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Dedicated to Goo Ishikawa on his sixtieth birthday

Abstract. In a joint work with Kazuya Kato and Chikara Nakayama, log higher Albanese

manifolds were constructed as an application of log mixed Hodge theory with group action. In

this framework, we describe a work of Deligne on some nilpotent quotients of the fundamental
group of the projective line minus three points, where polylogarithms appear. As a result,

we have q-expansions of higher Albanese maps at boundary points, i.e., log higher Albanese

maps over the boundary.

0. Introduction

We review the results of [11]: - General theory of log mixed Hodge structures with polarizable
graded quotients endowed with group actions. - Description of the functors represented by higher
Albanese manifolds in terms of tensor functors. - Toroidal partial compactifications of higher
Albanese manifolds to get log higher Albanese manifolds, and describe the functors represented
by them.

We describe a result of Deligne in [3] about polylogarithms, which were appeared in higher
Albanese maps, in terms of the log higher Albanese maps. The advantage of our formulation is
that log higher Albanese maps have q expansions at the boundary points over which we observe
directly ζ(n) (n ≥ 2) as values of polylogarithms.

For readers’ convenience, we add as Appendix a summary of the related result of Deligne
in [3].

Actually, for the present description in Section 3, it is enough to use the formulation of spaces
of nilpotent orbits in [10] Part III. The formulation of them in [11] is reviewed in Sections 1 and
2 for further study in the case of higher Albanese manifolds with non-trivial Hodge structures.

1. Log mixed Hodge structures with group action

We review general formulations and results of log mixed Hodge structures with group action
in [11] and [10] Parts III, IV, in a minimal size for the later use of this paper. The full version
will be appeared in [10] Part V.

1.1. A log structure on a ringed space (S,OS) consists of a sheaf of monoids M on S and a

homomorphism α : M → OS such that α−1(O×S )
∼→ O×S .

1.2. Example. Let S = C and {0} a divisor. The associated log structure is

M = {f ∈ OS | f is invertible on S r {0}}.

2010 Mathematics Subject Classification. Primary 14C30; Secondary 14D07, 32G20.
Key words and phrases. Hodge theory, log Hodge structure, log higher Albanese map, polylogarithm, zeta

value.

http://dx.doi.org/10.5427/jsing.2020.21q


304 SAMPEI USUI

Slog is defined to be the set of all pairs (s, h) consisting of a point s ∈ S and an argu-
ment function h which is a homomorphism Ms → S1 of monoids whose restriction to O×S,s is

u 7→ u(s)/|u(s)|.
In this case, the ringed space (Slog,Olog

S ) is explained as follows. Let

S̃log := C ∪ (R× i∞) = R× i(R ∪∞)

endowed with coordinate function z = x + iy (−∞ < y ≤ ∞). Let Slog := (C ∪ (R × i∞))/Z,

and consider maps S̃log → Slog → S : z = x + iy 7→ (e−2πy, e2πix) 7→ q := e2πiz. Note that
(e−2πy, e2πix) is a polar coordinate extended over −∞ < y ≤ ∞, and Slog → S is a real oriented
blowing-up at {0}, which is proper. h : M0 → S1 in t := (0, h) ∈ Slog sends q to e2πix. Since

z is considered as a branch of (2πi)−1 log(q), we have Olog
S,t = OS,0[z] which is isomorphic to a

polynomial algebra OS,0[T ] of one indeterminate T over OS,0 under z ↔ T ([12] 2.2.5).
For more general and finer treatment, see [9], [12] 2.2.

1.3. Let G be a linear algebraic group over Q. Let Gu be the unipotent radical of G and let
Gred = G/Gu. Let Rep(G) be the category of finite-dimensional linear representations of G over
Q.

1.4. Let k0 : Gm → Gred be a Q-rational and central homomorphism. Assume that, for one
(hence all) lifting Gm,R → GR of k0, the adjoint action of Gm,R on Lie (Gu)R = R⊗Q Lie (Gu)
is of weight ≤ −1.

Then, for any V ∈ Rep(G), the action of Gm on V via a lifting Gm → G of k0 defines an
increasing filtration W on V over Q, called weight filtration, which is independent of the lifting.

1.5. Assume that we are given a homomorphism k0 : Gm → Gred as in 1.4. A G-mixed
Hodge structure (G-MHS, for short) of type k0 is an exact ⊗-functor ([4] 2.7) from Rep(G) to
the category of Q-mixed Hodge structures keeping the underlying vector spaces with weight
filtrations.

1.6. As in [2], let SC/R be the Weil restriction of scalars of Gm from C to R. It represents the

functor A 7→ (C⊗R A)× for commutative rings A over R. In particular, SC/R(R) = C×, which

is understood as C× regarded as an algebraic group over R.
Let w : Gm → SC/R be the homomorphism induced from the natural map A× → (C⊗RA)×.

1.7. The following (1) and (2) are equivalent:
(1) A finite-dimensional linear representation of SC/R over R.
(2) A finite-dimensional R-vector space V with a decomposition

VC := C⊗R V =
⊕
p,q∈Z

V p,qC

such that, for any p, q, V q,pC is complex conjugate of V p,qC (Hodge decomposition).
For a finite-dimensional linear representation V of SC/R, the corresponding decomposition is

defined by

V p,qC := {v ∈ VC | [z]v = zpz̄qv for z ∈ C×}.

Here [z] denotes z ∈ C× regarded as an element of SC/R(R).
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1.8. Let H be a G-MHS of type k0 (1.5). By 1.7 and Tannaka duality (cf. [4] 1.12 Théorème), the
Hodge decompositions of grW of H(V ) for V ∈ Rep(G) give a homomorphism SC/R → (Gred)R

such that the composite Gm
w→ SC/R → (Gred)R coincides with k0. We call this

SC/R → (Gred)R

the associated homomorphism with H.

1.9. Let k0 : Gm → Gred be as in 1.4. Fix a homomorphism h0 : SC/R → (Gred)R such that
h0 ◦ w = k0.
G-mixed Hodge structure of type h0 is a G-mixed Hodge structure of type k0 (1.5) whose

associated homomorphism SC/R → (Gred)R (1.8) is Gred(R)-conjugate to h0.
The period domain D = D(G, h0) associated to (G, h0) is defined to be the set of isomorphism

classes of G-mixed Hodge structures of type h0.

1.10. Usual period domains of Griffiths [5] and their generalization for mixed Hodge structures
[13] are special cases of the present period domains.

Let Λ = (H0,W, (〈 , 〉w)w, (h
p,q)p,q) be the Hodge data as usual as in [10] Part III. Let G

be the subgroup of Aut(H0,Q,W ) consisting of elements which induce similitudes for 〈 , 〉w
for each w. That is, G := {g ∈ Aut(H0,Q,W ) | for any w, there is a tw ∈ Gm such that
〈gx, gy〉w = tw〈x, y〉w for any x, y ∈ grWw }. Let G1 := Aut(H0,Q,W, (〈 , 〉w)w) ⊂ G.

Let D(Λ) be the period domain of [13]. Then D(Λ) is identified with an open and closed part
of D in this paper as follows.

Assume that D(Λ) is not empty and fix an r ∈ D(Λ). Then the Hodge decomposition of
grW r induces h0 : SC/R → (Gred)R. (We have 〈[z]x, [z]y〉w = |z|2w〈x, y〉w for z ∈ C× (see
1.6 for [z]).) Consider the associated period domain D (1.9). Then D is a finite disjoint union
of G1(R)Gu(C)-orbits which are open and closed in D. Let D be the G1(R)Gu(C)-orbit in
D consisting of points whose associated homomorphisms SC/R → (Dred)R are (G1/Gu)(R)-
conjugate to h0. Then the map H 7→ H(H0,Q) gives a G1(R)Gu(C)-equivariant isomorphism
D ' D(Λ).

