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A. Kawauchi, T. Shibuya and S. Suzuki proved that any closed connected
oriented surface piecewise-linearly and locally-flatly embedded in Euclidean 4-
space R* can be deformed into a surface with a special configuration called a
normal form [5]. In this paper we difine normal forms for closed connected
non-orientable surfaces in R* and prove that any closed connected non-orientable
surface pieceaise-linearly and locally-flatly embedded in R* is deformed into a
normal form (Theorem 1.3).

It is known that the Euler number of a closed connected non-orientable sur-
face in R* can only take on the following values: 2X-4, 2X, 2X+4, ---, 4—2X,
where X is the Euler characteristic of the surface. This was conjectured by
H. Whitney in 1940 [10] and proved by W.S. Massey in 1969 [8] using the
Atiyah-Singer index theorem. We give, as an application of Theorem 1.3, a
geometrical proof to it.

We prepare some definitions and state the main theorem (Theorem 1.3) in
Section 1 and prove it in Section 2. In Section 3 we study the relationship
between the Euler number and the normal form. Section 4 concerns unknotted
non-orientable surfaces in R*. 'The above mentioned proof of the Whitney and
Massey theorem are given in Section 5.

Throughout this paper, we work in the piecewise linear category. For the
notation, we refer to K-S-S [5].

The author would like to express sincere gratitude to Professor Akio Kawa-
uchi for his valuable advice, Professors Junzo Tao, Makoto Sakuma and Hitoshi
Murakami for their encouragement and support.

1 Definitons and Main Theorem

In this section all links and bands are unoriented. Let ¢ be a link in R® and
B,, -+, B,, be mutually disjoint bands spanning . For each (=1, -+, m), the
intersection of £ and B; is the union of two disjoint arcs «;, &/ on £ with B;N{=
0B;N{=a;Ual. Then CI¢UOB,U:-UdB,—(a;UaiU--Ua,Uan)) is a
link. We call the new link the link obtained from { by the (unoriented) hyperbolic
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transformations along the bands B, ---, B,, and denote it by hk({; B,, -+, B,,).
Bands B,, -+, B, spanning a knot # are said to be cohernt to £ if they can be as-
signed orientations which are coherent to an orientation of 4. Otherwise, B;, -+,
B,, are said to be noncoherent to 4. See Fig. 1. Further, noncoherent bands B,,
.-+, B,, spanning a knot £ are said to be in regular position to 4 if there exist
mutually disjoint m simple arcs I, -++, I,, on 4 such that for each i=1, ---, m, the
attaching arcs a;, @} of the bands B; are contained in I;. See Fig. 2.
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Consider a sequence 4—>/—>-:-—/, of (unoriented) links such that 4 is the
link obtained from 4_, by the hyperbolic transformations along mutually
disjoint bands B'={B{”, ---, B’} spanning /_, (i=1, :--,5). Let a and b be
real numbers with a<<b and let #;(:=0, --+, 5) be numbers with a=#<¢t,<---<
t,=b. Consider a proper sufrace in R?[a, b] such that

4[] for te[t;_y, (ti-1+1)/2)
FNRYt] = { (4L-,UDB)[t] for t= (t;.,+1)/2
4[t] for te((t;i-,+1)/2, 1] (=1,2, -, 5).

We call F the realizing surface of the sequence ly—>{—---—{, and denote it by
Fi(lyy 4y s 4y B, B, -+ B°) or Fi(ly—>Ly—--+—L,). (For a subset 4 of R, we
define A[t]]={(x, t)ER*X R|xE A, t=t;} and A[t, t,]={(»,t)ER*XR|x€ A4,
t,<t<t}.) If both 4 and / are trivial, there exist mutually disjoint disks 9_
(resp. 9.) in R? with 09 _=/, (resp. 09, =4¢,). Then the closed surface
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Fg = Fz(/o, zl) Yy ls; Ql’ $2’ ) Qs) Ug)-[a] UQ+[b]
is called the closed realizing surface of the sequence ly—>4\—>+--—>/,.

RemarRk 1.1. The closed realizing surface F’ does not depend on the
choices of disks 9_ and 9, in the following sense. Suppose D~ and D’ are
other disks with 09’ =/, and 89, =/, then the closed surface F}*=F,U D’ [a]U
9),[b] is ambient isotopic in R¥(— oo, +o0)=R* to F!=FiU D _[a]U D, [b] and
the ambient isotopy may keep R¥a-+&, b—&] fixed for sufficiently small positive
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number €. (See for example K-S-S [5], Lemma 1.5.)

DErFINITION 1.2. A closed, connected, locally-flat and non-orientable sur-
face F in R* is said to be in a normal form if F is the closed realizing surface of a
sequence O_—>4_—4,—(, with the following properties.

(1) O- and O, are trivial links.

(2) O-—¢4_is complete fusion. Namely 4_ is the knot obtained from O_
by the hyperbolic transformations along B_={B7} with |B_|=|0_|—1, where
| | means the number of components.

(3) 44 is the knot obtained from 4_ by the hyperbolic tranfsormations
along noncoherent bands, B,= {B?}, spanning 4_ in regular position to 4_.

