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1. Introduction

Let L"(q)=S**/Z, be the (2n+1)-dimensional standard lens space mod
g. As defined in [7], we set

Ly =Lg),
L2 = {[zy, -+, 2,]€L"(q)| 2, is real and 2,=0} .

(1.1)

In the previous paper [10], we determined the J-groups J(S’(L"/L%)) of the
suspensions of the stunted lens spaces L7 /Lj; for g=4 and for j=1 (mod 2).
The purpose of this paper is to determine the KO- and J-groups of suspensions
of stunted lens spaces mod 8.

This paper is organized as follows. In section 2 we state the main theorems:
the structures of K~O(Sj(L§”/L§)) and J(S/(L¥/L%)) for j=0 (mod 2) are given
in Theorems 1 and 2 respectively. In section 3 we prepare some lemmas and
recall known results in [8], [9] and [11]. By virtue of the results in [8], the
proofs of Theorems 1 and 2 for the case j=0 (mod 4) are given in section 4.
Applying the method used in the corresponding parts of [10], we prove Theo-
rems 1 and 2 for the case j=2 (mod 4) in the final section.

The authors would like to express their gratitude to Professor Michikazu
Fujii, Professor Teiichi Kobayashi and Professor Hideaki Oshima for helpful
suggestions.

2. Statement of results

We prepare functions hy, k,, 3, hy, ay, a,, as, a,, as, a5 and a, defined by

hy(n) = [n4]+[(n+7)/8]+[(n+4)/8]
hy(n) = [n]4]+[(n+7)/8]+[n/8]4-1
hy(m, n) = [m[4]—[n/4]

hy(m, n) = [m[8]—[n/8] .

(2.1)
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a(m, n) = hy(m)—[(n+1)/4]—[(n+1)/8] —[(n+6)/8]+1

a(m, n) = hy(m, n+41)

ay(m, n) = hy(m—2, n+45)

(2.2) < a,(m, n) = h,(m,n+7)

ag(m, n) = ay(m, n)—[(m~+4)/8]4-[m/[8]

ag(m, n) = [(m-+4)[8]4-[(m—2)/8]—[(n+1)/4]

a(m, n) = 2[(m+-4)/8]—[(n+5)/4] .

Let Z/k denote the cyclic group Z/RZ of order k. For an integer n, G(n) de-
notes the group defined by

Z28Z]2 (n=1 (mod 8))
(2.3) G(n) ={Z]2 (=0 or 2 (mod 8))
0 (otherwise) .
Theorem 1. Let j, m and n be non-negative integers with j =0 (mod 2) and
m>n.
(1) Suppose j=0 (mod 4).
i) If n%3 (mod 4) and m=4[(n+j-+15)/8]4-2[(n—j)/4], then we have

I?O(S"(Lg'/Lg)) = @i, Z[2eimtinth
ii) If n=3 (mod 4) and 4 [(n-+j+-15)/8]4-2[(n—j)/4]>m>n, then we have

Z/2a,(m+i,n+i) (m=4 [n/4]+4-)

Z2BZ|2 (n+j=0 (mod 8) and n+4>m=n-2)

Z)2 (ky(n+j+6, n+j) = [m[2]—[(n+1)/2] = 0)
0 (otherwise) .

KO(S/(Ly/L7)) =

iii) Ifn=3 (mod 4), then we have
~ ZDOKO(S/(L2 L)) (m=n+2)
(T ™I ~
KOS LaL) = | 5, ot 1).
(2) Suppose j=2 (mod 4).
1) If m=8[(n+j+15)/8]—j+2, then we have
K’\(‘)(S"(L'S”/LZ)) e Z[2hamrimti=0 @yl Z[2mimti=tinti-tiss))
DG(m+j)DH(n+j),

where G(m) s the group defined by (2.3) and H(n) is the group defined by
z (n=3 (mod 4))

Hm) = { G(n) (otherwise).



J-GROUPS OF SUSPENSIONS 205

i) If 8[(n+j+15)8]—j+2>m26[(n+;+7)/8]+2 [(n+j+1)/8]—j+4,

then we have
Kb( SIHLRILY)) a2 Z[2bsm+iinti-0 @y Z [2haimti=tmti+)
DG\(m+j)DOH\(n+j),
where Gy(m) is the group defined by

Z4DZ[2 (m =1 (mod 8))
(2.4) Gy(m) = {2/4- (m = 0 (mod 8))
G(m) (otherwise)
and H\(n) is the group defined by
Hym) = {21(2—11) E:th:er:vii;()d K

iil) If 6 [(n+j+7)/8]42 [(n+j+1)/8] —j+4>m=n-+3, then we have
KO(S(LE|L3) = Gym-+j)®H,(n+j)
where Gy(m) is the group defined by

Z[8BZ[2 (m =1 (mod 8))
Gy(m) = {Z/8 (m = 0 (mod 8))
G(m) (otherwise) ,
and H,(n) is the group defined by
Hyn) = {Z (n = 3 (mod 4))
z G,(2—n) (otherwise)

iv) If n+3>m>n, then we have KO(S/(L?|L3))=KO(L+|L3*).

ReMaRrk. (1) Combining this theorem with [13, Theorem 2], we obtain
the complete results for the groups K’\é(Si (L% [LE)).
(2) The partial results for the case #=0 of this theorem have been obtained
in [8].

Let »,(s) denote the exponent of the prime p in the prime power decom-
position of s, and m(s) the function defined on positive integers as follows (cf.

[3D):

0 (p * 2and s = 0 (mod (p—1)))
I1+v,(s) (p #+ 2ands = 0 (mod (p—1)))
me) = { | -
p=2and s % 0 (mod 2))

24wy s) (p=2ands = 0 (mod 2)).
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In order to state the next theorem, we set

min {v+h(n+9, n—3), a\(m+j,n+j5)} (j = 4 (mod 8))
min {v+A4,(n+9, n—2), as(m, n)} (otherwise)

min {v+hy(n+3,n—7), a(m, n)} (j = 4 (mod 8))
min {v~+h,(n+5, n—7), ag(m, n)} (otherwise)

min {p+1, ay(m-+j, n+j)} (j = 4 (mod 8))
min {v+1, a,(m, n)} (otherwise) ,

b mm) = {
@) { bG.mm - |

b mm) = |

where » is the integer defined by

= G+0
m (G=0).

Main result is the following theorem.

Theorem 2. Let j, m and n be non-negative integers with j=0 (mod 2) and
m>n.
(1) Suppose j=0 (mod 4) and n=£3 (mod 4).

i) If m=2 (/4] +4 081464y, j—4) (2, (n—2, n-+4)—4a,(n, ), then
we have

. (Pi, Z[280m\DZ[2 (n = 2+2h,(j+4,7) (mod 8))
S’(Lg[L3)) == .

]( ( 8/ 8)) { :l?=l Z/zb,.(J,m,n) (otherwise) .

i) If 2[n/4]+4[n/8]+6-+h,(j, j—4) (2h,(n—2, n+4)—4a,(n, n))>m>n,
then we have
Z289mDZI4  (hy(n+j+5, n+j—2) = hy(m, n+6) = 0)
Z/8 (hy(n+j+6, n+j—1) = hy(m, n+3) = 0)
KO(S/(Ly|L1))  (otherwise) .
(2) Suppose j=n+1=0 (mod 4). Set M=wm((n-+j+1)/2) and b,=b(j, m,n)
(1=:53).

i) If m=n+2h(j+4,j) hy(n+1, n)+5, then we have
Z2:MPZ[2PZ[25DZ[2 (j(n+1) = 4 (mod 8))
Z2:M P Z |2t PZ |25+ 2P Z[2's  (otherwise) ,

J(S/(LE/L3)) =

T =~ {
where 1y, 1,, 13, ¢;, ¢, and c; are integers defined by

. { min {b,, v,(n+1)—1} (n+j = 7 (mod 8))

| min {b,, vy(n+1)} (n+j = 3 (mod 8))

. { min {b,, v,(n+1)—2} (n+j = 7 (mod 8))
| min {8, vy(n+1)—1} (n+j = 3 (mod 8))
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(2.6) . (min {by, ny(n+1)—2} (j = n—3 = 4 (mod 8))
13 =

b, (otherwise)
¢ = max {b,—i,| 1=Sk=3}
¢; = min {b,—1,| 1=Sk=<3}

= (B bh—1)—c,—c5 .
i) If n4-2h,(j+4,j) hi(n+1, n)+5>m>n, then we have

Z)2 MBZ|2

(m=n+5)
J(SILrLY) = | ZIMSKO(S (LY L) (n+5>m>n+1)
zZIM (m = n+1),

where b=>5, and i=min {b, v,(n+1)}.
(3) Suppose j=2 (mod 4) and n1 (mod 4).

i) If m=8[(n+17)/8]+h(j+4,7) (6h(n—2, n+1)+2h(n—6, n+9)), then
we have
Z|2DZADZ 2B G(n+j)DG(m-+j)

(h(n+5—2hy(j,j—4), n—2) = 0)
Z|2*DZ[|8DG(n+j)DG(m+j) (otherwise),

J(S/(L3|L3)) =

where b=>by(j, m+-2, n) and G(m) is the group defined by (2.3).
i) If 8[(n+17)/8]+h,(j+4, j) (6hy(n—2, n+1)4-2h,(n—6, n+9))>m=
8[(n+2)/8]+4 10, then we have
ity — | ZAPZ2OG(m+j)  (h(n+5—2h(j,j—4),n—2) = 0)
TSI = { 7506144, 1)@ 1) othrs)

where G,(m) is the group defined by (2.4).
iii) If 8 [(n+42)/8]4-10>m>n, then we have

J(S/(Lg|Ly)) = KO(S/(Ly /L)) .

