 81 + Sy — Sy in the category of commutative monoids. Then the homomorphism
Sy — 83 1s universally saturated.

(4) Let S; — S} (j = 1,...,n) be universally saturated homomorphisms of saturated
commutative monoids. Then the homomorphism [[;_, S; — [[;_, S} is universally satu-
rated.

(5) A homomorphism & — S of saturated commutative monoids is universally satu-
rated if and only if the induced homomorphism S/S8* — S'/(S')* is unversally saturated.

(6) For a saturated commutative monoid S and for a € S, the canonical homo-
morphism S — S|[1/a] is universally saturated. Here S[1/a] denotes the submonoid
{ra™ | x € §,n > 0} of S*P.

Proof. The proofs of (1), (2), (5), (6) are easy. (3) is evident. We can prove (4) by
induction on n as follows. We may assume n > 2. Then the homomorphism between
products in (4) is the composition (H;";ll Sj) xS, — (H;:ll Sj) x S — (H;L;ll Sj) x S},

in which the first homomorphism is universally saturated by induction on n and by (3),
and the second homomorphism is universally saturated by (3). O

Corollary 1.3.15. For a diagram S; — Sy < So in Bg(log), the underlying topological
space of the fiber product is the fiber product of the underlying topological spaces in the
following cases (i) and (ii).

(i) The case where at least one of S; — Sy and Sy — Sy is strict.

Here for a morphism f : X — Y of locally ringed spaces with log structures, we say f
1s strict if the log structure of X coincides with the inverse image of the log structure of
Y wia f.

(ii) The case where the log structure of Sy is trivial.
The following will be used for many times in this paper.

1.3.16. Let X be an object of Bg(log) and let Y be a subset of X. Assume that the
following condition (C) is satisfied.

(C) The homomorphism from Oy to the sheaf of R-valued continuous functions on X
is injective.
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Then we have a structure on Y as an object of Bg(log), which also satisfies (C), as
follows. The topology of Y is the one as a subspace of X. Oy is the sheaf of R-valued
functions on Y which are locally restrictions of functions in Ox. The log structure with
sign is the pullback of that of X.

For an object S of Bg(log) which satisfies (C), the map Mor(S,Y) — Mor(S, X) is
injective and the image coincides with {f € Mor(S, X) | f(S) C Y'}.

1.4 Review on toric geometry

We recall toric varieties over a field and the real toric varieties associated to fans, by
comparing them.

1.4.1. Let L be a finitely generated free abelian group and let N := Hom (L, Z). We will
denote the group law of L multiplicatively and that of N additively.
For a rational finitely generated sharp cone o in Ng, define an fs monoid S(o) by

S(o):={le L|l(o) > 0}.

For a rational fan ¥ in Ng, we have a toric variety toric(X) over a field k associated
to ¥ which is an fs log scheme over k, and a real toric variety |toric|(X) which is an object
of Bg(log). We review these.

1.4.2. The toric variety torick(X) over k is described as

toric,(X) = U Spec(k[S(o)]) (an open covering)

where k[S(0)] denotes the semigroup algebra of S(o) over k and Spec(k[S(0)]) is endowed
with the standard log structure.

It represents the contravariant functor from the category (fs/k) of fs log schemes over
k to the category of sets, which sends S to the set of all homomorphisms h : L — Mg’
satisfying the following condition.

(C) Let s € S. Then there exists ¢ € ¥ such that for any homomorphism a :
(Ms/O%)s — N, the homomorphism a o h : L — Q belongs to 0. Here 5 is a geometric
point over s.

Note that this condition is equivalent to the following condition.

(C’) Etale locally on S, there is o € ¥ such that h(S(0)) C M.

The set torick(X)(k) of all k-rational points of toricg(X) is identified with the set of
pairs (o, h) consisting of 0 € ¥ and a homomorphism h : S(o)* — k*. The point
corresponding to this pair is the element of Spec(k[S(0)])(k) = Hom (S(o), k) which
sends a € S(0)* to h(a) and sends a € S(o) \ S(o)* to 0.

1.4.3. The real toric variety [toric|(X) is described as

|toric|(X) = U Hom (S(c), R23")  (an open covering)

oeY
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where Hom (S(0), RZ4") is regarded as an object of By (log) as in 1.3.8 (3). It represents
the contravariant functor from Cgr(sat) to the category of sets, which sends S to the set

of all homomorphisms A : L — M Eio satisfying the following condition.

(C) Let s € S. Then there exists ¢ € % such that for any homomorphism a :
(Ms/OF)s — N, the homomorphism a o h : L — Q belongs to o.

Note that this condition is equivalent to the following condition.
(C') Locally on S, there is 0 € ¥ such that h(S(0)) C Mg ~o.

The set |toric|(X) is identified with the set of pairs (o, h) consisting of ¢ € ¥ and a
homomorphism A : S(¢)* — R~g. The point corresponding to this pair is the element of
Hom (S(o), R2) which sends a € S(0)* to h(a) and sends a € S(o) \ S(0)* to 0. By
this understanding, we can regard |toric|(X) as a closed subset of toricg (X)(R.).

1.4.4. The set |toric|(X) is also identified with the set of all pairs (o,Z) consisting of
o € ¥ and a subset Z of Hom (L, R®") which is a Hom (L/S(o)*, R2g")-orbit.
In fact, (o, Z) corresponds to (o, h) in 1.4.3 where h is the restriction of any element

of Z to S(o)*.

1.4.5. If ¥ is finite and Y’ is a rational finite subdivision of ¥, we have a proper sur-
jective morphism toricg(X’) — toricky(2). In the case K = R, this induces a morphism
[toric|(X) — |toric|(X) which is proper and surjective.

1.4.6. A morphism S — S in the category (fs/k) (resp. Bg(log)) is called a log modifi-
cation if locally on S, there are a homomorphism & — Mg (resp. S — Mg o) with S a
sharp fs monoid and a rational finite subdivision X’ of the fan X of all faces of the cone
Hom (S, R;%d) C Hom (8%, R*4) such that S’ is isomorphic over S t0 S X oricy () toricy (X)
(resp. S X toric|(x) |toric|(X)).

The underlying map of topological spaces of a log modification is proper and surjective.

1.4.7. We introduce a functor [3] associated to a fan ¥, and consider its relation to log
modification.

Let L and N be as in 1.4.1. For a rational fan ¥ in Ng, let [X] be the contravariant
functor from (fs/k) (resp. Bg(log)) to the category of sets which sends S to the set of all
homomorphisms h : L — ME /Oy satistying the condition (C) in 1.4.2 (resp. 1.4.3). In
the present situation, (C) is equivalent to (C’) with Mg (resp. Mg ~) replaced by Mg/OJ.

Let S be an object of (fs/k) (resp. Bg(log)) and assume that we are given h € [X](5).
This induces a continuous map S — ¥ which sends s € S to the unique cone o € ¥ such
that S(o) C L coincides with the inverse image of (Ms/O%)s under L — (ME’/OF)s.

Assume ¥ is finite and let ¥’ be a rational finite subdivision of ¥. Then we have
a morphism of functors [¥'] — [X]. The contravariant functor Mor(—,S) xx; [¥'] from
(fs/k) (resp. Bg(log)) to the category of sets is represented by a log modification S" — S.
In fact, locally on S, h : L — Mg’ /O lifts to a morphism S — toricg(X) (1.4.2) (resp.
S — |toric|(¥) (1.4.3)) and this functor is represented by S Xiaic,(s) toricg(X’) (resp.
S X |toric|(%) |tOI‘iC|(E/)).

1.4.8. This 1.4.8 will be used in Section 2.4-Section 2.6.
Let S; be an fs monoid, let 7" := Hom (S;, R23"), and let Z be a T-torsor.
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The purpose of this 1.4.8 is to introduce an object Z of Bg(log) and to give set-
theoretical descriptions (1) below of log modifications of Z.

Let T := Hom (S, R&) D T, and let Z := Z xT T.

We regard Z as an object of By (log) as follows. Take r € Z. Then we have bijection
T — Z ; t + tr and this induces a bijection T — Z. Via the last bijection from the
real toric variety T, we obtain a structure of Z as an object of By (log). This structure is
independent of the choice of r.

We prepare notation. For s € Z, we define a subgroup T(s) of T and a T(s)-orbit
Z(s) inside Z as follows. In the case Z = T and hence Z = T, s is a homomorphism
S — R, In this case, let T(s) be the subgroup of T = Hom (S;, R%") consisting
of all elements which kill s7*(Rs) C Sy, and let Z(s) C T be the set of all elements of
S1 — R whose restriction to s7'(Rs) coincides with the homomorphism induced by
s. Then Z(s) is a T'(s)-orbit. In general, take r € Z, consider the induced isomorphism
7Z =T, let t be the image of s in T, let T(s) := T(t), and let Z(s) be the T(s)-orbit in
Z corresponding to the T'(t)-orbit Z(t) in T" via the isomorphism Z = T". Then T'(s) and
Z(s) are independent of the choice of r.

Consider L and N in 1.4.1, let o be a rational finitely generated sharp cone in Ngr, and
let 3 be the fan of all faces of 0. Assume that we are given a homomorphism S(o) — S;.

Then we have a morphism of functors Mor(—, Z) — [%] where [%] is as in 1.4.7. This
morphism is obtained as follows. The homomorphism S(¢) — S; induces Mor(—,T) —
[¥]. Taker € Z. Then r gives an isomorphism Z = T and hence the composite morphism
Mor(—, Z) = Mor(—,T) — [%]. This composite morphism is independent of the choice
of r.

Assume further that the homomorphism S(o) — Sy is universally saturated (1.3.12).

Let ¥’ be a rational finite subdivision of ¥, and let E be the log modification of Z
which represents the fiber product Mor(—, Z) x5y [X'] (1.4.7). We give a description of E
as a set.

For s € Z and for o’ € ¥/ such that the image 7 of s in ¥ coincides with the image
of ¢/ in X, let T'(s,0’) be the subgroup of T'(s) consisting of all elements whose image
in Hom (L/S(7)*, R2") is contained in its subgroup Hom (L/S(co’)*, RZ"). Then we
have:

(1) There is a canonical bijection between E and the set of all triples (s, o’, Z’) where
s € Z, o' is an element of ¥’ whose image in ¥ coincides with the image of s in ¥, and
Z"is a T(s,0’)-orbit in Z(s).

In fact,if Z =T, then E =T X|toric|(x) |toric|(X') and hence the bijection is given by
1.4.4. In general, for r € Z, if t denotes the image of s under the isomorphism Z = T
we have T'(s,0’) = T'(t,0’) and the isomorphism Z = T sends a T'(t,0’)-orbit in T to a
T(s,0’)-orbit in Z, and the induced composite bijection from the set of triples (s, o', Z’)
to E is independent of the choice of r.

2 The new space Df , of SL(2)-orbits

In Part II, we defined and studied the space Dgy,9) of SL(2)-orbits. Here we introduce a
variant Dg; . It is an object of the category By (log) (1.3.7).
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Recall that Dps is an object of Bg(log), Dsiz) has two structures Dg; o) and Dgj o
as objects of Bg(log), and the identity map of Dsy ) gives a morphism DéL(Q) — D§£(2)
of Bg(log). We will relate the three spaces D o), D) and Dgs in the following way.
These three spaces are not connected directly, but as we will see in this Section 2, they
are connected as in the diagram

+ * *,— ,BS
D} = Do — D ¢« Di

SL(2) SL(2)
i ¢
D SL(2) Dgs

in By (log) in which the horizontal arrows are log modifications (1.4.6) and the left vertical
arrow is proper surjective.
As will be seen in Section 3, this diagram will induce morphisms

* II *
D312y vat = Ds12) vt SL(2)val — DBS val

of associated valuative spaces, which appeared in Introduction for log modiﬁcations in—
duce isomorphisms of the associated valuative spaces D val 5 D3 SL(2) val 5 DSL(Q) val &
D* ,BS
SL(2),val”
In the pure case, the arrows in Dgy,2) D;’LJEQ) — DgL(Q) — Dg’L_(g) are isomorphisms.
In Section 2.1, we review SL(2)-orbits in the pure situation. In Section 2.2, we con-
tinue reviews on Part II. In Section 2.3, we define the spaces D§L(2) and Dg’}j@). After

preparations in Section 2.4, we connect D§L(2) and Déi@) in Section 2.5 by introducing
the space D SL(2)’ and we connect DSL(2 and Dgg in Section 2.6 by introducing the space

Dg’fg). In Section 2.7, we show that our spaces of SL(2)-orbits belong to a full subcategory
Bg (log)™ of By (log) consisting of nice objects.

2.1 Review on SL(2)-orbits in the pure case
Let the setting be as in 1.1, and assume that we are in the pure situation of weight w.

2.1.1. In this pure case, an SL(2)-orbit in n variables means a pair (p, ), where p is
a homomorphism SL(2,C)" — G(C) of algebraic groups defined over R and ¢ is a
holomorphic map P}(C)"* — D, satisfying

©(gz) = p(g)p(z) for g€ SL(2,C)" and z € P}(C)",

©(h") € D (b is the upper half plane {z + iy | z,y € R,y > 0}),

p(BE(s1(2, O)")) C B (ge) (= € PHC)"p € 7).

Here p, denotes the homomorphism s[(2, C)" — g¢ of Lie algebras induced by p, and fil}
and filg, ) are filtrations given by z and ¢(z), respectively (see Part II, 2.1.2).

Z

2.1. 2 Let (p,¢) be an SL(2)-orbit in n variables. Define the associated homomorphisms
: Gy g — Autr(Hor) of algebraic groups as

T(t) = p(91, .- gn) wheret = (t;)1<j<n and
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. Izt 0
J 0 [Tz tr)

The image of the homomorphism 7* is contained in Gg.

For 1 < j < n, we define the increasing filtration W) on Hy g as follows.

We have Hor = @< j<prez Hor(j; k) where Hor(j, k) is the part of Hor on which
the action 7 of GJ g is given by (t¢)1<s<p — tF.

Define W@ by WY = @, Hor(j, k).

We call WU (1 <j <n) the associated weight filtrations.

2.1.3. Let (p, ¢) be an SL(2)-orbit in n variables.

For 1 < j < n, the following conditions (i)—(iii) are equivalent.

(i) The j-th component SL(2,C) — G(C) of p is trivial.

(ii) ¢ factors through the projection P'(C)" — P!(C)"~! which removes the j-th
component.

(iii) Either j > 2 and W@ = WG=D or j =1 and W® = W (that is, Wi" = Hyg
and WS_)I =0).

2.1.4. We consider the following equivalence relation on SL(2)-orbits.

We say an SL(2)-orbit in n variables (p, ¢) is non-degenerate if there isno j (1 < j < n)
which satisfies the equivalent conditions in 2.1.3.

For a non-degenerate SL(2)-orbit (p, ¢) in n variables and for a non-degenerate SL(2)-
orbit (p',¢’) in n’ variables, (p,¢) and (p/,¢’) are equivalent if and only if n = n’ and
there is t € RY, such that

for any g € SLy(C)" and z € P*(C)". Here 7* is the homomorphism associated to (p, ¢)
in 2.1.2. We have the same equivalence relation when we replace 7*(¢) in the above by
7(t) in 2.1.2 associated to (p, ¢).

Any SL(2)-orbit uniquely factors through a non-degenerate SL(2)-orbit, called the
associated non-degenerate SL(2)-orbit, which is described as below. Two SL(2)-orbits are
equivalent if and only if their associated non-degenerate SL(2)-orbits are equivalent in the
above sense.

For an SL(2)-orbit (p, ) in n variables, the associated non-degenerate SL(2)-orbit
(p',¢) is as follows. Let J = {a(l),...,a(r)} (a(l) < --- < a(r)) be the set of j
(1 < j < n) such that the j-th component of p is non-trivial. Then (p/, ¢’) is the SL(2)-
orbit in r variables defined by

p(gh ce 7gn) = p,(ga(l)a ce 7ga(r)) SD(Zla cee 7Zn> = Sol(za(l)a cee 7Za(r))~
This number r is called the rank of the (equivalence class of the) SL(2)-orbit (p, ¢).
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2.1.5. The set Dgy o) is defined as the set of all equivalence classes of SL(2)-orbits (p, ¢)
such that all members of the set of weight filtrations associated to (p, ¢) (2.1.2) are rational
(that is, defined already on Hy q).

D is embedded in Dgy,9) as the set of classes of SL(2)-orbits of rank 0.

2.1.6. Let p € Dgp,2). We define objects

Ty Tow Z(p); W(p)
associated to p.

Let n be the rank of p. Let (p, ) be a non-degenerate SL(2)-orbit which represents
p. The homomorphism 7* (resp. 7) (2.1.2) associated to (p, ¢) depends only on the class
p (it does not depend on the choice of (p, ¢)). We denote it as 77 (resp. 7,).

The subset

{e((iyjijcn) 4 € Roo (1 <5 <)} = 77 (RL)e0(i) = 7(RLg)p(i) € D

(i:= (4,...,7) € h™) depends only on the class p. We denote it as Z(p) and call it the
torus orbit associated to p.

The family {W©) | 1 < j < n} of weight filtrations associated to (p, ¢) (2.1.2) depends
only on the class p. Let W(p) = {W0U) | 1 < j < n} and call it the set of weight filtrations
associated to p. It consists of n elements (Part II, Proposition 2.1.13).

2.1.7. Dgy2) has a structure as an object of By (log). For this, see Part 11, Section 3.2.

A basic property of the topology of Dgy,9) is that, if p € Dgp9y is the class of an
SL(2)-orbit (p, ¢), p is the limit of ¢(iy1,...,iy,) € D where y; € R and y;/y;+1 — 00
(1 <j <n,y, denotes 1).

2.2 Reviews on Dgy ) (gr") and Dgp ) (gr’)~

We now consider the mixed Hodge situation. We review the spaces Dgp)(gr'’) and
DSL(Q)(ng)N considered in Part II and prepare notation which we will use later.

Actually there was an error concerning the definition of Dgyo)(gr’)™ in Part II. We
correct it in 2.2.3.

2.2.1. Let
Dgi2) =] Dsri(erl)

weZ

where Dg2)(grh,) denotes the space Dgy,2) (Section 2.1) for the graded quotient grl)

2.2.2. The set Dgy9)(gr™)™ is defined as follows (cf. Part II, 3.5.1).
By an SL(2)-orbit on gr'V' of rank n, we mean a family (py, Pu)wez of SL(2)-orbits
(pws Pw) on gr’ in n variables in the sense of 2.1.1 satisfying the following condition (1).

(1) For each 1 < j < n, there is a w € Z such that the j-th component of p,, is
non-trivial.

The equivalence relation is defined as follows.
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For an SL(2)-orbit (pu, ¢w)w on gr'’ of rank n, the homomorphisms 7, 7% : G, g —
Autr (gr!’) associated to the SL(2)-orbit (p,,¢.,) in n variables of weight w for w € Z
(2.1.2) define homomorphisms

T, 7" G r — H AutR(grE/)

weZ

of algebraic groups, respectively.

An SL(2)-orbit (pu, Yw)w on gr'¥ of rank n and an SL(2)-orbit (p/,, ¢, )w on gr'V’
of rank n/ are equivalent if and only if n’ = n and (p,(9))w = 7T)(Pw(g))wt ()71,
(01, (2)w = T(t)(Pw(2))w for some t € RZ,. (We have the same equivalence relation
when we replace 7* here by 7.)

The set Dsp2)(gr'”)™ is defined as the set of all equivalence classes of SL(2)-orbits
(Pws Pw)w on gr' such that the weight filtrations on gr!¥ associated to (py, @) are rational
(i.e., defined over Q) for any w € Z.

Remark 2.2.3. In the definition of Dgp,e) (gr™)~ in Part 11, 3.5.1, we forgot to put the
condition of the rationality of the associated weight filtrations. This error does not affect
the rest of Part II.

2.2.4. We have the embedding
D(gr") S Dgpa)(er™)™

by identifying D(gr'') with the set of SL(2)-orbits on gr'" of rank 0.
We have a map

Dsr2)(gr”)™ = Ds ) (gr™) 5 p = (p(grl) ))w
which sends the class p of (pu, uw)w to (the class p(gr!’) of (puw, Yuw))w-

2.2.5. For p € Dgp)(gr")™, we define a finite set W(p) of increasing filtrations on
gV =[], ers¥ as follows. Let (pu,ow)w be an SL(2)-orbit on gr'¥ in n variables which
represents p, let W9 (w € Z,1 < j < n) be the j-th weight filtration on gr!¥" associated
to the SL(2)-orbit (pu,¢uw)w on gr!¥ in n variables, and let W) = @ W9, Let
W(p) := {WWW | 1< j <n}. Then W(p) is independent of the choice of the representative
(Pws Pw)w of p.

By an admissible set of weight filtrations on gr'V (Part II, 3.2.2), we mean a set
of increasing filtrations on gr'V which coincides with the set W(p) of weight filtrations
associated to some point p of Dgy,2)(gr™)™.

An admissible set ® of weight filtrations on gr'¥ has a natural structure of a totally
ordered set (given by the variance of W'(gr'V') for W’ € @ ; see Part II, 2.1.11 and 2.1.13).
For any p € Dsp)(gr”)™ of rank n such that ® = W(p), if (WU),<;<, denotes the
family of weight filtrations associated to p, W@ < W®) for this order if and only if j < k.
By using this ordering, we will identify ® with the totally ordered set {1,...,n}. By this,
we will identify G, Z%, etc. with G, Z", etc.

Let W be the set of all admissible sets of weight filtrations on gr'’.
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Let W(gr!”) be the set of all admissible sets of weight filtrations on gr!”, that is,

Wigr,) = {W(®) | p € Dsr)(gry )} (2.1.6).
We have a map

W= [IWierd) s @ = (®(w))u,

where ®(w) = {W'(gr?) | W' € & W' (gr!) # W(gr”)}. This map sends W(p) for
P € Dsriz (™)™ to W(p(gry,)))w-

2.2.6. For ® € W and Q = (Q(w)), € [[, W(er?) such that ®(w) C Q(w) for any

w € 7, let
Gp — [] Gg™

weZ

be the homomorphism which sends (tw)wree to (2, ])wEZ jeQ(w), Where 1, . is the product
of ty for all elements W’ of ® such that W’ (gr!’) = ;.

If p € Dsio)(gr”)~ and p' = (p(gr}) ))w € Dsiz)(er'), for @ = W(p) and Q(w) =
Wi(p(gry)) (w € Z), 7} coincides with the composition Gy, — [T, G2™ = Gr(gt")
where the first arrow is as above and the second arrow is 7).

2.2.7. Let p € Dgp2)(gr")™ (resp. p € Dsp2)(gr')). We define objects

Sp, X(Sp) Ap, By, Am pr Tos Tps Tps Tpr Z(D)

p’ p’

associated to p.
Let o
Sp = GK(”) (resp. H Gy,

Then the character group X (S,) of S, is identified with [, ZV®) (resp. [1, Z"Ve)).
We define the submonoid X(S,)* of X(S,) as the part corresponding to NV®) (resp.
I1, NWE)),

Let A, be the connected component in S,(R) which contains the unit element. We
identify -

A, = Hom (X(S,), R™) = R (resp. HRW(p“’

Let _
A, = Hom (X(S,)", R2") = RY” (resp. [[RZ™) 5 4,

BPZRZO XAPDBP =R+ XAp.

We regard A, and B, as real toric varieties (1.3.8 (3)).
We define homomorphisms

Tp,T; 0 Sy — HAutR(ng}V)

of algebraic groups over R and a subset Z(p) of D(gr'V).
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Assume first p € Dgp)(gr™)~. For an SL(2)-orbit (py, go )Jw on gr'V of rank n which

represents p, the associated homomorphisms 7,7* : S, = G p =G, =[], Autr(grl¥)
depend only on p. We denote 7 as 7, and 7* as 7. The set

Z(p) = {(wliys, - iyn))w | y; € Roo (1 < j <n)}
= {Tp(t)(%(i))w [t e Ap} = {7 (1) (puw(i))w [t € Ap}
c D(gr" HDgr (here i= (i,...,1) € h")

weZ
depends only on p.
Next for p € Dgp2)(gr"), define 7, and 7 as (7p,,)w and (7}, )w, respectively, and let
Z(p) =11, Z(pw) (2.1.6).
Both for p € Dgy,9)(gr")~ and for p € Dgp2)(gr""), we call Z(p) the torus orbit of p.
It is an A,-torsor.
We define extended homomorphisms

T Tyt G X Sp = HAutR(grE/),

for ty € G,, and t € S, by
%p(tmt) = (té”)pr(t) = Tp(t)(t(l)u)wa
7y (to,t) = (15w, (t) = 7, (1) (t0 ) w-

Here (t¥),, acts on gr!” as the multiplication by t¥.

2.2.8. Let ® € W.

By a splitting of ® (Part II, 3.2.3), we mean a homomorphism o = (), : G2 —
[T, Autr(grl) of algebraic groups over R such that, for any W’ € ® and k € Z, W]
coincides with the sum of the parts of gr'V of a-weight m for all m € Z® such that
m(W') < k.

For a splitting o of @, let o* : G2 — Ggr(gr'') be the homomorphism whose Gg (gr!V)-
component ay, is t = (¢;)jee — ([Ljeq 1) - qw(t).

Note that the actions of a(t) and a*(t) (t € R2,) on D(gr'V') are the same.

A splitting of @ exists: If p € Dg9)(gr’)™ and & = W(p), 7, is a splitting of ®. In
this case, for @ = 7, a* in the above coincides with 7, in 2.2.7.

Let Q = (Q(w)), € [T, W(gn!).

By a splitting of @), we mean a family a = (ay,),, where a, is a splitting of Q(w). Let

o* = (a)w-

2.2.9. Let & € W.

By a distance to ®- boundary (Part 11, 3 2.4), we mean a real analytic map 3: D(gr'V) —
R?, such that S(a(t)z) = tB(x) (t € R:,,z € D(gr"')) for any splitting o of ®. (The
last condition is equivalent to S(a*(t)z) = t8(z) (t € R2,,x € D(gr").)

A distance to ®-boundary exists (Part 11, 3.2.5).

Let Q = (Q(w))a € [T, W(grl).

By a distance to Q-boundary, we mean a family (3, )wecz Where 3, is a distance to
Q(w)-boundary for the pure situation gr!”
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2.2.10. In Part IT, we endowed Dgy,2)(gr"") and Dgy,2)(gr'")™ with structures as objects of
Bg (log). These spaces satisfy the condition (C) in 1.3.16, that is, the sheaf of real analytic
functions is a sub-sheaf of the sheaf of all R-valued continuous functions. Dgy,) (gr™) is
just the product of Dgy9)(grly) (2.1.7) in Bg(log). The canonical map Dgp,)(gr")~ —
Dgy2)(gr") (2.2.4) is a morphism in Bg(log) and it is a log modification (1.4.6) as is
explained in Part II, 3.5.9 and 3.5.10.

We review some properties of these spaces.

2.2.11. Let p € Dspo)(gr")™ (vesp. p € Dgpz)(gr’)) and let r € Z(p) (2.2.7). Then
p is the limit of 7,(t)r = 7 (f)r where t € A, tends to 0 € A,. Here 0 € A, denotes
(0,...,0) € RE, where & = W(p) (resp. ], RQ ) where Q(w) = W(p(gr?))) (2.2.5) in
the identifications A4, = RZ; (resp. [, RQ &y 5 A, =R, (vesp. [T, R%™).

2.2.12. For ® € W, let
Dgy(2) (er'™)™ (@) ={p e Dgy2) (er'™)™ [ W(p) C @},
For @ = (Q(w))uwez € [1,ez W(ery). let
Dsii2 (g™ )(Q) = {p € Dsrz)(g") | W(pw) € Q(w) for allw € Z}.

Then Dgy2)(gr™)~ (@) (resp. Dsr2)(gr')(Q)) is open in Dgy,2)(gr")™ (vesp. Dgp2)(gr")).
When @ (resp. Q) moves, these open sets cover Dgp2)(gr")™ (resp. Dsp2)(gr')).

IfeeW, Q= (Qw))y, €], W(g?) and ®(w) C Q(w) (2.2.5) for any w € Z, then
the map Dgy,2)(gr”)™~ — Dgr2)(gr") induces a map Dgy,2)(gr™)~(®) — Dsp2)(gr'’)(Q).
2.2.13. Let @ € W (resp. Q = (Q(w))y € [[, W(gr?)) and let 8 be a distance to
®-boundary (resp. @-boundary). Then the map [ extends uniquely to a morphism

B+ Dso)(er')™(®) = RZ,  (resp. Do) (er™)(Q) — HRQ )

of Bg(log). The log structure with sign of Dgp)(gr’ )™ (®) (resp. Dsp)(gr')(Q)) co-
incides with the inverse image of the canonical log structure with sign of RZ, (resp.
[T, R (1.3.8 (1)).

For a distance  to ®-boundary (resp. ()-boundary), each component 3; (j € ®)
(resp. Buw; (w € Z, j € Q(w))) of B is a section of the log structure Mg where S =
D12 (gr™)~(®) (resp. Dsp2)(gr')(Q)). We have a chart N® — Mg (resp. [[, N9®) —
Mg) defined as m — ], 6;”0 ) (resp. m ], B g.w’j )). The induced homomorphism from
N? (resp. [T, N9™)) to Ms/OJ is independent of the choice of 3. If ® = W(p) (resp.
Q(w) = W(py)) for p € S, this induces an isomorphism from N? (resp. [[, N?™)) to
(MS/Og )p-

If ®(w) C Q(w) (cf. 2.2.5) for any w € Z, we have a commutative diagram

HwNQ(w) — Ms/O% (SZZDSL@)(E{TW))

{ 4
N? — Mg /O% (5 := Dgpe(gr™)™)

where the left vertical arrow is the homomorphism induced from the homomorphism
G? =11, G%™ (2.2.6) on the character groups.
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2.2.14. Let ® € W (resp. Q € [, W(gr!V)), and let o be a splitting of ® (resp. Q)
and let 3 be a distance to ®-boundary (resp. @-boundary). Then the map D(gr'’V) —
D(gt") 5 o — a(B(x)) Lz = o*(B(x)) Lz extends uniquely to a morphism

bas : Ds()(er')™ (resp. Dsiea(gr™)) — D(gr™)

(Part II, Proposition 3.2.6).

2.3 The space D§L(2)

We define the space DgL(2) comparing it with the space Déi(z) which we defined in Part
IT. We also define a related space Dgi_(z)‘

2.3.1. Let Dy, (resp. Dgf(?)’ resp. Dgp2)) be the set of all pairs (p,Z) where p €
Dsp,2)(gr™)™ (vesp. Dgp2)(gr"), resp. Dgpo)(gr'’)™) and Z is a subset of D satisfying
the following two conditions (i) and (ii).

Denote 75 (resp. 7,7, resp. 7,) by a, and denote 7 (resp. 7y, resp. 7,) by d,.

(i) Z is either

(i.A) an a,(Ap)-orbit in D, or

(i.B) an &,(B,)-orbit in Dy, (1.1.5)
for the lifted action (1.2.6).

(ii) The image of Z in D(gr'"") coincides with the torus orbit Z(p) (2.2.7) of p.

We call an element (p,Z) an A-orbit if it satisfies (i.A) and a B-orbit if it satisfies
(i.B). This is similar to the case of Dgg, which also consists of Ap-orbits and Bp-orbits
for Q-parabolic subgroups P of Ggr(gr'V) (Part I, 5.1 and Definition 5.3).

2.3.2. We embed D in Dg; ,, (resp. Dg’L_(Z), resp. Dgp,2)) by F — (F(gt™),{F}).
We have canonical maps

D5 = Dsu(er’)™ Dty = Dsuey(r™), Dsiy — Dsu(gr”)”

defined by (p, Z) — p.
We have a canonical map

Do) = Dl s 0.2) = 0, 2)), ¥ = (e ) 2= 73(Ay) 2.

2.3.3. The style of the definition of the set Dgy,2) in 2.3.1 is slightly different from the one
in Part II, Section 2.5. We explain the relation of the two styles. Let (p, Z) € Dgy ) in
the present style, and let (py,, Pw)w be an SL(2)-orbit on gr'¥ which represents p. If (p, Z)
is an A-orbit (2.3.1), it is the class of ((pw, Pw)w: T) € Dgy ) ,, in Part II, 2.3.1 with r € Z.
If (p, Z) is a B-orbit (2.3.1), it is the class of ((l,, ¥},)w,T) € Dgp g, in Part 11, 2.3.1
where r € Z and p!, (resp. ¢/,) is the composition SL(2, R)"™ — SL(2,R)" — Gr(grl)
(resp. PY(C)"*1 — P1(C)" — D(gr)V)) of the projection to the last n factors and p,
(resp. ¢y)-
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2.3.4. Let Dgf(ﬁ;)d (resp. D mﬂd) be the subset of D, (resp. Dgj ,) consisting of all
A-orbits.

(We do not define the mild part of Dgp,z). The part of A-orbits in Dgy,2) does not fit
our formulation of the mild part.)

2.3.5. Consider the following three situations (a)—(c).

(a) D = D5, € = Dspiz(er’)™.

(b) ® = D), € = Dsrizy(gr'™).-

(c) D= DSL 2), € = Dgr2)(gr")™.

We endow © with a structure of an object of Bg(log) as follows in 2.3.6-2.3.11. In
the situation (c), this coincides with the structure Dgj ,, treated in Part IT.

2.3.6. In the situations (a) and (c) (situation (b)) in 2.3.5, for ® € W (resp. Q €
[T, W(gr!h)), let D(®) (resp. D(Q)) be the inverse image of E(P) (resp. €(Q)) (2.2.12)
in ®.

2.3.7. In the situations (a)—(c) in 2.3.5, for x = (p,Z) € D, sply(r) for r € Z is
independent of the choice of r. We denote this sply, (r) (r € Z) by sply (z).

2.3.8. In the situations (a) and (c) (resp. situation (b)) in 2.3.5, let ® € W (resp.
Q = (Q(w))w € [I, W(grl)), let a be a splitting of ® (resp. Q) (2.2.8) and let 3 be a
distance to ®-boundary (resp, @-boundary) (2.2.9).

In the situations (a) and (b) (resp. situation (c)), for x € D, let d,45(z) € L (1.2.2)
be Ad(a*(B8(p))) 'ow (z) (resp. Ad(a(B(p))) 'ow(x)), where p denotes the image of x in
D(gr") (for o, see 2.2.8). Let @' = D(P) (resp. D(Q)). Then, for z = (p, Z) € D’ and
r € Z, 6a,5(7,(t)r) (vesp. da 5(7,(t)r)) converges in L (1.3.8 (4)) when t € A, tends to 0
in A,, and the limit depends only on = and is independent of the choice of r. We denote
this limit by 0, 5(z). We have 6, 5(z) € L(bas(p)), where b, 5(p) is as in 2.2.14.

These 0, 5(z) and b, 5(p) (x = (p, Z)) are described as follows. In the situations (a)
and (c) (resp. situation (b)), let o/ and (a*) be the restrictions of a and o* (2.2.8) to
the subgroup G ® (resp. [T, Gm ™)) of G2 (resp. [, G2™), respectively. Since both
o and 7, splits W(p) (resp. (W(pw))w), there is u € ], Autr(gr!’) such that for all
W' € W(p) (resp. for all w € Z and all W' € W(p,)), u preserves W’ and induces the
identity maps on gr'’, and such that

for any ¢t € GIY® (resp. I1,, G/'"*)). Take r € Z and let T be the image of T in Z(p)
(2.2.7). Then we have

bo,5(p) = ba,s(u”'T),
0a,5(7) = Ad(ua™(B(u'r))) " "ow (r) (resp. Ad(ua(B(u”'r))) ow(r)).

These are shown in Part II, 3.3.9 in the situation (c¢). The proofs for the situations
(a) and (b) are similar.
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Proposition 2.3.9. Consider the three situations in 2.3.5.

In the situations (a) and (c), let ® € W and ®' = D(®), & = &(®). In the situation
(b), let Q € [, W(grll) and @' =D(Q), ¢ = &(Q). In the situations (a) and (c) (resp.
situation (b)), fix a splitting o of ® (resp. Q) and a distance f to ®-boundary (resp.
Q-boundary).

Then we have a bijection

v:®D = {(p,s,0) €€ xspl(W)x L |6 € L(basp))}
(L()is asin 1.3.8 (4)) defined as x — (p, s,0), where p is the image of x in €, s = sply, ()
(2.3.7), 6 = 60 5(x) (2..8).

Proof. The inverse map of v is defined as (p, s,0) — (p, Z) where Z is as follows. Consider
the situations (a) and (c) (resp. situation (b)). Take u € Gr(gr'') for p as in 2.3.8.

In the case §d € L C L, Z is the subset of D whose image in D(gr'") x spl(W) x L
under the map in 1.2.1 is

{(r, s, Ad(ua*(B(u"'r)))d) | v € Z(p)} (resp. {(r,s, Ad(ua(B(u"'r)))d) | r € Z(p)}).

In the case § = 00§ € L\ L with & € £~ {0} (1.3.8 (4)), Z is Rsg o Z' where Z’ is
the above set Z for (p, s,d’). O

Proposition 2.3.10. Let the three situations be as in 2.3.5.

(1) In the situations (a) and (c) (resp. the situation (b)), endow D(®) (resp. D(Q))
(2.8.6) with a structure of an object of Bg(log) by using the bijection v in Proposition
2.3.9 (the target of v is regarded as an object of Bg(log) by regarding it as Y in X =
& x spl(W) x L in 1.3.16). Then this structure is independent of the choice of (., 3).