(4) 4,—0, is complete fission. Namely O, is the link obtained from the
knot 4, by the hyperbolic transformations along B, = {B?}, with | B, |=|0.|
—1.

We call £_U B,=+, U B, the middle cross-section of F and 4_ (resp. 4.) the
lower (resp. upper) cross-sectional knot. Figure 3 is an example of a surface in
the normal form. The following is the main theorem of this paper, whose
proof is in Section 2.

Theorem 1.3. Any closed, connected, locally-flat and non-orientable surface
F in R¥(— oo, 4 00) can be deformed into a surface in the normal form by ar am-
bient isotopy of R¥(— oo, --o0). Further, the number of the middle cross-sectional
bands is equal to the non-orientable genus of the surface F (=rankz, H\(F; Z,)).

2. Proof of the Main Theorem

In this section we prove Theorem 1.3. It is a non-orientable version of
K-S-S [5, Lemma 2.1]. We use some lemmas in [5], in which it is assumed
that links, bands and surfaces have suitable orientations. But the following
lemmas are still valid without changing proofs.

Lemma 2.1 (cf. K-S-S [5, Lemma 2.8]). Let F be a closed connected
locally-flat surface in R3(—oo, +o0). F is ambient isotopic in R¥(— oo, 4 o0) to
the closed realizing surface of a sequence of hyperbolic transformations O=/4—>4—L,
==, =0" such that /,,,=h(/; B;.,) for a band B,,,,i=0, 1, ---, m—1, and
O, O’ are trivial links.

Lemma 2.2. (cf. K-S-S[5, Lemma 1.10]). Let { be a link in R®. And let
B,, -+, B,, Bi, -+, By be mutually disjoint bands spanning {. Consider two
sequences

{—>U'=h(l;B)—>"=h{;B)

and
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>V =h(; BUSD),

where B={B,, ---, B,} and B'={B}, -, Bys}. Then the realizing surfaces
FY,0,07; B, B') and Fi(L,!"; BUB') are ambient isotopic in R¥— oo, + o0)
keeping R3(— oo, a] U R*[b, + o) fixed.

An ambient isotopy {4} ,c; of R*(—oo, 4 o0) is said to be level-preserving
if 4(R*[¢t])=R?3[#] holds for each s&I and ¢t with —oo<<t<<+ oo, and [a, b]-
vertical-line-preserving if for each s&I and xER?® there exists a unique point
x,€ R? such that 4,(x[t])=x,[t] holds for all t&[a, b].

Lemma 2.3 (cf. K-S-S[5, Lemma 1.12]). Suppose ¢, and | are links o0b-
tained from a link 4, by the hyperbolic transformations along bands {B;} and {B}}
spanning 4, respectively. If {,U U;B; is ambient isotopic in R® to {,U U ;B} keep-
ing 4, fixed setwise, then the realizing surfaces Fi(ly, 4,5 {B:}) and Fi(4, {1; {B}})
are ambient isotopic in R¥(—oo, +o0). Moreover we may assume the ambient
isotopy is level-preserving and [E,, E,]-vertical-line preserving for arbitrarily given
£, &, with a<€,<(a+b)/2<b<¥, and keeps R¥(— o, a] fixed.

Lemma 2.4 (cf. K-S-S [5, Lemma 1.14]). Suppose that {={—>l—--—1,
={' is a sequence of hyperbolic transformations from a link ¢ to a link {' such that
liyy=h(l; Biy)) for a band By, i=0,1, ---, n—1. Then there exist mutually
disjoint bands Bi, -+, B;, spanning { such that the realizing surface Fi({,{"; {B{, -,
Bi}) with {’=h(¢; Bi, --+, B}) is ambient isotopic in R}(— oo, +co) to the realizing
surface Fi({, 4, -+, L,; B, By, ---, B,). Moreover we may assume that the ambient
isotopy is level-preserving on RP[b, +o0) and [b, pl-vertical-line-preserving for
arbitrarily given p with b<<p and keeps R*(— oo, a] fixed.

We need one more lemma to prove Theorem 1.3, which is a non-orientable
version of [5, Lemma 1.16].

Lemma 2.5. Let B, ---, B, be mutually disjoint bands spanning a knot .
And let £ be the knot obtained from 4 by the hyperbolic transformations along
B,, -+, B,. If there exists at least one noncoherent band to 4 in B,, -+, B,, then
there exist mew mutually disjoint n noncoherent bands B, ---, B, spanning 4 in
regular position such that the realizing surfaces Fi(k,#"; {B,, ---, B,}) and Fi(¢,4';
{B,, -*-, B,}) are ambient isotopic by an ambient isotopy of R¥(— oo, +-co) keeping
R3(— oo, a] fixed, where #” is the knot obtained from # by the hyperbolic transform-
ations along B,, -+-, B,. This ambient isotopy may be level-preserving on R3[b, -+ oo)

and [b, p]-vertical-line-preserving for an arbitrary p>b.