(4) Suppose j=n+1=2 (mod 4). Set M=m((n+j+1)/2).
i) If m=8 [n/8]+42h,(j, j—4)+ 14, then we have

rmiren o | ZI2MOZADZ2®G(m+j) (n=1(mod 8))
J(S' (L3 L3) = {Z/4MEBZ/2”EBZ/263G(m+j) (n =5 (mod 8)),
where b="by(j, m+2, n) and G(m) is the group defined by (2.3).
i) If 8[n/8]+14+2k,(j, j—4)>m=4h,(j+4,7) hy(n—4, n)+8 [#/8]+10,

then we have



208 S. K6no aND A. TAMAMURA

Z2MBZ|4DG(m+j) (j =n+1= 2 (mod 8))
Z) 2" MPZ2DGy(m+j) (j=n—3 =2 (mod 8))
Z2°MPZ4ADG(m+j) (j=n+5= 6 (mod 8))
Z2MDBZ[2°DGy(m+j) (j=mn+1=6(mod38)),

J(SULE/LY)) =

where c=[(m—n—1)/8], d=h(m—4, n) and G,(m) is the group defined by (2.4).
iii) If 4h,(j+4,j) hy(n—4, n)+8 [n/8]4-10>m>n, then we have
ZIM GBK~O(S’(L§'/L'§+1)) (m=4 [n/4]+6)
J(SILEILE) = { ZIMDZ|2 (n+j = 7 (mod 8) and n-+4>m=n+2)
Z/M (otherwise) .
Remagrk. (1) Combining this theorem with [10, Theorem 1], we obtain
the complete results for the groups J(S/(L¥/L%)).

(2) The partial results for the case j=n=0 of this theorem have been obtained
in [9].

3. Preliminaries
In this section we prepare some lemmas and recall known results which

are needed to prove Theorems 1 and 2.

Lemma 3.1. Let j, k, I and s be integers with j>0, v=v,(j)=s=1, I=2
and k=+1 (mod 2}). Then we have

D B—1= (kz“_l) (j/2*) (mod 22v+2h)
(2) K=1 (mod 2.
(3) F—-1= (kz’—l) (j/2°) (mod 2v+s+2-1)

Proof. Since k=1 (mod 2'*!), by making use of the method used in the
proof of [10, Lemma 3.1] we can show that

F—1=(k*—1)(j/2) (mod 2¥*¥).
This implies (2). In particular, we have
k' = 1 (mod 2'*).
Then, the rest of the proof is similar to that of [10, Lemma 3.1]. q.e.d.
Considering the Z/8-action on S**'x C given by
exp 27/ —1/8) (2, ) = (z-exp (2z\/—1/8), u-exp (2z/—1/8))

for (2, ) €S#**1 X C, we have a complex line bundle
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7: (S#HXC)/(Z/8) — L+ .
Then we have the following elements
(3.2) (i) = ¥ —1eR (LM CK(LI") (0<i<2).

We denote the restriction of o(¢) in K(L§") by the same symbol, and o(0) by
a. The following proposition is well known.

Proposition 3.3 (Mahammed [11]). The ring K(L3) is isomorphic to the
truncated polynomial ring Z[c]/(at™3%, (o +1)2—1), where (at™A*, (a+1)3—1)
means the ideal of Z [o] generated by o'™4* and (c+1)*—1.

In order to state the next lemma, we set
oy = a(i) (0=:=2)
B4 (1) Jos=o0402

oy =y o (15i<3).
{ b(n) = ((—68—48 \/'2)"+(—68+481/2)")/2
c(n) = ((—68—48/2)"—(—68+48 vV2)")2/ 2 .

Then we have

2)

B(0) = 1, b(n-+1) — —68b(n)—96c(n) ,
33 @ {c(O) = 0, ¢(n+1) = —48b(n)—68¢c(n) .
b(n) = (—4)" (mod 2%+
@) { c(n)=10 (mod 2%+2%)

The following lemma is obtained by Proposition 3.3 and (3.5) (1).
Lemma 3.6. Let u be a positive integer. Then, in K(LY),
o= EZ=1 a,,;0;)

where a, ; (1=i=7) are integers defined by a, , = (—2)*",

0 = (1[3) (—4J13511.(25) (— 400 —(1[5) (—dytesnie
+(3/5) (—4)w+vra

Ay 3= —(—=2)**—(1/2) ay11,2

@y = —(1/2) hy(u, u—1) b([u/8])+hy(u—1, u—2) c([u/8])
—hy(u—2, u—3) c([u/8])+hy(u+4, u+3) (b([1/8])+2c([«/8]))
—hy(u+3, u+2) (4b([u/8])+ 6¢([x/8]))
+hy(u+2, u+1) (105([/8])+14¢([1/8]))
—hy(u+-1, u) (205([u/8])+28¢([4/8])) ,

a5 = —(—2)?—au114—us24—(1/2) Qyrs 4,

a,5=(1/2) a, ,—ay11,4—(1/2) G424
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and a,; = (—2)*"—(1/4) @4s1,—(1/2) @41y, -

Proof. By making use of the relation (04 1)=1, we obtain equalities
Ayi1=—2a,,, Ay, 2=y 1— 28, 3 Qyury 3=, 520, 3, yi1 4=, 328, 7, Gyr15=
a, s —2a,5, @y6=0a, 5—2a,, and a,, ,—a,¢—2a,, where a,=1 and a,,=0
(2=¢<7). Thusthe lemma is proved by the induction with respect to#. q.e.d.

In order to state the next proposition, we set
(3.7) (1) Let F(x) denote the free abelian group generated by {x;|1=i<7}.
Then X, and X,(n) (7=i=1, n=0) denote the elements of F(x) defined by X,=
4,25+ 2005+ %, Xp=200,+ x5, X5=2%3+x,, Xe=x+2%,, X;=%;, (1=4,5 or 7),
Xy(n)=2"1 X,

Xy(n) = 2741 X, 2% X, |

X3(n) - 2[(“—2)/4] X3+22[”/4]—1 ha(n, n—-Z) Xl 1y

X,(n) = 20008 X4 20005 (m}-4, m) X, 200514004 X,

X;i(n) = 2002081 X | 2A®-DI8 p(n+-2 n—2) X,
— LD/ AM-2/8] X

Xo(n) = 200081 X 2041 |y (n, n—4) X,
— QAT /B X

and

X,(n) = 2Ln=0/81 X, 20»=8/41 |y (n 46, n+2) (X;—2X,)

2RI X

(2) Let @: F(x)—>K(L%) be the homomorphism defined by setting o(x,)=0;
(1=i<7).

Proposition 3.8 (Kobayashi and Sugawara [9]). The homomorphism ¢ is
an epimorphism, and the kernel of @ coincides with the subgroup of F(x) generated
by {X(m)| 1Si<7}.

According to [1], we have the following lemma.

Lemma 3.9. The Adams operations are given by the following formulae,
where s,=@(X,) (1=iZ7).

8 (k=1 (mod 2))

. 2s, (B = 2 (mod 4))

M V) = g, (k = 4 (mod 8))
0 (k = 0 (mod 8)).

