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1. Introduction

Let (X, B) be a measurable space and {P,:0e ®}, ® R, a family of probability
measures on (X, B). We suppose that there exists a o-finite measure y on (X, B)
which dominates P, for .all e ®. Then we put f(x, 0)=(dP,/du) (x). Let x,,
x,, .- be independently and identically distributed in accurdance with f(x, 6,) for
some 0,e®. We write x=(x,, X,--) and x,=(x,x,). Let (X, BY)
be the countable Cartesian product of identical components (X, B), and P} the
independent product of a countable number of identical components P,. Then the
definition of the higher order asmptotic sufficiency of posterior densities is as follows.

Definition. Let k=1 be a given integer, n(0|x,) a posterior density function of
0 with respect to some prior density function p(-), and (0| T,) a probability density
function determined by some statistic T=7,(x,). For every 6,e® and ¢>0 if

lim Py {xeX": dn(0]x,), Y(0|T,)Zen™*~ D2} =0,

n—*o

then T, is called the k-th order asymptotically sufficient statistic in Bayesianm

sense under P}, where d(-,) is some criterion.

In this definition, it is not required that (0| T,) should be formed out of the density
function of T, parameterized by 6 and the prior density function p of 8 by Bayes’
theorem. As a matter of fact, it is too difficult to obtain the density function of T,
in general cases. Therefore, if there exists a density function approximating
n(0)x,) and the observations x,=(xy,--x,) affect it through only a statistic
T,=T,x,), then we define T, as the asymptotically sufficient statistic.

When d(-,) is total variation, it can be shown from the results in Ghosh et al
[2] or Johnson [3] that T®W=(0, I,@,), L.0,) (k=2) is the k-th order
asymptotically sufficient statistic in Bayesian sense, where 0,=0,(x,) is the m.le.
of 6 and
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[A6)=n""Ti- 1(07/00Mogf (x,0)lp=g, (=2,"-k).

And the idea in the case where d(-,) is Kullback information was suggested in
Takeuchi [6] first, and the detailed argument has been done in Kato [4] in the
second order case. According to them, the m.Le. §, is second order asymptotically
sufficient with respect to Kullback information. This fact should be noted, because
the second order can be attained by using (6, [,(0,) with respect to total
variation. An interesting problem arises from this difference, which is how high
order the statistic 7% attains when d(,) is Kullback information. When it comes
to this point, detailed description cannot be seen in [6]. Then the purpose of
this paper is not only to solve it clearly but also to give the precise evaluation
of the probability of the exceptional set.

2. Assumptions and the main theorem

Let ® be an open interval in R=(—o00, +00) and ®the closure of ® in
R=[—0, +00]. In addition, let k(=2) be a given integer and r=1 a real number,
then we impose the following assumptions.

(A,) There exist functions f(-,0:X— R, 0e®, such that the following hold.
(1) f(x, 0)=fx, 0) for all e ® and all xeX.
(2) f(x, 0) is continous with respect to e ® for every xe X.
(3) For every 0e® and te®, provided 0,

f |7 Ce, 0)—F(x, ©)ldu(x)>0.
X

(4) Forevery 0e® and ¢ e ®, there exists a neighborhood ¥, of ¢ such that for all
neighborhoods V<V, of ¢,
E,[|sup{log f(x, t): te V}|"]< + o0.

(A,) For every 00O, Ej[|logf(x, 0)"]< + 0.
(A;) Foreachis xe X, f(x, 0) is k+ 1 times continuously differentiable with respect
to 6 in O.

