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ABSTRACT

    Let (MI P,,,a ) be a separable continuous W -'dynamical system such 

that M is finite. 

    Then any element in the crossed product P,(tM of M by a can be 

expressed as a vector valued tempered distribution D qT4 which is a weak 

limit of T, I E Cc K(WI(B) in the dual' space S. (R~)~) of a general 1 zed 

Schwartz space S. where K(R~A is the Tomita algebra corresponding 

to M.
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      1. Introduction. The study of von Neumann algebra of type III* 

has been .greatly developed since M. Tomita [10] obtained the so-called 

commutation theorem based on his deep ideas, Especially, A Comes [1] 

classified factors of type III into three parts - that is, of type 111 
05 

of type III X (0 < X <1) and of type III, - , and he proved that a factor 

of type 111 0 or III X (0 < X <1) is the crossed product of a von Neumann 

algebra of type II . by a single automorphism. Succeedingly, M. Takesaki 

[91 est ablished using a duality for crossed products that any factor of 

type III with separable predual can be written as the crossed product of 

a von Neumann algebra of type II ,, by a continuous action of-the real 

numbers. After a while ., A. Comes f2l verified that there e,:kist factors of 

type III which are isomorphic to no discrete crossed product of a semifinite 

von Neumann algebra by an abelian group. 

     These facts cited above tell .us that discrete crossed products can 

hardly cover all the structures of factors of type III. Therefore, it 

is guite significant to study continuous crossed products systematically. 

     However, there appear a lot of troubles in the continuous case as 

conpaxed with in the discrete case. For instance, it is unclear whether 

the primitive ideal space of crossed products equals to the induced primitive 

ideal space in separable continuous C -dynamical systems. (cf [81) 

     The main reason seem to come from lacking of a suitable way to express 

any element in continuous crossed products as an operator valued function 

with certain rules. 

     From this point of view, it is desirable to find a proper Fourier 

expansion in continuous crossed products as in the discrete case. 

     In this paper ., we shall try to offer one version for Fourier expansions 

as stated above. More precisely, any element in the crossed product



    M of a P,-finite von Neumann algebra M with the separable predual 

M* by a continuous action a of the realnumbers R, can be expressed as 

a vector valued teiTpered distribution DqT which is a weak limit of 

T~, K(E;43) in the dual space S.(p,;-)~)* of a generalized Schwartz 

space S,(p,;-,               where K(Fe;~3) is the Tomita algebra corresponding to 

  M. 

a 

    Rinally, the author would like to express his hearty thanks to 

Professor 0. Takenouchi for his constant encouragement and warm hospitality 

in order to present this manuscript. 

    He also is greatly indebted to Professor A. Connes for his careful 

reading of this paper and many valuable suggestions.
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§2. Continuous W -c--ossed products and preliminary lemmas .

         In this section, we shall define the crossed product associated 

     with a separable continuous W * -dynamical system and prepare a couple of 

     lemmas which will be used later. Let M be a von Neumann algebra and 

    G be a locally compact group. Consider a mapping a of G into the group 

    Aut(M) of all automorphisms of M. The triple (M, G, (1) is said to 

    be a continuous W _qynamical system if a is a homomorphism such that the 

     function g 
9 (x) is continuous on G for every xc-M and ~c-Mx, where 

    M* is the predual of M. It is also called separable if M. and G are 

     separable. Let us suppose from now on that a triple (M, G, a) is a 

     separable continuous W*-dynamical system and G is unimodular . Comparing 

    with the discrete case, one more assumption would be added as follows: 

     there exists a G-invariant faithful normal state ~ on M. Namely , suppose 

    that M is G-finite. Associated with let J be the full left 

    Hilbert algebra with the identity C
o, the maximal Thmita algebra in Oz', 

    the modular operator of Z., the unitary involution of Ob respectively. 

    Since ~ is G-invariant, there exists a strongly continuous unitary 

    representation 0 of G on a Hilbert space I such that 0 
9 T1 W = n Oa 9 W 

    for all xe M, where n is the canonical imbedding of M into -~. Since 

      corrinutes with O
g, 0 is invariant under 0 9' According to M. Takesaki [9], 

    a locally convex topology on 0 is defined by the following system (P K)K 

    of seminorms: 

           P K Q) Supz re K { I I 11Z (AZE)II +1111 Y (AZO111 (2.1) 

    where K is compact in the complex numbers (9 , and 11 (resp.ji is the left 

    (resp. right) representation of 6 . Now consider the set K(G (8 ) of 

    all continu6us functions of G into P K ) with compact support. Then, 

    it is a Tornita algebra with the algebraic operations defined by 
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         TO. (g) U h7l ~ (gh-') (h) dh 

         Me = 0 -1 ~(9-1 b (g) -1 C(g -1 b (2.2) 
                     9 9.. 

        (AZO(g) = Az C(g) (JO(g) = 1 0 97 1 ~(g -1 

for n e K(G ; (8 ), g e G and z In addition, the left von Neumann 

algebraj~,(K(G;(8)) associated with K(G; 6 ) is nothing but the crossed 

product G 0 M associated with a triple (M, G,-a). Remember this von 

Neumann algebra is generated by two kinds of operators 11 W, X(g) 

a (x 4E M, g -e G) as follows: 

          n a (x) ~)(h) a h -1 (x) C(h) 

                                                    (2-3) 

              ~)(h) = ~(g_lh) 

for ~e L2(G; where L2(G3 is a Hilbert space of all -valued 

square integrable functions on G. 

    In order to discuss the predual of G o
(,M in the next section, we 

need two preliminary lemmas due to J. Phillips [6] . Before going to 

state them, some notational words are given in the following. Let Ob be a 

left Hilbert algebra and 0?! be the right Hilbert algebra associated with 

Z. Denote by(PP the closure of the set {nA b : nee.j. Following dfter 

J. Phillips, let P b be the set of all integrable elements c-51 b in                int 

the sense that 

         Sup {<Ti e> e e Mo I < + (2.4) 

where U& 0 e e Ob: e 2 = e e* Moreover, let L;(Ob) be the empletion 

of the linear space V(9D b generated by gD b with respect to the norm 
                     int int 

      defined by 

              SUP j< ~Jrj >1 : Cez , 1111'(~Jj <* 1 (2.5) 

                     4 -



for Ti c- V 

Then one has the following: 

    Lemma 2.1. (i) L 1 (0b) as a Banach space 

       (ii) L b 

where TI -~ b lim T)
, ~b for lim                                 n nn' nJ ~n c' 

(cf: [61) 

     Let us now take T a non-depenerate #-representation of a left Hilbert 

algebra Obon a Hilbert space -)?,. This representation T is called square 

integrable if there exists a cyclic vector n 
                                         0 ,for T such that the linear 

functional < T(~) n 01 n 0 > is continuous on Zwith respect to Hilbert 
space norm. Then one gets a criterion for square integrability as follows: 

     Lenm 2.2. Let T be a square integrable representation of a left 

Hilbert algebra Z on a Hilbert space-P, . Then there exists a vector n-e _q b 

such that T is unitarily equivalent to a subre~resentation R 
P of the left 

representation n of where P is the projection on the closure of n 

Conversely, if T is as n 
P , then T is square integrable. (cf: [61) 

     Tbroughout the paper, we shall adopt the same notations denoted in this 

section without referring.



     

. 93
* . 'The joredual of continuous crossed products. In this section, 

  we shall realize the predual (G(D M)* of the continuous crossed product 

  G 0 M constructed from a separable continuous W -dynamical system (M, G, 

a 

  as a certain Banach space consisting of functions of G into M*. Using this 

  realization, we shall show an extended fom of two well-known theorems ,in 

  harmonic analysis, one of which is done by Gelfand-Raikov, the other one is 

  due to Godement. 