1.11. Fix a homomorphism h0 : SC/R → (Gred)R as in 1.9.
Let C be the category of triples (V,W,F ) consisting of a finite-dimensional Q-vector space V ,

an increasing filtration W on V (called the weight filtration), and a decreasing filtration F on
VC (called the Hodge filtration).

Let Y be the set of all isomorphism classes of exact ⊗-functors from Rep(G) to C preserving
the underlying vector spaces with weight filtrations.

Then G(C) acts on Y by changing the Hodge filtration F . We have D ⊂ Y and D is a
G(R)Gu(C)-orbit in Y (cf. [11] Proposition 3.2.5). We define Ď := G(C)D in Y . Thus

D ⊂ Ď = G(C)D ⊂ Y.

Ď is a G(C)-homogeneous space and D is an open subspace. Hence Ď and D are complex
analytic manifolds.

1.12. Let h0 : SC/R → (Gred)R be as in 1.9. Let C be the image of i ∈ C× = SC/R(R) by h0

in (Gred)(R) (Weil operator). We say that h0 is R-polarizable if {a ∈ (Gred)′(R) | Ca = aC} is
a maximal compact subgroup of (Gred)′(R). Here (Gred)′ denotes the commutator subgroup of
Gred.

1.13. Let h0 : SC/R → (Gred)R be R-polarizable (1.12).
Let Γ be a subgroup of G(Q) for which there is a faithful V ∈ Rep(G) and a Z-lattice L in V

such that L is stable under the action of Γ.
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Then the following holds ([11] Proposition 3.3.4):
(1) The action of Γ on D is proper, and the quotient space Γ \D is Hausdorff.
(2) If Γ is torsion-free and if γp = p with γ ∈ Γ for some p ∈ D, then γ = 1.
(3) If Γ is torsion-free, then the projection D → Γ \D is a local homeomorphism.

1.14. Let (G, h0) be as above.
A nilpotent cone is a cone σ over R≥0 in Lie (G)R generated by a finite number of mutually

commuting elements such that, for any V ∈ Rep(G), the image of σ under the induced map
Lie (G)R → EndR(V ) consists of nilpotent operators.

For F ∈ Ď and a nilpotent cone σ, (σ, exp(σC)F ) is a nilpotent orbit if it satisfies the following
conditions: Take a generators N1, . . . , Nn ∈ Lie (G)R of the cone σ.

(1) (admissibility) There is a faithful V ∈ Rep(G) such that the relative monodromy weight
filtrations M(Nj ,W ) on V exist for all 1 ≤ j ≤ n.

(2) (Griffiths transversality) NjF
p⊂F p−1 for any 1 ≤ j ≤ n, p ∈ Z.

(3) (limit mixed Hodge property) exp(
∑n
j=1 iyjNj)F ∈ D if yj ∈ R>0 are sufficiently large.

This is well-defined, i.e., independent of choices of generators N1, . . . , Nn.
Note that, for admissibility, the above condition (1) is enough under the assumption of R-

polarizability (cf. [7], [10] III Proposition 1.3.4, Remark in 2.2.2, [8] Proposition 2.1.10).

1.15. A weak fan Σ in Lie (G) is a nonempty set of sharp rational nilpotent cones satisfying
the conditions that it is closed under taking faces and that any σ, σ′ ∈ Σ coincide if they have a
common interior point and if there is an F ∈ Ď such that both (σ, exp(σC)F ) and (σ′, exp(σ′C)F )
are nilpotent orbits.

For a weak fan Σ in Lie (G), let DΣ be the set of all nilpotent orbits (σ, exp(σC)F ) with σ ∈ Σ
and F ∈ Ď.

1.16. Let Γ be a subgroup of G(Q) as in 1.13.
A weak fan Σ in 1.15 is said to be strongly compatible with Γ if Σ is stable under the adjoint

action of Γ and each cone σ ∈ Σ is generated over R≥0 by log of exp(σ) ∩ Γ.

1.17. B denotes the category of locally ringed spaces with a covering by open sets each of which
has the strong topology in an analytic space. B(log) denotes the category of objects of B endowed
with an fs log structure. For precise definitions of these, see [12] 3.2.4, [10] Part III 1.1.

1.18. Let S ∈ B(log). A Q-log mixed Hodge structure (Q-LMH, for short) with R-polarizable
graded quotients on S is (HQ,W,HO, F ) consisting of locally constant sheaf HQ with an in-

creasing filtration W of HQ on (Slog,Olog
S ), locally free sheaf HO with a decreasing filtra-

tion F of HO on (S,OS) such that grpF is locally free for all p, and a specified isomorphism

Olog
S ⊗Q HQ ' Olog

S ⊗OS HO, whose pullbacks to each fs log point s ∈ S satisfy the following
conditions (1)–(3).

(1) (admissibility) Let N1, . . . , Nn be a generator of the local monodromy cone

C(s) := Hom (Ms/O×s ,R≥0) ⊂ π1(slog).

The relative monodromy weight filtrations M(Nj ,W ) exists for all 1 ≤ j ≤ n.
(2) (Griffiths transversality) ∇F p⊂ω1,log

s ⊗Os F p−1 for all p ∈ Z.
(3) (R-polarizability on graded quotients) For each w ∈ Z, there is a non-degenerate (−1)w-

symmetric bilinear form 〈 , 〉w : H(grWw )R × H(grWw )R → R over R such that the quadru-
ple (H(grWw ), 〈 , 〉w, H(grWw )O, F (grWw )) is an R-polarized log Hodge structure of weight w on
s. The last part means as follows. Let q1, . . . , qr ∈ Ms r O×s whose classes generate the
monoid Ms/O×s . For t ∈ slog and a ∈ sp(t) with exp(a(log(qj))) sufficiently small for all
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1 ≤ j ≤ r, (H(grWw ), 〈 , 〉w, H(grWw )O, F (grWw )(a)) is an R-polarized Hodge structure. Here we
use H(grWw )R := R⊗Q H(grWw ), H(grWw )O := Os ⊗Q H(grWw ), F (grWw ) := F (H(grWw )O).

Note that, in [12] Definition 2.4.7, [10] Part III 1.3.2, rational polarizations on graded quotients
were used. But, in the present paper, we use R-polarizability on graded quotients. Even under
this latter condition, the proof of [10] Part III Proposition 1.3.4 works.

1.19. Definition. Given (G, h0) and Γ as in 1.13. Let S ∈ B(log).
A G-log mixed Hodge structure with a Γ-level structure on S is (H,µ) consisting of an exact

⊗-functor H : Rep(G) → LMH(S); (V,W ) 7→ (V,W,F ) and a global section µ of the quotient
sheaf Γ\I.

Here I is the following sheaf on Slog. For an open set U of Slog, I(U) is the set of all

isomorphisms HQ|U
∼→ id of ⊗-functors from Rep(G) to the category of local systems of Q-

modules V on U preserving the weight filtration W .

1.20. Let (G, h0) be as in 1.13 and let Γ and Σ be as in 1.16.
A G-LMH H on S with a Γ-level structure µ is said to be of type (h0,Σ) if the following (i)

and (ii) are satisfied for any s ∈ S and any t ∈ slog. Take a ⊗-isomorphism µ̃t : HQ,t
∼→ id

which belongs to µt.
(i) There is a cone σ ∈ Σ such that the logarithm of the action of the cone

Hom ((MS/O×S )s,N) ⊂ π1(slog) on HQ,t is contained, via µ̃t, in σ ⊂ Lie (G)R.