S, (k=1 (mod 2))

@ ) =12, (k = 2 (mod 4))
0 (k= 0 (mod 4)).
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s3—2hy(k+1, k) (5,4 $3)

@) )=
—4s,— 25425,
0
k _ 54
4 vH(s) = ‘{ 0
—2h,(k+4, k) (s4+55)
(5) Yh(ss) = 35+36'°'2h4(k+4 k) (s4+55+55)
6 v {(1 2k +5, B+-1)) 5
$;—2hy(k+4, k) s
(7) VAES 254*‘7+2h4(k+4, k) sg

0

(k = 1 (mod 2))
(k = 2 (mod 8))
(k = 6 (mod 8))

(k = 0 (mod 4)).

(k = 1 (mod 2))

(k= 0 (mod 2)).

(k=1 (mod 4))
(k = 3 (mod 4))

(k = 0 (mod 2)).

(k=1 (mod 2))

(k = 0 (mod 2)).

(k=1 (mod 4))
(A = 3 (mod 4))

(k = 0 (mod 2)) .

211

For each integer n with 0=<n<m, we denote the inclusion map of L} into
L by i3, and denote the kernel of the homomorphism

(&) K(Lg) — K(L%)
by V,. Then by Proposition 3.8, Lemma 3.6 and (3.5) (2), we obtain the fol-

lowing lemma.

Lemma 3.10. (1) The group V, is the subgroup of K(L%) generated by
{p(X,(m) [ 1i=T}.
(2) Let u be a positive integer with 2u<<m. Then we have
—@(X(2u—2)) (2 = 0 (mod 4))
—p(X5(2u—2)) (# = 1 (mod 4))
—p(Xs(2u—2)+X,(2u—2)) (u = 2 (mod 4))
?(X7(2u—2)) (# = 3 (mod 4))
modulo the subgroup V,,.

Q
I

Considering the Z/8-action on S**! X R given by
exp (22+/1/8) (2, 0) = (z-exp (2n/—1/8), —v)
for (2, v)€S** X R, we have a real line bundle
v: (S X R)/(Z/8) — L.

We set k=v—1 EK?)(L%”“). It is easy to see that
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{0(") =a(2)

-1 () = 2¢,

where ¢: KO—K is the complexification and r: K— KO is the real restriction.

Let I: K(X)—>K(S?X) (resp. Ip: K’\O(X)—*KN’O(S"X )) be the Bott perio-
dicity isomorphisms for K(resp. KO)-theory. In order to state the next prop-

osition, we set

(3.12) Letj be a non-negative integer with j=0 (mod 4).
n=r%a)  (1Sis2)
3 = r(I'*(g))

(1) {1;;/8(x) (j = 0 (mod 8))

Ty —

r(l#*o,)) (j =4 (mod 8)).

(2) Let F(y) denote the free abelian group generated by y,, ¥,, ¥ and y,. Then
X}, Yi, Xi(n) and Yi(n) (1=i=<4, n=0) denote the elements of F(y) defined

by Yi=y,,

Y{= (=1)9 X{ = h(j+12, ) (2n—y2tys)+Ps >
Yi=X{=h(j+12,5) y.—y.,

Y:{ = _ys_h4(j>j_12)y4 ’

Xi= Y§+h,(,-+4,,‘)(7—z.-) (3_S_i§4') ’

Xi(n) = (—1)4® Yi(n) = 2me+d=-k®) X§ |

Xi(n) = Yi(n) = 200970+ (X{— (=24 h(n+j+7, n+) Y)
X&(n) — Qhn+i=2i+4) Xf QU A1=he(i+12,5) }h(n "I—j, n +j—2) X}
__22h‘(n+j+4.j+4)+[n/4]-—1 h4(”+j+4‘, n+j_2) X{ X

Xi(n) = 2mm+ini+t) X4 2A0-0081 p(nt it 4 ntf) X}
22 O (G4 T et f) X
and Yi(n) = X{:+h4(j+4,j)(7—2i) (n) (3=i=4).

(3) Let u;: F( y)—>K~O/(S"L§") be the homomorphism defined by setting u,(y;)

—r, (1Si<4).

Proposition 3.13 (Kobayashi [8]). Let j be a non-negative integer with
J=0 (mod 4). Then the homomorphism . is an epimorphism, and the kernel of

w; coincides with the subgroup of F(y) generated by {Yi(m)|1=i<4}.
According to [1] and [4], we have the following lemma.

Lemma 3.14. Let j be a non-negative integer with j=0 (mod 4).

Then

the Adams operations are given by the following formulae, where t,=p (Y1)
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(1=i=4) and k=1 (mod 2).
(1) h(t) = k¢, (i=1,20r 4).
(2) WH(t;) = K (1—2h(k+5, k+1)) ;.
By Lemma 3.9 and (3.11), we have the following Lemma.

Lemma 3.15. Let j be a non-negative integer with j=0 (mod 4). Then
homomorphisms ¢;: KO—K and r: K—KO are given by the following formurae,
where s;=I"*p(X,)) 1=i=<7) and t,=p (Y}) (1Si<4).

(1) 7(s) =h(j,j—12)¢t; = 1,2 or 4).
(2) 7(s5) = —7(s2).

(3) 7(s5) = —t;—h, (j,j—12) t,.

4) 7(ss) = 2t

(5) 7(sy) = 2t3-+hy (5, j—12) ¢,

(6) c(t)="h,(j+12,5)s; = 1,2 or 4).
(7) elts) = s

4. Proof for the case j=0 (mod 4)

In this section we prove the parts of the case j=0 (mod 4) of Theorems 1
and 2. Throughout this section, j denotes a non-negative integer with j=0
(mod 4), and v the integer defined by

L — {Vz(j) (7>0)

D mo =0

For each integer n with 0=n<m, we denote the kernel of the homomorphism
(™)' KO(SILY) — KO(S'L3)
by VOj ,. It follows from Proposition 3.13 that we have
(4.2) The group VO, , is the subgroup of KO(S'LT) generated by
{u(Yi(n)|1=i<4},
where p;: F( y)—»KNO'(S"Lg') is the homomorphism defined in (3.12).
By Lemma 3.14, we have the following lemma.

Lemma 4.3. The Adams operations are given by the following formulae,
where T,=p (Yi(n)) (1=i=<4) and k=1 (mod 2).

(1) YHT)=k"T, (i=1,2or4).
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2) VHTy) = kA(Tyt+h(k+5, k+1) (—2T,+a(0, j, n) T,—a(l, j, n) T),

where a(l, j, n)=hy(n+hy(j, j—281), n+(—2)""" h(j+12, j+16)) (0<I<1).
We set

(4.4) V04, = S (NK(*—1) VOL,),

where the intersection runs over all non-negative integers e. Since the order
of VO, , is equal to a power of 2, we have

UO;, . zkgdd(xlr"—l) VOj...
It follows from Lemmas 3.1 and 4.3 that we have
(4.5) The group UOj, , is the subgroup of VOj, , generated by
{21 T,li=1,20r 4t U {R},
where T,=p (Yi(n)) (15i<4),
R=22"—1) T,+a(0,j,n) T,—a(l,j,n) T,
and a(l, j, n) is the integer defined in Lemma 4.3 (0=<I<1).

4.1. Proof for the case n==3 (mod 4). Suppose that n3=3 (mod 4). Ac-
cording to [13], we have the exact sequence

0 — KO(Si(L2/L2) — KO(S'LZ) @), KO(SiL3) — 0.
Hence we have
KO(S/(Ly|LY)) = VOj , .
Since the order of VOj, , is finite, we have
J(S/(Ly/L3)) = VO;, ,|UO;, , .
It follows from Proposition 3.13 that we have
VO . = Hw, | 1Si=4} KR 1=i<4}),

where w; = Xi(n) (1=<i<4), R, = 2t -hnti) g

R,= Qhg(m,n)+ay(n+j,n+5) (wz_’_zhs(mm) wl),

R3 — 243(m+j,n+j) (w3+2a4(m+j+4,n+j) (w2_247(m+j,n+j)+1 wl)))