      Given two elements TI,5 in the Tomita algebra K(G; 6B and g cc G, 

  let us define an element "'"4-(g) in MK. by 

                                 b -1           n?(g) [x] TI-I (g )Ix Eo > (3-1) 

  for all x e M. Then one computes q?(g)(H (E)] as follows: 

          < T't b (9-1 # > = SG < Oh [n(g-lh) ~(h)b] I E # > dh 

                       = S'G <_ Uh , (9-1h) I ji 
Y (Oh ~(h)) E # > dh 

                     = SG < H 9) (9-1 h) 0 
hE (h) > dh 

                      = SG < al,71 111i (E) (g -1 h)J ~(h) > dh (3.2) 

 Applying (2-3) to (3.2), it follows that 

         nV(g)(RZ(01 = < Ra (11 X(g) > (3-3) 

  for all Ee~8 Since Jrz is ultraweakly continuous on M, it implies by 

  (3.3) that 

          nv (g)[x] < 11 a W . A (g) > (3.4) 

  for every xr= M, ge G. By definition, it is easily seen that the function 

      is in the space K(G' M*) of all norm continuous functions of G into M* 

  with con-pact.support. Define a non-a on K(G; M*) by          

I sup 1-~(g)j I geG} (3-5) 

6



   for every 4~ c- K(G) M*). Then the completion C 0 (G M*) of K(G; M...) with 

   respect to 11-11.-nonn is nothing but the set of all norm. continuous M*-

   valued functions on G vanishing at infinity. Sines Tv$~ e K(G.) M*) for 

       c--K(G eB exists and is e                       Tl-$ stimated as follows: 

b                                                         (3 .6) 

   for all ~c-K(G;4Z In fact ., since G 0 M is generated by the set 

a 

       (x), (g) xr. M, g c- G it follows from (3.4) that 

              (g) x < (x) X (g) T, > 

                         W (11 a(x). X(g)] 

                  :ill wn'~Il 11XII (3-7) 

   for all xe M and ge G, where is the uniform norm of the vector 

   state w 
T14 on G E) a M. On the other hand, one has by the definition of 

   11-111-norm that 

        I I b b           nt 11, sup {I < cln~ >1 C e K(G;e), lln PI(E) I I i I 

                  sup {I K(G II-1 

                       Wn
'; (3-8) 

   Combining (3-7) and (3.8) together, the inequality (3.6) follows. As a 

    generalization of the scalar case, one can define another norm on 

   the linear space F 0 (G ~ M*) generated by nf -* 'Tj e K(G as follows: 

      11~Dll* SUP I I SG 'D(g)o 'IJ 09 C(g)] dgl : ~---K(G303), 1111 P. (E) I I 
                                                         (3-9) 
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for everyD c- F (G; M..). Let F (G ; M*) be the completion of F (G; M*) 
               0 0 

with respect to 11*11*-norfn. It is called the Fourier space . associated 

with a triple (0., G,0L). In what follows, we shall examine some properties 

of F (Gj M*) exclusively. First of all, since one knows by (3-1) that 

a 

                      jk fV        4 k=o n +il~ +ik~) b] (3-10 

for every jj,~ E K(G'(8), it implies that n~ F 
0 (G; M*) for K(G;iS). 

Then, one has that 

for every n,S r: K(Gj6 In fact, applying (3-3) to (3 -9),

   

I I A-j"bl I* 

On the other

0   sup{ I SG < Ta lltlog 

hand, it follows frorn

~(g) I X(g) n 

(3.8) that

> dg I : ~ C- K(G)03), I III z(g) I k- i -}

Using

   

I Inel 11 = SUP {I < ~nj~ >1 ~Q- K(G;(8 ), I in ZW I I 

Fubinils theorem and (2.3), 

   < > = ffG,G < Oh-1 E(gh7-1 )n(h)j~(g) > dhdg 

         = Sf Gx G < 0 h-1 E(g)n(h)j ~(gh) > dgdh 

           J5GxG ' (IT a OH )(h)j(X(g)*V)(h) 

          S G < li a oil JEWIn I X(g)% > dg 

          SG < llaolll[~g")) X(g) nj~ > dg,

11 .

.> dhdg

(3.12)
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which implies that the equation (3.11) holds. Therefore, it is 

deduced from (3.6), (3.10) that the Fourier space F (G; N,) is a 

subspace of C O(G; Kx). Now given two elements TI, ~ in L,2(G;)~-), there 

exist sequences (n n ) n' (~n)n of K03(5) which converge toTj,~ in 

 2 b converges to n-~ b e L (G;,~) respectively. Hence the sequence trln~d n 

Ll (K (G ; 0 ) ) with respect to I I - I I -norm. Since the tilde mapping rV. is 

linear, it follows from (3-11) that the sequence { ̂ ---b a limit                                            q
n~nln has 

point in F (G; M..) which is denoted by n*~ Then one easily gets that 

          r-lb        on # I (g) [ xi < W X (g) > (3-13) 

for all xe M, g4eG. Now remembering Lemma 2.1. (1), the predual 

(Go M)* of the crossed product 4 M a:~sociated with a triple (M, G, a) 

is identified with the Banach space L'(K(G;(B)) of K(G;43). Moreover, 

since Ll(K(GA)) b -a L 2 (G;j-)j by Lemma 2.1. (ii), it is 

isometrically isomorphic to the Fourier space F (G; M*) under the tildefV 

&wrtiing up the argLment discussed above, we have the following proposition 

which has a key role: 

     Proposition 3.1. Let (M_, G, a) be a separable continuous 

W -dynamical system. Suppose M is G-finite. Then the predual (G o M)* 

a of the crossed product G M associated with the triple (M, G, a) is 

isomorphic to the Fourier space F (G; M.) as a Banach space, which is 

a a subspace of C 
0 (G3 M*). Therefore, G(D M is identified with the dual 

space F,,,, (G ; My,) of Fc~(G; Mx). 

                                                                         /--/b 2     L
et us now consider such elements in F (G; M*) as L (G., 

                                 /-/b Th
en it can be verified that TI-Tj has an extended positive definiteness 

as follows: For a M*-valued function (D on G, it is said to be a-positive 

definite if 

          n g
i) [x * X.] > 0 (3.14)           i,J=l O'g ~j j 

9



for any finite set (x ) n in Mand (gi)n 1 in G, where                    i i =l i= go~(X) 

 0 a' W for C- M*' x E M and g E G. (cf 12] ) In fact, using (3 -13), 

     i I-C% (n*n X gi)[x Xii 1i'j < R 0a (xj xi) X (gj gj) n n >       j- gi i a gj 

                      ,,n 2                                  j=ga (xj)x (gi )TI > 0. 

Thus, it means that any element in F (G; M*) is a linear combination of 

a-positive definite functions. By the similar way as in the scalar 

case, if is a-positive definite, then one has thcit 

             1,D (e) 9 6 (g-l (g) (3-15) 

where e is the unit of G, and (x) ~(x4~) for M*, x C- M. 

Note that in the scalar case, F a (G) is nothing but the Fourier 
algebra A(G) of G due to P. Eymard. Of: (31) 

     We also define an important class of normal representations on von 

Neumann algebras as follows: Let (M, G, a) be a continuous W-dynamical 

system. Let P be a normal representation of M on a Hilbert space)Z 

It is called covariant with respect to a if there exists a strongly 

continuous unitary representation -V of G on-Posuch that 

       V(g) P (x) V(g) Pd, d
g(x) (3.16) 

for x-G M, g c- G. Then, we specify the relation (3.16) as (p,V) C- cov rep 

(M,G). Using two notions cited above, we shall show the following 

proposition which can be considered as a generalization of Gelfand-

Raikov's theorem. 

