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Abstract
We show that the solution of Schrédinger’s functional equation is measurable in space, kernel
and marginals. As an application, we show that the drift vector of the h-path process with given
two end point marginals is a measurable function of space, time and marginal at each time. In
particular, we show that the coefficients of mean field PDE systems which the marginals satisfy
are measurable functions of space, time and marginal.

1. Introduction

E. Schrodinger considered a probabilistic problem from which he obtained the so-called
Schrédinger’s functional equation (see section 7 in [24] and also [3, 23]). We describe
Schrodinger’s functional equation. Let S be a o-compact metric space, let C(S X §') denote
the space of all continuous functions on S XS with the topology induced by the uniform con-
vergence on every compact subset of S and let P(S') denote the space of all Borel probability
measures on S with the strong topology. Fix a positive function ¢ € C(S X.5). Schrodinger’s
functional equation can be described as follows. For uy, i, € P(S), find a product measure
v1(dx1)va(dx,) of nonnegative o-finite Borel measures on S for which the following holds:

pdx) = @) [ gt
S
(1.1)
pa(dxz) = Vz(dxz)IQ(xl,Xz)Vl(dxl)
S

It is known that (1.1) has the unique solution (see [6, 12] and also [4, 10]).

(1.2) ui(x;) = log(f Q(xl,m)vj(dxj)), Lj=1,2,i# ]
s
Then exp(u(x)) and exp(u»(x)) are positive and

(1.3) wi(dx) = exp(u;(x))vi(dx), i=1,2.
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(1.1) can be rewritten as follows: fori, j = 1,2,i # j,

(1.4) GXP(Mi(Xi))Zj;C](xl,xz)eXP(—Mj(xj))/lj(dxj), ui(dx;) —a.s..

In particular, Schrodinger’s problem (1.1) is equivalent to finding a function u;(x|) + u(x,)
for which (1.4) holds. Since v;(dx;)v,(dx,) is the unique solution of (1.1), it is a functional
of iy, pp and g. Since it is a product measure, v; and v, are also functionals of y;, y, and g
(see the proof of Corollary 2.1 in section 3):

(1.5) vildx) = vi(dx; q, i, pr2), - wi(X) = ui(xX; g, s ), i =1,2.
This does not imply the uniqueness of v; and v,. Indeed, for C > 0,
ViVy = CV] . C_1V2.

Let {A,},>1 be a nondecreasing sequence of compact subsets of S such that § = U, A,.
A; := § when § is compact. We assume that the following holds so that v;, u;, i = 1,2 are
unique:

(16) Vl (Al’lo(y],ﬂz)) = VZ(A'IO(,U],IIZ))’

where no(u1, 1) 1= min{n > 1] 1 (An)ua(A,) > O}

Let M(S) denote the space of all Radon measures on S. In this paper we denote by a
Radon measure a locally finite and inner regular Borel measure. It is known that a locally
finite and o-finite Borel measure on a o-compact metric space is a Radon measure in our
sense (see e.g., p. 901, Prop. 32.3.4in [11]).

In Theorem 2.1, we show that if S is compact, then the following are strongly continuous:

vi(dx; ) 1 C(S XS)XP(S) X P(S) = M(S),

u : C(S XS)XPS)XPS) = C(S),

and u; € C(SXC(S xXS)XP(S)XP(S)). In Corollary 2.1, we also show thatif S is o-compact,
then the following are weakly Borel measurable and Borel measurable, respectively:

vi(dx; ) 1 C(S XS)XP(S) X P(S) = M(S),

U : S XCWIS XS)XP(S)XP(S)— RU {co}.

As an application of this measurability result, we show that the coefficients of the mean
field PDE system which the marginal distributions of the h-path process with given two end
point marginals satisfy are measurable functions of space, time and marginal. To describe
the problem more precisely, we introduce Jamison’s result on SDEs for the h-path process
with given two end point marginals. We first describe assumptions and then state Jamison’s
results.

(AL.l)d > 1 and o(t,x) = (/(t, ) _;, (t,x) € [0,1] x R, is a d x d-matrix. a(t, x) :=
o(t, x)o(t, x)*, (t,x) € [0, 1]xR?, is uniformly positive definite, bounded, once continuously
differentiable and uniformly Holder continuous. D.a(t, x) is bounded and the first derivatives
of a(t, x) are uniformly Holder continuous with respect to x.

