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Abstract 

 

In recent years, there is a growing interest in magnetic gears that can replace 

mechanical gears in many industries. Mechanical gears have a high torque 

transmission capability. However, since the various gear pieces are directly in contact 

with each other to transmit torque, they have problems such as a vibration, noise and 

efficiency, and require a gear lubrication and cooling. On the other hand, since the 

magnetic gear is made of a non-contact type torque transmitting structure using 

magnetic force, it is possible to eliminate losses caused by the friction of the 

mechanical gear, and it is not necessary to incur the maintenance cost.  

However, conventional magnetic gears have a problem that a practical transmissi on 

torque is insufficient due to a narrow facing area. In order to solve this problem, 

various types of magnetic gears have been proposed. In particular, coaxial magnetic 

gears driven by harmonics are attracting attention because they have a high torque 

density. Accordingly, various novel structures such as a vernier motor and a magnetic 

geared motor, which are based on the operational principle of a magnetic gear operated 

by harmonics of an air gap magnetic field, have been actively studied.  

In this study, the operational principle is described in detail by the mathematical 

modeling of the air gap magnetic field distribution according to the structural 

characteristics of the motors with a magnetic gear effect, and the effectiveness is 

evaluated by comparing the analytical calculation results with the FEM results.  

In Chapter 1, the types and history of magnetic gears are discussed. Next, the 

operational principles of magnetic gears using magnetic flux harmonics are explained 

and the purpose of this study is presented. 

In Chapter 2, the mathematical modeling of the air gap magnetic field distribution 

of a magnetic geared motor with two air gaps is described. The results of magnetic flux 

density, back-emf and n-T characteristics of the inner and outer air gaps were 

evaluated and compared with FEM and prototype's experimental results. The 

analytical results showed a good agreement with FEM results and experimental results.



In Chapter 3, the mathematical modeling of the air gap magnetic flux density of the 

vernier motor is described first. Secondly, the analytical calculation results are 

compared with FEM and evaluated, and the analysis of the characteristics according 

to various pole combinations is performed. Next, a method to obtain design parameters 

with optimum values of the magnetic flux density space harmonic using the analytical 

calculation method is proposed and evaluated its effectiveness by comparing FEM and 

results. 

In Chapter 4, this paper is summarized and future works of each chapter are 

described.
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 Introduction 

1.1 Magnetic Gears 

Mechanical gears have been continually explored and exploited along with the 

remarkable development of the modern industry. Mechanical gears are used not only 

to transmit torque and force but also to alter the operating speed and direction. 

Mechanical gears work well in a wide variety of applications. However, the direct 

contact mechanism between the gears has many problems such as noise, vibration and 

efficiency reduction, and requires gear lubrication and maintenance. 

On the other hand, since the magnetic gear is a non-contact structure that transmits 

power by using the magnetic force of the permanent magnet, many problems of the 

mechanical gear except the bearing loss can be eliminated. However, conventional 

magnetic gears have a problem that a practical transmission torque is insufficient due 

to a narrow facing area, and therefore, it is deficient to be utilized in an industrial 

field.  

 

Fig. 1.1. First magnetic gear [1] 
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1.1.1 Early Magnetic Gears 

The idea of magnetic gears began in the early 20th century. The first proposed 

magnetic gear was an electromagnetic spur gear [1] designed by Armstrong in 1901 (Fig. 

1.1). The gear consisted of two gears, one with electromagnets as the gear teeth and 

the other with steel pieces. It utilizes a magnetic attraction by replacing the teeth of 

conventional mechanical gears with magnetic steel segments and electromagnets. In 

1913, Neuland invented a far superior magnetic gear which should be the original 

topology[2]. The gear consisted of three parts: modulation magnet pieces, inner  and 

outer rotors made of laminated sheets. The modulation magnet pieces are designed to 

 

Fig. 1.2. Coaxial magnetic gear[2]  

 

Fig. 1.3. Permanent magnet spur gear[3]  
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modulate the magnetic flux so that the inner and outer rotors are driven by the correct 

harmonics according to the number of teeth of each rotor. The torque density of the 

gear is significantly improved compared to Armstrong’s gear. This is because all the 

sides of the permanent magnet are involved in the transmission torque by facing the 

rotors that transmit the torque. However, it did not attract much attention (Fig. 1.2).  

Faus[3] proposed a magnetic spur gear similar to the Armstrong model . However, it 

used permanent magnets instead of steel segments and electromagnets. The permanent 

magnet of the two rotors uses a repulsive magnet force by making the N pole always 

facing outward. 

As the technology of permanent magnets developed, power transmission devices 

using permanent magnets were invented more and more. Hurvitz’s magnetic spur 

gearbox, invented in 1951, was able to switch gears using electromagnets . However, it 

was inefficient and very bulky[4].  

 

Fig. 1.4. Magnetic gearbox by Hurvitz[4]  
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In 1967, Reese[5] invented a coaxial magnetic gear with a permanent magnet on the 

inner rotor, though it has a structure similar to the Neuland’s gear. As shown in Fig. 

1.5, the inner rotor is a permanent magnet, and the output is a middle rotor. The 

outermost is the stator. The middle rotor and stator had different numbers of teeth. As 

the inner rotor rotates, the magnetic flux of the permanent magnet passes through the 

teeth of the middle rotor and the stator, and the middle rotor rotates at a gear ratio of 

the number of teeth of the middle rotor and the permanent magnet poles.  

 

Fig. 1.5. Coaxial magnetic gear by Reese[5]  

 

Fig. 1.6. Spur type magnetic gear by Rand[6]  

 

 



5 

 

A magnetic gear patented by Rand in 1970 (Fig. 1.6) was a simple spur type[6]. In 

its basic form, permanent magnets are mounted in circumferentially spaced disposition 

in two discs. The discs are adjacent to each other and transmit torque through the 

magnetic force of the arcuate bar magnets. This increased the amount of magnetic 

material needed and the manufacturing cost.  

Since the 1970s, the development of magnetic gears has attracted wide attention 

due to the advent of rare-earth permanent magnets such as samarium-cobalt and the 

neodymium-iron-boron (Nd-Fe-B) alloys. Rare-earth permanent magnets have the 

ability to produce a significantly strong magnetic field without continuous exterior 

excitements. There are two major classes of magnetic gears: a converted topology and 

field modulated topology. The converted magnetic gear is a direct extension from the 

mechanical gear topology so that the mechanical gear ’s  teeth and slots are replaced by 

the magnet’s N-S pole. This type has a problem of causing a low torque density because 

the contact area of the permanent magnet is narrow. The field modulated magnetic 

gear is based on the modulation of magnetic fields produced by two permanent magnet 

rotors. Hence, all permanent magnets can simultaneously contribute to torque 

transmission, leading to offer higher torque density.  

 

Fig. 1.7. Multi element magnetic gear [7]  
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1.1.2 Converted Magnetic Gears 

In the 1980s, various types of magnetic gears were proposed and studied. 

Hermondhalgh and Tipping proposed a multi -element magnetic gear[7] (Fig. 1.7). The 

magnetic gear was arranged in an array of gears of Neuland’s[2] to increase maximum 

torque and efficiency. Then, a magnetic involute gear [8] and a magnetic worm gear[9] 

were proposed by Tsurumoto and Kikuchi , as shown in Figs. 1.8 and 1.9, respectively.  

 

Fig. 1.8. Magnetic involute gear[8]  

 

Fig. 1.9. Magnetic worm gear[9]  
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Because the utilization of the permanent magnets is low, it is inevitable to show a low 

torque density. 

In addition, a perpendicular-axis magnetic spur gear[10] is developed by Yao as 

shown in Fig. 1.10. In [10], a critical separation distance was explained where if the 

air gap length was smaller than the critical distance , the transmitted torque could be 

increased by increasing the number of poles. These magnetic gears similar in shape to 

mechanical gears have not been widely used in the industry because they are simple 

in construction but too low in torque density.   