     Proposition 3.2. Let (M, G, a) be a separable continuous 

W -dynarrdcal system. Suppose M is G-finite. Then for any a-positive 

                         10



definite function 4) with norm continuity, there exists a (p,V) C- Cov rep 

(M,G) on a Hilbert space-)?,,such that 

        'D(g) [xi = < P(x) V(g) nolno > 0 (3-17) 

for every x E M and g cz G, where n 0 Q-gis a cyclic vector for (p,V). 

the converse is also true. 

    Proof. Denote by G d the group G with the discrete topology.. Let 

K(G ;d3) be the set of all(B-valued functions on G whose support is d 

a finite set. Define a #-algebra structure on K(G d ;43) by 

          (n ~il) (9) h n(h) U 0(h-19) 
                                                   (3.18) 

          n # (g) 9 n(g-l ) # 

Since is a-positive definite, one associates a pseudo inner product 

      on K(G d ;6 ) by the following relation: 

       < 
9 'DWO11 zl(~ # n)(g)] (3-19) 

Actually, applying (3.18) to (3-19),

                 Ig, h~D (g) 0 Ilk ( Uh (~ (h7 # n (h-l g)) I 

                  Ig '11~h-10-D(g)[ HL (~(h_l lit (n (h7 1 g)) 

                  Xg,h a h O(D (h g) [ R z (~(h))*I[ 21 (n (g) (3.20) 

Loet N = {n e K(Gd;e): 0 where and)2, the 

0 quotient space of K(G d3 0) by N. Moreover, let Pube the completion of _P_o 

with respect to 11-11.-norm. Then there exists a strongly continuous 

unitary representation V of G on-p, such that

- 11 -



                                                 (3-21),          V(g) _Q 
9 TI 9 for Tj 

where is the equivalence class of n, and n )(h) n(g7 h). 
                                   9 9 9 

In fact, one computes by (3.20) that 

2 

       

I I V(9)nl 10 Ih ,2k o~P(k h)[H,(U 9 9 (k) (U 9 n 9 (h))] 

                      0~ ol(k -1 h)[11 (n(g -1 k))*Il (TI(g-l h))]                      h
,k g7lk 

             11 n 112                                                 (P 

for -n e'p, One also estimates that 0 

        <V(g) a 00(k -1 gh) II (k) (3.2~) 
                              h .,k k 

for e-)~, . since D is norm continuous and g cb is ultrastrong             0 g 

continuous, it follows from. (3.22) that gj-)-V(g) is strongly continuous. 

The rest is easily done by direct conputation. Furthermore, there exists 

a normal representation p of m on such that 

         P[II W 1 7-1 11 z WTI (3.23) 

for ~ c- G and e )?, where 01 (g) H              Ti 0 In fact, using 

(3.20), 

2     IIP[H z (VIT111',= ~,,phoo(h g)(II (h) 1I H M n (g).) 

where ~ (x) a oD(h7 g)(11 (n(h))*xn (n(h))] for x G M. Since o is         T) g
,h h ~ 21 z 

c&-positive definite, ~ TI is a positive element in M.. Thus, one gets that 

                -112 
< 2 2 (3.24)       11 P n I ilz(v I I I I -I I 

                                   - 12 -



for all ~ c-O and n c--PO. Given a x rz M, there exists a sequence 

(~n)n oftB with III', (~n )II :~. IIxII such that iT n ) converges to x 

4-strongly . By (3.24), there exists a bounded operator p(x) on-P                                                        with 

11p(x)II < IIxII such that p[11 converges to p(x) *-strongly. 

Then, it is clear that p is a *-representation of M on-)~. Define 

is. e K(G 6B ) and T, c--);?,o by 0 d 0 

         SOW EO (g--e) no 60 
                0 (#e) 

Then it is verified that 

       ~DWIHZ(V] = < PIRZOVIV(g)nolno > 4) (3.25) 

for all ~ E(B and g e G. In fact, 

  < V(g)n IPPI (V)]n > __l h)[H (eS -1h))] 
         0 z 0 ~D Xh,2ko~D (k (g 

                       X ~D (h) [lip, (~)Hz (OgEO (g-lh)) I 

h Therefore ., since P[R 91 (*S n )) converges to p(x) *-strongly, it follows 

from (3.25) that (3-17) holds. Thus, it implies the normality of p 

In order to prove that (p,V) is covariant, it suffices to show that for 

every ~ c-63 and g 6 G, 

       V(g) P(HZ(V] V(g)* = p0a 9 [IT (3'. 26) 

Computing V(g)p[n and poa 
9 (H V(g) parallelly, 

       V(g)P[I1Y
.(.W T* = UgOlk (~ A 9 g H M n 9 

        p0a 9 [11 21 ('~)] V(g)-n = dg[N U 9 n g 9 11 Z(~)n 9 

                          13



                   Thus, one gets (3.26). Finally, it is easily seen    for all e 

   that ri 0 is cyclic for (p,V) since p[H 9.(*5)lv(g)no = 6 9 0 where 6 9 

    is the Dirac function at g. Q.E.D. 

        Given a norm continuous a-positive definite function (D, we now look 

   for a certain condition under which D belongs to F (G3 Vi..). Define 

   ('Poil )(g) = 0(g)OIT for g e G where (~on )(E) = ~(jj (01 r-M*' EEC.         k Y. k L 0 
    Assume from now on that 

            0 e L 2 (G (3.27) 

   This con dition means that (D(g)on is continuous on(B for almost every 

   g e G and the function g 1-*('Don k )(g) is square summable. There arelin 

   fact sufficiently many functions o with (3.27),.' Put 4,*(g) 4)(9-1 

   for g e G. Then, (D oil 91 e L 2 (G if and only if 0 L 2 (G34) 
   since (.D*Ojj )(g) = Ul(vn, ,)(g). Applying Proposition 3.2, one has that 

   for c- K(G;68), 

                 4~*011 > JG ((Do11,')(g)> dg                     x 9 

                    SG (D(g)[]'9,(U9 ~(g))] dg 

                    = SG < polY 09 Vg)] V(g) noln 0 > ID dg 

                     = JG < V(g)poll Z (~(g) ] n 0 In. >(D dg (3.28) 

   where (P,V) e Cov rep (M,G) on a Hilbert space-)?,associated with'D. 

   Define a #-representation T of K(G;S) on-A by 

          T(~) = SG V(g) ponj*5(g)] dg (3.29) 

   for ~ e K(G;G). In fact, for C- Y~G30), 

                              14



          %xG V(g)P-JI t [ Uh -1 n (gh7 (h) I dhdg 

           Zx G V (gh) V(h-')p oil k [ri(g)] V(h)poll Y, (h) dhdg 

          SSGxG V(g)P-11x [ q (9) 1 'V(h)p on z (h) dhdg 

         T(TI) T(~). 