(2) There is a unique structure on ® as an object of By (log) such that for any ® € W
(resp. Q € [[,W(grth)), D' = D(P) (resp. D' := D(Q)) is an open subset and the
restriction of this structure to ' coincides with the structure given in (1).

Proof. For the situation (c), this follows from Part II, Proposition 3.2.9 and Theorem
3.2.10. The proofs for the situations (a) and (b) are similar. O
2.3.11. The structures of D ), Dg’L_(Q), Déi(z) as objects of Bg(log) are given by the
situations (a), (b), (c) in Proposition 2.3.10, respectively.

In the situations (a)—(c) in 2.3.5, the canonical map ® — € is evidently a morphism
of Bg(log).

2.3.12. Via the bijection v of Proposition 2.3.9, A-orbits in @’ correspond to elements
(p, s,0) of the target of v such that § € L.

Hence the subset of ® consisting all A-orbits is open in 2.

Elements (p, Z) of ®" such that Z C Dy, (1.1.5) correspond to elements (p, s,d) of
the target of v such that § = 0.

2.3.13. Consider the situations (a)—(c) in 2.3.5. In the situation (c), we consider the
structure Déi(z) of Dgr,2).
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In Theorem 2.3.14 below, we extend the result Part II, Theorem 3.4.4 on the local
structure of D§£(2) to all situations in 2.3.5. This 2.3.13 is a preparation for it.

Let p € €. We consider the local structure of ® around the inverse image of p in ©.

Consider the situations (a) and (c) (resp. situation (b)). Let ® := W(p) (resp. Q =
(Q(w)) with Q(w) :=W(py)). Fix r € Z(p).

Let K, be the maximal compact subgroup of Ggr(gr'") associated to r (Part 1T, 3.4.1),
and K C K, be the isotropy subgroup of Ggr(gr') at r.

We use the notation in 2.2.7. Let R be an R-subspace of gr(gr'’) satisfying the
following conditions (C1) and (C2).

(C1) gr(gr) = Lie(7*(4,)) ® R @ Lie(K,).

(C2) R=3",cx(s,) BN ((gr)m + (9r)-m). Here (=), denotes the part of weight m
for the adjoint action of Sy via 7;. (The definition of the part (—),, does not change if
we replace 7 by 7,.)

Let S be an R-subspace of Lie(K;) such that Lie(K,) = Lie(K.) & S.

For a subset J of ® (resp. for J = (J(w))wez, J(w) C Q(w)), let S; be the subset of
S consisting of all elements k such that exp(k)r € (K, NGr_s(gr'")) - r, where Ggr_s(gr')
is the subgroup of Gr(gr") consisting of all g € Gr(gr"') such that giWW’ = W’ for any
W' e J (resp. for any w € Z and any W' € J(w)).

We define an object Y of By (log) as follows. Let
X = A, x gr(gr") x gr(gr’) x gr(gr') x S.

Note that A4, is R, (resp. ], R (2.2.7).

Let Y be the subset of X consisting of all elements (¢, f, g, h, k) satisfying the following
conditions (i)—(iv). In (ii) and (iv) below, let J = {j € ® | t; = 0} (vesp. J = (J(w))wez
with J(w) = {j € Q) | fu; = 0}).

For x € X(S,), write x = x.(x_)~" with XJF,X, € X(S,)" which are defined as
follows. In the identification X(S,) = [[,Z%"), if we denote by m(w,j) € Z the
(w, j)-component of x for w € Z and j € Q(w), then the (w,j)-component of x. is
max(m(w, j),0) and the (w, j)-component of x_ is max(—m(w,j),0).

(i) For any x € X(Sp), t(x+)gx = t(x-)fx and t(x+)hy = t(x-)gx-

Here g, etc. denotes the x-component for the adjoint action of S, via 77 (x4, tx-) €
R are defined by the understanding A4, = Hom (X (S,)", Rmult).

(i) Let x € X(S,). lf t(x+) =0, then g, = f, =0. If t(x-) =0, then g, = h,, =0. In
other words, if m(j) € Z for j € ® (resp. m(w,j) € Z for w € Z and j € Q(w )) denotes
the j (resp. (w,j))-component of x in the identification X(S,) = Z® (resp. [, Z%™),
then f, = 0 unless m(j) < 0 for any j € J (resp. unless m(w, j) < 0 for any w € Z and
j € J(w)), gm = 0 unless m(j) = 0 for any j € J (resp. unless m(w, j) = 0 for any w € Z
and j € J(w )), hm = 0 unless m(j) > 0 for any j € J (resp. unless m(w, j) > 0 for any
weZand je J(w)).

(iii) g, € R and f, + h,—1 € R for any x € X(S,).

<1V) ke SJ.

Regard X as an object of Bg (log) in the natural way, and regard Y C X as an object
of Bg(log) by 1.3.16.
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Let
Yo=A{(t f.g,h,k) €Y |[t€ A} CY.

Theorem 2.3.14. Consider the three situations in 2.3.5. Let the notation be as in 2.3.13.

(1) For a sufficiently small open neighborhood U of (0,0,0,0,0) in Y, there exists a
unique open immersion U — € in By (log) which sends (t, f,g,h, k) € UNYy to

exp(f)7,;(t) exp(k)r = exp(f)7,(t) exp(k)r

of D(gr"V) C €. This morphism sends (0,...,0) €Y to p.

(2) Let L = L(r), L = L(r). Then for a sufficiently small open neighborhood U of
(0,0,0,0,0) in Y, there exists a unique open immersion U x spl(W) x L — ® in By (log)
having the following property. In the situations (a) and (b) (resp. situation (c)), it sends
(t,f,9,h,k,s,0) €Y xspl(W) x L, where (t, f,g,h, k) € UNYy, s € spl(W), and § € L,
to the element of D whose image in D(gr"V) x spl(W) x £ under the isomorphism 1.2.1
is

(exp(f)7,(t) exp(k)r, s, Ad(exp(f)7)(t) exp(k))S)
(resp. (exp(f)7p(t) exp(k)r, s, Ad(exp(f)7,(t) exp(k))d)).
(8) For a sufficiently small open neighborhood U of (0,0,0,0,0) in Y, the diagram

UxsplW)xL — D

1 \
U — €

is cartesian in By (log) and in the category of topological spaces.

(4) In the situations (a) and (c) (resp. situation (b)), the image of the map in (1) is
contained in E(P) (resp. €(Q)) and the image of the map in (2) is contained in D(P)
(resp. D(Q)), where ® = W(p) (resp. Q = (W(pw))w)-

(5) The underlying maps of the morphisms in (1) and (2) are described as in 2.3.15
below.

Proof. In the situation (c), this is given in Part II, Theorem 3.4.4 and 3.4.12. The proofs
for the situations (a) and (b) are similar. O

2.3.15. The maps in (1) and (2) in Theorem 2.3.14 are induced from the maps
Y = €& Y xspl(W)xL—D,

respectively, defined as follows.

The first map sends (¢, f, g, h, k) € Y to the following element p’ € €:

Assume we are in the situations (a) and (c) (resp. situation (b)). Let J = {j €
Q| t; =0} (resp. J = (J(w))wez where J(w) = {j € Q(w) | t,; = 0}). Define p; € €
as follows. Let n = #(®) (resp. n(w) = #(Q(w)) for w € Z). Let (p, ) be the SL(2)-orbit
on gr'¥ which represents p (resp. (puw, pw) for w € Z be the SL(2)-orbit on gr’ in n(w)
variables which represents p,,) such that r = ¢(,...,7) (resp. ry, = pu(i,...,7)). Write
J={j1, . dmb 1 <o < Jm (xesp. J(W) = {Juwi, - Jwm) b J1 < < Jm(w)). Then
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py is the class of the following SL(2)-orbit (p',¢’) on gr'¥ of rank m (resp. the family
(P, @b )w of SL(2)-orbits in m(w) variables).

pl(gla s >gm) = P(g,p cet 7947,)7 (10/(217 SRR Zm) = 90(217 c Z;(w))

(resp. Py (915 s Gm@w)) = Puwl(Gis -+ Gnw))s  Pu(Z1s- s Zmw) = Puw (2155 Zp(w))-)
Here g; = gr and z; = 2; where k is the smallest among integers a such that 1 < a <m
(resp. 1 < a < m(w)) and j < j, if such a exists, and g = 1 and 2} =i if such a does not
exist.

Let A" be the set of all elements ' of A, such that ¢ = t; for any j € ® \ J (resp.
ty; = tw; for any w € Z and any j € Q(w) \ J(w)).

Then

P = exp(f)7,(t") exp(k)ps
with ¢/ € A’. This p’ is independent of the choice of t' € A’.

Next the second map Y x spl(W) x L — ® sends (¢, f,g,h, k,s,0) to (p/,Z) € D
where p' is as above and Z C D is as follows. Consider the situations (a) and (b) (resp.
situation (c)).

If § € L C L, Z is the subset of D whose image under the embedding D — D(gr"V') x
spl(W) x £ in 1.2.1 is the set of elements

(exp(f)73 (¢) exp(k)r, s, Ad(exp( )7 (1) exp(k))3)

(resp. (exp(f)7,(t") exp(k)r, s, Ad(exp(f)7,(t') exp(k))d))
where ¢’ ranges over all elements of A’. If § € L~ L and § = 008®" for 6V € L~ {0} (1.3.8

(4)), Z is the subset of D whose image under the embedding D — D(gr'') x spl(W) x L
in 1.2.1 is the set of elements

(exp(f)7; (') exp(k)r, s, Ad(exp(f)7; (¢') exp(k)) (c 0 61)))
(resp. (exp(f)7,(t') exp(k)r, s, Ad(exp(f)7,(t') exp(k))(c 0 61)))

where t’ ranges over all elements of A" and ¢ ranges over all elements of R+.

The part for Dgy,2) of the following Proposition is Part II, Theorem 3.5.15.

Proposition 2.3.16. Consider the situations in 2.3.5. Fiz any I’ € D(grt") and let
L=L(F) (1.3.8, (4)). Then ®© is an L-bundle over & x spl(W) as an object of Bg(log).
Consequently, the map © — & x spl(W) is proper.

Proof. This follows from 2.3.14. Il
Note that £(F) for all F € D(gr'V') are isomorphic to each other as objects of By (log).

Proposition 2.3.17. The map Dg ) — Dgj o) (2.9.2) is a morphism of Bg(log). The
following diagram is cartesian in By (log) and also cartesian in the category of topological
spaces.

D12 - D g’L_(Q)

1 1
Dsroy(gr™)~ = Dgpo(gr™).
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Proof. We deduce this from Theorem 2.3.14. Let p € Dgp2)(gr’)™ and let p’ be the
image of p in Dgp2)(gr’). Take R and S for the situation (b) in 2.3.5 as in 2.3.13 by
using p’ as p in 2.3.13, and write this R by R'. Let C' be an R-subspace of gr(gr"V) such
that Lie(7),(Ay)) is the direct sum of Lie(7;(4,)) and C. Let R = C® R". Then R and
S satisfy the conditions on R and S in 2.3.13 for the situation (a) in 2.3.5 and for p.
The homomorphism S, — S, (2.2.6) induces a homomorpjhism X (S,)* — X (S,)* and
hence a morphism A, = Hom (X (S,)", R2"") — A, = Hom (X (S,)", R2). Let Y be
the Y in 2.3.13 defined by (p, R, S) for the situation (a) in 2.3.5, and let Y’ be the Y in
2.3.13 defined by (p/, R, S) for the situation (b) in 2.3.5.

For (¢, f,g,h,k) € Y, since g € R =C @ R/, we can write g = ¢+ ¢’ with ¢ € C' and
¢ € R in a unique way, and we have (¢, f', ¢/, W', k) € Y’ where #' is the image of ¢ in A,
and f' = f—c¢, h¥ = h—c. We have a morphism Y — Y’ which sends (¢, f,g,h, k) € Y to
t't", f',g', b, k) € Y’ where t" is the unique element of A, such that 7, (t") = exp(c). For
a sufficiently small open neighborhood U of (0,0,0,0,0) in Y and for a sufficiently small
open neighborhood U’ of (0,0,0,0,0) in Y’ such that the image of U in Y’ is contained
in U’, we have commutative diagrams

u — ¢ UxsplW)xL — D
\J \J \J B \J
v — ¢ U xsplW)x L — 2

where € = Dgy)(gr")™, € = Dsie)(et"), D = Dgppp @ = Dgjyy)- This reduces
Proposition 2.3.17 to Theorem 2.3.14. O]

2.4 Basic facts on SL(2)-orbits and Borel-Serre orbits

This Section 2.4 is a preparation for the rest of Section 2. In 2.4.1-2.4.3, we review the
space Dpgg defined and studied in Part I, and then in 2.4.5-2.4.10 we give some basic facts
about the spaces D (), D;L(z)a D§£(2), and Dgg..

2.4.1. We review the definition of the set Dgg shortly (see Part I for details).

Parabolic subgroups play central roles in the theory of Borel-Serre spaces. Following
6], for a linear algebraic group Z over a field, we call an algebraic subgroup P of Z a
parabolic subgroup if it is geometrically connected and Z/P is a projective variety.

In our setting, there are bijections

{Q-parabolic subgroup of G} <+ {Q-parabolic subgroup of G(gr'")}

< {family (P,)wez of Q-parabolic subgroups P, of G(gr!V)}.

The bijection from the last set to the second set is given by (Py)w — [[,, Pw, and the
bijection from the second set to the first set is given by taking the inverse image under
GR — GR(gI‘W).

Let P be a Q-parabolic subgroup of Ggr(gr'V). Let P, be the unipotent radical of P,
let Sp be the largest Q-split torus in the center of P/P,, and let Ap (resp. Bp) be the
connected component including 1 of the topological group Sp(R) (resp. (G, x Sp)(R)).
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For each p € D(gr''), we have a canonical homomorphism Sp — P of algebraic groups
over R such that the composition Sp — P — P/ P, is the identify map, which we call the
Borel-Serre lifting at p and denote by t — t,. This ¢, is characterized by the following
two properties.

(i) The image of ¢, in P/P, coincides with t.

(ii) O, (tp) = t,* where O, : Gr(gr'"') — Gr(gr"') denotes the Cartan involution
associated to the maximal compact subgroup K, (cf. Part I, 2.1) of Gr(gr"") associated
to p.

We have the following action of Bp on D, which we call the Borel-Serre action and
denote as (b, F) — bo F' (b€ Bp, F € D). For b= (c,a) € Bp with ¢c € Ryp and a € Ap,
we define bo F':= (¢)yapgw)F’, where apgwy is the Borel-Serre lifting of a at F(gt™),
(¢"),, is the element of [, Autgr(gr}) which acts on gr!’" as the multiplication by ¢*, and
(") wapgwy acts on D by the lifted action 1.2.6.

The action of Ap on D and the action of Bp on D, are fixed point free.

Dgg is defined as the set of pairs (P, Z) where P is a Q-parabolic subgroup of Gr(gr'V)
and Z is either

(i) an Ap-orbit in D or
(11) a Bp—OI‘bit in Dnspl
for the Borel-Serre action.

In the case (i), we call (P, Z) an Ap-orbit. In the case (ii), we call (P, Z) a Bp-orbit.
We denote by DBl the subset of Dpg consisting of Ap-orbits. This subset was written

as D](B‘%) in Part L.

2.4.2. We review the structure of Dgg as an object of Bg (log) (actually it is a real analytic
manifold with corners).
For a Q-parabolic subgroup P of Gr(gr"), let

DBS(P) = {(Q, Z) € Dgpsg | QD P}

Then Dgs(P) forms an open covering of Dggs when P varies. Dpgg is also covered by the
open sets Dgléld (2.4.1) and Dgg nsp1 Where Dpg ysp1 denotes the subset of Dgg consisting
of all elements (P, Z) such that Z C Dygpl.

The structures of Dgléld(P) = DBs(P) N Dgléld and DBS,nspl(P) = DBs(P> N DBS,nspl
as objects of Bg (log) are described as follows.

Let X (Sp) be the character group of Sp, and let A(P) C X(Sp) be the set of simple

roots ([6]). This set A(P) is characterized by the following two properties (i) and (ii).
(i) Let n be the rank of Sp. Then A(P) is of order n and generates Q ® X (Sp) over
Q.
(i) Let X (Sp)™ be the submonoid of X (Sp) generated by A(P). Lift Sp to a subtorus

of P. Then X (Sp)" coincides with the submonoid of X (Sp) generated by x~! where y
ranges over all elements of X (Sp) which appear in the adjoint action of Sp on Lie(P).

Define a real toric variety (1.3.8 (3)) Ap and Bp as
Ap = Hom (X (Sp)*, RE) = R2\") 5 Ap = Hom (X (Sp), RE) = RS,
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Bp = RZO X AP D Bp = R>0 X Ap.

For a Q-parabolic subgroup @ of Gr(gr'V) with @ D P, there is a canonical injection
A(Q) — A(P), and @ — A(Q) C A(P) is a bijection from the set of all Q-parabolic
subgroups of Gr(gr') such that Q D P to the set of all subsets of A(P). This is explained
as follows.

For such @), we have @, C P,, the composition Sg — Q/Q, — Q/P, is injective,
and the image of this composite map is contained in Sp C P/P, C QQ/P,. Hence Ag is
regarded as a subgroup of Ap. There is a unique injection A(Q) — A(P) such that the
composition Réc()Q) =Ag CAp = Réép) coincides with the map f +— g where g(7) = f(j)
for j € A(Q) and g(j) =1 for j € A(P) \ A(Q).

We have bijections

Dgléld(P) = D XAP AP; DBS,nspl(-P) = Dnspl XBP BP

which sends the element (Q, Z) of DEI(P) (resp. Dpsnspi(P)) to the class of (z, h) (resp.
(z,h)) where z € Z and h € Ap = Rgép) (resp. h = (0,h) € Bp = R X R?ép)) is
defined by

h(j) = 0for j € AQ) C A(P), h(j) =1for j € A(P) ~ A(Q).

The right-hand sides of these bijections are regarded as objects of Bg (log) (Part I, Section
8) as is explained below, and the left-hand sides have the structures as objects of Bg (log)
for which these bijections are isomorphisms of Bg (log).

There is a closed real analytic sub-manifold D4 (resp. D)) of D (vesp. Dygp) such
that we have an isomorphism Ap x D&Y 5 D (resp. Bpx DB i spl)s (@, F') = aoF,
of real analytic manifolds. This induces a bijection Ap x DA — D ><AP Ap (resp.

Bp x DUB) — Do xBP Bp) and by this, D x47 Ap (resp, Dygpl ><BP Bp) has a structure
of an object of By (log). This structure is independent of the choice of D™4) (resp. D(l’B)).

nspl

2.4.3. The definition of the set Dgg can be rewritten in the style which is similar to the
definitions of the spaces of SL(2)-orbits in Section 2.3.

Let Dgs(gr"') = [l,ez Das(grl)) where Dgg(gr))) is the space Dgg for the graded
quotient gr!l. For p = (Pu, Zy)wez € Das(gr"), we denote [],cz Zw C D(grt") as
Z(p). We call Z(p) the torus orbit of p and we call [[, .5 P C Gr(gr") the Q-parabolic
subgroup of Ggr(gr'') associated to p. Then, Dgg is understood as the set of pairs (p, Z)
where p € Dps(gr'’V) and Z is a subset of D satisfying the following conditions (i) and

(i)
i) Z is either
(i.A) an Ap-orbit in D for the Borel-Serre action, or
(1.B) a Bp-orbit in D, for the Borel-Serre action.
Here P is the Q-parabolic subgroup of Gr associated to p.
(ii) The image of Z in D(gr") coincides with the torus orbit Z(p) of p.

2.4.4. In the rest of this Section 2.4, we consider the situations (a)—(c) in 2.3.5 and also
the situation

(d) @ = DBS; G = DBS(ng)-
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2.4.5. For x € ©, we define objects
Sey X(8:)*, T(x), T(x), Z(x), Z(2)

associated to z.

In the situations (a)—(c), write = (p, Z) (p € €, Z C D). In the situation (d), write
x= (P, 7).

In the situations (a)—(c), let S, = S, if x is an A-orbit, and let S, = G,, x S, if =
is a B-orbit (2.2.7, 2.3.1). In the situation (d), let S, = Sp if = is an Ap-orbit, and let
Sy = Gy, x Sp if x is a Bp-orbit (2.4.1, 2.4.2).

We define a submonoid X (S,)" of the character group X (.S,) of S,, as follows. In the
situations (a)—(c), let X (S;)* := X(S5,)" if = is an A-orbit (2.2.7), and let X(S5,)" :=
N x X(S,)T CZ x X(S,) = X(S;) if z is a B-orbit. In the situation (d), let X (S,)* :=
X (Sp)*t if x is an Ap-orbit, and let X (S,)T : =N x X(Sp)" C Z x X(Sp) = X(S,) if z
is a Bp-orbit, where X (Sp)™ is as in 2.4.2.

Let T'(z) be the connected component of S, (R) containing the unit element. Let

T(x) := Hom (X (S,)",R2") D T(x) = Hom (X (S,)", RZ}™).

We regard T(x) as a real toric variety.

Define Z(z) := Z. We call Z(x) the torus orbit associated to x.

T(x) acts on Z(x) and Z(x) is a T'(z)-torsor. Let Z(z) := Z(z) xT@ T(z). Then Z(z)
has a unique structure of an object of Bg(log) such that for any r € Z(x), the bijection
T(x) = Z(z) induced from the bijection T'(x) — Z(z) ; t = tr becomes an isomorphism
in By (log). We call Z(x) the extended torus obit associated to z. In 2.4.8 below, we will
embed Z(x) in ® satisfying x € Z(z).

2.4.6. This 2.4.6 is a preparation for the next 2.4.7. Consider the three situations in
2.3.5.

In the situations (a) and (b) (resp. situation (c)), we have a global section G} (resp.
By) of M5/OF defined as follows.

In the situations (a) and (c) (resp. situation (b)), let ® € W (resp. Q = (Q(w)),, €
[T, W(erl)), let @ = D(P) (resp. D' = D(Q)), let o be a splitting of ¢ (resp. Q),
and let 8 be a distance to ®-boundary (resp. @-boundary). Fix a real analytic closed
sub-manifold £ of £ ~\ {0} such that Rog x LY — £~ {0} ; (a,8) — aod is an
isomorphism of real analytic manifolds, and let Rso x £ = £~ {0} be the induced
isomorphism in B (log).

Let ©7 ) be the open subset of ®’ defined by § # 0 via the bijection v in Proposition
2.3.9 associated to («, 8). Then in the situations (a) and (b) (resp. situation (c)), we have
the composite morphism D/, — £\ {0} = Rxg x LY — R where the first arrow
is v. We denote this composite morphism Dy, (P) — R by 5§ (resp. fy). Then as is
easily seen, this 57 (resp. fy) belongs to Mg . the class of g (resp. 5o) in My, /OF,

nspl

is independent of the choices of «, 3, and £, this class extends uniquely to a section of
Mz /OF, which is trivial on the part of A-orbits of ®, and this local section of Mg/Og
on ® = D(P) (resp. ® = D(Q)) extends, when & (resp. ()) moves, to a global section
By (resp. By) of Mp/OF on ® uniquely.
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Proposition 2.4.7. Consider the four situations in 2.4.4. Forx € D, we have a canonical
1somorphism

(M2/Og)z = X(S2)"

Proof. We first consider the situations (a)—(c). Write z = (p, Z). As in 2.2.13, we have a
canonical isomorphism (Me¢/Og ), = X(S,)T. In the case when z is an A-orbit, we have
(Me/Og), 5 (Mo/Of).. If x is a B-orbit, we have N x (M¢/Og ), = (Mg/Of), where
1 € N is sent to 8§ in the situations (a) and (b) and to /3y in the situation (c).

We next consider the situation (d). Write z = (P, Z). Assume first x is an Ap-
orbit. Consider the composite morphism § := DE(P) 2 A, x DOA) - 4, = REY)
where the first isomorphism is as in 2.4.2. For j € A(P), let 8; : S — R be the
j-component of this composite morphism. Then (; is a section of Mg and the class
of B; in Mg/O% is independent of the choice of D4 in 2.4.2. We have a canonical

isomorphism X (9,)T = NA(®) 5 (Ms/O%), which sends m € N2®) to the class of
[Licar 5}”0 ). Assume next that z is a Bp-orbit. Consider the composite morphism

S := Dpsuspl(P) & Bp x DB — Bp = Ry ¥ Rﬁép) where the first isomorphism is as
in 2.4.2. Let 825 : S — R be the first component of this composite morphism, and for
j € A(P), let B : S — Rsg be the j-component of this composite morphism. Then 35°
and f5; (j € A(P)) are sections of Mg and their classes in Mg/O¢ are independent of the
choice of DB in 2.4.2. We have an isomorphism X (S,)* 2 N x N2 — (Mg/0%),
which sends (mo, (m;)jeacp)) € N x N2 to the class of (65%)™ - [];cacp) B;-n(j). O

2.4.8. Let the situations (a)—(d) be as in 2.4.4.
Let x € ©. The inclusion map Z(x) — D extends uniquely to a morphism

Z(x) =D

of Bg(log). This morphism is described as follows.

Assume first we are in one of the situations (a)-(c). Write z = (p, Z) and fix r € Z(p).
Consider the morphism Y x spl(W) x L — ® in 2.3.15 defined for (p,r, R, S) by fixing
R and S 2.3.13. Then the morphism Z(z) — D is the composite morphism Z(z) — Y x
spl(W)x L — D where the first morphism is as follows. Let F' be an element of Z(x) whose
image under the embedding D — D(gr") x spl(W) x L is (r,s,d). Let t € A,. Then the
first morphism sends (F,t) € Z(z) = Z(z) xT@T(x) to (¢,0,0,0,0,5,0) € Y xspl(W) x L
and if z is a B-orbit, for (¢,t) € B, (¢ € Rxy), the first morphism sends (F, (¢, t)) € Z(x)
to (£,0,0,0,0,s,c08) € Y x spl(W) x L.

Next assume we are in the situation (d). Write z = (P, Z). If z is an Ap-orbit, this
morphism Z(z) — D is the composition Z(z) = Z x47 Ap C D x4r Ap = DR(P). If
x is a Bp-orbit, this morphism is the composition Z(x) = Z x87 Bp C Dyg X527 Bp &
Dgs nspi (P). B B

This morphism Z(z) — © is injective and strict (1.3.15), and sends 0 € Z(z) to x.
Here 0 denotes the class of (r,0) where r € Z(x) and 0 € T(z) is the homomorphism
(Ms/O%)., — RZ® which sends any non-trivial element of (Mp/O3%), to 0. (Then
0 € Z(x) is independent of the choice of r.) We will identify Z(z) with its image in ®,
which coincides with the closure of Z(z) in ©.
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2.4.9. Consider the situations (a)—(d) as in 2.4.4.

In 2.4.10 below, we give descriptions of log modifications of © as sets by using the
extended torus orbit Z(z) C ® associated to x € D (2.4.8), which we will use in Section
2.5 and Section 2.6.

Let U be an open set of .

Let L and N be as in 1.4.1, let ¥ be a finite rational fan in Ng, and let ¥’ be a rational
finite subdivision of ¥.

Let Mor(—,U) — [X] be a morphism of functors (1.4.7) such that for any x € U, if o
denotes the image of x in ¥ (1.4.7), the homomorphism S(¢) = (My/Of)), is universally
saturated. For z € U and ¢’ € ¥’ whose images in X coincide, we define a subgroup
T(x,0') of T(x) = Hom ((M§F/O})., R2Y) as follows. Let o be the image in X. Then
the homomorphism L — (M§/O};), factors through L/S(0)*. T(z,0’) is the inverse
image of Hom (L/S(o")*, R2") C Hom (L/S(0)*, R2) in T'(z).

Let U" — U be the log modification which represents the functor Mor(—,U) x s [¥']
(1.4.7).

Lemma 2.4.10. Let the notation and the assumptions be as in 2.4.9.

There ezists a canonical bijection between U’ and the set of all triples (x,0’, Z') where
x € U, o is an element of X' whose image in X coincides with the image of x in 3, and
Z"is an T(x,0")-orbit in Z(x).

Proof. Let x € U and let U" be the fiber product of Z(x) = U <+ U’. Then the fiber on
x of U" — U coincides with the fiber on = of U” — Z(z). Since U” represents the functor
Mor(—,U) xxy [¥], this lemma follows from 1.4.8. [

2.5 Relations with Dg,)

We connect the spaces D§L(2) and Déi(z) by introducing a new space Dgfb) of SL(2)-orbits.

2.5.1. We define a log modification (1.4.6)

D§jlo) = Diia)-

On ® := D32, there is a unique section Bio of Mgp/OF such that for any ® € W,
the restriction of B to D(P) coincides with the image of the product [[;4 8; in Mp/Og
where 8 = (f;)jes is a distance to ®-boundary. Let 85 be the section of Mg/Of defined
in 2.4.6. Consider the homomorphism N? — Mg/O% ; (a,b) — B2.(55)°.

Take L = Z? in 1.4.1, let 3 be the fan of all faces of the cone R%2, C N3 = R?, so
we have a morphism Mor(—,®) — [¥]. Let ¥’ be the rational finite subdivision of %
consisting of the cones

or:={(z,y) e Ry |z >y}, o0n:={(x,y) eREy |2 <y}

and their faces. Let Dg’LJEQ) be the log modification of ® which represents the fiber product
MOI‘(—,@) X[z [E/] (1.4.7).

Dg’LJEQ) is covered by the open sets D;;E2> (0;) for j = 1,2 corresponding to the cone
0;, which represents Mor(—,®) X[y [face(c;)] where face(o;) denotes the fan of all faces
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of o;. On the open set U = DSL(2)(‘71) (resp. U = DE’LJEQ)(UQ)), the pull back of By /3%
(resp. B%/Brot) in M’ /Oy belongs to My /Of.

2.5.2. Since the restriction of 5§ to Dgﬁ?;l)d is trivial, the canonical morphism DSL( 9 —
Dy 5 is an isomorphism over Dsf(l;l)d , and hence D n(lg)d is embedded in DSL(Q) as an open

set. Via this, D C Dgf&l)d is embedded in D%t si(2) @S an open set.
2.5.3. We describe Dg’LJEQ) as a set.
We have

Y ={no 1,770} X ={01,0,00,71,72, 7}

where
T2 = RQZO? T = RZ()X{O}, Ty = {O}XRZ(), T0 :— {(0,0)}, gg - — {(l‘,l’) | x € RZO}'

So, X is the set of all faces of 7 5, and face(o;) = {0}, 75,00, 70} for j =1,2.

The image of z = (p, Z) € D,y in ¥ is 7o if and only if z € D, 7 if and only if
xr € D n(nl)d N\ D, 7y if and only if = is a B-orbit and p € D(gr"'), and 7,5 if and only if x
is a B-orbit and p ¢ D(gr'V).

We apply 2.4.10 to describe the log modification Dgfb) of DgL(Q) as a set. For this,
we show that the homomorphism N? — (Mg/03), (D = Dg12)): given by (Bor, 57)
in 2.5.1, is universally saturated for any x € ®. If the image of z in ¥ is 79 or 7
(resp. T3 or 719), this homomorphism has the shape N? — N" ; (a,b) — (b,...,b) (resp.
N? - N x N"; (a,b) = (a,b,...,b)) for some integer r > 0, and hence is universally
saturated by Proposition 1.3.14.

By Lemma 2.4.10, we have the following list of points of Dgﬂm.

(1) (2,7, Z(z)) (x € Dgy,p) and the image of z in ¥ is 7;). (Here j =0,1,2.)

(2) (z,04, Z(z)) (x € Dgyy) and the image of z in ¥ is 715). (Here j =1,2.)

(3) (z,00,2") (x = (p, Z) E Dg1,(2)» the image of z in ¥ is 75, and Z" is 7,(Ap)-orbit
in Z(x)).

Actually, in (3), what Lemma 2.4.10 directly tells is that a 7, (T (z, 0¢))-orbit Z” in the
75 (Bp)-orbit Z(x) appears instead of a 7,(Ay)-orbit in Z(x). But 7, (T (x,00)) = 7,(Ap)
inside 73 (By).

2.5.4. We have a map DSL(Q)

(1) (z,73,Z) (x = (p, Z) with image 7; in ¥ for j = 0,2) and (z,02,2) (x = (p, Z)
with image 75 in 3) are sent to (p, Z) € Dgr2).

(2) (x,71,2) (v = (p, Z) with image 7y in ) and (z, 01, Z) (z = (p, Z) with image 71 o
in ¥J) are sent to (p, Zsp1) € Dsr(2)-

Here Zy, = {Fsp | F € Z} where Fy, is as in 1.2.5.

(3) (z,00,2") (x = (p, Z) with image 75 in ¥ and Z’ is a 7,(A,)-orbit inside Z) is
sent to (p, Z’) € Dgr(2).

— Ds,(2) defined as follows.
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Theorem 2.5.5. (1) The identity map of D extends uniquely to a morphism Dg’LJEQ) —
D§£(2) in Bg(log). Its underlying map of sets is the map in 2.5.4. This map is proper
and surjective.

*J{Q) Lef U be t@e open set Déi@)’*ﬂ?l UD of Déi(z) .' Then the im}lerse i:nJrage of U in
Dgi\a) cotncides with the open set DSL(Q)(02)7 and the induced morphism DSL(2) (09) = U
of Bg(log) is an isomorphism.

Proof. We prove (1). It is sufficient to prove that the map in 2.5.4 is a morphism Dg’LJEQ) —

D{j () of Bg(log). For an admissible set of weight filtrations & on gr'", let Dgfb)(@) C

Dgfb) be the inverse image of DgL(Q)(CI)) C Dgy, - It is sufficient to prove that the induced
map Dgfb)(@) — D{{5)(®) is a morphism in B (log).

Let Dgfb)’nspl C DngQ) be the inverse image of the open set D§L(2),nspl of Dg (2)- Then

Dgfb)(al) is the union of the two open sets Dgf(ﬁ;)d (which is embedded in Dgfgz)) and
D

*+ o+ o+ . . et
S1(2)mspl [ DSL(2)(01), and DSL(Z)(UQ) is contained in DSL(2),nsp1'

Take a splitting a of ® and a distance 3 to ®-boundary.

First, the induced map Dgf(l;l;l (®) = D{{ 5 (®) is a morphism in By (log) because this
map is embedded in a commutative diagram

Dgf(gl)d(q’) S Dspy(gr™) (@) x spl(W) x L
I

D (5(®) = Dsiey(gr™)™(@) x spl(W) x L

where the horizontal arrows are the maps v in Proposition 2.3.9 associated to («, f3)
and the right vertical arrow is the morphism (p, s,6) = (p, s, > < o([Lice 55(P))™0u),
and because the structure of Dé£(2)(<b) as an object of Bg(log) is induced from that of
Dg1,2)(gr")™ x spl(W) x L in the sense of 1.3.16.

Next we consider the induced map D;;EQ)’HSPI(@) — Dé{‘@)(q)). Take a closed real
analytic subset £ of £~ {0} such that Reg x L0 — £~ {0} ; (a,6) — aod is an
isomorphism, and consider the induced isomorphism Rxq X JEOR=SAN {0}. Let gj :
D31 2) nspt(2) = R0 be the composition Dgy o) () — L~ {0} 2 Rso x LY — Ry
where the first arrow is induced by the map v in Proposition 2.3.9 associated to (a, ).
For j =1,2, let U; :== Dg’&z)mpl(@) ﬂDg’Jz)(aj). Then when we regard f; (j € ®) and S}
as sections of My, then in Mg?, (I ca Bi)/B5 belongs to My, and 35/ [[,cq B; belongs
to My,. Furthermore, 55/ Hjed) Bj on U, is the pull back of the section f§y of the log
structure of Dgp,2)nspi(®) which is defined as the composition Dgp ) nspi(®) — £\ {0} =
R x LY — Ry where the first arrow is induced by v of Proposition 2.3.9 associated
to (a, ).

The induced maps U; — D§£(2)(®) for j = 1,2 are morphisms because they are
embedded in the commutative diagrams

U, S Dspy(gr™) (@) x spl(W) x (Rsg x L) x Rsg
} +
DY, (®) = Dsr(2)(gr™)™(®) x spl(W) x L,
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Us S Do) (gr™)™(®) x spl(W) x LD x Rsg
4 I
D () nsp1(®) S Dspy(gr™) (@) x spl(W) x LD x Rso.

Here in both diagrams, the lower horizontal arrows are induced by v in Proposition
2.3.9 associated to («, ) and the isomorphism £\ {0} 2 £ x Rx. In the first diagram,
the part U; — Rsox LW in the upper row is the composition U; — D31 2) mspl = L]0} =
R x L1 the map from U, to the last R in the upper row is (Hje<1> B;)/ 55, and the
right vertical arrow is (p,s,t,0,t") = (p, s, >« _o(tt')""0,). In the second diagram, the
part Uy — £ in the upper row is the composition U — D312 mspl — L~ {0} =
Rx>o x LY — LM the map Uy — R in the upper row is 4/ [1,co 8, and the right
vertical arrow is the identity map.

The surjectivity of DSL(2) — Déi(z) is easily seen. The map is proper because Dég@)
and DSL(Q) are proper over Dgy2)(gr”)™ x spl(W). This completes the proof of (1).