(ii) Let σ ∈ Σ be the smallest cone satisfying (i). Let a : Olog
S,t → C be a ring homomorphism

which induces the evaluation OS,s → C at s and consider the Hodge filtration F of the functor

V 7→ µ̃ta(H(V )) in Y . Then this functor belongs to Ď and (σ, F ) generates a nilpotent orbit.

If (H,µ) is of type (h0,Σ), we have a map S → Γ \DΣ, called the period map associated to
(H,µ), which sends s ∈ S to the class of the nilpotent orbit (σ, Z) ∈ DΣ which is obtained in
(ii).

1.21. Let (G, h0) be as in 1.13 and let Γ and Σ be as in 1.16.
Introduce on Γ \DΣ the strong topology, that is the strongest topology for which the period

map S → Γ \DΣ is continuous for all (S,H, µ), and introduce a sheaf of holomorphic functions
O and a log structure M .

Theorem 1.22. Let (G, h0,Γ,Σ) be as in 1.21. Assume that h0 is R-polarizable (1.12). Then
(1) Γ \DΣ is Hausdorff.

From hereafter, assume that Γ is neat.
(2) Γ \DΣ is a log manifold ([10] Part III 1.1.5). In particular, Γ \DΣ belongs to B(log).
(3) Γ \DΣ represents the contravariant functor from B(log) to (Set):
S 7→ {isomorphism class of G-LMH over S with a Γ-level structure of type (h0,Σ) }.
(4) Let S be a connected, log smooth, fs log analytic space, and let U be the open subspace of

S consisting of all points of S at which the log structure of S is trivial. Assume that S r U is a
smooth divisor.

Let (H,µ) be a G-MHS over U of type h0 (1.9) endowed with a Γ-level structure (1.19). Let
ϕ : U → Γ \D be the associated period map. Assume that (H,µ) extends to a G-LMH over S
with a Γ-level structure of type (h0,Σ).
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Then, ϕ extends to a morphism ϕ in B(log) in the following commutative diagram:

S
ϕ−−−−→ Γ \DΣ⋃ ⋃

U
ϕ−−−−→ Γ \D.

2. Log higher Albanese manifolds

We review here formulations and results of higher Albanese manifolds in [6] and of log higher
Albanese manifolds in [11].

2.1. Let X be a connected smooth algebraic variety over C. Fix b ∈ X. Let Γ be a quotient
group of π1(X, b) which is torsion-free and nilpotent.

Let G = GΓ be the unipotent algebraic group over Q whose Lie algebra is defined as follows:
Let I be the augmentation ideal Ker(Q[Γ] → Q) of Q[Γ]. Then Lie (G) is the Q-subspace of
Q[Γ]∧ := lim←−n Q[Γ]/In generated by all log(γ) (γ ∈ Γ). The Lie product of Lie (G) is defined by

[x, y] = xy − yx. We have Γ ⊂ G(Q).

2.2. Let π1 = π1(X, b). Let J be the augmentation ideal Ker(Q[π1] → Q) of Q[π1]. For a
positive integer n, let Γn be the image of π1 → Q[π1]/Jn. Then Lie (GΓn) has a mixed Hodge
structure induced from de Rham theory on the path spaces over X by Chen’s iterated integral.

For a given Γ as in 2.1, there exists n ≥ 1 such that Γ is a quotient of Γn. Hereafter we
assume that Lie (GΓ) has a quotient mixed Hodge structure of the one on Lie (GΓn). Note that
this mixed Hodge structure on Lie (GΓ) is independent of the choice of n.

We note that there is an insufficient statement on mixed Hodge structure on Lie (GΓ) in [11]
6.1.2. The authors of [11] agreed to correct this part, so as to assume the existence of this mixed
Hodge structure on Lie (GΓ) as above in the present paper.

Let G = GΓ. Let F 0Lie (G)C be the 0-th Hodge filter on Lie (G)C and let F 0G(C) be the
corresponding subgroup of G(C). The higher Albanese manifold associated to (X,Γ) is defined
in [6] as

AX,Γ := Γ \ G(C)/F 0G(C).

2.3. Take a Q-MHS V0 with polarizable grW having the Q-MHS on Lie (G)Q with G = GΓ in
2.2 as a direct summand.

Let Q ⊂ Aut(V0,Q) be the Mumford-Tate group associated to V0, i.e., the Tannaka group of the

Tannaka category 〈V0〉 generated by V0: 〈V0〉
∼→ Rep(Q). Explicitly, it is the smallest Q-subgroup

Q of Aut(V0,Q) such that QR contains the image of the homomorphism h : SC/R → Aut(V0,R)
and such that Lie (Q)R contains δ. Here h and δ are determined by the canonical splitting of
the Q-MHS V0 ([1], [10] Part II 1.2).

The action of Q on Lie (G) induces an action of Q on G. By this, define a semi-direct product
G of Q and G:

1→ G → G→ Q→ 1.

We have G ⊂ Gu. We have h0 : SC/R → (Qred)R = (Gred)R by using the Hodge decomposition

of grWV0.

2.4. Let DG (resp. DQ) be the period domain D for G (resp. Q) and h0 in 2.3. We have a
canonical map Γ \DG → DQ induced by G→ Q.
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Let bQ ∈ DQ be the isomorphism class of the evident functor Rep(Q)→ Q-MHS by definition

in 2.3, and let bG ∈ DG be the isomorphism class of Rep(G)→ Rep(Q)
bQ→ Q-MHS via the section

Q ↪→ G.
Let D be the fiber of the map DG → DQ over bQ.

Theorem 2.5. The map Gu(C)→ DG ; g 7→ g · bG induces an isomorphism

AX,Γ = Γ \ G(C)/F 0G(C) ' Γ \D
of analytic manifolds.

2.6. Let CX,Γ be the category of variations of Q-MHS H on X satisfying the following three
conditions:

(1) For any w ∈ Z, grWw H is a constant polarizable Hodge structure.
(2) H is good at infinity in the sense of [6] (1.5), i.e., there exists a smooth compactification X

of X with normal crossing boundary divisor XrX such that the Hodge filtration bundles extend
to sub-bundles of the canonical extension ofO-module ofH which induce the corresponding thing
for each grWw H, and that, for the nilpotent logarithm Nj of a local monodromy transformation

about a component of X rX, the relative monodromy weight filtration M(Nj ,W ) exists.
(3) The monodromy action of π1(X, b) factors through Γ.

Hain and Zucker showed

Theorem 2.7. ([6] (1.6) Theorem). The category CX,Γ is equivalent to the category of Q-MHS
V with polarizable grWV endowed with an action of Lie (G) such that Lie (G) ⊗ V → V is a
homomorphism of MHS.

2.8. Define a contravariant functor FΓ : B(log) → Sets as follows: For S ∈ B(log), FΓ(S) is
the set of isomorphism classes of pairs (H,µ) of an exact ⊗-functor H : CX,Γ → MHS(S) and a
Γ-level structure µ satisfying the following condition (i). Here a Γ-level structure means a global

section of the sheaf Γ \ I, where I is the sheaf of functorial ⊗-isomorphisms H(H)Q
∼→ H(b)Q

of Q-local systems preserving weight filtrations.
(i) For any Q-MHS h, we have a functorial ⊗-isomorphism H(hX) ∼= hS such that the induced

isomorphism of local systems H(hX)Q ∼= hQ = hX(b)Q belongs to µ. Here hX (resp. hS) denotes
the constant variation (resp. family) of Q-MHS over X (resp. S) associated to h.

Theorem 2.9. Let the notation be as in 2.8. The functor FΓ is represented by AX,Γ ' Γ \D.

This follows from Theorem 2.5 and Theorem 2.7.
Let ϕ : X → AX,Γ be the higher Albanese map.