For simplicity, we use a notation
(0°/000)og f(x, 1)=(0//00)ogf(x, O)le=, (i=1,--k+1).
(A,) For every 0O,
E,[(07/06)ogf(x, ) 1<+ o0 (j=1,-k),

and there exist a neighborhood U, of 6 and a measurable function G(x, 0)



HIGHER ORDER ASYMPTOTIC SUFFICIENCY 315
such that

I(0** /06" * Hlogf(x, )< G(x, 0)
for all te U, and all xe X,

and also E,[G(x, 0)]< + 0.
(As) For every 0e®, there exist a neighborhood U, of § and a measurable
function H(x, 6) such that

(0** /00" * log f(x, )—(0** /06" * Yogf(x, T)| <|t—1|H(x, 0)
for all ¢, te Uy and all xeX,

and also E,[H(x, 0)]< + .
(Ag) For every 0e®,

1(0)= — E4[(6*/060M)og f(x, 6)]>0.
(A;) The function
A+ 1(0)= E,[(8* /06" * log f(x, 0)]

is continuous in ®.

Let p(-) be a prior density function of 6 with respect to Lebesgue measure.

+ o0
(Ag) J 6% p(6)do < + co.
) + oo
(Ag) For every 0e®, the function g(x)=J p(t)|logf(x, 7)|dr satisfies Ey[g(x)]

= o

< 4 o0.

When observations x,=(x,,"--,x,) are given, let a BV-measurable function
6,=0,x,) be the m.lLe. defined by

l_[?= Jxs é,,):sup{HL 1J(x;, 0): Oe 0}.
For given 0,e®, we put
S p0,+&// ML= 1fxi 0,48/\/m)

Q1) nélx)= x[f " o0+ &l [Tie s fixi Bt £/ /mdE)™ (6, 0)

0 0,€6\0),

where we assume that the range of & is restricted to the set {{eR|(7,,+é/\/; €0}
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whenever we write f(x;, 9,,+§/\/;) for ,e®. When 0,0, n(€|x,) is a centered
and scaled posterior density of 6 with respect to a prior density function p with

a transformation f:ﬁ(@—é,,). Formally we define 0/0=0 and O(— o0)=0. On
these assumptions, our final aim is to show the following theorem.

Theorem. Let 0,€® such that p(0,)>0 and assumptions (A,) through (A,) be
all satisfied for some r=1. Moreover if p is continuous in a neighborhood of 0,
then for every £¢>0, there exists an integer no=ng(e, k)= 1 such that

P} {xe X" f " HEL g og (e L) V(eI TN} de 2 en =)
<en'™" for all nzn,,

where T8 =(0,, 1,10, Lu(0,) and Y (E|TY) has the form

R(&)/ f "R (0,e0)

22 WEITH)= )
0 (0,€6\0),

p(0,+&//n)
J x exp{T,,0)E/2+ xsn(©)A2(0,)8%/(6/n)} k=2)
R(&)=
p(0,+&//myexplT,,(0,)¢%/2

PPN (319 2 W (Y2l

+ A (08 =& D2 - 1)1}] k=3),

1n&)=1 if |{|<d./n,=0 if |§|;5ﬁ, and 6=906(¢, k)>0 is sufficiently small.

We know from this theorem that the statistic T® is (2k—1)-th order
asymptotically sufficient with respect to Kullback information in Bayesian sense
under Pg. And this assertion holds with probability one by the Borel Cantelli
Lemma if the assumptions are satisfied for some r>2.

REMARK 1. When 4, ,(d,) is omitted from R,(¢), it can be shown that the bound
¢ n~*~ Y of the approximation to mn(¢|x,) by Y (¢|T®) with respect to Kullback
information should be replaced by Mn~*~1 for some M >0, and the probability
of the exceptional set is en' ™", which is the same as the theorem. On the other
hand, if we assume furthermore that A,,,(f) is continuously differentiable in @,
then it can be proved that y,(¢|T®) approximates n(£|x,) up to order O(n~*) with
respect to Kullback information with probability approaching one. In this case,
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it is impossible to evaluate the probability of the exceptional set with order of n.

REMARK 2. The indicator function y;, used in the definition of i, can be
replaced by y;,(&)=1 if |€|<d n%,=0 if [£|=0n®, 0<a<1/2. The smaller « is, the
more simply the form of ¥, becomes.