Proof of Lemma 2.5. Let B, be a noncoherent band to 4 in B, -+, B,.
Take an arc I; on 4 such that the attaching arcs «;, & of B, are contained in I,.
Consider the realizing surface Fi(4, 4", 4'; B, {B,, -+, B,}), where &V is the
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knot obtained from #4 by the hyperbolic transformation along B;. By Lemma
2.2, it is ambient isotopic to Fi(4,4'; {B,, ---, B,}) by an ambient isotopy of
R3(—o0, -+ 00) keeping R¥— oo, a] U R3[b, +oo) fixed. Slide the attaching arcs
{a;, al;i=2, -+, n} of B,, --+, B, along 4" and deform B,, ---, B, into BV, ---,
B{ such that they are disjoint from B, and I,. (In the process, they may in-
tersect B,—4".) See Fig.4. By Lemma 2.3, the realizing surface F’(4, 4, 4V’;
By, {BS), -+, B{"}) is ambient isotopic to Fi(4, 4™, 4'; B,, {B,, ---, B,}) by an
ambient isotopy as in Lemma 2.3, where 40'=h(4"; BV, ---, BY). Again by
Lemma 2.2, the realizing surface Fj(4, £V, 4'; B, {B$", ---, B}) is ambient
isotopic in R¥(—oo, +-o0) to Fi(4,£4V'; {B,, B, ---, B{}). We can get the
desired bands by repeating analogous process. 'This completes the proof of 2.5.

Proof of Theorem 1.3. Let F be a closed, connected, locally-flat and
non-orientable surface in R¥(—oco, 4-o0). By Lemma 2.1, F is ambient isotopic
in R¥(— oo, --o0) to the closed realizing surface of a sequence O_=/—>/—>+-—
/y=0,. Applying Lemma 2.4, we get mutually disjoint 7 bands B,, -, B,,
spanning 0. such that the closed realizing surface F}(O_—4—---—4,=0,) is
ambient isotopic in R¥ —oo, 4-o0) to the realizing surface FXV=F}0O_, O};
{B,, ***, B,}), where O.=hr(O_; B,, ---, B,,).

Let O_(resp. O}) have u (resp. p’) components. Since F is connected,
there exist at least p—1 bands, say By, -+, Bz_,, in {B,, -+, B,} such that O_U

21 By is connected. And there exist at least u’—1 bands, say B}, ---, Bi/_,,
in {B,, -+, By} —{B1, ---, Bi_;} such that ©,U U%3' B} is connected. Put
B_={Bry, ++, Bi_1}, B,={B{, -+, Bj»_)} and B,={B,, -+, B,} —B_—B,.
By Lemma 2.2, F/ is ambient isotopic in R*(—oco, +o0) to FXO=F%O_, 4_,
b, 0L B_, By, B,) with £_.=h(O_; B_) and £,=h (O} ; B.).

Since F is non-orientable, there exists at least one noncoherent band to 4_
in B,. [If B, has no noncoherent bands to 4_, then F is orientable. cf. K-S-S
[5]] By Lemma 2.5, there exists a family of noncoherent bands spanning 4_
in regular position, say B, so that F5® is ambient isotopic in R3(— oo, +o0) to
Fi®=FYO_, k., ¥, 0% ; B, B5, B.), where &, =h(4_; B}) and B, is a family
of p’—1 bands spanning £, and OY=h(4,; B,). Thus we get the required
surface FJ® which is in the normal form and ambient isotopic to F in
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R3(__ o, + Oo)
Let X be the Euler characteristic of F. The equality
X = p—m+p'
is easily verified. So the number of middle cross-sectional bands B is
| Bt| = m—(p—1+p'—1)
=2—X.

This is the non-orientable genus of F. This completes the proof.

3 Euler Number

Let F be a closed, connected, locally-flat and non-orientable surface in R*.
The regular neighborhood N of F may be regarded as a normal disk bundle
over F. Let p: F—F be the orientable double covering of F. Consider the
induced bundle N over # and assign N by the map p: N—N the orientation
associated with that of NV in R*.

N—£—>N

J }

F——>F
?

DerFiniTION 3.1. The Euler number of the surface F is defined by
e(F) = Inty(F, F)/2,

where Intz(F, F') denotes the self-intersection number of F in N.

The Euler number defined above is equal to the Euler number of the nor-
mal bundle of F in R* using local coefficients that is an invariant of embedded
surfaces in R* (cf. [10]). In this section we study the relationship between the
Euler number of F and its middle cross-section.

Let (4, #F) be the pair of a knot 4, and its longitude 4§, where 4§ is a
longitude of the boundary of the tubular neighborhood ¥V, of 4, in R3. (It is
not required to be preferred.) Consider a noncoherent band B spanning 4, with
attaching arcs {a, @’}. Let B’ be the band obtained by spreading B along 4,
slightly and let V' be the thin tubular neighborhood of #4, such that the intersec-
tion of B” and V consists of two rectangles. ¥ may be different from V,. The
incersection of B’ and 9V is the union of two disjoint arcs a* and a’*. Modify
£§ slightly so that it coincides with a* and a’* near o and ' by an ambient
isotopy of R® keeping #4, fixed. See Fig. 5. Then the band B*=B’'—V spans
the new 4§, obtained from 4f by that modification, with the attaching arcs
{a*, a’'*}. Let 4 and £* be the knots obtained from 4, and £§ by the hyperbolic
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transformations along the bands B and B* respectively. See Fig. 6. #4* is uni-
quely determined up to ambient isotopy of R? keeping 4 fixed.