2.10. Let Σ be a weak fan in Lie (G) such that σ ⊂ Lie (G)R for any σ ∈ Σ. Assume that Σ and
Γ are strongly compatible. Let Γ \DG,Σ → DQ be a canonical morphism induced by G → Q.
Define

AX,Γ,Σ:= (the fiber of Γ \DG,Σ → DQ over bQ) ∈ B(log)

Define a contravariant functor FΓ,Σ : B(log)→ Sets as follows: For S ∈ B(log), FΓ,Σ(S) is the
set of isomorphism classes of pairs (H,µ) consisting of an exact ⊗-functor H : CX,Γ → LMH(S)
and a Γ-level structure µ satisfying the condition (i) in 2.8 and also the following condition (ii).

(ii) The following (ii-1) and (ii-2) are satisfied for any s ∈ S and any t ∈ slog. Let

µ̃t : H(H)Q,t ∼= H(b)Q

be a functorial ⊗-isomorphism which belongs to µt.
(ii-1) There is a σ ∈ Σ such that the logarithm of the action of the local monodromy cone

Hom ((MS/O×S )s,N) ⊂ π1(slog) on HQ,t is contained, via µ̃t, in σ ⊂ Lie (G)R.
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(ii-2) Let σ ∈ Σ be the smallest cone which satisfies (ii-1) and let a : Olog
S,t → C be a

ring homomorphism which induces the evaluation OS,s → C at s. Then, for each H ∈ CX,Γ,
(σ, µ̃t(a(H(H)))) generates a nilpotent orbit in the sense of [10] Part III, 2.2.2.

Theorem 2.11. Let the notation be as in 2.9 and 2.10.
(1) The functor FΓ,Σ is represented by AX,Γ,Σ.

(2) Let X be a smooth algebraic variety over C which contains X as a dense open subset such
that the complement X rX is a smooth divisor. Endow X with the log structure associated to
this divisor. Assume that Σ is the fan consisting of all rational nilpotent cones in Lie (G)R of
rank ≤ 1 (denoted by Ξ in [11] 6.2.5). Then, the higher Albanese map ϕ : X → AX,Γ extends

uniquely to a morphism ϕ : X → AX,Γ,Σ of log manifolds.

Since an object of CX,Γ is good at infinity (2.6), it extends to an LMH over X. Hence (2)
follows from (1) and the general theorem 1.22 (4).

3. Description of a result of Deligne by log higher Albanese map

For a group Γ(n) in 3.3 below, Deligne [3] showed that polylogarithms appear in the higher
Albanese map X → AX,Γ(n) (cf. Section A below). Here we describe them in our framework in
[11] (Section 2 in the present paper).

3.1. Let X := P1(C) r {0, 1,∞} ⊂ X := P1(C) with affine coordinate x. Let b := (0, 1)
the “tangential base point” over 0 ∈ X with tangent v0 ∈ T0(X) = Hom C(m0/m

2
0,C) defined

by v0(x) = 1 in [3] Section 15. This is understood in log geometry in the following way. Let

y = (0, h) ∈ X
log

be the point lying over 0 ∈ X, where h : Mgp

X,0
= O×

X,0
× xZ → S1 is the

argument function which is a group homomorphism sending f ∈ O×
X,0

to f(0)/|f(0)| and x to

v0(x)/|v0(x)| = 1 ([11] 6.3.7). Let u0 ∈ Olog

X,y
be the branch of log(x) having real value on R>0.

(This u0 is the branch denoted by f ∈ Olog

X,y
in [11] 6.3.7 (ii), and u0 can be also regarded

as the function 2πiz on S̃log in 1.1.1.) Then the corresponding base point in the boundary in

our sense is b = (y, a), where a : Olog

X,y
= C{x}[u0] → C is the specialization which is a ring

homomorphism sending x to 0 and u0 to a(u0) = log(v0(x)) = log(1) = 0 ([11] 6.3.7 (ii)).

See [11] 6.3.6, 6.3.7 for more general description of the above correspondence of boundary
points.

3.2. The inclusion X ⊂ Gm(C) = C× induces π1(X, b) → π1(Gm(C), b) = Z(1). Let K be its
kernel, and let Γ := π1(X, b)/[K,K] and Γ1 := K/[K,K]. Then

1→ Γ1 → Γ→ Z(1)→ 1.

3.3. Let ZnΓ be the descending central series of Γ defined by Zn+1Γ := [ZnΓ,Γ] starting with
Z1Γ = Γ.

Let Γ(n) := Γ/Zn+1(Γ) and Γ
(n)
1 := Image (Γ1 → Γ(n)). Let γ0, γ1 ∈ Γ(n) be the classes of

small loops anticlockwise around 0 and clockwise around 1, respectively. Then, we have

Γ(n) = 〈γ0, γ1〉, (ad γ0)k−1γ1 (1 ≤ k ≤ n) are commutative, Γ
(n)
1 =

∑n
k=1 Z(ad γ0)k−1γ1.

3.4. Let Λ = (V,W, (〈 , 〉w)w∈Z, (h
p,q)p,q∈Z) be as follows. V is a free Z-module with basis

e1, e2, e3, . . . , en+1. W is a weight filtration on VQ defined by

W−2n−1 = 0 ⊂W−2n = W−2n+1 = Qe1 ⊂W−2n+2 = W−2n+3 = W−2n+1 + Qe2

⊂ · · · ⊂W0 = W−1 + Qen+1 = VQ.
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〈 , 〉w : grWw (VQ)× grWw (VQ)→ Q (w ∈ Z) are the Q-bilinear forms characterized by

〈en+1+k, en+1+k〉2k = 1

for k = 0,−1, . . . ,−n. hk,k = 1 for k = 0,−1, . . . ,−n, and hp,q = 0 for the other (p, q).
Let D(Λ) be the period domain in [10] Part III with universal Hodge filtration F :

F 1 = 0 ⊂ F 0 = C(en+1 +
∑

n≥j≥1

aj,n+1ej) ⊂ F−1 = F 0 + C(en +
∑

n−1≥j≥1

aj,nej)

⊂ · · · ⊂ F−n = F−n+1 + Ce1 = VC.

3.5. Let G be the unipotent group G in 2.1 for Γ(n). Define an action of Lie (G) on VQ by
N0 = log(γ0), N1 = log(γ1):

N0ej = ej−1 (j = 2, . . . , n), N0ej = 0 (j = 1, n+ 1),

N1en+1 = −en, N1ej = 0 (j = 1, 2, . . . , n).

Then

(−N0 +N1)j = (−N0)j + (−AdN0)j−1N1 (1 ≤ j ≤ n+ 1).

3.6. Let X be as in 3.1 and Γ(n) be as in 3.3. We consider the higher Albanese manifold AX,Γ(n)

of X by using the base point b in 3.1.
The Q-MHS on Lie (G) is as follows: N0 and N1 are of Hodge type (−1,−1) and compatible

with bracket and hence F 0G(C) = {1}. Thus the higher Albanese manifold is

AX,Γ(n) = Γ(n) \ G(C).

Lemma 3.7. Let F and Nj (j = 0, 1) be as in 3.4 and in 3.5.
(i) We have the following.

(1) (N0, F ) satisfies the Griffiths transversality if and only if

ak,n+1 = 0 (2 ≤ k ≤ n); a1,k = al−k+1,l (2 ≤ k < l ≤ n).

(2) (N1, F ) satisfies the Griffiths transversality if and only if

ak,n = 0 (1 ≤ k ≤ n− 1).

(3) (−N0 +N1, F ) satisfies the Griffiths transversality if and only if

a1,k = al−k+1,l (2 ≤ k < l ≤ n+ 1).