ReMARK 3. It is a little bit difficult to make sure of the assumption (A,).

Let @,={0:p(0)>0} be an open interval in R and ®,<®. Then (Ay) holds
if for every e ®

Eg[[sup{|logf(x,)|:te ®o}]] < + 0.
REMARK 4. Suppose that the density function f(x,0) can be written in the form

fx,0)= exp{2f= 1 in 1 Uim(X)h jm(e)}
and the following conditions are satisfied.
(i) Every u;,(x) is a measurable function on (X, B).
(i) For every 0€® and j, m, Eg[|u;,(x)|"]< + co.
(iii) For every j, m, Eg[u;,(x)] is continuous in ® as a function of 0
(iv) For every j, m, h;,(0) is k+2 times continuously differentiable in @
(v) For every 8e® and j, m, there exists a neighborhood U, of 6 such that
sup{|h%.t? (O)):te Uy} < + o0,

where A, denotes the [-th derivative of A,
Vi) Yh Y M Eg[ujm(x)]1H5(0)=0 for all f€®.
(vii) Yo M Eglu;,(x)]A2(60) <0 for all e ®.

+ 0
(viii) For every j, m, f p(0)|h;,(0)|dO < + co.
Then assumptions (A,), (A3), (Ay), (As), (Ag), (A;) and (A,) hold.

The following are examples of Remark 4.

ExampLE 1. X=R? O=(—11). x;=(x;, x;;) is normally distributed with
Eo[xij] =0, Eg[xlzl] =1 (i'—" 1,2) and Ea[x“ xiz] =0. Namely

flx;, 0)={2n(1— 0%)'2} ™ texp{ —(xf, — 20x;, x;, + x}H)/2(1—-6%)}.

As an prior distribution, we can take a transformed Beta distribution of the form
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p(0)={2""*"#/B(a,B)}(1+ 0y "' (1 -0V ~" (2,8>1/2).
In particular, Remark 4 is often applicable to (/,1) curved exponential families.

EXAMPLE 2. X=R" m=1). x;=(X;," " Xim). ©O=(0,00).
Sx,0)=2m)~™2 g=mm D2 exp{ — YL 1 (x;;— 0¥)*/(26%)}.

This belongs to (2m, 1) curved exponential families, and when m=1, this is a well
known example of curved exponential families N(0,0?). In this case, we can take
Gamma distribution, Gamma(a, f) (x>2m, f>0), where f is the scale parameter,
or F-distribution, F(v, v,) (v{>2m, v,>4), as a prior distribution.

These two examples also satisfy the rest of the assumptions (A,), (Ag), which means
that they are taken as concrete examples of the theorem.

3. Auxiliary results

The first thing, we quote the following Lemma 1 through 4 without their
proofs. Because they are completely the same as or quite similar to their
references. Roughly speaking, Lemma 4.2 in [1] is used to evaluate exceptional
sets in each lemma.

Lemma 1 (cf. [5; Lemma 4]). Let (A,) and (A,) be satisfied for some r=1.
Then for every 0,€® and e,>0, there exists an integer ny=n,(eo) =1 such that

PY (xeXV|0,— 00|20} >eon' " for all n2n,.

For simplicity, we write [,()=n""31_,(0//(06")logflx;,0)ls-, for j=1,--k+1.

Lemma 2 (cf. [2; Lemma 4.6]). Let (Aj), (A,) hold for some r=1, and (Ay)
be satisfied also for some r>1 when j=k+1. Then for every 0,€®, e¢,>0 and
j=1,---k+1, there exist 6, =0,(¢,)>0 and an integer n,=n,(e)=1 such that for
all 6e(0,0,]

Pj{xe X":sup{|1, (1) — Ey,[(0'/(06")log/(x,0,)]I:

[t—0,| <8} 2o} <eon' ™" for all nZn,.

