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Abstract
Let T (X) be the Teichmüller space of a closed surface X of genus g ≥ 2, C(X) be the space of

geodesic currents on X, and L : T (X)→ C(X) be the embedding introduced by Bonahon which
maps a hyperbolic metric to its corresponding Liouville current. In this paper, we compare
some quantitative relations and topological behaviors between the intersection number and the
Teichmüller metric, the length spectrum metric and Thurston’s asymmetric metrics on T (X),
respectively.

1. Introduction

1. Introduction
We fix some notations first, for details see Section 2 and the references therein. Let X

be a closed surface of genus g ≥ 2, T (X) the Teichmüller space of X, and C(X) the space
of geodesic currents on X. Let i : C(X) × C(X) → R be the intersection number between
geodesic currents, which is the generalization of geometric intersection number between
(homotopy classes of) closed curves. It turns out that (see, e.g. [4, 5, 11]) much information
about C(X), such as the topology of C(X), is governed by the intersection number. In [4],
Bonahon established an embedding L : T (X) → C(X) of the Teichmüller space into C(X),
which maps a hyperbolic metric to the corresponding Liouville current. Moreover, Bonahon
[4] was able to rebuild the Weil-Petersson metric and Thurston’s compactification of the
Teichmüller space with the aid of the intersection number between geodesic currents. In this
paper, we make an attempt to study some aspects of the Teichmüller space by the intersection
number, via Bonahon’s embedding. We are mainly concerned with quantitative comparisons
and topological behaviors of the intersection number and some metrics on T (X).

There are many interesting metrics on T (X), among them we have the Teichmüller metric
dT , the length spectrum metric dL and Thurston’s asymmetric metrics dPi , i = 1, 2. These
metrics have been studied by many authors [1, 2, 6, 7, 8, 9, 12, 13, 14, 15, 16, 17]. As our
first result, we describe some quantitative comparisons between the intersection number and
these metrics as follows.

Throughout the paper, for notational convenience, we will frequently denote L(ρ) by Lρ
for ρ ∈ T (X).
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Theorem 1.1. Let σ and ρ be two points in T (X), then

i(Lσ, Lρ) ≤ π2|χ(X)|edPi (σ,ρ)

≤ π2|χ(X)|edL(σ,ρ)

≤ π2|χ(X)|edT (σ,ρ), i = 1, 2,

where χ(X) is the Euler characterization of X.

Let {ρn}∞n=0 be a sequence in T (X). Theorem 1.1 implies that if i(Lρn , Lρ0 ) → ∞ (n →
∞), then each of the corresponding distance sequences (w.r.t. dT , dL and dPi , i = 1, 2,
respectively) will tend to infinity. Our second result implies that the converse to this is also
true.

Theorem 1.2. Let {ρn}∞n=0 be a sequence in T (X), then

i(Lρn , Lρ0 )→ ∞⇔ dT (ρn, ρ0)→ ∞
⇔ dL(ρn, ρ0)→ ∞
⇔ dPi(ρn, ρ0)→ ∞, i = 1, 2, n→ ∞.

Remark 1.3. In contrast to Theorem 1.1 and Theorem 1.2, we note that there do not exist
inequalities which are inverse to those in Theorem 1.1. More precisely, none of edT , edL ,

edP1 and edP2 is bi-lipschitz to the intersection number. The reasoning of this observation is
a little bit lengthy, we postpone the details to Section 5.

If a sequence {ρn}∞n=0 leaves every compact subset in T (X), we say it goes to infinity in
T (X). Note that this happens precisely when dT (ρn, ρ0) → ∞ as n → ∞. In particular,
Theorem 1.2 provides equivalent characterizations for a sequence to go to infinity in T (X),
leading to the following direct corollary which was proved in [8, Theorem 2.25].

Corollary 1.4. Let { ρn}∞n=0 be a sequence in T (X). As n → ∞, if one of dT ( ρn, ρ0),
dL( ρn, ρ0) and dPi( ρn, ρ0) (i = 1, 2) tends to infinity, then so do the others.

Finally, as applications of Theorem 1.1, we make descriptions of various convergences in
T (X).