DeriNITION 3.2. Under the above notations, the pair (4, £*) is called the
pair obtained from (4y, £§) by the hyperbolic transformation along the noncoherent
band B.

Let F be a closed, connected, locally-flat and non-orientable surface in R*.
By Theorem 1.3, we can deform it into the closed realizing surface of a sequence
O_—+4_—+4,—0, satisfying the conditions in Definition 1.2. We also denote by
F the deformed surface in the normal form. Consider the preferred longitude
£* of the knot 4_, i.e. the linking number of (4_, £¥) is zero, and the pair (4., £¥)
obtained from (4_, £*) by the hyperbolic transformations along the middle cross-
sectional bands B, which are noncoherent to £.. Then the following proposition
holds.

Proposition 3.3. The linking number of the pair (4., £%¥) is equal to e(F).

Proof. Let {4},c; be the ambient isotopy of R® keeping 4_ fixed that car-
ries £* onto 4,(#¥) from which £¥ is obtained (see Fig. 5.). Let & be a sufficiently
small positive number. Assume that the levels of B_, B, and B, are —1, 0
and 1 respectively. We consider a proper surface F*i7; in R} [—14-€, 1—¢]
such that
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£X[1] for t=—1+4€

4 (%) [t], where s= (t+1—8)/(1—2€)
F¥ 7, NRt] = for —l4e<t<—¢

HEDHUBE)[t]  for t= —&

£X[1] for —&<t<1—-€.

Evidently the proper surface F*17%, is a nowhere zero section of N(F)NR?
[—14-¢, 1—€] which is regarded as a normal disk bundle over FN R} [—1-+¢,
1—¢€], where N(F') is the regular neighborhood of Fin R*. Since FN R} —oo,
—1-+-€] is homeomorphic to a disk and the linking number of 4_ and £¥ is zero,
we can extend F*17%, to a proper surface F*17? in R3(—oco, 1—&] as a nowhere
zero section of N(F)NR}(—oo, 1—E€]. Let N7 (resp. Niz) be N(F)NR?
(—o0, 1—&] (resp. N(F)NR3[1—€, +0)). And let N'2¥ (resp. NT=) be the
preimage of N7 (resp. Ni=,) under the map p: N—N as in Definition 3.1.
Since FNR?[1—&, + o) is homeomorophic to a disk, we can regard N7, as
D, xD*UD,xD?* and identify them. The preimage of FNR}[1—&, + o) is
D, x {0} UD,x {0} and the preimage of 4.[1—&]=08(FNRE[1—E, 4 o0)) is
(0D,)x {0} U(@D,)x {0}. And the preimage of £¥[1—¢&] is two disjoint loops
lying in (8D,) X D*U (0D,) X D?, say #¥' and £%%>. For any section D¥(i=1, 2) of
D; x D? with D¥|,p,=#%, the intersection number of D; X {0} and D¥ is equal to
the linking number of 9D; X {0} and £¥'. Hence it is equal to link(4,, £¥). So
we have

Inty(F, F) = Inty-(F, ﬁ’l_:e)—{—lntﬁ;_we(ﬁfj‘;, Fi=,
= Inty1-2(F17, F¥°)+Inty, «p2 (D, X {0}, DY)
+Inty,xp2 (D, x {0}, D¥)
= link (8D, x {0}, £%")-+link (8D, x {0}, £%?)
=2 link (4,, £¥) .

This completes the proof.

3.4 Example. Here are two projective planes P, and P_ in R*, called
standard projective planes. 'Then e(P,)=2 and e(P_)=—2. Thus they are not
ambient isotopic in R!. The Euler number of a surface depends upon the
orientation of R*(or S*). We fix the orientation and promise that the standard
projective plane in R* (or S*) with the Euler number 2 is positive and the other
is megative.

Let (S%, F;) be a pair of an oriented 4-sphere S} and a closed, connected,
locally-flat non-orientable surface F; in S?(7=1,2). Consider the connected
sum (Si# Sz, Fi# F,) of the pairs (S1, F}) and (S3, F,) with respect to the ori-
entations of St and S3. 'The surface F,# F, in the oriented 4-sphere S*=S1# S5
is called the knot sum of F, and F,. For non-orientable surfaces in oriented
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Euclidean 4-spaces R, define the knot sum in a similar way. By the definition
of the Euler number, we see the following proposition:

Proposition 3.5. Let F, and F, be closed, connected, locally-flat surfaces in
Rt (or S*). Then e(F, 4 F,)=e(F))+e(F,).

Theorem 3.6 [The Whitney and Massey theorem]. Let F be a closed,
connected, locally-flat and non-orientable surface with the Euler characteristic X in
R*. Then the possible values of the Euler number of F, e(F), are 2X—4, 2X, -+,
and 4-2X.

This theorem was conjectured by H. Whitney in his paper [10] and proved
by W.S. Massey [8]. We give another proof in 5.1. A knot 4 is a slice knot
if £[0]c R*[0] bounds a locally-flat proper disk D in R3[0, +o0). The follow-
ing proposition is a corollary to Theorem 3.6.