Accordingly, magnetic planetary gears[11] based on the structure of a mechanical 

 

Fig. 1.10. Perpendicular-axis magnetic spur gear[10]  

 

 

Fig. 1.11. Magnetic planetary gear[11]  
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planetary gear were proposed by Yao as shown in Fig. 1.11. This magnetic planetary 

gear has achieved shear stress close to 100kNm/m 3 in magnetic ring gear. Hence, there 

is an increasing interest in using the magnetic planetary gear for various application s. 

1.1.3 Field Modulated Magnetic Gears 

In 2001, a novel topology for a high-performance magnetic gear was proposed by 

Atallah[12]. As shown in Figure 1.12, it consists of two rotors with permanent magnets 

mounted on the inner and outer sides and a stationary pole piece equipped with a 

ferromagnetic segment for modulating the magnetic field. The operational principle of 

modulating the magnetic field generated by the permanent magnet mounted on the 

inner and outer rotors to the ferromagnetic segment was presented in the paper [13].  

The magnetic gears of this structure showed torque transmission densities , 50-

150kNm/m3, equal to those of the two- or three-stage mechanical helical gears because 

all the permanent magnets contributed to the transmission torque  and can replace 

mechanical gears.  

 

Fig. 1.12. Magnetic coaxial gear[12]  
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Since their publication, magnetic gears with this operational principle have been 

proposed in various forms such as a magnetic linear gear[14] and magnetic axial-flux 

gear[15] as shown in Figs. 1.13 and 1.14, respectively.  

The operational principle of the coaxial magnetic gear will be described in detail in 

the following chapter. 

 

Fig. 1.13. Magnetic linear gear[14]  

 

 

Fig. 1.14. Magnetic axial-flux gear[15] 
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1.2 Operational Principle of Coaxial Magnetic Gears 

1.2.1 Principle analysis using space harmonics 

The coaxial magnetic gear is shown in Fig. 1.15 consists of high-speed, low-speed 

rotors and a stator. The coaxial magnetic gear is operated using space harmonics 

created according to a combination of the number of poles of the high -speed rotor, low-

speed rotor and stator. In this chapter, the operational principle[16] that the magnetic 

gear is realized as a gear will be described by a mathematical formula.  

Assuming that the low-speed rotor is removed, only the high-speed rotor permanent 

 

Fig. 1.15. Structure of coaxial magnetic gear  

 

 

Fig. 1.16. Distribution of the (a) magnetomotive force and (b) permeance  
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magnet generates a magnetomotive force, as shown in Fig. 1.16(a). The permeance 

shown in Fig. 1.16(b) is modified by the stationary pole pieces, where 𝜃 represents the 

rotor angle. This permeance distribution is attributed to the difference in a magnetic 

resistance between the pole piece made of magnetic material and the air in the slot. 

The Fourier series expansions of the magnetomotive force 𝐹(𝜃)  by the permanent 

magnet of the high-speed rotor and the permeance 𝑅(𝜃) of the stationary pole piece 

are shown in  

  
1

( ) sin 2 1m h

m

F a m N 




   
 

(1.1) 

  0

1

( ) sin 2 1l s

l

R R a l N 




    
 

(1.2) 

where hN and sN  are the number of pole pairs of the high-speed rotor and stationary 

pole pieces, respectively. ma and 
la  are constants that depend on m and l . 0R  is 

the average permeance of the radial direction of the stationary part.  

Moreover, the magnetic flux distribution ( )  can be obtained by the product between 

the magnetomotive force and permeance as follows: 
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(1.3) 

The stationary pieces modulate the magnetic flux density distribution from the high -

speed rotor permanent magnet to produce a new imaginary magnet, shown in Fig.1.17, 

which has hN  and s hN N  pole pairs. When the high-speed rotor is rotated  , the 

magnetic flux ( )  is expressed as 
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From (1.4), the magnetic flux component  2 1 hm N ,    2 1 2 1s hl N m N   and 

   2 1 2 1s hl N m N   each rotates  ,        2 1 2 1 2 1h s hm N l N m N      and 

       2 1 2 1 2 1h s hm N l N m N     , respectively. To operate as a reduction gear, the 

number of pole pairs of the low-speed rotor should be equal to    2 1 2 1s hl N m N    or 

   2 1 2 1s hl N m N   . Hence, the relationship among hN , sN and lN  can be obtained 

as follows: 

   2 1 2 1s l hl N N m N     (1.5) 

The gear ratio can also be obtained as follows:  

 2 1

l
r

h

N
G

m N



 

 

(1.7) 

where the minus sign indicates that the low-speed rotor rotates in the opposite 

direction of the high-speed rotor. 

On the other hands, as shown in Fig. 1.17, if the stationary pole piece rotates as a 

low-speed rotor( s lN N ), and the low-speed rotor is fixed as a stator( l sN N ), the 

equation can be rearranged.  

 

Fig. 1.17. Coaxial magnetic gear  
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where  and  are rotating angles of the high-speed and low-speed rotors, 

respectively. Then, the magnetic flux ( )  can be expressed as 
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(1.10) 

According to (1.10), the harmonic components of the magnetic flux are equal to (1.4)  

and rotation angles are changed by  . Therefore, the relationship among hN , sN and 

lN  is the same as in (1.5), the gear ratio can be defined as follows:  

 
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2 1

2 1

l

r

h

l N
G

m N





 

 

(1.11) 

1.2.2 Coaxial Magnetic Gear Design Example 

Through the design example, the theory of the previous chapters will be verified. As 

shown in Fig. 1.18, in this design example, the inner rotor is a high-speed rotor, the 

modulated pole pieces in the middle are a low-speed rotor and the outermost is a stator. 

The example gear has 4- and 13-pole pairs of permanent magnets mounted on the high-

speed rotor and stator, respectively, and 17-pole pieces of magnetic steel sheets of the 

low-speed rotor. Therefore, the gear ratio of the high-speed rotor( 4hN  ) and the low-

speed rotor( 17lN  ) is 4.25.  

To obtain the maximum transmission torque of the model, the low-speed rotor was 

fixed and the torque was measured by rotating only the high -speed rotor. The torque 

waveform of the model is shown in Fig. 1.19. The maximum transmission torque of the 
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low-speed rotor is 14.94 Nm and the gear ratio is 14.94 3.51 4.25r l hG N N     . As 

mentioned in chapter 1.2.1, assuming that the stator operates as a low-speed rotor, the 

output torque ratio is 11.43 3.51 3.25   , which is consistent with the theory in (1.7).   

 

 

Fig. 1.18. Parameters of the magnetic gear  

 

 

Fig. 1.19. Torque waveform of magnetic gear  
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1.3 Electrical Machines with Magnetic Geared Effect 

Since magnetic gears were introduced as mentioned in the previous chapter, various 

types of devices have been proposed using magnetic geared effects, such as magnetic 

geared motors[17-21], continuously variable speed vernier magnetic gears [22-24], and 

vernier motors[25-37]. In this research, mathematical modeling of magnetic geared 

motors and vernier motors is focused. Therefore, this chapter briefly discusses the 

types and origins of magnetic geared motors and vernier motors. Their details are 

explained in Chapter 2 and 3.  