Lemma 3 (cf. [2; Lemma 4.7] and [3; Lemma 2.2]). Let (A,), (A,) and (Ag)
be satisfied for some r=1. Then for every 0y€®, ¢,>0, there exist 6,>0 and an
integer ny=n(gg)=1 such that for all 6€(0,0,]

PY {xe XM log{[ Ti= | [ (x0,+ &//m)/f (x,0,)1}
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> —E2(0,)/4 for |E|<dy/n, 16,— 051 <8/2) <eon'~" for all n=n,

Lemma 4 (cf. [2; Lemma 4.2] and [3; Lemma 2.3]). Let (A,) and (A,) be satisfied
for some r=1. Then for every 0,€®, 6,>0 and ¢,>0, there exist a constant
a>0 and an integer ny=n, (go)=1 such that

P} {xe X¥log{[ [1- ,[f (x,.0, + &/</m)/f (x,0,)]}
> —na for |E|28,3/n, 0,—00|<6,/2} <eon'™" for all nZn,.

For simple description, when §,€®, we put
3.1) 0u&)=p(0,+ &/ /M Ti=1Lf (ki O+ E//m)/f (x5 6,)].

Lemma 5. Let (A)), (Ay), (Aj), (Ay), (Ag) and (Ay) be satisfied for some
r21. Then for every 60,e® and e,>0, there exist 6,>0 and an integer
n,=n,(eq,k) =1 such that for all 6€(0,6,]

Pi{xex™| 0ul®) 10g{[ T1= s [/ (xu0, + &/n/m)/f (xi0)1}dE | Z eon ™Y,

1&126v/n
10,— 00| <8/2} <eqn'~" for all n=n,.
Proof. Let g,>0 be given and &,>0 sufficiently small. And we suppose
that the following conditions hold.
|én_00l <6/2’
sup{|£,2(0) + 1(0,)\:10 — 6| < 6/2} <1(6,)/2,
|n~ IZL 1[log f(x;,00)l — Eg,[llog f(x,00)(1 <1,
In~ 12?: 18(x) — Eg,[g(x)]I <1,
log{[ 7= [/ (60, + &/3/)/f (x:8)1} S —na for |&]26./n,

where a >0 appears in the statement of Lemma 4 and 6 €(0,0,]. Then we obtain

02 f Q. (ONog{[ 2= 1 [f (xif,+ &//m)/f (x,0,)1}dE
HEXXD

2 exp(—na) [Y7-, p(0,+ &/ /mlog f(x,0,+ &/\/n)d¢

HETN
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+{- Z?= 1log[ f(x:,00) + Z?= JIOg{f(xi,oo)/f(xi’én)}}
X f p(0,+&//mdE]
HEXN

2 —”3/23"13( —na){n~ 1Z?= 18(x;)
+n” 127= 1llog f(x;,00)[+ (00— 0,)317,,(0 NI/2} (0% =001 Ién —0,l)
> —n*exp(—na){ Eg,[g(x)]+ 1) +(Eq [ll0g f (x.00)1 + 1) +(8/2)*(31(00)/4)}

> —gon *"V as n— + o0.

Therefore it follows from Lemma 2, 4 and Lemma 4.2 in [1] that for every 6, ®
and g,>0, there exist §, >0 and an integer n,=n,(go)21 such that

Poo{xeX™| 0.8

1¢12évn
x log{TTr= 1 [f (.0, + &//n)/f (x,0,)1}dE| Z eon =%~ 1,10, — 0] < 5/2}
= Pﬁ,{ge XN:SUP{Il;.z(o) +1(0p):10—0,| < 51/2} 2 1(00)/2}
+ P;",{{EXNZIM_ 12?: 1llog f(x;,00)| _Eoo[“(’gf(xiago)l]l 2 1}
+ Py {xeXMin ™Y1 g(x) — Eg [g(x)]12 1}
+ P {xe X og{[ 1= 1f (x0, +&/3/m)/f (x:.0)1)
> —na for |&26./n, 10,—00|<5/2}

<ggn' " for all n=n,.