(A1.2) b(t, x) : [0,1] x R? > R is bounded, continuous and uniformly Holder continuous
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with respect to x.

Theorem 1.1 ([13], p. 330). Suppose that (Al.1) and (A1.2) hold. Then for any Py €
P(RY), the following SDE has the unique weak solution with a positive continuous transition
probability density p(t, x;s,y), 0 <t < s < 1, x,y € R%:

(1.7) dX(t) b(t,X())dt + o(t, X(0))dW(r), 0<tr<]1,
PX(0)"' = Py
Here W(t) denotes a d-dimensional o[X(s);0 < s < t]-Brownian motion. Besides, for any

Ui, iz € P(RY), and the solution v, of (1.1) with S and q(x,, x,) respectively replaced by R?
and p(0, x1; 1, x2),

(1.8) h(t, x) = f p(t, x; 1, x2)va(dxy) € CH2([0, 1) x RY),
Rd
0 d
(1.9) s A h(t,x) =0, (1,x)€[0,1)x R%
Here

A, = %Trace(a(t, x)D2) + (b(t, x), D,).

Theorem 1.2 (Markovian reciprocal process). ([13], Theorem 2) Suppose that (Al.1)
and (A1.2) hold. Then for any Py, P; € P(R?) for which P\(dy) < dy, there exists the
unique weak solution to the following SDE:

(1.10)  dX(r) = {a(t, X(1))Dy log h(t, X (1)) + b(t, X(1))}dt + o (t, X())dW(r), 0<t<1,
PX(t)y'=P, t=0,1.

Here, to define h(t, x), we consider (1.1) with uy,uz, g(x1,x;) and S respectively replaced
by Py, P1, p(0,x1;1,x2) and RY. W(¢) also denotes a d-dimensional o[X(s);0 < s < t]-
Brownian motion. Besides,

(1.11) PX (1) ' (dx) = (f vi(dx1)p(0, x1;t, x)) ht,x)dx, 0<tr<1,
R
where

f vi(dx1)p(0, x1; 0, x)dx := vi(dx),
R4

va(dx)
dx

Remark 1.1. Replace S by R? in (1.1). Then the following holds (see (1.2), (1.3), (1.8) and
(1.11)): for x € RY,

h(l, x) =f vadx)p(l, x; 1, x7) 1=
Rd

exp{ui (x; p(t, 5 1,-), PX(1)™", Py)}, te[0, D),
va(dx; p(0,-;1,-), Py, PX(1)™")

dx
= exp{—ux(x; p(0, -; t,-), Py, PX(t)‘l)}

(1.12) h(t, x) :=
PX(1)"'(dx)

te(0,1].
e € (0,1]
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As an application of Corollary 2.1 in section 2, we show that
ul(X;p(ta';la')’P’Pl)s te [09 1)3

(1.13) U(t, x, P) :=
r=1

va(dx; p(0, -5 t,-), Py, P)
log dx ’

is a Borel measurable function from [0, 1] x R? x P(R?) to R (see Corollary 2.2). Theorems
1.1 and 1.2 and (1.12)-(1.13) imply that if P(dy) < dy, then p(t,x)dx = PX(t)"'(dx)
satisfies the following mean field PDE system (see [1, 2, 5, 14] and the references therein
for the mean field games and the master equations). For any f € Ci(Rd) and 7 € (0, 1],

(1.14) » J)p(t, x)dx - fR | J©Po(dx)

- f ds f (Ao f(x) + (als, DD U(s, x, PX(s)™), DY (s, dx,
0 RY

and for (7, x) € (0, 1) x R,

-1
(1.15) 0 = aU“’xb’;X(’) ) ¢ AU x PX())

+%(a(r, x)D, U(t, x, PX()™ ), D, U, x, PX()™ ")),

VZ(dX; p(09 5 1a ')7 P07 Pl)
dx ’

Ul x,PX(1)™ = log(

Here we consider U(t, x, PX(¢)™") as a function of (¢, x).
Let y(t; w) denote a progressively measurable R?-valued stochastic process on some fil-
tered probability space and consider the following SDE in a weak sense:

(1.16) dX7 (1) = {y(t; w) + b(t, X' () }dt + o(t, X7 (1))dW (),

provided it exists (see e.g. [8]). Here W(¥) denotes a d-dimensional Brownian motion de-
fined on the same filtered probability space as y(f; w).