1.3.1 Magnetic Geared Motor 

In 2008, Atallah proposed a magnetic geared motor[21] that shared the magnetic 

circuit of a magnetic gear and brushless DC motor as shown in Fig. 1.20. The Atallah’s 

magnetic geared motor has a two-layered air gap and can use the same support 

structure as a coaxial magnetic gear. Since the magnetic circuit is integrated, the 

permanent magnet of the high-speed rotor is used as a magnetic gear and also as a 

 

Fig. 1.20. Magnetically and mechanically coupled magnetic gear and permanent magnet 

brushless machine[21] 
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rotor of the motor. Therefore, compared to a drive system composed of a magnetic gear 

and a motor, it is possible to reduce the amount of permanent magnet used in the 

system, and it leads to a lower cost and miniaturization. However, the magnetic geared 

motor in Fig. 1.20 applies a current to a coil of the stator to rotate the high-speed rotor. 

Since the permanent magnet and the steel pieces are in the gap between the stator and 

the high-speed rotor, the magnetic resistance is large and the armature flux is very 

low.  

In 2012, Niguchi proposed a magnetic geared motor[17], as shown in Fig. 1.21, that 

removes the permanent magnet of the stator from a conventional magnetic gear and 

drives a high-speed rotor by applying currents to the coils. This structure has the effect 

of increasing the flux linkage as the distance between the stator and the high -speed 

rotor is reduced compared to Atallah’s model [21]. However, as the permanent magnet 

was excluded from the stator side, the torque transmitted to the low -speed rotor as a 

magnetic gear was measured to be extremely low.  

Thus, in 2015, Niguchi proposed two models[20], as shown in Figs. 1.22 and 1.23, 

that can dramatically improve the transmission torque by placing permanent magnets 

 

Fig. 1.21. Niguchi’s magnetic geared motor[17] 
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between the stator teeth, and showed a higher torque density than the Atallah’s model. 

Also, to reduce the amount of permanent magnet, the magnetic -geared motor shown in 

Fig. 1.23 is proposed, where the amount of the permanent magnets in the high -speed 

rotor is half of that shown in Fig. 1.23.  

In chapter 2, the mathematical modeling of a magnetic geared motor is performed 

 

Fig. 1.22. Niguchi’s high toque type magnetic geared motor[20]  

 

 

Fig. 1.23. Niguchi’s high torque type magnetic geared motor with half permanent magnet[20]   
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to obtain the calculation results of the air gap magnetic field, the EMF and the torque 

output, and its effectiveness is verified by comparing the experimental results with 

the FEM. 

1.3.2 Vernier Motor 

The vernier motor is a kind of motors that uses the operational principle of the 

magnetic gear and has the feature of high torque at low speeds similarly to the 

magnetic gear. The first vernier motor was proposed by C. H. Lee in 1968[25]. The 

vernier motor was an unexcited inductor synchronous motor in which a small 

displacement of the rotor produces a large displacement of the axes of permeance. He 

mentioned that the vernier motor was named because it operates on the principle of a 

vernier. Since then, interests in vernier motors have been revived with advancements 

in permanent magnets and permanent magnet brushless motors.  

Since the advent of the vernier motor, various types of vernier motors have been 

proposed, such as vernier reluctance[32,35], hybrid and surface permanent magnet 

types.  

 

Fig. 1.24. First vernier motor by C. H. Lee  

 

 

 

Fig. 1.25. K. C. Mukherji ’s vernier reluctance motor[32]  
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As shown in Fig. 1.25, Mukherji proposed a vernier reluctance motor[32]. It has been 

estimated that this vernier reluctance motor has a slightly higher output coefficient 

compared to an induction motor. However, it does not show much difference. In 2017, 

Sekine proposed a reluctance type bearingless vernier motor[36] as shown in Fig. 1.26 

and investigated the stator structure, the number of teeth, tooth width, tooth depth 

for generating a high torque and suspension force. Many experimental results have 

contributed to improving the maximum torque.  

The vernier hybrid motor[31] as shown in Fig. 1.27 was proposed by E. Spooner in 

2013. Although the proposed motor has a rotor with teeth like a vernier reluctance 

motor, it has a permanent magnet on the stator side, and it can be economically 

designed with a small number of stator teeth and has a high torque. However, there is 

a drawback that the power factor is low.  

 

Fig. 1.26. Vernier reluctance motor proposed by Sekine[36]  
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Surface permanent magnet vernier motors[26-30] are very similar to general 

synchronous motors as shown in Fig. 1.28. Ishizaki introduced the structure of surface 

permanent magnet vernier motor[30] in 1995 and proposed a design method based on 

vernier theory. In 2000, Toba presented a novel torque -maximized design 

 

Fig. 1.27. Vernier hybrid motor[31]  

 

 

Fig. 1.28. Surface permanent magnet vernier motor[29]  
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methodology[26] through a quantitative analysis of the machine. This method showed 

a clear design policy and reduced a design effort compared to the conventional method. 

However, there was no modeling of the thickness of the permanent magnet and the 

stator slot which greatly affect the performance of the vernier motor, so that a definite 

maximum torque could not be obtained. Therefore, in chapter 3, precise mathematical 

modeling that reflects mechanical dimensions and a design method that can maximize 

the performance by using an analytical method are proposed.  

In addition to the types mentioned above, various types of vernier motors such as 

spoke-array magnet type[37] and axial type[34], etc. have been constantly being 

studied. Chapter 3 in this paper focuses on permanent magnet vernier motors.  

1.4 Purpose and Outline of Thesis 

This paper is aimed at mathematical modeling of magnetic geared motor and surface 

permanent magnet vernier motor with magnetic gear effect. The performance of the 

motors can be calculated and predicted using an analytical calculation method before 

the time-consuming FEM is performed. Also, a torque-maximizing design method by 

analyzing the air gap magnetic field characteristic of a surface permanent magnet 

vernier motor is proposed. The proposed method is verified through the analysis of 

characteristics of output according to pole combinations and the design of surface 

permanent vernier linear motor.  

Chapter 1.1 describes the history and types of magnetic gears, and their operating 

principles, on which the purpose of the proposal is based. Chapters 1.2 and 1.3 describe 

the history and types of magnetic geared motors and vernier motors using magnetic 

geared effects and present the purpose of this paper.  

Chapter 2 describes the operation principle of the magnetic geared motor and the 

process of deriving the mathematical modeling and evaluates its effectiveness by 

comparing it with experimental results using FEM and prototype. 

Chapter 3 deals with the mathematical modeling o f vernier motors. In Chapter 3.2  
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and 3.3, the process of the mathematical modeling of surface permanent magnet 

vernier motors is performed step by step, and the results are compared with FEM and 

evaluated. Chapter 3.4 presents a design methodology for vernier motors that brings 

its torque-maximizing structure using mathematical modeling methods . Next, the 

comparative analysis is performed on the characteristics of the variation of the pole 

ratio and the number of winding poles pairs . Finally, a surface permanent magnet 

vernier linear motor is designed by applying the design procedure and the effectiveness 

of the design process methodology is evaluated by comparing the torque-speed 

characteristics of the designed model with the existing model.  

Chapter 4 summarizes this paper.  
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 Mathematical modeling for 

magnetic geared motor 

2.1 Introduction 

Magnetic geared motors are operated using the identical operational  principle as 

general synchronous motors equipped with magnetic gears. The magnetic geared motor 

is structurally similar to a magnetic gear. However, by applying currents to the stator 

coil, the high-speed rotor is rotated by a magnetic field and the low-speed rotor is 

rotated according to the gear ratio. 

In this chapter, the operational principle of a magnetic geared motor and the 

magnetic flux density distribution in its inner and outer air gaps are described. Then 

the harmonics of the magnetic flux density in the inner- and outer- air gaps are used 

to describe a method for calculating the mechanical and electrical output.  Results 

obtained with the analytical calculation method are compared with those of the finite 

element analysis. Finally, a prototype is used to verify the results of the analyt ical 

calculation and FEA. 