Corollary 1.5. Let { ρn}∞n=0 be a sequence in T (X), then

Lρn → Lρ0 ⇔ dPi( ρn, ρ0)→ 0, i = 1, 2, n→ ∞.
As a consequence of this corollary, we have the following

Corollary 1.6. Let { ρn}∞n=0 be a sequence in T (X), then

i(Lρn , Lρ0 )→ i(Lρ0 , Lρ0 )⇔ dT ( ρn, ρ0)→ 0

⇔ dL( ρn, ρ0)→ 0

⇔ dPi( ρn, ρ0)→ 0, i = 1, 2, n→ ∞.
Remark 1.7. Corollary 1.6 provides an approach to the topological equivalence of the

Teichmüller metric, the length spectrum metric and Thurston’s asymmetric metrics, which
was studied in [2, 6, 12, 14], etc.
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2. Preliminaries

2. Preliminaries2.1. Metrics on Teichmüller space.
2.1. Metrics on Teichmüller space. Let X be a closed surface of genus g ≥ 2. The Te-

ichmüller space T (X) is the space of equivalence classes [S , f ] of marked Riemann surfaces,
where two marked Riemann surfaces (S 1, f1 : X → S 1) and (S 2, f2 : X → S 2) are equivalent
if there exists a conformal mapping h : S 1 → S 2 which is homotopic to f2 ◦ f −1

1 . By the uni-
formization theorem, T (X) can also be viewed as the space of isotopy classes of hyperbolic
metrics on X, where two hyperbolic metrics are isotopic if there exists an isometry between
them which is isotopic to the identity.

The Teichmüller metric is defined by [1]

dT ([S 1, f1], [S 2, f2]) = log{inf K( f )},
where the infimum is taken over all f : S 1 → S 2 in the homotopy class of f2 ◦ f −1

1 , and K( f )
is the maximal dilatation of f .

For a Riemann surface S , let γ ⊂ S be a (homotopy class of an) essential closed curve
and lS (γ) be the hyperbolic length of γ. Let ΣS be the set of homotopy classes of essential
closed curves on S . The length spectrum metric dL is defined as [13, 14]

dL([S 1, f1], [S 2, f2]) = log sup
γ∈ΣS 1

{ lS 2 ( f (γ))
lS 1 (γ)

,
lS 1 (γ)

lS 2 ( f (γ))
},

where f = f2 ◦ f −1
1 .

Thurston’s asymmetric metrics dP1 and dP2 are defined as (see [17])

dP1 ([S 1, f1], [S 2, f2]) = log sup
γ∈ΣS 1

{ lS 2 ( f (γ))
lS 1 (γ)

}

and

dP2 ([S 1, f1], [S 2, f2]) = log sup
γ∈ΣS 1

{ lS 1 (γ)
lS 2 ( f (γ))

},

where f = f2 ◦ f −1
1 . Both dP1 and dP2 satisfy the positive definiteness and triangle inequality

in the definition of a metric [17]. However, as observed by Thurston [17], they are not
symmetric. In [7], dPi (i = 1, 2) is also called Thurston’s pseudometric.

The classical Schwarz lemma implies that a conformal mapping preserves hyperbolic
lengths. The length spectrum metric and Thurston’s asymmetric metrics reveal the extent to
which the converse to the Schwarz lemma holds.

The following distortion result of Sorvali and Wolpert is well-known.

Lemma 2.1 ([13, 18]). Let f : S 1 → S 2 be a K-quasiconformal mapping between
hyperbolic Riemann surfaces, then

lS 2 ( f (γ))
lS 1 (γ)

≤ K( f )

holds for all closed curves γ ⊂ S 1.

From this lemma and the definitions, one gets directly a comparison of the above metrics.
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Lemma 2.2.

dPi ≤ dL ≤ dT , i = 1, 2

2.2. Geodesic current, intersection number and Bonahon’s embedding.
2.2. Geodesic current, intersection number and Bonahon’s embedding. Following

[4], we introduce the concept of geodesic currents. Let S be a Riemann surface, and p :
S̃ → S be the universal covering of S with the induced hyperbolic metric on S̃ (thus making
S̃ isometric to the Poincaré upper half plane H). Let S 1∞ be the circle at infinity of S̃ ,
and denote by (S̃ ) the space of un-oriented geodesics on S̃ . Then (S̃ ) is homeomorphic
to the open Möbius band (S 1∞ × S 1∞ − 
)/ ∼, where 
 ⊂ S 1∞ × S 1∞ is the diagonal and
(θ1, θ2) ∼ (θ2, θ1). The fundamental group π1(S ) acts isometrically on S̃ and hence on (S̃ ).
A geodesic current on S is defined to be a positive Borel measure on (S̃ ) which is π1(S )-
invariant and locally finite.

The space (H) of geodesics on H has a canonical measure which is known as the Liou-
ville measure. For a hyperbolic metric ρ ∈ T (X) which is represented by a Riemann surface
S , its Liouville current Lρ is defined by considering the isometry from S̃ to H and the corre-
sponding pull-back of the Liouville measure. Bonahon [4, Propositions 14 and 15] showed
that

(2.1) i(α, Lρ) = lρ(α)

and

(2.2) i(Lρ, Lρ) = π2|χ(X)|
hold for every closed curve α and ρ ∈ T (X).