(ii) The following three conditions are equivalent.
(1) The Lie action Lie (G) ⊗ V → V in 3.5 is a homomorphism of MHS with respect to the

MHS on Lie (G) in 3.6 and the MHS (V,W,F ) in 3.4.
(2) For j = 0 and 1, (Nj , F ) satisfies the Griffiths transversality.
(3) aj,k = 0 unless (j, k) = (1, n+ 1).

The assertions are easily verified by direct computation.

3.8. For any fixed a ∈ C, denote by F (a) the Hodge filtration in 3.7 (ii) (3) with a1,n+1 = a.
By the action in 3.5, we define

D := exp

(
CN0 +

n∑
k=1

C(AdN0)k−1N1

)
F (a) ⊂ D(Λ).

Then, this D coincides with D in 2.4. Hence G(C) ' D and AX,Γ(n) ' Γ(n) \D as complex
analytic manifolds.
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3.9. Let ϕ : X → AX,Γ(n) ' Γ(n) \D be the composite of higher Albanese map and the isomor-

phism in 3.8. Let F (x) be the pullback by ϕ of the universal Hodge filtration on Γ(n) \D.
Since F (x) is rigid by Theorem 2.7, we consider a connection equation:

dF (x) = ωF (x), ω := (2πi)−1 dx

x
N0 + (2πi)−1 dx

1− x
N1.

That is,

dak−1,k(x) = (2πi)−1 dx

x
(2 ≤ k ≤ n),

dan,n+1(x) = −(2πi)−1 dx

1− x
,

daj,k(x) = (2πi)−1aj+1,k(x)
dx

x
(3 ≤ k ≤ n+ 1, 1 ≤ j ≤ k − 2).

3.10. This system is solved by iterated integrals. The solutions are

aj,k(x) =
1

(k − j)!
((2πi)−1 log(x))k−j (2 ≤ k ≤ n, 1 ≤ j ≤ k − 1),

aj,n+1(x) = −(2πi)−n−1+j ln+1−j(x) (1 ≤ j ≤ n).

Here the lj(x) are polylogarithms, in particular l1(x) = − log(1− x).

3.11. Table of solutions:

1 a1,2 . . . a1,n a1,n+1

0 1
. . .

...
...

... 0
. . . an−1,n an−1,n+1

...
...

. . . 1 an,n+1

0 0 . . . 0 1


=



1 (2πi)−1 log(x) . . . ((2πi)−1 log(x))n−1

(n−1)! −(2πi)−nln(x)

0 1
. . .

...
...

... 0
. . . (2πi)−1 log(x) −(2πi)−2l2(x)

...
...

. . . 1 −(2πi)−1l1(x)

0 0 . . . 0 1


.

Note that, for 1 ≤ j ≤ n,

exp((2πi)−1 log(x)N0)ej = ej + (2πi)−1 log(x)ej−1 + · · ·+ 1

(j − 1)!
((2πi)−1 log(x))j−1e1,

for j = n+ 1,

exp

− ∑
n≥k≥1

(2πi)−klk(x)(AdN0)k−1N1

 en+1 = en+1 −

 ∑
n≥k≥1

(2πi)−klk(x)en+1−k

 .

3.12. For α, β, λ2, . . . , λn ∈ C, let F = F (α, β, λ2, . . . , λn) be a Hodge filtration:

F 1 = 0 ⊂ F 0 = C(en+1 + βen + λ2en−1 + · · ·+ λne1)

⊂ F−1 = F 0 + C

(
en + αen−1 +

α2

2!
en−2 + · · ·+ αn−1

(n− 1)!
e1

)
⊂ · · ·

⊂ F−n+1 = F−n+2 + C(e2 + αe1) ⊂ F−n = F−n+1 + Ce1 = VC.
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3.13. Let ϕ : X → AX,Γ(n) ' Γ(n) \D be the higher Albanese map in 3.9. We have a commu-
tative diagram

ϕ̃(X) ⊂ D

ϕ̃↗
y y

X
∼−−−−→
ϕ

ϕ(X) ⊂ Γ(n) \D

where ϕ̃ : X → D is a multi-valued map corresponding to the Hodge filtration

x 7→ F ((2πi)−1 log(x),−(2πi)−1l1(x), . . . ,−(2πi)−nln(x))

in the notation in 3.12. ϕ̃(X)→ X and ϕ̃(X)→ ϕ(X) are Γ(n)-torsors and ϕ : X
∼→ ϕ(X) is an

isomorphism.

3.14. Let Σ be the set of all cones of the form R≥0N with N ∈ Lie (G). We consider the
extended period domain D(Λ)Σ in [10] Part III. This is only a set. By using the strong topology
([12] Section 3.1), the quotient Γ(n) \D(Λ)Σ has a structure of a log manifold. Define Γ(n) \DΣ

to be the closure of Γ(n) \D in Γ(n) \D(Λ)Σ. This inherits a structure of log manifold. We have
AX,Γ(n),Σ ' Γ(n) \DΣ in the category B(log).

Let N ∈ Lie (G) and σ := R≥0N . Let Γσ be the group generated by the monoid Γ(n)∩exp(σ).
If we use as Σ the fan consisting of the cone σ and 0, also denoted by σ by abuse of notation,
we have AX,Γσ,σ ' Γσ \Dσ in the category B(log).

3.15. Let N0 be as in 3.5 and set σ0 = R≥0N0. Let F = F (α, β, λ2, . . . , λn) be as in 3.12. By
Lemma 3.7 (i) (1), (N0, F ) satisfies the Griffiths transversality if and only if

β = λ2 = · · · = λn−1 = 0.

If this is the case, (N0, F ) generates a σ0-nilpotent orbit, since admissibility and R-polarizability
on grW trivially hold. We describe the local structure of Γσ0 \Dσ0 near the image p0 of this
nilpotent orbit.

Let Y := {(q, β, λ2, . . . , λn) ∈ Cn+1 | β = λ2 = · · · = λn−1 = 0 if q = 0} be the log manifold
with the strong topology, with the structure sheaf of rings which is the inverse image of the sheaf
of holomorphic functions on Cn+1, and with the log structure generated by q. Then there is an
open neighborhood U of (0, 0, . . . , 0, λn) in Cn+1 and an open immersion

Y ∩ U ↪→ Γσ0
\Dσ0

of log manifolds which sends

(q, β, λ2, . . . , λn) ∈ Y ∩ U
with q 6= 0 to the class of F (α, β, λ2, . . . , λn), where α ∈ C is such that q = e2πiα, and which
sends (0, 0, . . . , 0, λn) to p0.

3.16. Near x = 0, a nilpotent orbit in naive sense is

(1) exp((2πi)−1 log(x)N0)F (0, 0, . . . , 0, λ0
n) = F ((2πi)−1 log(x), 0, . . . , 0, λ0

n),

where λ0
n = −(2πi)−nln(0). The corresponding “higher Albanese map” (i.e., local version about

0 of ϕ̃ in 3.13) is

(2) F ((2πi)−1 log(x),−(2πi)−1l1(x), . . . ,−(2πi)−nln(x))

under the condition lj(0) = 0 (1 ≤ j ≤ n − 1). These two are asymptotic when x goes to the

boundary point b = (y, a) with y = (0, h) ∈ X log
and a being the specialization at y in 3.1.
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3.17. As above, let u0 be the branch of log(x) in 3.1 and T an indeterminate over OX,0.

Then, by 1.1.1, we have an isomorphism Olog

X,y
= OX,0[u0] ' OX,0[T ] of OX,0-algebras under

(2πi)−1u0 ↔ T . Consider an OX,0-algebra homomorphism OX,0[T ]→ OX,0, T 7→ x.
Under the initial condition in 3.16 given by the base point b in 3.1, we have

lj(x) =

∞∑
k=1

xk

kj
(1 ≤ j ≤ n− 1), ln(x) = c+

∞∑
k=1

xk

kn

on a simply connected neighborhood X0 of 0 ∈ X, where c := −(2πi)nλ0
n.