2.2 Analytical Calculation of the Air Gap Magnetic Flux 

Density Distribution in a Magnetic Geared Motor 

The magnetic geared motor shown in Fig. 2.1 is similar to the structure of the 

magnetic gear composed of the high- and low-speed rotors and stator. The high-speed 

rotor consists of a five pole pair of permanent magnet( 1.44rB T ) and a yoke. The low-

speed rotor is composed of 17 magnetic pole-pieces formed by laminated steel sheets 

50A400. The stator with 12 slots has a three-phase concentrated winding. The high-

speed rotor is rotated by currents applied to the coil wound on the stator slot with a 

winding factor of 0.933. It should be stressed here that the low-speed rotor cannot be 
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rotated by the rotating flux due to the current. The low-speed rotor is rotated by 

employing the operational principle of a magnetic gear. Therefore, the relationship 

between the number of the permanent magnet of the high-speed rotor, the number of 

teeth of the low-speed rotor and the number of permanent magnet poles between the 

stator teeth should be satisfied as follows[20]:  

   2 1 2 1s l hl N N m N     (2.1) 

where m  and n are positive integers, 
hN is the pole-pair number of the permanent 

magnet on the high-speed rotor, lN is the number of steel pole pieces in the low-speed 

rotor, and sN is the number of slots and pole-pairs of the permanent magnet in the 

stator. 

 To analytically calculate the air gap magnetic fields of the magnetic geared motor, the 

magnetic flux densities of the outer and inner air gaps should be separa tely calculated 

centering on the low-speed rotor.

 

Fig. 2.1. Cross section of a magnetic geared motor  
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2.2.1 Magnetic Flux Density in the Inner Air Gap 

In order to calculate the magnetic flux density distribution in the inner air gap, it is 

assumed that there is no stator. Only the high-speed rotor and low-speed rotor are used 

for the calculation. This is because the magnetomotive force generated by the permanent 

magnet on the stator has a considerably small influence  on the inner air gap. An 

analytical method for modeling the effect of the stator slotting of a radial field brushless 

permanent magnet dc motor was presented in [38]. The air gap permeance of the low-

speed rotor teeth with the slotting effect, as shown in  Fig. 2.2, can be calculated by a 

Fourier decomposition with a unit magnetic potential between the low-speed rotor teeth 

and the high-speed rotor permanent magnet. Therefore, the permeance function 

 inP    of the low-speed rotor can be described by the following equation:  

      0

1

cos 2 1in in in

i l

i

P P P i N   




      
 

(2.2) 

where lN is the number of the low-speed rotor pole pieces. The coefficients 0

inP  and 

in

iP in (2.2) can be obtained as follows: 

 0
0 1 1.6in in in

oin in

c e

P r
K g


   

 

(2.3) 

 

Fig. 2.2. Slotted structure of inner air gap  
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(2.7) 

where 
in

or  is the opening ratio of the opening length 0

inb  to the pitch 
in

st ; r  and 0  

are the relative permeabilities of the low-speed rotor and the high-speed yokes with 

respect to the permeability of a vacuum. g , 
hsr

mh  and 
in

eg  are the air gap length, the 

permanent magnet thickness shown in Fig. 2.2, and the replaced air gap length for the 

computation of Carter ’s coefficient [40]. Carter ’s coefficient 𝐾𝑐
𝑖𝑛 has been included to 

account for the increase in the effective air gap length due to the slotting phenomenon 

of the low-speed rotor. The magnetomotive force due to the permanent magnet of the 

high-speed rotor is expressed by: 

      
1

cos 2 1hsr hsr

j h

j

F A j N   




     
 

(2.8) 

where hN  is the pole-pair number of the permanent magnet of the high-speed rotor. 

The coefficient 
hsr

jA  of the MMF function is the magnetization, which is assumed to be 

uniform throughout the cross-section of the permanent magnets and is given by [38]: 

0

sin
2

2

hsr

p

hsr hsr hsrr
j p m hsr

ph

j r

B
A r h

j rjN





 
  
   

 

(2.9) 

where rB  is the permanent magnet remanence, and 
hsr

pr  is the ratio of the permanent 

magnet pole  hsr hsr

p pt b to the pole pitch 
hsr

pt . Using the product between the air gap 
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permeance  inP    and the magnetomotive force  hsrF   , the magnetic flux 

density in the inner air gap can be obtained by  
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(2.10) 

2.2.2 Magnetic Flux Density in the Outer Air Gap 

To calculate the magnetic field distribution in the outer air gap, it is necessary to 

compute the magnetic flux density by the magnetomotive force of the permanent 

magnet between the stator teeth and the air gap permeance by the low-speed rotor. It 

is also necessary to consider the influence of the  permanent magnet on the high-speed 

rotor. Thus, the magnetic flux density in the outer air gap can be described as a 

combination of the magnetic flux from the magnetomotive force due to the permanent 

magnet and permeance of the low-speed rotor, and the magnetomotive force due to the 

 

Fig. 2.3. Overall slotted structure  
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permanent magnet on the stator teeth and the air gap permeance of the low-speed rotor. 

As mentioned above, the methods used for calculating the air gap permeance and 

magnetomotive force are similar to those discussed above. The outer air gap permeance 

 outP    of the low-speed rotor can be obtained as follows: 

      0
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i l
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where 
out

or is the ratio of the opening length 
out

ob to the pitch 
out

st of the low-speed 

rotor adjacent to the outer air gap, and 
st

mh is the permanent magnet thickness as 

shown in Fig. 2.3. In (2.15), 
out

tk  is Carter ’s coefficient, and 
out

eg  is the replaced air 

gap length for the computation of Carter ’s coefficient of the outer air gap.  

 The magnetomotive force of the permanent magnet on the stator is expressed by:  

    
1

cos 2 1st st

l s
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where 
st

or  is the ratio of the permanent magnet length to the stator pitch, which is 0.5 

in this model. sN  is the number of the stator teeth, and 
st

mh  is the thickness of the 

permanent magnet on the stator teeth.  

To express the influence of the permanent magnet on the high -speed rotor, the 

magnetic field is obtained by the product between the air gap permeance by the stator 

teeth and the magnetomotive force by the high-speed rotor magnet. Therefore, the air 

gap permeance function  stP   of the stator teeth can be obtained by 

    0

1

cos 2 1st st st

k s

k

P P P k N 




    
 

(2.19) 

 0
0 1 1.6st st st

ost st

c e

P r
K g


   

 

(2.20) 

2
st

st m
e lsr

r

h
g g l


    

 

(2.21) 

 

 
 

2

0

2

4
0.5 sin 1.6

0.78125 2

st

ost st st

k oout st
e o

ir
P ir

k g ir


 



 
  
 
 

 

 

(2.22) 

1

1 0 0

0

2 1
1 tan ln 1

4

st st st
st st e
c o st st st

e e

b g b
K r

g b g




       

         
        

 
 

(2.23) 

1 1

2
2 1

2

st

st st

s o

st

e

t r

g

  
 

  
 

 
 

(2.24) 

where 
st

eg is the effective air gap length obtained as the sum of the inner and outer 

air gaps and the length of the low-speed rotor. Other coefficients are calculated by 

applying the stator teeth in the process described above. Finally, the magnetic flux 
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density in the outer air gap can be obtained as the sum of the products between the 

magnetomotive force due to the permanent magnet and the air gap permeance of the 

low-speed rotor teeth, and between the magnetomotive force of the high -speed rotor 

magnet and the air gap permeance of the stator teeth as follows: 
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2.2.3 Back EMF and Torque 

In the case of a three-phase surface permanent synchronous motor, the general 

torque equation is as follows:  

u u v v w w
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m m
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(2.26) 

where P  is the power, m is the rotor speed in /rad s , e and i are the back 

electromotive force(EMF) and current of each phase, respectively. 