R,, = Q6u(m+j,n+7) (w4+2h4(m+j,n+j+4) (w2+2a7(m+i-4,n+j)+2 w1)),

W, = hy(n+j+15, ntj) w,—(— 1)L+ g (nf, nt-j) w,,

W; = hy(n+j+12, n+j—2) w,—hy(n+j, n+j—2) wy+a,(n+j+12, n+j) w,
and @, = hy(n+j+15, n+j) w,—h(n+j+4, ntj) w,ta(ntj+4, ntj) w.
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Suppose that m=4 [(n+4j+7)/8]+4 [(n—j+12)/8], and set 4; = R, 3=i=<4),

and

and

A, = RI_(__ 1)[(ﬂ+i)/4] by (m+5)=2[(n+7)[4]~hy(m,n) R,
-—h,,(n—f—j, n+]_2) oy (m+jn+7) (2h4(n+j.m+j+6) R3_2h4(n+j,m+j)—1 Rz)
+h4(n+1+4’ n+]) zal(m+j,n+j) (Zh‘(n+j,m+i) R4_2h‘(n+j.m+i+4) Rz)’
Az — Rz+h4(n+j—1, n+]_4_) Dhy(m+j+a,n+j) R,,
+h4(n+j+4, n+]) Qhglm+j,m+5)=hy(m+j=2,8+j) R,
U = _(_ 1)[(n+j)/4] zha(m,n)+n4(n+j,n+j)-l w,
— (=2, ntj—4) (s, 25" 2 )
_h4(n+]', n+]_2) (w3_2a4(m+j-4,n+j) (zha(m,n)+Za7(m+j,n+j)+l) wl)
Ry (nj4, ng) (s—2kaminti)=2 (2hg(mm) —22h4<m+f-"+f>) w,),
Uy = .w2+2h3(m »n)+ay(n+j,n+j) w,
+h(n+j—1, ntj—4) (w A 204m+intD) (@, 22ha(mtiint T gy)))
+h4(7l+]—l-4 n+]) (.w +2a4(m+1-4 ,n+5) (w 2a7(m+_1 nti)+l gy ))
u, = u73+2a‘(m+j+4,n+j) (w2_2a7(m+j.n+j)+1 wl)
Uy = W21t ith) (g, | Dar(mbi-4ntdt2gy)  Then we have
4, = 24ty (1<i<4),
w, = hy(n+j, n--j—2) hy(n+j+15, n+j) (2uy+u,+u,—2"mtithnti) 4 )
+hy(n+j—1, n+j—2) (2h4(m+i+4,n+f) —1)u,
+hy(n+j—2, n+j—4) (2u,+ 2u,—uy)
+hy(n+j+4, n+j) (4 —2u,t+ug—2u,+ 24w ( 2y, —ug))

1y = — 2D g, (o —2, meb—4) s B, = 1)

—hy(n+j—1, ntj—2) (2uyt1y—2kmti=tstd (29, —y,))
+hy(n+j+4, ntj) (20—, 204D (2, —)).

This implies that {{w;|1=i<4}>=<{{y,;|1=i<4}) and

Suppose that 4[(n-+j+7)/8]+4[(n—j+12)/8]>m= by (n-+j)-+ 2 [(n—j+4)/8]+

VO, & u, | 1SiS4} D[4, | 1Si<4}) = @, Z[20meinti) |

2[(n—j+6)/8]+1, and set 4;=R; (2=i=<4), u,;=R,; (1=:1<2),

and

2"3""+3""(2R —R)—R, (h(n+j, nt+j—4) = 0)

4, — —4R,+8R, (n+j = 1 (mod 8) and m=n-+3)
R1+4R2 (n+j = 2 (mod 8))
R, (hy(m, n) = 0),
w+w, (hy(n+j, n+j—4) = 0)

"y — —2w, (n+j = 1 (mod 8) and m=n-+-3)
wy+2w, (n+j = 2 (mod 8))
W, (hy(m, n) = 0)
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Wi+ W, — W, (hy(n+j, n+j—4) = 0)
2wstw,—3w;  (n+j = 1 (mod 8) and m=n-3)
wy+-2w,—3w;, (n+4j = 2 (mod 8))

@, (hs(m, ) = 0.

Then we have 4,=u, (i=2 or 4),

2umtintd) gy (m=4 [n/4]+4)
A,z[

u3=

2u, (n+j = 0 (mod 8))
u (n+j = 1 (mod 8) and n+3>m>n),
4 — {2u3 (h(n+j—2, ntj—4) = [(m+)/2]—4 [(n+j+4)/8] -1 = 0)
? u3 (otherwise),
2u,—u,—4u, (hy(n+j,n+j—4) = 0)
4u,+u,—2u; (n+j = 1 (mod 8) and m=n-+3)

w1=

2uy—u, (n+j = 2 (mod 8))
h (hy(m, m) = 0)
and
2utu—u, (b, ntj—4) = 0)
—6u,—u,+-3u; (n+j = 1 (mod 8) and m=n-+3)
Y= 2u,—3u, (n+j = 2 (mod 8))
Uy—1Uy (hy(m, n) = 0) .

This implies that {{w;|1={<4}>={{u;| 1=<i<4}) and

Z[16BZ[2 (hy(n+j,n+j—4) = [m|2]—2 [n[4]—3 = 0)

Z 20t 5m D (4 [(n+j+15)/8]+2 [(n—j)[4]>m=4 [n/4]+4)
Z2pZ2 (n+j= 0 (mod 8) and [m/2] = (n/2)+1)

Z2 (h(n+j+6, n+j) = [m[2]—[(n+1)/2] = 0).

If hy(n+j5)+2[(n—j+4)/8]+2 [(n—j+6)/8]=m>n, then we have VOj ,=<0.
Thus the proof for the case j=0 (mod 4) and #=%3 (mod 4) of Theorem 1 is

completed.
Consider the case j=0 (mod 8). It follows from (4.5) that we have

T (U4 ») = {A2+4+5: o, | 1<i <4} U AR, | 0Si<4}>

VO, =

where v is the integer defined by (4.1) and
Ry = 2 (2"—1) wy+hy(n, n—2) w,—h(n-+4,n—1) w, .
Suppose that m=4 [(n+15)/8]4-2 [(n+6)/8]+2 [#/8], and set
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v, = hy(n—2, n—4) wy-+h(n, n—2) wy+hy(n-+4,n) w,,
v, = hy(n—1, n—2) (w 2w+ 2kamm+1 (] —2k(mtbin)) gy | 2V g9,)
+hy(n—2, n—4) (w,+2w,+ 24" w,)+hy(n+4, n) (ws+ 20, — 2"mm+1 g,)
+hy(n, n—1) (w4 2kmm 1 g, 2V gy
v, = 4(11, n—l) (w4 +2h4(m.n) w2_23h‘(m,u)+2 ws)
+hy(n—1, n—2) (2, —w, 42" MM+ (gp, | Dgp ) —23ka(mm)+3 gy )
Fhy(—2, n—4) (20—, 2umDH g, | gy,) — DIum )2 gy
+hy(n+4, n) (2w,—w,~+ 2% gy 2ap,) - 230a(mm+1 )
and v,=R,+hy(n—2,n—3) (ws—R,). Then we have {{w,|1=i=4}>={{y;|1=
i=4}> and
(Pi., Z2%0m\DZ[2 (n = 2 (mod 8))

VO; ,|/UO}, , = .
ol ’ { 31 Z[2%Gmm (otherwise) .

Suppose that 4 [(n+15)/8]+2 [(n+6)/8]+2 [n/8]>m=4 [(n+14)/8]+4 [»/8],
and set
v, = hy(n—2, n—3) w,+hy(n—1, n—2) wy+hy(n+4,n) w, ,
v, = hy(n—2, n—3) (wy+5w,)+hy(n—1, n—2) (w,—2w;)
+hy(n+4, n) (w;—2w,) ,
vy = hy(n—2, n—3) 2w,—w,—16w,)+hy(n—1, n—2) (w, —4w,)
+hy(n+4, n) (w,+6w,)
and v,=R,+h,(n—2,n—3) (w;+2w,—3w,—R,). Then we have {{w;|1=i=
4>={{v;|1=i=4}) and
Z240mmpZ[4  (n = 2 (mod 8))
VO; ./UO;, == { Z|8 (n =1 (mod 8))
VO; ., (hy(n,n—4) = 0).
If 4 [(n+14)/8]+4 [1/8]>m>n, then we have UOj, ,=<0. Thus the proof for

the case j=0 (mod 8) and #=%3 (mod 4) of Theorem 2 is completed.
Consider the case j=4 (mod 8). It follows from (4.5) that we have

B (UOL,) = {2 M@ D g | 1<i<4} U {R;|0=i<4}D,

where Ry=2w,—h,(n+3, n) (8w,+w,)—h,(n, n—4) (8w,+w,). Suppose that m=
2 [n[4]+4 [(n+2)/8]+6, and set
v, = hy(n, n—4) w+hy(n+4, n+2) wy+h,(n+2,n) w,,
v, = hy(n, n—4) (w;—2w,)+h,(n+4, n+3) (w,+w,—2"mm+1 g,)
+hyn+3, n42) (w,—2w;)+hy(n+2, n) (w,+w,) ,
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vy = hy(n, n—4) Qw;~w, 4 24m M+ (g, —2g,))
+hy(n+4, n+3) Lw;—w,+w, + 2k g,)
+hy(n+3, n+2) (2w;—w,~+ 240", — 220,))
+hy(n+2,n) (w3+2h‘(m’”)(w4+‘w2))

and v,=R,+h(n+4, n+3) (w,—R;). Then we have {{w;|1={=4}>=<{{;|1=
i<4}> and

(P, Z)280m\DPZ[2 (n = 4 (mod 8))

il . { 3 Z[2b0mm (otherwise) .