Let α = (2πi)−1 log(x). Then, as

x→ 0, exp(−αN0)(F in 3.16 (2))

converges to F (0, 0, . . . , 0, λ0
n) in D (3.8), and hence the class of (F in 3.16 (2)) converges to the

class p0 (3.15) of the nilpotent orbit (σ0, exp(σ0,C)F (0, 0, . . . , 0, λ0
n)) in Γσ0

\Dσ0
. We thus have

an extension of the higher Albanese map over X0 (Theorem 2.11 (2)):

ϕ0 : X0 → Γσ0
\Dσ0

.

This is a morphism in the category B(log). The log structure on the source (resp. the target)
is given by x (resp. q). The pullback of the universal log mixed Hodge structure on the target
coincides with the log mixed Hodge structure on the source.

3.18. By using log mixed Hodge theory, 3.16 is described as follows.
Taking the images of the nilpotent orbit in naive sense 3.16 (1) and the “higher Albanese

map” 3.16 (2), we have their real analytic extensions with boundary

νlog
0 , ϕlog

0 : X
log

0 → (Γσ0
\Dσ0

)log.

Here, X
log

0 is like Example 1.1.1, and (Γσ0
\Dσ0

)log coincides with the moduli of nilpotent i-orbits
Γσ0
\D]σ0

in the present situation ([10] III Theorem 2.5.6).

Let X̃
log

0 be the universal covering of X
log

0 . The above maps are still lifted to

ν̃
log
0 , ϕ̃

log
0 : X̃

log

0 → D]σ0
.

The boundary point b in 3.16 can be understood as the point

b = (z = 0 + i∞) = (u0 = −∞+ i0) ∈ X̃
log

0 .

We have (exp(−(2πi)−1 log(x)N0)(3.16 (2)))(b) = F (0, 0, . . . , 0, λ0
n), and

ν̃
log
0 (b) = ϕ̃

log
0 (b) = (nilpotent i-orbit generated by (N0, F (0, 0, . . . , 0, λ0

n))) ∈ D]σ0
.

3.19. Let now σ1 = R≥0N1 for N1 in 3.5. Let F = F (α, β, λ2, . . . , λn) be as in 3.12. By
Lemma 3.7 (i) (2), (N1, F ) satisfies the Griffiths transversality if and only if α = 0. If this is
the case, (N1, F ) generates a σ1-nilpotent orbit, since admissibility and R-polarizability on grW

trivially hold. We have a similar description of the local structure of Γσ1
\Dσ1

near the image
p1 of this nilpotent orbit.

Let Y be the log manifold {(α, q, λ2, . . . , λn) ∈ Cn+1 | α = 0 if q = 0} with the strong topol-
ogy, the structure sheaf and the log structure defined by q. Then there is an open neighborhood
U of (0, 0, λ2, . . . , λn) in Cn+1 and an open immersion

Y ∩ U ↪→ Γσ1 \Dσ1

of log manifolds which sends
(α, q, λ2, . . . , λn) ∈ Y ∩ U
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with q 6= 0 to the class of F (α, β, λ2, . . . , λn), where β ∈ C is such that q = e2πiβ , and which
sends (0, 0, λ2, . . . , λn) to p1.

3.20. We assume the initial condition in 3.16. Near x = 1, a nilpotent orbit in naive sense is

(1) exp((2πi)−1 log(1− x)N1) · F (0, 0,−(2πi)−2ζ(2), . . . ,−(2πi)−n(c+ ζ(n)))

= F (0,−(2πi)−1l1(x),−(2πi)−2ζ(2), . . . ,−(2πi)−n(c+ ζ(n))).

The corresponding “higher Albanese map” (i.e., local version about 1 of ϕ̃ in 3.13) is

(2) F ((2πi)−1 log(x),−(2πi)−1l1(x), . . . ,−(2πi)−nln(x)).

These two are asymptotic when x goes to the tangential boundary point p̃1 := (1,−1) with
tangent v1 ∈ T1(X) = Hom C(m1/m

2
1,C) defined by v1(1−x) = −1. This is the boundary point

in our sense described as follows. Let u1 be the branch of log(1− x) having real value on R<1.

Then the corresponding point in the boundary in our sense is p̃1 = (y, a) with y = (1, h) ∈ X log

such that the argument function h : Mgp

X,1
= O×

X,1
× (1 − x)Z → S1 is a group homomorphism

sending f ∈ O×
X,1

to f(1)/|f(1)| and 1− x to v1(1− x)/|v1(1− x)| = −1, and the specialization

a : Olog

X,y
= C{1− x}[u1]→ C is a ring homomorphism sending 1− x to 0 and u1 to

a(u1) = −a(−u1) = log(v1(−(1− x))) = log(1) = 0

(cf. [11] 6.3.7 (ii)).

3.21. As above, let u1 be the branch of log(1−x) and T an indeterminate over OX,1. Then, by
1.1.1, we have an isomorphism

Olog

X,y
= OX,1[u1] ' OX,1[T ]

of OX,1-algebras under (2πi)−1u1 ↔ T . Consider an OX,1-algebra homomorphism

OX,1[T ]→ OX,1, T 7→ 1− x.

Let β = (2πi)−1 log(1 − x). Then, as x → 1 in X along the real axis starting from b over
0 to 1, exp(−βN1)(F in 3.20 (2)) converges to F (0, 0,−(2πi)−2ζ(2), . . . ,−(2πi)−n(c+ ζ(n))) in
D (3.8), and hence the class of (F in 3.20 (2)) converges to the class p1 (3.19) of the nilpotent
orbit

(σ1, exp(σ1,C)F (0, 0,−(2πi)−2ζ(2), . . . ,−(2πi)−n(c+ ζ(n))))

in Γσ1
\Dσ1

. We thus have an extension of the higher Albanese map over a simply connected
neighborhood X1 of 1 in X (Theorem 2.11 (2)):

ϕ1 : X1 → Γσ1
\Dσ1

.

This is a morphism in the category B(log). The log structure on the source (resp. the target)
is given by 1−x (resp. q). The pullback of the universal log mixed Hodge structure on the target
coincides with the log mixed Hodge structure on the source.

3.22. By using log mixed Hodge theory, 3.20 is described as follows.
Taking the images of the nilpotent orbit in naive sense 3.20 (1) and the “higher Albanese

map” 3.20 (2), we have their real analytic extensions with boundary

νlog
1 , ϕlog

1 : X
log

1 → (Γσ1 \Dσ1)log.

Here, X
log

1 is similar to Example 1.1.1 over x = 1, and (Γσ1
\Dσ1

)log coincides with the moduli
of nilpotent i-orbits Γσ1

\D]σ1
in the present situation ([10] III Theorem 2.5.6).
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Let X̃
log

1 be the universal covering of X
log

1 . The above maps are still lifted to

ν̃
log
1 , ϕ̃

log
1 : X̃

log

1 → D]σ1
.

The boundary point p̃1 in 3.20 can be understood as the point

p̃1 = (z1 = 0 + i∞) = (u1 = −∞+ i0) ∈ X̃
log

1 ,

(where 2πiz1 := u1). We have

(exp(−(2πi)−1 log(1− x)N1)(3.20 (2)))(p̃1) = F (0, 0,−(2πi)−2ζ(2), . . . ,−(2πi)−n(c+ ζ(n))),

and ν̃
log
1 (p̃1) = ϕ̃

log
1 (p̃1) ∈ D]σ1

is the nilpotent i-orbit generated by

(N1, F (0, 0,−(2πi)−2ζ(2), . . . ,−(2πi)−n(c+ ζ(n)))).