For a conventional surface permanent magnet synchronous motor, the back EMF is 

the derivate of the flux linkage waveform. However, since magnetic geared motors have 

a geared effect, they contain a coefficient 𝑘𝑟  when calculating the back EMF. The 

phase back EMF of a magnetic geared motor can be obtained by:  
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where 
hsr

lsrk and 
lsr

statork are the ratio of the number of the low-speed and high-speed rotor 

poles, and the ratio of the number of the low-speed rotor poles and the stator teeth. 

Therefore, the back EMF of a magnetic geared motor can be redefined by:  
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where m is the mechanical angle, wk  is the winding factor, stkL is the stack length, 

roR is the outer radius of the low-speed rotor,  and 1gB are the harmonic flux and 

the amplitude of the 5th harmonics of the magnetic flux density in the outer air gap, 

respectively. Finally, the torque equation can be obtained by: 

1

3
3

2

ph ph

e r w g stk ro ph

m

e i
T k k NB L R i


   

(2.32) 

2.3 Finite Element Method Verification 

The 2-D finite element method was used to compare the magnetic flux density in the 

inner and outer air gaps with the analytical calculation. To compare the results of the 

2-D FEM and the analytical calculation, a magnetic geared motor was designed with 

the same dimensions and the parameters are listed in Table 1. In the FEM analysis, 

JMAG Designer 17.1.01za (JSOL Corporation) was used, and the N-T characteristics 

were obtained through a coupled analysis of MATLAB 7.5.0.342 (R2007b) and JMAG. 
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A mesh model of the magnetic geared motor is shown in Fig. 2.4. A control block 

diagram and the analysis conditions are shown in Fig. 2.5 and Table II, respectively. 

The number of nodes and elements are 21,265 and 32,422, respectively. In this section, 

the magnetic flux density and the space harmonics distribution in the inner and outer 

air gaps are shown and compared through the result of the 2-D FEM and analytical 

calculation. The magnetic flux density and the space harmonics distribution in the 

inner air gap at 𝑡 = 0  are shown in Fig. 2.6. It can be seen that the analytical 

calculation method shows a good agreement with the 2-D FEM.  

 

 

Fig. 2.4. Mesh model of magnetic geared motor  
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Fig. 2.5. Control block diagram 

 

 

Fig. 2.6. Comparison of FEM and the analytical calculations in the inner air gap flux density 

waveform and space harmonics. (a) flux density distribution. (b)  space harmonics 
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Fig. 2.7. Comparison of FEM and the analytical calculations without influence of the high -

speed rotor magnet in the outer air gap flux density waveform and space harmonics.  

(a) flux density distribution. (b)  space harmonics  
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Fig. 2.7 compares the results of FEM with the analytical calculation results of the 

outer air gap magnetic flux density, which does not reflect the permanent magnet of 

the high-speed rotor. Fig. 2.7 (a) shows a similar pattern. However, in the space 

harmonic graph of (b), the fifth order component shows a large difference in the FEM 

results. 

Fig. 2.8 shows the analytical calculation result with the influence of the high-speed 

 

Fig. 2.8. Comparison of FEM and the analytical calculations with influence of the high -speed 

rotor magnet in the outer air gap flux density waveform and space harmonics.  

(a) flux density distribution. (b) space harmonics  
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rotor permanent magnet when calculating the magnetic flux density of the outer air 

gap. In Fig. 2.8(a), there is a slight difference between these results. This is due to the 

fact that the influence of the permeability of the low-speed rotor is not reflected in the 

calculation of the outer gap. However, it can be seen from Fig. 2.8(b) that the 

amplitudes of the major 5th and 12th order harmonics used to drive the magnetic 

geared motor are very similar. This is demonstrated through analysis calculations that 

reflect the high-speed rotor permanent magnet and the air gap permeability of the 

stator teeth. To obtain more accurate results, it can be estimated that the effect of the 

permeability of the low-speed rotor teeth should be used in analyzing the influence of 

the high-speed rotor permanent magnet.  

 

Fig. 2.9 Prototype of the magnetic geared motor 
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2.4 Prototype Model 

In order to validate the analytical calculation, a prototype of the magnetic geared 

motor has been manufactured as shown in Fig. 2.9. The prototype was designed based 

on the dimensions in TABLE.I In the driving test, the maximum transmission torque 

and the back EMF were measured. Then the N-T characteristics were analyzed by 

driving the motor under loads. Like the coupled analysis, the prototype was tested 

based on the control block shown in Fig. 2.5 and TABLE II. Finally, the measured 

results were compared and evaluated with the FEM and analytical calculation.  

The EMF waveforms were computed and measured when the low-speed rotor was 

rotated at a speed of 500 rpm. The results of the back-EMF were compared among the 

analytical calculation, the measured prototype and the FEM as shown in Fig. 2.10. The 

EMF results of the analytical calculations show a good agreement with the prototype 

measurements but show a slight discrepancy with the FEM. It seems that the back 

 

Fig. 2.10. Comparison of the phase back-EMF among the analytical calculation, the measured 

prototype and the FEM 
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EMF constant is lowered due to magnetic saturation phenomenon in the FEM 

calculations. 

Fig. 2.11 shows a comparison of the maximum transmission torque of the FEM and 

the prototype when the high-speed rotor was rotated with the low-speed rotor fixed. 

The maximum transmission torques of the FEM and the prototype are 2.286Nm and 

1.937Nm in the high-speed rotor, and 7.546Nm and 6.692Nm in the low-speed rotor, 

respectively. Both of these results were lower than the FEM and distorted. It is 

 

Fig. 2.11. Comparison of the maximum transmission torque between the FEM and the 

measured prototype (a) High-speed rotor, (b) Low-speed rotor 
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considered that a measurement error causes the brake of the slip on the low -speed 

rotor during measurement. Fig. 2.12 shows the comparison of the torque versus the 

speed curves of the experiments, the FEM and the analytical calculation. A good 

agreement can be seen between the measured and the analytical approaches. However, 

the FEM results show a significant difference in the range of 2 Nm to 3 Nm when 

compared to the analytical result. This is considered to be caused by ignoring the iron 

losses such as the eddy current and hysteresis when calculating in the FEM.  

2.5 Conclusion 

This paper expressed an analytical calculation that can be used to effectively and 

 

Fig. 2.12. Comparison of the N-T characteristics between the analytical calculation, the 

measured prototype and the FEM 
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quickly analyze the N-T characteristics of a magnetic geared motor. Results such as a 

magnetic flux density in the inner and outer air gaps, the back-EMF and the N-T 

characteristics were verified and compared with the FEM and experiment on a 

prototype model. The analytical calculation method showed a good agreement with both 

the FEM results and the experimental results obtained from the prototype model. In 

future works, an efficient design method by searching for the optimal design 

parameters using this calculation method will be proposed.  
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 Mathematical Modeling for 

vernier motor 

3.1 Introduction 

In recent years, vernier motors have become an issue of increasing importance in the 

field of industrial electric machines[41-45] The vernier motor is a kind of electric 

motors with a magnetic gear effect and has high torque characteristics at low speeds 

without mechanical gears. The vernier motor also has various advantages such as low 

noises and maintenance-free operations. The surface permanent magnet vernier motor  

is operated using space harmonics of the magnetic flux density distribution in the air 

gap which is created by the magnetomotive force (MMF) due to the permanent magnet 

and air gap permeance. Therefore, it is necessary to examine the design parameters 

such as a slot opening ratio and permanent magnet th ickness which determine the 

amplitudes and the orders of the harmonics of the magnetic flux density. In order to 

determine the number of poles of the correct vernier motor, a comparative analysis of 

the effect of the pole ratio and windings pole number is required. 

This chapter presents an analytical calculation method of the vernier motors, and 

their results are compared with those of finite -elements method (FEM).  