It is also known that the h-path process with given two end point marginals is the unique
minimizer of the following stochastic optimal control problem (see [7, 9], [15]-[22], [25],
[26] and the references therein for recent progress, especially for stochastic optimal trans-
port).

Theorem 1.3 ([7], [21], [26]). Suppose that (Al.1) and (A1.2) hold. Then for any
Py, Py € P(RY) for which P\(dy) < dy, y(t;w) = a(t,X?(t))D,log h(t, X" (t)) is the unique
minimizer of the following:

(1.17) V(Po, P1)

|
= inf{E f %kr(t,W(t))—ly(z)|2dz]‘PW(z)—‘=P,,z:0,1}
0

= flogh(l,x)Pl(dx)—f log h(0, x)Py(dx),
R R

provided it is finite (see (1.10) for notation).
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Remark 1.2. A sufficient condition for the finiteness of V(Py, P;) is given in [20] for more
general problems.

Schrédinger’s functional equation (1.1) with g(x, xo) and S respectively replaced by
p(0, x1; 1, xo) and R is equivalent to the Euler equation for V(P, P;). We state and prove it
for readers’ convenience since we could not find any literature (see Proposition 2.1).

In section 2 we state our main results and prove them in section 3.

2. Main results

In this section we state our main results. We first describe assumptions.
(A2.1) S is a compact metric space.
(A2.2) g € C(S x S;(0, 0)).
(A2.1)’ S is a o-compact metric space.

For a metric space X and u € M(X),

(2.1) |lul| := sup {f P(u(dx)|p € C(X), 1Pl < 1} € [0, o],
X

where for f € C(X),

(2.2) Iflleo = Sll)l? Lf(0l.

When S is compact, we have the continuity results on v;, u; in (1.5) (Recall (1.6)).

Theorem 2.1. Suppose that (A2.1) and (A2.2) hold. Suppose also that y;,, p; € P(S),
g € C(S§ x8;(0,00)),i=1,2,n>1and

(2.3) I}i_g}o(”/ll,nﬂln — pip2ll +11gn — glle) = 0.
Then
(24) ,}I_)Ig “Vl('; 4ns H1,ns /JZ,n)VZ('; qns H1.ns ,u2,n)
V1G5 qs s v (s g s p)ll = 0,
2
(2.5) Him " 145 s 1,00 o) = i3 G 1, )l = .
n—oo P

Besides, fori = 1,2, and {x,},>1 C S which converges, asn — oo, to x € S,
(2.6) T w03 Gy Hins Hon) = Ui (X3 G5 11 12).
When § is o-compact, we only have the Borel measurability results on v;, ©; in (1.5).

Corollary 2.1. Suppose that (A2.1)" and (A2.2) hold. Then the following are Borel mea-
surable: fori=1,2,

ff(x)vl-(dx; 5y ) tCS XS)XPE)XPES) =R, feCos),
N

U - S XCWIS XS)XP(S)XP(S)— RU {co}.

As an application of Corollary 2.1, we obtain the following.
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Corollary 2.2. Suppose that (A1.1) and (A1.2) hold. Then U(t, x, P) in (1.13) is a Borel
measurable function from [0, 1] x R x P(RY) to R. In particular, (1.14)-(1.15) hold.

For Py € P(R%) and Borel measurable [ RY — R,

Q2.7) Vi, (f) = sup{ 9 F(x)P(dx) — V(Py,P): P € P(Rd)}

(see (1.17) for notation). Then since P — V(Py, P) is convex, lower semicontinuous and
% oo, for P € P(RY),

(2.8) V(Po, P) = sup{ fR FQP@x) = Vp () f € C,,(Rd)} € [0, 0]

(see [18, 19, 21, 25] and the references therein). The following gives the variational meaning
to Schrédinger’s functional equation.

Proposition 2.1. Suppose that (A1.1) and (A1.2) hold. Then for any Py, Py € P(R?)
for which P\(dy) < dy and for which V(Py, P)) is finite, Schrodinger’s functional equation
(1.1) with uy, po and g(x1, xp) respectively replaced by Py, P and p(0, x1; 1, x,) is equivalent
to the following:
oVp, (logh(l,-)) d

(2.9) Py(dy) = G

Y).