We prove (2). It is easy to check that the inverse image of U in Dgfb) is DSL( y(02),
and that the map Dgfb)(@) — U is bijective. Hence for the proof of (2), it is sufficient
to prove that the converse map Déi(mmpl — DngZ) (02) is a morphism in Bg(log). This
is a morphism as is seen from the above last commutative diagram. (In the upper row

of this diagram, the structure of the space of U as an object of By (log) is induced from
that of Dgr9)(gr")™ x spl(W) x LI x Ry in the sense of 1.3.16.) O

2.5.6. In the next Proposition 2.5.7, we consider when the identity map of D extends to
an isomorphism Dg o = D o) in BR(log)
Let A : Dgp — DSL be the map which coincides on Dgy,2)nspt U D with the

composition of morphisms Déi(g) wspt U D = D*’+ )(02) = D§; ) in Bg(log) and which

coincides on Dgp2)sp1 := {(,Z) € Dsi) | Z C Dy} with the composition of two
isomorphisms Dgy,2)sp1 = Dsp2)(gr')™ X Spl(W) D12 p1 = {(p,2) € Dgy ) | Z C
Dy} in Bg (log).
Proposition 2.5.7. The following conditions (i)—(vii) are equivalent.

(i) Either D = Dgy or Dsp)(gr”) = D(gr").

(ii) The identify map of D extends to an isomorphism DSL(Q) = Dgyq) in Br(log).

(iii) The identity map of D extends to a homeomorphism Déﬁ( 2) = Di1a)-

(iv) The map A : DéL(2) — Dgyo) (2.5.6) is continuous.

(v) The identity map of D extends to a continuous map Do) — Dé£(2)'

(vi) The map DSL — Dgi,(2) 18 injective.

(vii) The map DSL( 2),nspl DSL(Q) 18 1njective.

Proof. (i) = (ii). If L(F) = 0 (1.2.2) for any F € D(gr'V), the isomorphism in 1.2.1
extends to isomorphisms from DSL(2) and Dg; ) onto Ds,2 y(gr")™ x spl(W) in Bg(log).
If Dgy2)(gr"") = D(gr"'), the isomorphism in 1.2.1 extends to isomorphisms from D§£(2)
and Dg; ) onto {(F),s,0) € D(gr) x spl(W) x L | § € L(F)} in By (log).

(ii) = (iii). Clear.

(iii) = (iv), (v), and (vi). Clear.
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(v) = (vii). If (v) is satisfied, the composition Dgf o o) — Dipy — Défp Will be
the inclusion map.

We prove (iv) = (i), (vi) = (i), and (vii) = (i).

In the rest of this proof, assume D # Dg, and Dgp,2)(gr') # D(gr'). That is, assume

(i) does not hold. Then there is x = (p, Z) € Dgf(l;l)d with p of rank 1 such that Z C Dygp.

Let zg := (p, Zsp1) € Dgfg;l)d We have x # g,
We prove (iv) = (i). Take r € Z. Then when ¢t € R tends to 0, 7;(¢)r converges to
x and 7 (t)ry, converges to xgy in D§L(2)-

Claim. Let y = (p, Zsg1) € Dspz). Then when ¢ € R converges to 0, 7, (t)r and
75 (t)rgp converge to y in DéL(z)-

We prove Claim. Let s := sply, (p) = sply(r). By Part II, Proposition 3.2.12,
it is sufficient to prove that when t € Ry tends to 0, (s7,(t)s™')"'(s7;(t)s™")r and
(s7p(t)s™ )" (s7)(t)s " )rep converge to ryy. The former is equal to s(t7*),s 'r and
hence converges to rg,. Here (1), denotes the linear automorphism of gr'V = 1L, grzj"
which acts on gr}” as the multiplication by t=*. The latter is equal to rs,. This proves
Claim.

By Claim, if the continuous map DéL@) — D§L(2) exists, it should send y to = and
also to xgp # . A contradiction.

*,mild

We prove (vi) = (i). The elements x and x4y of Dg;izy have the same image (p, Zsp1) €

Déi@)- Hence the map Dgf(‘i;;l — Dgy,(2) is not injective.

We prove (vii) = (i). Take r € Z. Take a € Ry~ {1} and let r' = a or. Then the
elements of Dgy,(2)nspi Of the forms (p, 7,(Rso)r) and (p, 7,(Rso)r’) for the lifted action
(1.2.6) are different but they have the same image (p, R~o © Z) in Dg; ). Hence the map
Ds1,(2) nspl — DgL(z) is not injective. ]

2.6 Relations with Dgg

We connect the spaces Dgj ,y and Dps by introducing a new space D25 of SL(2)-orbits.

SL(2)
2.6.1. For Q = (Q(w))w € [Tez W(grly), let

Gr(gr")q =[] Grler) )ow) where

Gr(gry )ow) == {9 € Gr(grl)) | gW' = W' for al W' € Q(w)}.
Let Gr(gr")g.. be the unipotent radical of Ggr(gr')g.

2.6.2. Let p € Dgp,2)(gr"). We define a set P(p) of Q-parabolic subgroups of Ggr(gr'").
Let X (S,) be the character group of the torus S, (2.2.7) associated to p. For x €
X (Sp), let

gR(ng)X = {v € gr(gr") | Ad(T;(t))U = x(t)vfor allt € S,}.

Let P(p) be the set of all Q-parabolic subgroups P of Gr(gr") satisfying the following
conditions (i) and (ii).
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(i) P D Gr(gr")g and P, D Gr(gr")g.u, where Q = (W(py))w-
(ii) There is a subset I of X(S,) such that Lie(P) = 3 ., gr(gr')y.

2.6.3. We define Dg’LB(g) as a set.

Dgﬁg) is the set of all triples (p, P, Z), where p € Dg’L_(z)(ng), PeP(p),and Z C D
satisfying the following conditions (i) and (ii). Let A,p C A, be the inverse image
of Ap C P/P, under the composite map A, — Gr(gr")o/Gr(gr" )gu — P/P.. Let
B,p=Rogx A, pC B,

(i) Z is either an 7 (A, p)-orbit in D or a 7;(B, p)-orbit in Dygy.
(ii) The image of Z in D(gr"') is contained in the torus orbit Z(p).
For w € Z, we denote by Dgr,2)(grhy )B5 the set Dgﬁg) for grl). Let Dgyo)(gr' )P =

[T, Dsvez(gri)™.
We have an evident map D;ﬁg) — Dy ) (™).

Proposition 2.6.4. (1) We have a canonical map

*,BS *,— *
DS]_]:DZQ) — DSL(Q) ) (pa P7 Z) = (p77— (AP)Z)

P

(2) We have a map
D;ﬁg) - DBS ; (p7P7Z> = <P7APOZ).
Here o denotes the Borel-Serre action with respect to P.

Proof. (1) is clear.

We prove (2). It is sufficient to prove that, for r € Z and t € A p, we have 75(t)r =
(7x(t) mod P,) or. This follows from O, (7;(t)) = 75(t)~" ([15], Lemma 3.8) where 0,
denotes the Cartan involution Ggr(gr'V') — Gr(gr"’) associated to the maximal compact

subgroup K, of Ggr(gr'). ]

We give D;ﬁg) a structure of an object of By (log).
The following 2.6.5-2.6.12 are preparations.

Lemma 2.6.5. Let L and N be as in 1.4.1.
Let R be a finite subset of L such that R™' = R and such that the Q-vector space
Q ® L is generated by R.

(1) Let o be a rational finitely generated sharp cone in Ngr and let S(o) = {l €
L | h(l) >0 for allh € o} be the corresponding fs submonoid of L such that S(o)®® = L.
Then o satisfies the following condition (i) if and only if S(o) satisfies the following
conditions (1i.1) and (i1.2).

(i) There exists a subset R' of R such that R = R' U (R")™! and such that

o={h € Ngr |h(l) >0 forall € R'}.
(it.1) RC S(o) US(o) 1,
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(13.2) For anyl € §(0), there is an integer n > 1 such that I belongs to the submonoid
of L generated by S(o) N R.

(2) The set of all o satisfying the condition (i) in (1) is a rational fan whose support
1s the whole Ng.

(3) Assume that we are given a subset R™ of R which generates Q ® L over Q. Let
v:={h € Nr | h(RT) C Rso}. Then o as above such that o C v form a rational finite
subdivision of v.

Proof. The proof of (1) is straightforwards.

We prove (2). Let I be the set of all cones o satisfying the condition (i) in (1). We
first prove that I is a fan.

We prove that if o; € I (j = 1,2), 01 N0y is a face of 01. Let R} C R and assume
R=R;U(R;)™", o5 ={h € Ng | h(l) >0foralll € R;}. Let R = R URj. Then
opNoy=4{h € Nr|h(l) >0foralll € R'}. Since R" \ R} C (R})™!, 01 N0y is a face of
o1.

We prove that if o € I, any face 7 of ¢ belongs to I. Since 7 is a face of o, we have
S(1) =8S(o)[p7] = {ab™ | a € §(c),n > 0} for some b € S(o). By the condition (ii.2)
in (1) for S(o), there exists n > 1, ay,...,a, € S(c) N R and m(j) > 1 (1 < j <r)
such that b" = [];_, a;.n(j). We have S(7) = S(0)[1/]]}_, a;]. For the set R C R
such that R = R'U (R)™ and 0 = {h € Ng | h(l) > 0 forall [ € R'}, we have
r={h€Ngr|h(l)>0foralll € RU{a;",...,a;'}}. Hence 7 € I.

These prove that [ is a fan. We show that |J,.;0 = Nr. Let h € Nr. Let R' = {l €
R| h(l) >0}. Then R= R U(R')™'. For o :={h' | W' (l) > 0for alll € R'} € I, we have
heo.

These completes the proof of (2).

We prove (3). By (2), we have v = |J,.,(c Nv). It is sufficient to prove that cNv € I
for any ¢ € I. For R C R such that R = R'U (R)™ and 0 = {h € Ng | R(l) >
Oforalll € R'}, we have cNv={h € Ng |h(l) >0forallle RUR"} € I. O

2.6.6. Let Q = (Q(w))w € [, W(gry). Let L be the character group of [], .z Ge™
and let N = Hom (L, Z). We have the situation of 1.4.1. As in 1.4.1, we denote the group
law of L multiplicatively, though L is identified with [, Z9™).

Let P(Q) be the set of all Q-parabolic subgroups P of Ggr(gr'V) satisfying the following
conditions (i) and (ii).

(i) P > Gr(gt")q-

(ii) Take a splitting a = (au,)w of Q. For x € L, let gr(gr'), be the part of gr(gr')
on which the adjoint action of [],, G2 via o* is given by x. Then there is a subset [
of L such that Lie(P) = >_. . gr(gr")y.

Under the condition (i), the condition (ii) is independent of the choice of . This is
because if o is another splitting of Q, o/(t) = ga(t)g~" for some g € Gr(gr')o C P.

2.6.7. Let the notation be as in 2.6.6.
Taking a splitting a of (), define a subset

R(Q) ={x € L|gr(er"), #0}
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where gr(gr'’), is defined with respect to . This set is independent of the choice of «
because all splittings of @ are conjugate by elements of Ggr(gr'")g.

Let LT = [[,N°® < J[,Z%" = L. We will apply 2.6.5 by taking R(Q) and
R(Q)N Lt as R and R™, respectively. We show that R generates the Q-vector space
Q® L, as is assumed in 2.6.5 (3). Let w € Z and take p € Dgy,2)(grly ) such that Q(w) =
W(py). Let n be the rank of p, take a representative of p and let Ny, ..., N, € gr(grl¥) be
the monodromy logarithms of the representaive, and identify Q(w) with {1,...,n} (2.2.5).
Then Ad(7)(t))N; = tj_QNj. Hence R(Q(w))* generates the Q-vector space Q™). Hence
R(Q)* generates the Q-vector space Q ® L = [],, Q¥®).

Let P'(Q) be the set of all rational finitely generated sharp cones o in Ny satisfying
the following conditions (¢) and (i1).

(i) There is a subset R’ of R(Q) such that R(Q) = R'U(R')™! and such that o = {h €
Nr | h(x) > 0 for all x € R'}.

(i5) o [T, RZy"” in Ng =[], R™).
That is, P'(Q) is the set of o considered in 2.6.5 (3). Hence P'(Q) is a rational fan in
Ngr and is a rational finite subdivision of the cone [],, Rg(()w) C Nr.

2.6.8. Let the notation be as in 2.6.6 and 2.6.7.

We have P(Q) = [], P(Q(w)) where the element (P,), of the left hand side corre-
sponds to the element [ [ P, of the right-hand side.

We have R(Q) =[], R(Q(w)) in X([T, G2™) = [, X(GE™).

We have P'(Q) = [[,, P'(Q(w)) where the element (o), of the left hand side corre-
sponds to the element [ [ oy, of the right-hand side.

Proposition 2.6.9. Let the notation be as in 2.6.6 and 2.6.7. For P € P(Q), let
op={h € Nr | h(x) > 0 for all x € R(Q) such that gr(gr"),—1 C Lie(P)}.
Then op € P'(Q) and we have a bijection
P(Q) = P(Q); P op.

Proof. By 2.6.8 and by the fact op =[], op,, we can (and do) assume that we are in the
pure situation of weight w. We denote Q(w) by Q.

Take p € Dgp2) such that W(p) = @, and take 7, as a splitting o of Q. Let n = #(Q)
be the rank of p. Let Ny,..., N, be the monodromy logarithms of p. We identify @) with
{1,...,n}.

We prove that op € P'(Q) for P € P(Q). Let R = {x € L | Lie(P) N Lie(Gr),-: #
0}. Since a*([], G2™)) c P and since P is parabolic, we have R(Q) = R' U (R')™".
By the property (ii) of P in 2.6.6, we have Lie(Gr),-: C Lie(P) for x € R'. Hence
op = {h € Ng | h(x) > 0 forall Y € R'}. It remains to prove that op C R%, in
Nr = R9. Since N; € Lie(P) and Ad(7(t))(N;) = t;2N; (1 < j < n), for any y € LT,
x? is contained in the submonoid of L generated by R’. This proves that h(y) > 0 for
any h € op and x € L*. This implies 0p C RY,.

Thus we have a map P(Q) — P'(Q). -
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Next we define a map P'(Q) — P(Q).

Let o € P(Q) and let S(o) C L be the corresponding fs submonoid of L. For x € L,
let V[x] C Hogr be the sum of the x'-components (Hyr),s of Hogr for all X’ € L such
that x(x')~ € S(o). For x, X’ € L, we have V[x] D V[x'] if and only if x(x')~! € S(0).
Let P be the algebraic subgroup of Gr consisting of all elements which preserve V[y] for
all x € L. We prove P € P(Q).

Since L = S(o) U S(0)™! (2.6.5), we have either V[x] D V[x/] or V[x] C VI[X'].
As in [15] 2.7, this totally ordered property of the set {V[x] | x € L} shows that P
is a parabolic subgroup of Ggr. We show that P is defined over Q. For xy € L, let
Ulx] = >_/(Hor)y where X’ ranges over all elements of L such that x(x')~!' € L. Then
Ulx] = Nwreq Wiy where m(W') € Z is the W'~ component of x € L = Z°. Since
W' are rational, U[x] is rational. Since V[x] is the sum of U[x/] for all x’ such that
x()7t € S(o), V[x] is also rational. Hence P is rational. The properties (i) and (ii) of
P in 2.6.6 are checked easily.

As is easily seen, the maps P(Q) — P'(Q) and P'(Q) — P(Q) are the converses of
each other. ]

2.6.10. Let the notation be as in Proposition 2.6.9. Via the bijection in Proposition 2.6.9,
we identify the fan P’(Q) with the set P(Q) of Q-parabolic subgroups of Ggr(gr'").

Let ¥ be the fan of all faces of the cone v := [, Rg(()w) C Ngr. By the canonical homo-
morphism S(v) = Lt = [[, N9 — Mg /O, where @ = Dg1,2)(gr")(Q) Proposition
(2.4.7), we have a morphism Mor(—, Dsy,2)(gr")(Q) — [Z]. Consider the diagrams

Mor(—, Ds)(gr'")(Q)) = [E] = [P(Q)],  Dsrp(er’) =+ P(Q).

Lemma 2.6.11. Let p € Dgp9)(gr")(Q). Then P(p) C P(Q). For P € P(Q), P € P(p)
if and only if the image of P in ¥ coincides with the image of p in X.

Proof. 1t is clear that P(p) C P(Q). To prove the rest, we may assume Q(w) = W(pw)
(w € Z). Tt is sufficient to prove that in this case, for P € P(Q), P, D Gr(gr')g.. if
and only if the image of P under the map P(Q) — ¥ coincides with the face v of v. Let
o € P'(Q) be the cone in Ng corresponding to P and let S := S(o) be the corresponding
fs monoid in L. Then the image of ¢ in 3 is v if and only of S*N LT = {1}. By the proof
of Proposition 2.6.9, we have

Lie(P,) = Y or(er")y1, Lie(Grlg™)ou= Y orle™)

XESNSX xE€LT~{1}

Hence P, D Gr(gr")ou if LT N {1} € S 8%, ie, if LT NS> = {1}. Let w € Z and
let Ny, ..., N, € Lie(Gr(gry )ow)u) (n = #(Q(w))) be the monodromy logarithms of p,,.
If P, D Gr(gr")q.u, then N; € Lie(P,). Since Ad(7;(t))N; = ¢;°N; (1 < j < n), this
proves LT~ {1} C S\ S*. O

2.6.12. Let the notation be as in 2.6.10. We show that the object of By (log) which
represents the fiber product of Mor(—,Dg’L_(Q)(Q)) — [X] < [P(Q)] is identified, as a

set, with the inverse image of D;ﬁ%(@) of ® = Dgfm)(Q) C D= Dgi_(z) in Dg’LBEg)
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(2.6.4). By Lemma 2.4.10 and by Lemma 2.6.11, a point of this fiber product is iden-
tified with a triple (x, P,Z) where x € ®', P € P(p), Z C D satisfying the fol-
lowing condition (i). Let & = S(o) be the fs submonoid of L corresponding to the
cone o € P'(Q) which corresponds to P. Write x = (p,Z') € D' and define a sub-
group T'(z, P) of T(z) = Hom ((MZ'/O%)., RU) as follows. If z is an A-orbit, let
T(x,P) = Hom (L/S*,R™") C Hom (L, R™) = A, = T(x). If x is a B-orbit, let
T(x, P) = Ry x Hom (L/S*, R™) C R+o x Hom (L, R23%) = B, = T'(x).

(i) Z is a T'(x, P)-orbit in Z’.

We prove this by showing the following claim.

Claim. T'(z,P) = A, p if z is an A-orbit and T'(z, P) = B, p if = is a B-orbit (2.6.3).

Let S, p = Hom (L/S8*, G,,) C Hom (L, G;,) = S,. Then S, p coincides with the part
of S, consisting of all elements whose adjoint action on Lie(P/P,) is trivial. That is, S, p
is the inverse image in S, of the center of P/P,. Since S, p is Q-split, the image of S, p in
P/P, is contained in Sp. This proves that A, p coincides with the connected component
of S, p(R) containing the unit element. This proves the above Claim.

Since Z' = 7;(A,)Z, a triple (z, P,Z) as above corresponds to a point (p, P, Z) of
Dg’f(g)(@) (2.6.3) in one to one manner.

2.6.13. For Q € [[, W(grl ), we define the structure of Dgﬁg) (Q) as an object of By (log)
by identifying it as a log modification of Dg’L_(Q)(Q) by 2.6.12. When @ moves, these
structures on Dgﬁ%(@) glue globally to a structure of Dg’LB(g) as an object of Bg(log).
For a Q-parabolic subgroup P of Gr(gr"), let
*, S *, S
DS&Q)(P) = {(p’P,,Z) € DSI_],S(Q) | Pl ) P}

Then Dgﬁg)(P) is an open set of Dg’LB(g), and when P moves, we have a covering of Dgiﬁg)

by these open sets.

Proposition 2.6.14. The diagram

*,BS *,—
Dgi o) - Dgi )
1

Dsiz)(g")™  —  Dsiz(er™)
is cartesian in Bg(log) and also in the category of topological spaces.

Proof. This is because Dgﬁ%(@) represents the fiber product of Mor(—,DéL}Z))(Q) —

3] + [P(Q)] and Dgr,2) (gr")B5(Q) represents the fiber product of Mor(—, Dgr,2)(gr"")) —
=] < [P@)] -

Proposition 2.6.15. Let F € D(gtV), L = L(F). Then Dgﬁg) is an L-bundle over
DSL(Q) (ng>BS X Spl(W)

Proof. This follows from Proposition 2.6.14 and the corresponding result for Dg}j@). m
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2.6.16. For p € Dgp2)(gr") and P € P(p), let S, p C S, be the torus defined in 2.6.12,
let X (Sp,p) be the character group of S, p, and let X (S, p)" = S/S*, where S := S(op)
(2.6.5) with op the cone corresponding to P (2.6.9). Define a real toric variety A, p by

A, p = Hom (X(S,p)", Rggh) D A, p = Hom (X (S, p), RZ1).

We have a canonical morphism

App — Ay
induced from the homomorphism X (S,)" — X (S, p)* which is induced by the inclusion
map Sy p — Sp.

Lemma 2.6.17. (1) The homomorphism X (Sp) — X(S,p) induced by S,p — Sp
(2.6.12) sends X (Sp)T to X(S,p)T.

(2) The map A, p — Ap extends uniquely to a morphism A, p — Ap in Bg(log).

Proof. We prove (1). As a monoid, X (Sp)* is generated by A(P) (2.4.2). For x € A(P),
x~ ! appears in Lie(P). Hence the image of x~' in X (S, p) appears in Lie(P). Hence the
image of x in X (S, p) belongs to X (S, p)".

(2) follows from (1). In fact, the homomorphism X (Sp)* — X (S, p)" in (1) induces
the morphism Hom (X (Sp)*, RZ§") — Hom (X (S, p)", RZ). O

2.6.18. In Theorem 2.6.19, we will consider the local structure of Dgﬁg), comparing it

with the local structure of Dpg. Here we give preparations. We consider the following

two situations (bd) and (d).
(bd) D = Dg5) and € = Dy (gr™)5.
(d) D= DBS and ¢ = DBs(gl"W).

Fix pe € and r € Z(p) (2.2.7). In the situation (bd) (resp. (d)), fix P € P(p) (resp.
fix a Q-parabolic subgroup P of Gr(gr'') such that p € €(P)).
Let R be an R-subspace of gr(gr'") satisfying the following conditions (C1) and (C2).

(C1) gr(gr") = Lie(m*(4yp)) ® R @ Lie(Ky) (resp. gr(er”) = Lie((Ap):) © R @
Lie(K,), where (Ap), denotes the Borel-Serre lifting 2.4.1 of Ap at r).

(C2) R C Lie(P).
These conditions on R are similar to those in 2.3.13.

Like in 2.3.13, let S be an R-subspace of Lie(K,) such that Lie(K,) = Lie(K}) & S.
We define an object Y of By (log) as follows. Let

Y = Ap x R x S in the situation (d).
In the situation (bd), we define Y as follows. Let
X = AZLP x R xS.

Let Y be the subset of X consisting of all elements (, f, k) satisfying the following con-
ditions (i) and (ii).
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(i) If x € X(S,) and t(x+) = 0, then f, = 0. In other words, if m(w, j) denotes the
(w, j)-component of x € X(S,) = [[,Z%"), f, = 0 unless m(w,j) < 0 for any w € Z
and j € J(w). Here x4, fy, and J(w) are as in 2.3.13.

(ii) k € S;. Here S; is as in 2.3.13.

Regard X as an object of Bg (log) in the natural way, and regard Y C X as an object
of B (log) by 1.3.16.
Both in the situations (bd) and (d), let

Yo={(t, f.k)eY |te A, p} CY.

Theorem 2.6.19. Let the notation be as in 2.6.18. Consider the situation (bd) © =
D;fg) and € = Dgy,2)(gr")?® (resp. (d) ® = Dgs and € = Dgg(gr")).
(1) For a sufficiently small open neighborhood U of (0,0,0) in Y, there exists a unique

open immersion U — € in By (log) which sends (t, f, k) € UNYy to the element
exp(f)7;(t)exp(k)r (resp.toexp(f)exp(k)r)

of D(gr'V) C €.

(2) Let L = L(r) and L = L(r). Then for a sufficiently small open neighborhood U of
(0,0,0) inY, there exists a unique open immersion U xspl(W)x L — D in By (log) having
the following property. It sends (t, f, k,s,0) € Y x spl(W) x L, where (t, f, k) € U N Yy,
s € spl(W), and 6 € L, to the element of D (resp. to the element t o x where x is the
element of D) whose image in D(gr™') x spl(W) x L under the isomorphism 1.2.1 is

(exp(f)7; (t) exp(k)r, s, Ad(exp(f)7, (t) exp(k))d)
(resp. (exp(f) exp(k)r, s, Ad(exp(f) exp(k))d)).
(8) For a sufficiently small open neighborhood U of (0,0,0) in Y, the diagram

UxsplW)xL — D

! !
U — ¢

is cartesian in Bg(log) and in the category of topological spaces.
(4) The image of the map in (1) is contained in E(Q) N E(P) with Q@ = W (pw))w
(resp. in E(P)) and the image of the map in (2) is contained in D(Q) N D(P) (resp. in
(5) The underlying maps of the morphisms in (1) and (2) are described as in 2.6.20
below.

2.6.20. The maps in (1) and (2) in Theorem 2.6.19 are induced from the maps
Y = €& Y xspl(W)xL—D,

respectively, defined as follows.
We consider first the situation (bd) in 2.6.18.
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Let A’ be the subset of A, p = Hom (X (S, p), R%) consisting of all elements whose
restriction to ' (Rxo) C X (S,p)" coincides with the restriction of ¢ : X (S, p)™ — Rso
where ¢ ranges over A, p. Let J = (J(w)),, for ¢ be as in 2.6.18 and let p; € Dgy2)(gr"")
be as in 2.3.15 for J. Then the first map Y — & sends (t, f, k) to

p = exp(f)7) (") exp(k)p; wheret' € A'.

The second map Y x spl(W) x L — ® sends (¢, f, k,s,0) to the following element
(p/,P',Z)of © = Dgﬁg) (2.6.3) where P" and Z are as follows.

Let A, p — Ap = Réép) be the morphism in Lemma 2.6.17. Let I = {j € A(P) | ¢, =
0} where t; denotes the j-component of the image of ¢ in Réép). Then P’ is the Q-
parablolic subgroup of Gr(gr'”) such that P’ > P which corresponds to the subset I of
A(P) (2.4.2).

If 6 € L, Z is the subset of D whose image under the embedding D — D(gr'"V) x
spl(W) x L is the set

{(exp(f)7; (1)) exp(k)r, s, Ad(exp(f)7) (') exp(k))d) | ' € A'}.

If6 =005" € LNL (6M € L\ {0}) (1.3.8 (4)), Z is the subset of D whose image under
the embedding D — D(gr'") x spl(W) x L is the set

{(exp(f)7,(t") exp(k)r, s, Ad(exp(f)7, (') exp(k))(co SW) |t € A c € Rug}.

Next consider the situation (d) in 2.6.18. In this situation, the first map sends (¢, f, k)
to t o exp(f)exp(k)r. The second map sends (¢, f, k, s,0) with 6 € L to the element ¢ o x
and sends (¢, f, k, s,000) with 6 € L~{0} to the element (0, ¢)ox, where x is the element of
D whose image in D(gr'') x spl(W) x £ (1.2.1) is (exp(f) exp(k)r, s, Ad(exp(f) exp(k))d).
Here we denote by (¢,7) + t o z the morphisms Ap x D(gr"') — Dggs(gr"), Ap x D —
Dgg, and Bp x Dyspt — Dgs, which extends the morphisms Ap x D(gr"') — Dgs(gr""),

Ap x D — Dgg, and Bp x D — Dgsg, defined by (t,z) — t o z, respectively.

2.6.21. We prove Theorem 2.6.19.

The theorem is clear in the situation (d) in 2.6.18.

We consider the situation (bd) in 2.6.18. We reduce the theorem in this situation to
Theorem 2.3.14.

It is easily seen that the validity of the theorem does not depend on the choices of
R and S. We take any S satisfying the condition in 2.3.13, and hence the condition in
2.6.18. We choose R in the following way.

Let Q = (Q(w)), where Q(w) = W(gr?). Take a splitting o of Q and let R(Q)
be as in 2.6.7. Let op € P'(Q) be the cone corresponding to P € P(Q) (2.6.9) and let
S := S(op) be the corresponding fs submonoid of X(S,). Note that R(Q) € SUS™!
(2.6.5).

Choose a subset I; of R(Q) NSNS~ such that R(Q) NSNS~ is the disjoint union
of {1}, I, and I7'. Let I, := R(Q) NS~ '~ R(Q)NSNS~!. Hence R(Q) is the disjoint
union of {1}, Iy, I;', I, and I;*. Choose an R-subspace C of gr(gr'’) such that the
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subspace gr(gr')1 = {v € gr(gr") | Ad(7}(t))v = v for all t € A,} of gr(gr"’) coincides
with the direct sum of Lie(7}(4,)), C, and gr(gr'); N Lie(K,). Let

R=Ca( P o))

x€l1Ul2

Then R’ C Lie(P), and R’ satisfies the conditions (C1) and (C2) on R of 2.3.13. (Here we
used the fact that the Cartan involution fx, associated to the maximal compact subgroup
K, of Gr(gr") sends gr(gr'), to gr(gr'),-: for any x € X(S,), and Lie(K,) coincides
with {v € gr(gr") | Ok, (v) = v}.)

Take an R-subspace C” of gr(gr'') such that Lie(7}(4,)) = Lie(7}(App)) @ C'. We
take R := C'@® R’ as R of 2.6.18.

Define X and Y of 2.6.18 by using these R and S. Denote by X’ and Y, respectively,
the X and Y of 2.3.13 defined by taking R’ and S as R and S of 2.3.13.

As in 2.6.10, let X be the fan of all faces of the cone Hom (X (S,)", Ra) =[], R(;?(()w).
Let ¥’ be the fan of all faces of the cone op. - -

Then Dg’LB(g) (Q)ﬂDgﬁg)(P) represents the fiber product of Mor(—, D§; , (Q)) — [X] ¢
[¥']. On the other hand, the fiber product of Mor(—, X’) — [¥] +» [¥'] is represented
by X” := Hom (8, R2) x gr(gr™) x gr(gr™) x gr(gr') x S and the fiber product of
Mor(—,Y") — [¥] + [¥] is represented by the inverse image Y” of Y’ in X” under the
canonical map X” — X’ where Y” is endowed with the structure of an object of By (log)
by using the embedding Y” — X" (1.3.16).

We identify X with Hom (S, RZ3!*) x R’ x S via the isomorphism Hom (S, RZu!) =
Ap’p x C'. N -

To reduce Theorem 2.6.19 to Theorem 2.3.14, it is sufficient to prove the following (*).

(*)If (¢, f,g,h, k) € Y then (t, f,k) € Y in X = Hom (S, RE) x R’ x S. We have
an isomorphism -

Y'SY 5 (t fog.h k) (¢ f k)

in Bg(log).

Before the proof of (*), we note the following (1) and (2).

(1) Let (t,f,g,h, k) € X" (t € Hom (S, R2) f g, h € gr(er"), k € S). Then
(t, f,g,h, k) belongs to Y” if and only if the conditions (i)-(iv) in 2.3.13, among which
(iii) and (iv) are modified as follows, are satisfied. We replace R in (iii) in 2.3.13 by R’
In (iv) in 2.3.13, we define J = (J(w))yez where J(w) = {j € Q(w) | t,; = 0}. Here
twj € Rso denotes the (w, j)-component of the image of ¢ in A,. Then k € S.

(2) Let (¢, f,k) € X (t € Hom (S,R23"), f € R', k € S). Then (t, f, k) belongs to Y
if and only if the following conditions (2-i) and (2-ii) are satisfied.

(2-1) Let x € X(S,). If t(x+) =0, then f, =0.

(2-ii) The same as the form of (iv) in the above (1).

Now we prove the assertion (*). Let (¢, f, g, h, k) € Y". We first prove that (¢, f, k) €
Y. To show this, it is sufficient to prove f € R'. Let x € R(Q). If t(x_) # 0, since

t(x+)9x = t(x-)fy and g, € R, we have f, = t(x-) 't(x+)gy € R. Assume t(x-) = 0.
If x €8, then ¢(x4) = t(x_)t(x) = 0. Hence f, = 0. If x ¢ S, then xy € S~! and hence

Jx € QR(ng)x CR.
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We next prove that Y’ — Y is an isomorphism.

For this, we define a morphism Y — X" of the converse direction by (¢, f, k)
(tu f7 9, h? k) with 9= ZXGS*l t(X71>fxa h = ersfl t<X71)2fx'

We show that the image of this morphism is contained in Y”. Let x € R(Q). We
prove t(x+)gy = t(x-)fy and t(x4)hy = t(x-)gy. If x € S7', we have t(x4)g, =
tx T e = t) fy and )by =t )t e = tx-)gye I x ¢ ST owe
have f, = 0 by the definition of R', and hence g, = h, = 0 by the definitions of g and
h. If t(x4+) = 0, then f, = 0 and hence g, = 0. We prove that if ¢t(x_) = 0, then
gx = hy, = 0. In the case t(x4) = 0, then f, = 0 and hence g, = h, = 0. In the case
X € S, we have t(x+) = t(x-)t(x) = 0. In the case t(x+) # 0 and x ¢ S, we have
x € Stand t(x-) = t(x4)t(x ') and hence t(x~ ) = 0. Hence g, = t(x 1)?f, = 0
and h, = 0 similarly. We prove g, hy, + fy-1 € R. If x € 87, g, = t(x)"'fy € R
and h, = t(x')? € R’ and hence h, + f,-1 € R. If x ¢ S7', g, = h, = 0 and hence
hy + fy-1 = fr-1 € R.

Thus we have a morphism Y — Y. It is clear that the composition Y — Y” — Y is
the identity morphism. We prove that the composition Y” — Y — Y” is also the identify
morphism. Let (¢, f,g,h, k) € Y" and let (¢, f,¢’, h', k) be the image of (¢, f, k) € Y under
Y — Y". We prove ¢}, = gy and h, = h, for any x € R(Q). Assume first x € S~'. If
t(x+) # 0, then g, = t(x4) "t(x-)fx = tix ") fx = g%, and we have similarly h, = h/,.
If t(x4) = 0, then t(x-) = t(x+)t(x') = 0, and hence f, = g, = h, = 0, and we have
g, = 0and b} = 0 by f, = 0. Next assume x ¢ S~!. Then by the definition of R/, we
have a,, = 0 for any a € R'. Since fy, gy, hy + fy -1 € R/, we have f, = g, = h, = 0, and
we have g = h\ =0 by f, = 0. Theorem 2.6.19 is proved.

I

Theorem 2.6.22. (1) The identity map of D extends uniquely to a morphism Dgﬁg) —
Dgs in Bg(log). It sends (p, P,, Z) € Dy to (P, Apo Z) € Dgs.
(2) The diagram
*,BS
+
Dsp2)(gr")P — Dgs(gr")

is cartesian in By (log) and also in the category of topological spaces.

8) The inverse image of DB in D*B coincides with Dg; ,BSmild
g SL(2) SL(2)

Proof. Let (p,P,Z) € D B(S and take r € Z. We compare the situations (bd) and (d)
in Theorem 2.6.19 by taking p, r for both the situations (bd) and (d), and by taking
R and S for these situations as follows. Take R and S for the situation (d). Take
this S as S for the situation (bd). Let C' be an R-subspace of Lie((Ap),) such that
Lie((Ap),) = Lie(7*(A,p)) @ C and take C' @ R as the R for the situation (bd). Then

Theorem 2.6.22 (1) and (2) follow from Theorem 2.6.19, Lemma 2.6.17, and the fact

(77(t) mod P,) o exp(f) exp(k)r = exp(f)7,(t) exp(k)r.

Theorem 2.6.22 (3) is clear. O
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2.7 The category Bg(log)*

The aim of this Section 2.7 is to define a full subcategory By (log)™ of By (log), consisting
of nice objects, and prove that the spaces of SL(2)-orbits in this Section 2 belong to
Bg (log)™ (Theorem 2.7.14).

We discuss also full subcategories By (log)!*! and Bi (log)l+!] of Bj (log) such that

Bi(log) O By (log)* D By (log)*! 5 Bg (log) ().

2.7.1. We first define a full subcategory By (log)[*ll of By (log).
We define standard objects of Bi (log)l*)l. Take n > 0, a real analytic manifold A,

and a real analytic closed submanifold A; of A for each subset J of {1,... n} satisfying
Ay =A, Ay C Ay if J D J'. Define

YZ{(t,ZE) ERT_>L0 XA’IEAJ@)}

where J(t) = {j | 1 < j < n,t; = 0}. We regard Y as an object of By (log) by taking
R%, x A as X in 1.3.16 where the log structure of X with sign is induced from that of
RZ, (1.3.8 (1)).

Let Bg (log)™1l be the full subcategory of Bi(log) consisting of all objects which are
locally isomorphic to open subobjects of Y as above.

Real analytic manifolds with corners belong to Bj (log)!*1l.

2.7.2. We next define a full subcategory Bg (log)*! of Bi (log).

We define standard objects of B (log)[*!. Take an fs monoid S, a real analytic manifold
A, and a real analytic closed submanifold A; of A for each face I of § satisfying As = A,
A C Ap if I C I'. Define

Y ={(t,z) € Hom (S,R%") x A |z € Asp}

where I(t) is the face {a € S | t(a) # 0} of S. We regard Y as an object of Bg(log)
by taking Hom (S, RZy") x A as X in 1.3.16 where the log structure of X with sign is
induced from that of Hom (S, RZ4") (1.3.8 (3)).

Let Bj (log)™ be the full subcategory of Bg(log) consisting of all objects which are
locally isomorphic to open subobjects of Y as above.

Since a standard object of By (log)l*!) is the case S = N of a standard object of
Biz (log)*1, we have By (log)! o By (log)[F1l.