Firstly, the operational principle of the surface permanent magnet vernier motor and 

the magnetic flux density in the air gap are described in detail. Secondly, the harmonics 

of the magnetic flux density in the air gap are analyzed according to the design 

parameters. Next, the best design parameters are determined, and the 2 -D FEM results 

verify the analytical calculation method. Then, the characteristics of the surface 

permanent magnet vernier motor in accordance with various pole ratios are analyzed 

by the 2-D FEM. Finally, to verify the usefulness of the proposed design method, a 

linear vernier motor is designed and compared with the existing proposed model to 
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evaluate its superiority.  

3.2 Operational Principle of Surface Permanent Magnet 

Vernier Motor 

A surface permanent magnet vernier motor has the same operational principle as a 

magnetic gear and is operated using space harmonics of the magnetic flux density in 

the air gap. The magnetic flux in the air gap can be represented by the product of the 

air gap permeance due to the stator teeth and the MMF due to the permanent magnet 

in the rotor. An SPMVM with 17 pole pairs and 18 stator slots shown in Fig. 3.1 is used 

in an analytical calculation, and its main design parameters are listed in TABLE I. 

3.2.1 Air gap Permeance distribution 

An analytical method for modeling the effect of stator slotting of a radial field 

brushless permanent magnet dc motor was presented in [38]. The air gap permeance 

 

Fig. 3.1. 17-pole pairs 18-slots surface permanent magnet vernier motor  
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of the stator teeth with the stator slotting effect shown Fig. 2 can be described by 

Fourier decomposition with a unit magnetic potential between the stator teeth and 

rotor permanent magnet. Therefore, the permeance function 𝑃(𝜃) of the stator teeth 

can be expressed in the following equation:   

0

1

( ) cos( )i s

i

P P P iN  

 

(3.1) 

where sN  is the number of stator teeth. The coefficients 0P , iP  in the permeance 

function can be obtained as follows: 

 

 

 

Fig. 3.2. Stator structure with slotting effect  
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Fig. 3.3. Variation of air gap permeance waveform by analytical calculation according to slot 

opening ratio 
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where openr  is the slot opening ratio of the slot opening length sb to the slot pitch st , 

r and 0 are the relative permeability of the stator and rotor yokes and the 

permeability of vacuum, respectively, g  is the air gap length and mh  is the permanent 

magnet thickness as shown in Fig. 3.2. In (3.5), Carter ’s coefficient cK  has been 

included to account for the increase of the effective air gap due to the stator slotting 

[40] and g is the replaced air gap length for the computation of Carter ’s coefficient.  

Fig. 3.3 and Fig. 3.4 show the variation of the air gap permeance waveform and 

harmonic spectra. Fig. 3.3 shows that as the slot opening ratio increases, the average 

value and the shape of each waveform decreased and changes from a square to a sine, 

respectively. In (3.1), 0P in the first term, and iP  in the second term mean the 

average value and the amplitude of each waveform in Fig. 3 .3. The harmonics spectra 

shown in Fig. 3.4 will be verified below. 

 

Fig. 3.4. Variation of air gap permeance spectra by analytical calculation according to slot 

opening ratio 
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3.2.2 Magnetomotive Force  

The Fourier series expansion of the magnetomotive force  due to the permanent 

magnet on the rotor is described by 

    
1

sin (2 1)j r
j

F A j P   




     

 

(3.7) 

where rP  is the number of pole pairs on the rotor.  The coefficient jA  of the MMF 

function is the magnetization, which is assumed to be uniform throughout the cross -

section of the permanent magnets and is given by [39] 
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(3.8) 

where rB is the permanent magnet remanence, p  is the ratio of the permanent 

magnet pole arc pb to the pole pitch pt as shown in Fig.3.2. Fig. 3.5 shows the 

 

Fig. 3.5. Waveform changes of magnetomotive force according to magnet pole arc to pole -

pitch ratio 

 



47 

 

waveform changes of magnetomotive force according to magnet pole arc to pole -pitch 

ratio p . 

3.2.3 Air gap Magnetic Flux Density 

The air gap magnetic flux density distribution can be obtained by the product of the 

air gap permeance function  P   and the magnetomotive force function  F    as 

shown in the following equation:  
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(3.9) 

In (3.9), the magnetic flux distribution contains three primary harmonic components: 

1 fundamental harmonic component (2 1) rj P , and two harmonic components

(2 1)s riN j P .  The two harmonic components are created by the modulation of the 

permeance and MMF. Since a vernier motor is operated with a magnetically geared 

effect, the number of winding pole pairs of a vernier motor should be equal to either of 

the two harmonic components and can be obtained by 

 2 1s rP iN j P    

 

(3.10) 

The amplitude and rotation angle of 2 harmonic components are i jPA  and 

(2 1) 2 1r s rj P iN j P , respectively. iP  is one of the parameters determining the 

amplitude of the harmonic order of the flux density. Therefore, as shown in Fig. 3.4, 

the amplitude of the 17 th component corresponding to iP  has a great influence on the 

harmonics of the permanent magnet flux density.   
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3.2.4 Back EMF and Torque 

In the case of a three-phase surface permanent synchronous motor, the general torque 

equation is as follows: 

u u v v w w
e

m m

e i e i e iP
T

 

 
   

 

(3.11) 

where P  is the power, m  is the rotor speed in ras s , e  and i  are the back EMF 

and current of each phase, respectively. For a conventional surface permanent 

synchronous motor, the back EMF is the derivative of the flux linkage waveform. 

However, since the vernier motor has a different operational principle from a 

conventional surface permanent synchronous motor, the phase EMF can be obtained as 

follow: 
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where phe  is the phase EMF,   is the flux linkage, e  is the electrical angle and rk  

is the ratio of the number of pole pairs of the permanent magnet to winding pole pairs. 

Substituting (3.9) into (3.12), the back EMF can be redefined by  
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(3.13) 

where m  is the mechanical angle, wk  is the winding factor, stkL  is the stack length, 

roR  is the outer radius of the rotor,  g  and 1gB  are the harmonic flux and flux 

density, respectively. The torque equation can be obtained by dividing (3.13) by the 

rotational speed and multiplying the current as follows,  

1

3

2

3

2

e ph ph m

r w ro stk g ph

T e i

k k NR L B i




 

 

(3.14) 
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3.3 Verification of Analytical Calculation 

Assuming that i and j in (3.10) are 1, the 17-pole-pairs-18-slot vernier motor is driven 

using either of the first or 35th harmonics. In this study, the number of winding pole 

pairs is one because the first order harmonics are used. Based on the main design 

parameters listed in TABLE I, the SPMVM was designed as shown in Fig. 3.1. An FEM 

analysis was conducted to compare the analytical calculation result.   

 

Fig. 3.6. Comparison of air gap magnetic flux density waveforms by 2 -D FEM and analytical 

calculation 
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3.3.1 Air gap magnetic flux density 

Fig. 3.6 and Fig. 3.7 show the comparisons of the air gap magnetic flux density 

distribution and its harmonics spectra at t=0 sec. It can be seen that the shapes of the 

waveforms by the FEM and the analytical calculation look quite similar to each other 

in Fig. 3.6. The fundamental component 17th harmonic has the highest value, and the 

first and 35th harmonic components have the next highest value as shown in Fig. 3.7. 

As shown in Fig.3.7, the error rate between the FEM and analytical calculation method 

is within ±7.12%. 

 

 

 

Fig. 3.7. Comparison of air gap magnetic flux density harmonics spectra by 2-D FEM and 

analytical calculation 
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Fig. 3.8. Back EMF calculated by FEM according to the slot opening ratio and magnet 

thickness 

 

Fig. 3.9. Back EMF calculated by analytical calculation according to the slot opening ratio 

and magnet thickness 
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3.3.2 Back EMF 

Fig. 3.8 and Fig. 3.9 illustrate the distribution of the back EMF root mean square 

(RMS) value according to the slot opening ratio and the permanent magnet thickness. 