Proposition 3.7. Let £ be the knot obtained from a slice knot #, by the hyper-
bolic transformations along n noncoherent bands B spanning 4, And let (£, £#*) be
the pair obtained from (#y, £8) by the hyperbolic transformations along B, where £F
is the preferred longitude of 4,. Then if the absolute value of the linking number of
(#, £*) is greater than 2n, the knot 4 cannot be slice.

Proof. Assume # is a slice knot. We consider the realizing surface F1, in
R3[—1, 1] of 4—>4. Since 4, and # are slice knots, there exist two locallly-flat
proper disks D, in R3(—oco, —1] and D in R*[1, +o0) with 8D,=#,[—1] and
0D=#[1]. The closed surface D,UFL; UD is a non-orientable surface with the
non-orientable genus 7, so by Theorem 3.6 the absolute value of the Euler
number is less than or equal to 42X (=2n). On the other hand by the same
argument of the proof of Proposition 3.3 we can show e(D,U FL,U D)=link
(4, #%) and |e(D,UFL,UD)|<2n. This is a contradiction. This completes
the proof.

It is known that any closed, connected, locally-flat and orientable surface
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in R* bounds a 3-manifold in R*. For non-orientable surfaces, the following
holds:

Theorem 3.8. A closed, connected, locally~flat and non-orientable surface
F in R’ bounds a 3-manifold in R*, if and only if e(F)=0.

This result is claimed by K. Asano [1] (cf. Hosokawa-Kawauchi [3]) and
shown by C. McA. Gordon and R.A. Litherland in [2]. We shall give here a
proof near to Asano’s approach in [1]. We use the following lemma which is
a non-orientable version of Kawauchi’s in [4].

Lemma 3.9. Let G and G be a compact orientable surface and a compact
non-orientable surface in R® with the same boundary a knot £ respectively. Sup-
pose that they intersect transversally and does not intersect in the neighborhood of
4 except for £.  Then for any proper arc v en G which intersects G transversally,
|y NG| iv even.

Proof of Lemma 3.9. We join 7 and an arc on 4 cut by dv in order to get
a loop ¢ on G with ¢ GO———'?. Let ¢’ be a loop obtained from ¢ by pushing off
in the normal direction of G. We can assume that |[¢'NG|=|9NG|. Since
¢’ is disjoint from G, |¢'NG|=|c'N(GUG)|. On the other hand we can regard
¢’ and GUG as Z,-cycles in R®. Then [GUG]=0 in H,(R%; Z,), so their Z,-
intersection number Int([GUG], ¢')=0. Hence |§ NG| is even.

Proof of Theorem 3.8. If F bounds a 3-manifold ', we can get a nowhere
zero cross-section of N(F') by making use of W. So e(F)=0. We shall show
the sufficiency. Let F be a closed, connected, locally-flat and non-orientable
surface in R* with the Fuler number zero. By Theorem 1.3, we can assume F
is in a normal form and the critical bands 9., 9_, B,, B_ and B, are in the
levels t=2, —2, 1, —1 and O respectively (Definition 1.2). Let 4, be the upper
cross-sectional knot of F. The bands B,={B,, :--, B,,} span the boundary O,
of 9, which is a trivial link, and 4, is obtained from @, by the hyperbolic
transformations along $B.. We may assume that 9, U B, is a normal singular
surface in R® whose singularity consists of mutually disjoint simple ribbon
singularities. Assign orientations to ), such that all of them are coherent to an
orientation of 4,. For eact i, i=1, .-+, m, let @; and a! be the attaching arcs of
B; to ©,. Then we give a sign to each simple ribbon singularity of 9, U B, as
in Fig. 8. We can assume that the bands B, ={B,, -+, B,} satisfy the condition
that, for each 7 (=1, -+, m), the sum of the signs of ribbon singularities of 9, U
B, along B; is zero. (Modify them as in Fig. 9, if necessary.) Then there exist
mutually disjoint annuli A4, -+, 4,, surrounding $B,, attached to QZ.,. with at-
taching sets 0A, U0A], -+, 0A, U 0A{ such that the surface G=Cl (D, UB, U4,
U U4 —(AUA{U - UA,UAY)) is a compact orientable surface embedded
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Fig. 9

in R® with boundary 4,, where A, Af, :-+, A,, A} are neighborhoods of the rib-
bon singularities of 9, UB, in 9,. See Fig. 10. (Here CI means the closure
in R3.)

Fig. 10

We construct a 3-manifold W, CR3[2/3, +o0). Let ¢, -+, ¢, be real numbers
with 1<t,<---<t,<2=t,;,. We define W, N R3[2/3,t,] as follows:

G[t] for 2/3<t<1

3 J—
W.NERYt] = {Cl (G—3B,)[1] for 1<ty .

Let A;UA4;UA{ be an innermost 2-sphere in A, UA4,UA], -, A, U4, UA].
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Then A,U 4, U A{ bounds a unique 3-disk V, in R® with V,N(4,U ---U4,)=¢.
We define W, N\ R3[t,, t,] as follows:
Cl(G—3,)[1] for t,<t<(t,—1t,)/2
CL(G—BHUV)I for t=(t,—1)2
Cl ((G—’Q+"‘Al) Uau A{) [t]

for (t,—t)/2<t<t,.