3.23. In order to describe the local structure near x =∞, we take a local coordinate ξ := x−1.
By abuse of notation, let F (ξ) be the pullback of the universal Hodge filtration by the com-

posite ϕ : X → AX,Γ(n) ' Γ(n) \D of higher Albanese map and the isomorphism in 3.8.
Since d log(x) = −d log(ξ) and −d log(x− 1) = d log(ξ)− d log(1− ξ), a connection equation

in 3.9 now is

dF (ξ) = ωF (ξ), ω := (2πi)−1 dξ

ξ
(−N0 +N1) + (2πi)−1 dξ

1− ξ
N1.

That is,

dak−1,k(ξ) = −(2πi)−1 dξ

ξ
(2 ≤ k ≤ n),

dan,n+1(ξ) = −(2πi)−1 dξ

ξ
− (2πi)−1 dξ

1− ξ
,

daj,k(ξ) = −(2πi)−1aj+1,k(ξ)
dξ

ξ
(3 ≤ k ≤ n+ 1, 1 ≤ j ≤ k − 2).

3.24. This system is solved by iterated integrals as before, and the solutions are

aj,k(ξ) =
1

(k − j)!
(−(2πi)−1 log(ξ))k−j (2 ≤ k ≤ n, 1 ≤ j ≤ k − 1),

aj,n+1(ξ) =
1

(n+ 1− j)!
(−(2πi)−1 log(ξ))n+1−j + (−(2πi)−1)n+1−j ln+1−j(ξ) (1 ≤ j ≤ n).

3.25. Table of solutions:



1 a1,2 . . . a1,n a1,n+1

0 1
. . .

...
...

... 0
. . . an−1,n an−1,n+1

...
...

. . . 1 an,n+1

0 0 . . . 0 1


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=



1 −(2πi)−1 log(ξ) . . . (−(2πi)−1 log(ξ))n−1

(n−1)!
(−(2πi)−1 log(ξ))n

n! + (−(2πi)−1)nln(ξ)

0 1
. . .

...
...

... 0
. . . −(2πi)−1 log(ξ) (−(2πi)−1 log(ξ))2

2! + (−(2πi)−1)2l2(ξ)

...
...

. . . 1 −(2πi)−1 log(ξ)− (2πi)−1l1(ξ)

0 0 . . . 0 1


.

3.26. Let now σ∞ = R≥0N∞ with N∞ := −N0 +N1 for N0, N1 in 3.5. Let

F = F (−α′, β′, λ′2, . . . , λ′n)

be as in 3.12. By Lemma 3.7 (i) (3), (N∞, F ) satisfies the Griffiths transversality if and only

if β′ = −α′, λ′2 = (−α′)2
2! , . . . , λ′n−1 = (−α′)n−1

(n−1)! . If this is the case, (N∞, F ) generates a σ∞-

nilpotent orbit, since admissibility and R-polarizability on grW trivially hold. We describe the
local structure of Γσ∞ \Dσ∞ near the image p∞ of this nilpotent orbit.

Let

Y :=

{
(q′, β′, λ′2, . . . , λ

′
n) ∈ Cn+1 |β′ = −α′, λ′2 =

(−α′)2

2!
, . . . , λ′n−1 =

(−α′)n−1

(n− 1)!
if q′ = 0

}
be the log manifold with the strong topology, with the structure sheaf of rings which is the inverse
image of the sheaf of holomorphic functions on Cn+1, and with the log structure generated by
q′. Then there is an open neighborhood U of (0, 0, . . . , 0, λ′n) in Cn+1 and an open immersion

Y ∩ U ↪→ Γσ∞ \Dσ∞
of log manifolds which sends (q′, β′, λ′2, . . . , λ

′
n) ∈ Y ∩ U with q′ 6= 0 to the class of

F (−α′, β′, λ′2, . . . , λ′n),

where α′ ∈ C is such that q′ = e2πiα′ , and which sends (0, 0, . . . , 0, λ′n) to p∞.

3.27. Near x =∞, i.e., ξ = 0, a nilpotent orbit in naive sense is

(1) exp((2πi)−1 log(ξ)N∞)F (0, 0, . . . , 0, λ′ 0n )

= F
(
− (2πi)−1 log(ξ),−(2πi)−1 log(ξ),

(−(2πi)−1 log(ξ))2

2!
, . . . ,

(−(2πi)−1 log(ξ))n

n!
+ λ′ 0n

)
,

where λ′ 0n = (−(2πi)−1)nln(0). The corresponding “higher Albanese map” (i.e., local version
about ∞ of ϕ̃ in 3.13) is

(2) F
(
− (2πi)−1 log(ξ),−(2πi)−1 log(ξ)− (2πi)−1l1(ξ),

. . . ,
(−(2πi)−1 log(ξ))n

n!
+ (−(2πi)−1)nln(ξ)

)
under the condition lj(0) = 0 (1 ≤ j ≤ n − 1). These two are asymptotic when ξ goes to the
boundary point b′ described as follows.

Changing ∞ and ξ into 0 and x, respectively, b′ = (∞, 1) corresponds to the tangential
boundary point (0, 1) of Deligne, i.e., b′ is the tangential base point over ∞ ∈ X with tangent
v′ ∈ T∞(X) = Hom C(m∞/m

2
∞,C) defined by v′(ξ) = 1.
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This corresponds to our boundary point b′ = (y′, a′) with y′ = (∞, h′) ∈ X log
described as

follows. Let u′ be the branch of log(ξ) having real value on R>0. The argument function

h′ : Mgp

X,∞ = O×
X,∞ × ξ

Z → S1

is a group homomorphism sending f ∈ O×
X,∞ to f(ξ = 0)/|f(ξ = 0)| and ξ to v′(ξ)/|v′(ξ)| = 1,

and the specialization a′ : Olog

X,y′
= C{ξ}[u′]→ C is a ring homomorphism sending ξ to 0 and u′

to a′(u′) = log(v′(ξ)) = log(1) = 0.

3.28. As above, let u′ be the branch of log(ξ) and T an indeterminate overOX,∞. Then, by 1.1.1,

we have an isomorphism Olog

X,y′
= OX,∞[u′] ' OX,∞[T ] of OX,∞-algebras under (2πi)−1u′ ↔ T .

Consider an OX,∞-algebra homomorphism OX,∞[T ]→ OX,∞, T 7→ ξ.

Let α′ = (2πi)−1 log(ξ). Then, as ξ → 0, exp(−α′N∞)(F in 3.27 (2)) converges to

F (0, 0, . . . , 0, λ′ 0n )

in D (3.8), and hence the class of (F in 3.27 (2)) converges to the class p∞ (3.26) of the nilpotent
orbit (σ∞, exp(σ∞,C)F (0, 0, . . . , 0, λ′ 0n )) in Γσ∞ \Dσ∞ . We thus have an extension of the higher

Albanese map over X∞ (Theorem 2.11 (2)):

ϕ∞ : X∞ → Γσ∞ \Dσ∞ .

This is a morphism in the category B(log). The log structure on the source (resp. the target)
is given by ξ (resp. q). The pullback of the universal log mixed Hodge structure on the target
coincides with the log mixed Hodge structure on the source.

3.29. By using log mixed Hodge theory, 3.27 is described as follows.
Taking the images of the nilpotent orbit in naive sense 3.27 (1) and the “higher Albanese

map” 3.27 (2), we have their real analytic extensions with boundary

νlog
∞ , ϕlog

∞ : X
log

∞ → (Γσ∞ \Dσ∞)log.

Here, X
log

∞ is like Example 1.1.1, and (Γσ∞ \Dσ∞)log coincides with the moduli of nilpotent
i-orbits Γσ∞ \D]σ∞ in the present situation ([10] III Theorem 2.5.6).