The following Lemmas 2.7.3 and 2.7.4 are proved easily.

Lemma 2.7.3. Let S be an object of By (log)*). Then S belongs to By (log)*l if and
only if for any s € S, (Mg/O3)s is isomorphic to N" for some r > 0 (which may depend
on s).

Lemma 2.7.4. Let S’ — S be a log modification in By (log). If S belongs to By (log)*],
then S’ also belongs to By (log)l.

2.7.5. We define a full subcategory By (log)™ of By (log).

Let B (log)™ be the full subcategory of By (log) consisting of all objects S such that
locally on S, there is a log modification S’ — S such that S’ belongs to B (log)![*1l.

We have clearly Bi (log)l+!] ¢ Bg (log)*.
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Lemma 2.7.6. Let S be an object of Bg(log)t and assume that (ME/OF)s is of rank
<1 as an abelian group for any s € S. Then S belongs to By (log)*1l.

Proof. This is because any log modification S’ — S is an isomorphism. n
Proposition 2.7.7. By (log)*) C By (log)*.

Proof. Let S be an object of By (log)*). Locally on S, by the resolution of singularity in
toric geometry ([17] p.23), there exists a log modification S” — S such that for any s € 5,
(Mg /O%)s = N" for some r. By Lemmas 2.7.3 amd 2.7.4, S’ belongs to Bg (log)!*l. O

Proposition 2.7.8. Let S — S be a log modification in Bg(log). Then, S belongs to
Bg (log)™ if and only if S’ belongs to Bg(log)™.

Proof. First assume that S belongs to Bg (log)™. We prove that S’ belongs to Bg (log)™.
We may assume that S belongs to Bg (log)[*ll. Locally on S, there is a log modification
S” — S which is a composition S” — S — S where the first arrow is a log modification
and the second arrow is the given morphism, such that for any s € S”, (Mg /Og,)s = N”
for some r. By Lemmas 2.7.3 and 2.7.4, S” belongs to Bg (log)!l*)l. Hence S’ belongs to
B (log)*.

Next assume that S’ belongs to By (log)*t. We prove that S belongs to Bg(log)*. By
the assumption, there are an open covering (U, ), of S” and a log modification V) — U,
for each A such that Vy belongs to By (log)l*)). Since S’ — S is proper, locally on S, we
can take a finite covering (U, ). Hence locally on S, there is a log modification S” — S
having the following properties (i)—(iii). (i) S” — S is a composition S” — 5" — S where
the first arrow is a log modification and the second arrow is the given morphism. (ii)
For each A\, we have a morphism U, xg S” — V) over U, which is a log modification.
(iii) For any s € S”, (Mgn/Og,)s = N” for some r > 0. By Lemma 2.7.3 and 2.7.4,
Uy x5 S” belongs to B (log)Fll. Since (Uy x g/ S"), is an open covering of S”, S” belongs
to B'(log)[*ll. Hence S belongs to B (log)*. O

Proposition 2.7.9. The category By (log)™ (resp. By (log), resp. By (log)!)) is stable
in Bg(log) under taking finite products.

Proof. This is clear for B (log)*! and Bg (log)[*ll. The part for By (log)* follows from
the part for Bj (log)!*]l. O

Lemma 2.7.10. Let Y C Hom (S, RZ") x A be a standard object of By (log)!™ in 2.7.2,
let S be an object of By (log)!™, and let S — Hom (S, RE§™Y) be a morphism in By (log).
Then the fiber product of S — Hom (S, RE3") < Y in By (log) belongs to By (log)!H).

Proof. Working locally on S, we may assume that S is an open set of the standard object
RZ, x A"in 2.7.1 (A" here plays the role of A in 2.7.1), and that we have a commutative
diagram of functors

Mor(—, S) — Mor(—, Hom (S, RZj"))
} \J
Mor(—,R%y) — [¥] — ]
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where X is the fan of all faces of the cone Hom (S, R4') and X' is the fan of all faces of
the cone RY; C R". Then the fiber product in problem coincides with the space

{(t,a,d") e REy x AX A" | a € Ay, d € Af](t)}

where J(t) ={j | 1 < j <n, t; =0} and I(¢) is the face of S which corresponds to the
image of t under R%;, — X' — X. O

Lemma 2.7.11. Let Y C Hom (S, RZ4") x A be a standard object of B (log)* in 2.7.2,
let S be an object of Bgr(log)t, and let S — Hom (S,Rg‘(‘)ﬂt) be a strict morphism in
Bi(log). Then the fiber product of S — Hom (S,REg") <+ Y in By(log) belongs to
By (o)

Proof. Since S — Hom (S, R2Y) is strict, working locally on Hom (S, RZ") and on S,
we have a rational finite subdivision ¥ of the cone Hom (S, R24) such that the fiber
product S’ of S — Hom (S, RZ) < |toric|(X') belongs to Bg(log)l*)! and such that
S(o’) for all o’ € ¥ are isomorphic to N” x Z™ for some 7,m. Replacing S by S’ and
replacing S by S(0’) (¢’ € ¥'), we are reduced to Lemma 2.7.10. O

Proposition 2.7.12. Letn > 0, and let V be a finite dimensional R-vector space endowed
with an action of G LetY be the subset of RZ,xV xV consisting of all elements (t,u,v)
satisfying the following conditions (i) and (i) for any x € X(G™). In the following, we
write x = x4+ (x_)"" as in 2.8.15.

(1) tx+)vy = t(x-)uy.

(i7) If t(x4+) =0, then u, = v, = 0.

Endow Y with the structure of an object of Bg (log) by the embeddingY — RZyxV xV
as in 1.3.16. Let S be an object of Bg(log)t and assume that we are given a strict
morphism S — R, and let E be the fiber product of S — RZ%, <= Y in Bg(log). Then
E belongs to By (log)™. -

Proof. In 1.4.1, we take L = X (GI). Let L™ C L be the submonoid corresponding to N™
in the identification L = Z". Take a finite subset R of L such that {x € L | V} # 0} C R,
R =R and R* := RN LT generates L™ as a monoid. Let ¥ be fan of all faces of the
cone R%, C R" = Ng, and let ¥’ be the rational finite subdivision of ¥ defined in 2.6.5
(3) with respect to R and L.

Let Y', S', E' be the fiber products of Y — RZ, < [toric|(X'), S — RZ, <« |toric|(X),
E — RZ, < |toric|(¥'), respectively (we identify RZ, with |toric|(X)). For ¢/ € ¥,
let Y'(o"), S'(c"), E'(c") be the open sets of Y’, S, E’, respectively, corresponding to
o’. These are the fiber products of ¥ — RZ, + Hom (S(¢’), REZg%), S — RZ, +
Hom (S(¢’), R2), E — RZ, <+ Hom (S(c¢”), R2M), respectively. In particular, Y'(o’) C
Hom (S(o’), RE) x V x V. -

We prove that Y’(¢') is isomorphic to a standard object of the category Bg(log)!
(2.7.2).

Since R C S(0’) US(a’)! (2.6.5), we can take subsets Ry and Ry such that R is the
disjoint union of R; and Ry and such that Ry C S(¢’) and Ry C S(0’)~*. Consider the
map

Y'(0") = Hom (S(0”), REZ™) x V11 (u,0) = () v+ Y uy).

XEAL XEA2
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This induces an isomorphism
(1) Y'(0') = {(t,x) € Hom (S(0), RE"™) x V| & € Vigy}

in By (log), where I(t) denotes the face {x € S(o’) | t(x) # 0} of S(¢’), and for a face I
of §(0’), we define

Vi={z eV ]|z, =0if x € Land x; ¢ I}.

The inverse map of (1) is given by (¢, x) = (t,u,v) where u =Y p t(X)Ty + > cp, Tx
and v = 37 p oy + D0 cp X2y We omit the more details of the proof of this
isomorphism (1), for the argument is straightforwards and similar to the proof of Y =Y
in the proof of Theorem 2.6.19 (2.6.21). Note that the right-hand side of (1) is a standard
object of Bg (log)*) (2.7.2).

By Lemma 2.7.11, the fiber product E’(¢") of S’(¢’) — Hom (S(0”), RE) < Y'(o”)
belongs to Bg(log)t. Hence E’ belongs to Bg(log)t. By Proposition 2.7.8, this proves
that E belongs to Bg(log)™. O

Proposition 2.7.13. D;ﬁg) belongs to By (log)™].
This follows form Theorem 2.6.19 for the situation (bd) in 2.6.18 and from 2.7.12.

Theorem 2.7.14. The spaces DYy ), D& o), Di ), Dty Diiayr Ditayr Dsnia(gr™)™
and Dg2)(gr") belong to By (log)*.

Remark 2.7.15. We think that this Theorem 2.7.14 is a version for the spaces of SL(2)-
orbits, treated in this Section 2, of the following results (1), (2) on the spaces of Borel-Serre
orbits and of nilpotent orbits.

(1) The space Dgg of Borel-Serre orbits is a real analytic manifold with corners. (Part
L)

(2) For a weak rational fan ¥ in gg and for a neat subgroup I' of Gz which is strongly
compatible with ¥, the space I'\ Dy is a log manifold (Part III, Theorem 2.5.2).

These (1) and (2) tell that Dgs and '\ Dy, are beautiful spaces. Theorem 2.7.14 also
says that the spaces of SL(2)-orbits are beautiful spaces.

2.7.16. We prove Theorem 2.7.14. Theorem 2.7.14 for D;ﬁg) follows from 2.7.13 and

2.7.7. Theorem 2.7.14 for D§L(2), Dg’LJzQ), Déf(z) follows from that for Dgﬁg) by 2.7.8. In

the pure situation, this implies that Dgp,)(grl) ) belongs to Bg(log)* for any w, hence
Dagy,2)(gr") belong to Bg(log)™, and hence Dgy,2)(gr'”)™ belongs to By (log)™ by 2.7.8.
Theorem 2.7.14 for Dé£(2) follows from that for Dgy,2)(gr'’)™ by 2.3.16 and 2.7.9.
Finally we prove that DéL(Z) belongs to By (log)™. We apply Proposition 2.7.12. Let
= (p,Z) € Dg2), fixr € Z, and let T = r(gr") € D(gr"V'). Let n be rank(p) if z is an
A-orbit, and let n = rank(p) + 1 if x is a B-orbit. Let V' = Lie(Ggr ) where Ggr, denotes
the unipotent radical of Ggr. We define the action of GJ, on V' as follows. In the case
x is an A-orbit (resp. a B-orbit), lift the homomorphism 7, (resp. 7,) : G, — Gr(gr'")
(2.2.7) to 7, : G} = Gr by using the splitting sply, (r) of W. We consider the adjoint
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action of GI', on Lie(Gr,) via 7,. Define Y € R%Z; x V x V as in 2.7.12. Then by
Part II, Theorem 3.4.6, in the case where z is an A-orbit (resp. a B-orbit), there are an
open neighborhood S of y := (p, dw (r)) in Dsp)(gr”)™ x L(F) (resp. y := (p, 00 dw(r))
in Dgp9)(gr")™ x (L(r) \ {0})) and a strict morphism S — RZ, which sends y to
0= (0,...,0), an open neighborhood U of (y, 0,0, 0) in the fiber product of S — RZ, <+ Y
(here (0,0,0) € RZ, x V' x V) and an open immersion U — Dg; ,, which sends (y,0,0,0)
to x. By Proposition 2.7.12, U is an object of Bg(log)*. This shows that D, is an
object of Bg(log)™. Theorem 2.7.14 is proved.

Lemma 2.7.17. Let n > 0. Then the part of DSL(Q)(ng)N consisting of points of rank
< n is open in Dgpm)(gr™)™.

Proof. This part is the union of open sets Dgy 2)(gr' )~ (®) where ® ranges over all ad-
missible sets of weight filtrations on gr'V’ associated to points of rank < n. O

2.7.18. We denote the above part of Dspo)(gr')™ by (Dsne)(gr')~)<n. In the pure
situation, this part is written as Dgy,2)<n-

Proposition 2.7.19. (1) Let U be the inverse image of (Dsp)(gr")~)<1 in Dy 0 (resp.
D{f 5))- Then U is an object of Bg (log)I*1].

(2) Let U be the inverse image of ], Ds2)(grh, )<1 in Dgf(?)' Then U is an object of
B (log) 41,
Proof. We prove (1). By 2.7.14, 2.2.13 (which describes the stalks of Mg/OF for S =
Dg19)(gr")™) and 2.7.6, (Dsp)(gr")~)<1 belongs to By (log)*ll. Hence U belongs to
Bj; (log)!) by 2.3.16 and 2.7.9.

We prove (2). Similarly, Dgr)(gr!’ )<; belongs to By (log)*ll and hence [, Dsre2)(gr!¥ )<1
belongs to By (log)!* by 2.7.9. Hence U belongs to By (log)*ll by 2.3.16 and 2.7.9. O

3 Valuative Borel-Serre orbits and valuative SL(2)-
orbits

In this Section 3, we study the spaces Dgs yal, Dsr,(2),val, and D§L(2) and their relations.

val?

3.1 The associated valuative spaces

In this Section 3.1,

(1) for an object S of Bg(log), we define a locally ringed space Sy, over R with a
“valuative log structure with sign” , and

(2) more generally, for a field K endowed with a non-trivial absolute value | | : K —

R and for a locally ringed space S over K endowed with an fs log structure satisfying the
conditions in 1.3.3, we construct a topological space Sy .

In (2), Sya is merely a topological space and does not have more structures as in (1).
(1) becomes important in the rest of this Section 3, and (2) will become important in
Section 4.
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(1) is shortly explained in Part II, 3.7.
We call S,a1 the valuative space associated to S.

3.1.1. Let L be an abelian group whose group law is written multiplicatively. A sub-
monoid V of L is said to be valuative if VUV~ = L.
An integral monoid V is said to be valuative if it is a valuative submonoid of V&P,
For an fs monoid S, let V(S) be the set of all valuative submonoids V' of S8 such
that V D S and VNS = S*.

3.1.2. Let K be a field endowed with a non-trivial absolute value | | : K — R. Let S be
a locally ringed space over K satisfying the equivalent conditions in 1.3.3 and endowed
with an fs log structure.

Let Sya be the set of all triples (s,V,h), where s € S, V € V((Ms/O%),) (3.1.1),
and writing by V the inverse image of V in M gi, h is a homomorphism (f/)X — Rl
extending f — |f(s)| on OF . Here RZy" denotes the set R regarded as a multiplicative
group.

3.1.3. There is a variant, which we denote by Siai(x), of Sva: Let Siak) be the set of
all triples (s,V,h) where s and V are as above but A is a homomorphism (V)% — K*
extending f + f(s) on Og . In [16], Section 3.6, in the case K = C, this space Sya,c Was
denoted by Sy,. But in this Part IV, we consider only Sy, in the sense of 3.1.2 except in
the proof of 6.3.1, and we hope no confusion occurs in Part IV. In the case a confusion
can happen in the future, we denote Sy in 3.1.2 by Sya ) We will call Sy k) the
valuative space of K-points associated to S, and S, |) the valuative space of absolute
values associated to S.

3.1.4. In the case K = R and Mg is a log structure with sign (as in the case S € Bg (log))
(1.3.5), Syar is identified with the set of all triples (s, V, h), where s € S, V' is an element of
V((Ms/Og)s), and writing by V5, the inverse image of V' in Mg” ; ., h is a homomorphism

(V)Zo — RZY extending f +— f(s) on O3 50,

3.1.5. Let S be as in 3.1.2. The topology of Sy, is defined as follows.

Let (so, Vo, ho) € Sval- Assume that we are given a chart S — Mg near the point sy € S.
We introduce a fundamental system of neighborhoods of the point (sg, Vp, ho) € Syar-

Let U be a neighborhood of sy in S, I a finite subset of S8 such that, for any f € I,
the image fs, of f in (ME/O%)s, is contained in Vp, and € > 0. Let B(U, I,¢) be the set
of all points (s, V. h) of Sy, satisfying the following conditions (i)—(iii).

(i) s e U.

(ii) For any f € I, the image f, of f in (ME"/O%), belongs to V.

(iii) For any f € I, |h(f)—ho(f)| < e. Here we define h(f) (resp. ho(f)) to be 0 unless
fs € VX (resp. fs, € VJ).

Define a topology of Sy, so that the sets B(U, I, ¢), where U, I, and ¢ vary, form a fun-
damental system of neighborhoods of the point (sg, Vj, ho). This topology is independent
of the choice of a chart S, and hence is well defined globally.

We now consider the relation of Sy, and the projective limit of toric varieties for sub-
divisions of fans. This will be used to prove properties of Sya, and to endow S,, in the
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case S € Bi(log) with a structure of a locally ringed space over R and a log structure
with sign.

3.1.6. Let the notation be as in 1.4.1.

Let V be a valuative submonoid of L. For a submonoid & of L, we say that V
dominates S if S C V and §* = SN V*. For a rational finitely generated sharp cone o
in Ng, we say that V' dominates o if V' dominates S(o) :={l € L|l(c) > 0}.

For a rational fan ¥ in Ng, V' dominates some cone in ¥ if and only if S(o) C V for
some o € Y. If V dominates a cone in Y, then such a cone is unique and is the smallest
cone o € ¥ such that S(o) C V.

If 3 is a rational finite subdivision of ¥, V dominates some cone in ¥ if and only
if V' dominates some cone in ¥'. In this case, if V' dominates ¢’ € ¥/, V' dominates the
smallest cone o € ¥ such that ¢/ C 0.

Lemma 3.1.7. Let X be a finite rational fan in Ng. Then we have a bijection from the set
of all valuative submonoids V' of L, which dominate some cone in X, onto the projective
limit lim Y/, where X' ranges over all finite rational subdivisions of X. This bijection
sends V' to (oxy)sy, where osy denotes the cone in X' dominated by V. The inverse map

is gwen by (os)s — Usy S(owy).
Proof. Straightforward. O

Lemma 3.1.8. Let X be a finite rational fan in Ng. Then we have the following bijection
from lim_, [toric|(X'), where ¥ ranges over all finite rational subdivisions of 3, to the set
of all pairs (V,h) of a valuative submonoid V' of L dominating some cone in ¥ and a
homomorphism h: V* — Ryo. If (xs/)sy is an element of Hm,, [toric|(X') and (o, hsy)
(osr € ¥ hy @ S(osy) = Rsg) is the pair corresponding to xsy (1.4.1), then the pair
(V, h) corresponding to (zsy)s: is as follows. V = Us, S(osy), and h is the homomorphism
V> — R.g whose restriction to S(os:)* is hss for any ¥'.

Proof. This can be shown by using 3.1.7. O]

Proposition 3.1.9. Let S be as in 3.1.2, and assume that we are given a chart S — Mg
with S an fs monoid, let L = 8%, let N = Hom (L, Z), and let 3 be the fan in Ngr of all
faces of the cone Hom (S, R2%). Here R* denotes Rsq regarded as an additive monoid.
Then we have a cartesian diagram of topological spaces

Sval — m,, |toric| (%)

1
S — |toric/(X) = Hom (S, RZg")

where X' ranges over all finite rational subdivisions of X3, and the lower row sends s € S
to the homomorphism f — |f(s)| (f € S).

Proof. For s € S, let S(s) = S(0) where o is the element of ¥ such that the image of s
in [toric|(X) corresponds to a pair (o, h) for some h : S(o)* — RZY (1.4.1). Then S(s)*
coincides with the inverse image of Og , under the canonical map §# — M gi,, and S(s)

is generated by S and S(s)*. We have S(c)/S(0)* = (Ms/O%)s.
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By 3.1.8, the fiber product S Xjorici(s) lim,, [toric|(X') is identified with the set of all
triples (s, V,h) where s € S, V is a valuative submonoid of S such that V' O S and
VNS = 8(s)*, and h is a homomorphism V* — R whose restriction to S(s)*
coincides with the composition S(s)* = O, — RZ4" where the last map is f — |f(s)].

By the isomorphism S(0')/S(0)* = (Ms/O%),, a valuative submonoid V of $# such that
VD> Sand VNS = S(s)* corresponds bijectively to a valuative submonoid V’ contains
(Mg/O%), and (V')* N (Ms/O%)s = {1}. Furthermore, if V' denotes the inverse image
of V/'in Mg, (V)% is the pushout of V* « S(s)* — Og,. Hence h corresponds to a
homomorphism 7’ : (V/)* — RZ whose restriction to Og , coincides with f +— [f(s)].
Hence we have a bijection (s, V, h) — (s, V' k') from the fiber product to Sy..

In the converse map (s, V', h') — (s,V,h), V is the inverse image of V' under the
canonical map 8% — (ME/O%), and h is the homomorphism V> — RZ8! induced by
n.

By using these explicit constructions of the bijection between Sy, and the fiber prod-
uct, it is easy to see that this bijection is a homeomorphism. O]

Corollary 3.1.10. For S as in 3.1.2, the map Sya — S s proper.

Lemma 3.1.11. Let S and S’ be as in 3.1.2 and assume that we are given a strict
morphism S — S of locally ringed spaces over R with log structures (for the word “strict”,
see 1.3.15). Then the canonical map S., — S" X g Syal is a homeomorphism.

Proof. For any s’ € S” with image s in .S, the canonical map (Mg/035)s = (Mg /OZ)s is
an isomorphism from the assumption. From this, we see that the map S, — S’ Xg Syal
is bijective. Since this map is continuous and since both S/ and S’ X g Sya are proper
over S’ (3.1.10), this map is a homeomorphism. O

Lemma 3.1.12. Let S be as in 3.1.2 and let |S| be the topological space S with the sheaf
of all R-valued continuous functions. Endow |S| with the log structure Ms| associated to
the composition Mg — Ogs — O)g|, where the second arrow is f +— |f|, which we regard
as a pre-log structure. Here |f| denotes the function s — |f(s)].

Then Mg is an fs log structure, and we have a canonical homeomoprhism |S|ya=Syar-

Proof. It § — Mg is a chart with § an fs monoid, then the composition & — Mg — Mg
is also a chart. Hence Mg is an fs log structure. The canonical map (Mg/Og)s —
(Mis1/Oj)s is an isomorphism for any s € S, and hence we have a canonical bijection
|S|val = Svar. It is easy to see that this is a homeomorphism. O

3.1.13. Assume now S is an object of By (log) (1.3.7). We endow Sy, with a sheaf Og_,
of rings and a log structure Mg _, with sign as follows. Locally on S, take a positive chart
S — Mg o (1.3.10), let X be the fan of faces of the cone Hom (S, R24), and for a rational
finite subdivision ¥’ of 2, regard S(X') := S X jtoric/(x;) |toric| (') as an object of By (log) by
taking the fiber product in Bg (log). Here we use the fact that the underlying topological
space of this fiber product is the same as the fiber product of the underlying topological
spaces by 1.3.15 (i) and by the fact that S — [toric|(X) is strict.

We define Og,,, (resp. Mg,,,) as the inductive limit of Ogyy (resp. Mg(syy) by using
Proposition 3.1.9. This sheaf of rings and the log structure with sign are independent
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of the choice of the chart and hence defined globally. In fact, if we have two charts

S = Mg~ and &' = Mg, there is a third chart " — Mg~ with homomorphisms

S — 8 and &' — S” of charts. It is easy to see that the sheaf of rings and the log

structure with sign given by the chart S (resp. &) are isomorphic to the ones given by

the chart §”, and that the composite isomorphisms between the ones given by the chart

S and the ones given by the chart &" are independent of the choice of the third chart S”.
We call Og,, the sheaf of real analytic functions.

3.1.14. A log modification S” — S in By (log) induces an isomorphism

(S,)Val i Sval
of locally ringed spaces over R with log structures with sign.
Proof. This is clear. O

3.1.15. For S € Bi(log) and for x = (s,V,h) € Sya, V is identified with the inverse
image of (Mg, /O3 ). under the canonical map (Mg"/Og), — (Mg’ /Og )., and h :
V2 — R2U coincides with the composition VX — Og. <0, — RZ8 where the first
arrow is induced from Voo C Mg ~os = Mg, >0 and the second arrow is f +— f(x).

3.1.16. Let S be a locally ringed space. Then a log structure M on S is said to be
valuative if it is integral and satisfies the following condition.

For any local section f of M®P, locally we have either f € M or f~! € M, that is, if
every stalk of M is valuative.

By 3.1.15, for S € By (val), the log structure of Sy, is valuative.

3.1.17. Let S\, T, T, Z, Z and T(s) C T, Z(s) C Z (for s € Z) be as in 1.4.8. We give
a description (1) below of the valuative space Z,, associated to Z, as a set. This will be
used in 3.3.3.

For a valuative submonoid V of S{¥, let T'(V') := Hom (S /V*,R+¢) C T' = Hom (S;, RZ4™).
Then we have:

(1) Zya is identified with the set of all triples (s, V, Z') where s € Z, V is a valuative
submonoid of S¥ such that V' 5 8; and such that V* NS, = Ker(S§; — (Mz/0%),), and
Z"is a T(V)-orbit in Z(s). (Note that Z(s) is a T'(s)-torsor and T (V') C T(s).)

This is proved as follows. Let L = S’ and let 3 be the fan of all faces of the cone
Hom (S, R24) ¢ Ng = Hom (L,R). Then by 3.1.9, Z,, is the projective limit of the
log modifications of Z corresponding to rational finite subdivisions ¥’ of 3. By 3.1.7, the
projective limit of the sets ¥’ is identified with the set of valuative cones V' as above.
Hence the above description (1) of Z, follows from the descriptions of log modifications
of Z in 1.4.8 as sets by taking the projective limit.

3.2 The category Cr(val)"

We define categories Cr(val) and Cgr(val)™ C Cgr(val). In Section 3.3, we will see that
the valuative spaces associated to the spaces of SL(2)-orbits and the space of Borel-Serre
orbits belong to Cr(val)™.
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3.2.1. Let Cr(val) be the category of objects of Cr (1.3.1) endowed with a valuative log
structure (3.1.16) with sign.
We have Cgr(sat) D Cr(val) (1.3.7 (2)).

Proposition 3.2.2. Let S be an object of Bg(log)t. Then Sya belongs to Cr(val).
For the proof, we use the following lemma.

Lemma 3.2.3. Let (S)\)x be a directed projective system in Cr, let S be the projective limit
of the topological spaces Sy, and endow S with the inductive limit of the inverse images
of Og,. Assume that there is an open set S" of S satisfying the following conditions (i)
and (ii).

(i) S" belongs to Cr.

(ii) For any open set U of S, the map Os(U) — Og(U N S’) is injective.

Then S € Cr.

Proof. Let F be the sheaf on S of morphisms to R™ of locally ringed spaces over R,
where R" is endowed with the sheaf of all real analytic functions. We have a morphism
a:F — O% by f— (f*(tj))1<j<n where t; are the standard coordinate functions of
R". We have also a morphism b : O% — F, which comes from the fact that since S,
belong to Cr, OF is regarded as the inductive limit of the inverse images of sheaves on
Sy of morphisms to R™. As is easily seen, the composition ab : O% — O% is the identity
morphism. We prove that ba : F — F is the identity morphism. Let f € F(U) with U an
open set of S. It is easy to see that f and ba(f) induce the same underlying continuous
maps U — R™ which we denote by g. It remains to prove that the homomorphisms
g (Orn) — Oy given by f and ba(f) coincide. Since Og(V) — Og(V N S’) is injective
for any open set V of U, it is sufficient to prove that the restrictions of f and ba(f)
to U NS’ coincide. But S’ belongs to Cr, and hence ab gives the identity morphism of
F ’5/. ]

3.2.4. We prove Proposition 3.2.2. By 3.1.14, it is sufficient to prove this for objects
of Bi(log)l*. Asin 2.7.1, let Y C RZ, x A be a standard object of By (log)*. Tt is
sufficient to prove that Yy, belongs to Cr. Let L = Z", let ¥ be the set of all faces of
the cone R%, C Hom (L, R*) = R", and for a rational finite subdivision X’ of 3, let
Y(X) = {(t,z) € [toric|(X) x A | ¥ € Ay} where J(t) = {j | 1 < j < n,t; = 0}
with ¢; the j-th component of the image of ¢ in |toric|(X) = RZ,. We apply Lemma
3.2.3 by taking the projective system (Y (X'))ss in Cr as (Sy) and by taking the open
set RZ, x A of Yy, as S’. Then the projective limit S in 3.2.3 is Y. The injectivity of
Os(U) — Og(U N S") for any open set U of Yy, is seen easily. Hence Yy, belongs to Cr

by Lemma 3.2.3.

3.2.5. We define a full subcategory Cr(val)™ of Cgr(val).

This is the category of all objects which are locally isomorphic to open subobjects of
S.a1 With objects S of B (log)™. We can replace Bg (log)* by B (log)l+)) in this definition,
to get the same category Cr(val)™. Hence Cr(val)™ is the category of objects which are
locally an open subobject of

Y;/al = {(t,ﬂf) € (REO)VRI X A | S AJ(t)}
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Here n, A, (Ay); and Y are as in 2.7.1 and J(t) = {j | 1 < j < n,t; = 0} where ¢;
denotes the j-th component of the image of £ in R%,,.

Proposition 3.2.6. For any object S of Bg(log) and for any object X of Cr(val), the
canonical map Mor(X, Sya) — Mor(X, S) is bijective.

Consequently, if S is an object of Bg (log)™, Sya represents the functor X — Mor(X, S)
from Cr(val) to (Sets).

Proof. 1t is sufficient to prove that in the situation of 3.1.9, the canonical map Mor(X, SX|toric|(x)
|toric| (X)) — Mor(X, S) is bijective. Here S X|ioric|(x) |toric|(X’) denotes the fiber product
in Bg (log). By 1.3.11, it is the fiber product in Cgr(sat). Hence it is sufficient to prove that
the map Mor(X, |toric|(X)) — Mor(X, |toric|(X)) is bijective. This last fact is reduced
to Proposition 1.3.9. O

Proposition 3.2.7. (1) The category Cr(val)™ has finite products.

We will denote the product in Cr(val)™ as X X Y.

(2) A finite product in Cr(val)™ is a finite product in Cg(val).

(3) The functor Bg(log)™ — Cr(val)™ ; S+ Sya preserves finite products.

(4) For objects Sy, ..., S, of Cr(val)™, the product of S, ..., S, in the category Cr(sat)
exists. As a topological space, it is the product of the topological spaces S;.

We will denote this product in Cr(sat) by S1 Xsat * ** Xsat Sn-

Proof. If Y and Y are objects of Bg(log)™, then by Proposition 2.7.9, (Y x Y”)ya is an
object of Cr(val)™ and for any object X of Cr(val)™, we have

Mor (X, (Y xY")a1) = Mor(X, Y xY") = Mor(X,Y)xMor(X,Y") = Mor(X, Yia) X Mor(X, (Y)yal)

where the first and the third equalities follow from Proposition 3.2.6, and the second
equality follows from Proposition 1.3.11 (2). This proves (1), (2), (3).

We prove (4). Locally on each Sj, we have S; = (S})val for an object S} of By (log)™.
Locally in each S}, take a chart §; — M St let ¥, be the fan of all faces of the cone

all rational finite subdivisions of ;. Endow S with the inductive limit of the inverse
images of O and the log structures with sign of H;”:l S’ Xitoric|(s;) [toric|(X}). Then S
belongs to Cr(sat) by Lemma 3.2.3, and is the product of S; in Cg(sat). This locally
constructed S glues to a global S. n

Hom (S, R;%d), and consider S :gnnyzl S’ X jtoric|(z,) |toric|(X]) where ¥ ranges over
j

The following Lemma will be used in Section 3.4.

Lemma 3.2.8. Let n > 0 and let S; — S; (1 < j < n) be morphisms in Cr(val)™
having the Kummer property of log structure in the sense (K) below. Let S (resp. S’) be
the product S1 Xgat *** Xsat S (T€SP. S| Xsat =+ Xsat S5 ) in the category Cr(sat), and let
Sval = S1 Xval *+ Xyal S (1ESp. Sy = S] Xyal *++ Xya1 S4) be the product in the category
Cr(val)™ (3.2.7).

(K) We say that a morphism X — Y of a locally ringed spaces with log structures
has Kummer property of log structure if for any x € X and the image y of x in Y, the
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homomorphism (My /Oy ), — (Mx/O%)s is injective, and for any a € (Mx/O%),, there
is m > 1 such that a™ belongs to the image of (My /Oy ),.
Then the diagram
Sval - Silal

{ {
S - 9

is cartesian in the category of topological spaces.

Proof. The set Sya is identified with the set of all triples (s,V,h) where s € S, V is a
valuative submonoid of (Mg’ /O%)s such that V O (Ms/O%)s and V N (Ms/O%)s = {1},
and h is a homomorphism (‘7)X — R, where V denotes the inverse image of V in
Ms 0,5 such that the restriction of h to Og. , coincides with f + f(s). Furthermore,
(Ms/Og)s = 11 (Mg} /Og,)s; where s; denotes the image of s in S;. The similar things
hold for S’. From these, we see that the diagram is cartesian in the category of sets. Since
Sval and the fiber product £ of S — S’ < S/, in the category of topological spaces are
proper over S, we see that the canonical map Sy, — F is a homeomorphism. O

3.3 DBS,Vala DéL(Z),val’ Déi(Q),val’ DgL(Z),val

3.3.1. We define
DBS,vah DéL(2),va17 D§£(2),val7 D§L(2),va1

as the valuative spaces associated to the objects
I 7
Dgs, Dgr),  Dsrey Divg

of B (log) (3.1.13), respectively.

By 2.7.14, 3.2.2 and 3.2.5, they belong to Cg(val)™.

We call Dgg a1 the space of valuative Borel-Serre orbits, and call the other spaces
DéL(Q)Nal etc., spaces of valuative SL(2)-orbits.

DéL(2),Val and Déi(%wﬂ are identified as sets because DéL(Q) and Déi@) are identified
as sets and the morphism D o) — DY o, is strict (3.1.11). They are denoted just by
Dsy,(2),va1 When we regard them just as sets.

3.3.2. Since a log modification induces an isomorphism of associated valuative spaces
(3.1.14), we have

IR

*,+ * = *,— = *,BS
Dgiioyval = Dsi@)val = Dsi@)vat < Do) var

Hence the morphisms
*,+ 7 *BS
Dgio) = Dsiey: Dgia) = Dss

(Section 2.5, Section 2.6) induce morphisms

* 11 *
SL(2),val - DSL(Z),vab SL(2),val - DBS,val-
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3.3.3. These valuative spaces are described as sets as follows. Let the situations (a)—(d)
and the notation be as in 2.4.4 and 2.4.5. By 3.1.17, we have:

As a set, D, is identified with the set of all triples (z,V,Z) where z € ©, V is a
valuative submonoid of (M5°/Of), = X(S,) such that X (S,)" C V and X(S5,)TNV* =
{1}, and Z is a T'(V')-orbit in the T'(x)-torsor Z(z). Here

T(V) :=Hom (X (S,)/V*,R%M") C T(x) = Hom (X (S,), RZg").

3.3.4. Let the notation be as in 3.3.3. For a point z = (z,V, Z) € D, the stalk (M»/03).
is described as follows. In the situations (a)-(c), (Mo/Of), = V/V*. In the situation
(d), (Mo/O3), =V'/(V')* where V' =V N (X(S,)")&P.

3.3.5. In [15] 2.6 and [16] 5.1.6, which treated the pure case, we defined the set Dgg yval
in a different style. Following the style in [15] 2.6 and [16] 5.1.6, we can define Dgg yal
also as the set of all triples (T,V,Z) where T is an R-split torus in Ggr(gr"), V is
a valuative submonoid of the character group X (T) of T, and Z C D, satisfying the
following conditions (i)—(iv).

(i) Let T%¢ be the connected component of T(R) containing the unit element. Then
Z is either a TS y-orbit for the lifted action 1.2.6 or an R~y x T-orbit in D,y for the lifted
action. Here t € Rsg acts on gr'¥’ by the multiplication by #* on gr!V.

(i) Let r € Z, let T := r(gr") € D(gr'"V), let K; be the maximal compact subgroup
of Gr(gr'V') associated to T, and let Ok, : Gr(gr"") — Gr(gr") be the Cartan involution
associated to Kz. Then 0, (t) = ¢! for any t € T

(iii) V* = {1}.

(iv) Consider the direct sum decomposition gr' = @@, (gt")y by the action of
T. Then for any x € X(T), the subspace @,y 1, (gr"), is Q-rational.

The relation with the presentation 3.3.3 of Dggya is as follows. (P,V,Z) € Dggyal
in the presentation in 3.3.3 corresponds to (T, V', Z) in the above presentation, where
T C Sp is the annihilator of V* in Sp and V' = V/V>* C X(T). The group T'(V') in 3.3.3
coincides with 7% in the above (i).

Conversely, for a triple (T, V, Z) here, the corresponding triple in the presentation of
Dgs va1 in 3.3.3 is (P, V', Z) where P is the Q-parabolic subgroup of Ggr(gr'') defined as
the connected component (as an algebraic group) of the algebraic subgroup of Ggr(gr'")
consisting of all elements which preserve the subspaces @X,ev_lx(grw)xx of gV, and V'
is the inverse image of V under the homomorphism X(Sp) — X(7') induced by the
canonical homomorphism 7" — Sp.

3.3.6. We describe the map Dg ) .1 — Dé£(2),val'

This map is described as z = (p,V, Z) — (p, V', Z") using 3.3.3 as follows.

(0) On D, this map is the identity map.

(1) For an A-orbit which does not belong to D, V' =V and Z' = Z,.

(2) Assume that (p,V,Z) is a B-orbit, let n be the rank of p, and identify X (S,) =
Z x X(S,) with Z x Z". Let e = (1, —1,...,—1) € Z x Z".