W, N R[] =

By the repetition of the procedure, we obtain W, N R3[t]=9,[t] for t=t,,,=2.
And we define W, N R3(2, + o) as empty. Then 8W,=(FNR3*[2/3, +o0))U
G[2/3]. Similarly, we can obtain a 3-manifold W_ in R3(— oo, 1/3] with dW_=
(FNR3}(—o0, 1/3])UG’[1/3]. G’ is a non-orientable surface in R? with 0G'=
4,. Now G and G’ have the same boundary 4,. Since e(F)=0, there exists an
ambient isotopy {f,}e; of R® keeping 4, fixed such that G=f,(G’) intersects G
transversally and dose not intersect G in the tubular neighborhood of 4. except
for the boundary 4,. Then GNG consists of 4, and some simple loops. Let
Y1 **+> ¥; be mutually disjoint simple proper arcs on the orientable surface G
such that they cut G into a disk. We can assume that ¢,, ---, ¥, intersect G
transversally. Then for each 7, =1, -+, [, we see the number of the intersection
points %; NG is even by Lemma 3.9. So we can do a surgery for G' by some
mutually disjoint 1-handles H}, ---, H} along v,, **+, 7, spanning G so that the
resulting surface GO=h!(G; H}, -+, H}) (see Definition 4.1) is disjoint from
9y, -+, 75 See Fig. 11, Then the intersection of G® and G consists of 4, and
¢(=0) simple loops C={c,, :*+, ¢;}. C are disjoint from «,, -+, 7,, so they
bound disks on G. Assume that ¢, is an innermost loop on G. Let d, be the
disk on G bounded by ¢, and let d; be a 3-disk obtained by thickenning d; such

Fig. 11
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that d,NG@=(8d,)NG® is an annulus and d;NG=d,. The surface GV =h?
(G©; d)) (see Definition 4.1) intersects G with 4, and C—{c;}. Inductively we
assume that ¢;, is a loop in C—{c,, **+, ¢;} which is innermost on G and let d;,,
be the disk on G bounded by c;;,. And let d;,, be a 3-disk in R? such that
d;.,NGHO=(8d;,) NG is an annulus and d;,;NG=d;;,. Then GV+V=p?
(G%; d,,,) intersects G with 4, and C—{c,, -+, ¢;+,}. Finally we obtain a sur-
face G@ which intersects G on 4,. The union of G@ and G is a closed surface
embedded in R®. But no closed non-orientable surface can be embedded in R?,
so the above union is orientable. It bounds a 3-manifold in R®, say M. We
construct a 3-manifold W,C R*[1/3, 2/3] as follows:

G'[1] for 1/3<t<<t]
[(G") [t], where s = (¢—1t1)/(t5—t1) for <1<t
G[1] for #<t<t}
(GUHU - UH}) [t] for t=1t
GOt for #H<t<t]
(G"Uud)[1] for t=t;
Wy N R[] = { GVl for ti<t<t}
(GYUd,) 1] for t=1t
G®[1] . for #h<t<t}
(GeUd,) 1] ' for =ty
G(q)[t] for #443<<t<<tgss
Ml[t] for t=t}y,
G[t] for t5,,<t<2/3,

where 1/3<t{<<---<t7,,<<2/3. We get the required 3-manifold W=W, U W,U
W_ in R*, whose boundary is F. This completes the proof of Theorem 3.8.

4 TUnknotted Non-orientable Surface

Let F be a closed, locally-flat surface (possibly disconnected) in R*. A 3-
cell B in R* is said to span F as a 1-handle, if the intersection BN F is a pair of
disjoint 2-cells on 9B. A 3-cell B in R* is said to span F as a 2-handle, if BN
F=(8B) N F and the intersection is homeomorphic to an annulus S*X [0, 1].

DeriniTioN 4.1, Let B,, -+, B,, be mutually disjoint 3-cells in R* which
span F as 1-handles, then the surface A'(F; B,, -+, B,,)=Cl(FUdB,U :-- UdB,,—
[FN(@B,U---U0B,)]) is called the surface obtained from F by the hyperboloidal
transformations along 1-handles B,, --+, B,,., When By, -+, B,, span F as 2-handles,
then the resulting surface h*(F; B,, ---, B,,) is called the surface obtained from F
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by the hyperboloidal transformations along 2-handles B, --, B,,.

Proposition 4.2. Let F be a closed, locally-flat surface (possibly disconnec-
ted) in R'. And let B, -, B, be mutually disjoint 3-cells spanning F as 1-
handles (or 2-handles). Then the Euler number of the resulting surface F'=h'
(F; By, -+, B,,) (or F'=H*F; B,, ---, B,)) s equal to that of F.

Proof. (I) The case when B, ---, B,, are 1-handles. Let F have u>1
components, say F;, -+, Fu. For each i=1, ---, u, take a 2-disk D; on F;. We
can transform B, -+, B, so that they attach F in D, U +-- U Dy by sliding the at-
taching disks FN(0B,U -+ U9B,,) along F and by deforming the attaching disks
into smaller subdisks, if necessary (see Fig. 12).