Let X̃
log

∞ be the universal covering of X
log

∞ . The above maps are still lifted to

ν̃
log
∞ , ϕ̃

log
∞ : X̃

log

∞ → D]σ∞ .

The boundary point b′ in 3.27 can be understood as the point

b′ = (z′ = 0 + i∞) = (u′ = −∞+ i0) ∈ X̃
log

∞

(where 2πiz′ := u′). We have (exp(−(2πi)−1 log(ξ)N∞)(3.27 (2)))(b′) = F (0, 0, . . . , 0, λ′ 0n ), and

ν̃
log
∞ (b′) = ϕ̃

log
∞ (b′) = (nilpotent i-orbit generated by (N∞, F (0, 0, . . . , 0, λ′ 0n ))) ∈ D]σ∞ .

3.30. For any σ ∈ Σ, Γσ \Dσ → Γ(n) \DΣ is a local homeomorphism. This is analogously
proved as [12] Theorem A (iv).

Summing-up, we have a global extension over X of the higher Albanese map which is an
isomorphism over its image:

ϕ : X
∼→ ϕ(X) ⊂ AX,Γ(n),Σ ' Γ(n) \DΣ.
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3.31. To study analytic continuations and extensions of polylogarithms in the spaces of nilpotent

i-orbits D]
Σ, in the spaces of SL(2)-orbits DSL(2), and in spaces of Borel-Serre orbits DBS is an

interesting problem. See [10] for these extended period domains and their relations which are
described as a fundamental diagram.

A. Summary of a result of Deligne in [3]

We add here a summary of a result of Deligne in [3] for readers’ convenience.

A.1. Just as 3.1–3.2, consider the situation X := P1(C) r {0, 1,∞} ⊂ X := P1(C). Let
b := (0, 1) the “tangential base point” over 0 ∈ X with tangent 1.

Consider the quotient group Γ of π1(X, b) as in [3] 16.14 (cf. 3.2): The inclusion

X ⊂ Gm(C) = C×

induces π1(X, b)→ π1(Gm(C), b) = Z(1)B (suffix B means Betti, cf. [3]). Let

K := Ker (π1(X, b)→ Z(1)B).

Let Γ := π1(X, b)/[K,K] and Γ1 := K/[K,K]. Then, we have an exact sequence

1→ Γ1 → Γ→ Z(1)B → 1.

A.2. ([3] 16.15). Let µ0, µ1 : Z(1)B → Γ be the monodromies around 0, 1, respectively. Take a
generator u of Z(1)B (e.g. u = 2πi), put aj = µj(u) (j = 0, 1). Then, Γ = 〈a0, a1〉 with relation:
conjugates of a1 are commutative.

Γ1 is a representation of Z(1)B with basis (conjugates of a1) under the action

γ 7→ µ0(t)γµ0(t)−1 (γ ∈ Γ1, t ∈ Z(1)B),

i.e., Γ1 = Z[Z(1)B ] · a1, where
∑
k ck(ak0a1a

−k
0 ) =

∑
k ck · (2πi · k) · a1.

These are described as

Γ1 = Z[Z(1)B ] · a1 ' Z[u, u−1] · du
u
, Γ = Z(1)B n Γ1,∑

k

ck(ak0a1a
−k
0 ) =

∑
k

ck · (2πi · k) · a1 '
∑
k

cku
k du

u

([3] 16.16). Action of Z(1)B on Γ1 is given by multiplication in Z[Z(1)B ] = Z[u, u−1].

A.3. The descending central series of Γ induces a filtration on Γ1:

ZN (Γ) ∩ Γ1 = ((u− 1)N−1) · du
u

(N ≥ 1)

Let Γ(N) := Γ/ZN+1(Γ) and Γ
(N)
1 := Image(Γ1 → Γ(N)). Then

Γ
(N)
1 = Z[u, u−1]/(u− 1)N · du

u
.

Put u = ev and hence v = log u. Then

Q⊗ Γ
(N)
1 = Q[u, u−1]/(u− 1)N · du

u
= Q[v]/(vN ) · dv

and we have

Γ
(N)
1 =

{
N−1∑
k=0

ck exp(kv)dv

∣∣∣∣ ck ∈ Z

}
.
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A.4. As groups, identify

ϕ : Q[v]/(vN ) · dv ∼→
N∏
1

Q(n)B : vn−1dv =
1

n
dvn 7→ u⊗n.

Then
N−1∑
k=0

ck exp(kv)dv
ϕ7→

N−1∑
k=0

ck

(
N−1∑
n=0

1

n!
knu⊗n

)
⊗ u =

N∑
n=1

(
N−1∑
k=0

ck
kn−1

(n− 1)!

)
u⊗n.

Hence

Proposition A.4.1. ([3] 16.17). (n− 1)! · prn ◦ ϕ(Γ
(N)
1 ) = Z(n)B.

A.5. ([3] 16.12). Define a Lie algebra action of Q(1) on
∏N

1 Q(n) by

a ∗ (b1, b2, . . . , bN ) = (0, ab1, . . . , abN−1),

and Q(1) n
∏N

1 Q(n) the associated semi-direct product of Lie algebra.

Let µ0, µ1 : Q(1)→ Q(1)n
∏N

1 Q(n) be morphisms of Lie algebras such that µ0 is the identity

onto the first factor Q(1) and µ1 is the identity onto the factor Q(1) in the product
∏N

1 Q(n).

By abuse of notation, let µ0, µ1 : Q(1)→ Q⊗Lie Γ(N). Then there exists a unique Lie algebra
isomorphism respecting each µ0, µ1:

Q(1) n
N∏
1

Q(n)
∼→ Q⊗ Lie Γ(N) = Q(1) n (Q⊗ Lie Γ

(N)
1 )

which is given by µ0 and νn := (adµ0)n−1(µ1) (1 ≤ n ≤ N).

A.6. Let LieU
(N)
DR be the de Rham realization of iterated Tate motive in [3] 16.13. Let

eα := µα(1) ∈ LieU
(N)
DR

(
1 = exp(2πi) ∈ Q(1)DR, α = 0, 1

)
.

Take coordinates (u, (vn)1≤n≤N ) of U
(N)
DR as follows:

(u, (vn)n) 7→ exp(ue0) exp

(
N∑
n=1

vn(Ade0)n−1(e1)

)
.

Lemma A.6.1. ([3] 19.3.1). Let z ∈ C× rR≥1. The end point of the image in U
(N)
DR (C) of the

line segment from (0, z) to z has coordinates u = 0, vn = −ln(z).

Proof. Let z1, z2 ∈ C× r R≥1. Take a path from z1 to z2, and take an iterated integral Iz2z1 of

dI(t) =

(
dt

t
e0 +

dt

t− 1
e1

)
· I(t)

for I(t) = 1 + ue0 +
∑
n vn(Ade0)n−1(e1). Note

e0 ∗ e0 = e0, e0 ∗ (Ade0)n−1(e1) = (Ade0)n(e1) (1 ≤ n ≤ N),

e1 ∗ e0 = 0, e1 ∗ e1 = e1, e1 ∗ (Ade0)n−1(e1) = 0 (2 ≤ n ≤ N).

The corresponding differential equation is

du =
dt

t
, dv1 =

dt

t− 1
, dvn = vn−1

dt

t
.

Take I(z1) = identity ∈ U (N)
DR (C) as an initial condition and consider z2 as a variable.
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If z1 is a tangential base point (0, τ) ([3] Section 15), replace the initial condition by

I(t) exp

(
− log

(
t

τ

))
→ identity as t→ 0.

For the line segment from (0, z) to z, we have

u = log

(
t

z

)
, vn = −ln(t). �
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