Similarly, for T, re K(G;tB), 

             # #            T (-n ~G V(g)P oil k[O 9 (9 dg 

                 SG p oil, ( TI (g-l) V (g) dg 

               = SG P OH ( 11 (g) V (9) dg 

                   = T(n) 

By (3-28), this #-representation T of K(G;G) on-Psatisfies-the following 

relation: 

          <~J ~D Oil > = < T(V TI 
0 1 n 0 > (3-30) 

for every ~ e K(G;<B). As < T(~)nojn >~D 0 for all'~-eK(G;6) implies 
,~=O, it follows from (3-30) that T is square integrable . Hence, one 

deduces by Lemma 2.2. that T is equivalent to a subrepresentation TI 

of ]I Z' Since P is a cyclic projection, then one can choose a cyclic 

vector ~ 0 -e L 2 (Gj"P for P such that 

        < T(~)n 01,10 > 4, = <11 k(V ~01 ~O > (3-31) 

for all ~ c- K(G;(8). Combining (3-30) and (3.31), it follows from (3.12) . 

that

, 15 -



 SG (g) (Tj (g) dg = SG < TI a o1T k 10 9 9(g)]. X(g) ~O 1'~o > ~-dg (3-32)* 

for all r, e K (G ; 43). For any g c- G, take f E K (G) with f (g) / 0. Consider 

a sequence (f n ) n of K(G) such that f n converges to 6 9 vaguely. Let 

nn (h) . a;)SW~ c-K(G for any Q3. Substitutingj n in (3.32), for 

n--1,2,--. 

  SG (h) Q)] f(h) fn(h) dh =. ~G < H a 011 1 [Uh~]X(h)%J'~o > f(h)fn(h)dh. 

Since (h) f(h) and< ji on U h~ ] X (h) 0 > f(h) are in K(G)-, _, 

one concludes that 

        -D (g) [TE < 11 oil X(g) > 
                     91 9, 9 0 0 

                     (g) IT (Ugo I 

                                                         /-,-,/b 
which implies that (D (g) 9-1 0 '~O-~O(g). Thel-efore, one has by 

b (3-15) that ~D (g) -(g-1) (g). So, (D                          0 0 

Suurrdng up the argLment discussed above, we have the following 

proposition which would be a generalization of Godement's theorem: 

    Proposition 3.3. . Let (M, G, a) be a separable continuous W 

dynamical system so that M is G-finite. IA,-t -D be a norm continuous 

a-positive definite function.' If -Doll k E L 2 (G;,:~), then there exists 
                  2 e--lb an element C-L (G36,) such that (D 0 , which turns out that 

 E F 
a (G; M*). 

       Remark. In Proposition 3.2 and 3.3, norm continuity of -D may be 

replaced by weak continuity.

~ 16 -



     94. Generalized Schwartz spaces*and*Fourier'spaces. 

    In this section, we shall especially study a continuous ac 

the real numbers R , and try to construct a vector valued test 

is exactly the Schwartz space in the scalar case. Noreover, we 

compare this space with the Fourier space as a Frechet space. 

    Let (M, L , a) be a separable continudus W*--dynamical syst 

that M is R-finite. So the results obtained in the previous s 

guaMteed. Now define a Fre"chet space S(R-,;~) by the set of 

differentiable-/;~-valued functions 'q on Rsuch that for every (p 

       11n11p3q = supt~EP'(1+1tIP) JID qq(t)jj < +-

where (p, q).z!: 0 means a pair of non-n.egative integers p and q, 

differential operatbr of order q. As in the scalar case, S(R3 

dense subspace' of 

    Let (hn )n>0 be the sequence of Hermite functions. Namely, 

         h n (t) = (2r~h! /7--)-1/2 1~n (t) e -t /2 for n = 0.1 1.5 2, 

                   t 2 dn -t2 where H 
n (t) = (_,)n e e Let (E n)n>O be a canplete 

system for,~-. Then the system NOEm) (n,M)10 is complete orth 
O(R31~) . Given a n Cc S(R~-Ik)., then there exists a square surm 

(C n
.,M)(n.,m)>O of conplex numbers such that 

        TV = 1('n
,m)>O Cn m(h n 0 E M ) in 0 (R) 

Using the same ideas as in the scalar case, it can be verified 

       N p [(Cn 
3m)] 2 1(n,m)>01%,ml 2 (n+')p < 

for p = 03 13 21 (cf:171, 151) Conversely if , (Cn M)(n
,n 

                                  - 17

     tion of 

     space which 

      shall 

      em such 

     ection are 

    all infinite 

       q) '% 0 

     (4.1) 

     Dq is the 

       is a 

       (4.2) 

    orthonormal 

     onormal for 

       le sequence 

     (4-3) 

     that 

     (4.4) 

    LO



satisfies (4.4), then the vector tj defined as in (4-3) belongs to S(F,)6-). 

In addition .9 such correspondence determines an isomorphism. between S(R;~&) 

with norms 11-11p
.,q and the set of all double sequences (C n,M)(n,,m)>o 

satisfying (4.4) with norms N Let 0 be a linear.coTrbination of norm p 

continuous a-positive definite functions (Di such that 4)iOT"9,e S(R)"~). 
Since S(R)6-) is contained in L 2 W)t-), it follows from Proposition 3.3 
that ~D Cz F a (R)~~). Therefore, I J(DI Ix. and I J~Dolij I p.,q exist for such 
as above. In order to cwpare them, we need the following lemma: 

    Lemma 4.1 -., Let (hn)n>o be the sequence of Hermite functions. Then 

there exists a positive constant C such that 

         IIhnJIx < C(n+l) for n = 03 li 21 ... 1 (4.5) 

where 11h n 11, is the norm of h n in the Fourier algebra A(P,.) of R. 
     Proof. Since one knows that 

         h (t) = (V2- in)-' e'tsh (s)ds for n 0, 1, --- 3 
           n IT P. 

it implies by definition that (vr2-7r' hn (n o, 1, 
Put g(t) = 1 + it. Then one estimates that 

     I 1h 11, <                . Ih (t) Idt + Ith (t) I dt         n n W 7t 5R n g t 
          < 11h 

n112 11 112 + IIthnII2 111112                        9 9 

Since IIhnII2 =1 and 111112 one.gets that 

9 

    11h n 11, < ('+IlthnII2) for n 0, 1, 2, 

As one also knows that 

                  n+l n        th-(t) /i~:' h h (t) for n 13 2,          n 2 n+l(t) +jK2L n-l 
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it follows that 11th I                   n 12 -2 (n = 1 2., Therefore., one obtains 
that 

     

I INI N I 1h nIll 

                 < (/2- )-l [2-n+-l for n 2         -
2 

Since Jjh0jjx. = 1. there exists a positive constant C such that 

         11h n 11. < C(n+l) for n = 0., 1$ 2$ Q. E. D. 

Using this lemma, we have the following estimation which is a generalization 

in the scalar case: 

     Proposition 4.2. . Let (M., a) be a separable continuous W*-dynwnical 

system such that M is R-finite. Let 4~ be a linear combination of norm 

continuous a-positive definite functions (DZ such that (DjoTr R. e S(R""~) . 
Men there exist a positive constant C and a finite set {(pi .% qi)) n                                                                 i=l. 
which are independent of ~D such that 

        

I I (DI I* < C max 1<i<n I I (DOTIZ P
i_,qi (4.6) 

    Proof. Since (DoR Ze L2(93',S-), it follows from (4-3) that 

          (DORZ C 

              n,M n~m NO ~n in L2 (M 

Then one estimates that for any E-e K(R',S) with IIII.W11 < 1, 

    S.-D(t)oI1j0t~(t)1dtj I 5R < 0 t~wl I n,M Cn 5 riln(t) ~n > dtj 
                           h (t) < 0 ~(t) I C: > dtj 