Fig. 12

Let 3: N(F)—>N(F) be the double covering space defined in 3.1, where
N(F) is the regular neighbourhood of F in R* which is the normal disk bundle
over F. For any section F* of N(F), by the definition, Intysy(B Y(F*), 7
(F))=2e¢(F). We may assume the intersecting points of p~(F*) and p~%(F)
are over p~Y(F—D,U--UDy). For F’, construct a section F'* of the normal
disk bundle N(F’) over F’, so chat F'* coincides with F* over F—int(D,U -+
UDu)CF’ and F'* does not intersect F’ over F'—(F—D, U --- U D,), by making

Fig. 13
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use of 3-cells By, -+, B,, (Fig. 13). 'This implies that e(F")=e(F).

(IT) The case when B, -+, B,, are 2-handles. B,, ---, B,, are considered to
span F'=Hh*(F; B,, -+, B,) as 1-handles. Then F is obtained from F’ by the
hyperboloidal transformations along 1-handles B, -+, B,. So e(F)=e(F’).
This completes the proof.

DeFINITION 4.3. A 1-handle B in R* which spans F is said to be a trivial
1-handle (resp. non-orientable trivial 1-handle), if there exists a 4-cell N in R*
containing B such that NNF=(0N)NF is a 2-cell and the proper surface
CI(NNF)UdB—(FN9dB)) in N is orientable (resp. non-orientable).

DEerFINITION 4.4. Let F be a closed, connected, locally-flat and non-orien-
table surface in R*. If the knot type of F'is the knot sum of some copies of
standard projective planes P, or P_ (see 3.4), we say that F is unknotted.

Theorem 4.5 (Hosokawa-Kawauchi [3]). Let F be a closed, connected,
locally-flat and non-orientable surface in R*. F bounds a non-orientable handle-
body in R*, if and only if F is unknotted and e(F)=0.

Lemma 4.6. Let F be a closed, connected, locally-flat surface in R* and let
B be a non-orientable trivial 1-handle spanning F. Then the knot type of the
resulting surface h'(F; B) is the knot sum of F, P, and P_, where P, P_ are the
standard projective planes. Conversely if F' is the knot sum of F, P, and P_, F'
is the resulting surface h'(F; B) by a non-orientable trivial 1-handle B spanning F.

Theorem 4.7. For any closed, connected, locally-flat and non-orientable
surface F in R, there exist mutually disjoint 1-handles B,, -, B,, spanning F such
that the resulting surface h'(F; B, -+, B,,) is unknotted.

Proof. We first note that e(F)=0 (mod 2) (cf. Massey [8]).

(I) The case when e(F)=0. Then, by Theorem 3.8, F bounds a compact
non-orientable 3-manifold M in R!. We can find mutually disjoint 3-cells
B,, -+, B,, in M such that they span F as 1-handles and K=Cl(M—B,U -:- U B,,)
in R* is a non-orientable handle-body with some genus (cf. Hosckawa-Kawauchi
[3; 2.9]). Theorem 4.5 asserts that the boundary of K is an unknotted non-
orientable surface in R*.

(IT) The case when e(F)=2s(s=1,2, ---). Let F’ be the knot sum of F
and s copies of negative standard projective plane. By the definition of the knot
sum, we may assume F’ coincides with F' in R*—D, where D is a small 4-cell
in R* such that (D, FN D) is homeomorphic to the standard disk pair. Since
e(F')=0, there exist mutually disjoint 3-cells B), -+, B,, spanning F’ as 1-handles
such that A'(F’; By, -+, B,) is unknotted. Let a; be the core of 1-handle
By(i=1, -+, m). Since n(D—F')=Z,, we can assume the arcs a,, ***, «,, are
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disjoint from D by sliding «,, :*+, @, along F' and by moving them. Hence
By, .-+, B,, may be assumed to be disjoint from D. Further consider the knot
sum F” of F’ and s copies of positive standard projective planes P, such that
F’—D=F'—D=F—D in R*—D. Since F” is the knot sum of F, s copies of
P, and s copies of P_, applying Lemma 4.6, we get mutually disjoint 3-cells
i, -+, B{ in D which span F with F”’=h'(F; B, ---, B). Then the surface
h'(F; By, -+, B,, Bi, -+, B) is unknotted. The desired B, -+, B,,, Bj, ---, B}
are thus obtained.
(III) The case when e(F)=—2s(s=1,2, :--). Change the roles of P, and
P_ in the above argument. This completes the proof of Theorem 4.7.

5 A proof of the Whitney and Massey theorem

Let F be a closed, connected, locally-flat and non-orientable surface with
non-orientable genus z in S*. Since H(S*—F; Z)=Z,, we can consider the
2-fold branched covering M(F) of (S*, F). Let o(M(F))and B;(M(F)) denote
the signature and the i-th integral Betti number of M(F) respectively.

5.1 Proof of Theorem 3.6. We show the following (, which is the same
approach as Massey’s in [8]):

O o (M(F)) = €e(F)[2 (€ = £1),
2) B(M(F))=m.