The notion of geometric intersection number between (homotopy classes of) two essential
closed curves plays an important role in Teichmüller theory and related topics. It extends
[4] naturally to the notion of intersection number between two geodesic currents. Actually,
if we let (X) be the space of homotopy classes of closed curves and C(X) be the space of
geodesic currents on X endowed with the weak∗ topology, then

Theorem 2.3 ([3, 4]). Both (X) and T (X) embed into C(X).

The embedding of (X) to C(X) is given by considering the Dirac measure, and the em-
bedding of T (X) to C(X) is given by the mapping L : T (X)→ C(X) which maps a hyperbolic
metric ρ to its Liouville current Lρ.

Theorem 2.4 ([3, 4]). There is a continuous, symmetric, bilinear extension of the inter-
section number from i : (X) × (X)→ R to i : C(X) ×C(X)→ R.

Recall that a measure has full support if its support is the entire space, or equivalently if
every non-empty open subset has positive measure. As is well-known, it follows from the
definition that Liouville currents for hyperbolic metrics have full support. A geodesic current
μ ∈ C(X) binds [4, 10] if every geodesic on the universal covering X̃ intersects transversely
a geodesic in the support of μ, or equivalently if i(μ, ν) > 0 for every ν ∈ C(X), ν � 0.
Therefore, for any ρ ∈ T (X), the Liouville current Lρ binds.

In the sequel, we will not distinguish a closed curve γ ∈ (X) from its image in C(X),
and we will use the same symbol γ to denote each of them. We will also abuse the notations
L(ρ) and Lρ for ρ ∈ T (X).
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By virtue of the intersection number, Otal [11] give a criterion on separation of points in
C(X).

Theorem 2.5 ([11]). Let μ1, μ2 ∈ C(X). Then μ1 = μ2 if and only if i(μ1, γ) = i(μ2, γ) for
every γ ∈ (X).

The following interesting result of Thurston simplifies Otal’s criterion (Theorem 2.5) on
separation of points in T (X) and also in L(T (X)).

Theorem 2.6 ([4]). Let σ and ρ be two points in T (X). Then

i(Lσ, Lσ) ≤ i(Lσ, Lρ).

Furthermore, equality holds if and only if σ and ρ represent the same point in T (X).

As a corollary to this theorem, we have

Corollary 2.7. Let {ρn}∞n=0 be a sequence in T (X). Then Lρn → Lρ0 if and only if i(Lρn , Lρ0 )
→ i(Lρ0 , Lρ0 ), n→ ∞.

To see this corollary, for one thing, if Lρn → Lρ0 , then from the continuity of the in-
tersection number, i(Lρn , Lρ0 ) → i(Lρ0 , Lρ0 ), n → ∞. For the other, suppose i(Lρn , Lρ0 ) →
i(Lρ0 , Lρ0 ), n→ ∞.By a result of Bonahon [4, Proposition 4], since Lρ0 binds, these ρn lie in a
compact subset of T (X). Let λ0 ∈ T (X) be the limit point of ρn. Then i(Lλ0 , Lρ0 ) = i(Lρ0 , Lρ0 ).
But Theorem 2.6 implies that the only possibility is λ0 = ρ0. Hence ρn → ρ0 and Lρn → Lρ0 ,

n→ ∞.

3. Proof of Theorem 1.1

3. Proof of Theorem 1.1
Proof. From Lemma 2.2, we only need to show

i(Lσ, Lρ) ≤ π2|χ(X)|edP2 (σ,ρ),

while the case for dP1 follows from the symmetry of the intersection number.
By (2.1) and the definition of dP2 ,

i(Lσ, γ)
i(Lρ, γ)

≤ edP2 (σ,ρ)

holds for any closed curve γ. Together with the continuity and linearity of the intersection
number, it follows from the density (see, e.g. [4]) of weighted closed curves in C(X) that

i(Lσ, μ)
i(Lρ, μ)

≤ edP2 (σ,ρ)

holds for any μ ∈ C(X). In particular, the above inequality holds for μ = Lρ. The proof
follows in view of (2.2). �

We record the following corollary for later use.

Corollary 3.1. Let {ρn}∞n=0 be a sequence in T (X). If i(Lρn , Lρ0 ) → ∞, then each of the
sequences {dT (ρn, ρ0)}∞n=0, {dL(ρn, ρ0)}∞n=0 and {dPi(ρn, ρ0)}∞n=0 (i = 1, 2) will tend to infinity
as n→ ∞.
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4. Proof of Theorem 1.2

4. Proof of Theorem 1.2
To prove Theorem 1.2, we need the following lemma which is converse to Corollary 3.1.

Lemma 4.1. Let { ρn}∞n=0 be a sequence in T (X). If one of dT ( ρn, ρ0), dL( ρn, ρ0) and
dPi(ρn, ρ0) (i = 1, 2) tends to infinity as n→ ∞, then i(Lρn , Lρ0 ) tends to infinity as n→ ∞.