V3, (1) A o
Here T denotes the Gateaux derivative of Vp, (f).

3. Proof of main results
In this section we state and prove lemmas and prove our main results.

inf{g(x1, x2)lx1, x2 € S},

3.1) m,

M

q sup{g(x1, x2)lx1, x2 € S}.

The following two lemmas are proved in [4].

Lemma 3.1 ([4], p. 194). Suppose that (A2.1) and (A2.2) hold. Then, for any u,,u, €
P(S), there exists a unique pair of nonnegative finite measures vy, v, on S for which (1.1)
and the following holds:

1 1
(3.2) \/ﬁq <vi(§) =n(S) < \/7_(],

m M,
(3.3) T < expui(x)) < —=, xeS8,i=1,2

N i
(see (1.2) for notation).

Lemma 3.2 ([4], section 7). Suppose that (A2.1) and (A2.2) hold. Then, there exists
a function c(a,b) which is nonincreasing in a and nondecreasing in b such that for any
Misfii € P(S), i = 1,2,

- L
(3.4) [Viva = sl < c(my, M)luipo — i fiol]?.
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Here v(dx) := vi(dx; q, i1, fi2), i = 1,2 (see (1.5) and (2.1) for notation).
The following lemma can be proved by Lemma 3.1.

Lemma 3.3. Suppose that (A2.1) and (A2.2) hold and that g, € C(S X §;(0,00)), n > 1
and

(3.5) lim [ig, — gll- =0

(see (2.2) for notation). Then, for any u; € P(S), i =1,2,

(3.6) Lim [y, 1vn2 = vivall = 0,

where v, (dx) := vi(dx; qu, 11, 112) (see (1.5) and (2.1) for notation).
Proof. u, ;(x) := u;(x; g, 111, 12). Then, from (1.2)-(1.3),

(3.7) upi(x;) = log (f Qn(xl,xz)vn,j(dxj)), i,j=12,i# ]
s
Vn,i(dx) = eXP(‘”n,i(x))ﬂi(dx), i= 17 2.
. Vni(dx) . . . eqe .
Fori = 1,2, . ) is a tight family of probability measures and {v,;(S)}n>1 is
V”,i n>1

bounded from above and below by (3.2). In particular, there exist {s(n)},>; and a finite
measure v; such that v, ; weakly converges, as n — oo, to v;. From construction, (3.2) with
y; replaced by v; also holds.

(38) ﬁ,’(x,') = log (f q(Xl,XQ)l_/j(de)) , l,] = 1,2,i * ]
S

Then fori =1, 2,

(3.9) vi(dx) = exp(—u;(x))ui(dx).

Indeed, from (3.7),

Vsny.i(dx) — exp(—u;(x))ui(dx) = (eXp(—tty(n),i(X)) — exp(—u;(x)))ui(dx).
Fori,j=1,2,i# jand x; € §,

| exp(utg(nyi(xi) — exp(ui(x)| < ‘ L (Gsiy(x1, X2) — q(x1, X2))V(y, j(dx )

+

fCI(xl L X2)(Vsny, j(dx ;) — vi(dx))
S
< ”qu(n) - 61||o<> X Vs(n),j(S)

fsq(xl L X2) Vs, j(dx;) — vi(dx))

+ -0, n—> o

’

from (3.2) and (3.5). From (3.3),

exp(—s(ny,i(x;) < , n—oo,i=12.

VMqS(n) R \/ﬁq
m my

qs(n)
In particular, the bounded convergence theorem implies that (3.9) is true.
From (3.8)-(3.9),
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(3.10) widx;)

exp(—u;(x;))pi(dx;) exp(u;(x;))

= Vi(dxi)fsq(xl,xz)l_/j(dxj), Lj=1,2,i#j
The uniqueness of the solution to (1.1) implies that
(3.11) vi(dx) = vi(dx), i=1,2

since (3.2) hold for both of ¥; and v;. Since the above method applies for any subsequence
of {gn}n>1, the discussion in (3.9) implies that the following holds:

(3.12) lim [|v,; = vill =0, i=12.
(3.2) and (3.12) completes the proof. ]