                              n n t M n.m~m 

                    I n 1_~h n(t)fnE(t)dtl (4-7) 
where fl(t) <DtC(t)I I c mW C- K(R). Since JITI,(~)II 

      n M n 3
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        fl) q I C 2)1/2 
                       M n"MI for 0, 1, 24 ... (4.8) 

where X(fE) fE(t)X(t)dt and (X(t)f)(s) f(s-t) for f e L 
        n n 

Actually, for any g c- K(k) and t g, 

                    fE(s)g(t-s)ds       (X(fl)g)(t) 50?,              n n 

                      <Dt-sE(t-s)Ij C n,mE M >g(s)ds 

M 

                  < S
Vut-s E(t-s)g(s)dsll M C nMEM> 

               <Ell (MgOE )1(t)I ON1 C )> 
                                    0 t n,m m M 

Thus.$ it follows from Ijil X (E)II < 1 that 

      IIX(fE)g,12 < In W(g 0 C )112111 C 2             n 2 0 
M nP M~Mll 

                        2 2                ':~(Y
MI%.,ml )1-19112 S 

which implies (4.8). Using (4-7) and (4.8). one has that 

              sup {I ~DWOTI EU E(t)ldtj E re K(Pjd3)., W 11                            z t 

                sup 
~'h                    S n(t) fE(t)dtl c- K(R;B)., I I 11 (011 < 11 

                      n>O n 

                sup h (t)fE(t)dtI e K(F,;i3)., I I H W I I < 11 
                      n>0 p, n n 

              n>0 C n sup ~N(t) f (t) dt I f c- K(R)., 1. X (f < 11 

              n>0 C n 11h n 11* (4.9 

                2 1/2 where C n [I M>0 IC n.MI I Cn the other hand, it follows from Lenm 
4.1 that there-exists a positive constant C, such athat 11h

,111 < CI(n+l) 
for n = 03 13 23 ... . Hence, one obtains by (4.4) and (4.9) that 
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                                           CO 

            < Ctj C (n+l) 

n 

                                             00 

              < Ct[ 2 4 1/2 *0 1 112                   I 
n--O %(n+l) I EI n--O (n+l) 2 

              = CIIEJ - 
-0 ICn m 1. 2 (n+l) 4 1 1/2                             n,M7-

               = CIt N 4 E(C
n 3m 

where C" Cf[jco 1 2 1 1/2 Since (DoR the observation stated 
                   n--1.n 

before gives us that there exist a positive constant C and finite fandly 

{(Pi _, qi)} n such that            j=l 

         C" N 4 C(Cn
.,M < C max 1<i<n II(DOTIZ11pijq i 

  which irrplies the desired inequality. Q. E. D. 

    Now define 11011 p
3q: by II(DO7T2'IIp,q* In what follows, we shall construct 

space of M*-valued functions on P, with norrm 11-11
pq which is exactly 

the Schwartz space in the scalar case. 

    Let us denote by (S . the set of allelements such that E O(t) 

 at ~ is an infinite differentiable (63, PK)-valued function on Then, 

t8. is sufficiently large in 6B since for any ~c-63 ., 

            1 1 2 

         En = n ff 7r 2 5R e -nt 0 t Edt C-(B. for n = 13 2, (4.10) 
can be chosen as close to ~ as possible with respect to Hilbert space 

norm. Moreover ., it is a J and A z -invariant subalgebra, of6B In fact, 

concerin .g to J-operation., one sees that for any 

       PKE(JO U (t)] = PKEic U (Q] = P-7K EED(t)] 

where -:K- = {--z : z e K). Thus. DF'(JE) 0 (t) = JEDP~ (t)] for n OP 15 2j 

       Concerning to Az-operation, one knows that for any 
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       PKE (AOE)o (t) I = PKE A z yt) I = FK+z EEDWI 

where K + z, {w + z : w rE K). Thus 3 I~1(AZOU (t) = AzEEPEW] for n 

03 13 2, Finally concerning to multiplication ., one sees without 

difficulty that for any E. Tj ez(B., 

       PKE(En3u(t)] = PKEEU(thu(t)] 

                 < PKEEU(t)1PK1TiU(t)1 

ft,cm which one deduces that 

       DP(ETI)U(t) n nCk D kE V (t)rp-kyt) 

where nCk = n 1 / k (n-k) !. Notice that 8. is Ut-invariant. Now 

    c ) be the set of all infinit differentiable ( , PK)-valued let r(R)O 0 

functions on Pwith corrpact support. In order to construct a proper 

algebra sitting in 02(R~e Z-                 C c ) which is invatiant under J and A operations ., 

we shall introduce an operation L on C - (R3CB ) by the following mmer-

c 

       (L n)(s) Dn(s) 0 (0) (4.11) 

for all 'I c- Cco (R iB and s re 9 . Since 0 C Dq (s) 0 (0) Dn (s) (t) for all                     c CO t 

 C - t P 0 (0) = D 2n(s)0(0). Mus, (L2n)(s) D 2TI (s),(O) formally. By    1 3 D[Dn(s)U (0) 1 

repetition , (Lkn)(s) = D~n(s),(O) for k = 09 1$ 23 where Lon = TI. 

In general, it seems to be negative that for every n e C CO Lk T) c 

                             However C ;03 ) (k 0, 1, 2, there exist sufficiently many 
  a CO 

elemnts n e C (RA) such that 

c 

       (i) I~ Dj' , e C-                   c (P,36EL) 

and (4.12) 

      (ii) D' I~ 1~ D' 
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for every (k ., Y.) > 0.. In fact, let Tj = f 0 C for f c CcO(R,) and 

c where is the set of all infinite differentiable conplex valued c 

functions on Rwith corrpact support. Then, one easily checks that 

LkD"n = D"f 0 Dk~ (0), which is in C CO (R~q.) and LkD',, = D"Lk,,. Let us 
              U c 

denote by COUO(R)aj.) the set of all elements in C-(R~)Q ) satisfying the 
                                                              c 00 

condition (4.12). We shall show that C.(W)A.) is a J and A'-invariant-

U algebra which is dense in L2()P,;6-). First of all, concerning to J-pperation, 

one computes by repetition that 

        Dpjn = (_J)nj[ln* nCkDkLn-k]n (4-13) 
                         k=0 

             00(
p for for every ii e %Z               CU ) and n = 0., 19 2., Thus, JTI e C C. 

all n Cr C CO (EA ). Since J comnutes with Ot., one deduces that LkjTI            U CO 

JI~n for all n re Cco (R)e                 a ) and k = 0, 1., 2., Given a Tj e ea (P.;43.) 

then, one can check by (4.12) that D'LkTi c- ea(P,;k) for any (k. 0 > 0. 

Therefore . it implies by (4-13) that 

        LmDnj,l = (_J)njEln n C k D'Y',7,n-k]Tl (4.14) 
                          k=O 

for all (n, m) > 0. Therefore _, Ln~PJn e COOMA                                     c L) for (n, m) > 0. 

Moreover since I!JTi = JIN a-ld IPn C COUO(R;6        3 )3 it follows from (4.13). 