Both graphs show a similar pattern, and when the opening ratio and permanent magnet 

thickness are 60% and 2mm, respectively, the highest induced voltages are observed in 

each graph. 

3.3.3 Torque 

As mentioned above, the opening ratio was fixed 60% and the output torque according 

to the permanent magnet thickness was analyzed when a three -phase current of 10 

Arms was input, and the rotor was rotated at 500 rpm. Fig. 3.10 shows the trend line 

of the torque with the permanent magnet thickness change. Two lines showed an almost 

similar pattern and the model with 2-mm permanent magnet had the best output 

torque. 

 

Fig. 3.10. Variation of output torque by FEM and analytical calculation  
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3.3.4 N-T, T-I and T- η Characteristics 

The N-T, T-I and the T-η characteristics of the SPMVM are computed using 2 -D FEM. 

The 2-D FEM model of the SPMVM is shown in Fig. 3.11.  

Fig. 3.12 and Fig. 3.13 showed the N-T and T-I characteristics when a sinusoidal 

voltage was supplied from 10 rpm to 500 rpm. The T-η characteristics are shown in Fig. 

3.13 and the efficiency η is given by 

out

out iron copper

P

P W W
 

   

 

(3.15) 

where Pout is the output power, W iron is the iron loss of the laminated cores calculated 

 

Fig. 3.11. FEM model of the designed surface permanent magnet vernier motor 
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after FEM and Wcopper is the copper loss in the coils. As shown in Figs. 3.12 and 3.13, 

when the load torque is higher than 50 Nm, the efficiency is lower than 80%, and the 

current is greater than 20 Arms.  

 

Fig. 3.12. N-T and T-I characteristics 

 

Fig. 3.13. T- η characteristics 
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3.3.5 Summary 

Chapters 3.2 and 3.3 expressed an analytical calculation of an SPMVM with a stator 

slotting effect and designed a model based on a theoretical approach. An Analytical 

calculation method on how to calculate the air gap magnetic flux density and harmonics 

using an SPMVM operating principle was described. The analytical calculation method 

showed a good agreement with the FEM results. Finally, the characteristics of an 

SPMVM designed with the calculated design variables were verified using 2 -D FEM 

analysis. 

3.4 Design Procedure of Surface Permanent Magnet 

Vernier Motor 

The design procedure of the surface permanent magnet type vernier motor can be 

refined step by step as mentioned in Chapters 3.2 and 3.3, as shown in Fig.3.14.  

The first step in a machine design is not to calculate the machine size . However, to 

analyze specifications that provide essential information such as a machine's target 

performance and limits on external conditions. The next step is to determine the 

stator/rotor pole combination, the material of the permanent magnet and steel sheet 

and the length of the air gap before a motor design. A careful decision is needed because 

the performance and characteristics of the motor vary according to the configuration.  

Once the basic configuration is determined, the optimal detailed design parameters 

are obtained through an analytical calculation method.  If the predicted performance 

and specifications do not match well, they are refined until the fixed values of the 

parameters match well at the beginning of the design.  

Finally, the performance through FEM is evaluated. This process can be used to 

achieve a target performance through iterative loops.   
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Fig. 3.14. Design procedure for surface permanent magnet vernier motor 
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3.5 Characteristics Analysis according to Pole Ratio and 

Winding Pole Number 

 In this chapter, first, models with various combinations are designed according to 

the design procedure in Fig. 3.14 based on TABLE III and 2-D FEM is performed. The 

characteristics of each model are analyzed by comparing the output results of not only 

a cogging torque and a torque ripple but also N-T and N-η characteristics. Table IV 

shows the combination of various numbers of permanent magnet pole pairs and stator 

teeth based on (3.10). The air-gap magnetic flux density and harmonic spectra of eight 

models are obtained by conducting an FEM analysis and the analytical calculation. 
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The FEM results of each model are compared with the analytical analysis result. Fig. 

3.15 shows the contours of the magnetic flux density of the FEM models. Fig. 3.16 

shows the amplitude of the generated harmonic order of each compared model, 

respectively. As shown in Fig. 3.16, the error rate between the two methods is within 

±11.52%. 

 

 

Fig. 3.15. FEM model with various combination  

 

Fig. 3.16. Comparison of the amplitude of the generated harmonic order between the FEM 

and the analytical calculation in air-gap flux density 



59 

 

3.5.1 Cogging Torque and Torque ripple 

In an electrical machine, the least common multiple (LCM) of the number of stator 

teeth and rotor pole pairs is known as a factor to affect its cogging torque and torque 

ripple. The LCMs of each model are listed in Table IV. Fig. 3.17 shows the cogging 

torque and torque ripple of each model. Models with 12 stators have a higher torque 

ripple and cogging torque than the others because their LCM is lower than the others 

as mentioned above. In addition, the waveforms of the cogging torque and torque ripple 

in Fig. 3.17 show similar trends. 

3.5.2 Speed-Torque and Speed-Efficiency Characteristics 

The N-T and N-η characteristics when a sinusoidal voltage was supplied from 50 to 

500 rpm are analyzed and shown in Figs. 8 and 9. The efficiency η is calculated using 

(3.15). Models of the 24S22PP, 18S16PP, and 12S10PP without a marker on the line in 

 

Fig. 3.17. Torque ripple and cogging torque  
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Fig. 3.18 and Fig. 3.19 show significantly higher output torque at low speeds and 

slightly higher efficiency at high speeds. 

 

Fig. 3.18. N-T characteristics 

 

Fig. 3.19. N-η characteristics 
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3.5.3 Summary 

In Chapter 3.5, eight surface permanent magnet vernier motors with various pol 

ratios were designed according to the design procedure in chapter 3.4, and the output 

characteristics, such as a cogging torque, torque ripple, N-T and N-η characteristics, 

according to the pole ratio were verified and analyzed by conducting 2 -D FEM. 

According to the results, it can be seen that the surface magnet type vernier motor 

having 15 or more stator slots is excellent in the cogging torque and the  torque ripple 

surface, and the motor with two winding pole pairs can drive a relatively higher torque.  

3.6 Surface Permanent Magnet Vernier Linear Motor 

Recently, direct drive linear motors have been used in various automation 

industries[46-49]. They have many advantages of faster response and more precise 

control than conventional linear systems using rotary motors such as conveying 

systems and indoor automatic door. However, since the linear motors are driven 

without mechanical gears, it does not have a high force. Accordingly, vernier linear 

motos are considered as a good alternative because the linear motor with a vernier 

effect can expect a relatively high power compared to existing dire ct drive motors. 

Previous research described a vernier motor in which permanent magnet s are placed 

only on the stator for an application in the automatic household door [50]. Compared to 

conventional BLDC linear motors, it showed an improved performance. However, due 

to the lack of optimization of the design parameters, the results showed a low efficiency, 

high detent force and force ripple. Therefore, in this Chapter, a surface permanent 

magnet vernier linear motor is designed according to the design method ology, and its 

superiority is evaluated by comparing with the previous model[50]  as shown in Fig. 

3.20. 
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3.6.1 Structure of proposed vernier linear motor 

The previous model[50] was designed as shown in Fig. 3.20. The proposed model 

shown in Fig. 3.21 has the same overall size as the previous model, and the number of 

stator slot and pole-pairs are designed differently to 16 and 18, respectively. As noted 

in Chapter 3.5, 18-slot 16-pole-pair vernier motors are chosen because they exhibited 

the widest operating range and high efficiency in the torque -speed characteristics as 

shown in Figs. 3.18 and 3.19. The design specification is shown in TABLE V. 