We prove Theorem 2.1 by Lemmas 3.1-3.3.
Proof of Theorem 2.1. Lemmas 3.2 and 3.3 imply (2.4). We prove (2.5). Without loss of
generality, we only have to consider the case when i = 1. For sufficiently large n > 1,

(3.13) 21 (5 Gns 105 2,0) — U1 (-5 G, pts 12)loo
VM (1lgn = qlls
< —log{l - —q(— + gllco * V2 (-5 Gns 1 ns 2.0) = V2 (- 5 @, 1, p12)]
mg Vg,

- 0, n—o oo
We prove (3.13). For x € §,
u1 (X5 Gy 10> H2.0) — U1 (X5 G, f1, H2)

| [1 . s @nCx, X2)v2(d2: s pr1 0 p2.0) = J G, xz)Vz(dxz;q,m,,uz))
= Og s
s 4. x2)vadxa: g, py o)

Js an(x, x2)va(dxas Gus s pr2n) = [ @06 x2)v2(dx2; ¢, a1 p12)
J; aCe x2)va(docy; g, py, o)

f (qn(x, x2) = q(x, X2))v2(dX25 Gy 1 15 M2,1)
S

}

+ ”CI”oo . HVZ(' ;q;zvﬂl,mﬂZ,n) - VZ(' ;CI,,ul»/JZ)H)

e
s 4G x2)va(doa: g, oy, o)

+

f q(x, x2)(Va(dx25 Gns 1 0> M2,0) — Va(dX25 q, 1, 142))
S

qu(Ian — gl
g Vg,
from (3.2)-(3.3). The following also holds:

IA

}Lrgo V25 Gns 1y Ho0) — V2 (-5 @, p1, 2l = 0.

Indeed, for f € C,(S) for which ||f||. < 1, from (2.4) and (3.2),

ff(x)(vz(dx; Gns M1 s M2.0) — V2(dX; q, p1, 12))
s
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1
= : f FON OS2, 12.0) V2 G 11,15 12.0)
Vi(S Gns 1 H2n) s

—Vi(S:5q, 1, u2)va(dx; g, pa1, f12))
+ (V1(S5 s t1s 12) = Vi(S5 Gus s H2)) V2(dX; @, i1, 1))

IA

\/Mq,l{”Vl(' 5 Gns M1 s M2,)V2 (5 Gns s M2,0) — V15 @y 1, ) va (e 5 q, s o)

+

| 1
ViS5 11, 12)v2(S 3 @ a1, 112) = AVICS 5 Qs 115 2.0)V2(S 5 Guos 1 s H2.0) —}
VMg

- 0, n—o oo
The following completes the proof of (3.13):
log(1 —la]) < log(l + a) < log(1 + |a]) < —log(1l —|al), |la] < 1.

We prove (2.6). From (2.5), we only have to prove the following: fori = 1,2, and {x,},>1 C
S which converges to x € S asn — oo,

(3.14) Tm ui(xas g, 1, p2) = Ui(X3 g, s o)
This can be proved by the bounded convergence theorem. O

For puy, iz € P(S),

W(ENA)
3.15 in(E) i= ——,
(.1) HinlE) == )

where B(S) denotes the Borel o-field of S (see (1.6) for notation). When we replace X and
S by A, in (2.1)-(2.2) and (3.1), we use notations || - ||, || - llco,n, g, and M, instead of || - ||,
II - [leos 74 and M, respectively. We use a similar convention when it is not confusing.

We introduce and prove two lemmas to prove Corollary 2.1.

E € B(S), n>no(u,p2),i=1,2,

Lemma 3.4. Suppose that (A2.1)" and (A2.2) hold. Then, for any u;, u, € P(S) and any
k > no(ui, u2), there exists a unique pair of nonnegative finite measures vy, vy on Ay for
which Lemma 3.1 with S, mg, My, p;, vi, u;, i = 1,2 replaced by Ay, mgx, My, ik Vi Uik
i = 1,2 respectively holds. Suppose, in addition, that u;, € P(S), g, € C(S X §;(0, 00)),
i=1,2,n>1and

,}LI?O (et mptzn = piplle + 11gn = qlloos) = 0.

Then (24)_(26) hOZd even l..fvi: Mi,n» Mi, || : ||) u;, ” N ||OO and S is replaced by Vi\k» ﬂi,n|k» ,ui|k’
I e tties || - lloo x and Ay, respectively.