(2.1) Assume —e ¢ V (hence e € V). Then V' = {a = (ag,a1,...,a,) € Z"" | a —
ape €V}, and 7' = 7.
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(2.2) Assume e,—e € V. Then V' ={a € Z" | (0,a) € V}, and Z' = Z.
(2.3) Assume e ¢ V' (hence —e € V). Then V' ={a € Z" | (0,a) € V}, and Z' = Z,.

3.4 The morphism 7n*: D§L(2) val — DBs val

3.4.1. The map n* : D§L(2),val — Dgg val is described as follows. This description is similar
to the pure case in [15] Theorem 3.11, [16] Theorem 5.2.11.

The map n* sends (p,V,Z) € Dg s . in the presentation of Dgy ) ., in 3.3.3 to
(T, V', Z) € Dggva in the presentation of Dggya in 3.3.5, where 7" and V' are as follows.
Let 7" C S, be the annihilator of V* C X (S,). Then T is the image of T" — Ggr(gr')
under 7. V' is the inverse image of V/V* C X(T") under the homomorphism X (7T') —
X(T") induced by the canonical homomorphism 7" — T

3.4.2. we have also the following description of n* by regarding DgL@) val 88 Dgﬁg) al-
*,BS

Let the notation be as in Section 2.6. By 3.1.17, an element of DSL(Q),val is written as
(p, P,V, Z) where p € Dgp2)(gr"), P € P(p), V is a valuative submonoid of X (S, p) such
that X (S, p)t C V and X (S, p)TNV* = {1}, and Z is either a 7*(Hom (X (S, p)/V*,Rx0))-
orbit in D or a 7* (R~ x Hom (X (S, p)/V >, Rxp))-orbit in Dy, for the lifted action, such
that the image of Z in D(gr'") is contained in Z(p).

The map n* sends (p, P,V,Z) € Dgﬁg)wal to (P,V',Z) € Dpgya in the presentation
of Dpsva as a set in 3.3.3, where V' C X (Sp) is the inverse image of V' under the
homomorphism X (Sp) — X (S, p) induced by the canonical homomorphism S, p — Sp.

Lemma 3.4.3. The morphism n* : D§L(2),va1 — Dgsval has the Kummer property of log
structure in the sense of 3.2.8 (K).

Proof. Let © = (p, P,V,Z) € DgiB(g),val = Dgp (9)val (34.2) and let y be the image of z in
Dgsva- By 3.3.4, in the case of A-orbit (resp. B-orbit), V' is a valuative submonoid of
X(Sp,p) (resp. Z x X(Syp)) and the stalk of M/O* of Dg; ) . at @ is identified with
V/V*. On the other hand, the stalk of M/O* of Dggya at y is identified with V'/(V")*
where in the case of A-orbit (resp. B-orbit), V' is the inverse image of V in (X (Sp)™)eP
(resp. Z x (X(Sp)*)#P) for the canonical map (X (Sp)")®® C X(Sp) — X (S, p). Note
that (X (Sp)™)# is of finite index in X (Sp). Furthermore, since the kernel of S, p — Sp
is finite, the cokernel of X (Sp) — X (S, p) is finite. Hence the map V'/(V')* — V/V*
is injective, and for any element a of V/V* there is m > 1 such that @™ belongs to the
image of V'/(V')*. O

Theorem 3.4.4. The map 0" : D&y ) 1 — Dpsal in Cr(val)™ has the following proper-
ties.

(1) The map n* : DgL(Q),val — Dgg val 1S injective.
(2) Let Q € [1, W(grl) and define the open set Dg12) vt (Q) 0f Dy () 1 @8 the inverse

image of the open set Dgp,2)(gr")(Q) of Dsi)(gr"). Then the topology of DgL(Q)NaI(Q)
coincides with the restriction of the topology of Dgsval through n*.
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(8) The diagram
n*
D§L(2),va1 - Dgs val
\ \
w YSL(2)\ &Ly Jval w BS\ &Ly, )val
[T, Dsuay(ery Jvar = I, Das(ert))

1s cartesian in the category of topological spaces.

Proof. We prove (3) first. For each = (24)w € [[, Dsr(2)(gry )val and the image y =
(Yuw)w of z in [, Dps(grl )vai, and for each w € Z, there is an open neighborhood U, of
x,, and an open neighborhood V,, of y,, having the following properties (i) and (ii).

(i) The image of U,, in Dgg(gr)’)ya is contained in V.

(ii) Let U be the inverse image of [ [, U, in Di1(2)va1 a0d let V' be the inverse image of
1, Vi in Dpsya. Take any F' € D(gr'') and let L = L(F'). Then we have a commutative
diagram B

U = Hval,w Uw Xyal Spl(W) Xval L

! 3
Vo= Hval,w Vw X val Spl(W) Xval I_/

is the product in Cg(val)™, the upper row is an isomorphism over [] U

where [, val,w Yw

and the lower row is an isomorphism over [[ ., ., V.

By 3.2.8 and 3.4.3, the following diagram is cartesian in the category of topological
spaces. ) )
Hval,w Uw Xval Spl(W) X val L — Hval,w Vw Xval Spl(W) Xval L

3 \J
1, Uw % spl(W) x L — [T, Ve X spl(W) x L.

(3) of Theorem 3.4.4 follows from these two cartesian diagrams.

Next we prove (1). The injectivity was proved in [15] Theorem 3.11 in the pure case.
Hence the map [], Dsi2)(gry )var = [1,, Dis(gry, )var is injective. By (3), this proves the
injectivity of D§L(2),va1 — DBS val-

We prove (2). Assume first we are in the pure situation of weight w. Let T; be the
topology of Dgr2) defined in Part II, and let 7;va be the topology of Dgy o) var defined
in this Part IV. Let 75.a be the topology of Dgy,2)var Which is the weakest topology
satisfying the following two conditions (i) and (ii).

(i) For any open set U of Dgg yal, the pull-back of U in Dgy,2) val is open.

(ii) For any Q € [[, W(erh)), Dsi(2)val(Q) is open.

Let 75 be the topology of Dgp) as a quotient space of Dsgr2)va1 Which is endowed
with the topology Tava. Recall that in [15] and [16] which treated the pure case, the
topologies of Dgy,(2) and Dgp,2),va1 Were defined as T and 75 val, respectively (not as in the
present series of papers). The study of 73 in [16] Section 10 and the study of 77 in Part
I, Section 3.4 show that 7; = 75. Since the map n* from Dsgy,2)val With 71 va1 to Dps val
is continuous as we have seen in Section 2.6, we have that 77 ya > T2va1. Since the map
Dgr2),vat = Dsr2) is proper for i va (3.1.10) and also for 7 ya ([16] Theorem 3.14), we
have ﬂ,val = E,val'
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Thus we have proved (2) in the pure case. By (3), we have a cartesian diagram of
topological spaces

*
D31, (9) va — Dgs val

!
(IT., Dsrey(gry Jva) x spl(W) = (I1,, Des(ery )va) x spl(W).

%

The vertical arrows are proper by 2.3.16 and Part I, Cor. 8.5. Hence (3) is reduced to
the pure case. O

3.4.5. Asin (2) of Theorem 3.4.4, the topology of Dg; ) .,(Q) coincides with the induced
topology from Dpg .. We show an example in which the topology of DgL(Z),val is not the
induced one from Dgg,. This example is pure of weight 3. So DgL(Q),val is written as
DSL(2),val below.

Let Hoz = Hyz ® Sym®(H{ z) where H], is a free Z-module of rank 2 with basis
e1, ea. Hence Hy z is of rank 6. The intersection form (—, —) on Hyz is b® Sym?(b) where
b is the anti-symmetric bilinear form on Hj , characterized by (e, e2) = —1. We have the
following SL(2)-orbit (p, ¢) in two variables:

p(g1,92) = g1 @ Sym*(g2), @(z1,22) = F(z1) ® Sym®>F(2»)

(91,92 € SL(2), 21,22 € C) where F'(z) is the decreasing filtration on Hj o defined by
F(z)?=0C F(2)' =C- (ze1 + €3) C F(2)° = Hy .

The associated homomorphism 7% : G2, — G is as follows. 7*(t1,1,) acts on e; ® €3 by
t113, on ey ® erey by tity, on ea ® €2 by tt, !, on e; ® €2 by ¢, 'ts, on e; ® ejey by t 1, !,
and on e; ® €2 by #;'t;”. The associated weight filtrations W) and W® are as follows.

W =0c Wy = e @ Sym*Hy g = Wy ¢ W' = Hyg.

Wﬁ) =0C WO(2) =Re; ®ef = Wl(Q) C W2(2) = Wl(Q) +Re; ®ejes + Rey ®ef = W?)(Q)

cW? =W £ Rey @ e + Rey @ eres = W2 ¢ WP = Hyg.

Let
o = {wh W,

We show that Dgp,2)vai(®P) is not open for the topology induced from the topology of
DBS,Val‘

Let V be the valuative submonoid of X (G2,) which is, under the identification X (G2,) =
Z2, identified with the set of all (a,b) € Z? satisfying either (a > 0) or (a = 0 and b > 0).
Consider the point = := (p, V, Z) € Dgy,(2)vat Where p is the class of this SL(2)-orbit and Z
is the torus orbit {F(iy;) ® Sym>F(iys) | y1,%2 € Rso} of p. The map Dsr,2)val = DBs,val
sends = to y := (7,V,Z) in the presentation 3.3.5 of Dggya where T is the image of
TN=T) G2, — Ggr and we regard V as a submonoid of X (7T') via the canonical isomor-
phism G%L = T given by T; . In the presentation of Dgg ya1 in 3.3.3, this point y coincides
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with (P, V', Z) where P and V' are as follows. P is the Q-parabolic subgroup of Gr
consisting of all elements which preserve the following subspaces W/ (w € Z).

W) =Re;®ej, Wy=W|+Re ®eey, Wj=W,;+Re ®e3,
Wi =W+ Rey®@ei, W.=W,+Res® ejes.

We have Sp = G32. The inclusion map 7" — P induces a canonical homomorphism
T — Sp. V' C X(Sp) is the inverse image of V under the canonical homomorphism
X(Sp) = X(T) = X(G2).

Let f be the element of Lie(P,) which sends e; ® €3 to e; ® €3 and kills e; ® Sym® Hj) i
and ey ® ejey and ey ® €3. For ¢ € R, we have the SL(2)-orbit in two variables (p(, ()
defined by

P (g1, 92) = exp(cf)p(gr, g2) exp(—cf), 'V (21,22) = exp(ef)p(z1, 22).

The associated weight filtrations of (p(©, (@) are exp(cf)W® exp(cf)WP. Since f
respects W) but not W, {exp(cf) WM exp(cf/)WR} = {WW exp(cf)W P} is not
contained in ® if ¢ # 0. If ¢ € Q, the filtration exp(cf)W® is rational, and hence
(p9, 0(9)) determines an element p© of Dgi2). Let 2 = (p9V, Z)) € Dg,(2) val Wwhere
V is the same as above and Z(© is the torus orbit of p(©.

Now, when ¢ € Q . {0} converges to 0 in R, the image y(© of 2(° in Dgg . converges
to y. This is because P acts on Dgg va(P) continuously in the natural way, y € Dgs va(P),
and y© = exp(cf)y for this action of P. Since y© ¢ Dgr2) val(®), Dsr(2)va1(®) is not
open for the topology induced by the topology of Dgg yar.

The set {z(©) | ¢ € Q} is discrete in Dsp9)val, though the image {y© | ¢ € Q} in
Dgs a1 has the topology of the subspace Q of R via the correspondence (@ < c.

Thus the topology of Dgy,2)val is not the induced topology from Dgs yar.

3.5 The map 71 : Dsy2)val = DBS val
3.5.1. We define a canonical map

n : Dsp2),val = DBS val

following the method in the pure case [16]. But we will see that this map need not be
continuous.

7 is the unique map such that for any x € Dgy,2) and any & € Dsgy,2) val lying over z, the
restriction of 7 to the subset Z(z)yal of Dg1,(2) var (n0te T € Z()ya1) is the unique morphism

in Cg(val)* whose restriction to Z(z) is the inclusion morphism Z(z) = D C Dgg yal-
The map 7 coincides with the composition of the two maps Dsp,2)val — D§L(2) val Mal
Dgsg va1 where the first arrow is the following map Ava. The restriction of Aya to Dsr,2) nspi,val

is the morphism on the associated valuative spaces induced from the morphism A :
Déﬁmﬁnspl — Df; o) in 2.5.6. The restriction of Avar to Dsi(2)splval 18 the morphism on

the associated valuative spaces induced from the isomorphism 7 : Déi@),spl 5 D§L(2),sp1 in
2.5.6.

The composition Dg,(2) val Aval, D§L(2) val — DsL(2)val is the identity map. By Theorem
3.4.4 (1), the map 7 : Dsp,(2)va = Dpsval Is injective.
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Proposition 3.5.2. (1) The restriction of 1) to the open set D,
is a morphism in Cg(val).

(2) For any ® € W, the topology of D§£(2)
induced from the topology of Dgs val-

II
nsplval U D of DSL(2),va1

(®) U D coincides with the topology

,nspl,val

Proof. This restriction of n to Déi( U D is the composition Déﬁ(z) ubD —

2),nspl,val ,nspl,val

uM . . . . .
D§L(2) val — Dgg a1 where the first arrow is the open immersion induced from isomor-

phism D§£(2) UbD = Dgfb)(ag) in 2.5.5 (2). This proves (1). By this, (2) follows from

Theorem 3.4.4 (2). O

Proposition 3.5.3. The equivalent conditions (i)—(vii) of 2.5.7 are equivalent to each of
the following conditions.

(viii) The identity map of D extends to an isomorphism Déi(Q),val = DgL(2),val n
Cr(val).

(ix) The map Aya : DéL(2),va1 = Dg1 ) var (3:5.1) is continuous.

(x) The map n : Déi(Q)Nal — Dpg val 45 continuous.

(xi) The map n : DéL(Z),val — Dggval 1S continuous.

(

xii) The map Dgf(l;lﬁval — Dg12)val 1S injective.

Proof. (ii) = (viii). Take the associated valuative spaces.

The implications (viii) = (ix) and (viii) = (xii) are clear.

The implications (viii) = (x) and (x) = (xi) are easily seen.

(xi) = (ix). Use the fact that the topology of Dg; o .(®) is the restriction of the
topology of Dpgva (3.4.4 (2)).

(ix) = (iv). This is because DéL(2),val — DéL(Q) is proper surjective (3.1.10).

(xii) = (i). The proof of (vi) = (i) of Proposition 2.5.7 actually proves this. In that
proof, assuming (i) does not hold, we used z = (p, Z) € Dgf(ﬁzl)d with p of rank 1 such that
T # Zsp. Since p is of rank one, these x and x4y are regarded canonically as elements of

ild . . .
Dgfg;) .1 Whose images in Dgy,2) val coincide. O

4 New spaces DﬁZ g and DﬁE fvall of nilpotent orbits

In this Section 4, we define and consider the new spaces Dﬁ2 (] and DﬁE } of nilpotent

,[val
orbits (nilpotent i-orbits, to be precise, in our terminology). |
In Sections 4.1-4.3, for a topological space S endowed with an fs log structure on the
sheaf of all R-valued continuous functions, we define topological spaces Sp; (the space of
ratios, Section 4.2) and Sy (Section 4.3), and we define proper surjective continuous
maps Si; — S, Svar — S, and Sjay — S|y, where Su is as in Section 3.1. As will be

explained in 4.4, in the case S = D%, we obtain the new spaces of nilpotent i-orbits DﬁZ ]

as S} and Dé[val] as Spal), and Sy, coincides with Dﬁzyv(erl which we have already defined

in Part III. We construct CKS maps Duzy[z] — DéL(2) and DﬂZ,[val] — DéL(2),val in 4.5. We
#

have already constructed the CKS map D5, ) — DéL(Z) in Part IIL
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4.1 The space of ratios in toric geometry

4.1.1. The space of ratios which we consider appears in the following way.

Consider S = Spec(k[T}, T»]) with k a field. Regarding S as the toric variety associated
to the cone R2, C R? consider the toric varieties over k associated to rational finite
subdivisions of the cone R%, (1.4.1), and let X be the projective limit of these toric
varieties regarded as topological spaces with Zariski topology. It is the projective limit
obtained by blowing-up the origin s = (0,0) € S first and then continuing blowing-up the
intersections of irreducible components of the inverse image of Spec(k[T}, T»]/(T1Ts)) C S
on the blowing-up.

Let Xg C X be the inverse image of s, and endow X, with the topology as a subspace
of X. Then we have the following continuous surjective map from X, to the interval
[0, 00] D R despite that the Zariski topology and the topology of real numbers are very
much different in nature. If x € X, the image of x in [0, 00] is defined as

sup{a/b | (a,b) € N>~ {(0,0)},7°/T¢ € Ox..}

= inf{a/b| (a,b) € N>~ {(0,0)},T5/T} € Ox.}.

Here N = Z>, and Ox is the inductive limit of the inverse images on X of the structural
sheaves of the blowing-ups. The image of x in [0, 0] is, roughly speaking, something like
the ratio log(7})/ log(T3) at .

In the definition below, this [0,00] is the space R(IN?) of ratios of the fs monoid
N? = (Mg/O%)s which is generated by the classes of 71 and Ty. The above relation with
the projective limit of blowing-ups is generalized in 4.1.11.

4.1.2. In this Section 4.1, the notation S is used for an fs monoid. We denote the
semigroup law of & multiplicatively unless we assume and state that S = N™. So the
neutral element of S is denoted by 1.

4.1.3. For a sharp fs monoid S, let R(S) be the set of all maps : (S x S) ~ {(1,1)} —
[0, o0o] satisfying the following conditions (i)—(iii).

(i) r(g, f) =r(f9)7"

(i) 7(f,9)r(g, h) = r(f,h) it {r(f,9),7(g,h)} # {0, 00}

(it}) r(fg. h) = r(f.h) + r(g. ).

We endow R(S) with the topology of simple convergence. It is a closed subset of the
product of copies of the compact set [0, 0c] and hence is compact.

Remark 4.1.4. From the condition (i), we have r(f, f) = 1. (Conversely, r(f, f) = 1
and (ii) imply (i).) From this and from r(1, f) +r(f, f) = r(f, f) which comes from (iii),
we get

r(1,f) =0, r(f,1)=o00 forany feS~ {1}

4.1.5. For example, we have R(N?) 2 [0, oo], where r € R(N?) corresponds to 7(qi, q2) €
[0, co] with ¢; the standard j-th basis of N2.
A description of R(N™) for general n is given in 4.2.22.
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4.1.6. We have a canonical bijection between R(S) and the set R/'(S) of all equivalence
classes of ((SY)o<j<n, (N;)1<j<n), where n > 0, SU) is a face of S such that

S =S80 D S DD S — {1},

and N; is a homomorphism SU=Y — R4 such that N;(S¥) = 0 and such that
N; (8D 8U)) C Rsg. The equivalence relation is given by multiplying each N; by an
element of R~g (which may depend on j).

We define a map R(S) — R'(S) as follows. Let r € R(S). We give the corresponding
element of R'(S).

For f € S~A{1},let S(r, f) ={9 € S| r(g, f) # oo}. Then the conditions (i)—(iii) on
rin 4.1.3 show that S(r, f) isaface of S. For f, g € S, we have S(r, f) C S(r, g) if and only
if r(f, g) # oo, and we have S(r, f) D S(r, g) if and only if r(f, g) # 0. Hence the faces of
S of the form S(r, f) (f € S\ {1}) together with the face {1} form a totally ordered set
for the inclusion relation. Let S = S > SW O ... D SM = {1} be all the members of
this set. Take ¢; € SU=D (SY (1 < j <n). We have a homomorphism N; - SU-U 5 R
defined by N;(f) = 7(f,q;). This N; kills S and N;(SU~Y \SW) C R.y. If we replace
q; by another element ¢}, N; is multiplied by 7(g;,q;) € R>o. Thus we have the map
R(S) — R'(S); 7+ class((8Y);, (N;);).

Next we define the inverse map R'(S) — R(S). Let class((8Y)g<j<n, (Nj)i<j<n) €
R'(S). Let (f,g9) € (S x S)~{(1,1)}. We define r(f, g) as follows. Let j be the largest
integer > 0 such that f belongs to SU) and let k be that of g.

(1) If] =k < n, T(fa g) = Nj-i—l(f)/Nj-‘rl(g)'

(2)If 5>k, r(f,g) = .

3)Ifj <k, r(f,g)=0.

This gives the map R'(S) — R(S).

It can be seen easily that the maps R(S) — R/(S) and R'(S) — R(S) are the inverses
of each other.

4.1.7. Asin 3.1.1, for a sharp fs monoid S, let V(S) be the set of all valuative submonoids
V of 8P such that V' O S and VNS = {1}. We endow V' (S) with the following topology.
For a finite set [ of S#, let U(l) = {V € V(S) | I C V'}. Then these U(I) form a basis
of open sets of V(S).

4.1.8. We define a map
V(S) = R(S); Vi=ry.

For V e V(S), ry € R(S) is the map S x § ~ {(1,1)} — [0, co| defined by
rv(f,9) =sup{a/b| (a,b) € N>~ {(0,0)}, f*/g" € V}
= inf{a/b | (a,b) € N>~ {(0,0)},4%/f* € V}
((f;9) € (§xS)~A{(1,1)}) (4.1.3).

Proposition 4.1.9. The map V(S) — R(S) is continuous and surjective.
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Proof. We first prove the continuity of V(S) — R(S). Let f,g € S ~ {1}, and assume
rv(f,g) > a/b where a,b € N and b > 0. We have f°/¢g® € V. If V' € V(S) and
fb/g* € V', we have 1y (f,g) > a/b. This proves the continuity of V(S) — R(S) (4.1.7,
4.1.3).

We next prove the surjectivity of V(S) — R(S). Let class((SY)o<j<n, (N;)1<j<n) €
R'(S) (4.1.6). Then the corresponding element of R(S) is the image in R(S) of the
following element V' € V(S). For 1 < j < n, define 'the Q-vector subspace Q@ of the
Q-vector space Sq = Q ® 88 by QU := Ker (N, : 88_1) — R). Then QY > Sg). Take
an isomorphism of Q-vector spaces A; : Q(j)/Sg) = Q1) where d(y) :== dim(Q(j)/Sg)).
Define V' by the following. Let a € §#. When there is j such that 1 < j <n, a € 88_1)
and a ¢ QY), then a € V if and only if Nj(a) > 0. When there is j such that a € QU
and a ¢ 88), then a € V if and only if the first non-zero entry of \;(a) € Q%) is > 0. [

4.1.10. Let k be a field, let S be the toric variety Spec(k[S]), and let X be the projective
limit as a topological space of the toric varieties over k (with Zariski topology) which
correspond to finite rational subdivisions of the cone Hom (S, R24) (1.4.1). Let Ox be
the inductive limit of the inverse images on X of the structural sheaves of these toric
varieties. Let Xy C X be the inverse image of s € S = Spec(k[S]) where s is the k-
rational point of S at which all non-trivial elements of S have value 0. Endow X, with
the topology as a subspace of X.

We have a continuous map Xy — V/(S) which sends 2 € Xy to {f € S# | f € Ox,} €
V(S). The induced map Xo(k) — V(S) is surjective. In fact, for each V € V(S), the
inverse image of V' in X, under the map Xy, — V/(S) is identified with Spec(k[V *]). It
has a k-rational point which sends all elements of V> to 1.

Composing with the map in 4.1.8 as

and using Proposition 4.1.9, we have

Proposition 4.1.11. (1) The map Xo — R(S) is continuous.
(2) The induced map Xo(k) — R(S) is surjective.

Corollary 4.1.12. If we regard R(S) as a quotient space of V(S) or Xy, the topology of
R(S) coincides with the quotient topology.

This is because V' (S) and X are quasi-compact and R(S) is Hausdorff.
Thus Zariski topology and the topology of real numbers are well connected here.

4.2 The space S| of ratios

4.2.1. For a locally ringed space S endowed with an fs log structure, we define the set
Sy as the set of all pairs (s,r) where s € S and r € R((Mg/O3)s).
We have the canonical surjection S — S ; (s,7) = s.
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4.2.2. Let K be a field endowed with a non-trivial absolute value | | : K — Rs¢. Let S
be a locally ringed space over K satisfying the equivalent conditions in 1.3.3, and assume
that we are given an fs log structure on S.

We define a natural topology of S| for which the projection S) — S is a proper contin-
uous map and which induces on each fiber of this projection the topology of R((Ms/O%)s)
defined in 4.1.3.

4.2.3. Let K and S be as in 4.2.2. To define the topology on S|, the method is, so
to speak, to combine the topology of S and the topologies of R(S) (Section 4.1) for
S = (Ms/O%)s (s € S) by using a chart of the log structure.

Assume first that we are given a chart S — Mg of the log structure, where § is an fs
monoid. Fix ¢ € R-y. We have a map

Sy — [0700]3x8 0 (s,7r) = 1.

where 7. : § X § — [0, 00] is defined by the following (1) and (2). Let f,g € S.
(1) If the images of f and g in Mg belong to Og, then

re(f,9) = sup(e, —log(|f(s)]))/ sup(c, —log(lg(s)])).

(2) Otherwise, )
Tc(f? g) = r(f& §s>

where f; (resp. gs) denotes the image of f (resp. g) in (Mg/O%)s.
Lemma 4.2.4. (1) The map
Sy = 8 x (0,001 5 (s,7) > (5,7c)

18 1njective.
(2) The topology on Sy induced by the embedding in (1) is independent of the choices
of the chart and of the constant ¢ > 0.

Proof. (1) follows from the fact that the map S — (Mg/OF ), is surjective for any s € S.

We prove (2). If we have two charts S — Mg and &’ — Mg, we have locally on S a
third chart §” — Mg with homomorphisms of charts S — §” and &' — §”. It is clear
that if these third chart and two homomorphisms of charts are given and if the constant
¢ > 0 is fixed, the topology given by the chart S” — Mg and c is finer than the topology
given by S — Mg or 8’ — Mg and c¢. Hence it is sufficient to prove that if we have a
homomorphism & — S from a chart &" — Mg to a chart S — Mg, the topology given
by the former chart and the constant ¢ > 0 is finer than the topology given by the latter
and ¢ > 0. It suffices to prove that for f,g € S, the map (s,r) — r.(f, g) is continuous
for the topology given by &’ — Mg and (.

Claim 1. Let f,g € S and let s € S, and assume that the images of f and ¢ in
(Mg/OF)s coincide. Let ¢, ¢ > 0. Then for some neighborhood U of s in S, we have a con-
tinuous map R, (f,g) : U = R whose value at s’ € U issup(c, —log(|f(s")]))/sup(c’, —log(|g(s)]))
if the images of f and g in Mgy belong to Og,s” and is 1 otherwise.
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This Claim 1 is proved easily.
We continue the proof of (2). Let f,g € S. Then locally on S, we have f', ¢ € S’ and
sections u, v of OF such that f = f'u and g = ¢'v in Mg. We have

rc(fa g) = /rc’(f/a g,)Rc,c’(fa f/>(S)Rc’,c(g/7 g) (S)
This proves the desired continuity of r.(f, g). ]
4.2.5. By the independence (2) in 4.2.4, we have a canonical topology of Sy, (globally).

4.2.6. Assume that S is sharp and that for any f € S \ {1} and any s € S, we have
|f(s)] < 1. (Note that we have such a chart locally on S.) Let Y = (S x §) ~ {(1,1)}.
Then we have a slightly different embedding

Sy — S x [0, oo]Y; (s,7) — (s,74)

where 7, : Y — [0, 00] is defined as follows. Let (f,g) € Y.
(1) If the images of f and g in Mg belong to Oy, then

r(f,9) = log(|f(s)])/ log(lg(s)])-

(2) Otherwise, B
r*(f’ g) = r(fsa gs)

where f, (resp. gs) denotes the image of f (resp. g) in (Mg/O%)s.

Lemma 4.2.7. Let the assumption be as in 4.2.6.

(1) The map Sy — S x [0,00]Y is injective.

(2) The topology of Sy induced by this embedding coincides with the topology defined
m 4.2.5.

(3) The image of the embedding (1) consists of all pairs (s,r) € S x [0,00]Y such that
r satisfies the conditions (i)—(iil) in 4.1.8 and such that the following conditions (iv) and
(v) are satisfied. Let (f,g) € Y.

(iv) If the images of f and g in Mg belong to Og , v(f,g) = log(|f(s)])/log(|g(s)])-
(v) Otherwise, r(f,g) depends only on the images of f and g in (Mg/O%)s.

(4) The image of the embedding in (1) is a closed set of S x [0, 00] .

Proof. (1) and (3) follow from the fact that the map S — (Ms/OJ); is surjective for any
seS.

(4) follows from (3).

We prove (2). If f € &~ {1}, by the property |f(s)| < 1 for any s € S, we
see that there is a continuous function R.(f) : S — Rso whose value at s € § is
—sup(c, —log([f(s)))/log(|f(s)]) if the image of f in Mg, belongs to Og, and is 1
otherwise. For f,g € S~ {1}, we have

re(f,9) = (£, 9) Re(f)(s)Re(g)(s) "

Furthermore, for f € S, r.(1, f) is the value of the continuous function ¢/ sup(c, — log(| f(s)]))
at s, and r.(f, 1) is the value of the continuous function sup(c, —log(|f(s)]))/c at s, and
for f € S~ {1}, we have r.(1, f) =0, r.(1, f) = 0. ]
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Proposition 4.2.8. The canonical map Sy — S is proper.
Proof. Since [0, 00]” is compact, this follows from (4) of Lemma 4.2.7. O

4.2.9. For each s € 5, the topology of R((Ms/OF)s) defined in Section 4.1 coincides with
the topology of the fiber R((Mg/Og)s) over s of Sy — S, as a subspace of S.

Lemma 4.2.10. Let S and S’ be as in 4.2.2 and assume we are given a strict morphism
S" — S of locally ringed spaces over K with log structures. (For the word “strict”, see
1.3.15.) Then the canonical map S[’:} — S’ xg S}y is a homeomorphism.

Proof. This is proved in the same way as Lemma 3.1.11. O]

4.2.11. We consider S}, more locally.

Assume we are given a chart S — M.

Let ® be a set of faces of S which is totally ordered for the inclusion relation and
which contains S. Let Sj(®) be the subset of S} consisting of all (s,r) such that the
inverse images in S of the faces of (Mg/OjF)s associated to r (4.1.6) belong to .

Then Sp(P) for all @ forms an open covering of S.

4.2.12. Let the notation be as in 4.2.11. Assume further that for any f € S\ {1}, we
have |f(s)| <1 for any s € S. (Such a chart always exists locally on S.) In the following
proposition 4.2.14, we give a description of the topological space Sp;(®).

Write @ = {SU) |0<j<n}, S=80 D80 > ... > 8™, Foreach 1 < j < n, fix
q; € SU=Y  SW. Consider the topological subspace

P C RZ, x [ [ Hom (89, R*)
=0

(here the Hom space is endowed with the topology of simple convergence) consisting of
elements (t, h) (t = (tj)lgjgnatj c Rzo,h = (hj)Ongnvhj : S(J) — R) satisfying the
following conditions (i) — (iii) for 0 < j < n.

(i) fj(gj41) = 1.

(ii) hi(f) = tjs1hja(f) for any f € SUFY.

(iil) hj(SY \ SUTD) C Ry,

Lemma 4.2.13. We have a unique continuous map P — Hom (S,Rgbﬂt) which sends

(t,h) to the following a € Hom (S, Rg(‘}lt). Let j be the smallest integer such that0 < j <n
and such that ty # 0 if j <k <n. Then

a(f) = exp(=hy(f) [] ") €Rso if f €SV,

k=j+1
a(f)=0 iffeS~SY.

Proof. The problem is the continuity of the map. This is shown as follows. Let f € S.
It is sufficient to prove that the map P — R>¢ ; (t,h) — a(f) (f € S) (with notation
as above) is continuous. Let j be the largest integer such that 0 < j < n and such that
f € SY). Then this map is the composition of the continuous map P — Rso which
sends ((t;), (h;);) € P to [Ti_; 1 tx - hi(f)~" (note h;(f) > 0) and the continuous map
R>0 — Rso which sends ¢ € R~ to exp(—t~!) and 0 to 0. O
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Proposition 4.2.14. Let the notation be as above. We have a cartesian diagram of
topological spaces
S[;]((I)) — P

1 \J
S — Hom(S,R")

where the lower horizontal arrow sends s € S to the map f — |f(s)| (f € S), the right
vertical arrow is as a — a(f) (f € S) in 4.2.13, the left vertical arrow is the canonical
one, and the upper horizontal arrow sends (s,r) € Sp(®) (s € S, r € R((Ms/Og)s)) to
(s, ((;);, (hj);)) where t; = log(lg;+1(s)])/1og(|g;(s)]) (resp. t; = r(gj41,q5)) if 1 < j <
n and if gjqj11 s invertible (resp. not invertible) at s, t, = —1/log(|g.(s)]), h;(f) =
r(f,qj+1) for 0 < j < n, and h,(f) = —log(|f(s)]). (Note that if (s,r) € Sy(P) and
f € 8™, the image of f in Mg, belongs to Og., and hence |f(s)| € Rxo.)

Proof. The converse map is given by (s, (t,h)) — (s,r) where r is as follows. Let (a,b) €
(Ms/O35)s x (Ms/O%)s ~ {(1,1)} and take f,g € S such that the image of f (resp. g)
in (Mg/O%)s is a (resp. b). Take the largest j such that 0 < j <n —1and f,g € SV,
Then r(f,g) = h;(f)/hi(g) € [0,]. (Note that at least one of f, g is outside SU+Y and
hence at least one of h;(f) and h;(g) is non-zero.)

It is easy to see that this is the converse map and continuous. O]

Remark 4.2.15. In (t,h) € P (t = (tj)1<j<n € R%g), t; for 1 <j <n —1is determined
by h as t; = hj_1(gj4+1)- t, is determined by the image a of (¢,h) in Hom (S,RZ4") as

t, = —1/log(a(gn)).
These explain the fact that in the above proof of 4.2.14, the converse map (s, (¢, h)) —
(s,7) is described without using ¢.

4.2.16. Let Hom (S, RZ4") 1 be the open set of Hom (S, R%j") consisting of all elements
h such that h(f) < 1 for any f € S\ {1}. Then the images of S and P in Hom (S, RZ§"),
under the maps in 4.2.14, are contained in Hom (S, Rg‘(‘)ﬂt)d. Hence, by 4.2.14, we have

Corollary 4.2.17. In the case S = Hom (S, R24") 1 with the sheaf of all R-valued
continuous functions and with the natural log structure, Sp;(®) is identified with P.

4.2.18. We give a comment on this space P.
For 1 < j < n, we fixed an element g; of SU™D \ 8§W (4.2.14). Let m(j) =

dimg(S§ V/S§) — 1if 1 < j < n, and let m(n + 1) = dimg(Sg”). For 1 <j <n+1,
fix elements g, (0 <k < m(j)) of (SUTD)8P satisfying the following conditions (i)-(iii).
(i) gjo=¢; if 1 <j<n.
(ii) For 1 < j <mn, (gj, mod 88))0§k§m(j) is a Q-basis of 88_1)/88).

(111) (QnJrl,k)lSkSm(n—l—l) is a Q—basis of S((;)
Proposition 4.2.19. We have an injective open map

n+1
P S RL, x [[R™

j=1
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which sends (t,h) € P (t € Ry, h € [[;_,Hom (SU) R¥d)) to (t,a) where a =

(@j)1<j<nt1, @5 = (@) 1<k<m(y) with
ajr = hj-1(gir) € R

for 1 < j < n+1. Here we define hj_1(q;x) by using the unique extension of h;_; :
SU=Y = R to a homomorphism (SU=1)gp — Radd,

The proof is easy.

4.2.20. Consider the case S = |A|" where |[A| = {t € R | 0 < ¢ < 1} with the sheaf
of all R-valued continuous functions and with the fs log structure associated to N" —
Og ; m +— H?:l q;n(]) where ¢; (1 < j < n) are the coordinate functions. Let S be the
multiplicative monoid generated by ¢; (1 < j < n) which is identified with N”. Then
|A|" is identified with Hom (S, RZ3) ; in 4.2.16.

Let ® = {SY | 0 < j < n} where SY) is generated by g; (j < k < n). Then Sy
is covered by the open sets Sp;(g(®)) where g ranges over elements of the permutation
group &,, acting on S, and g induces a homeomorphism Sp;(®) = Sp;(g(®)). We describe
Sp(®)-

Proposition 4.2.21. Let the notation be as in 4.2.20. Then we have a commutative
diagram

S[:]<(I)) = RTZLO
{ {
S = |A]"

in which the upper horizontal isomorphism sends (s,r) € Si(®) to (t1,...,t,) where
t;i =1(gj11,95) 1 <j<n-—1)andt, =—1/log(q.(s)), and the right vertical arrow is
(t)1<j<n = (¢5)1<j<n where q; = exp(—TTh; te 1)

Proof. This follows from 4.2.17. [

Corollary 4.2.22. Let the notation be as in 4.2.20. Regarding R(S) as the fiber of
Sy — S = |A|™ over the point (0,...,0) € S, define R(S)(®) = R(S) N S(P). Then we
have a homeomorphism

R(S)(®) = RY,"

which sends r € R(S)(®) to (t1,...,tn—1) where t; =1(qj+1,4;)-
Proof. This follows from 4.2.21. Il

Lemma 4.2.23. Let S and |S|, M| be as in 3.1.12. Then we have a canonical homeo-
morphism Spy = |S]p.