(4.14) that 

       Dr'IPJ, = EPJL~n 

n 

             = (_,)nj[l C An-kiWn.) 
                          k=O n k 

              = ImD nj, 

for all (n. M) > 0, which means that Jn C- COUO(Rj(B                                                        Next., concerning 

to A z -operation, one couputes that 

        DPA z n = AzDn. (4-15) 
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                                                            T, C                                                                         z CO                                                Thus . A - C for for every qe CO and n = o 1 2, c 

all T, c- Cqo(g;o Since Az camutes with Ut, one has without difficulty 

that I~Azn AzI~n for all n e COOM;G ) and k = o, 1, 2., Given a 
     00 

then EPn e Coo     C U(p-;e for n 0, 1, 2, Hence, it follows 

from (4-15) that 

        E~ Dn A Zn =I E!n EPn (4.16) 

            m) > 0. Since LMD n n c- co(,,,, for all (n. - CU )., it implies by (4.16) that 

         C'(R;(4.) and LrV'Azn = Dn~Azn for all (n., m) > 0., which means 

C that Azn E Cco%;4~.). Finally, concerning to multiplication one knows            0 9 

by definition that 

        (nO(t) U-S n(t-s) ~(s) ds (4-17)                                                                    'K 

for every n, ~ e Cw(P,;4) and t E where K = supp ~. Let E(t, s) 

0 -s n(t-s)~(s). Then., one obtains by repetition that 

        DF'E(t3 s)U (r) n nCk U_s Dkn(t-s)o(r)D n-k ~(s), (r) (4.18)                              k--O 

for r. S. t3 c- R and n 01 11 2, Since EPn(s)u(r) = UrOn)(s) 

for n e C-U(R3q.), it follows from (4.18) that 

        BPE(t. s),(r) n nCk Ur I O-s(Lkn)(t-s)(IP-k-,M(s)1 (4.19)                              k--O 

Since n, Cco(P;48 ), one concludes by (4-17), (4.19) that 
                                   CO 

       IfI(TI S) wo (r) = ;
K D" &(tp s) U (r)ds 

                        = n E k n-kr, .)(s)ds 
                        k--O nCk[)r K -s (L n)(t-s)(L 

                  n 
nCk Ur E On)O-N)(t) I                              k--O 

for n 0 1, 2, which irrplie s that (n ~) (t) IE 6B for every t C R 
                                                                                           oo 

                          24



and 
n                             k n -k 

                  nCk (L TI) (L (4.20)                     k --01 

                        It is deduced by definition that for any for every TI., q(P,1(8 
               00 

Ti, G: CU(F363.), 

               (I)nn)~ for n = 0 1 2~                                        P 3 (4.21) 

which tells us that n*5 CE C.(R'lk). It also follows from (4.20) and 

c (4.21) that 

       0 dn (n IP E (dnyi) -5 

                  n 
A (Lk Dmj) (Lp-k-~) (4.22) 

                         k--O 

                            C since Lk which irrplies that LPEF(-n~) e -(R~B DPn and are in 

        for all (k, m, n) > 0. Moreover, it follows from (4.20) ., 

(4.21)., and (4.22) that 

        Dm m k (Ep-k~) 
                     k--O nCk D [(L 

                  n 
(Ifa Lkn) (0-kr) 

                         k--O nCk 

               IP DP1 

which rmans that n~ e COO(R;4B ) for every n 3 e Sumftng up the                             0 CO 

above discussion, we have the following-

     Proposition 4.3. Let (M,, P,., a) be a separable continuous W*-dynamical 

system such that M is R-finite l. Then, there exists a dense subalgebra. 

C70 (P.;k) of the Tomita. algebra K(P,,*d3) which is contained in '(P,;d3                                                      CC L 

the set of all infinite differentiable (6B., PK)-valued functions on R
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 with corrpact support. 

      Reimrk. If 0~ is the trivial action, it is clear that Coo(p,)e 
                                                                                                                        00 

    c Co 

 By Proposition 4.3, C'(R;S.) is # and b-invariant. Let us define 

U 

  Dc,(P,' M*) the linear space generated by Tfj~6, Tj e "0                                                CU(p, Then_, this 

 space has the following properties-

      Proposition 4.4. let (M., a) be as in PropositionA.3. Men one 

 has that 

  and 

         (ii) Dp(Tr, b                       I T~ 

               (EP0011Z Dn(~Dorl YI) (n 0.1 12 25 

  for all (De and n e V'('0(R'(3                                      U J '0 

      Proof. (i): Using (3-3). (3-1), and (2.2).in order, 

     0'6.n < RaORY'(0X(t)n1n > 

                     < TITI b (-WE > 

                    < E b (-t) b > 

                 < Elutnn b (t) > 

 for all Ti E C. (R;O and t re R Hence, (T'l-* Oil (t) Utnn b (t)                   D oo 

  for all t -E R . Since TI-nb c- C- (M;(3 Ca                                   .) for n cz -(R;48                                U 00) , one gets by 

 repetition that 

          n(, n          D 
n C k 0 t (DkLn-k,,b)(t) (4.24) 

                                  2'6 -



for all t r= R and n 0, 1, 2 ., which implies that 111114no R C- C 

Therefore, 'C*OR e for every Tj Q C-(R,(E~.), which yields the                        91 U 

statement (i) 

    (ii) : Given a q e C'(R;4B                             Since IlTon,11 for such 

 e M* as *on z Q 4 exists, it follows by (i) that DP(q-4b) exists for n 

03 1, 2, Moreover, one estimates by (3-3) that 

        Don-nhw[li (01 = Jim < R-on W T11TI > 
                             r +0 a r 

                                        = Jim < f. 1% \.L j - -L 

                         r-*0 X(r) r I n 1. X (-t) II on # )n > (4.25) 

for all C C- 6B and t e R . Since n e ' (P,3 6                                     C Dn e C'(F--o                                                    0 and 

        -(Iyq)(s) PK "m n(s-r)
r- n(s)                         r 0 

                PK "m X(r) r - 1 1 T1 (s) (4.26)                         r 0 

for s-E P, . Applying (4.26) to (4.25). one has that 

        D(nr-Tj*0)(t)EII (E)l = < -(Dn) 1, X(-t).Il or[ (E # )n >                                                     a Z 

                      < rI OIL 
k (~)X(t)(-1)(Dn) > 

                                                              /-""-/b 
which implies by (3-3) that D(rTi"Tl'b) = (-l)(Dn)n By repetition ., one, gets 

that I)n(nr,, b              (_,)n( 97n)n for n = 03 12 2, Similarly., using the 
fact EN E D a (p,; MX.) for every D e D a (R;My,) and n = 0, 1, 2, it 
follows by (i) that (DnCon exists and (IP-Oon, = Dn((Doll for every 

-D e- D (W)Mx) and n = 0, 1, 2., Q. E. D. 

    Remark. As we saw in (i)of the above proposition, if n -e C(U(R;4), 

(0 q) (t) = V n (t) e Cw (P,;6 ) and L 0 n = 0 L n , DOTI V Dn + 0 L n.                t . 0 Co 
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-By Proposition 4.4 (1), norms can be well defined on 
                              p3q Da (P-) 

Let 8 (R;M..) be the completion of D with respect to 
     CL a p,q7 

norms. Since COO(R;dB 2              0 is dense in L it is verifies by Proposition 

4.2 that 5,(R;M,.) is a 11-11,i-dense Fr6chet space in the Fourier space 
F a We call it a generalized Schwartz space associated with a triple 

(M, P,, a). By Proposition 4.4, the n th differential operator DF1 on 

D (W -norms. Therefore, so  OL ,Mx) is continuous with respect to 11-11p
.q 

is it on 

Consequently ., combining Proposition 4.2-4.4, we obtain the following result 

which is a generalization in the scalar case 

    Proposition 4.5 Let (M3 R, a) be a separable continuous W*-dynamical 

system such that M is R-finite, Then 4 the crossed product R0
(,M is a subspace of the dual space S (R; M 

*) of a 
generalized Schwartz space 0'(P_~M*) corresponding to (M, R, a). 