If 2 [n/4]+4[(n+2)/8]+6>m>n, then we have UO} ,=0. Thus the proof
for the case j=4 (mod 8) and #=3 (mod 4) of Theorem 2 is completed.

4.2. Proof for the case n=3 (mod 4). Now, we turn to the case
n=3 (mod 4). It follows from [13] that we have the following commutative
diagram, in which rows are exact.

0— VOj 14y j—rl> fO(Si(Lg/Lg)) i"’) EO(Si+n+l) -0

(4.6) I Vs l

0 — VO} 1y — KO(S'LY) M, RO(S'Liy — 0.

Since K~O(Sj+”+1) is isomorphic to Z, the upper row of (4.6) splits. Choose
yeKO(S/(L?/LY) such that B=f,(y) generates the group KO(S****). Then

we have an isomorphism
f: VO iy @KO(S77+) > KO(S(L3|LY))

defined by f(x, kB)=f,(x)+ky for every (x, k)EVO; .., DZ. This proves the
case j=n+1=0 (mod 4) of Theorem 1.

Lemma 4.7. If j=n+1=0 (mod 4), then there is an element y&
Ie’O(S"(LZ’ |L3)) which satisfies the following conditions:
(1) B = fAy) generates the group KO(S7+"+1),

p(Yin)) (j = n+1= 0 (mod 8))
| (Vi) + i) (j = n+1 = 4 (mod 8))
(@) fly) =Pl dmETim) ==
p(Yi(m)+ Yim)+2Y{(n) (j=n—3 =0 (mod 8))
p(Yi(n)+Yi(n)) (j =n—3 = 4 (mod 8)).

Proof. Consider the following commutative diagram, in which rows are
exact:
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0— Vr’;t,n+1 Ei’ K(S’(L'sn/Lg)) 1?—'—2-) K(Su-l—i-&-l) -0
Il Vfes £ J

0— Vi uu—> K(S'LY) —— K(S'Ly*)—0.

According to Lemma 3.10, there is an element x&K(S/(L%/L%)) such that
fe.(x) generates the group K(S**/+') and

Fo®) {I " p(Xy(m))) (n =7 (mod 8))

x)=14{ .

Iip(Xym)+Xy(n)))  (n =3 (mod 8)).
If n+j=3 (mod 8), then r: K(S*++1)—KO(S*+*1) is an isomorphism. It fol-
lows from Lemma 3.15 that y=r(x) satisfies the conditions (1) and (2). If
n+j=7 (mod 8), then ¢: KO(S**)—R(S**) is an isomorphism and
c: KO(S'Ly*Y)— R (S'Li*) is a monomorphism. There is an element j&

KO(S/(L7/L%) such that f(J) generates the group KO(S**1) and
Je.le(fi(P)=fc.fesx)). It follows from Lemma 3.15 that we have
fos@)=c(Y), where

[ mYi) (n+1=j = 0 (mod 8))
p(Yin)+Yimn) (nt+1=j=4(modS8)).

This implies that f(fi(¥)=f(Y) and y=34f(Y—f,(3)) satisfies the con-
ditions (1) and (2). q.e.d.

In the rest of this section, we fix an element yEI(?O(Sj(LQ"/ 3)) which
satisfies the conditions of Lemma 4.7, and set

(48) T, = u(Yi(n+1) (1=i<4).

Lemma 4.9. If k is an odd integer, then the Adams operation * is given
by

YH(y) = kAT g (R — RO 8) f(8fy )+ K7 fi(w) ,

where w=hy(k+5, k+1) (W—38fy(y)) and
(4.10) W = 8fy(y)—hi(n, n—4) (Ts+-h(j, j—4) (T5+T1)) -

Proof. We necessarily have

YHy) = uy+A*)

for some integer % and an element ¥V O}, ,.;. By using the yr-map f,, we see
that u=k®+*D2  Under f,, fi(x) maps into x and y maps into fy(y), and we
see that
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W fo(»)) = Rwi+2 £ »)+x.

It follows from Lemma 4.3 that
R fi y)+w) = R0 fi y) 4
This implies that
x = ((K2—R+i+002)[8) (8fy(y))+F " w . q.e.d.

We now recall some definition in [3]. Set Y=K7)(S"(L§" /L3)) and let f be
a function which assigns to each integer & a non-negative integer f(k). Given
such a function f, we define Y, to be the subgroup of Y generated by

KOt —1)(y) | kREZ, yEY};
that is,
=P 1) (9)kEZ,yEY}) .
Then the kernel of the homomorphism J”: Y—J”/(Y) coincides with ﬂ Y,

where the intersection runs over all functions f.
Suppose that f satisfies
(4.11)  f(k)=m+max {v,(m((n+;+1)/2))] p is a prime divisor of k}
for every k€Z. For each odd integer 7, N(¢) denotes the integer chosen to
satisfy the property
(4.12) iN(Z)=1 (mod2").

In the following calculation we put (n+j+1)/2=u for the sake of simplicity.
From Lemma 3.1, (4.5) and Lemma 4.9, we have

RO 1) ()
= WO 1)y (RO R)8) K8 RO f(w)
= KOE 1)y R OREEYS) () (mod f( U0k us)
= RO 1) y (0 N2 1)~ (1) 259) ()
=kR®ER—1)y
R N@2) (G2) (B 1)l 1)[2°409) f,(9) 2"+ )
(mod f(UO, 4+1))
= (R/®(B*—1)/27%) (2249 y— N(u[2"*) ((n+1)/4) f(W) (2'+1)) .

By virtue of [3; II, Theorem (2.7) and Lemma (2.12)], we have

Y; = {fy(UO} »s1) U {R®(yt—1) (y) | REZ} )
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where M=(m(u)/2"2*)*%) N (u/2%2")) (n+1)/4) (2"+1). Since this is true for
every function f which satisfies (4.11), we have
(#.13)  JU(Y) = YKA(UOR i) U {m((n+5+1)/2) y—MFf(W)}D,
where vy(M)=v,(n+1)—2 and

4T, +2T,+T, (j =n+1= 0 (mod 8))

8T, +4T,—T, (j =n—3 =4 (mod 8))

6T3+4T,+4T, (j =n—3 =0 (mod 8))

3T3+4-2T,+3T, (j =n+1=4(mod 8)).

Suppose that m=n+5-+2k,(j+4, ) h(n+1,n). It follows from the proof
for the case n==3 (mod 4) that we have
W=3i,mz2 (mod UO;,.),
where 2,=p(v,) (1=i=3), vy(m)=2+h(n+j, n+j—4)—i (1=<i<2) and vy(m;)
=2h,(j,j—4). Therefore
J(Y) = F(0)[K{Zi M;v} U{B;|1=i<4}),

where F(v) is the free abelian group generated by {v;|0=:<4}, M,=
m((n-+j+1)/2),

B, = 2utmm g (1<i<3),

B, = (h(j+4 j) hn+5, n+1)+1) ,
and M;=—m; M (1=i<3). Set
(4.14) i, = min {b(j, m, n), v,(n+1)+v,(m)—2} (1=k=Z3).

For the sake of simplicity, we put b,=b(j, m,n) (1=<k=3) in the following
calculation. Since v,(M)=w,(n+1)—2, the greatest common divisor of M,
and 2% is equal to 2* (1=k=3). Choose integers e, ,, ), €5, €5 and ey with
ey 2% t-epy M,=2s (1<k=<3). If b)—i,>b,—i, and 7,<w,(M,), then we have

oM, v, 20111 M, v,
4 B, | 2% 36y, My vot+-21 vy)
' B, en(M, vo+M, v,+M; v5)+22 v,
B, B,
where
2by-iy — M2 —2hbmin M,  —2h-bs=ir M,
4 — | e 2%s ey 2072 —ey, M2 —2hh"i ey My
e 0 en 0

0 0 0 1
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and det 4,=1. This implies that

Ty {Z/2”1‘IMOGBZ/Z%“EBZ/Z%EBZ/Z (j = n+1= 4 (mod 8))
= Z)2 M B Z 2% B Z 2D Z[2%  (otherwise) .