 

 

 

Fig. 3.20. 12-magnetic-poles 15-mover-pole vernier linear motor[50]  

 

 

Fig. 3.21. 18-slot 16-pole-pair surface permanent vernier linear motor  
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3.6.2 Design Parameter Optimization 

According to the design procedure, the design parameters for the maximum thrust of 

the motor can be obtained. As shown in Figs. 3.22 and 3.23, the results of the analytical 

predictions are approximate to FEM. Using the analytical calculation method, the air 

gap magnetic flux density and its space harmonics used to drive the vernier motor can 

 

 

 

 

Fig. 3.22. Comparison of air gap magnetic flux density waveform by 2 -D FEM 
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be obtained quickly and accurately. As mentioned in Chapter 3.3.1, the amplitude i jPA  

of the modulated harmonics within the magnetic flux density function ,B  can be 

determined by iP  and jA . The amplitude of the coefficients can be adjusted using the 

design parameters mh  and openr  of (3.4) and (3.8). The proposed motor is operated by 

the 2nd order harmonics. Therefore, the design parameter, such as a permanent magnet 

thickness mh  on the mover and the stator teeth opening ratio openr  between the slot 

pitch st  and opening length 0b . Fig. 3.24 shows the variation of the second order 

harmonics of the magnetic flux density according to the combination of the opening 

ratio from 10% to 80% and the permanent magnet thickness increasing from 0.25  mm 

to 2.5 mm by 0.25 mm. 140 cases were computed using the analytical calculation 

method, and the calculation time was 4.016 seconds. The highest second order 

harmonic is found when the slot opening ratio is 60% and the thickness of the 

permanent magnet is 1 mm. 

 

 

 

Fig. 3.23. Comparison of air gap magentic flux density harmonic spectra  
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3.6.3 Performance comparison using Finite Element Analysis 

In order to verify the effectiveness of the proposed surface permanent magnet vernier 

linear motor, the results through 2-D FEM were compared with the previously studied 

vernier motor with 14-slots and 12-pole-pairs[50] shown in Fig. 3.20. The static thrust 

characteristics of each model are analyzed first, and the speed -torque characteristics 

are calculated.  

 

 

Fig. 3.24. Variation of the second-order harmonics in accordance with magnet thickness and 

slot opening ratio 
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Fig. 3.25. Comparison of thrust characteristics at current 0A 

 

 

Fig. 3.26. Comparison of thrust characteristics at current 0.6A  
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Figs. 3.25 and 26 show the comparison of the thrust characteristics at currents of 0 

and 0.6 A. When the current is 0 A, the detent force of the previously studied model is 

10.2 N, while the optimized model is 1.5 N and is much lower. When a current of 0.6 A 

is applied, the average force and the ripple rate of the previous model are 18.0 N and 

69.1%, respectively. However, those of the optimized model showed 21.8 N and 7.4%. 

When the current is applied, the average force of the optimized model is observed to 

be higher than 3.8 N, and the ripple rate and detent force are reduced more than 6 

times as small as the previous model.  

The N-T characteristics are calculated by applying a three -phase sinusoidal 12-V 

voltage source to the coils for each phase of both motors and by usin g a motion equation 

of the linear motor of the FEM. The N-T characteristics are calculated by increasing a 

load at constant intervals until the moving speed of each motor becomes 0 m/s, an d the 

losses due to frictions are ignored in the calculation process. As shown in Fig. 3.27, 

both motors show similar results at a maximum speed of 0.53 m/s under no load. 

 

Fig. 3.27. Comparison of the N-T characteristics 
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However, the slope of the N-T curve of each motor shown in Fig. 3.27 represents a large 

difference of eight times.  Therefore, the proposed motor showed superior performance 

in terms of motor size.  

3.6.4 Summary 

Using the design procedure, the design parameter optimization with the highest 

amplitude of the modulated harmonic of the magnetic flux density driving the proposed 

surface permanent magnet vernier linear motor was performed. The proposed model in 

the static thrust characteristics show much less ripple than the previous model and 

are much superior in the high force range.   

3.7 Conclusion 

Chapter 3 described the principle of operation through the mathematical modeling of 

vernier motors, and found features that operate using harmonics of the void magnetic 

field of a vernier motor. In particular, analytical calculation methods are described 

using the effect of air gap permeance on stator slots on specific harmonics. The 

analytical method was evaluated by comparing the results with 2 -D FEM. A design 

procedure for generating the maximum torque of a surface magnet type vernier motor 

using an analytical calculation method with excellent results was presented, and the 

characteristics of eight vernier motors were analyzed using this method. Finally, using 

the proposed design procedure, a surface permanent magnet vernier linear motor with 

the same dimension as the previously studied motor was designed and the  results were 

compared with each other. The effectiveness of the design methodology was evaluated 

through analysis of the FEM results of the two motors.   
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 Thesis Conclusion 

This paper aimed at mathematical modeling of a magnetic geared motor and vernier 

motor, which are electric motors with a magnetic gear effect. The air gap magnetic field 

distribution is calculated based on the parameters directly used in the design of the 

permanent magnet thickness, slot pitch, gap length, etc., and its excellent results  are 

verified through FEM. 

Chapter 1 describes in detail the magnetic gear, which is a feature of magnetic geared 

motors and vernier motors. First, the magnetic gears were classified and arranged 

according to the operation method from the initial model to the present. Next, the 

operation principle of the magnetic gear driven by the harmonics of the air gap 

magnetic field distribution is briefly described. Finally, the origin and kinds of the 

magnetic geared motor and the vernier motor to be covered in this paper are discussed. 

In Chapter 2, the mathematical modeling of a magnetic geared motor was performed. 

First, the operational principle is described. An analytical calculation method is 

presented reflecting the characteristics of a magnetic geared motor with two rotors and 

pores and expressed in the order. The calculation results were first compared to the 

air gap magnetic field and its harmonics by performing a 2-D FEM. The comparison of 

the magnetic field results in the inner air gap showed excellent results. In the outer 

air gap, it was calculated by the same method as the inner air gap . However, it showed 

a large error. Therefore, reflecting the influence of the permanent magnet of the rotor, 

the fifth harmonic and the twelfth harmonic, which drive the magnetic geared motor, 

showed almost the same results.  

In Chapter 3, mathematical modeling of a surface permanent magnet type vernier 

motor was discussed. First, the characteristics of the air gap permeance varying 

according to the opening ratio of the slot in describing the operation principle of the 

surface permanent magnet type vernier motor will be described. Here, the princip le 

that the change of the air gap permeance significantly affects the harmonics of the 

magnetic field driving the vernier motor will be described. The results calculated by 
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the analytical method are compared with the 2-D FEM. EMF voltage and torque 

according to a various slot opening ratios and thickness of the rotor permanent 

magnets are calculated and displayed graphically and it can be seen that the analytical 

calculation method is superior through the almost same result. Next, the design 

methodology is presented to have the maximum torque of the surface permanent 

magnet type vernier motor using the analytical method. Then, the results of the 2-D 

FEM are obtained for each of 8 vernier motors designed using the design procedure, 

and the results are used to compare the characteristics of the surface permanent 

magnet vernier motor according to the pole ratio and winding pole number.  Finally, the 

surface permanent magnet vernier linear motor was designed through the design 

procedure and evaluated the proposed design methodology by comparing the results 

with the previously studied models.  

This paper has described its features in detail by performing mathematical modeling 

of two types of motors with a magnetic geared effect. In the case of vernier motors, it 

will be possible to reduce significantly the time consumed in designing vernier motors 

applicable to electric automobiles and other industrial electrical machines by the 

suggested design procedure and analytical calculation method.  Thus, it is expected to 

contribute to the technological development of vernier motors and magnetic geared 

motor in the future. 
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