     Proof. Since RQ                    aM is the dual Banach space of the Fourier space 

F a (P-;Mt), it implies by Proposition 4.2 that the restriction T 

T 
      )M*) is a linear isomorphism. of R(D M into Q. E. D. 

a 

    Remark. Let (D E Sa(W                          ,A). Then, (Doll., exists and is in 
In fact, taking a sequence (~D n )n Of D a (R)M.) whose limit point is (D 
with respect to 11-11 

Plq-norms then there exists a n e which 
is a limit point of 4, n oH X in $(R;',P. Therefore., <~Jn(t)> = lim <Ej 

n (OnoRd(t)> lim (Dn(t)EHZW1 (D(t)Enz (E)] for all E~et8 and t-ek. 

n Thus, ~D(t)oli exists and equals to n(t), ,which means that 4)011 9. $ (R;
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9 5. Fourier expansions in crossed products.

shall present a vector valued function in a certain fashio 

to any element in the space a (R~ MK.) * of generalized temp 

constructed by a triple (M, R, a). In particular, 'a Fouri 

in crossed products can be obtained in the case of E-fin 

systems. 

    Let Dam, M*), $CL(P'3M*)' etc be as in the 
                                      p,q 

Given a f rc K(R) U K(Pad), then there exists a Tfol e 

          T fel (0 = SP. f(t) ~(t)[l] dt 
for every -P re $a (R; M*), where Fd is the real numbers with 
Actually, IT fel (~D)j < IIfIIl As in the scalar ca 

   D (Pj M*), there corresponds a generalized convolution 

a D(R; M.) of T and 0 as follows  a fel 

       (Tfol (t) = SP. f(s) 0 (s + t) ds 

for all t e R,. Indeed, suppose 0 for n -tz C U (R;6.0) 

one has that 

       (Tfol CCOEx] f(s) ~D (s + t)Cxl ds 

                         f(s)< 7r (x)X(s + t)nIn >d 

a 

                       < -ff a(X)X(t) X(f)nIn > 

                      (t)1X1 

for every x C- M and t c-R, where E = X(f)n. Since n C- C CO 
      03 (F    CO )6.). In fact, IP d'~ X(f)LP EPn for all (n, m 

                                   29.-

 In this section, we 

       n corresponding 

       ered distributions 

       er expansio~ 

        te W*-dynamical 

       previous section. 

        M*) such ,that 

            (5-1) 

       discrete topology. 

        se, to each 

       T C-       fol 

             (5.2) 

         Then, 

s 

            (5-3) 

           0. Thus



it follows by (5.3) that Tfol %(P,; M*). Moreover, since one 

knows that 

        Dq [ (T fol 0 TF X (F) D q(4,. for q = 0, 1, 2, 

then one estiiTates that for any (p, q) > 0, 

    JIT fol * (Dilip.,q -< I If I I( ~K sup t (l+It-sIP)IID q.Do7r (t)II ds 

              2p f I I- SK(l+ I s Ip)IIDIIpq ds 

                 CfII4dI
p.,q (5.4) 

for all (D C- 1DCC (R 3 M*) where K = supp f , and C f = 2PI If I I,,. 5K(l+Is IP)ds. 
Therefore ., it follows that for any D r. 5 a (R) M*), there exists an element 

T fel * 0 in Scc(R~ M*) satisfying (5.2) and (5.4), which enable us to define 

a convolution product T * T fol of T and T fol for T C- $'(P'; M4) Namely, 

given a T c- $a (R )t4*)* and f e K(R)UK(Rd), there exists an element 

T * T fol 6 ~c,( R3 MX such that (T Tfoi )(4~) = T[Tfol for every 
4, C- a M*). By the similar way as in the scalar case, it implies by 

(5.4) that there exist a positive constant C and a (p,q) L 0 such that 

         I(T T fol)(ol C II-DIIpjq (5-5) 

for all ~D e (cf [111) The (p, q) > 0 depends only on T. 

     Now let us assune that f e Cm (R). Then, one easily corrputes that 

c for anyTC- $a R ; M*) and (D e $a(R; M*) 

        (T T fol TE Tf.01 * -D I 

                   TE EP r(s) (X (-s) ~D) ds 

                         (X(s)f) 0 (D(s) ds                    TE (5.6) 
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where (X(-s)~D)(t) ~D(t+s), (X(s)vf)(t) f(s-t) and [(X(s)vf) ~D(s)](t*) 

V 

  MSMW4~(s). Since f CE Coo (Pv), it follows that 

c 

     W C (X(s)T) 0 ~P(s) 107f 21 G 

and 

                            ~.2P(1+JsJP) 11~D(s)on,      (ii) II(X(s)Vf) 0 I.(s)OffZIIp3q P,q 

                                   supt, qf(t),, for all (p, q) > 0 and s e P,, where IIfIIp.,q R(l+ltlp)ID 
However, it would be doubtful in general that (X(s)~) 0 Cs)e sa(P-3 M.*) 

for (D C- $a (R3 M*). Thus, in order to analyze (5-6), let us consider 
a new space $ 7T the set of all infinite differentiable m*-

valued functions 4) of R such that 4DoTr (R;'jP . Then it is a Fr6chet 

space with 11-11 PA -norTm containing M*). So, it implies by 

Hahn-Banach's extension theorem that there exists an element Tle 

  (F,' M*)* such -that  7T 
X ) 

       T[            P(X(S)T) 0 (D(s) ds T '[*(X(s)Y) 0 4)(s) I ds (5-8) 

for every -~ e sam 3 M*) -

Consider now a bounded conjugate linear functional u s on-~for se R 

as follows 

          U Q) = TI[ (X(s)Y) 0 (5-9) 

for every Ee where e M* is as < > 5T .(r,)] for~c-~8 
 In fact, using the same way as to get (5.7), one gets by (5-9) that 

there exist a C' > 0 such that 

               < CI(l + ISIP) 11fil 
p.,qIIE1.1 3 

                       31 -



which guarantees that there exists a unique element -n f (s)e%§.such that 

      (i) Hys)II -< C'(1 + ISIP) 11filp.,q 

and (5-10) 

                u s < Tif (s) I > for all 

Since f e C00%), the function s [--> Tjf(s) is weakly infinite differentiable 

c 

   valued function on R. Thus, it is strongly infinite differentiable. 

(cf : [4]) Combining (5.6)-(5.10) altogether, one concludes that there 

exist a (p, q) > 0, a C > 0, and a n f e CcO(9;'6-) such that 

      (i) IInf(t)II -< C(l + Itip) IIfIIp .,q 

and (5-11) 

       (ii) (T * T fel) (10 < nt(s) I O(s)o w. > ds 

for every (D c- $ , (P.; M*) and t C-
    Note that the above pair (p, q) > 0 is independent of the choice 

of f, and the constant C is dependent upon suppf. Let us now take W 

a bounded open set in R containing zero 0 E R. By the parametrix 

formula in the scalar case, to the above q, there correspond a positive 

integer r, an element g e Cw(W), and an element h G Cq(W) such that 

       f(O) h(t)Drf(t) dt + (5.12)                         _~g (t) f (t) dt 
                 P. 

for every fe $(R), where e(W) Eresp. Cq(W)I,is the set of all infinite 

[resp. q-times] differentiable complex valued functions whose support 

is contained in W, and ~(P,) is the Schwartz space ofF,. (cf [111) 

Thus it follows from (5.2) and (5.12) that 

        T 6
001 The, * DPO + T 901 (5-13)
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for every D e (R M*). Since T * T T,' one has by (5:13) 

0 that 
        T E~T * ThD, + T * T 

901 (5.14) 

where (DrT) T( O'ik) for 0 e (R; Mx) Since 9 e e(W), there 

exist by (5.11) a C > 0 and a n 9 E Cm(P-)"~) such that 

     W IIn 9 (t)II < C(l + ItIP) IIgjI p
.,q 

and (5-15) 