Lemma 6. Let 0,€® such that p(0,)>0 and (Aj), (A) and (Ag) be satisfied
for some r=1. Moreover if p is continuous in a neighborhood of 0,, then for every
€o>0, there exists an integer n, =n,(g,) =1 such that

PQL{‘&EXN: f+w Qn(é)dé<53a Ién—00'<63}<80n1—r

Sfor some 6,>0 and all n=n,, where §,>0 is independent of ¢,.

Proof. Let 6,>0 be sufficiently small. Then we assume that
10— 6] <26, yields |p(6)— p(6o)| < p(60)/2.

116, — 80| <., then p(0, +&/3/n)> p(60)/2 for €] < 84 since (6, +&/x/n) = 6ol <16, — 0ol
+|€<26,. In addition, if

sup{|7,2(6) + (8o)I10 — 0] <264} <1(6,)/2,
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then when we put 6; =min{d,, p(6,)d,exp{—31(0,)03/4}}, we obtain
f "0, 04
2 f p(0,+ &/ /mexp{l,(09%/2}dE  (10*—0,1<)E)/\/n)
1€ <54

>271p(00)|  exp{—31(05)EY/4}de
|&]<da
>27p(0o)exp{ —31(0,)0%/4} a¢
18l <d4

253-

Consequently, by Lemma 2, there exists an integer n; =n, (g5)=1 such that
+ oo .
ng{z,EXN: J Qn(é)d€<63a |9n_00I<63}

< PY {xeX™: sup{|],,(0)+ I(0o):10—0o| <26,} 2 1(0,)/2}

<gon! 7" for all n=n,.

Now that we have finished proving lemmas as preparation, we will begin the
proof of the main theorem.

4. Proof of the main theorem

When 0,€0, by using (3.1), (2.1) can be rewritten as

n(l{) = 0&) f " 0.6,

and we obtain

(4.1) 0= j oo7t(éL&,.)log{ﬂ(éL&,.)/ VI T)}de

f wn(éw)log{Qn(é)/Rn(c)}dé+1og{f mR,@)dc/j " 0.6)d8)

o]

éf wQ..(i)log{Q..(i)/R,.(é)}dé/J wQ..(i)dé
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+f " (R(&)— 0uE)de/ j " 0400

Y f + f 0,(&)log{Q,(&)/R,(&)}de
|&l<éyn  Y|E|zdvn
+ f 0,(6){exp{log{R,(5)/Q,(D}} - 1}de¢
|¢] <8v/n
+ f {R..(ﬁ)—Q,.(i)}dé]/J " 0,6
HEEN —®
[ f 0.(&){108{Q,(2)/R,D) +108{R,(0/ 04O}
&l <dvn
+ f 0,(&)log{Q,(&)/R(E)}dE
jE|zdvn
4271 f 0,O{108{R,(0/Q.(0)exp{v log{R,(O/QO}}dE (ve(0.1)
&l <dyn
+J {R..(é)—Q.,(c)}dﬂ/f " 0.6t
HETA -
<l f 0,(Eog{[Ti- 1L (xss o+ E//m)/f (e 61}
[HETN
LG osoE

HEX N

+27! f 0u(&){log{R,(&)/0.(&)} }2exp{|log{R,(£)/Q.(&)} |} d¢
|él <éyn

+ f (RO +0u}EY f " 0.0,
HEXA —®

where R,(£) is defined in (2.2). We consider the evaluation of each term of the
right hand side of (4.1). Let ¢>0 be given. We suppose that there exists §;>0
such that

J wQ,.(é)dé;53 if 16, — 0o <33
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Let ¢, =¢,(s, k)>0 and 6=0(¢, k)>0 be sufficiently small. Then we assume that
0/2>05 and

10—0ol<36/2 yields |p(6)— p(00)| < p(0o),
10—0ol< 6/2 yields |Ais1(0)—Ai+1(6o) <éy.