Proof. As in the proof of 3.1.12, we have a canonical isomorphism (Ms/Og)s = (Ms/Ofg)s
for each s € S. This gives a canonical bijection between Sy and |S|;. By Proposition
4.2.14, they have the same topology. [
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4.3 S[:]a S[V&l]? and Sy

Let K and S be as in 4.2.2.
We construct a topological space Spay and proper surjective continuous maps

Sval = S5 Spal] = Sy
Here S, is as in Section 3.1.

4.3.1. Let Sy — S} be the map (s,V,h) + (s,7y) where V — ry is the map V(S) —
R(S) for § = (Ms/03%)s (3.1.2, 4.1.8).

Proposition 4.3.2. The map Sya — S| is continuous, and proper and surjective.

Proof. The surjectivity follows from the surjectivity in 4.1.9. Once we prove the continuity,
properness follows from the properness of Sy — S and of S; — S. We prove the
continuity. Working locally on S, we may and do assume that we have a chart S — Mg
with S a sharp fs monoid such that for any f € S\ {1} and s € S, we have |f(s)| < 1.

Fix (so, Vo, ho) € Sval and let (sg,79) € S}y be its image. We show that when (s, V, h) €
Sval converges to (so, Vo, ho), its image (s, ) € Sy converges to (so,70). Let f,g € SN\ {1}.
It is sufficient to prove that r.(f, g) € [0,00] (4.2.6) converges to (ro).(f,g) € [0,00]. If
at least one of f and g is invertible at sq (that is, if at least one of the images of f and
g in Mg, belongs to Og ), then the function (s,7) = 7.(f,g) € [0,00] on S| comes
from the continuous function s — log(|f(s)|)/log(|g(s)]) € [0, 0] on some neighborhood
of sp in S. Hence we may assume that both f and ¢ are not invertible at s;. Assume
(ro)«(f,9) > a/b, a,b € N, b > 0. It is sufficient to prove that r.(f,g) > a/b when
(s, V, h) is sufficiently near (sq, Vo, ho). Let o = f°/g* € S8. Since the image @, of ¢
in (Mg/OF)s, belongs to V;, there is a neighborhood U of (so, Vo, ho) in Sya such that if
(s,V,h) € U, then ¢, € V. If (s,V, h) € U and if at least one of f and g are not invertible
at s, then 7,.(f,g) = r(fs, gs) > a/b because ¢, € V. Consider points (s,V,h) € U such
that both f and g are invertible at s. On U, the function (s,V,h) — h(y) is continuous.
(Here h(yp) is defined to be 0 if o5 ¢ V*.) We have

ro(fo9) = b7 (f0 g) = b 'ru(g%¢. g) = (a/b) + b~ log(h(y))/log(lg(s)]).

When (s,V,h) € U converges to (so, Vo, ho), h(p) converges to ho(¢) € R and g(s)
converges to 0. If ho(y) = 0, then when (s, V, h) converges to (so, Vo, ho), we have h(p) < 1
and |g(s)| < 1 and hence log(h(y))/log(|lg(s)|) > 0. If ho(p) > 0, then when (s,V,h)
converges to (so, Vo, ho), log(h(v))/log(|g(s)|) converges to 0. O

4.3.3. We next discuss Syay. To define it, we use the following new log structure on S
which is endowed with the sheaf Og of all R-valued continuous functions. (We use the
word ‘new log structure”, to distinguish this log structure from the “old” log structure
on Sp) which is defined as the inverse image of the log structure of S on the inverse image
of OS on SH’)

Assume that we are given a chart § — Mg with § a sharp fs monoid such that
|f(s)] < 1forany f € S~ {1} and for any s € S. Let S¥ (0 < j < n) be faces of S such
that S =SSO 28W ... D 8™ and let & = {SYW | 0 < j < n}. Take ¢; € SU™D SV
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for 1 < 7 < n. Then we define the new log structure on S[:](fl)) as the fs log structure
associated to

n—1

N" = O, ; m = ([ [ r(gi51,4)™77) - (=1/ log(lgnl)) ™72,

j=1

Then it is easy to see that this log structure glues to an fs log structure on S}; which is
independent of any choices.

In the identification Sy = | S|y (4.2.23), the new log structure of Sp; and that of |S|};
coincide.

Remark 4.3.4. It may seem strange to take the square root (—)™)/2 in the definition
of this log structure. But this becomes important in Section 5 to have that the CKS map
Dﬁz,[;] — Dgy,(2) respects (and Dﬁifﬁld — Dgy 5y Which appears later (5.1.10) also respects)
the log structures.

4.3.5. Let Spay be the valuative space (S}))var (Section 3.1) associated to Sy endowed
with this new log structure.
By Section 3.1, the map Syay — S| is proper and surjective.

Lemma 4.3.6. Let S (resp. S’) be a topological space endowed with the sheaf of all R-
valued continuous functions and with an fs log structure, and let 8" — S be a strict
morphism (1.3.15) of locally ringed spaces over R with log structures. Then the canonical
map vaal] — 8" X g Spay 5 a homeomorphism.

Proof. This is proved in the same way as 3.1.11. O]

Proposition 4.3.7. Assume K = R.
There is a unique homeomorphism

(|A|n)[val] = (Rgo)val

in which (g;)i1<j<n € (JA] ~{0})" C (JA]")pay corresponds to (—1/1og(q;))1<j<n € RZy C
(Rgo)val-

Proof. This is deduced from Proposition 4.2.21. O]

4.3.8. Example. We compare Sp), Sya, and Spy,y in the case K = R and S = R220
with the standard log structure. The maps from these spaces to S are homeomorphisms
outside (0,0) € S. We describe the fibers over (0,0) explicitly.

(1) The fiber of S — S over (0,0) € S is canonically homeomorphic to the interval
[0, 00]. It consists of points r(a) with a € [0,00]. (q1,¢q2) € R%, converges to r(a) if and
only if ¢g; — 0 and log(g2)/log(q1) — a.

(2) A difference between the surjection Sy — S}y and the surjection Spay — Spy is
that the fiber of the former surjection over (a) has cardinality > 1 if and only if a € Q-
and the fiber of the latter surjection over r(a) has cardinality > 1 if and only if a = 0 or
a = 00.
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(3) The fiber of Sy — S over (0,0) € S consists of points p(a) (a € [0,00] N\ Qo)
and p((l, C) (CL € Q>07 cE [07 OO])

(q1,92) € R?, converges to p(a) if and only if ¢; — 0 and log(gz)/ log(q1) — a.

(q1,92) € R2, converges to p(a,c) if and only if ¢; — 0, log(ga)/log(¢1) — a, and
4t /g — c.

Under the map Sya — S}y, p(a) goes to r(a) € Sy and p(a, c) goes to r(a) € S}.

(4) The fiber of Spay over (0,0) € S consists of points s(a) (a € [0,00] \ Qsp) and
s(a,c) (CL € Q>07 ce [0,00])

(q1,q2) € R?%, converges to s(a) if and only if ¢; — 0 and, for ¢; := —1/log(g;) (so
t; — 0), log(t2)/log(t1) — a.
(q1,92) € R2, converges to s(a,c) if and only if ¢; — 0 and, for ¢; := —1/log(g;) (so

t; = 0), log(t2)/log(t1) — a, and t{/ty converges to c.

Under the map Spay — Spy, 5(1, ¢) goes to r(c) € Spy. s(a) with a < 1 and s(a, c) with
a < 1 go tor(0) in Sjy, and s(a) with a > 1 and s(a, c) with a > 1 go to r(oc0) in Sp;.

(5) Some examples of convergences.

(5.1) Fix ¢ € Rsg. If ¢ € Ry and ¢ — 0, (cq,q) € R2, converges to r(1) in Sy,
to p(1,c) in Sy, and to s(1,1) in Spay. Thus the limit in Sy and the limit in Sp,y are
independent of ¢, but the limit in S|, depends on c.

(5.2) Fixa € Rsuchthat 0 < a < 1. Ift € Rypand t — 0, (exp(—1/t),exp(—1/t*)) €
R?,, converges to r(0) in S, to p(0) in Sy, and to s(a) (vesp. s(a,1)) in Skay if a ¢ Q
(resp. a € Q). Thus the limit in S}y and the limit in Sy are independent of a, but the
limit in Sy, depends on a.

4.4 The spaces D% . and Dﬁ

[ 3, [val]

4.4.1. Let ¥ be a weak fan in gq (Part III, 2.2.3) and let I be a neat subgroup of Gz
which is strongly compatible with ¥. Then we have a space I"\ Dy, which is endowed with
a sheaf of holomorphic functions and an fs log structure. By taking K = C in Section 4.2,
we have a topological space (I'\ Dy)[ with a proper surjective map (I'\ Dy);; — I'\ Ds.

4.4.2. Let X be a weak fan in gq and let Dti be the topological space defined in Part
ITI, 2.2.5. We define topological spaces D . and D?
D, — D&, D§ = D&, and DE
defined in Part IH 3.2.
4.4.3. Let 0 € ¥ and consider the open set D! of Dﬁz. There is a neat subgroup I' of Gz
which is strongly compatible with the fan face(o) of all faces of o.

We define the topological space D’;H as the fiber product of D%, — I'\ D, +— (I'\ D).
This is independent of the choice of I'.

Furthermore, the inverse image of the new log structure of (I'\ D, ) on Da[} (given
on the sheaf of all R-valued continuous functions), which we call the new log structure of
Df o] 18 independent of the choice of I'.

[ and proper surjective maps

— Dt

3, [val]?

Here D! , is the topological space

N 3 ¥,va

These D* o[ glue to a topological space DE [ over Dﬁz, and the new log structures of

Df 0[] glue to an fs log structure on the sheaf of all R-valued functions on DﬁZ L which we
call the new log structure.
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We define Dé[van as the valuative space associated to Dﬁz’[:] with the new log structure.

We have a canonical proper surjective maps DﬁE S DtiE and DtiE al] DﬁE ik

4.4.4. Before we define the canonical map DtiE val — DﬁE [ we remark that, though we
have a canonical new log structure on DﬁE [ we do not have a canonical log structure

on Dﬁz. For 0 € ¥ and for a neat subgroup I' of Gz which is strongly compatible with
face(o), the pull-back of the log structure of I'\ D, on D! depends on the choice of T
Here we endow D the sheaf of all C-valued continuous functions.

For example, consider the classical case Hyz = Z? of pure of weight 1 of Hodge type
(1,0) + (0,1), in which D is the upper half plane. For the standard choice of o and

0 1
the coordinate function ¢q. D% is identified with {z + iy | * € R,0 < y < oo} and the
canonical projection D! — T'\ D, is identified with z — exp(2miz). We have Dg = Dt
1/2 1/2.

I'= (1 Z , I'\ D, is isomorphic to the unit disc and the log structure is generated by

and the new log structure on it is generated by 1/y

Take n > 2 and replace I' by IV := ((1) nlz) Then the log structure of I\ D, is
generated by ¢'/". Hence the inverse image on Df of the log structure of I'\ D, and that
of I”\ D, do not coincide.

This problem does not happen for the new log structure, for 1/(log |¢"/")'/2 = n'/2 /(log |q|)'/?
and 1/(log |q|)'/? generate the same log structure.

, or equivalently by 1/(log|q|)

1/n

4.4.5. Endow DﬁE with the sheaf of all C-valued continuous functions.

For o € ¥, take a neat sungroup I' of Gz which is strongly compatible with o, and
consider the inverse image on D% of the log structure of '\ D,.

We show that Dfnval in Part III is identified with the valuative space Sy, in Section
3.1 associated to S := D? with this log structure (with K = C).

In 141, let N = {z € or | exp(z) € I' in Gr}, let L = Hom (N, Z), and regard o
as a cone in Ng := R® N. Let ¥ be the fan of all faces of o, and denote |toric|(3) by
[toric|,. Then we have a commutative diagram

nga] — Eg,val 5 |toric|y val X D

\J 3 3

D!« E: 5 |toric/, x D
where the squares are cartesian, E* is a ogr-torsor over D! and Ei,val is a ogr-torsor
over Df;val for certain natural actions of og on Ef and Ef;val, and the pull-back of the log
structure of | D?| (3.1.12) on E¥ coincides with the pull-back of the canonical log structure
of |toric|,. In the upper row, the space in the middle and the space on the right are the
valuative spaces associated to their lower spaces, respectively. Hence the valuative space
associated to DY coincides with the quotient Di,val of Egval by or, that is, ngal.

Here the problem of the dependence of the log structure of S = D% on I' (4.4.4) does
not affect for the following reason. For another choice I of I' such that IV C I', the
identity map of S is a morphism from S with the log structure given by I" to S with
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the log structure given by I', and this morphism has the Kummer property 3.2.8 of log
structure. Hence the associated valuative space is independent of the choice of T'.

4.4.6. By 4.4.5 and by Section 3.1 and Section 4.2, we have a proper surjective map
Df;val — Dg [ and this glues to a proper surjective map ngal — DﬁZ ok

4.4.7. Example. We describe the differences of the topologies of Dﬁz,[:], ngal and Dﬁz,[val]-
Let Ni, Ny € gq and assume Ny Ny = NoN; and that Ny and N, are nilpotent and
linearly independent over Q. Let F' € D and assume that (Ny, Ny, F') generates a nilpotent
orbit in the sense of Part I1I, 2.2.2. Let X be the fan of all faces of the cone R>¢/N;+R>0NVs.
When y1, 92 € R tend to oo, exp(iy; N7 + iy No) F' converges in Dﬁz. ﬁ

(1) Fix a constant a € R. When y — oo, exp(iyN1 +i(y +a)No) F' converges in D5, .,
Dt

3, [val]
independent of a, but the limit in DﬁE,val depends on a.
(2) Fix a constant a € R such that 0 < a < 1. Then when y — oo, exp(iy Ny +iy®No) F

converges in DﬁE val’ D! DﬁZ [ The limit in D* , is independent of a and hence the

3, [val]? 3,va
limit in DﬁZ (] is independent of a, but the limit in DwE fval] depends on a.

, DﬁE ok The limit in DﬂE (vall is independent of a and hence the limit in D’iE ] is

4.5 CKS maps to Dgy,2) and Dgp,o) va

4.5.1. Recall that in Part III, Theorem 3.3.2, we proved that the identity map of D
extends uniquely to a continuous map

Dgl,val - ‘DéL(2)

Part III, Section 3.3 is devoted to its proof. The corresponding result in the pure case is
[16] Theorem 5.4.4 whose full proof is given in [ibid] Chapter 6.
In this section 4.5, we prove the following related theorems 4.5.2 and 4.5.7.

Theorem 4.5.2. (1) The identity map of D extends uniquely to continuous maps

Duz,[;} - DéL(Q)v Dﬁz - DéL(Q),val'

,[val]

These maps respect the log structures on the sheaves of all R-valued continuous functions.
Here we use the new log structures on D’jE [ 4.4.3 (cf. 4.3.3) and the log structure on

DéL(Q) discussed in Theorem 2.7.14.
(2) The CKS map Dﬁ&Val — DéL@) defined in Part III Theorem 3.5.2 coincides with
the composition D& . — ng — Dip ).

4.5.3. Let Dy, be the set of (Ny,..., Ny, F), where n > 0, N, € gg and F € D, which
satisfies the following two conditions.

(i) (Ny,..., Ny, F') generates a nilpotent orbit in the sense of Part 111, 2.2.2.

(ii) For any w € Z and for any 1 < j < n, let W) be the relative monodromy filtration
of y1 N1 + --- + y; N, relative to W (W0) exists and does not depend on the choices of
y; € Rso by the condition (i)). Then the filtrations W@ (gr"') on gr'' (1 < j < n) are
Q-rational.
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4.5.4. We review the map Dy, — Dsy2) which sends (Ny, ..., Ny, F') € Dy, to the class
of the associated SL(2)-orbit (Part II, 2.4).

It is the map which sends (Ny,..., Ny, F) to the limit of exp(} 7, iy;N;)F' where
y; € Roo, yj/yjs1 — 00 (1 < j <n, y,41 denotes 1) in DéL( 2)-

This map is also characterized as follows. Recall that an element (p, Z) of Dgpo) is
determined by the following (i) and (ii).

(i) Whether (p, Z) is an A-orbit or a B-orbit.

(ii) (®,r) where @ is the set of weight filtrations on gr'¥ associated to p (Part II, 2.5.2
(ii)) and r is any element of Z.

Let (p, Z) € Dsi(2) be the image of (Ny,..., Ny, F)). Then (p,Z) is a B-orbit if and
only if there is j such that N; # 0, Ny =0 for 1 < k < j, and gr'V(N;) = 0. ® is the set
of WU (gr™') for all j such that gr''(Ny) # 0 for some k < j. r in the above (ii) is given
as follows:

Since (Ni, ..., N,, ') generates a nilpotent orbit, (W™, F)is an MHS. Let (W), F(n))
be R-split MHS associated to it. Then (Ny,..., N,_ 1,exp(z’Nn)F(n)) generates a nilpo-
tent orbit and hence (W =1, exp(iN,,) F(,)) is an MHS. Let (W "=V F{, 1)) be the R-split
MHS associated to it. Then (Ny,..., Nn_g,exp(an_l)F(n,l) generates a nilpotent orbit
and hence (W =2, exp(iNn,l)F(n_l)) is an MHS. ... In this way, we have R-split MHS
(W, F(j)) for 1 < j < n by a downward induction on j. (See Part II 2.4.6). We obtain
recDasr = exp(iNk)F(k) if k is the minimal j such that N; # 0, where in the case
N; =0 for all j, we define r = F.

4.5.5. Assume (I',X) is strongly compatible. By 4.1.6, Dﬁz,[;} is identified with the set
of (o, 7,(SV) )0<J<n, (N;)1<j<n) Where (0, Z) € D%, and if s denotes the image of (0, Z)
in S =T\ Ds, 8Y are faces of (Mgs/Og), such that (Ms/Og); = S© 2 8 2 ... 3
S§™ = {1} and N; is a homomorphism SU™" — R* such that N; (S )) = 0 and
N](S(J DLSW) ¢ R>0

For s = class(0,Z) € S =TI'\ Dy, (Mg/Og ), is canonically isomorphic to Hom (I'(¢), N).
Hence o is identified with Hom ((Mg/0%),, R2) and the face SU) of (Mg/O%), in the
above corresponds to a face o; of o consisting of all homomorphisms (Ms/O%), — R4
which kills ).

Hence ng is identified with the set of (0, Z, (0;)o<j<n, (N;)1<j<n) Where (0, Z) € DX,

o; are faces of o such that 0 =09 C 07 C -+ C 0, = 0, and N, is an element of o, g /0j_1 R
which belongs to the image of an element of the interior of o;.

4.5.6. Let (O', Z, (Uj)0§j§n7 (Nj)lgjgn) S DSH (455) and let Nj be an element of the inte-

rior of o; whose image in 0, r/0;_1 r coincides with N;. Let F' € Z. Then (Nl, ...,N,, F)
generates a nilpotent orbit, as is easily seen.

Theorem 4.5.7. The map D SH DéL (4.5.2) sends (o, Z,(0;)j, (N;);) to the image

of (Ny,...,N,,F) € Dyiip in Dsr2)y (4. 54) Here F' € Z and N is any element of the
interior of o; whose image in UJ,R/UJ 1,R coincides with Nj.
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Lemma 4.5.8. Let 0 C gr be a nilpotent cone, let F € D, and assume that (o, F)
generates a nilpotent orbit. Let N € or and let F' = exp(iN)F. Let M(o,W) be the
relative monodromy filtration of o with respect to W'.

(1) (M (o, W), ’) 0(M(o,W), F)+ N where the last N denotes the homomorphism
grM@W) s opM@W) wyhich is the sum of the maps ng(U AR gr (k € Z) induced
by N.

(2) C(M(Uv W)v Fl) = C(M<U7 W)v F)

(3) SPIM(U,W)(F/) = Sle(o’,W)(F)'

Proof. (1) follows from the definition of 4.

By (1), (2) follows from the facts that §(M (o, W), F)) and N commute, N is of Hodge
type (—1,—1) for F(gr™©@W)) and ¢(_; ; = 0 in general.

(3) follows from (1) and (2). O
4.5.9. Let (0, Z, (05)o<j<n, (Nj)1<j<n) € Dﬁm:], F € Z, Nj be as in 4.5.6. We show that

the image of (]\71, .. ,N,, F ) € Dyip in Dy is independent of the choices of Nj and the
choice of F € Z.

We prove that the associated element of Dgy2) does not depend on the choice of
FeZ IfF' €Z, F' =exp(iN)F for some N € or. Hence by 4.5.8 (3) applied to (o, F)
which generates a nilpotent orbit, F{, is independent of the choice.

We prove that the associated element of Dgy,2) does not depend on the choice of a
lifting N] of N;. If N]’- is another lifting of NV, N]’ = N] + R; for some R; € 0,_1R.
By 4.5.8 (3) applied to (aj_l,exp(iNj)F(j)) which generates a nilpotent orbit, F(j,l) is
independent of the choice by downward induction on j.

4.5.10. By 4.5.9, we have a map D 5.1 — Dsuz) which sends (0, Z, (0;)o<j<n, (Nj)1<j<n) €
Dti 5 to the image of (Nl, ...,N, ,F) € Dyyp in Dgp(2).

Comparing the definition of this map and the definition of the map v : D sval — DsL)
(4.5.1) given in Part ITI, 3.3.1, we see that the composition D% val D sy — Dsiue)
coincides with .

4.5.11. We complete the proofs of 4.5.2 (1) and 4.5.7.
This map DﬁZ 0= Dsy,(2) in 4.5.10 is continuous because ngal — DéL(z) is continuous

and D’jE vl = D 51 is proper and surjective.

4.5.12. Endow DE,[:] with the the new log structure in 4.3.3 on the sheaf of all R-
valued continuous functions. Consider the log structure on DéL(2) in 2.7.14. We show
that the continuous map DﬁE 0 DéL(Q) respects these log structures. We check this
on E* ol On the toric component of E L the log structure is generated by t; :=

(yje1/y))? (1 < j < n, yp1 denotes 1) Let 8 be a distance to the boundary for
®, where ® is the set of W(o;, W) and let 7 : G, g — [], Autr(gr)) be the ho-
momorphism whose w-component is the 7 (2.1.2) of the SL(2)-orbit in n variables as-
sociated to (Ni(gry ), .., Nu(gry ), Fgry ). Then fexp(3-7_iy;N;)F) = tu where
u = B(7(t)"exp(3]]_, iy; N;) F) is invertible in the ring of real analytic functions. Hence
Dﬁm:] — DéL(Z) respects the log structures.
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4.5.13. By 4.5.12, the map DtiE o~ DéL(Z) induces the continuous map DﬁZ el

DéL(Q),val of associated valuative spaces. This proves 4.5.2 (2).

4.5.14. Consequently, in the pure case, we have an amplified fundamental diagram

ng’[val} % Dsp@)val —  Dps vai
4 4
{ DSBE(Q) —  Dgg
1
P\ Dy ¢ D — Diy 5 Dy
I \
I'\ Dy, — DX

which is commutative and in which the maps respect the structures of the spaces.

5 Mild nilpotent orbits and the space Dg
orbits

(2 of SL(2)-

In this Section 5, we consider the spaces of mild nilpotent orbits, and the space D§L(2)
which is closely related to mild nilpotent orbits.

In Section 5.1, we give main definitions and main results of Section 5. In the rest of
Section 5, we give the proofs of the results in Section 5.1. These results in Section 5.1
were obtained in our joint efforts with Spencer Bloch.

5.1 Mild nilpotent orbits and the space D§L(2)

Let £ = W_,Endgr(gr'V) be as in 1.2.2.
5.1.1. Let D™ be the subset of Dy, (4.5.3) consisting of all elements (Ny,..., N,, F)

nilp
satisfying the following condition.
For any y; > 0 (1 < j < n), there is a splitting (which may depend on (y;);) of W

which is compatible with » 7, y; N;.
We have the following “SL(2)-orbit theorem for mild degeneration”.
Theorem 5.1.2. Let (Ny,...,N,, F) e D=

nilp °
(1) If y;/yjs1 — 00 (1 < j < n, yny1 denotes 1), dw(exp(P T, iy;N;)F) converges in
L. Moreover, there are a,, € L for m € N™ and € € R+ satisfying the following (i) and

(ii).
(1) 3 menn (IT=1 a:;n(j))am absolutely converges for v; € R, |t;] <e (1 <j<n).
(ii) For y; € Rug (1 < j < n) such that t; == (yj1/y;)"? < e (1 <j < n, ynn
denotes 1), we have exp(_;_, iy;N;) I € D and

n n

dw(exp(> iy N)F) = Y (J]#")am.

j=1 meN"  j=1
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(2) Let 7 : G, g = G(gr") be the homomorphism whose Gr(gry, ) component is the
7* (2.1.2) of the SL(2)-orbit in n variables on grl¥ associated to (Ny(grl¥), ..., N, (gr?), F(grV)).
Then there are a,, € L for m € N" and ¢ € R~ satisfying the above condition (i)
and the modification of the above condition (ii) by replacing ow (exp(D_7_, iy;N;) F') with
Ad(7*(1) " ow (exp(X1_y iy Ny F) where t = (ty, ... tn), t; = (yj41/y;)"/*.

(3) If yj/yj+1 — 00 (1 < j < n, yni1 denotes 1), exp(3_j_, iy;N;)F' converges in
*,mild
Dgi) -

In fact, (3) follows from (2) by the definition of the structure of Dg; , as an object of
Bg (log) given in 2.3.11.

5.1.3. By 5.1.2, we have maps

mild mild *mild
Dy = £, Dyiiy = Dgi9

by taking the limit of the convergence in 5.1.2.

5.1.4. We define the mild part DI of the set of nilpotent orbits Dy, as the part of points
(0, Z) which satisfy the following condition:

(C) For each N in the cone o, there is a splitting of W (which can depend on N)
which is compatible with V.

For the other spaces of nilpotent orbits Dﬁz, Dﬁz,[;p DﬁE,[val] etc. we define their mild

parts ngﬂd, Dgﬁld, Dﬁzn[l;ﬁ] etc. as the inverse images of D4,
5.1.5. In the above definition 5.1.4 of the mildness, the following stronger condition (C’)
need not be satisfied.

(C") There is a splitting of W which is compatible with any element N of the cone o.

5.1.6. For example, in the case of Example II in Part I and Part II (the case of 0 —
H'(E)(1) = x — Z — 0, where E varies over elliptic curves), we had a nilpotent orbit of
rank 2, and that is a mild degeneration in the sense of 5.1.4 (that is, it satisfies (C)) but
it does not satisty (C').

Theorem 5.1.7. (1) There is a unique continuous map Dgfﬁld — L which extends the
map D — L ; © — ow(x). . '

(2) There is a unique continuous map Dgnﬁld — Dgf(l;l)d which extends the identity
map of D. .

(3) The map in (1) (resp. (2)) sends (0,2, (0;);,(N;);) € Dgﬁld (4.5.5) to the image

of (Ny,...,N,, F) € D2 in L (resp. Dgfél)d) under the map in 5.1.3. Here N; is as in

4.5.7 and F is any element of Z.

(1) of 5.1.7 shows the convergence of Beilinson regulators in a family with mild degen-
eration. See Section 7.2.

5.1.8. We define a space Dg(2)-
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L.et Dgp ) be the subset of Dgfg;l)d x L consisting of all elements (p, Z,9) ((p,Z) €
Dgfél)d with p € Dgp2)(gr")~ and ZCD (2.3.2), § € L) satistying the following conditions

(i) and (ii).

(i) Let n be the rank of p and let 0 := (0,...,0) € Z". Then ¢ is of Ad(,)-weight
<0.

(ii) For any F' € Z, ow (F') coincides with the component of § of Ad(7))-weight O.

We define the structure of Dg ) as an object of By (log) by regarding Dy z) (resp.

Dy X £) as Y (resp. X) in 1.3.16.

We have the evident morphism

o *,mild |
DSL(?) - DSL(Q) ) (p7 Z7 5) = (pa Z)

of B (log).

5.1.9. Via the map
D —s Dgfg;lf X L Fs (Fow(F)),

we regard D as a subset of D%L(z)-

Theorem 5.1.10. (1) Let Dt — Dgf(l;;l x L be the map which sends (Ny,...,Np, F) €

D2 4o the limit of (F,, 0w (F,)) where y = (yj)i<j<n € R, F, = exp(zjyz1 iy;N;)F,

nilp
Yi/yj+1 — 00 (1 < j < n, ypy1 denotes 1). Then, the image of this map is contained in
Dy, ()
y y y ﬂ’

(2) There is a unique continuous map D5,
of D.

(3) There is a unique continuous map D
map of D.

mild

qo— D<S>L(2) which extends the identity map

ﬁETﬁ] — D§} (9 va1 Which extends the identity

Proposition 5.1.11. (1) The map Dg; ., — Dgy2)(gr")™ x spl(W) x L induced by
Dgf?;l)d — Dsy2)(gr™)™ x spl(W) is injective, and the image of this map consists of all
elements (p, s,0) satisfying the following conditions (i) and (ii).

(i) 0 is of Ad(7))-weight < 0.

(ii) Let (pw, Pw)w be an SL(2)-orbit on gtV which represents p. Then the component
of § of Ad(7))-weight 0 is of Hodge type (< —1,< —1) with respect to (pu(i, ..., 1))w.

(2) If (p, Z,6) € Dgy 5y and if (p,s,0) is ils image in Dgy ) (er"™)™ x spl(W) x L, Z
is recovered from (p, s,8) as follows. Under the embedding D — D(gr'V) x spl(W) x L in
1.2.1, the image of Z C D coincides with (Z(p), s,d0) C D(gr") x spl(W) x L. Here g
denotes the component of § of Ad(r,)-weight 0.

5.1.12. By the weak topology of DgL(Q), we mean the topology of DgL(Z) as a subspace

of Dgp2)(gr™)™ x spl(W) x L. We denote the topological space DEL(z) endowed with

the weak topology by D;&Z?k This weak topology need not coincide with the topology

defined in 5.1.8. See 7.1.7.
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Remark 5.1.13. (1) Unlike other spaces of SL(2)-orbits (Dgp ), DéL(Q), D§£(2), ), D is
not necessarily dense in D<S>L(2) (even for the weak topology).

(2) The authors believe that Dg; ,) belongs to Bg(log)™ and that this can be proved
by using the methods in Section 2.7, but they have not yet proved it.

5.1.14. The above results show that we have commutative diagrams

#,mild *,mild f,mild * mlld
Dg 7 = Dgey — D Ds iy = Dsvoyva = Deio)al
N ! N ¢
i #
Dy, - Déﬁ(z) Dy, - D §£(2),va1-

The rest of Section 5 is devoted to the proofs of the above results.

5.2 Preparations on pure SL(2)-orbits

We review pure SL(2)-orbits in one variable more.

5.2.1. Assume that we are in the pure case of weight w, and assume that we are given
an SL(2)-orbit (p, ) in one variable.
Let
N, Nt e IR

be as follows. Let p, : sl(2,R) — gr be the Lie algebra homomorphism induced by p.
Then N (resp. N*) is the image of (8 (1)) (resp. ((1) 8)) in s[(2,R).

5.2.2. We have a direct sum decomposition

Hor = @ Hor, (k)

k,r>0

defined as follows. Let Z = Ker (N : Hyr — Hor). Then Z = @, Z(—r) where Z_p,
is the part of Z of 7*-weight —k. Let -

HO,R,(k,r) = <N+)TZ(,]€) .

In particular, Z_y)y = Hor,%,0)-

5.2.3. We have
0 r *- I -
(1) Elements of Hy g ) have 7*-weight 2r — k.
(2) For each k > 0, Hy g, = P, Hor, (k) is stable under the action of SL(2,R) by

p. As a representation of SL(2 R) we have a unique isomorphism
Ho g, (ke = Sym™(A) ® Z_)

where A = R? = Re; @ Rey, on which SL(2,R) acts via the natural action on A and
the trivial action on Z_y), which sends v € Z_y) on the left-hand side to ef ® v €
Sym"(A) ® Z(_y) on the rlght hand side.
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(3) For e > 0, the kernel of N¢ : Hyr — Hogr coincides with the direct sum of
HyRr, (k) for k,r > 0 such that r <e.

(4) The filtration ¢(0) is the direct sum of its restrictions ¢(0) . to Hoc k. for all
k,r). Hogr (x» with Hodge filtration ¢(0)4. on Hyc (k) is an R-Hodge structure of
R, (K.r) (k,r) :Ci(k.r)
weight w + 2r — k.

(5) For any z € P!(C), the filtration ¢(z) on Hy c is the direct sum of its restrictions
QO(Z)(;C,.) to HO,Q(k,-) for k 2 0.

The filtration ¢(z) () is described as follows. In the isomorphism in (2), it is given by
©(0)(k,0) on Z(_p),c and the filtration on Ac whose FY is A, whose F? is 0, and whose
Flis C-(ze; +¢ey) if 2 € C, and is Ce; if z = oo.

5.3 More preparations on SL(2)-orbits

5.3.1. Assume that we are given an SL(2)-orbit (p,, ¢,,) on gr)’ in one variable for each
w € Z. Let

E = WoEndg(gt") = P Eu, B, = P Homp (gl erll,,,).

w<0 a€Z

We apply our preparations in Section 5.2 to the SL(2)-orbit in one variable of pure weight
w induced on each Ey, by (pa, ¢a) and (paiw, Parw) (@ € Z). By 5.2.2, we have a direct

sum decomposition
Ew = @ Ew7(k7r)'
k>0

Lemma 5.3.2. Ew7(k,r)Ew’,(k:’,r’) C @kﬁ ! Ew—i—w’,(k”,r”); where (k?”ﬂ"//) ranges over all ele-
ments of N x N such that " <r+71" and k" —2r" = (k+ k') — 2(r +17).

Proof. This follows from (1) and (3) of 5.2.3. O

5.3.3. Let R{{t}} be the ring of power series in ¢ over R which absolutely converge when
|t| is small. We define subrings 21y, A, B, B of R{{t}} ®r F as follows.

91() - E.,(.,O) C Q[ - Z ter{{tz}} ®R Eo,(o,r);

r>0

Bo = ZtkE%(k»O) C®B= Zth{{t2}} QR Fe,(k,e)-

k>0 k>0

For w < 0, define the two-sided ideals of these rings as

Wy = Wy Ea(ep) C Wl = > " R{{t*}} @r WuEs (e,

r>0

WuBo =Y t"WyEeo) C WuB =Y t*R{{t*}} @r Wi Es (1,0).

k>0 k>0

Lemma 5.3.4. We have, for w <0,

Ad(T*(t)) W B = WA, Ad(7*(1)) W Bo = W, 2.
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These are direct consequences from the definitions in 5.3.3.
We will apply the following 5.3.6 in 5.4.4 (resp. in the proof of 6.2.4) by taking
A=C®rB (resp. A=WyEndc(Hce)).

5.3.5. Let A be a Q-algebra.
For a nilpotent ideal I of A, we have bijections

o " ®  _n
exp: I = 1+1, log:1+1—1, exp(x Z—‘ log(1—z) = Z%
=0 n=1

(these are finite sums, for x € I are nilpotent) which are the inverse of each other.

Let 1™ (r > 1) be two- sided ideals of A such that IV > 1@ > [® o O]
I0+) for any r,s > 1, and I = 0 for r > 1. Let I = I, Then I is a nilpotent
two-sided ideal.

Lemma 5.3.6. Let the notation be as in 5.8.5. Let M; (1 < j <m) be Q-submodules of
I such that

m

1= (M;n17)
j=1
for any r > 1. Then if v € I, there is a unique family (x;)1<j<m of elements x; of M,
such that
exp(z) = exp(z1) ... exp(Tpm).

Proof. Easy induction on r such that 1) = 0. O]

5.4 Proof of Theorem 5.1.2

5.4.1. We first prove Theorem 5.1.2 in the case n = 1. We use the following part of the
SL(2)-orbit theorem in one variable of Schmid ([20]).
Assume that we are in the pure case. Then for y > 0, we have

exp(iyN)F = exp(g(y))m(y~*)r with r = exp(iN)F

for some convergent power series g(y) = >y "a, in y~* with a,,, € Endgr(Hor) such
that ag = 0 and such that N™lq,, = 0 for any m.

Proposition 5.4.2. Let (N, F) € D™ (5.1.1) with one N. Let (W, F) be the R-split

nilp

MHS associated to the MHS (WO, F) and let r := exp(iN)F. Then (W,r) is an R-split
MHS and the splitting sply, (r) of W is compatible with N.

Proof. This follows from [8] Lemma 2.2. O
5.4.3. Let (N, F) € D™ with one N. Let r = exp(iN)F as in 5.4.2 and let s = sply,(r) :

nilp
g 5 Hyg, sV = splyyo) (F) = splyyw (F) : gt 5 Hyg. By 5.4.2, N is of weight 0
for s. Let 7 : G,, — Aut(gr'’) be the homomorphism associated to the SL(2)-orbit on
gr'V" in one variable associated to (N, F)(gr"). (In the case N(gr'V') = 0, 7* is defined to
be the trivial homomorphism.) Let y € R and let t = y~%/2.
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For the proof of the case n = 1 of 5.1.2 (1) and (2), it is sufficient to prove that
Sw (exp(iyN)F) and Ad(7*(¢)) 'dw (exp(iyN)F) converge in £ when y — oo. We prove
it.

Note that the actions of 7(t) and 7*(t) on D(gr'") are the same.