Proof. Theorem 2.1 and the following completes the proof:

le1 npt2,n — papolli
i (Apa(Ay)

(3.16) et et e — Hipiowlle < 2
(3.16) is true, since

M (dx D (dx2) — p(dxy)pop(dxs)

1

) m{(ﬂl,n(dxl 2 (dx2) = i (dx1)ua(dx,))
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M1 (A2 (Ar) = 1 (A2, (Ag)
+ : : L(dx 2(dxo)y.
11 A2 (A) Hia (o ()
O
For any py, 1o € P(S) and any n > no(uy, (o),
(3.17) w"(dxidxy) = q(x1, x2)1a,xa, (X1, X2)V1j(dx1)vo(dxs).

The following is known.

Lemma 3.5 ([12], Theorem 3.2). Suppose that (A2.1)" and (A2.2) hold. Then for any
i € P(S), i = 1,2, there exists a unique solution vi(dx;)v2(dx,) to (1.1) and u"™ (dx,dx;)
weakly converges, as n — oo, to u(dx1dx;) := q(x1, x2)vi(dx;)va(dxy).

By Lemmas 3.4 and 3.5, we prove Corollary 2.1.

Proof of Corollary 2.1.  Without loss of generality, we only have to prove the case
when i = 1. From Lemma 3.4, for any n > 1, fos f(x1, x2)u"™(dx dx>) is continuous in
(f,q, i1, 12) on the open set

Cp(S X §) X C(S X §) X {(u1, u2) € P(S) X P(S)Ino(par, p2) < n}

(see (1.6)). Notice that ng(u;, tp) < n if and only if w;(A,)u2(A,) > 0. From Lemma 3.5,
fo S f(x1, x2)u(dxdx;) is measurable in (f, g, 11, 12). The following implies the first part of
Corollary 2.1: for f € C,(S) and x € R,

{(q,ul,ﬂz) € C(S x8)xP(S) X P(S)

ff(xl)vl (dx15q, 11, o) < x}
S

= U{(C],M,#z) € C(S X 8) X P(S) x P(S) |no(u1, 12) = k,
k=1

Jssen, LG, x2)™ ildxrdeas g, s a2) }
< X/.

\/LkXAk q(xl ’ XQ)_][J(dX] dXZ; q, 1 ,IJZ)

For any x € S and ¢, € C,(S) for which 0 < ¢, < 1 and ¢,(y) = l,y € A,
fs dn(x2)g(x, x2)v2(dx,) is measurable in (g, u;, () in the same way as above and is contin-
uous in x. In particular, it is measurable in (x, g, i1, tt») and so is the following: by Fatou’s
lemma,

exp(u(x)) = lim f Gn(x2)q(x, x2)v2(dx2).
n—oo0 S

Corollary 2.1 immediately implies Corollary 2.2.
Proof of Corollary 2.2. Since p(t,-; 1, -) is continuous on [0, 1) from Theorem 1.1,

(t,x,P,Py)— (x,p(t,-;1,-), P, Py)

is continuous on [0, 1) X RY x P(RY) x P(R?), which implies the measurability of U(z, x, P).
It is easy to see that (1.14) - (1.15) hold. m]
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We prove Proposition 2.1.
Proof of Proposition 2.1.

6Vp,(log (1, -))

(3.18) 5F

Indeed, for any € C,(R?) and & € R, instead of P, consider Schrodinger’s problem (1.1)
with S, u1, up and g(x1, x,) respectively replaced by R4, Py, u® and (0, x1; 1, x»), where for
f € Cy(RY)

P()(dx)

(dy) = h(1, y)dy fR 0L,

p0,x;1,y)
Jro PQO. x: 1, 2)h(1, 2) exp(f(2))dz
(see (1.1)-(1.4)). Then, from Theorem 1.3 and (2.8) (see e.g. [7, 26] and also [21]),

Vi, (logh(1,) + &)

= fR , log ( fR | PO, x; I, yh(1, y) exp(ey(y)) dy) Po(dx)

/) = Loy [ o)

(see (1.8)). This implies (3.18). From (1.8),

Poy(dx)
K0, x)

(3.18) and (3.19) completes the proof. O

(3.19) Po(dx) = ( fR L y)dyp 0, x; l,y))
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