From the definition of the signature, (1) and (2) imply that the possible values
of e(F) are —2n, —2n-+4, -+, and 2n. Hence they are 2X—4, 2X, ---, and
4—2X.

Proof of (1). (I) The case when F is unknotted (4.4). Suppose F is the
knot sum of A copies of positive standard projective plane P, and u copies of
negative standard projective plane P_ (A >0, x>0, A+p=+0). Let M(P,) be
the 2-fold branched cover of (S* P,). Since z,(S*—P,)=Z, (which is generated
by the meridian of P,), H(M(P,); Z)=0. By the Poincare duality theorem,
B{M(P))=0. And since Sy(M(P))=B{M(P,))=1 and X(M(P,))=2X(S")
—X(P;)=3, we have B,(M(P,))=1 by the Euler-Poincaré formula, where X
means the Euler characteristic. Hence the signature of M (P,)is 1 or —1. Put
o (M(P;))=&(E=-1). M(P.) is the same manifold as M(P,), but the orien-
tation is the opposite. Thus o (M(P.))=—¢€. [In fact, M(P,) and M(P_) are
the complex projective spaces CP? and CP? respectively.] Since F is the knot
sum of A copies of P, and p copies of P_, the manifold M (F) is the connected
sum of A copies of M(P,) and p copies of M(P.). By the additivity of the
signature, we have

o (M(F)) = No (M(Py))+ o (M(P_))
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= N+ u(—¢€)
=EA—pu).

On the other hand, by the additivity of the Euler number (3.5),

e(F) = ne(Py)+pe(P-)
=22 —2pu
=2(A—p).

Thus we have the equality (1) for unknotted surfaces.

(ITI) The case when Fis knotted. 'Then, by Theorem 4.7, there exist mu-
tually disjoint 1-handles By, --+, B,, in S* spanning F such that the resulting sur-
face F'=h'(F; By, -, B,) is unknotted. We construct a cobordism (W, M)
between (S%, F) and (S*, F’) as follows:

W==8'x[0,1],
(W, M) = (S*, F)x [0, 1/2)U(S%, FUB,U - U B,) X [1/2]
U(SY, F)x(1/2,1].

M is a locally-flat, proper 3-manifold in W. Let «; be the core of 1-handle B;
(¢=1, -+, m). The union a,U---Ua, is 1-dimensional, so H,(S*—(FUe, U -
Ua,); Z)=H,(S*—F; Z). Since W—M is homotopic to S*—(FUB,U---U
B,) and H\(S*—F; Z)=Z,, H(W—M; Z)=Z,. [H(W—M; Z) is generated
by the meridian of (S% F)x[0].] Consider the 2-fold branched covering of the
pair (W, M). The boundary of this manifold is exactly the union (—M(F))U
M(F’), when we assign W the orientation induced from S*x[1]. Hence
o(M(F))=a(M(F')). On the other hand, Proposition 4.2 asserts that e(F')=
e(F). Since F’ is unknotted, the equality (1) holds. Hence o (M (F))=¢&e(F)/2

(E==+1).

Proof of (2). By Theorem 1.3 we can assume that F is in a normal form in
S*, where we regard S* as the one-point compactification of R!. Let 4, be the
upper cross-sectional knot of F (Definition 1.2). We need the following lemma
to prove (2):

Lemma 5.2. Let F be a closed, connected, locally-flat and non-orientable
surface in a normal form in R'. And let 4, be the upper cross-sectional knot of F.
Then the inclusion map i from (R*—#4.) [1/2] to R*—F induces an epimorphism
ix from m, (B'—4y) [1/2]) to m, (R\—F).

Proof of 5.2. Suppose F in R* is the closed realizing surface of a sequence
O_—b_—k,—0, with FNRY[1/2]=4,[1/2]. Let X,, X, and X be the inter-
sections (R'—F) N R¥[1/2, 4-o0), (R*—F)N R}(— o0, 1/2] and (R*—F)NR*[1/2]
respectively. Recall the configulation of F. The surface FNR3[1/2, 4 o0)in
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R¥Y1/2, +0) (resp. FNR¥—oo, 1/2] in R3(— oo, 1/2]) has no minimal (resp.
maximal) points. Thus the inclusion map 7;: X—X, (resp. 7,: X—X,) induces
an epimorphism ip: 7 (X)—=m (X)) (resp. in: 7z (X)—m(X,)). Using Van
Kampen’s theorem, we have the result.

ReMARK. When we assumed that S* is the one-point compactification of
R¥—o0, +0), there exists an epimorphism from z'(S*—4,) to z,(S*—F).

Now we continue the proof of (2). Let =,(4,) be the 2-fold branched cover
of 8% branching over 4,. By Lemma 5.2, there exists an epimorphism from
7 (S3—4,) to =, (S*—F). It induces an epimorphism from H,(Z,(4%); Z) to
H(M(F); Z). Since H,(3,(4.); Z) is a finite group of odd order (cf. Rolfsen
[7]), we see B,(M(F))=rank,H,(M(F)); Z)=0. By the Poincaré duality theo-
rem, By(M(F))=0. Since By(M(F))=By(M(F))=1 and X (M(F))=2X(S*)—
X (F)=n-2, we obtain B,(M(F))=n. This completes the proof.
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