If b,—#,=b,—17, and v,(M;)=1,, then we have

30 M, v, 2%2~12 M, v,
4 B, | B
2| B, ex(My v+ M, v, M, v;)+22 v,
B, B, )
where
by, —Ml Dby=by—i, -—M2/2"z —Dby=by—iy Ma
4, — 0 1 0 0
&5 0 ey 0
0 0 0 1

and det 4,=1. This implies that

v o | Z2MDZRABZ2HDZ[2 (j=n+1= 4 (mod 8))
Ty = {Z/sz_izMo@Z/2b1@Z/ZiZGBZ/Z% (otherwise) .

If 4,>v,(M;), then we necessarily have j=n—3=4 (mod 8), b,=4, 7,=3, b,=3
and i,=1,—1=v,(M3)+1. If {,>v,(M;) and b,—i,>b;—i;, then we have 7,=2,
b3=i3 and

oM, v, 2M, v,
4, B, _ B,
B, ex(M, vy+ M, v,)+4v,
B, / B, )
where
2 —M,8 —M,4 —2M,2%
0 1 0 0
4= ep 0 én — ey M;y[2%
0 0 0 1

and det A;=1. This implies that
J'(Y) = Z]2M,PZ/16BZ[4DZ|2" .

If §,>v,(M;) and b;—i;=b,—1,, then we have
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3o M, v, 2%~ M, v,
4| B _|&
BZ BZ
B, en(My vo+M, v,+M, v)+2% 03/ »
where
[ 2bsmis  — M, 2bs~ism4 M, 2b=is=3  — M, [2is
0 1 0 0
A, =

0 0 1 0
€ 0 0 es

and det A,=1. This implies that
J(Y) = Z|2% M@ Z16DZ[8DZ[2%s .

If n+7>m=n+>5 and j=n—3=4 (mod 8), then we have W=m,T; (mod
UO;, u+,), where vy(m,)=2. Therefore

J'(Y) = F(v)[{{M, vy+M, v,, B} >,

where F(v) is the free abelian group generated by {v,|0=:/=<1}, M=
m((n+j+1)/2), By=2"v,, b=b,(j,m,n)and My=—m M. Seti=min{b, v,(n+1)}.
Choose integers ¢, and e, with e, 2°+e, M;=2‘. Then we have

(2”“ —M, 2 ) (M0 v+ M, '01) _ (2”“‘ M, v, )
e, e B, C\eMyvy+2i0,)°

This implies that J”(Y)=Z/2"-M,DZ|2".
If n++5>m>n, then we have Mfy(W)=0 (mod f,(UOj, ,)) and

J(Y) = Z[m((n+j+1)[2) B(VOs 511/ UO 1) -
According to [2], [3] and [12], we have J(S/(L¥/Lz)=J”(Y). Thus, the
proof for the parts of the case n4-1=j=0 (mod 8) of Theorem 2 is completed.

5. Proof for the case j=2 (mod 4)

In this section we prove the parts of the case j=2 (mod 4) of Theorems 1 and
2. Throughout this section j denotes a positive integer with j=2 (mod 4).
Consider the elements S, (1=<:<7) of K(S’/ L}) defined by
(5.1) S; = p(X,(n+1)) (1=i<7),

where @: F(x)—>K(L%) is the homomorphism defined in (3.7). For each in-
teger n with 0=<n=m, we denote the kernel of the homomorphism
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Em': K(SLE) — K(S7 L)
by Vi .. By Proposition 3.8, we have
(5'2) Vg;l,z[(n+l)/2] = <{S.'| 1§i§7}> .
Consider the Bott exact sequence (cf. [5] and [6, (12.2)])

(5.3) - KO(S™X) 5 R(S*X) 'iCKNO(SfX) g RO(S'-1X) —
for X=Lg /L3, where 0 is the homomorphism defined by the exterior product
with the generator of KO(S'). Using the isomorphisms
VO3 ftrrom = KO(SH#HLE(LE+1m)
and

Vi s = K (S/(Ly|Li»n+vray) |

we obtain the exact sequence

I-toc

(5.4) > VOL R — Vi = KO(S/(LE L) 860,
where u=[(n-+1)/2] and
C— {K’b(S""‘(LZ‘/Lﬁ”)) (m+j = 0,1 or 2 (mod 8))
0 (otherwise) .
Using Lemma 3.15, we obtain the following lemma.
Lemma 5.5. For the homomorphism r, in the exact sequence (5.4), we have

Sy, Sy, i, Set>  (2u+j = 4 or 6 (mod 8))
<{28,, S,, Sy, Se}>  (2u+j = 2 (mod 8))

<{Sy, S5, S, 285}>  (2u = j—4 = 2 (mod 8))
<{8., 8,28, Se}> (2u = j—4 = 6 (mod 8)),

Kerr, =

where u=[(n-+1)/2].
It follows from Lemmas 3.9 and 5.5 that we have

Lemma 5.6. The Adams operations are given by the following formulae,
where u=[(n+1)/2], T;=n(S;) (1=¢=7) and k=1 (mod 2).

1) V(T = (— 1) B T
@ AT = (—1psen i T,
where Ty=Ty—hy(k+5, k+1) (h(u+1, u—1) To-+-hy(j+4, f) h(u+2, u-+1) Ty).
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3) YH(T;) = (—1ystsn i T,

where T,=T,—hy(k+5, k+1) h(j+4,7) hs(u+2, u+1) T,.

4) VT)=T, (i=1,2,40r6).
We set

(5.7) Unow =3 (W*—1)n(Vha).

It follows from Lemma 5.6 that we have
(5.8) Ui, 2o = <{{4T5, Ry, Ry},
where u=[(n+1)/2],
R, = 2Ts+-hy(u+1, u—1) Ts—h,(j+4,7) hs(u+2, u+1) Ty,
R, = 4T,—h(j+4 j) hy(u+2, u+1) T
and T;=n\(S;) (1=:57).
5.1. Proof for the case n=0 (mod 2). Suppose n=0 (mod 2). If
m=n-2, then by Proposition 3.8 and Lemma 5.5, we have
(Vi) == {{w;|0=i<3}OK{R; [4=i<7}),
where wy=hy(n, n—2) X,(n)+hy(n+6, n+4) Xy(n)-+h(n+2, n) X(n),
w, = (1—=2h(n+6, n-+2)) Xy(n),
w, = hy(n+2, n—2) Xy(n)+h(n-+6, n+2) X,(n),
wy = hy(n+6, n+2) X5(n)+h(n+2, n—2) Xy(n),

R, = hy(n+j, n+j—12) w, ,
R5 — 2h3(m+1.n+i)—1 wl ,

RG — Zaa(m+i.u+i)(w2 +2a8(m+i,n+f) wl) ,

R, = za’(m-f-i.»+i)—1(w3_249(m+!',n+i) wl) ,

W, = (1—2hy(n+6, n+2)) (2X3(n)—h(n-+j+6, n+j+4) w,) ,

Wy = 2w,—w,+hy(j, j—4) hy(n, n—2) w,

Wy = 2wy—hy(n+j+6, n+j+4) w,,

ay(m+j, n+f) = Zhog hy(ntj+-4, ntj+4i—4) h(m+j+-4i—4, ntj-+4i)

and ay(m-+j, n+j)=ag(m+j+8, n+j+4). If m=n+2+12h(n+j+6,n+j+4)
+2hy(n+-2, n), then we have

(Vi) = {{u; | 0=i<3}DK{4;10=i<3} ),

where uy=wy, h,=w,, Ay=R,, A;=2"m+intitly
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Ai — 2a;+e(m+i,n+i) u; (Zézé 3) ,
Up = sz—w1 +2ae(m+f,n+f)+2 w,

and wy=w,—2%" i+l g, If n 2412k (n+j+6, n+j+4)+2hy(n+2, n)>m
=n+2+2h(n+j+4, n+j+2), then we have

where u,=w,,

2w;—4w,—w, (n+j = 2 (mod 8) and n+14>m=n+-6)

= { 2w,—w, (n+j = 2 (mod 8) and n+6>m=n-+2)
Wy (n+j = 0 (mod 8) and n+4>m=n-+2),
2w,—w, (n+j = 2 (mod 8) and n+14>m=n-+10)
= {Z'wz—l—wl hy(n+4,n)w, (n+j = 2 (mod 8) and n+10>m=n-2)
W, (n+j = 0 (mod 8) and n+4>m=n+2),
wy—w,—h(n+4,n)w, (n+j = 2 (mod 8) and n+6>m=n-2)
- {w3—~2‘w, (otherwise) ,
2u, (n+j = 0 (mod 8) and n+4>m=n+2)
A= { (otherwise) ,
Zh‘(m+l+30 ,n+5) U, (n+] = 2 (mod 8))
4= { (n+j = 0 (mod 8)),
4 - {Zu2 (n+j = 2 (mod 8) and n+14>m=n+10)
2 (otherwise)
4 — {4-u3 (n+j = 2 (mod 8) and n+14>m=n-+06)
T (otherwise) .