Proof. By Lemma 2.2, it suffices to prove the implication that dT ( ρn, ρ0) → ∞ implies
i(Lρn , Lρ0 ) → ∞, n → ∞. If dT ( ρn, ρ0) → ∞, then ρn leaves every compact subset in T (X).
Hence under the embedding L : T (X)→ C(X), Lρn leaves every compact subset in C(X).We
claim that i(Lρn , Lρ0 ) → ∞ as n → ∞. To see this, assume the contrary that i(Lρn , Lρ0 ) ≤ M
for some constant M, for all n. Then all the Lρn are contained in the subset

(4.1)  = {μ ∈ C(X) : i(μ, Lρ0 ) ≤ M}.
Because Lρ0 binds, from (4.1) and a result of Bonahon [4, Proposition 4],  is a compact
subset in C(X). Consequently, all the points ρn lie in a compact subset in T (X), a contradic-
tion. �

Proof of Theorem 1.2. The proof is a combination of Corollary 3.1 and Lemma 4.1. �

5. Explanation to Remark 1.3

5. Explanation to Remark 1.3
In this section, we give the promised explanation to Remark 1.3 in the introduction. Re-

call that Remark 1.3 asserts none of edT , edL , edP1 and edP2 is bi-lipschitz to the intersection
number.

In [6], Li showed the existence of two sequences {σn}∞n=1 and {τn}∞n=1 in T (X), such that as
n→ ∞,

dL(σn, τn)→ 0, while dT (σn, τn)→ ∞.
In view of Theorem 1.1, this implies edT is not bi-lipschitz to the intersection number.

Liu [7] proved that Thurston’s asymmetric metrics dP1 and dP2 are not bi-lipschitz to
each other, and that the length spectrum metric is not bi-lipschitz to Thurston’s asymmetric
metrics. Following the proof in [7] with very slight modification, it can be easily shown that
dP1 is not (1, k)-quasi-isometric to dP2 for any constant k, where two metrics d1 and d2 are
(l, k)-quasi-isometric if

l d2(·, ·) − k ≤ d1(·, ·) ≤ l d2(·, ·) + k.

Suppose edP1 is bi-lipschitz to the intersection number. It then follows from Theorem 1.1
that there exists some k such that

dP1 (σ, ρ) ≤ dP2 (σ, ρ) + k

holds for σ, ρ ∈ T (X). Since by the definitions dP1 (σ, ρ) = dP2 (ρ, σ), we deduce from the
above inequality that dP1 and dP2 are (1, k)-quasi-isometric, a contradiction. This shows edP1

is not bi-lipschitz to the intersection number. By the symmetry of the intersection number
and the equality dP1 (σ, ρ) = dP2 (ρ, σ), it follows that edP2 is not bi-lipschitz to the intersection
number.
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Finally, suppose edL is bi-lipschitz to the intersection number. Again from Theorem 1.1,
we infer that edP1 is bi-lipschitz to the intersection number, a contradiction.

6. Proofs of Corollary 1.5 and Corollary 1.6

6. Proofs of Corollary 1.5 and Corollary 1.6
Proof of Corollary 1.5. We will show

dP1 (ρn, ρ0)→ 0⇔ Lρn → Lρ0 ,

while

dP2 (ρn, ρ0)→ 0⇔ Lρn → Lρ0

can be proved similarly.
First, suppose

dP1 (ρn, ρ0)→ 0, n→ ∞.
By (2.2), Theorem 2.6 and Theorem 1.1, we have

π2|χ(X)| ≤ i(Lρn , Lρ0 ) ≤ π2|χ(X)|edP1 (ρn,ρ0).

Thus

lim
n→∞ i(Lρn , Lρ0 ) = i(Lρ0 , Lρ0 ).

We conclude from Corollary 2.7 that

Lρn → Lρ0 , n→ ∞.
Conversely, suppose

Lρn → Lρ0 , n→ ∞.
From the embedding L : T (X)→ C(X) it follows that

dT (ρn, ρ0)→ 0, n→ ∞.
By Lemma 2.2, this implies

dP1 (ρn, ρ0)→ 0, n→ ∞.
�

Proof of Corollary 1.6. From Corollary 2.7 and the embedding L : T (X) → C(X), we
know

i(Lρn , Lρ0 )→ i(Lρ0 , Lρ0 )⇔ dT (ρn, ρ0)→ 0, n→ ∞.
By Corollary 1.5 and Corollary 2.7,

i(Lρn , Lρ0 )→ i(Lρ0 , Lρ0 )⇔ dPi(ρn, ρ0)→ 0, i = 1, 2, n→ ∞.
In view of Lemma 2.2, we conclude
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i(Lρn , Lρ0 )→ i(Lρ0 , Lρ0 )⇔ dL(ρn, ρ0)→ 0, n→ ∞.
�
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151–162.
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