5.4.4. Let the notation be as in 5.4.3.

For y > 0, let g,(y) for each w € Z be as in the above result of Schmid in 5.4.1 for
(N, F)(grly), and let g(y) = D, gu(y) € E = WoEndgr(gr'”). By the above result of
Schmid, we have

(1) exp(iyN(gr')) F(gr') = exp(g(y))m(t)r(er™), g(y),exp(g(y)) € A

where N(gr'V) is the map gr'¥ — gr' induced by N and 2l is as in 5.3.3. Let h(y) =
Ad(7*(t))"'g(y). Then

(2) h(y) € B

by 5.3.4.
Let 0 = 6,0 (F) and let ¢V be the corresponding ¢ (1.2.5), so that

(3) F = sW exp(—¢D) exp(i0W)(sV)~1F,

Write s exp(—¢ M) exp(id™M)(s™M) 7! = exp(a) exp(B) where a, 8 € WyEnde(Hyc)N
WEIQ)EHdc(H[Lc), « is of s-weight < —1 and f is of s-weight 0. By (3), we have

(4) F(gr") = exp(B(er™)) F(er”)
where 3(gr'") is the map gr'¥ — gr'V' induced by 3. We have

(5) exp(iyN) exp(B)F = s exp(iyN (gr")) exp(B(er')) F(gr'") = s exp(iyN (gr" ) F(er") =
sexp(g(y))m(t)r(gr")

where the first = follows from N = sN(gr')s™' (5.4.2), 8 = sB(gr")s™' and F =
sE(gr'), the second = follows from (4), and the last = follows from (1).
Since sM§W (sM)~1 and sW¢W (sM)~ commute with N, a and 8 commute with N.
Hence we have
s tas € W_ 1.

We have

A

exp(iyN)F = exp(iyN) exp(a) exp(B8) F' = exp(a) exp(iyN) exp(8) F

= exp(a)s exp(g(y))7" (t)r(gr") = sexp(g(y)) exp(aly))T (t)r(gr")

where a(y) := Ad(exp(g(y))) (s 'as). Here the third = follows from (5).
Since s 'as € W_12, and exp(g(y)) € A, we have a(y) € W_;2l. Hence

Ad(7* (1) taly) € W_%B.
To apply 5.3.6, we use the direct sum decomposition
C ®r W_1Endg(gr'") = M| © M} ® M;

90



where M| = W_,Endgr(gr''), Mj is the —1-eigen space of the complex conjugation acting
on the (< —1,< —1)-Hodge component of C ®@g W_Endg(gr'') with respect to r(gr'"),
and M} = F°(C @r W_1Endgr(gr'")) for the Hodge filtration r(gr’). In 5.3.6, consider
the case

A=8B, IW=w_A I=1IW,

M; = PRt} @ M)y (j=1,2,3).
k>0

Then the assumption of 5.3.6 is satisfied. By 5.3.6, we have

exp(Ad(7*(8)) "' a(y)) = exp(a(y)) exp(ib(y)) exp(c(y))

where a(y) € My, ib(y) € My, ¢(y) € Ms. Then

exp(iyN)F = sexp(g(y))7"(t) exp(a(y)) exp(ib(y))r(gr').

Hence
ow (exp(iyN)F) = Ad(exp(g(y))Ad(r"())b(y) € 2,
Ad(r(£)) Lo (exp(iyN) F) = Ad(exp(h(y))b(y) € B.
Hence oy (exp(iyN)F) and Ad(7*(t))'dw (exp(iyN)F) converge when y — oo.

5.4.5. We prove 5.1.2 in general.

Let (Ni,...,Np, F) € Duyp. Let 7 (vesp. %) : GI' g — [], Autr(gr))) be the
homomorphism whose w-component is the 7 (resp. 7*) (2.1.2) of the SL(2)-orbit in n-
variables on gr} associated to (Ny(gry ), ..., Na(gry) ), F(gry) ). Note the action of G, g
on D(gr'') via 7 and that via 7* are the same.

By SL(2)-orbit theorem in n variables ([13]),

n

Ad(r(1) 0w (exp(d iy N)F)  (E=(tr,- o), = (41 /9)"% Y = 1)

j=1

is a convergent series in ty,...,t,. Hence dw (exp(D_j_, iy;N;)F) and
Ad(r*(t)) " ow (exp (327, iy;N;) F') have the shapes of Laurent series

n n

ow(exp(Y iy N)F) = ([Tt Y (T )anm.

J=1 Jj=1 meN” 1<j<n

Ad(T*(t))_léw(exp(Z iy;N;)F) = (Htj)—s. Z ( H t;n(j))bm

j=1 meNT 1<j<n

for some r, s € N and ay,, b,, € £ where the sums ) . are convergent series.

Now assume (Ny,...,N,, F) € Dﬁ;ﬂ)d. We prove that we can take r = s = 0 (that is,
these series are actually taylor series). It is sufficient to prove that when we fix j and fix
a sufficiently small ¢, > 0 for k # j, then these series become Taylor series in one variable

m t;.
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But in this situation, the first Laurent series becomes oy (exp(iy’ N')F') with (N, F') €
D, where
J

j
v =12 N=£ uN=> ( [[ )N

k=1 k=1 k<t<n,0#j
F' = exp( Z iy N F = exp(i Z (H t;2)Ny)F.
k=j+1 k=j+1 =k

We consider the second Laurent series. Let Tj* :Gpr — GR(ng) be the restriction
of 7 to the j-th G,, r. It is sufficient to prove that when t; for k # j are fixed, §(t) :=
Ad(77(t;)) " ow (exp(X_7, iy; N;) F) is a Taylor series in t;. Let 77" : Gpr — Gr(gr")
be the 7* of the SL(2)-orbit in one variable associated to (N, F') where N’ and F’ are as
above. By the casen = 1 applied to (N', F"), §'(t) := Ad(7}"(t;)) " ow (exp(3_ ), iy; N;) F)
is a Taylor series in ¢;. Let W) be the relative monodromy filtration M (N +-- -+ N;, W).
(k)

)

By [13] Proposition 4.2, there is a convergent Taylor series u = 35 ([T_;,1 ¢ )tm in

titi, ..., bty With u, € ijl)gR such that ug = 0 and such that

*,/

7 (t5) = exp(u)7] (t;) exp(—u).
We have

6(t) = Ad(exp(v) exp(—u)) '0'(t) where v =Ad(7](t;)) u.

Since u,, € WEJI) gr, v is a Taylor series in ¢;. Hence 6(t) is a Taylor series in ¢;.

5.4.6. In the mild SL(2)-orbit theorem Theorem 5.1.2 (1) and (2), the power series depend
real analytically on (Ny,...,N,, F) in the following sense. Let A be a real analytic
manifold and let A — gr ; a+ N, (1 <j<n)and A — D; a~ F, be real analytic
functions. Assume that N, are nilpotent and commute with each other, and assume that
(Nias- -5 Npa, Fy) generates a nilpotent orbit for any «. Assume further that for each
1 < j < n, the relative monodromy filtration M(N; + --- + N;, W) is independent of a.
Then the € in 5.1.2 (1) and (2) can be taken constant locally on A, and the coefficients
of the power series in 5.1.2 (1) and (2) are real analytic functions on A.

This follows from the corresponding result [13] Proposition 10.8 ([9] Remark 4.65 (ii)
in the pure case) for the original SL(2)-orbit theorem and from the above proof in 5.4.5
to reduce the mild SL(2)-orbit theorem to the original one.

5.5 Proof of Theorem 5.1.7

We prove Theorem 5.1.7. We first prove

PI'OpOSitiOl’l 5.5.1. Let (O', Z, (Uj>0§j§n7(Nj)1§j§n) S Dgfﬁld (455) Then fOT’ Nj as

in 4.5.6 and for F € Z, the image of (Ny,...,N,, F) € Dy in Dgfg;l)d x L (5.1.2) is
independent of the choices of Nj and F.
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Proof. For another choice (N/,...,N! F') of (Ny,..., Ny, F), we have N| = Nj, N]’- =
Nj + R, for 2 < j <nand F' =exp(iR,)F for some R; € o;gr. We have

n n

exp(Y iy N)F' = exp(Y  iy;(N; + (y511/y;)R))) F

J=1 J=1

(Yn+1 denotes 1). The limit of this for y;/y;+1 — oo coincides with the limit of that for

5.5.2. By 5.5.1, we have a map Dyﬁld — Dgfg;l)d x L.
Let Dﬁzril:fi — Dgfr(‘g)d x L be the composition with Dﬁzrﬁgf — Dﬁ;ﬁld (4.4.6). Since the

last map is proper surjective (4.4.6), 5.1.7 is reduced to

Proposition 5.5.3. The map D%Ilvl;d — Dgf(‘;)d x L is continuous.

Just as Part III, Theorem 3.3.2 was reduced to the case y3 , = yx, of Part III, Propo-
sition 3.3.4 (see A.3.4), Proposition 5.5.3 is reduced to (Ap) of the following Proposition
5.5.4.

The proof of Proposition 5.5.4 given below is similar to the proof of Part III, Propo-
sition 3.3.4.

Proposition 5.5.4. Let the situation and the assumption be as in Part I1I, 3.3.3 with
Yie = Une there.

Assume that there is ¢ € Rsqg such that for any (ys)ses € R® satisfying the following
condition (C), there is a splitting of W (which may depend on (ys)s) which is compatible
with Y .o YsNs.

(C)If1 < j <mn,s €S, and ys # 0, then yy;* < & for any t € S>;41 and
lyeyst — arat| < e for any t € S;.

Note that (Ny, ..., Ny, F) € D\ by this assumption. Let 7,7 : G, g — Autr(Hor)

nilp R
be the homomorphisms given by the SL(2)-orbit in n variables associated to (N, ..., Ny, F).
Let

n n

§ = lim oy (exp(D_iy;N;)F), & = lim Ad(7*()) " dw (exp( ) _ iy;N;)F)

J=1 J=1

where y;/y; 1 — 00 (1 <j<n, yp1 = 1) and where t = (t1,...,tn), t; = (yje1 /)%
For1<j<n+1,leteys;:= exp(zses>]_ iyrsNs) € Ge.
Then we have the following (A;) for 0 < j < n.

(A;) for 1 < j < n: Let e > 1. Then if X is sufficiently large, there are F;j) €D
satisfying the following (1)-(4).

(1) 45,0, d(Fr FY) = 0.
(2) ((Ns)sese, €>\,2j+1F)E])) generates a nilpotent orbit.
(3) dw(exp(D_,eq iy,\7sN8)F§j)) converges to 0.
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(4) Ad(T* () 0w (exp(X s s No) FV)) with t = (tr, .y t)s B = (Ynesar /Yne, )
converges to ¢'.

(Ag): Let e > 1. Then if X is sufficiently large, we have the following (3) and (4).

(3) dw(exp(D_,cq iWrsNs)Fy) converges to d.
(4) Ad(7*(t)) ' ow (exp(X_ eq s Ns) Fr) with t as in above (A;) (4).

5.5.5. We prove Proposition 5.5.4 by downward induction on j.
For 1 < j < n, let 7; be the restriction of 7 to the j-th factor of G,,g and let

T>j = H::j Tk((yAycIﬁLl /y)wck)lm) S GR‘
(An) follows from the condition (5) in Part III 3.3.3 for j = n with ¥}, = yx; and
from 5.4.6

Assume 0 < j < n. We prove (4;) assuming (A;;;). Take sufficiently large integers
e, e e > 0. Take F)EJH) as in (A;4+1) with e replaced by e+¢’'+¢”. Inthe case 1 < j <n
(resp. j = 0), let F)E]) be Fy in Part III, 3.3.3 (5) with e there replaced by e + ¢’ + ¢”
(resp. let Ffo) = [)).

We have

e el el/ y y 1
(5) g5t a(FY, FYY) = 0.

By Part III, Lemma 3.3.6, ng-lﬂe,\,ZjHFA(jH) converges. Hence by (5), Tz_jlﬂeAZﬁlF)(\j)

converges and we have
e+e’ -1 ) -1 (+1)
(6) yx,cj+1d(72j+1€/\,2j+lF,\ »sz+16/\,2j+1F>\ ) — 0.

By the mild SL(2)-orbit theorem 5.1.2 for

(No)sesep mfaeazinFy) and (Nosese, 75 eazimFy ),
and by 5.4.6, we have:

(7) The four sequences

ax = 0w (75 exp(X,cq iyrs N FY),

by == 0w (7511 exp(Xocs ins No) FYV ),

a 1= A(T(0) 70w (7511 exP(Ees s VoY),

Wy == Ad(r*(£) 0w (15 1y exp(X g in s N FY V)
converge in £ and we have

y§,0j+1 (a’A - b>\> — O? y§,6j+1 (a,)\ - bl)\) — 0

By the induction assumption on j, exp(}_, g iy,\st)FA(jH) converges to 0 and
Ad(7*(1))exp(D,eq iyas Ny ) FUT) converges to 8. Hence by (7), exp(d,eq iyn s Ny ) FY

converges to d and Ad(7*(¢)) " exp(D_,cq iyA78N5)F)Ej) converges to ¢'.
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5.6 Proofs of other results in Section 5.1

Lemma 5.6.1. Let x = (Ny,..., N, F) € Dt and let p € Dspo)(gr™)™ be the image
of x. Let 0 =(0,...,0) € Z".

(1) Let § be the image of x in L. Then 0 is of Ad(7))-weight < 0.

(2) Let &' € L be the limit of Ad(7; () ow (exp(3_T_, iy; N F) (t = (tr, ... ta), t; =
(Yj41/Y)%, Yni1 denotes 1, t; — 0). Then § coincides with the component of § of
Ad(7))-weight 0.

Proof. Let 0(y) = dw(exp(3_7_, iy;N;) F) and let 6'(y) = Ad(7;(2)) " ow (exp(37_, iy; N;)F))
where ¢; is as above. Then d(y) and ¢'(y) are convergent series in ty,...,t,. For a € Z",
let 6, (resp. 6., resp. §(y)a, resp. 0'(y),) be the component of 6 (resp. &', resp. d(y), resp.

&'(y)) of Ad(7;)-weight a. Then 0(y), = ([T— 298 (y)o. Hence 8(y), is divisible by

) J=1 J
| t?lax(a(y)’o). Hence the constant term 6, of §(y), is 0 unless @ < 0. On the other
hand, by the reduction to the case of one N, we have

) e S [TAR Ut . 1)} - ﬂWd}

kEN™ j=1
Hence the constant term of §'(y) belongs to (7_, Wo )C. That is, 8’ is of Ad(T;) -weight
< 0. For a € Z" such that a < 0, the constant term &, of ¢'(y)s = [[j_, t; )5( )a is 0
unless a = 0. This argument shows also dg = . O

5.6.2. We prove 5.1.10 (1). By 5.6.1, it is sufficient to prove that the element ¢’ € £ in
5.6.1 (2) belongs to L(r) where r = (@, (7, ..., 7))w.

Since r(y) = 7;(t) texp(3])_, iy; N;)F (gr') converges to r, L(r(y)) converges to
L(r). Since 0'(y) € L(r(y)), its limit ¢’ belongs to L(r).

5.6.3. We prove 5.1.10 (2). Let s € spl(IW) be the image of  (5.6.1) in spl(W). Consider
the element (p, Z) of Dg’f:’(l;)d (2.3.2) where Z is the subset of D whose image in D(gr'V') x
spl(W) x L is (Z(p), s, o). Such element exists uniquely by 5.6.2. We show that F} :=
exp(>_7_, iy;N;)F converges to (p, Z) in Dgﬁr(‘;;l

Let ® be the set {W®M(gr™), ..., W™ (gr™)} of weight filtrations on gr'’ associ-

ated to p. Fix a distance 8 : D(gt") — R%, to ®-boundary. Let D% H(“l)d((I)) —

Dgy2)(gr")™ x spl(W) x £ be the map v, in 2.3.9 where o = 7,. Then v, 5(p, Z) =
(p, s, Ad(7,(8(r)))"*d0). Hence it is sufficient to prove that v, s(F,) € D(gr") xspl(W)x L
converges to (p, s, Ad(7}(B(r)))'do). It is sufficient to prove that Ad(7(8(F,(gr™)))) " d(y)
converges to Ad(73(B(r)))'do. But this is deduced from the fact that 3(F,(gr'))t" con-
verges to S(r).
5.6.4. We prove 5.1.10 (3). By (2), it is sufficient to prove the compatibility of the map
Dgfﬁ]ﬂd — Dgy (o) with log structures.

This is reduced to the pure case treated in 4.5.12 because the log structure of DgL(2)

is the inverse image of that of Dgys)(gr™)™~.
5.6.5. Theorem 5.1.11 follows from Lemma 5.6.1 and Theorem 5.1.10(1).

These complete the proofs of the results in Section 5.1.
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6 Complements

In Section 6.1, we give properties of the extended period domains.

In Section 6.2, we show that for nilpotent orbits in one variable, we have stronger
results (6.2.2) and (6.2.4) which connect the world of nilpotent orbits with the world of
SL(2)-orbits and Borel-Serre orbits.

In Section 6.3, we consider extended period maps.

6.1 Global properties of the extended period domains

*, 4 *,— *,BS
Theorem 6.1.1. Let X be one of DSL(2), Di0ys Diiayr Diiiayr Dévgays Dosovals DéL@)NaI,
D12y var Din@) vatr DS12) val- D E and Dz[ all
) The action of T" on X is pmper and the quotient space I'\ X is Hausdorff.
2) Assume that T is neat. Let v € I, p € X, and assume yp =p. Then v = 1.

(3) Assume that I" is neat. Then the projection X — I'\ X is a local homeomorphism.
Further, for X = DgL(2)’ Dg’LJEQ), DE’L_(Q), Dg’LB(g), there is a structure on the quotient such

u( Let T be a subgroup of Gy.
(1
(

that the projection is a local isomorphism in By (log).

Note that the corresponding results for Dps, D oy and D, and DY and ngal
were already proved in Part I Theorem 9.1, Part II Theorem 3.5.17, and Part III, Theorem
4.3.6, respectively.

Proof. (3) for X follows from (1) and (2) for X. Hence it is sufficient to prove (1) and (2).
Since we have continuous maps D§L(2),val — Dpgyal — Dps and Dy, jya) — Dy — I’ \ Dy
which are compatible with the actions of I', the results for D§L(2),va17 Dgs val, Ds v,
Ds, 1) follow from the results for Dgg and I'\ Dy. Since D§L(2) val = D§L(2) is proper and
surjective, the properness of the action of I on Dy ) follows from that for Dg; o) . (2) for
Dy ) follows from the L-property (i.e., Theorem 2. 3 14 for the situation (a) in 2.3.5) and
the result for the pure case. Since there are continuous maps DgL@) val = DgL( 9 = DgL(z)
which are compatible with the actions of I', the results for DSL and DSL (2)val follow
from the result for D§L( 2)- m

val*

Corollary 6.1.2. The spaces in the above theorem are Hausdorff.

This is obtained from the above theorem by taking I" = {1}.
Corollary 6.1.3. Let X = DéL(Q), D (2> Dipay 0r DS gy- Let T be a neat subgroup of
Gz. Then there is a unique structure on I'\ X as an object of Bg(log)™ (2.7.2) such that

the projection X — T'\ X is a morphism in Bg(log)™ which is locally an isomorphism.

Proof. This follows from (3) of Theorem 6.1.1 and the corresponding results for DéL(2)
and Déi(z) in Part II Theorem 3.5.17. [l
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6.2 Results on nilpotent orbits in one variable

We prove results Theorem 6.2.2 and Theorem 6.2.4 on nilpotent orbits in one variable.
In 6.2.5-6.2.14, give a counter-example for the extension of Theorem 6.2.2 to nilpotent
orbits in many variables.

6.2.1. Let (DﬁE ) C Dti ; be the union of the two open sets Dgnﬁld (5.1.4) and the inverse

Then (DﬁZ ;)" is the union of Dﬁznﬁﬂd and the set of the points p of DﬁZ ;) such that if
Ny, ..., N, (ordered) is the monodromy logarithms associated to p, then (W, Ny) does not
split.

The morphisms Dﬁinﬁld — D§ SL(2) (5.1.10, 0.2.3) and Dsgr,(2)nspl —* D§L(2) (2.5.6) induce
a morphism (DﬁZ ) = D
Let (D;,[val})/ be the inverse image of (DtiE 1) in D

morphism (DﬁE wal)’ = Dip2) v and @ commutative diagram

5, [val] Then we obtain the induced

L *
(Dg,[val])/ - DSL(2),val
i I
4 *
(Dﬁz,[;]), = Dy -

Let = be as in 0.1.5. Since (D)’ = D%, we have
Theorem 6.2.2. The identity map of D extends uniquely to a continuous map

Dﬁa = Dgp 9

,val
and hence extends uniquely to a continuous map DﬁE — DB val-

Remark 6.2.3. (1) The image of DX in Dsi,(9) is contained in Dgr9) <1 for both structures
I, IT of Dgp,3). (We denote by <1 the part where the log structure is of rank < 1.)

(2) However, the image of DE in DY,y is not necessarily contained in Dy o) ;- (This
is seen in 7.3.9 below.) Hence the morphism in 6.2.2 cannot be obtained as the composition
D~ = Dip0),<1 = Dine) <ival (the first arrow here need not exist). For p € DL =, it can
happen that the image of p in D§L(2),val has some information about p which the image of

p in Dg ) does not have (see 7.1.11 and 7.3.8 below).

(3) The image of DE™ — D H(nl)d (2.1.4) is contained in DZ; n(“l)d <1

Theorem 6.2.4. Let p = (RxoN,exp(iRN)F) € DL with N # 0. Let W' = WO be the
relative monodromy filtration of N with respect to W. Let (W, F) be the R-split mized
Hodge structure associated to the mizved Hodge structure (W', F), i.e., sply (F)(F(gr'™"))
(1.2). Then the following conditions are equivalent.

(i) p belongs to DE™.

(ii) exp(iyN)F' converges in Dg ) when y — oo.

(iil) ow (exp(iyN)F') converges in E when y — 00.
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iv) The image of p in Dg; o) (6.2.2) belongs to Dg; n(ul)d

(
(v) The image of p in DBS (6 2.2) belongs to DB,

(vi) The image of p in Dgy) belongs to Dsi)spl (2.5.6).
(vii) b (exp(iN)F) = 0.

(viii) The splitting sply (exp(iN)F) of W is compatible with N.

Proof. We have proved (i) = (ii). (ii) = (iii) is clear. We know (ii) = (iv) & (v), (v) =
(vi) & (vii). (viii) = (i) is clear.

It is sufficient to prove the implications (iii) = (vii) and (vii

Let s = sply (exp(iN)F), N = gr'"V'(N) € @, Hom (gr!¥, gr’V), Ny = sNs~".

We prove (vil) = (viii). Assume (vii). Then exp(zN)F s(exp(iN)F(gr")) =
exp(zNo)F For the mixed Hodge structure (W', exp(iN)F) = (W', exp(iNo)F'), we have

= Sy (exp(iN)E) = 0y (exp(iNg)F) = Ny and (viii) holds.

For the proof of (iii) = (vii), we first prove the following claim.

Claim. 0y (exp(iN)F) is of W'-weight < —1.

Proof of Claim. Let A = WyEnde(Hpc). For r > 1, let I be the two-sided ideal
W_ 1 ANW’ Aof A,andlet I = IV, Let M; = INEndg(Hg). Let Ms be the part of i M; C
I consisting of all elements which belong to the (< —1, < —1)-Hodge component of A with
respect to exp(iNo)F . Let M3 be the part of I consisting of all elements which belong to
FO A with respect to exp(iN)F. Then we have I") = (I")N\M;)& (I NM,) & (I NMs;) for
any r > 1. We have exp(iN)F = exp(z) exp(iNo) F for some & € I. Hence by 5.3.6, there
are x; € M; (j = 1,2,3) such that exp(z'N)ﬁ’ = exp(xl) exp(y) exp(as) exp(iNg ) F =
exp(z1) exp(x2)F = s exp(id) exp(zN)F(gr ) where s’ = exp(z1)s € spl(W) and i0 =
s 1xys. We have Oy (exp(iN)F) = 6 € W’ Endr(grg )-

Now we prove (iii) = (vii). Assume that oy (exp(iN)F ) 2 0. By Claim, there is
w < —1 such that the component of dy (exp(iN)F) of T-weight w is non-zero. Since
Ad(7(\/y))ow (exp(iyN)F') converges to S (exp(iN)F) when y — 0o, dy (exp(iyN)F) is
Ad(7(,/y)")B(y) where B(y) converges to an element whose w-part is non-zero. Hence
the w-part of T-weight of dy (exp(iyN) F) is y~*/2C (y) where C(y) converges to a non-zero
element, and hence diverges. O]

6.2.5. We have constructed CKS maps D nﬁld — Dg; n(nl)d (5.1.10) and DL — Dy 0 (6.2.2).
In the rest of this subsectlon we show an example of o of rank 2 such that there is no

continuous map Df L= DgL(Q) which extends the identity map of D.

og,va

6.2.6. Take an integer m > 1. (The case m > 3 will be a crucial example.)

Let Hy be of rank 2m + 1 with base €’ (1 < j <m), e; (1 <j <m), and e.

The weight filtration is as follows. W_,,.1 = 0. W_,, is generated by eg- and e;
(1<j<m). W_y=W_,. Wy is the total space.

We have Ni, Ny defined as follows.

Nie =0, Nlej—e Nle = 0.

Nye =el,, Noe; =ej_; and Nge- = e;_l for 2 < j <m, Nye; = Nyel = 0.

Let o be the cone generated by N1 and Ns.

Note that (W, Ny) splits, but (W, Na) does not split.
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6.2.7. For j = 1,2, let W\ be the W-relative N;-filtration.

We give a splitting of W), which is compatible with Ny, as follows. e is of weight 0.
ej is of weight —m + 1, and ¢ is of weight —m —1 (1 < j <m).

We give a splitting of W), which is compatible with Ns, as follows. e is of weight 0.
ej is of weight —2(m — j), and €’ is of weight —2(m — j +1) (1 < j <m).

6.2.8. Define a;,ay : G,,r — Autr(Hor) by using the above splittings of W®) and
W® | respectively. Then oy and o commute. Define ar, a3 1 Gr = Autgr(Hor) by
aj(t)e = e and aj(t)r = t"ay(t)r for v € W_p,.

Let

t(y) = ar((ye/y1) ) a2((1/y2)'?), t(y) = ai((y2/y1)"*)as((1/y2)"?).

6.2.9. We have
Ad(t(y)) (g N1 + y2No) = Ny + Nay,

where Ny, coincides with Ny on e; and ¢ (1 < j < m), but Ny e = (y2/v1)
the last element converges to 0 when y; /ys — 00.

(m+1)/2€;n and

Ad(t*(y) " (g1 N1 + y2Na) = Ny + Ny,
where Nj, coincides with Ny on e; and ¢} (1 < j <m), but Ny e = uye;,, where

wy = (yo)y1) 2y = gy Py,

6.2.10. Note that u, need not converge when ys — oo and y; /y2 — oco.

6.2.11. Let F be as follows. F'* = 0. FYis generated by e and e,,,. F~7, for1 <j < m—1,
is generated by F~*! and e,,_j, €], _;,,. F~™ is the total space.
Then (N, No, F') generates a nilpotent orbit.

Hence exp(iy1 N1 + iyoNo) F', as ya — 0o and 41 /ys — 00, converges in D?

o,val”
Lemma 6.2.12. Let the notation be as above. If m > 3, exp(iy; N1 +iyaNa) F', as yo — 00
and y1 /ys — 00, need not converge in D§L(2)‘

This follows from

Lemma 6.2.13. Let the notation and the assumption be as above. Let F, := t*(y)~" exp(iyy N1+
iyaN2)F'. Then, 6w (F,) does not converge in L when yy — 0o and y1/ys — 00.

6.2.14. We prove Lemma 6.2.13.

Since Fy, = exp(Ad(t*(y)) " (iy1 N1 + iyN,)) F, F, is described as follows. F, =0, F
is generated by e+ )" | ¥ - k!" -y -], ;) and exp(iNy +iNs)ep,, F,7 (1< j<m—1)
is generated by F, /"' and exp(iNy + iNa)ey—; and exp(iNy + iNs)e;, ., and F, ™ is
the total space.

The Hodge type of gr' . of F), is that the (j, —m—j)-Hodge component is of dimension
one if j = 0, —m, two dimensional if —1 > j > 1 — m, and zero otherwise.

dw (F,) sends e to the sum of the (j, —m—j) components of v, := Z1<k<m,k;odd(_1)(
K= tep i for =1 >35>1—m. o

k—1)/2,
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Claim. v, does not belong to the ((0, —m) + (—m, 0))-Hodge component of gr'¥, .

By the claim, v, is u, times a non-zero element which is independent of vy, y». Hence,
when y; /ya, y2 — 00, v, need not converge in L.

We prove the claim. Assume that v, belongs to the ((0,—m) + (—m,0))-Hodge com-
ponent of gr' . Then we should have

Z (—1)*=/2 1=t €rn_ps1 = aexp(iNy + iNy)en, + bexp(—iNy — iNs)ey,

1<k<m,k:odd

for some a,b € C. If V' denotes the C-vector space generated by e; (1 < j < m) and €}
(1 <j <m—3), we should have

ey — (1/6)€_y = alicl, — €y — (1/2)€,_y) + b(—i€l, — €,y + (i/2)e},_,) mod V.

(To get this, use (N + Na)* = kN; Ny~ + N¥ and hence exp(iNy +iNy) = 1+ > oo, (i* -
(k — D)7t - Ny NS~ ik . k171 . NF))) By comparing the coefficients of ¢/ _,, we have
a+ b= 0. Hence

e —(1/6)el, o =a-2i- (e, —(1/2)e, o) mod V.

m—2 —
This is impossible.

Remark 6.2.15. We do not know whether the identity map of D always extends to a
continuous map DﬁZ al] D§L(2),val or not.

6.3 Extended period maps
The following is a modified version of Part III, 7.5.1 (1).

Theorem 6.3.1. Let S be a connected, log smooth, fs log analytic space, and let U be the
open subspace of S consisting of all points of S at which the log structure of S is trivial.
Let H be a variation of mized Hodge structure on U with polarized graded quotients for
the weight filtration, and with unipotent local monodromy along S ~ U. Assume that H
extends to a log mized Hodge structure (Part III, §1.3) on S (that is, H is admissible
along S\ U as a variation of mized Hodge structure). Fizx a base point uw € U and let
A= (Ho, W, ({, Yw)ws (B")pq) be (Hzu, W, ((, Ywu)w, (the Hodge numbers of H)). Let
[ be a subgroup of Gz which contains the global monodromy group Image(m (U, u) — Gz)
and assume that T is neat. Let ¢ : U — T'\ D be the associated period map. Let S[l:?g =
S8 % o Sp) and let S[lsfl] = Slog x ¢ Spvay, and regard U as open sets of these spaces.
Then:
(1) The map ¢ : U — I'\ D extends uniquely to a continuous maps
lo lo
St = I'\ DéL(2)’ Sreay = I'\ DéL(z),m
(2) Assume that the complement S~ U of U is a smooth divisor on S. Then the map
p:U =T\ D extends uniquely to a continuous map
58 — '\ Dgp, o)

,val

and hence extends uniquely to a continuous map S'°¢ — T \ Dgs val-
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Proof. (1) is a modified version of Part III, 7.5.1 (1) which treated the extended period
map Sh;% — DéL(Q) where S\lf‘;% is the topological space defined in [16] 3.6.26. This map

V¢

factors through the quotient space S[lf]’g of S as is seen by the arguments in 4.5.9. Since

Si(;% — S}y is a proper surjective continuous map, the map Sp; — I"\ DéL(?) is continuous.

The last map is compatible with log structures as is seen by the arguments in 5.6.4

. . log I
and hence induces a continuous map S[Val] —I'\ Dg1,2) val-

(2) is proved similarly to (1) by using Theorem 6.2.2. O
In the rest of this Section 6.3, we consider mild log mixed Hodge structures.

Proposition 6.3.2. Let o be a rational nilpotent cone (it is an Rxg-cone generated by
rational elements) in gr. Assume that there is F € D such that (o,F) generates a
nilpotent orbit. If (W, N) splits for any rational element N of o, (W, N) splits for any
element N of the cone o.

Proof. We may assume that N is in the interior 0. of . This is because if we denote
by ¢’ the face of o such that N belongs to the interior of ¢’, (0/, exp(iN')F’) generates a
nilpotent orbit for some N’ € oy and hence we can replace o by o’.

Assume N € 0-o. Let F' be the R-split MHS associated to the MHS (M (W, o), F).
Then exp(iN’ )F € D for any N’ € 0-(. Hence as the composition of the continuous map
D — L : z — dy(z) and the continuous map osg — D ; N’ — exp(iN')F, the map
050 — L ; N &y (exp(iN')F) is continuous. By the part (i) = (vii) of 6.2.4, the last
map sends all rational elements of o+ to 0. Hence it sends N also to 0. By the part (vii)
= (i) of 6.2.4, this shows that (W, N) splits. O

6.3.3. Let B(log) be the category of locally ringed spaces over C endowed with fs log
structures satisfying a certain condition, defined in [16] (see [14] Part III, §1.1 for the
review).

Let S be an object of B(log) and let H be an LMH on S with polarized graded
quotients for the weight filtration. By 6.3.2, for s € S and for t € S'°® lying over s, the
following two conditions (i) and (ii) below are equivalent. Let

7 (5'°%) := Hom ((Ms/0%),, N) C m1(s"8) = Hom ((Ms/O%)s, Z),
1 ('8, R>¢) := Hom ((Mg/OJ%)s, R;%d) C R ® m(s"°8) = Hom (Ms/O%)s, R4y,
Consider the action p of 7,(s'°) on Hyz,, and consider the homomorphism
log(p) : R ® m(5'°8) — Endgr (Hr,) ; a ® v — alog(p(v)).

Let W be the weight filtration on Hg .

(i) For any v € (5", Rxo), (W, log(p)(7)) splits.
(i) For any v € 7/ (s'®), (W, log(p(7))) splits.

We say that H is mild (we say also H is of mild degeneration) if the equivalent condi-
tions (i) and (ii) are satisfied for any s and t¢.

Lemma 6.3.4. Let S and H be as above and assume H is mild. Let S — S be a
morphism in B(log). Then the pull back of H to S’ is mild.
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This is clear.

Proposition 6.3.5. Let S be a log smooth fs log analytic space over C and let H be a log
mized Hodge structure on S with polarized graded quotients for the weight filtration W.
Then the following two conditions (i) and (ii) are equivalent.

(i) H is mild.

(ii) For any smooth analytic curve C' over C and any analytic map f : C — S such
that the subset f~1(S\U) of S is finite, the pull back f*H on C is mild. Here we endow
C' with the log structure associated to the finite subset f~1(S \ U).

If S is an algebraic variety over C, these condiltions are equivalent to the modified
version of the condition (ii) in which we take only smooth algebraic curves C in it.

Proof. By 6.3.4, we have (i)=- (ii). We prove (ii) = (i). Assume (ii). Let s € S\ U and
let ¢ be a point of S'°8 lying over s. Let v € 7 (s'8). We prove that (W, log(p)(v)) splits.

Let o be the face of 7] (s'°8), regarded as a monoid, such that v belongs to the interior
of 0. Then there are s’ € S and t' € S'°8 lying over s’ and isomomorphisms 7+ ((s')1°8) 2 o
and Hg y = Hg, such that the action of 7;(s"°8) on Hgr, and the action of 7, ((s')'°¢) on
Hpg y are compatible via these isomorphisms. By this we are reduced to the case where v
belongs to the interior of 7} (s1°8).

Assume v belongs to the interior of 7, (s'°¢). Then there are a smooth analytic curve
over C, a morphism f : C'— S and s’ € C satisfying the following conditions (1)—(3). (1)
f(s) =s. (2) f71(S\U) is finite. (3) The image of 7, ((s')'°¢) — 7} (s'°8) contains 7.
By the condition (ii), this proves that (W,log(p)()) splits.

In the case where S is an algebraic variety, the same arguments show that the modified
version of (ii) implies (i). O

Theorem 6.3.6. Let the assumptions be as in 6.3.1. Assume furthermore that H is mild.
(1) The period map ¢ : S — I'\ D extends uniquely to continuous maps

lo lo *nnld

=T \ D* mlld Slog

),val’ [val]

Slog

L(2),val [val]

Slog

[val] _>F\D§ %F\Dgélfial

(2) For any point s € S, there exist an open neighborhood V' of s, a log modification V'
of V ([16] 3.6.12), a commutative subgroup I of ', and a fan ¥ in gq which is strongly
compatible with I" such that the period map ¢|uny lifts to a morphism UNV — I"\ D
which extends uniquely to a morphism V' — T\ D2 of log manifolds.

U D> UnV C %4
‘] ! L
F'\D «+ IY\D c I'\Duid
Furthermore, we have
(2.1) Assume S\ U is a smooth divisor. Then we can take V =V'=5 and I" =T.
That is, we have a commutative diagram

U C S

ol L
r\D c T'\Dul
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(2.2) Assume I is commutative. Then we can take I" =T.

(2.3) Assume that T" is commutative and that the following condition (i) is satisfied.

(1) There is a finite family (S;)1<j<n of connected locally closed analytic subspaces of
S such that S = U;.lzl S; as a set and such that, for each j, the inverse image of the sheaf

Ms/O% on S; is locally constant.
Then we can take I" =T and V = S.

(1) and (2) are modified version of Part III, Theorem 7.5.1 (1) and (2), respectively.
(2) is proved in the same way as Part III, Theorem 7.5.1 (2). We can deduce (1) from (2)
by using DZ™ — Dgy 5y (5.1.10) by the arguments in the above proof of Theorem 6.3.1

(1).