If n+2+-2hy(n+j+4, n+j+2)>m>n, then we have r,(V}, ,)=<0.
Suppose j=2 (mod 8). If m=8 [(n+2)/8]+10-+4h,(n, n—2), then we have

J' (Vi w) = o, | 0=i=3}OK{B,| 0=i =3},
where v,=w,, V,=w,, v,=2w,+w,, v;=w;, By)=R,,

B, = 4h(n+10,n—2) v, ,

Bz — Qhy(n+6,n+2)by(i, m+2,n) v,

and By=24nt6.ntD+thi(nt2,n-0bs0imi2im) o If 8 [(n-+2)/8]+10+4h(n,n—2)>m=
8 [(n+2)/8]+10, then we have

J'(n(Via)) == {v;|0=i<3}D/K{B;| 0<i<3}D,
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where vy=2w;—wy, vV,=w,, V,=2w,+w,, V;=w,, By=1,, B;=8v,, B,—=v, and B;=
4v,. If 8 [(n+2)/8]+10>m<n, then we have U ,=<0.
Suppose j=6 (mod 8). If m=8 [(n+2)/8]+10, then we have

J/ (Vi) == {{o;|0=i <3} )[K{B;| 0=i=3} D,
where vy=w,—4h,(n+4, n+2) w,, v,=w,, v,=2w,+(1—2h(n+4, n+2)) w,,
vy = wy—2h,(n+4, n4-2) w,,
B, = hy(n+14, n+4) v, ,
B, = 4h(n+12,n—2) v, ,

Bz — 2h4(n+6,n+2)b3(i.m+2,n) v,

and By=2uttontDrh(ntda-bs(imt2m) o If 8[(n+2)/8]4-10>m<n, then we
have Uj, ,=0. Thus we obtain

(5.9) Suppose that n=0 (mod 2).
(1) If m=n+-2+4-12h(n+j+6, n+j+4)+2hy(n+2, n), then we have

rl(V,’;,,,.) o Z/2h3(m+i.n+i)+l@(®¥=o Z/2h4(m+i—4i,n+i-4i+4))@G(”_H) ,
where G(n-j) is the group defined by (2.3).
(2) If n4-2+412h(n+j+6, n+j+4)+2hy(n+2, n)>m>n, then we have
Z/Zha(m+i.n+i)+1@Z/2h¢(m+i—4.n+f)®z/4 (mgn+6)
Z|[8 (n+j = 2 (mod 8) and n4+-6>m=n+2)
Z|2 (n+j = 0 (mod 8) and n+4>m=n+2)

0 (otherwise) .

(Vi a) =

3) If m=8[(n+2)/8]4+10-+4h(n, n—2) hy(j, j—4), then we have
TV ) = {Z/S@Z/Z”EBG("-H') (hy(n+-6, n+2) hy(n+j+4, n+j—2) = 0)
(V) = ZIADZ|2'DZ2DG(n+j) (otherwise),

where b="by(j, m+-2, n) and G(n-j) is the group defined by (2.3).
4) Ifj=n+2=2 (mod 8) and n+14>m=n+ 10, then we have

J' (Vi) = Z|3BZ]4 .
(5) If 8 [(n+2)/8]+10>m>n, then we have J'(ry(Vi »))=ry(V 1)

By (5.4) and (5.9), we obtain the results for the cases j=2 (mod 4), n=0
(mod 2) and m+4-j=3, 4,5, 6 or 7 (mod 8).

We now turn to the case m+4j=0 (mod 8). Consider the commutative
diagram
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0 0
t .ot
Vi-yn —> KO(S(L2-YL3)) — 0
? , r 5 1
Via — KO(S/(Ly|Ly)) —» KO(S™*YLE[LE) —> 0
It g1 1
iy " >t i 1 ~ .
0— R(S™)—> KO(S™) —» KO(S™+) —0
1
0

of exact sequences. Since KO(S™+*+!)= Z/2, Lemma 3.10 implies that K(S™*+)
=Z has a generator ¢ with

B I(p(Xy(m—2))) (j = 6 (mod 8))
fv)= {If/2(¢;(X7(m—2))) (j = 2 (mod 8))

and r(y)=20, where B is a generator of the group Kb(S”+f)zZ. It follows
from Lemma 5.5 that we have

Zg(ﬁ) — ’1(f(’Y)) — Qhy(m+i-16,n+5) W2+2h3(m+i—12,n+i) p]'/’1 ,
where W,=(1—2h(n+j, n-+j—4)) r,(I’'*((@,))) and

W, = {n(l"’z(¢>(wz))) (hy(n+j, nt+j—4) = 0)
27 | n(I(g(a@y)))  (otherwise) .

If m>n4-12, we set

20(m-n-10/81 [7__DU(m-n-10)/4] [, (hy(n+j+4, n+j) = 0)

o = g(B)— { QL(m—n-14)/8] (ZWZ—— Wl)+2[(m-n-lo)/4] W1 (otherwise) ,

where W,=r,(I"*(p(w;))) (1=<i¢<3). Then we have 9(a)*0 and 2a=
0m-»-4WW,, where Wy=r,(I""(p(w,))). By Lemma 3.9, Lemma 5.5, (5.8) and the
fact 8g(8)=0, we have

(5.10) vHa) = (k—2[k2) a (mod Uj,).

According to [3, II], the Adams operations on I(’fNO(.S"”+ #+1) are given by =
k—2[k/2]. If m>n-+14, then the short exact sequence

. ~ . 0 ~. .
0 — (Vi ») = KO(S'(Ly[L3)) = KO(S'*(L§/Lg)) — 0
splits. Hence we have

KO(S/(Lz|L2) = r(Vi ) D Z|2 .
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It follows from (5.10) that we have
J(SULEILY)) = J'(r(V.A))DZ[2 .
If m=n-14, then we have
KO(SH(LEILY) = <n (Vi ) U a}> = AW, Wy, Wy, 0} > .
Since ord KO(S/(L?/L%)=1024 by [13], ord {{W,, W,, Wy)>=256 and ord
{a>=4, we have
KO(S/(L?|LY) = Z|32DZ/4B Z/4D Z)2
and
e | ZISDZADZ[4 (j = 2 (mod 8))
J(SUL3ILY) = {Z/SEBZ/ZEBZ/ZGBZ/Z (j = 6 (mod 8)).

If n4+-12=m=n-+2, we set
a = g(B)—([(m—n—2)/8]+[(m—n+2)/8]) W,.
Then we have
20 = Wyt[(m—n+2)[8] (Ws— Wy)+[(m—n—2)[8] (W, —2W,— W) .
Hence KO(S/(L?/L%) = <r(Vi..)U {a}>
AWy, Wy, a}> (m = n+10)
AW W}y (m=n+8)
AW, > (m = n+6)
lad (n+6>m = n+2),
ord ({Wy, Wit> =32 (m=n+10),
ord{W,>=8 (n+10>m=n-+6)
and
ord {a) = 2[n-m+3D/e]
Since ord fO(S’(L?/Lg))=22"3""+f'“+j)+"4<”+f'"+i -9+1 by [13], we have
Z/166Z[4DZ|2 (m = n+10)
Z|8DZADZ|2 (m=n+38)
Z|8PZ|8 (m = n+6)
Z[8 (n+6>m = n+2)

KO(S/(Ly/LY)) =

and

Z8PZ2BZ|2 (m = n+10and j = 6 (mod 8))
ZIADZADZ|2 (m = n+8 and hy(n+2, n—2) = 0)
Z|8DZ/4 (m =mn+6 and j = 6 (mod 8))
KO(Si(L3/L%)  (otherwise).