In addition, we suppose that
lén - 00' < 5/2a

sup{\1,2(0) + 10010 — 0ol < 6/2} > 1(6,)/2,
sup{{Te.+ 1(0)— A 1 (Oo)10— 0] < 35/2} <y,

log{TT- 1L/ (xi, 6,+&//n)/f(xi, 6)1} < —IO0)E2/4  forle| <8 /n,
log{[ I2= 1 [f (xi, 6, +E&//n)/f(x;, O)I} < —na forle|Z5./n,

| 0.(ONog{[Ti= 1 L1 xss 0,4+ &/ /)f(x;s B)1}dE| <egn™ 1,

HEXN

where a>0 is that of Lemma 4. The probability of the complements of these
events will be evaluated in the final step of the proof.

4.2) 271020 0,(8)¢*d¢

[HEXN

<(3/4)1<eo)exp<—na)j " e20(0, + &/ myd
=<3/4)1(eo)n3/2exp(—na)f " B)200)dy

<(3/2)1(Bp)n*exp(— na){f wyzp(y)dy +(1001 +0/2)*}
<gn * D (n— + 00),
where we have used |0, <|0o|+6/2. Next, we will show that
4.3) 2" 1[ 0,(&){log{R,(8)/2.(0)}}?
|&] <byn

x exp{[logR,(&)/Q(O)}}dE <en~ ¢V,

In fact,
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Nog{R,(&)/CulON=As 1) — s 1 (OMNE[F* 1~ &= D2/ 1)1
(10*—0,1<1l/</n)
S {ks 10— A 100N+ s 1(0) — Ay 1 Bo) HE 2~ = D12
<2£1|é|"“n_"‘"1)/2.
Therefore the left hand side of (4.3) is dominated by

4p(0o)ein =~ "f &26F Dexp{ — 1(0,)¢%/4}
1¢] <éyn

x exp{2e,(0,/n) " tn~ &~ V223 g
<4p(Op)ein~*~ D f o &2+ Vexp{ —1(0,)¢*/8}d¢

~k—1
<gp~ &N,

which establishes (4.3).

44 f {RA©)+ 0n(&)}dE
HEXN

< f (0, + £/ /m{exp{ — [00)E/4) +exp( —na))de
1&|26yn

< ﬁ{exp{ —1(60)5%n/4} +exp(— na)}
<gn * Y (1> 4+ o).
It follows from (4.1) through (4.4) that
0 éf wﬂ(él,&..)log{ﬂ(él,&)/l//k(ﬁlﬂk’)}dé <dg;n=*7 /5,
<e ® Y (n> + 00).

Consequently, by Lemma 1, 2, 3, 4, 5 and 6, for every ¢>0, there exist § =4(¢, k) >0
and an integer ny=ny(e, k)= 1 such that

Pl {xeXx": f " (g log{m(E R T} dE Zen™ =)
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< PY (xeX™: |0,—00)26/2)

Poa{xeX™ f " n(elg o (eI UET)dE Zen™ ),

10, — 0ol <6/2}
< P (xeX™: 10,001 26/2}
+ Pl {xe X": sup{IT,»(0)+ IBo)l:10 — 00l < 6/2} 2 1(00)/2}
S Ph{xeX™: sup{Ilis 1(0)— s 1(00)10— 0o <36/2} 2 &}

+PY{xeX™: log{[ - [/ (x:, Ou+&/m)/f(x., 0,1}
> —[00)E2/4 for [E<8y/n, 10,— 0o/ <6/2}

+PY e XN log{[Tie [ (xi Ou+E/M)f(x, 01}
> —na for |¢|26./n,|0,—0,| <6/2}

+Po{xeX™: | 0.(8)
IRETAC
x log{[T7= 1L/ (xss 0, +E/m)/f(x,, 6)1}dEI Zen™* 1),
10, — 0ol < 8/2}
+ PoolxeXN; mQ,,({)dC <03, |é,l —0o]<6/2}

- o
<en'~" for all n2n,.

This completes the proof of the theorem.
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