7 Relations with asymptotic behaviors of regulators
and local height pairings

In this Section 7, we show examples to describe the relations of this work to the work [5]
on the asymptotic behaviors of regulators and local height pairings.

7.1 Example III

This is Example I1I of Parts I, II. It appeared in Part III as the case b = 2 of 7.1.3. As in
Section 7.2 below, this example is related to the regulator of Ky of a degenerating elliptic
curve.

In this Example III, and also in Example IV in Section 7.3 below, we compare Dgg,
DéL(z), Déi(z), DY, (9)» Dp2)» and their associated valuative spaces, by regarding them as
topological spaces, that is, we forget the real analytic structures.

7.1.1. Let Hy = Z3 with basis ej, es, e5. The weight filtration is given by
W,4 =0C W,3 = R€1 + R€2 = W,1 C W() = HO,R-
The intersection form on gr'’; is the anti-symmetric form characterized by (eq, e1) = 1.

7.1.2. D(gr'"V) 2 b, the upper half plane.
Dgr2)(gr") = Dps(gr'') = bgs.

7.1.3. We have a homeomorphism
Dg12) val = DBsval
and this induces a homeomorphism
D§L(2) = Dpgs

of quotient spaces.
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Let W’ be the increasing filtration on gr'¥ given by
We=0CcW =Rey =W ,cW, ,=a cW =a",

and let & = {WW’}. Let P be the parabolic subgroup of Gr consisting of elements which
preserve W'. Then, Dps(P) = Dgy,)(®) and it is the inverse image of the open set
{z+iy |z €R, y € (0,00]} of hps under the projection Dps = Dg 5y — Das(gr") =
Dsp2)(gr") = bps.
We have
DéL(Q) = Déi(z)

(Part II, 3.6.2). So we denote DéL(Q) and D§£(2) simply by Dgy2).-
7.1.4. Let
V .= Rej; + Res.

We have
spl(W) =V, L=V,

where v € V' corresponds in the first isomorphism to the splitting of W given by e3 + v,
i.e., s € spl(W) such that s(es(gry)) = ez + v, and v € V corresponds in the second
isomorphism to § € £ such that d(e3(gry)) = v. We have L(F) = L for any F' € D(gr'"V).

7.1.5. We have homeomorphisms
D2hx Lxspl(W)=ZR.oxVxRXV,

where the first isomorphism is F' + (F(gr"), dw (F),sply, (F)), and the second isomor-

phism sends (z + iy, d, s) to (t,0,z,s), where x,y € R, y > 0, t := 1/,/y, and we identify

both £ and spl(W) with V' via the isomorphisms in 7.1.4. We call the composition

D >Ry x V x R xV the standard isomorphism for D. Let V = L be as in 1.3.8 (4).
We have a commutative diagram of homeomorphisms

DEEN@) = (Rsgx VxRxVY

T (1)
Dg1,2)(®) = (R>o x VxR x V)
1(2)
D§L(2)(q)) = R g xV xRxV
T T
Dirioyvat(®) = (Ryo X V) xR XV
¥ 103)
DSL(2),val(q)) = (RZO X V)val xR xV
1 \

DSL(Q)((I)) = RZO X V x R x M
where

(Roo x VxR X V) :={(td,z,5) € Rso x VXRxV|§eRe; if t =0},
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and where (R>q X V)Val is the valuative space of R>¢ X V associated to the canonical log
structure (see a description below and also [16], 0.5.21).

The homeomorphism for Dg; Vf‘;‘k(q)) is compatible with the standard isomorphism for
D, but other homeomorphlsms are not compatible with the standard isomorphism.

The homeomorphism for Dg; ., (®) (resp. Dgp ) (P), resp. Dsi2)(®)) sends a point of
D corresponding to (t, cie1+coea, x,u) € RogXxV xR XV under the standard isomorphism
to (t,creq + tteges, w,u) (vesp. (t,terer + tLeaes, v, u), resp. (¢, treier + t2coeq, x,u)).

The homeomorphism for DgL(m’Vﬁl(CID) (resp. Dgp,(2),va1(®)) is compatible with the home-
omorphism for Dg; » (P) (resp. Dsp2)(P)).

Concerning the vertical arrows on the right-hand side, they are described as follows.
The arrows without labels are the canonical projections (3.1). The map (1) sends (¢, c1e;+
caea,,u) to (t,creq + teges, x,u). The map (2) sends (¢, cre; + coes, x,u) to (¢, teie; +
coe9, z,u). The map (3) is explained below.

The valuative space (Rsg % V)ya is described as follows. Over U = (R X V)U(Rixq X
V) C Rso x V, it is U. The inverse image of {0} x (V ~. V) in (Rx¢ X V)ya consists of

(0,4) (
(C ) (C€R>0\Q>0, )\GV\V)
(C ,)\) (C€Q>0, /\EV\V)
(c—,A) (c€Qsp, NEV V),

(e ) ple, i) (¢ € Qso, p €V N {0}).

Write A = 0o g with g € V . {0} (1.3.8 (4)). Then the above point is the limit of
t¢ 1, where t > 0 and ¢ — 0 and, in the cases of (b) and (e) (resp. case (a), resp. case (c),
resp. case (d)), ¢ = ¢ (resp. ¢ — oo, resp. ¢ > c and ¢ — ¢, resp. ¢ < c and ¢ — ¢).

The map (3) sends

(t,0,2,u) ((t,6) € (Rso X V)U (Rxg x V)) to (t,36, z,u),

((0,A), 2, u) to (p(0,A), z, u),

(p(c,a), x u) (a € V) to (ple —3,a),z,u) if ¢ > 3, to (0,a,z,u) if ¢ = 3, and to
(0,0,z,u) if 0 < ¢ < 3,

(p(c+, ), z,u) to (p((c —3)+, ), z,u) if ¢ > 3, and to (0,0,z,u) if 0 < ¢ < 3,

(p(e—, A), z,u) to (p((c —3)—, A),x,u) if ¢ > 3, and to (0,0, z,u) if 0 < ¢ < 3.

7.1.6. We describe for Example III

(1) that there is no continuous map Dsy2) val(®) = Dps(FP) = Dgp () (®) which extends
the identity map of D, and

(2) how 1 : Dsp(2),va1(®) = Dpsvai(P) = Dy, (9) a(®) is not continuous.

Fixing ¢1,co € R, for t > 0, let p(t) be the point of D corresponding to (t,cie; +
C2€2,0,0) via the homeomorphism for Dg; o) .i(®) in 7.1.5. Then, via the homeomorphism
for Dg,2)val(®), p(t) corresponds to (¢, t3cieq + t*caes,0,0).

Hence, when ¢ — 0, p(t) converges in Dgy,2)vai(P) to the point p corresponding to
(0,0,0,0), but it converges in DgL(z)((ID) to the point which corresponds to (0,cie; +
262, 0,0) which depends on (¢, ¢2). This explains (1). Concerning (2), the image of p
under 7 is the point p’ of Dg; » (®) corresponding to (0,0,0,0). If (c1,c2) # (0,0), p(t)
does not converge to p’ in Dgy ) (P).
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7.1.7. As is mentioned in 5.1.12, the topology of D;&%‘k does not coincide with the one
of DgL(Q).
Fixing ¢ € R, for t > 0, let p(t) be the point of D corresponding to (t,tces,0,0)

,weak

via the homeomorphism for D<> si(z (@) in 7.1.5. Then, when ¢ — 0, p(¢) converges in

Dg&e;;k(@) to the point corresponding to (0,0,0,0). On the other hand, p(t) corresponds

to (, ces,0,0) under the homeomorphism for Dgp,(2(®) and hence converges in Dg; ) (P)
but the limit depends on the choice of c.

7.1.8. The open set Dgfél)d (®) of D§_L(2) (®) is the part consisting of elements correspond-
ing to (t,d,x,u) such that 6 € V C V.

The map D ”(nl)d(cb) — Dgp,2)(®) corresponds to (¢, 0, x,u) — (¢,¢%9, z,u). It does not
extend to a continuous map Dg; ) — DSL . In fact, fixing v € V. {0}, let p(t) for t > 0
be the point of D corresponding to (¢,¢3v,0,0) via the homeomorphism for DgL(Q)(éD).
Then when t — 0, p(t) converges to the point of DgL(Q)(q)) corresponding to (0,00v,0,0)
(1.3.8 (4)). But p(t) converges to the point of Dgp,2)(®) corresponding to (0,v,0,0) which
depends on the choice of v.

7.1.9. Let a € Q- and define N, € gq by N,(e3) = aea, Ny(e2) = €1, and Ny(ey) = 0.

For b € R, let F, € D be the decreasing filtration defined as follows: F! =0, FY is
generated by es + ibeq, F ! is generated by F} and e,, and F is the total space.

Then (N,, F}) generates a nilpotent orbit. Let 0, = RzoNa- Then (04, exp(io,r)Fp) €
D} s the limit of exp(iyN,)F, for y — co. This (o4, exp(ioer)Fp) belongs to Dimild
(5.1.4) if and only if a = 0.

We consider the image of exp(iyN,)Fy, € D in R.gx V x R x V under the isomorphism
in 7.1.5. Let t = 1/,/y.

In the standard isomorphism for D, the image is (¢, at e + bey, 0, —(b/2)t?%es). (The
last component is computed by using the relation of § and ¢ (1.2.5).)

In the homeomorphsm for Dg; o, the image is (Z, at3ey + bey, 0, —(b/2)t%es).

In the homeomorphsm for Dg; ,), the image is (tat3eq + btey, 0, —(b/2)t%es).

In the homeomorphism for DSL(2), the image is (¢, aeq + btte, 0, —(b/2)t%es).

By taking the limit for t — 0, we have:

Lemma 7.1.10. (1) If a # 0, the image of (04, exp(ioar)Fs) € D% in Dy (®) (resp.
Dgr2)(®), resp. Dy 9y (), r€sp. Dsi2)val(P)) has the coordinate (0,00e2,0,0) (resp.
(0, aeq,0,0), resp. (p(3,aez),0,0), resp. (0,aeq,0,0)).

(2) If a = 0, the image of (00, exp(ioor)Fy) € DE™9 in Dg12)(®) (resp. Dgp o) (®),
resp. Dsi2)(®), resp. Dy o) (®), resp. Dsia)(P)) has the coordinate (0,bey,0,0) (resp.
(0,0,0,0), resp. (0,0,0,0), resp. (0,0,0,0) ifb # 0 and (0,0,0,0) ifb = 0, resp. (0,0,0,0)).
7.1.11. By Lemma 7.1.10, we have the following. Consider the image p of (04, exp(ic,r)Fp) €
Dtt in one of Dg,2), Dsr(2),vals DgL(Q), D§L(2),va1- In the case a = 0, consider also the image
in DSL(Q)

(1) p remembers a in the cases of Dsy,2), Dsr(2)val, D1, (2) var» DUt p does not remember
a in the other cases. In the case a # 0, p does not remember b in any of these cases.

(2) Assume a = 0. Then p remembers b in the case of Dg; (2), but p does not remember
b in all other cases.
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7.2 Degeneration and regulator maps

7.2.1. Let X be a proper smooth variety over C. Let n > 1,7 > 0. Then we have the
(r-th) regulator map ([1])

regy : 1, (X) = €D (H™(X)(M)epa)

where m = 2r —n — 1 and (p, q) ranges over all elements of Z? such that p +¢ =m — 2r
and p < 0,q <0, H™(X)(r)cp,4 is the (p, ¢)-Hodge component of H™ (X, C) with respect
to the Hodge structure H™(X)(r), and (=)~ denotes the minus part for the complex
conjugation which fixes the image of H™(X,Z(r)) = H™(X,Z) ® (2mi)"Z.

This regulator map is understood as ¢ (Section 1.2) of a mixed Hodge structure as
follows. An element Z € K,(X) determines a mixed Hodge structure H; with an exact
sequence 0 — H™(X)(r) —» Hz — Z — 0. We have

regX(Z> - 5W(HZ>7
where W is the weight filtration of H.

7.2.2. Let X - S,0€ S, n,r,m be as in 0.3, and let Z € K,,(X \ Xj).

For t € S\ {0}, let Z(t) € K, (X;) be the pull back of Z.

Then the regulator reg(Z(t)) is understood as dw (Hz(t)) where Hz denotes the vari-
ation of mixed Hodge structure on S ~\ {0} defined by Z which has an exact sequence
0— H™(X/S)(r) - Hz = Z — 0 with H™(X/S) as in 0.3 and whose fiber Hz(t) at t
is the mixed Hodge structure in 7.2.1 associated to Z(t). This Hy is admissible along X
and extends uniquely to a log mixed Hodge structure on S which we denote by the same
letter H.

Hence the behavior of ¢ — reg(Z(t)) in the degeneration is explained by the theory of
degeneration of mixed Hodge structure as in this paper.

For the details of what follows, see [5].

Proposition 7.2.3. Assume Z comes from K, (X). Then the log mized Hodge structure
Hz; on S is mild.

Proof. The Clemens-Schmid sequence H™ (X, Q) — H™(X/S)q. A H™(X/S)q: —
Hoi—m(Xo, Q) (t € S\{0} is near to 0) induces an injection H™(X/S)q:/NH™(X/S)q: —
Hoy—m(Xo, Q). Here N is the monodromy logarithm of Hzq at 0 € S. We have a com-
mutative diagram

Ko.(X ~ X)) % KL (X)

! 1
H™(X/S)q:i/NH™(X/S)g: ~ Hogm(Xo, Q).
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Here the left vertical arrow sends Z € K,(X \ Xj) to Ne where e is the lifting of
1 € Q to Hyzq. under the exact sequence 0 — H™(X/S)q: — Hzq: = Q = 0. K,_,
denotes the K-group of coherent sheaves. The right vertical arrow is the topological
Chern class map. By the localization theory of K-theory, we have an exact sequence
Ko(X) = Ko(X ~ Xo) 2 K (Xo).

Assume Z € K, (X ~\ Xj) comes from K, (X). Then 0(Z) = 0 and hence the above
diagram shows that the image of Z in H™(X/S)q+/NH™(X/S)q. is zero. This proves
that (W, N) splits. O

By 7.2.3 and by 5.1.10, we have

Theorem 7.2.4. If Z € K, (X ~\ Xg) comes from K,(X), the requlator regyx,Z(t) (t €
S~ A{0}) converges when t — 0.

Remark 7.2.5. In [5], this result 7.2.4 will be generalized to the situation S need not be
of dimension < 1. This generalization will be reduced to 7.2.4 by using 6.3.5.

7.2.6. Let X — S and 0 € S be as in Section 0.3. Take Hy = Z & H™(X/S)(r)z+ The

extended period maps in §6.3 give a commutative diagram

§°% x K,(X) = T\ Dg

{ I
Slog X Kn<X AN XQ) — F\DSL(2)

Here I' is the group of all elements v of Autz(Hy) satisfying the following conditions. (i)
7 preserves H"(X/S)(r)zs. (i) ve = e mod H™(X/S)(r)z where e denotes (1,0) € H,.
(iii) The action of v on H™(X/S)z+ is contained in the monodromy group of H™(X/S)z.

7.2.7. We give an explicit example. Assume that X — S is a family of elliptic curves
which degenerates at 0 € S, and assume n =r = 2.

Then the period domain and the extended period domains which appear here are those
of Example IIT (Section 7.1). Let the notation be as in 7.1.

We discuss an explicit example of Z € Ky(X ~\ Xj).

Let «; and f; be a finite number of torsion sections of X ~ X, over S ~ {0}, let
mj,ny, € Z such that > .m; = 37, ny = 0, and consider the divisors a = 37, m;(a;),
B = n(Br) on X \ Xo of degree 0. Then we have an element Z, 3 € Ky(X ~\ X))
(see [3], [19]). It is essentially the Steinberg symbol {f,, fs}, where f, (resp. fz) is an
element of Q ® C(X)* whose divisor is « (resp. ). When ¢ tends to 0 in .S, there are
a,b € W_3Hygr such that we have

regx, (Zas(t)) = ay + b+ O(y’l),

where 7 is defined by q(t) = e2™@%) (1, y € R) with ¢(¢) the g-invariant of the elliptic

curve X;.
We have
a= ijnkBg({’f’(OZj) — r(Bk)})e2 mod Rey,
jik
where:
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Bj is the Bernoulli polynomial of degree 3,

r(u) for a torsion section p is the element of Q/Z such that as a section of the Tate
curve G,,/q?, p is expressed as s¢"™ mod ¢Z with s a root of 1,

{-}:Q/Z — [0,1) C Q is the lifting.

Assume now that (o) = r(5;) = 0 for any j, k, that is, these torsion sections «; and
B are roots of 1 in the Tate curve G,,/q%. Then Z, g comes from K5(X), a = 0, and the
degeneration is mild. In this case,

b= Z m;n,D(cy/Br)er,
jik

where we regard a; and ) as roots of 1 and D is the real analytic modified dilogarithm
function ([3] of Bloch-Wigner.

These things will be explained in [5] by using results in [19], [3], [10] and using the
results of this paper.

7.3 Example IV

This is Example IV of Part II. As is explained in Part 11, 4.4 and also in Section 7.4 below,
this example is related to the local height pairing of points of a degenerating elliptic curve.

7.3.1. Let Hy = Z* with basis e, es, €3, e4. The weight filtration is given by

3
ng =0C W,Q = R€1 C W,1 = @Rej C WO = H()’R.

j=1
The intersection form on gr'¥] is the anti-symmetric form characterized by (es, es) = 1.
7.3.2. We have D(gr'"') = b, the upper half plane, and Dgp,2)(gr") = Dps(gr"') = bps.

7.3.3. We have a homeomorphism

oY

D51, 2) va1 = Dis val
and this induces a homeomorphism
Dgy,2) = Dgs

of quotient spaces.
Let W’ be the increasing filtration on gr'¥' given by

W,=0CcW,=g" +R(egmod W) =W, CWj=gr",

and let ® = {W’}. Let P be the parabolic subgroup of Gr consisting of elements which
preserve W’. Then, Dps(P) = Dgy,)(®) and it is the inverse image of the open set
{r+iy |2 € R,y € (0,00]} of hps under the projection Dpg = Dgy 5y — Dgs(gr'V) =

Dgy2)(gr") = bs.
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We have
DéL(?) = Déi(z)

(Part II, 4.4). We will denote both of them by Dgy,).
We have a canonical homeomorphism

7.3.4. We have
spl(W) =2 R°, LR,

where in the first isomorphism (s34, 524, $1.4, S1.3, S1,2) € R’ corresponds to the splitting of
W which is given by 64"‘2?:1 s;ja€; and ex+51 eq (K = 2,3), and the second isomorphism
is given by d — r (§ € L, 7 € R), deq = re;. We have L(F) = L for any F € D(gr'V).

7.3.5. We have homeomorphisms
D=k x L xspl(W)=Rsyx R xRS,

where the left isomorphism is F — (F(gr'), dw (F),sply, (F)), and the second isomor-
phism sends (z + iy, 6, s) to (1/,/y,,z,s), where z,y € R, y > 0. We call the composite
homeomorphsm D = R+ x R x RS the standard isomorphism for D.

We have a commutative diagrams of homeomorphisms

Dy, (5 (®) = R x [-00,00] x R

i :

DgL@):Val((I)) = (R20 X [—OO, oo])val X R6
i o

Dsroyval(®) = (R X [—00,00])val X R
i !

DSL(2) ((I)) = R’ZO X [—O0,00] X Rﬁ,

where the upper two homeomorphisms are compatible with the standard isomorphism

for D, but via the lower two homeomorphisms, a point of D corresponding to (¢,0,u) €

R-¢ x R x R® under the standard isomorphism for D is sent to (¢, %5, u).

Concerning the vertical arrows on the right-hand side, the arrows except (1) are the
canonical projections, and the arrow (1) is as follows:

The map (1) sends

(t,0,u) ((t,0) € (Rxp x R) U (Rso x [—00,00])) to (t,£°3,u),

(p(c, £00),u) (¢ € Rag N Qso) to (p(c — 2,400),u) if ¢ > 2 and to (0,0,u) if ¢ < 2,
(p(c+, £00),u) (¢ € Qxp) to (p((c — 2)+, £00),u) if ¢ > 2 and to (0,0,u) if ¢ < 2,
(p(e—,+00),u) (c € Qsp) to (p((c —2)—,£00),u) if ¢ > 2 and to (0,0,u) if ¢ <2,
(p(e,6),u) (c € Qsp, d € R A{0}) to (p(c —2,6),u) if ¢ > 2, to (0,0, u) if ¢ =2, and
0(0,0,u) if ¢ < 2.

Here the notation p(c,d) etc. are understood as in 7.1.5 by replacing V' O V by

[—00,00] D R.
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7.3.6. Let a € Q> and define N, € gq by Nu(es) = aer, Ny(ez) = ea, and Ny(ey) =
Nu(e2) = 0. Let 0, be the cone generated by N,.

For b € R, let Fy € D be the decreasing filtration defined as follows: F} = 0, F? is
generated by ez and e4 + ibeq, and Fb_1 is the total space.

In Dg , we have the limit (o,, exp(io,r)Fp) € Dga of exp(iyN,)Fy for y — oo. This
(04, exp(io,r)Fy) belongs to Di™I4 if and only if a = 0.

For y € R, via the first homeomorphism in the diagram in 7.3.5, exp(iyN,)F, € D
is sent to (1/,/y, ay+b,0) and hence the limit (o, exp(ioer)F;) € DE s sent to (0, 00, 0)
in the case a # 0, and to (0,b,0) in the case a = 0. Here 0 denotes (0,...,0) € RS.

On the other hand, for y € R+, via the last homeomorphism in the diagram in 7.3.5,
exp(iyNq)F, € D is sent to (1/,/y,a + y~'b,0) and hence the limit (o,, exp(io,r)Fy) €
D} is sent to (0, a,0).

By taking the limit for y — oo, we have:

Lemma 7.3.7. The limit of exp(iyN,)Fy, for y — oo exists also in D§L(2)7val((l>), and in
Dsr2)vat(®). In the case Dy o) .1(P), the (Rxo X [—00, 00])va-component of the limit is
p(2,a) if a # 0 and is (0,0) if a = 0. In the case Dgsp2)val(®P), the (R>g X [—00,00])val-
component of the limit is p(0, a).

7.3.8. By Lemma 7.3.7, we have the following.
Let p be the image of (0,4, exp(ioc,r))) € Dga in one of Dsr ), Dsr,(2)vals Dgp a5
) val- We have:
(1) p remembers a in the cases of Dgy,2), Dsp(2)val and Dy 9
remember a in the case of DgL(Q).
In the case a # 0, p does not remember b in any of these cases.
(2) Assume a = 0. Then p remembers b in the cases of Df L2y and D o
does not remember b in the cases of Dgr,2) and Dgr,(2) val-

D*

va» Whereas p does not

but p

,val?

7.3.9. The following is mentioned in 6.2.3.

Though o, is of rank one, the image p of Dga in DgL(Z) is not contained in DgL@% <1 (=
the part of D, at which the log structure M satisfies rank(M®°/O0*), < 1) if a # 0.
Indeed, in the case a # 0, the image of class (N,, F}) € Dﬁ in D’S*L has the coordinate
(0, 00, 0), which shows that (M/O*), = N2.

7.4 Degeneration and height pairings

7.4.1. Let X be a proper smooth algebraic variety over C of dimension d, and let Y
and Z be algebraic cycles on X of codimenson r and s, respectively. We assume that
r+ s = d+ 1, that their supports are disjoint |Y| N |Z| = 0, and that both Y and Z
are homologically equivalent to 0. Then we have a height pairing (Y, Z) y € R (the local
version of the height pairing for number field, at an Archimedean place). See [2], [4].

This height pairing is understood as § (Section 1.2) of a mixed Hodge structure. We
have

(Y, Z)x = dw(Hy,z),
where Hy 7 is the mixed Hodge structure whose weight filtration W has the following
properties: WoHyz = Hyz, W_3 = 0, gtt/ = Z, g&t, = Z(1), g™}, = H*1(X)(r),
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constructed in [2], [4]. The exact sequence 0 — H* 1 X)(r) — Wo/W_oy — Z — 0 is
given by the class of Y, and the exact sequence 0 — Z(1) — W_; — H* " Y(X)(r) — 0 is
given by the class of Z.

7.4.2. Let X — S and 0 € S be as in Section 0.3. Let Y and Z be algebraic cycles on
X of codimension r and s, respectively, such that r + s = d + 1, where d is the relative
dimension of X — S, such that |Y| N |Z| = 0, and such that both Y(¢) and Z(t) are
homologically equivalent to 0 for any ¢t € S~ {0}.

7.4.3. Since the height paring (Y'(¢), Z(t)) is understood as § of mixed Hodge struc-
ture(7.4.1), its behavior in the degeneration is explained by the theory of degeneration of
mixed Hodge structure as in this paper.

When t — 0 with z fixed, there are a,b € R such that we have

(Y(t),Z(t))x, = ay + b+ O(y™")
where taking a local coordinate ¢ on S at 0 such that ¢(0) = 0, we define y by ¢ = e*>™(@+¥)
(x,y € R,y > 0). This follows by a general theory of degeneration of mixed Hodge
structure as studied in Section 7.3. Here, a = 0 if and only if the degeneration of Hy ; at
0 € S is mild.
In [5], it is shown that a is the local geometric intersection number of Y and Z over
0es.

7.4.4. We give an explicit example. Assume that X — S is a family of degenerating
elliptic curves, and assume r = s = 1. Let Y = > m;(a;), Z = >, ni(Bx) where
a; and [ are closures in X of torsion sections of X ~ Xg — S ~\ {0}, m;,n; € Z,
>_;my = >, n = 0. We assume that the divisors o; and B of X do not intersect for
any pair (7, k).

This is an example discussed at the end of Part II, 4.4. The extended period domains
which appear here are those of Example IV (Section 7.3).

We have

a =2 mmBa({r(ag) = r(5)}),

4k
where By is the Bernoulli polynomial of degree 2. (The notation is as in 7.2.7.) This was
explained in Part II, Proposition 4.4.8.

If r(aj) = r(Br) = 0 for any j, k, then a = 0 and the degeneration is mild. In this
case,

b= Z m;ngl (o /Br),
.k

where we regard «; and 3, as roots of 1 and [(t) = log(|1 — ¢|).
These things are surprisingly similar to 7.2.7.
These things will be explained in [5] more using the results of this paper.
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A Corrections to [16], supplements to Part ITI

Corrections of errors in the book [16] have been put in the home page of Princeton
University Press. In this Section A, we update them. In Section A.1 and Section A.2, we
describe important corrections to [16]. In Section A.3, we give supplements to Part III.
Other errors described in the above home page are minor ones.

Section A.1 and Section A.3 are important for 5.5 in the text.

A.1 Change on [16] §6.4

A.1.1. The following errors (1) and (2) are in [16] Sections 6.4 and 7.1, respectively.

(1) Proposition 3.1.6 is used in 6.4.12 (line 2 from the end), but Proposition 3.1.6 is
not strong enough for the arguments in 6.4.12.

(2) We can not have the second convergence in 7.1.2 (3).

A.1.2. We make the following changes 1, 2, 3 on the book [16]. The change 1 solves the
above problem (1). The changes 2 and 3 solve the above problem (2).

Change 1. We replace [16] 7.1.2 by A.1.3-A.1.9 below.

Change 2. We move [16] Section 7.1, revised as in the above Change 1, to the place
just before [16] Section 6.4. That is, we exchange the order of the Sections 6.4 and 7.1.

Change 3. We make the change on [16] 6.4.12 explained in A.1.10.

A.1.3. We will prove Theorem A (i), that E, is open in E, for the strong topology.
Since E@val — EJ is proper surjective and Emvalcl:?mal is the inverse image of EUCEJ,
it is sufficient to prove that £, ., is open in Emval.
Assume z) = (qy, FY) € Emval converges in Emal to x = (q,F') € E;ya. We prove
that x5 € E, v, for any sufficiently large .

A.1.4. We fix notation.
Let | | : toricsva — [toric|, ,, be the canonical projection induced by C — R, z + |2|.

Let (A,V,Z) € D! be the image of (|q|, F') € E' _, under Ef  — D' . (5.3.7),

o,val o,va o,val o,val

and take an excellent basis (Ny)ses for (A4,V,Z) such that N € o(q) for any s (6.3.9).
Let Sj (1 < j <n) be as in 6.3.3. Take an R-subspace B of or such that o = Ar & B.

We have a unique injective open continuous map
(Rgo)val X B — [toric]

o,val

which sends ((e7?™*),es,b) (ys € R,b € B) to e((},cqiysNs) +1ib) (cf. 3.3.5). Let U be
the image of this map. Define the maps t;: U — R>o (s € S) and b: U — B by

(t,0) = ((ts)ses,b) : U ~ (Rgo)val X B — Rgo x B

(an abuse of notation b). We have |¢| € U and t(|q|) := (ts(|q|))ses = 0. Since |g\| — |q],
we may assume |gy| € U. Let

Fy = exp(ib(qr))Fy, F = exp(ib(q))F".

Then ((Ns)ses, F') generates a nilpotent orbit.
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A.1.5. We may assume that, for some m (1 < m < n+ 1), ts(gx) = 0 for any A and
s € Scpm—1 and ts(gy) # 0 for any A and s € S5, (6.3.11), (S<¢ and S>,41 are defined as
the empty set).

Take ¢; € S; for each j. For s € S5, define yy s € R by t5(qy) = e ?™*s. For each
J € Z such that m < j < n, let N; = Zsesj as N, where a, € R is the limit of yA,s/y)\,cj.

Then (Ny, ..., Ny, I') generates a nilpotent orbit. Let p : G, g — Gr be the ho-
momorphism of the SL(2)-orbit (5.2.2) associated to (Ni,...,N,, F). For m < j < n,
let

ex>; = exp( Z iyrsNs) € Ge,

SGSzj

n
™ = Pj (\/yx,cj+1/yx,cj> €Gr, Tz =][mr€Cr
k=)

(Yrcnys denotes 1). Here p; is the restriction of p to the j-th factor of G}, z. Let F(j)
(1 <j<n)beasin 6.1.3 associated to (Ny,..., N,, F).

By 3.1.6 applied to S = E, C X = E,, we have

Lemma A.1.6. Let the situation and the notation be as aQove. Let m < j < n and let
e > 0. Then for any sufficiently large X, there exist FY € D satisfying the following (i)
and (1ii).

(1) y5,d(Fx, FX) = 0 (Vs € 5j).

(i1) (N, FY) satisfies Griffiths transversality for any s € S<;.

Furthermore, in the case j = n, there is FY as above satisfying the following condition
(12)* which is stronger than the above condition (ii).

(13)* ((Ns)ses, Fy) generates a nilpotent orbit.

Proposition A.1.7. Let the situation and the assumption be as above. Then the following
assertions (A;) (m—1<j <n), (Bj) (m<j<n), (C;) (m<j<n) are true.

(Aj) (resp. (By), resp. (C;)) form < j <n: Lete > 1. Then for any sufficiently large
A, there are F)Ej) € D satisfying the following (1)—(3).

(1) g5 jd(Fs, FY) = 0.

(2) ((Ns)sese; e,\2j+1F§j)) generates a nilpotent orbit.

(3) Tts a2t Y = exp(iN; ) Fo)-

(resp. (3) T;%e,\ejﬂFij) — F(j).

resp. (3) T/\”;je,\ZjF/{j) — exp(z’Nj)F(j).) )
Here (A,) is formulated by understanding N1 =0 and Fi,41) = F.

(Apm—1): For any sufficiently large A\, we have the following (2) and (3).

(2) ((Ns)seSep_1rex>mEr) generates a nilpotent orbit.

(3) T,\fémeA,szA — exp(iNm)ﬁ’(m).

A.1.8. We prove Proposition A.1.7 by using the downward induction of the form
(A4) = (By) = (C)) = (A;-1). (Herem < j <n.)
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(B;) = (C) is clear.

(A;) = (By) is easy.

(A,,) follows from A.1.6.

We prove (Cj11) = (4;). |

By A.1.6, if m < j < n (resp. j = m — 1), there are F;J) € D satisfying (1) and (resp.
FY9 .= F,) satisfies the condition

(2") (N, F /{j )) satisfies Griffiths transversality for any s € S<;.

By (Cj41), there are F/fjﬂ) € D satisfying

(1) g5, 2 d(Fr, FYTY) = 0.

(2") ((Ns)ses;ins €>\72j+2F§]+1)) generates a nilpotent orbit.
_ +1 . ~

(3") TAéjH@A,ZjHFA(ﬁ " = exp(iNjs1) Fia)-

By (1”) and (3”), we have

(4) 752 1€+ Fx = exp(iNj1) ).

By (4) and by (1), we have
(5) T)\_éj+1€/\72j+1F)Ej) — exp(iNj1) Fji1)-

Concerning to the left-hand side of (5), by (2'), (IVs, T)Téj+1e>\2j+1F)Ej)) satisfies Grif-
fiths transversality for any s € S<;. On the other hand, concerning the right-hand side
of (5), ((Ns)ses.;»exp(iN;j41)F(j+1)) generates a nilpotent orbit. Hence (5) and 7.1.1

show that <<N8)865§j7T):;j+le)\,2j+lF)(\j)) generates a nilpotent orbit. This proves that
Ny)ses..,ex>i1 F ) generates a nilpotent orbit for any sufficiently large \. Hence for
<j 2] A

any sufficiently large A, (W) e A1 /\(j )) is a mixed Hodge structure where W) denotes
the relative monodromy filtration of Ny 4 --- + N; with respect to W. By this and by
(5), we have (A;).

A.1.9. By (A1) (2) of Proposition A.1.7, zy belongs to E, . if A is sufficiently large.
This proves that Ej ., is open in E,,1, and hence proves that E, is open in E,.

A.1.10. In [16] 6.4.12, in the line 2 from the end, we replace the part
“by Proposition 3.1.6”

with
“by the case m =0 and x) € Egval of Proposition A.1.7"

of the present paper.

Remark A.1.11. By these changes, we have the following simplification in [16].

We can assume y3 , = ya; in [16] Proposition 6.4.1. It is claimed in the original [16]
§6.4 that the proofs of [16] Theorem 5.4.3 (ii) and Theorem 5.4.4 are reduced to [16]
Proposition 6.4.1, but actually they are reduced to the case y5 ; = yx; of [16] Proposition
6.4.1.
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A.2 Change on [16] §7.2

A.2.1. Professor J.-P. Serre kindly pointed out that our book should not use [6] §10,
for errors are there (cf. 10.10. Remark in the version of [6] contained in “Armand Borel
oevres collected papers, Vol. III, Springer-Verlag, 1983”). We used a result [6] 10.4 in
the proof of Lemma 7.2.12 of our book. In order to correct our argument, we change as
follows.

We put the following assumption in Theorem 7.2.2 (i):
“Assume that o is a nilpotent cone associated to a nilpotent orbit.”

We replace Lemma 7.2.12 and its proof in our book by the following proposition and
its proof which does not use [6] §10.

Proposition A.2.2. Let o be a nilpotent cone associated to a nilpotent orbit and let W (o)
be the associated weight filtration. Then, by assigning the Borel-Serre splitting, we have
a continuous map Eg,val — spl(W(0)).

Proof. The composite map Eﬁvval — Dg,val LA Ds; (2 is continuous by the definition of the
first map and by 6.4.1 for the CKS map ¢. Let Ny,..., N,, be a generator of the cone o.
Let s be a bijection {1,...,n} — {1,...,n}. Then the image of the map Eival — Dgi2)
is contained in the union U of Dgp)({W (Nsqy+---+ Ng;)) |j =1,...,n}) where s runs
over all bijections {1,...,n} — {1,...,n}. Since Nyq)+ -+ Ny = N1 + -+ + N,
the filtration W(Ny + --- + N,,) = W (o) appears for any s. By [14] Part II, Proposition
3.2.12, the Borel-Serre splitting gives a continuous map U — spl(W (o)). Thus we get our
assertion. 0

A.2.3. We replace the third paragraph in 7.2.13 by the following:
“Since the action of og on spl(W (o)) is proper and Eg,val is Housdorf, the action of og

on Eival is proper by applying Lemma 7.2.6 (ii) to the continuous map Eival — spl(W (o))
in Proposition 7.2.12. Hence Re(h)) converges in og by Lemma 7.2.7.”

A.2.4. Add the following sentence at the top of the fourth paragraph in 7.2.13:
“Let | | : Eyya — B, be the continuous map (¢, F) = (|¢|, F) in 7.1.3.

,val

A.3 Supplements to Part 111

We add explanations to Part I1I, Section 3.3.

A.3.1. We put the following explanation A.3.2 just after the statement of Part III, The-
orem 3.3.1.

A.3.2. This Part III, Theorem 3.3.1 is the mixed Hodge version of [16] Theorem 5.4.3 of
the pure case, and is proved in the same way.

A.3.3. We replace the two lines
“As in [KU09] 6.4, a key step ..... We only prove this proposition.”
just before Part III, 3.3.3 by the following A.3.4.
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A.3.4. This Part III, Theorem 3.3.2 is proved in the following way.

We can prove the evident mixed Hodge version of Proposition A.1.6 by using the same

arguments in the proof of Proposition A.1.6.

Just as [16] Theorem 5.4.4 was reduced to the case y} , = ya+ of [16] Proposition 6.4.1

by using the case m = 0 and ) € Eival of A.1.6 (see A.1.10, A.1.11), Part III, Theorem
3.3.2 is reduced to the case y3, = yx, of Part III, Proposition 3.3.4 by using the case
m = 0 of this mixed Hodge version of Proposition A.1.6.

A.3.5. We replace the part

“proposition implies”

in line 2 of Remark after Part III, Proposition 3.3.4 with

“proposition and [16] 6.4.1 of the pure case imply”.
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