J(S(L§|L3)) =
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Thus we obtain the results for the case m+4j=0 (mod 8).
Modifying the proof above, we obtain the results for the case m-j=1
(mod 8) (cf. [10]).
Finally we consider the case m+j=2 (mod 8). Since
KO(Si(L2/L3-?) = KO(S"*"2L2) = Z|2D Z/|2

by Proposition 3.13, and the Adams operations on KO(S/(LZ/L2-?)) are given
by yr*=k—2 [k[2], the proof for this case is similar to the corresponding proof
of [10].

Thus the proof for the case j=2 (mod 4) and #=0 (mod 2) is completed.

5.2. Proof for the case n=1 (mod 2). Consider the following com-
mutative diagram, in which the row is exact.

0— Vf;',n-u é’ K(Sj(LQ"/L'g')) é IZ(S”HH) -0
I Vs
V;’;;,nﬂ o K(S’Lg‘) .

By Lemma 3.10, we can choose an element x€K (S(Ly/L})) such that fy(x)
generates the group K(S**/*")==Z and

I"(p(X(n))) (n = 1 (mod 8))
£ = Ip(Xy(n)+Xy(n))) (n =3 (mod 8))
: I(p(X,(n))) (n =5 (mod 8))
I (p(X(n))) (n =7 (mod 8)).
Inspect the following commutative diagram
0 0 KO(S™+i+?) 0
! I-1og b s
VOi2, ——> Vi . — KO(SH(L2L3)) — KO(S*(Lz |Li+Y)
~ ! fil , g}‘ } 9 }il. }
KO(S7¥(Ly[Ly) — R(S‘(L¥|Ly)) - KO(S/(L7[Ly)) — KO(S*Y(L¥[Lz))
| 71 fol & hy |
I’{VO(S"""'“) ____f) R(S™+i+y) _r) K’\é(S”‘“f“) RN I?O(S"H"”z) -0
| ! !
0 0 KO(Si-\(Lz|Lx))

of exact sequences. By Lemma 3.9, Proposition 3.13 and Lemma 3.15, we obtain
AASHIE=1,2,40r 6}> (n=1(mod 4))

(5.11) Ker r, = { {fy(Ker r,)U {2x} > (n+j = 1 (mod 8))
<h(Ker r) U {x}> (n+j =5 (mod 8)).
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Suppose m=n-+3. Then we have

C Z[2 =7 (mod 8
Coker g, = KO(S*+i+?) =~ { 2 (n+j (mod 8))

0 (otherwise) ,
and hence

2KO(S*+*1) (n+j = 7 (mod 8))

r(R(S*+*1)) = g(KO(Si(Ly|LY))) = { KO(S*+*Y  (otherwise) .

Since #; is a monomorphism, we have Ker g,Cr(V} ns;). Thus we obtain
a split short exact sequence

0 — KO(S/(L2|LiY)/Ker g, & KO(Si(Ly/L2)) ZHso,
where Ker g;=<{{r,(S,), 1(Ss)}> and

[ 2KO(S*+*Y) (n+j =7 (mod 8))
~ | KO(S*+i*Y)  (otherwise) .

Applying the method used in the proof of Lemma 4.11 to x, we obtain the fol-
lowing result by Lemma 3.9 and (5.11).

(5.12) (1) Ifn=3 (mod 4), then the Adams operations are given by
PH(ra(x)) = (R—2 [k[2]) o) -

(2) Suppose n=1 (mod 4) and k=& (mod 8), where & is an odd integer with
—3=€=<3. Then the Adams operation * is given by

Wk(rz(x)) = k* rz(x)+((5ki/2_k")/8) rz(ﬁ(sfs(x)))‘{"kjlz w,
where u=(n-+j-+1)/2, w=—(&/3) h(§+5, &+1) W and

_ {’z(ﬁ(ss+ss)) (n = 1 (mod 8))
7(f1(28;—S5)) (n =5 (mod 8)).

Suppose n=3 (mod 4). Then using (5.11) and (5.12) (1), we see that the
short exact sequence

0— IEE)(SJ'(LQ”/L'S‘H)) — K’b(Si(Lg/Lg)) - K’b(sn+j+l) -0
of 4p-maps splits. This implies that
KO(S/(LE|LY) = KO(S/(LE /L) S EO(S*+)
and

J(S(L3|L3)) = J(S/(LE|LE) @ T (S*++).
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Thus, results of the case j=2 (mod 4), =3 (mod 4) and m=n+3 follow from
those of the case j=2 (mod 4) and #=0 (mod 4).
Now, we turn to the case n=1 (mod 4). If m=n-5, then we have

Im 7, = ZEBZ/Z"“"‘H'"H)@(@LO Z/2h4(m+j-4i,u+}'-4i+5)) .

If n4+5>m=n+3, then we have Im r,=<Z. Under the assumption of (5.12)
(2), we have

(R —R*)[8) 1 fi(8fs(x))) -+ w
= ((n-+1)/2) N(/2"®) ((k*—1)[2*2*%) W (mod g(U4,ns1)) »
where u=(n-j+1)/2. Thus we have ]'(S"(LZ;”/LZ))gK~O(Sj(L§'/L§))/Ul, where
U, is the subgroup of KO(S/(L¥/L%)) generated by
&(Un na) U fm((n+j+1)/2) r,(x)+ MW}
with M=1 (mod 2). By (5.8), we have
(5.13) U, = {<{4"01; 29,, 4v3, My vo+M(v,+9,)} > (n =1 (mod 8))
T K 8oy 20,4, v, Movet 2M (v tus)}>  (n= 5 (mod 8)),
where My=m((n+j-+1)/2), v,(M)=0, v;=g,(r,(Ssi+1)) (1=1=3) and vo=r,(x).
This implies that we have
J(Imr) = F(o)K{B;0<i<3}>,
where F(v) is the free abelian group generated by {v;|0=:=3},
4M, v, (m=n+9+12h,(n, n—4))
By, = { 2M, v, (n+94-12hy(n, n—4)>m=n+5-+4h,(n, n—4))
M, v, (n+5-+4h(n, n—4)>m),
029, (n = 5 (mod 8))
{ZM v+27; (n =1 (mod 8) and m=n-13)
29, (n = 1 (mod 8) and n+413>m),
2M, vy+4v, (n = 5 (mod 8) and m=n-+17)
MM, vy+2v, (» = 5 (mod 8) and n+17>m=n+>5)
M, vy+ Mo, +v, (n = 1 (mod 8) and m=n+9)
v+2h(n,n—4)v; (n+5+44h(n, n—4)>m)

Bz=

and
My vy+2Mvy+2v; (n =5 (mod 8) and m=n-+9)
4v, (n =1 (mod 8) and m=n+5)
v3+-2h(n+4, n)v, (n+5-+4h(n+4,n)>m).
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By the proof for the case #=2 (mod 4), we obtain

(5.14) Suppose j—1=n=1 (mod 4) and m=n-73.
(1) If m+4j=0 (mod 8), then we have

(Imr,)DZ/2 (m = n+17)
I?O(S"(LZ‘/LQ)) - ZPZ16BZADZ[2 (m = n+13)
ZDZB3DZ|4 (m = n+9)
z ZpZ[8 (m = n+5)
and
J'(Imr,)DZ/2 (m=n+-17)
Z2M,DZ4DZ]4 (hy(n+-4,n) = m—n—13 = 0)
ZAMDZ12DZ[2PZ[2 (hy(n,n—4) = m—n—13 = 0)
J(S(LEILY) = { Z2MDZ4DZ]2 (hn+-4,m) = m—n—9 = 0)
ZAMDZ[4D Z[2 (hy(n,n—4) = m—n—9 = 0)
Z|M,BZ|8 (hy(n+4,n) = m—n—5 = 0)
Z2M,DZ|4 (hy(n,n—4) = m—n—5=0),

where My=m((n+j+1)/2).
(2) If m4j=1 (mod 8), then we have

KO(S/(Ly|Lz)) = KO(S/(Ly-'/L1) D Z/2
and
J(SULEILY)) = J(S/(LE~'/L3))DZ]2 .
(3) If m4-j=2 (mod 8), then we have
KO(Si(L7/L2)) = (Im 1) DZ/2
and
J(SULEILY)) = J"(Im7,)DZ/2 .
Noting the fact that we have S/(L;*!/L})~S"+/*! and
{Sm‘”vs'twf1 (n = 1 (mod 2))

Si(LA*?|LY) = ,
LTI = gwoirs (n = 0 (mod 2)),

we obtain the result for the case =1 (mod 2).
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