      (ii) (T * Tg0j) Sp < ng(s) 1 0 (s) 0 H. >ds 

for every (D e $a M; M*) and t -E P.. Now choose a bounded open s et W, 
in Rwhich contains the closure of W, and a sequence (kn)n Of e(Wl) 

such that I jk~- hl Ii ,j -* 0 as n for i = 0, ..., p, j = 0, q. 
By (5.4).1 

  JIT k 
n"' * 15r(, Thol * DrD I I p, q C k n -h I p.,q 

                        2PIIoI~'q+r( 1W, (1+IsIP)ds)llk n - h1j., 
which implies that DrT * T converges to ErT * The, in $,(P,3 M*)*.-
On the other hand, since k n c- COO(W for n = 0, 1, 2, there exist 

a C' > 0 and a n k ~E COO(R3)~) such that 

n 

    (i) I I nkn(t) I < C"(1 + It IP) I Ik I I                                           n p
..,q (5.16) 

and 

     (ii) (DrT T (0) < n. (s) I Ero(s) 0 ff > ds 
                          p k n 

for every (D C $a (P- M*) and t One knows by construction that 

      I (t) ~
n (t) I I -~- C I(' + It 1p) I I 1~i - 'Snl Ip.,q 
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for every tc-R , which tells us by (5-16) that there exists a' 

   e C(R;t-) such that 

     W 11"h(t)II < C'(1 + ItIP) IIhII p.,q 

and (5-17) 

      (ii) (IPT * Thol) (,D) nh (s) I J~D (s) 0 W > ds 

for every 4) 4E $a(R; MO. Combining (5.14), (5-15) and (5-17), one gets 
that 

                               0 w
Z > + < ng (s*D(s) 0 W >) ds (5-18) 

for every (D Cc a (R MO. Let us define r, 9 c- C . (R) by 
                t t t         '~

g (t) = 50 ~ r-1 ..... 9 (s) ds dt 1 dt r-l* (5-19) 
0 Since Iln 9 (S)II < C(l + ISIp)IIgII 

pq , it follows from (5.19) that there 
exists a C" > 0 such that jj~ 

9 (t)II < C"(1 + ItIp+'r) for all tc-R . 
Moreover, Dr~

g = (---iLT n 9 - Thus, one concludes that 

      SP. < ~ 9 WIENS) 0 V X >ds < (-l T DT~ 9 (s*D(s) 0 >ds 
                                T1 9 (s*D(s) 0 >ds 

which implies by (5-18) that 

            T(o) < nh(s) + 9 (s) I Dro(s) 0 V >ds (5.20) 

for every ~P c- (P, 3 t16). The c ondit ion that I I n h(t)II L CIIIhIl p
., q (i+ It I P) 

and jj~ 9 (t)II < C"(l+ItIP+r) gives us that there exists a e BC(R 

such that 

        T(O (1 + Is1p+r' 9(s) I 1~'D(s) 0 7r >ds (5.21)

1 
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 for every (D E where BC(F,,;-~-) is the set of all bounded 

 continuous I-valued functions on R. Conversely, suppose that there 

 exist a (p, q) > 0 and a E e BC(R;-,~) such that 

         T(~D) = SP,(l + I s I P) < t (s) D %(s) >ds for .4~ e M Md -
 Then, one estimates that 

                (l+IsIp)j 1~(s)j I I IDRP(s) -a.,j Ids 

             < C 1+lslp)(,+Islr)-lds 

 for some C > 0 and 'P 1 2 Sin (,+Islp)(l+lsl ds                                         31 3 3e 

 is finite for a sufficiently large number1r, then T e sam; N)*. 
 Sumning up the argument discussed above, we have the following theorem 

 which is a generalization of the Schwartz's theorem for tempered 

 distributions. (cf : E71, [111) 

      Theorem 5.1. Let (M, p_, a) be a separable continuous W*-dynamical 

 system so that M is R-finite. Let $a (R; MX be the dual space of 
 a generalized Schwartz space ~%(P_3 M*) with respect to (M, R, a). Then, 

 T 4 $ a (P-3 M*)* if and only if there exist a (p, q) > 0 and a C e BC(P-;' i-) 
 such that 

             T(4,) (1+lslp)< ~(s) I Dq4,(s) o n Z >ds (5.22) 

 for every (D E $ U (P_ 3 M*) 
     As we have done in Proposition 4.5, the crossed product R O(x M 

 associated with (M, R, a) is contained in $a(R) V6) Let Tie $a(R) M*)* 
 as in (5.22). In what follows, we shall look for a certain condition 

 of the triple (E, p, q) under which TeF_(% M .. Let us denote by 

  4(P-; -5-) the set of all elements (D o n," 'D e $a (R 3 M*). By Proposition 
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4.4. (ii), is a D-invariant closed subspace of$ Let 

n be a 4-valued function on P,. Then, it is called slowl.V increasing 

if there exist a non-negative integer p and a BC(P-;'~-) such that 

n(t) = (1+JtJP)~(t). For a such function n, there exists a T in the 

dual space of such that 

           T < -n(s) (,9) > ds for all e $O(R%>~). 

Then. the equation (5.22) means that 

             T(4,) = DqT n ('D 0 Tr Jz ) (5.23) 

for every ~D e $a (P~; M.), where (DqT T n (Dq~) for e 
Now assum that T c- R 0 M. Then, there exists a positive constant C 

a such that JT(-~)j ~.CJJ~Djj* for every D e $ a(R; M*). Remembering the 

equation (3.9)'together with Remark of Proposition 4.3, one gets that 

               sup {JTU~(~D 0 7r )1 (5.24) 

Since IT((D)l <,Cjj(pjj*, it follows from (5.23) and (5.24) that 

   ID qT n (w)l < sup {JTU~(w)j : ~c-K(R;6), 117 1 (vIl < C) (5.25) 

for every w c- Since E = {T D~ : ~ c- K(R) 03 ), I I -ff k ('s) I I :~. C I 

is circled convex in one deduces by (5.25) that DqT 
n is in 

the weak * closure F of E. Moreover,. using Proposition 4.2, E is equicontinuous 

in 8 0 Hence, F is weak * corripact, which implies that D.qT n is a 

limit point of T,~,,, jj7T2'(~,')jj < C with respect to weak* topology.. 
The converse is also valid. Consequently, we have the following main 

theorem 

    Theorerft 5.2. Let (M, P,, a) be as in Tbeorem 5.1. and T e M*)*. 
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Let (n, p) be the pair of a slowly increasing function n and a non-

negative integer p corresponding to T. Then, Te R Oa M if and only if 

there exists a positive constant C such that DPT n is a weak* limit point 

of T,~ for ~ e K(F-; 6 ) with Trt(~) < C in where $, M;v5-

is the set of all , elements (Do Tr,., 'D $ M; MO 

a 

    Remark. One may find a prototype of the above theorem in G. Loupias 

and S. Miracle-Sole's paper [51, which tells us that any operator of the 

Schrodinger representation can be considered as a teiTpered distribution on 

the phase space of a system with n degrees of freedom. 

    Remark. Let us remember the definition of Tr OL (X), (x e M, 
t R) which are generators of P, O(X M. Then, one easily computes that 
IT OlTy(n) T6 - (,Do iTy), X(t)[-D] = T ((D 0 1T for every -n c- LB a 

oo, ItIXo 
and ~D e $a (P- 2' M*) -

    Corollary 5.3. Let T c- S a (F,; M*) be as in Theorem 5.2. 
Then, it is 11.11*-continuous if and only if there exists a unique 

element To C- P, 0 M such that 

a 

           < T
on, n2 > DPT n (n fl~ 0 Tr t 

              _(
P for every n e C ~B i 1, 2.         i U 
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